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Abstract
For the reaction—diffusion system of three competing species:
—Auy = —kus Y uy, i=1,23,
j#i

we prove uniqueness of the limiting configuration as k — oo on a planar domain 2, with
appropriate boundary conditions. Moreover we prove that the limiting configuration minimizes
the energy associated to the system

E(U) = Z/ﬂ |V (x)|? dx

among all segregated states (u; - u; = 0 a.e.) with the same boundary conditions.

1 Introduction

Spatial segregation may occur in population dynamics when two or more species interact in a highly
competitive way. A wide literature is devoted to this topic, mainly for the case of competition
models of Lotka—Volterra type (see e.g. [1, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16]). As a prototype for
the study of this phenomenon, in [4] we consider the competition—diffusion system of k differential

equations:

—Auiz—fiuiZuj, u; > 01in Q, u; = ¢; on 082, i=1,...,k. (1)
J#i
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Here Q C RY is a bounded regular domain, and (¢1,. .., @) is a given boundary datum (regular,
non negative, and satisfying ¢; - ¢; = 0 for ¢ # j). This system describes the stationary states
of the evolution of k species diffusing and competing for resources. The internal dynamics of
the populations and the diffusion coefficients are trivialized (although a wide class of internal
dynamics and diffusion coefficients could be considered, without providing substantial changes to
the qualitative behaviour of the model; see [2, 3, 6]), while the attention is pointed on the coefficient
Kk, the rate of mutual competition. As a matter of fact, it can be shown that the large interaction
induces the spatial segregation of the species in the limit configuration, as k — oo. Precisely, the
following result has been proved by the authors in [4]:

Theorem 1.1 The system (1) admits (at least) a solution (u1 x, ..., Un ) € (HY(Q))* for every
k > 0. Moreover there exists (t1,...,u;) € (HY())* such that u; - i; = 0 for i # j and, up to
subsequences,

Ui — Uy N HY, for every i.

Not only the limiting configuration exhibits segregation, but also the differential structure of the
model passes to the limit in the form of a system of distributional inequalities. We collect these
properties introducing the functional class

u; >0, u;-u; =0if i #£7, in Q
S={U=(uy,...,up) € (H'(Q)F: ui=wpiondQ
—Au; <0, —A (ul —Zj#uj) >0

In fact, we have
(41,...,u5) €S.

Thus the study of S provides the understanding of the segregated states induced by strong compe-
tition. In this direction, a number of regularity properties, both of the densities and of the mutual
interfaces, were obtained by the authors in [2, 3, 4, 5, 6].

On the other hand, in [6] we studied the minimal energy configurations in the class of all the
possible segregated states. Precisely, let us define the energy of a k—tuple of densities as

.
E(U) = Z/Q Vs (x) 2 dx.

Then in [6] we proved the following:

Theorem 1.2 The problem

min{E(U) sug € HY(Q), wilaa = @i, us > 0, w;-u; =0 if ¢ ;éj}. (2)

admits a solution. In addition

(a) the minimum is unique;
(b) the minimum belongs to S;

(c) the minimum depends H'—continuously from the boundary data, endowed with the H'/?
norm.

In particular, this result shows that the unique minimal energy configuration shares with the
limiting states of system (1) the common property of belonging to S. In the case of two populations,
we can say much more, indeed we know the explicit solution of both the problems. Setting ® the



harmonic extension of @1 — @9 on €, it is easy to see that the pair (T, ®~) achieves (2), while
in [4] we proved that it is the limit configuration of any sequence of pairs (uq ., u2,.) as kK — 0.
As a consequence, when k = 2, the class S consists in exactly one element, the minimal one. One
may wonder if this result can be extended to the case of three or more densities, case in which no
explicit solution is provided. Even without uniqueness,

Problem: is the minimal energy configuration the limiting state for the corresponding competitive
system?

