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Abstract. This paper is devoted to the study of a problem arising from a geometric context, namely
the conformal deformation of a Riemannian metric to a scalar flat one having constant mean curvature on the
boundary. By means of blow-up analysis techniques and the Positive Mass Theorem, we show that on locally
conformally flat manifolds with umbilic boundary all metrics stay in a compact set with respect to the C 2_norm
and the total Leray-Schauder degree of all solutions is equal to —1 . Then we deduce from this compactness

result the existence of at least one solution to our problem.
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1. Introduction

Let (M,g) be an n-dimensional compact smooth Riemannian manifold with boun-
dary. For n = 2, the well-known Riemann Mapping Theorem states that an open simply
connected proper subset of the plane is conformally diffeomorphic to the disk. In what
can be seen as a tentative of generalization of the above problem, J. Escobar [5] asked if
(M, g) is conformally equivalent to a manifold that has zero scalar curvature and whose
boundary has a constant mean curvature.
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Setting g = uﬁg conformal metric to g, the above problem is equivalent to find a
smooth positive solution u to the following nonlinear boundary value problem on (M, g):

—92 o
—Agu—i—niRgu:O, u>0, in M,
4(n—1)
E—F?hgu:cunﬂ, on OM,

where ]\04 = M\ OM denotes the interior of M, R, is the scalar curvature, hy is the
mean curvature of dM , v is the outer normal with respect to ¢, and ¢ is a constant whose
sign is uniquely determined by the conformal structure of M . Solutions of equation (P)
correspond, up to some positive constant, to critical points of the following function .J

defined on H1(M)\ {0}
—2
Voul? + —— R | dV,

2(n—1) n—1
/ [u| ™72 doy
OM

The exponent % is critical for the Sobolev trace embedding H'(M) — L2(OM).
This embedding being not compact, the functional J does not satisfy the Palais-Smale
condition. For this reason standard variational methods cannot be applied to find critical
points of J .

The regularity of the H!-solutions of (P) was established by Cherrier [3], and existen-
ce results in many cases were obtained by Escobar, see [5, 7]. Related problems regarding
conformal deformations of Riemannian metrics on manifolds with boundaries have been
studied in [1, 2, 4, 6, 9, 10, 11, 15, 16, 20, 22]; see also the references therein.

To describe our results concerning problem (P), we need the following notation. We
use L, to denote Ay, —(n—2)/[4(n —1)]Ry, By to denote 0/0v+ (n—2)/2h,. Let H
denote the second fundamental form of OM in (M,g) with respect to the inner normal;
we denote its traceless part part by U :

n— 2

/ hgu? do,
oM

J(u) =

U(X,Y)=H(X,Y) — hyg(X,Y).

Definition 1.1. A point p € OM is called an umbilic point if U = 0 at p. The
boundary of M s called umbilic if every point of OM is umbilic.

Remark 1.2. The notion of umbilic point is conformally invariant, namely, if p € OM
15 an umbilic point with respect to g, it is also an umbilic point with respect to the metric

g = dJﬁg , for any positive smooth function 1 on M .
Let A1(L) denote the first eigenvalue of

—Lyp=MAp, in M, (Ey)
Byp =0, on OM,
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and A1(B) denote the first eigenvalue of the problem

{Lgu:(), in ]\04, (EQ)

Byu = Au, on OM.

It is well-known (see [5]) that the signs of A\q(B) and A;(L) are the same and they are
conformal invariants.

Definition 1.3. We say that a manifold is of positive (respectively negative, zero) type
if AM(L) >0 (respectively <0, =0).

In this paper, we give some existence and compactness results concerning (P). We first
describe our results for manifolds of positive type.
Let (M, g) be a manifold of positive type. We consider the following problem

—Lyu=0, w>0, in M,
Byu = (n—2)uw2, ondM.

Let M™ denote the set of solutions of (Py). Then we have

Theorem 1.4. For n >3, let (M,g) be a smooth compact n-dimensional locally con-
formally flat Riemannian manifold of positive type with umbilic boundary. Then M™ # ().
Furthermore, if (M, g) is not conformally equivalent to the standard ball, then there exists
C =C(M,g) such that for all w € M™T we have

1
c <u(z)<C, VereM; and |u|c2an <C,

and the total Leray-Schauder degree of all solutions to (Py) is —1.

Let us remark that the existence of solutions to (Py4) under the condition of Theo-
rem 1.4 was already established by Escobar in [5], among other existence results. He
obtained, using the Positive Mass Theorem of Schoen-Yau [24], that the infimum of J is
achieved. See also [22] for the existence of a solution to (P4) of higher energy and higher
Morse index. What is new in Theorem 1.4 is the compactness part. In fact we establish a

slightly stronger compactness result. Consider, for 1 < ¢ < 5,

{—Lgu:(), w>0, in M, )
q

Byu = (n —2)uf, on OM.

Let M denote the set of solutions of (P;) in C*(M). We have the following

Theorem 1.5. For n > 3, let (M,g) be a smooth compact n-dimensional locally
conformally flat Riemannian manifold of positive type with umbilic boundary. We as-
sume that (M,g) is not conformally equivalent to the standard ball. Then there exist
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b = 60(M,g) >0 and C = C(M,g) >0 such that for all u € U, 5 <,<
have

/\/l; we

_n _
n—2

1
ol <u(z)<C, VexeM, and |ullc2) <C.

To prove Theorems 1.4 and 1.5 we establish compactness results for all solutions of (73,;r )
and then show that the total degree of all solutions to (Py) is —1. To do this we perform
some fine blow-up analysis of possible behaviour of blowing-up solutions of (73’; ) which,
together with the Positive Mass Theorem by Schoen and Yau [24] (see also [6]), implies
energy independent estimates for all solutions of (P;).

When (M, g) is a n-dimensional (n > 3) locally conformally flat manifold without
boundary, such compactness results based on blow-up analysis and energy independent
estimates were obtained by Schoen [23] for solutions of

—Lyu=n(n—-2)u?, «>0, inM,

where 1+¢p < g < Z—*_’% . In the same paper [23] he also announced, with indications on the
proof, the same results for general manifolds. Along the same approach initiated by Schoen,
Z. C. Han and Y. Y. Li [10] obtained similar compactness and existence results for the
so-called Yamabe like problem on compact locally conformally flat manifolds with umbilic
boundary. Other compactness results on Yamabe type equations on three dimensional
Riemannian manifolds were obtained by Y. Y. Li and M. J. Zhu [18].

Now we present similar existence and compactness results for manifolds of negative
type. Let (M,g) be a compact n-dimensional Riemannian manifold of negative type.
Consider for 1 < ¢ < "5

(Py)

q

—Lyu=0, uw>0, in M,
Byju=—(n—2)u?, on oM.

Let M, denote the set of solutions of (P;) in C*(M) and M~ = M. We have
the following

Theorem 1.6. For n > 3, let (M,g) be a smooth compact n-dimensional Rieman-
nian manifold of negative type with boundary. Then M~ # (). Furthermore, there exist
do = do(M,g) and C=C(M,g) >0 such that for all uw €, 5 <,< . M

n

1
E < u(a:) <C, VzeM, HUHCQ(M) <,

and the total degree of all solutions of (P;) is —1.