When k > 3, the answer is not obvious: it is worthwhile noticing that while problem (2) has
an evident variational structure, the reaction—diffusion system (1) is not variational at all (the
nonlinear part is not of gradient—type). Nevertheless, the present paper provides a partial positive
answer to this question: indeed we prove that, for 3 populations in the plane, the only element of
S is the minimizer of the energy. The main result we give is:

Theorem 1.3 Let k =3, and Q be a simply connected domain in R2. Then, for every admissible
datum (o1, 92, @3), S consists in exactly one element.

This theorem, together with the results contained in [4, 6], immediately provides:

Theorem 1.4 Let Q be a simply connected domain in R?, (u1 ,u2 ., us3,.) be any solution of (1)
and (41, Us,us) be the minimizer of (2). Then, for every a € (0, 1),

the whole sequence u; ,, tends to u; in H'NC% gqs k — oo.

As we already observed, this is a remarkable fact, since it shows a deep connection between the
variational problem (2) and the non variational system (1).

2 Basic facts and notation

Due to the conformal invariance the problem, with no loss of generality we take
Q=B={xeR?*: x| <1}.
Throughout the paper we will assume that:

e i, j, h denote integers between 1 and 3.

o (¢1,p2,03) € (WL(B))? (an admissible boundary datum) is such that ¢; > 0, for every

i, and ¢; - ¢; = 0 on OB, for ¢ # j. The sets {¢; > 0} are open connected arcs, and the
function > ¢, vanishes in exactly 3 points of B (the endpoints of the supports).

With the above notation, we define the class S of the segregated densities as

’uiZO,’U@'u]‘:Oif’L';éj, in B
S = U= (ul,u2,u:),) S (HI(B))S Uy = @i on 0B y (3)
7Aui S 0, 7Aﬂ2 Z 0

where the hat operator is defined on the generic component of a triple as

ﬂi:ui—Zuj. (4)

J#i



In the following, with some abuse of notation, U will denote both the generic triple (uq,us,us) in
S and the function Y u; in H!(B).

For any U € S we define the sets (the “supports”)
w; ={x € B: u;(x) > 0}.
The multiplicity of a point x € B (with respect to U) is
m(x) = {7 : measure (w; N B(x,7)) >0 Vr > 0}.
The interfaces between two densities are defined as
I'j = 0w; NO0w; N{x € B:m(x) =2},

in such a way that w; Uw; UT';; = B\ @},. The supports w; and w; are said to be adjacent if T';;
is not empty.

Below we list the principal properties of the elements of S. We refer to [3, 6] for their proof, and
for further details.

Theorem 2.1 Let U € S.

(a) U € WH*°(B). As a consequence, every wy, is open and x € wy, implies m(x) = 1.
(b) w; is harmonic in w;, u; — w; is harmonic on B\ @y, (with h #i,7). In particular
lim Vu;(y) = — lim Vu;(y) # 0.
YEw; yEwJ
¢) For every x € B we have 1 < m(x) < 3, and m(x) = 3 for a finite number of points.
F B h 1 3 d 3 b

(d) Each T;; is (either empty or) a connected arc, locally C*, with endpoints either on OB or
points with multiplicity 3.

(e) If m(xg) = 3, then |VU(x)| — 0 as x — x¢. More precisely, we have the following asymptotic
estimate:

U(r,9) = cr3/?

3
cos (219 + 190) ‘ + o(r3/?)
(here (r,19) denotes a system of polar coordinates around X ).

Remark 2.1 Fvery w; is (pathwise) connected. Indeed, let w; = a U B, with a and 3 disjoint,
open, and non empty. Recall that w; is continuous on B, hence it vanishes (continuously) on
Ow; \ {pi > 0}. Since {p; > 0} is connected, it can not intersect both da and 93 (recall that u; is

strictly positive on this set). We infer that u; vanishes, for instance, on 938. But u; € C(3), and it
is harmonic on (3. The classical maximum principle implies u; = 0 in 3, a contradiction.

We recall that, by Theorem 1.2, S possesses at least one element. In the next section we prove
that it is unique.

3 Uniqueness results

To start with, we prove a topological result, stating that every triple in S has exactly one triple
point.



Lemma 3.1 For every U € S there exists exactly one point ay € B such that m(ay) = 3.

Proof: this is an easy consequence of the fact that, if m(a) = 3, then any neighborhood of a
contains points of every w;, and hence every non empty I';; satisfies I';; > a. But every I';; is
connected and starts from JB. ]

3.1 Uniqueness when the triple point is on the boundary

The simplest situation is when ay belongs to 0B. In this case, one I';; is empty, and @y (for
h # 4, j) is harmonic on B.

Proposition 3.1 Let U,V € S with ay € 0B. Then V =U.

Proof: the assumption implies that ay is the common endpoint of the supports of two data, say
1 and 3, and, as a consequence, that I'y3 is empty. Now, uy is C(B) and, by Theorem 2.1,(b),
it is harmonic both on B \ @3 and on B\ &7. Being w1 Nws = ay we deduce that 4y is harmonic
on B. We are going to prove that ay, = ay. This will conclude the proof, indeed it will imply that
also Uy is harmonic, with the same boundary data, and thus @y = vs; but they have exactly three
nodal regions, therefore they correspond to the same triple in S.

Assume by contradiction that ay # ay. Then ay is a point of multiplicity 2 for V', belonging to
the common boundary of {v; > 0} and {vs > 0}. As a consequence, we can find a neighborhood
N of ay such that v, vanishes on . On the other hand, by definition of multiplicity, {us > 0}
intersects A/. We infer the existence of x € N such that us(x) > 0 and v (X) + v3(x) > 0. Now,
we have

_AEJ\Q Z 0 in B and —Aag =0 in B
i)\g = (22 on OB ’ZL\Q = (/p\g on OB.

It follows that va — U9 is superharmonic on B and (continuously) zero on 9B, and then it is non
negative in B. But
(i)\g — ag)()_(> = - ()_() — ’U3<)_C) — ’LLQ()_() <0,

a contradiction. [ |

It remains to prove the uniqueness of the element when its triple point is in the interior of B. To
this aim we are not able to proceed directly as in the previous arguments. We will start providing
a sort of local uniqueness.

3.2 Interior triple point: local uniqueness

Let U € S be given, with trace (1, @2, ¢3) and triple point a = ayy. We want to provide a local
dependence between the trace and the triple point. The key point is that, if we know the triple
point, we can construct an harmonic function strictly related to U: roughly speaking, the idea is
to move the triple point of U to the origin via a Moebius transformation, and then to double the
angle in order to obtain an even number of nodal region (compatible with an alternate sign rule).
We introduce the transformation (using the complex notation: the reader will easily distinguish
the index ¢ and the imaginary unit 2, that appears, by the way, only at exponent)

T,:B — B, Ta(z)::—:_al.
VA

Tt is well known that Ty is a conformal map, such that T,(0B) = 0B and T,(0) = a. Also the map
z — z2 is conformal. We obtain that, if r = |z| and ¥ = argz, the map T,(2z%) given in coordinates



by

7"262“9 +a o 7’262“9 +a
= A

ar2e2? 417 ar2e?w 41

z = (r,9) — (r%,29) — (% )z(xhxg):x (5)

is a conformal mapping. For every w;, the set {z : z? € w;} is made up of two open connected
components, symmetric with respect to 0. We want to define a new harmonic function, having
opposite sign on the two components, for every i. We set!

w(z) = o(z)ui(Ta(z’)  ifze B, Tu(z’) €W
> — (6)
= Y o(z)ui(Ta(z%)) ifz e B
where ¢ is £1 in such a way that w has alternate sign on the adjacent nodal regions. Then w has
6 nodal regions, it is of class C! (by Theorem 2.1(b) and (e))) and
w(—z) = —w(z).
Theorem 2.1 also implies that w is harmonic. We obtain that

Aw=0 inB
W=7y, ondB

where

al2) = gawm (ﬁ“‘> (®)

ae? 41
Clearly, also va(—2) = —7va(2z). Observe that, given (1,2, v3) and a, (7) defines an unique w.