Let us notice that apriori estimates in the above Theorem are due basically to some non-
existence Liouville-type Theorems for the limiting equations.

The remainder of the paper is organized as follows. In section 2 we provide the local
blow-up analysis. In section 3 we establish the compactness part in Theorems 1.4 and 1.5.
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In section 4 we prove existence part of Theorem 1.4 while section 5 is devoted to the proof
of Theorem 1.6. Finally, we collect some technical lemmas and well-known results in the
appendix.
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2. Local blow-up analysis

In the following, we give the definitions of isolated and isolated simple blow-up, which were
first introduced by R. Schoen, see [23], and adapted to the framework of boundary value
problems by Y. Y. Li [15], see also [10].

Definition 2.1. Let (M,g) be a smooth compact n-dimensional Riemannian manifold
with boundary, and let ¥ >0, ¢>0, € M, f € C%Br(Z)) be some positive function
where Br(Z) denotes the geodesic ball in (M, g) of radius T centered at T . Suppose that,

for some sequences q¢; = "5 —7;, . — 0, fi — f in C°(B:(z)), {ui}lien solves

{ — Lyu; =0, wu; >0, in Bn(Z), 21)

Byu; = (n—2)flud,  on OM N Br(T).

70

We say that T is an isolated blow-up point of {u;}; if there exists a sequence of local
maximum points x; of u; such that x; — T and, for some Ci; >0,

lim w;(x;) = +o0  and wu;(z) < C’ld(a;,a;i)_%%l, Vo € B(z;), Vi.

11— 00

To describe the behaviour of blowing-up solutions near an isolated blow-up point, we
define spherical averages of u; centered at x; as follows

55 ),
U \T) = U; = — (7
(r) ][MﬁaBr(aE) Voly (M N 9B, (7)) MNOB,(z)
Now we define the notion of isolated simple blow-up point.

Definition 2.2. Let x; — Z be an isolated blow-up point of {u;}; as in Definition 2.1.
We say that x; — I is an isolated simple blow-up point of {u;} if, for some positive

1
constants 7 € (0,7) and Cy > 1, the function w;(r) :=rvsTu,(r) satisfies, for large i,

w;(r) <0 forr satisfying Coul ™% (z;) <r <T.

7
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Let us introduce the following notation

R} = {(a',2") € R xR: 2" >0}, BIz) ={r=(2")c RY : |z —Z| <o},
BF = BH0), Ta(BF(2)) = 0BF(2)NORY, Ta(By(z)) = 0B, (z) NRY.

(o

Let {f;} € C*(T'1(B3)) be a sequence of functions satisfying, for some positive constant
C’3 )

fo— OB, Wil < s (22)
where f € CY(T'1(By)) is some positive function. Suppose that {v;}; C 02(3—;) is a
sequence of solutions to

—Av; =0, v; >0, in B,

oo = —(n =27 ul, on Ty(BY). |

The following Lemma gives a Harnack inequality.

Lemma 2.3. Assume (2.2) and let {v;}; satisfy (2.3),. Let 0<T < &, T € Fl(Bf/g)

and suppose that x; — = is an isolated blow-up point of {v;};. Then, for all 0 <r < T,

sup v; < Oy inf Vs,

B;, (2:)\ BY (x1) B}, (2:) \ By (a1)

where Cyq > 0 s some positive constant independent of i and 7 .

Proof. Without loss of generality, we assume that x; € I‘l(Bfr/g) . For 0 <r <7, let

us consider

_1
0;(y) ==raTu(ry + x;).

Then v; satisfies

—Av; =0, ©v; >0, in A;,
ov;

gy =~ = DTy @)l T on Ta(A),

where A; = {y e R": % <ly| <3, ry+z; € R} } . From Definition 2.1 we know that
0, < Cp in Aj,

where C7 depends neither on r nor on 4. In view of (2.2), from Lemma 6.1 (standard
Harnack) in the appendix we obtain that for some constant ¢ > 0

max v; < cminv;
A A
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where A; = {yeR": I <|yl <2, ry+a; €RL}; the proof of the Lemma is thereby
completed. ]

Lemma 2.4. Suppose that {v;}; satisfies (2.3), and {x;}; C T1(By) is a sequence of

local mazimum points of {v;}; in By satisfying
{vi(x;)} is bounded,
and, for some constant Cs ,

ﬁvl(x) <Cs, VweBf. (2.4)

|z — x;
Then

limsup max v; < oo. (2.5)
12— 00 B:—M(wi)

Proof. By contradiction, suppose that, under the assumptions of the Lemma, (2.5) fails,
namely that, along a subsequence, for some z; € BIL/ 4(x;) we have

v;i(Z;) = max v, 1:0 4-00.
BT/4(mi)

It follows from (2.4) that |Z; — x;] — 0. Let us now consider
&i(2) = vy ' (@)vi(@: + v " (30)2)

defined on the set
n 1 qi—1/~ n
=qz€R": |z <=0l (Z;) and 2" >-T;

where T; = 0%~ 1(%;) . In view of (2.3),, & satisfies

—A&E=0, &>0, ze B,
3Y;

IE;
oz™

(&)

i ¢ Qi =T;
= —(n-2)fer, zeoB T
8 71

(Z;

)ﬂ{z: (2',2") e R™: 2" = -T;},

and
G(2) <&G(0)=1, VzeB, i
g’l}i xT;
It follows from (2.4) that

2|77 &(2) <G, Yz e Bl
8 71i v
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Since {&;}; is locally bounded, applying LP-estimates, Schauder estimates, the Harnack
inequality, and Lemma 6.1, we have that, up to a subsequence, there exists some positive
function £ such that

where R”; = {z = (¢/,2") € R" : 2" > -T;} and, for T = lim; .o T; € [0,+00], §
satisfies
~AE=0, £€>0, inR",
o
dzm

Let us prove that T < oo . Indeed, if we assume by contradiction that T" = 400, we have
that £ is a harmonic bounded function in R™. The Liouville Theorem yields that £ is a
constant and this is in contradiction with (2.4).