With standard calculation we obtain

( 20 4 g > < 29 { g =20 <62u9 +a)>
arg | —5———— = arg —

ae?wW 41 ae2? 1 ae20 4 |

= arg (6*2“9 (e*? + a)2) = —20 4 2arg (e’ + a)

Thus, if we set
Oa(¥) = 2arg (¢*’ +a) — 20 (9)

we can write, with the usual abuse of notation,
Ya(0) =Y o(9)i (Oa(v)). (10)
i=1

Remark 3.1 Let U,V € S be such that ay = ay. Then U = V. Indeed, two different triple with
the same triple point should generate two different w in (7) with the same boundary condition.

The above construction allows to know wether a point in B can be the triple point of a segregated
state or not. We have

Lemma 3.2 Let (p1,p2,3) be an admissible boundary datum, and a € B. a is the triple point
of an element of S (with datum ;) if and only if

Vw(0) =0, (11)
where w is defined by (7), (8).

"We will keep writing u;(x) = u;(re*?) = u;(r,9), vi(x) = pi(9), and so on.



Proof: if a = ay we have that w satisfies (6). By conformality and Theorem 2.1,(e), we obtain
Vw(0) = 0.

On the other hand, let w be defined by (7) and let Vw(0) = 0. We can write the Fourier expansion
of 7a

A | = :
Ya(?¥) = 5 + nzl [A, cosnd + By, sinnd],

and, since v, is odd (by (8)), we immediately obtain As,, = Bs,, = 0. By standard separation of
variables we infer w = 32" [Agy11 cos ((2m + 1)9) + Byt sin ((2m + 1)9)] v+, Finally, by

(11), we obtain Ay = B; =0 and
“+o0

w(r,d) = Z [Agyi1cos ((2n + 1)9) + Baygy sin ((2n + 1)9)] 27+

n=1

Moreover, we have that
A2 4+ B2 #0; (12)

indeed, if not there would be 2k arcs (where k is the index of the first non zero Fourier component),
starting from 0, on which w vanishes. Since an harmonic function can not admit closed level lines,
this contradicts the fact that v, has exactly six zeroes (remember (8), and the fact that (¢1, p2, ©3)
is an admissible datum). Now, w is odd, so |w| is even. Therefore we can invert the conformal
map (5) on the half ball, obtaining a non negative function with exactly three nodal region. It
is not difficult, now, to prove that this function generates an element of S, with datum (¢;) and
triple point a. |

Now that we have characterized, for a given datum, the possible triple points, we can state the
local dependence of these points from the data.

Proposition 3.2 Let (1,92, p3) be an admissible boundary datum, and a, € B, in such a way
that (11) holds. Then there exist € > 0, § > 0 such that, for every (i1, 2,13) admissible datum
with ||@; — Yillwi.e < € there exists exactly one ay satisfying (11) with datum (v;) and such that
lay —a,| < 4.

Proof: without loss of generality (using the continuity of the fixed transformation 75 ,) we can
assume that a, = 0.
We want to apply the implicit function theorem to the map
(Wr=(B))’x B —  R2
(P12, 03,82) > Vw(0)

in order to locally solve equation (11) for a (recall that the dependence of w from (1, @2, ¢3) and
a is given by (7), (8)). To this aim, the only non trivial thing to show is that
the 2 x 2 jacobian matrix 8(a17a2)Vw(0)’a:0 is invertible.

Using the Poisson’s formula we can write

1- XIQ/ Ya(y)
w(x) = dys
< 27 o |y —x[? Y

that implies

x Ya(y) 1|X|2/ y—x
=X kY y)d
Ve(x) w/aB v o= T T f Ty =) B



and

Vw(0) = Y Ya(y) dys.

1
™ JoB
We choose the parametrization y = (cos,sind). Taking into account (10) we obtain
1 2 3 2m 3
Vuw(0) = = / > o (9)pi (Oa(V)) cost dv / : (©a(0))sind dv | .
T\Jo =3
Now, differentiating (9) we infer that
VaOa(?)|,_o = (—25sin 29,2 cos 299) .