Therefore T' < 0o . Let us prove that 7"= 0. Since problem (2.6), up to a translation,
satisfies the assumptions of the uniqueness Theorem by Li and Zhu [17], we deduce that
¢ is of the form

n (2.6)
(n—2)¢7=2, on IR" .

n—2

)\ 2

/ ny __
R (e P e U

for some A > 0, x), € R"!. Since 0 is a local maximum point for £, it follows that
xp =0 and T = 0. Furthermore the fact that £(0) =1 yields A = 1. It follows that, for
all R>1

. min vy = v;(Z;) mTin & — oo
(Z4) Bp '(0) T

B ',
Ro” 97D (3,

Since {v;(z;)}; is bounded, we have that, for any R > 1, x; ¢ B};q;ii_l(~_)(ji) for large
1, namely Z
R < vl N(#) |3 — il
Hence we have that
|Z; — x| 4T (2;) > R41
which contradicts (2.4). O

Proposition 2.5. Let (M,g) be a smooth compact n-dimensional locally conformally
flat Riemannian manifold with umbilic boundary, and let x; — T be an isolated simple
blow-up point of {u;};. Then for any sequences of positive numbers R; — oo, €; — 0
there exists a subsequence {u;,}; (still denoted as {u;}; ) such that

r; = Riu}_qi (.’Ez) — 0, x; € 8M,

1— 00
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and
n—2
(el @) - ()
U, Ti)U;\ €XP,.. (YU, xT; —
7 T 2 1 n\2 /|2
(L+ym)*+ly'| 2(Ba, (0)
s (exp,, (yul " (2.) : N
+ lw; (x)us ((exp,. (yu; " (x; —( ) < &;.
) T; 7 1 n)2 /|2
(L +ym)? + v H By, (0)
Moreover, for all 2r; < d(z,z;) < 7/2,
ui(z) < Cguy (x;)d(x, 2;)* ™™,
where Cg is some positive constant independent of i, and
wi(z)u; — aG(,T)+b in CE.(Bi(z)\{Z})
where a >0, b is some nonnegative function satisfying
Lsb=0, in Bz)\{z},
B,b=0, on B(Z)NoM,
and G(-,) is the Green’s function satisfying
B,G(-,z) =0, on OM \ {z}. '

To prove Proposition 2.5 we need some preliminary results. Hence forward we use c,
c1, Co2,... to denote positive constants which may vary from formula to formula and which
may depend only on M, g, n,and 7.

Lemma 2.6. Let z; — 0 be an isolated blow-up point of {v;}; with v; solutions of
(2.3),. Then, for any R; — oo and &; — 0, there exists a subsequence of {v;};, still
denoted by {v;}; , such that

1_ .
r; = Rﬂ)i qz(l’i) — 0
1— 00
and

n—2

o (wsyoilaol T @) + i) - (<1 . W) |

C2(Bi,

n—2

N (e

+ < &;.-

HY(BJ, )
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Proof. Let us set

0;(2) = vi_l(:ci)vi(vj_qi(xi)z +x;), z€ Bv_q?il(m‘),

where T; = /0% ' (z;) . It is clear that ©; satisfies

— A%, =0, mBjL(y
o0;

oz"

= —(n—2)f7 (v} % (x;)z + 2;)0%, on B

% % i qi—l( 4)m{ZERnZ Zn:—Ti}.
Let us prove that o; is uniformly bounded. By definition of isolated blow-up point, we
have that )

a10(2)<Cy, VYzeB [, . (2.8)

1
v (x4)

|z

It follows from (2.8), Lemma 2.3, and the Harnack inequality that ©; is uniformly bounded
in B N Br for any R > 0. Then, up to a subsequence, setting T = lim; . T; €

1
vt (z4)

0, +0c], ¥; converges to some ¥ in C2_(R™;) satisfying

—AT=0, ¥>0, in R™ .,

0 n 2-9
%z—(n—?)ﬁn% on OR"  (if T < o0). (29)

We claim that T < oo. Indeed, if we assume by contradiction that T' = +oo, we have
that v is a harmonic bounded function in R™. By the Liouville Theorem, this implies
that © is a constant and this is in contradiction with (2.8).

Therefore T' < oo and it follows from Li and Zhu uniqueness result [17] that T =0,
hence

n—2

@ = (rrrwe)

So, Lemma 2.6 follows. ]

Lemma 2.7. Let x; — 0 be an isolated simple blow-up point of {v;};, where v; are
solutions of (2.3),, and

ﬁvz(a:) <C;, Vre€B,

|z — x;
for some positive constant C7; and
wi(r) <0, Vr;<r<2.
Then, for each sequence R; — oo, there exists 6; >0, §; = O(R._Ho(l)) such that

?

vi(x) < Cgvy M (23)|z — 24>, Vo < |z —ay] <1,
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where r; = Riv; ¥ (z;), \i = (n—2—3;)(qi—1) =1, and Cg is some positive constant
independent of 1 .

Proof. Forany z € {zx € R": r; < |z —x;| <2}, using the Harnack inequality we have
that

_1
a;—1

‘I%lvz(x) < cvi(|lx — i) |z — x4

|z — x;

Since the blow-up is isolated simple, we have that the function at the right hand side is
decreasing so that we deduce

for some positive constant c. Since

o) = e |
Vi\T;) = ——— V;
T2(B)] Jrast)

from Lemma 2.6 we deduce that for any r; < |z —z;| < 2

(u+1 v; (ill') S R%nJrO(l)

()

|z — z;
which yields

—1)+o(1)

2—n . _ °
I (2) < ¢ — m,-|*1RZ-T(qZ = clz — x| 'R, o), (2.10)

(3

Set T; = x?vgi_l(mi) . From the proof of Lemma 2.6 we know that lim; 7; = 0. It is not
restrictive to suppose that z; = (0,0,...,0,27). Thus we have that

[ = o(v; " (i) = o(r).

3 3
Bf(O)\B;’Ti(O) C {x cR": 57} <l|le—z) < 5}
Let us apply the Maximum Principle stated in the appendix (Theorem 6.2) with

Q= D; = B{"(0)\ B3,,(0),
Y =Ty(D;) = dD; NOR", T =Ty(D;)=0D; NR",

Ti .qi—1
V=0, h=(n-2)flvl ",
w = vy, V= @i,
where
_s, s Y —nds, 46, 1
pi(w) = Mi(Ja| ™% — eila| 70 a™) + Av, N () (Ja P70 — el 02" — Vi)
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with M;, A, &, §; = O(R-_Ho(l)) to be suitably chosen and \; = (n—2—0;)(¢; —1)—1.

K2
A straightforward calculation gives

Agpl(ﬂi) = Mi|x\_6i_2[—5i(n —2— (51) + 0(61)]
+ \x]_(”_‘si)Avi_’\i (x))[=0i(n—2—=10;) +O(g;)], xz€D;

and, taking into account (2.10), we have

By; :Mi]x|_5i_1 <€¢ -0 <R~_1+0(1)>>

(2

+ AvN ()| (57; ) (R;1+°<1>>) ., on Ty (D).

Apparently we can find 0 < §; = O (R-_1+O(1)> and 0 <eg; =0 <R,L-_1+O(1)> , so that

(2

Dp;
ox™

Ap; <0, in D;, +(n—2)ffv¥ 1 <0, onTy(D;).

2

Now we check ¢; > 0 on T'y(D;). We have that T'y(D;) = T',, UT9(B;]) where
I, = {ze€R}: || =r}, To(Bf) ={x € RY: |z =1}. On I',, we have
that

vi(z) < cvy(x;))RF" (2.11)

for some positive ¢. Choose A such that
Aw; (z;) RZ7"% — cvy(a) RZ™ > 0.

Then by (2.11) and for &; small enough we have that ¢; > 0 on I, and taking
M, = MaXp, g+ Vi We obtain ¢; > 0 on I'y(B;f). Then from Theorem 6.2 we de-
rive that ¢; > 0, and hence

vi(w) SMi(lz] =0 — eifae| % 1a™)
+ Aoy N () (|22 — gyl ) Va € D (2.12)

By the Harnack inequality and by the assumption that the blow-up point is isolated simple,

we derive )
M,; < C’Uz‘(l) < Cﬁﬁﬂi(ﬁ) Ve (’I“Z‘, 1). (2.13)

From (2.12) and (2.13) we have that
M; < e {omT [ M= 4 Ao (o4 |

which implies
1

My" 20 mT (1 — cﬁﬁ_&) < cAv; N ().
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Choosing ¥ such that 1 — c¥7-7 > 1/10, we obtain that
M; < v (x) (2.14)

for some constant ¢ > 0. The conclusion of the Lemma follows from (2.12) and (2.14). O

The following Lemma is a consequence of the Pohozaev identity in the appendix (see
Theorem 6.3), Lemma 2.6, Lemma 2.7, and standard elliptic arguments..

Lemma 2.8. 7, =0 (v; *(z;)) . In particular lim; v (2;) = 1.

Lemma 2.9. Under the same assumptions of Lemma 2.7, we have that for some positive
constant Cg > 0
vi(zi)vi(z) < Colw — 2;]*~™, Vax € B, (2.15)

and
vi(zi)vi — alz* " +b in CF (B \{0})

71— 00

where a is a positive constant and b > 0 satisfies

—Ab=0, in B,
Ob
5 =0 on T'y(BY).

Proof. The inequality in Lemma 2.9 for |z —z;| < r; follows immediately from Lemma
2.6 and Lemma 2.8. Let e € R" | e € T'y(B;), and set

Ui(a) = vy (@ + eJvi(@).
Then v; satisfies
—Ab; =0, ¥ >0, in B,

0v;
ox™

= —(n—2)f7 % Yx; 4+ €)o¥, on Ty (BF).

Using Lemma 2.3 and some standard elliptic estimates, it follows, after taking a subse-
quence, that 9; converges in C2 _(B5 \ {0}) to some positive function 9 € C2 (B3 \ {0})
satisfying

— A9 =0, in Bj\{0},

(% =0, onIy(Bf)\{0}, (2.16)

where we have used Lemma 2.7 to derive the second equation in (2.16). By Schwartz
reflection, we obtain a function (still denoted by @) in By satisfying

A5 =0, in By)\{0}.
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So by Bocher’s Theorem, see e.g. [13], it follows that ©(x) = a;|z|>~ ™+ by, where a; >0,
Ab; =0, and g% =0 on I'1(By). Furthermore 9 has to be singular at x = 0. Indeed
it follows from Lemma 2.3 and some standard elliptic estimates that for 0 <r < 2,

lim v ! (x; + e)rﬁﬁi(r) =71z &(r)

where
&(r) = ][ .
(r) )

Therefore, it follows from the definition of isolated simple blow-up point that 7“7%25 (r) is
decreasing , which is impossible if £ is regular at the origin. It follows that a; > 0.

We first establish the inequality in Lemma 2.9 for |z — x;| = 1. Namely, we prove
that

vi(z; + e)vi(zi) < ¢, (2.17)

for some constant ¢ > 0. Suppose that (2.17) is not true, then along some subsequence
we have

lim v;(z; + e)vi(z;) = 0.

11— 00
Multiply (2.3), by v; '(z; +€) and integrate by parts over B to obtain
81)2'

BF OV

0= /B;L(—Avi)vi_l(xijte) — —}—e)/a

Hence from the boundary condition in (2.3), we have that

8Ui
(B OV

02(71—2)1)1.1(@—1—6)/ fi”vgi—kvil(xi—ke)/
I (B;) r

Then we have

o 0v;
lim | (n —2)v; (@ +e) / [l | == lim / !
71— 00 Fl(Bf) 11— 00 FQ(BT) 81/

:—/ @:(n_2)a]1/ |‘(L’|1n+/ %

ra(Bf) OV ra(B) ra(Bf)

— (n— 2)aa[Ts(BH)] + / (A = (1 - 2|55 > 0. (2.18)
Bl

On the other hand, in view of Lemma 2.6, Lemma 2.7, and (2.17), it is easy to check that

1— 00

(n —2)v; *(z; + e)/ Tl = o(1)v; M (z)v; Mz +e) — 0
ri(By)
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which is in contradiction with (2.18).
So we have established the inequality for |z — ;| = 1. To establish the inequality for
ri < |x—x;] <3, it is sufficient to scale the problem to reduce it to the case |z —x;| =1.
It follows from the above that w; = v;(z;)v; — w in C2_(Bf \ {0}) where w(z) =
aG(Z,x) + b, for some positive constant a and a function b > 0 satisfying

Ab=0, in By,
ob
5, =0 on ry(BF). O

Proof of Proposition 2.5. Since M is locally conformally flat and the boundary of
M is umbilic, we can find a diffeomorphism ¢ : By — Bz(Z) and f € C?(B) some
positive function such that ¢(0) = z and ¢*g = f = go , where go is the flat metric
in B;’ . Let v; = fu; o ¢. It follows from the conformal invariance of L, and B, that

v; satisfies equation (2.3),. So the proof of Proposition 2.5 can be easily deduced from
Lemma 2.6 and Lemma 2.9. ]

Proposition 2.10. Let (M,g) be a smooth compact n-dimensional locally conformally
flat Riemannian manifold with umbilic boundary and x; — T be an isolated blow-up point
of {ui}i, where w; are solutions of (2.1),. Then it is necessarily an isolated simple
blow-up point.

Due to the conformal invariance of L, and B,, the proof of Proposition 2.10 is
reduced to the proof of the following

Proposition 2.11. Let x; — 0 be an isolated blow-up point of {v;};, where v; are
solutions of (2.3),. Then it is an isolated simple blow-up point.

Proof. It follows from Lemma 2.6 that
wi(r) <0 for every Cov} % (z;) <7 <7y (2.19)

Suppose that the blow-up is not simple; then there exist some sequences of positive numbers
~ ~ . . ~ 1—q1 ~ .
7 — 0, ¢; — oo, satisfying C;iV; (xz) < r; such that after passing to a subsequence

wl(7;) > 0. (2.20)

It follows from (2.19) and (2.20) that 7; > r; and w; has at least one critical point in
the interval [r;,7;]. Let p; be the smallest critical point of w; in this interval. It is clear

that
s > i >r; and  lim p; = 0.