Since ©g(¥) = 29, we obtain that a(ahaz)Vw(O)’ is equal to

a=0

2 3 or 3
/ 9 (209) sin 209 cos ¥ d (19)@; (29) cos 29 cos ¥ v
. 3 (13)

27 3
/ V) (209) sin 209 sin ¥ dv / a ()¢} (29) cos 29 sin 9 dv)

Let us compute (10) and the Fourier expansion in the proof of Lemma 3.2 when a = 0. We have

3 “+o00
Z a(0)i (20) = y0(¥) = > _ [Aans1cos ((2n + 1)) + Bapy sin ((2n + 1)0)]
that implies
3 1 “+00
> (W) (20) = 5 > (2n+1) [~ Agni1sin (20 + 1)9) + Bani1 cos ((2n + 1)9)] .
i=1 n=1

This (and Werner formulas) allows to compute the first term of (13):

2m 3
/ )¢} (209) sin 209 cos ¥ v =

2m +0o0
= i / Z(2n + 1) [~ Agpt1sin (2n + 1) + Bapt1 cos (2n + 1)9] [sin 39 — sind] dd =

1 [ 3
:1/ —3Aqsin? 319d19———7rA3
0

Analogous calculations provide

3 As Bj
a(“l»“Z)vw(0)|a:0 = 5 ( —Bg A3 ) ’

But we know (see (12)) that A2+ B3 # 0. Therefore we have that the jacobian matrix is invertible,
concluding the proof. |



3.3 Interior triple point: global uniqueness

Proof of Theorem 1.3: by Theorem 1.2 we know that at least one element M in S exists.
Assume by contradiction that there exists another element U € S with U # M (that is, U is not
the minimal one). By Proposition 3.1 we have that ay € B. Again, without loss of generality
(using the transformation T,, ) we can assume that ay = 0. For r > 0 we define

L U(tx),

Ut(X) = W

and we observe that

(7 20, Vi - Uy :0, —A'Ui §07 —Ai]\l 20
Uy €8 :=<V = (v1,v9,03) :

v(x) = Wui(tx) for |x| =1
Now, it is possible to show that U; has limit as ¢ — 0. Indeed, by Theorem 2.1,(e) we can write

Ul(r,9) = Cr3/?

cos <219 + 190> ‘ + o(r%/?) asr — 0,

and hence

1
Us(r,9) = —=U(tr, ) = Cr/?

3 o(t3/2r3/2)
1372 cos (219—0-190)‘ + —

$3/2
3
cos <219 + 190>

1)2'20,’01“”0]':0, 7A’U7;§0, 7A6120

3 23
— —r <Y<
005(2194—190)‘,377_19_

tends to
Uo(r, ) = Cr3/?

Again Uy belongs to

So = V= (’Ul,’Ug,U?,) : 2(i+1)

v;(1,9) = T

So we have a continuous path U; in W*°(B) connecting U and Uy. Let us denote with M,
the minimal of £ in S;. While U # M by assumption, it is worthwhile noticing that Uy = M,
is minimal. Indeed, the datum of &; is symmetric and hence, by uniqueness of the minimal
(Theorem 1.2,(a)), its triple point must be the origin; this implies (Remark 3.1) that Uj is the
minimal solution. Let

t =sup{t* > 0: U = M, for every t € [0,t"]}.

By continuity of E we immediately see that Uy« = M;+. On the other hand, we can find a sequence
en > 0 such that

Ut e, £ Mp-ic,,.
By Theorem 1.2,(c), we have that

My4c, — M- ace., that implies aps,.,. — am,..
On the other hand, since Uy« = My, we have by construction that
Ut te,, — My in whee, that implies ay,. . — am,..

We infer that both Ui« and M., belong to Si-yc,, and the distance between ap,.,. —and
au,.,., is arbitrary small. This contradicts Proposition 3.2, and concludes the proof. ]
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