11— 00

Consider now
1

&(z) = pf o (i + ).
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Set T; =z /u; and T = lim; T; . Then we have that &; satisfies the following

(- A& =0, & >0, in By !,
— gj; =(n—-2)f7¢,  on 331_/7;2 N{z" = -T;},
2| 7T & (x) < Cho, in B
112(1)10 £(0) =00 and 0 is a local maximum point of ;, (2.21)
rﬁé (r) has negative derivative in  C1p&;(0)1 7% < r < 1,
d

=0.

o (rmm)

It is easy, arguing as we did before (e.g. see the proof of Lemma 2.9), to see that {&}; is
locally bounded and then converges to some function ¢ satisfying

\ r=1

~AE=0, £>0, in R,
oc

— % (n — 2>€ﬁ, on 8R’1T

By the Liouville Theorem and the uniqueness result by Li and Zhu [17] of the appendix
we deduce that T'= 0. Since 0 is an isolated simple blow-up point, by Lemma 2.9 we
have that

§i(0)6i(x) — alzPT" +b=h(x) in Ci (B \{0}) (2.22)

71— 00

where a > 0 and b is some harmonic function satisfying

—Ab=0, inRY,
ab .
%:0, on 8R+\{0}

By the Maximum Principle we see that b > 0. Now, reflecting b to be defined on all
R"™ and denoting the resulting function by b, we deduce from the Liouville Theorem that
b is a constant and so b is a constant. Using the last equality in (2.21) and (2.22), we
deduce easily that a =b. Hence h(z) = a(|z|>~™ + 1) . Therefore by Corollary 6.4 in the
appendix we have that

lim B(r,x,h,Vh) <0 (2.23)
r—0 FQ(B:’_)

where B is given by

Bz, h, Vh) = " =2 oh %r <8h

2
1 2
5 ah-l— 5) —Eﬂvtanh’ (2'24)
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where Vi.nh is the tangent component of VA . From another part, using Lemma 6.3 in
the appendix, Lemma 2.6, and Lemma 2.9, we deduce

/ B(r,x,&,VE&) > O (UJQ(L)) 7+ O (v;(qi+1)(xi)) .
To(B))
Multiplying by £2(0) we derive that

lim B(r,x,h,Vh) >0,
r=0Jr,(B})

which is in contradiction with (2.23). Therefore our Proposition is proved. 0

3. Compactness results for manifolds of positive type

We point out that if ¢ stays strictly below the critical exponent "5 and strictly
above 1, the compactness of solutions of (P,) is much easier matter since it follows directly
from the nonexistence of positive solutions to the global equation which one arrives at after

a rather standard blow-up argument. Namely we prove

Theorem 3.1. Let (M,g) be a smooth compact n-dimensional Riemannian manifold
with boundary. Then for any &, > 0 there exists a constant C = C(M,g,01) > 0 such
that for all w € Uy 5,<q<n__g Mg we have

1
o Sul@) =0 YeeM; |ulloxan <C.

Proof. Suppose that the Theorem were false. Then, in view of the Harnack inequality
(see Lemma 6.1 in the appendix) and standard elliptic estimates, we would find sequences
{¢;}i and {u;}; C M,, satisfying

n
lim ¢; :qe}l,—{ and lim maxu; = oo.

1—oo M
Let p; be the maximum point of wu; ; it follows from the Maximum Principle that p; € OM .
Let = be a geodesic normal coordinate system in a neighbourhood of p; given by exp,, L

We write u;(z) for u;(exp,, (z)). We rescale x by y = Az with \; = ud " (p;) — oo
and define

Bl =X T wO ).
Clearly 0;(0) =1 and 0 <9; <1. Let § >0 be some small positive number independent
of i. We write g(x) = gas(x) dz®da® for x € exp,*(Bs(p;) N M) . Define

DY) = g\ y) dy dy’.
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Then ©0; satisfies

- Lg(i)@i =0, 0;>0, in )\ exp_l(B(;(pi) N M),
Byw v = (n —2)0]", on \; exp ' (Bs(p;) N OM).
Applying LP-estimates and Schauder estimates, we know that, after passing to a subse-

quence and a possible rotation of coordinates , 9; converges to a limit 9 in C?-norm on
any compact subset of {y € R™: y™ > 0}, where

— Av =0, in R,
_ 5—; — (n—2)8%, on dR, (3.1)
50)=1, 5>0

It follows from the Liouville Theorem by Hu [12] that (3.1) has no solution. This is a
contradiction, thus we have established Theorem 3.1. [

The compactness of solutions of (P;) is much more difficult to establish when allowing
q to be close to 5, since the corresponding global equation does have solutions. On
the other hand, due to the Liouville Theorem and Liouville-type Theorem by Li-Zhu [17]
on the half-space R’} , we have the following Proposition similar to Lemma 3.1 of [25] and

Proposition 1.1 of [10].

Proposition 3.2. Let (M,g) be a smooth compact n-dimensional Riemannian mani-
fold with boundary. For any R > 1, 0 < ¢ < 1, there exist positive constants 6y =
do(M,g,R,e), co=co(M,g,R,€), and c; = c1(M, g, R,e) such that for all u in

U M

ﬁ —300<g< ﬁ

with maxy; u > cg , there exists S = {p1,...,pn} COM with N > 1 such that

(i) each p; is a local mazimum point of w in M and

sz(pl)ﬂBFJ(pj) :®7 fOTi#jv

where 7; = Ru'~9(p;) and By, (p;) denotes the geodesic ball in (M,g) of radius 7;
and centered at p; ;

n—2

1 2
(1 + xn)2 + |I’|2

u~ (s )ulexp, (yu'~(ps)) - ( <c

C2(B3%(0)

where
Byr(0) ={y € Tp,,M : |y| < 2R, u""9(p;)y € exp,, (Bs(pi))},
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y=(y,y") eR";
(iii) di=t (pj,pi)u(p;j) > co, for j > i, while d(p, S)ﬁu(p) <c1, Vp€ M, where d(-,-)
denotes the distance function in metric g .

The proof of Proposition 3.2 will follow from the following Lemma.

Lemma 3.3. Let (M,g) be a smooth compact mn-dimensional Riemannian manifold.
Given R <1 and € < 1, there exist positive constants dg = do(M, g, R,e) and Cy =
Co(M, g,R,e) such that, for any compact K C M and any u € U%—60<q<% M, with

max, g d=t (p, K)u(p) < Cy, we have that there exists pg € M\ K which is a local
mazimum point of w in M such that po € OM and

n—2

u™" (po)u(exp,, (yu' " (po)) — ((1 + :1:'”)12 + \:z:’!2> N

<e

C2(B33(0))

where BL(0) is as in Proposition 3.2, d(p,K) denotes the distance of p to K, with
dip, K)=1if K=0.

. 1
Proof. Suppose the contrary, then there exist compacta K; C M, 25— <¢; < "5,
and solutions u; of (P, ) such that

max_ d7 7 (p, K, )u;(p) > i.
peEM\ K;

It is easy to deduce from the Hopf Lemma that u; >0 in M. Let p; € M\ K; be such
that . .
dai=T (ps, Ki)ui(p;) = max  du—T(p, K;)u;(p).
peEM\ K;

Let = be a geodesic normal coordinate system in a neighbourhood of p; given by engil .

We write u;(z) for u;(expy, (z)) and denote \; = w1 (p;). We rescale = by y = \iz
.

and define o;(y) = \; “ "wu;(A\;y). By standard blow-up arguments and the Liouville
Theorem, one can prove that d(p;,0M) — 0. Fix some small positive constant § > 0
independent of 7 such that dM N Bs(p;) # . We may assume without loss of generality,
by taking ¢ smaller, that eXp]gi1 (OM) N Bs(0) has only one connected component, and

may arrange to let the closest point on eXp;i1 (OM) N Bs(0) to 0 to be at (0,...,0,—t;)
and
exp;, (M) N B5(0) = OR't N B3 (0)

is a graph over (z!,...,2""!) with horizontal tangent plane at (0, ..., —t;) and uniformly

bounded second derivatives. In eXp;il (Bs(p;)) we write g(z) = gap(x) dx®dz® . Define

D) = g\ y) dy”dy’.
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Then ©0; satisfies
— Lg(i)'ﬁi =0, 0; > 0,
Bg(i)f}i = (TL — 2)@?1

Note that A;d(p;, K;) — oo and, for |y| < 1X;d(p;, K;) with z = Ny e expgil(B(;(ﬁi)) ,
we have

and therefore

ai—1 1 . 1 .
<_d(ﬁi7Ki)> ui(x) < d(x, K;) % Tui(x) < d(ps, K;) 5 ui(Ps)
which implies , for all |y| < $Aid(ps, K;) with A7 'y € exp; ' (Bs(p;)) , that

di(y) < 277
Standard elliptic theories imply that there exists a subsequence, still denoted by o, , such

that, for T = lim; \;d(p;, OM) € [0, +00], 9; converges to a limit ¢ in C%-norm on any
compact set of {y = (y',...,y") € R*: y" > —T}, where © > 0 satisfies

— A0 =0, in {y" > -T},

0v n
- 3—3;; =(n—-2)072, on{y"=-T}, ifT <+oc.

It follows from the Liouville Theorem that T" < +oc , and, from the Liouville-type Theorem
of Li-Zhu [17], that

n—2

o) = (@ nrreae)

Set g = (¢/,—T). It follows from the explicit form of ©; that there exist y; — ¢ which
are local maximum points of ; such that 9;(y;) — A"Z = max?.

Define p; = expﬁi()\i_lyi) , then p; € M\ K; is a local maximum point of w;, and
if we repeat the scaling with p; replacing p; , we still obtain a new limit v. Due to our
choice, v(0) =1 is a local maximum, so T'=0 and

n—2

ui (pi)ui(expy, (yu; " (p1)) — (( : )T

<
T+ 27)2 1 /]2 :

C2(B3%(0)

which leads to a contradiction. O
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Proof of Proposition 3.2. First we apply Lemma 3.3 by taking K = and d(p, K) =1
to obtain p; € OM which is a maximum point of v and (i) of Lemma 3.3 holds. If

de1(p. K <
Lemax (p, K1)u(p) < Co,

where K7 = By (p1), we stop. Otherwise we apply again Lemma 3.3 to obtain ps € OM .
It is clear that we have By (p1) N Br,(p2) = 0 by taking e small from the beginning. We
continue the process. Since there exists a(n) > 0 such that fo'(p_) ud T > a(n), our

process will stop after a finite number of steps. Thus we obtain & = {p1,...,pn} C OM
as in (ii) and
1
da—T (p7 S)U(p) < CO)

for any p € M\ S. Clearly, we have that item (iii) holds. O

Though Proposition 3.2 states that u is very well approximated in strong norms by stan-
dard bubbles in disjoint balls Bz, (p1),..., Bry(pN) , it is far from the compactness result
we wish to prove. Interactions between all these bubbles have to be analyzed to rule out
the possibility of blowing-ups.

The next Proposition rules out possible accumulations of these bubbles, and this
implies that only isolated blow-up points may occur to a blowing-up sequence of solutions.

Proposition 3.4. Let (M,g) be a smooth compact n-dimensional locally conformally
flat Riemannian manifold with umbilic boundary. For suitably large R and small € > 0,
there exist 01 = 61(M, g, R,e) and d =d(M,g, R,e) such that for all u in

+
U M
01 << 7

n—2

with maxyr u > Cy, we have

where Cy,p1,...,pN are given by Proposition 3.2.

Proof. By contradiction, suppose that the conclusion does not hold, then there exist
sequences —'s — % < ¢ <5, u; € Mg, such that min{d(p;a,pip), 1 <a,b <N} —0
as i — +oo where p;1,...,p; v are the points given by Proposition 3.2. Notice that
when we apply Proposition 3.2 to determine these points, we fix some large constant R,
and then some small constant ¢ > 0 (which may depend on R ), and in all the arguments

i will be large (which may depend on R and ¢). Let
d; = d(pi,1,pi2) = gl?lélg d(Pi,as Pib)

and
Po = lim Pi1 = hm Pi2 € oOM.
1——+00

11— 400
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Since M is locally conformally flat with umbilic boundary, one can find a diffeomorphism
®: By — Bs(po), ®(0)=po (3.2)

with ®*g = f ﬁgo where go is the flat metric in By and f € 02(3—;) is some positive
function. It follows from the conformal invariance of L, and B, that, for v; = fu; o ®,
—Av; =0, v; >0, in B;_,
GUZ-
ox"

We can assume without loss of generality that z; , = q)*l(pi,a) are local maxima of v; ,
so it is easy to see that

(3.3)

= —(n—2)f™u¥, onT(B]).

7

0i(Xi4) — 00, (3.4)

d(m, U{xi,a}) " (@) < e, Ve B (3.5)

0< 0; = |xi,1 - 371,2‘ - 07
n—2
1 R—
ol v (z, ) > " fora= 1,2, (3.6)
C2

where c1,co > 0 are some constants independent of i,e, R. Without loss of generality,
we assume that z; 1 = (0,...,27,). Consider

1

w;(y) = Ufi—_lvi(wi,1 + oy)

and set, for ;, € B—f“, Yia = % and T = %x?a . Clearly, w; satisfies
1
— Aw;(y) =0, w; >0, in {|y\<—, y">—TZ},
o
5 1’ (3.7)
W Ts 7 n
8y’z =—(n—2)f"(zin +Uz‘y)w3 , on {|y| < —i, Yy = _Ti}
It follows that
Yia —Yipl =1, Va#b, yi1=0, |yiz2l=1 (3.8)

After passing to a subsequence, we have

g=lm yiz [g]=1.
It follows easily from (3.4), (3.5), and (3.6) that
(wi(0) > ¢y wi(yi2) > co,
each y; , is a local maximum point of w;,

1
1w (y) < e,

min [y — yi,q

y" > =T

ly| <

Y
2Ui
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where ¢}, > 0 is independent of 7. At this point we need the following Lemma which is a
direct consequence of Lemma 2.4.

Lemma 3.5. If along some subsequence both {y; «,} and w;(y;q,;) remain bounded, then
along the same subsequence

limsup max w; < o0,
. —T;
7,—)—|—OO B]_/4 (yi,ai)

where By i (Yia) ={y: [y = Yia| <1/4, y» > =T}
Due to Proposition 2.11 and Lemma 3.5, all the points y; ,, are either regular points of

w; or isolated simple blow-up points. We deduce, using Lemma 2.9, Lemma 3.5, (3.7),
and (3.8) that
’LUZ(O) — 400, wi(yi,g) — +400.

It follows that {0}, {y;2 — ¥y} are both isolated simple blow-up points. Let w; = w;(0)w; .
It follows from Lemma 2.9 that there exists S such that {0,y} C &1 C S,

min{ |z — y| : T,y € 81, x#y}>1,

and ~
w;(0O)w; — h in CI%)C(RET \S1)
where h satisfies _
Ah:07 iIl R’ET\Sl,

oh n o\
8—3/” = 0, on 8R_T \81
Making an even extension of h across the hyperplane {y"™ = —T'} , we obtain h satisfying

Ah =0 on R"\S;. Using Bocher’s Theorem, the fact that {0,7} C S, and the Ma-

ximum Principle, we obtain some nonnegative function b(y) and some positive constants
ai,as > 0 such that

by) 20,y eR"\{S:1\{0,7}},
Ab(y) =0, yeR"\{8\{0,7}},
=0 on ORL\(S\{0.7})

and h(y) = a|z|>" 4+ az|z — |2 "+ b, y € R"\ S; . Therefore there exists A > 0 such

that
hy) = aly>™" + A+ O(ly|)

for y close to zero. Using Lemma 6.3 and Corollary 6.4 in the appendix, we obtain a
contradiction as in Proposition 2.11. The proof of our Proposition is thereby complete. [

Proof of Theorem 1.5. Let f; be an eigenfunction of problem (FE;) associated to
A1(L) . Taking if necessary |fi|, we can assume f; > 0. By the Maximum Principle
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fi >0 in ]\C;[ and by the Hopf Maximum Principle f; >0 on 0M . Thus f; >0 in M.

Consider the metric g; = f;" >g. Then Ry, >0 and hy = 0. We will work with g¢;
instead of ¢g. For simplicity of notation, we still denote it as ¢g. Then we can assume
R, >0 and h, =0 without loss of generality, so that B, = 9/0v .

In view of LP-estimates, Schauder estimates, and Lemma 6.1, we only need to esta-
blish the L*°-bound of u. Arguing by contradiction, suppose there exist sequences ¢; =
L -7, 7, >0, 7, =0, and u; € Mg, such that

n—2

maxu; —— OQ.
M 11— 00

It follows from Proposition 2.10, Theorem 3.1, and Proposition 3.4 that, after passing to
a subsequence, {u;}; has N (1 < N < oo) isolated simple blow-up points denoted by
{p,...,pN}. Let {p},...,pN} denote the local maximum points as in Definition 2.1. Tt
follows from Proposition 2.5 that

uz(pll)uZ — h in C'IQOC(M\{pl,...,pN}).

11— 00

Using Proposition 2.5 and subtracting to the function h the contribution of all the poles
{p17 e 7pN} C OM , we obtain

N
uz(pzl)uz Z:)O ZaéG('va) + b in Ol%)c(M\{p17 <o 7pN})
/=1

where a; >0, G(-,p’) is as in (2.7), and b satisfies

L,b=0, in M,
BgB =0, onJdM.

Since Ay (L) > 0 we deduce that b = 0 and G(-,p*) > 0 (recall that we have chosen
g such that R; > 0 and hy, = 0). Since M is compact and locally conformally flat

a4
with umbilic boundary, for every p’ there exist p > 0 uniform and g, = f,' >g, for

f2 € C%(Ba,(p!)), such that g is Euclidean in a neighbourhood of p and h, = 0 on

OM N B,(p*). Tt is standard to see that the Green’s function @(x,pg) of g2 has the
following expansion near p’ in geodesic normal coordinates

Gz, p") = 2> + A+ O(|z|).

It follows then from the Positive Mass Theorem by Schoen and Yau [24] as it was extended
to locally conformally flat manifolds with umbilic boundary by Escobar [6] that A > 0
with equality if and only if (M, g) is conformally equivalent to the standard ball. Let v;
be as in (3.3). Recall that ®(p') =0, so we can deduce that z; — 0 is an isolated simple
blow-up point of {v;}; and

vz, — h in O (Bf \{0})

1— 00
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where h(z) = |#|27" + A+ O(|z|) for some A > 0. Applying Lemma 6.3 and Corollary
6.4 of the appendix, we reach as usual a contradiction. The Theorem is then proved. [

4. Existence results for manifolds of positive type

In this section we prove the existence part of Theorem 1.4, using the compactness
results of the previous section and the Leray-Schauder degree theory.

We assume R, > 0 and hy =0 without loss of generality (see the beginning of the
proof of Theorem 1.5) so that By = d/0v. For 1 < ¢ < -5, consider the problem

Lyu=0, in M,

B (Pw)
au _ v, on OM,

ov

which defines an operator
T: C**(M)* — C*Y(M)
v — Tv=u

where C%*(M)* :={ue€ C**(M): u>0 in M}, 0 <a <1 and Tv is the unique
solution of problem (P,). Set

E(v) = /M(—Lgv)v—I—/aM(Bgv)v - /M V0% + 4(71717__21)/]\/[ R,v?

and consider the problem

—Ljv=0, v>0, in M, (4.1)
Byv = (n—2)E(v)v?, on M.

We have the following Lemma

Lemma 4.1. There exists some positive constant C = C(M,qg) such that, for all 1 <

q < -5 and v satisfying (4.1), we have

n—2

%<U<C, in M. (4.2)

Proof. First of all, notice that, in view of the Harnack inequality and Lemma 6.1, it is
enough to prove the upper bound. Multiplying (4.1) by v and integrating by parts, we

obtain 5
n—2)E(v vq+1:/ Vv2+L/RU2 4.3
(=20 [ 19l = | A (43)
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which yields E(v) > 0. It is easy to check that u = E(v)rllv > (0 satisfies

—Lyu=0, u>0, in M,
Bgu = (n —2)u?, on OM.

It follows from Theorem 3.1 and Proposition 3.4 that there exists dy > 0 such that for
1+ <qg<25

1
— < E(’U)q%l’l) < (44)
C1

for some positive constant ¢;. From (4.3) we know that (n — 2)E(v) [,,, v?" = E(v),

so that )
/ It = — (4.5)
OM n—2
Next (4.4) and (4.5) yield
1
— < E(@v) <e (4.6)
C2
for some positive c;. Then (4.4) and (4.6) give (4.2) for 1+ 69 < ¢ < 5. For
1 <qg<1+4 6y we apply Lemma 6.5 to obtain F(v) < c3 for a positive constant c3 and
then standard elliptic estimates to obtain the upper bound for v . ]

For 0 <a<1, 1<¢< %5, we define a map
E,: C**(M)" — C**(M)
v — Foo=v—-T(E(v)v?).

For A > 1, let
2,a : 1
Dy = qv e C**(M), ||[v|lc2.emary <A, minv > -+ ¢ (4.7)

Let us notice that F, is a Fredholm operator and 0 ¢ F,(0D,) thanks to Lemma 4.1.
Consequently, by the homotopy invariance of the Leray-Schauder degree (see [21] for a
comprehensive introduction to Leray-Schauder degree and its properties), we have

n

deg(FQ7DA7O):deg(FbDA70)7 V1§qg n—9

It is easy to see that Fy(v) =0 if and only if E(v) = A\ (B) and v =v/A1(B)f2, where
f2 is an eigenfunction of (F3) associated to A1(B). Let v =v/A1(B)f2.

Lemma 4.2. F|(v) is invertible with exactly one simple negative eigenvalue. Therefore
deg(Fy1,Dp,0) = —1.

Proof. This can be proved by quite standard arguments, one can follow, up to minor
modifications, the derivation of similar results in [10, pp. 528-529]. We omit the proof. [
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For s € [0,1], let us consider the homotopy
Gy: C*(M)T — C**(M)
v — Gs(v)=v T, ([(n—2)s+ (1 - s)E(U)]vﬁ) :
Arguing as in Lemma 4.1, one easily deduces

Lemma 4.3. There exists A > 2 depending only on (M,g) such that
Gs(u) 20 VA>A, V0<s<1, VYucadD,.

Proof of Theorem 1.4 completed. Using Lemma 4.3 and the homotopy invariance of
the Leray-Schauder degree, we have for all A > A,

deg(G1, D, 0) = deg(Go, Da,0).

Observing that
Gi(u) =u—T_o_((n—2u=—72),
Go(u) = F_~_(u)

and using Lemma 4.2, we have that for A sufficiently large

deg(Gh DA? 0) = —1,

which, in particular, implies that M N Dy # (. We have thus completed the proof of the
existence part of Theorem 1.4. ]

5. Compactness and existence results for manifolds of negative type

In this section we establish Theorem 1.6. Let fo be a positive eigenfunction of (FEs)
4

corresponding to A;(B) and set go = f,' °g. It follows that R,, =0 and hy, < 0.
We will work throughout this section with ¢o instead of g and we still denote it by ¢.
We first prove compactness part in Theorem 1.6. Due to the Harnack inequality,
Lemma 6.1, elliptic estimates, and Schauder estimates, we need only to establish the L>°-
bound. We use a contradiction argument. Suppose the contrary, that there exist sequences

{gi}i, {uiti € M, satistying

n .
¢ — qo €< } 1, —} and lim maxu; = +o0.
n—2 1 M

1—00 1—00
Let x; € OM such that w;(x;) = maxy; u; — +oo. Let y',...,y" be the geodesic normal
coordinates given by some exponential map, with 9/0y™ = —v at x; . Consider

i (2) = u; () (expxi(ui_qi (xz)z)> :
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Reasoning as in Theorem 3.1, we obtain that @; converges in C2_-norm to some @
satisfying
—Au=0, u>0, inRY,
ot (4.8)
B (n—2)u®,  on ORY,
Zn

with %(0) =1, 0 <a <1 on R" . Using the Liouville-type Theorem of Lou-Zhu [19], we
obtain that (4.8) has no solution satisfying @(0) =1 and 0 <a <1.
We prove now the existence part of Theorem 1.6. Let

-2
E(u,v):/ Vgu-ng+nT/ hguv
M oM

and F(u) = E(u,u). Let us observe that one can choose fy such that E(f;) = —1.
Consider for, 1 < ¢ < "5,

{Agv:O, v >0, in]\o4, (4.9)

Bgv = E(v)v?, on OM.
Arguing as in Lemma 4.1 and using Lemma 6.6 one can prove

Lemma 5.1. There exists some constant C = C(M,g) > 0 such that for 1 < q < 25
and v satisfying (4.9) we have

é<v<C.

Let A\i(B) < X2(B) < ... denote all the eigenvalues of (F3). Pick some constant
A € (=X2(B),=M\i(B)). For 0 <a <1 and 1< ¢ < -5, we define

Ta: C>(M)t — C>%(M),

which associates to v € C*%(M)* the unique solution of

Lyu =0, in A,
(By+Au=v, ondM

and F,(v) = v —Ta(E(v)v?+ Av). For A >1,let Dy C C>*(M)* be given as in (4.7).
It follows from Lemma 5.1 that 0 ¢ Fy(0Dy), for all 1 < ¢ < "5 . Consequently,

deg(F,, D, 0) = deg(Fy, Dp,0), V1<q< —

n—2
Arguing as we did in Lemma 4.2, we obtain

Lemma 5.2. Suppose A(B) <0 and R, =0. Then

deg(F,, Da,0) = —1, ¥1<gq< LQ
n_
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Now we define for 1 < ¢ < "5, Tq as follows

T,: C**(M)t — C**(M)

v — Tov=u
where wu is the unique solution of

Agu =0, in ]\04,
(Bg+Au=—(n—-2v?7+ Av on oM.

Since 0 is not an eigenvalue of By+A , Tvq is well defined. It follows from Schauder theory,

see e.g. [8], that fq is compact. It follows from the compactness part of Theorem 1.6 that
there exists A >> 1 depending only on (M, g) such that

{uGCQ’a(M): (Id—T_Q)uzo} C Dy for every A > A.

Lemma 5.3. Suppose that A\i(B) <0 and Ry, =0. Then for A large enough, we have

deg (1d = T, Dy, 0) = deg(Fy, D, 0) = ~1.

Proof. It follows from the homotopy invariance of the Leray-Schauder degree from one
part and Lemma 5.2 from another part. The proof being standard, we omit it. U

Proof of Theorem 1.6 completed. The existence part follows from Lemma 5.3 and
standard degree theory. Thereby the proof of Theorem 1.6 is established. U

Appendix

In this appendix, we present some results used in our arguments. First of all we state a
Harnack inequality for second-order elliptic equations with Neumann boundary condition.
For the proof one can see [10, Lemma A.1].

Lemma 6.1. Let L be the operator
Lu = 0;(a;;(x)0;u + bi(z)u) + ¢;i(x)0iu + d(z)u
and assume that for some constant A > 1 the coefficients satisfy

AYHEP < ai(0)&&5 < A€ Vr € Bf C R", £ eR”, (6.1)
|bi(z)| + |ci(x)] + |d(z)] <A, V€ Bf.
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If |h(z)| < A for any x € Bf and uw € C*(B)N C’l(B—gr) satisfies
—Lu=0, u>0, inBJ,
an;(2)0;u = h(z)u, onT1(BF),

then there exists C'= C(n,A) > 1 such that

max v < C'min u.
+ +
Bl Bl

In the proofs of our results, we also used the following Maximum Principle

Theorem 6.2. Let Q be a bounded domain in R™ and let Q=T UX, V € L>®(Q),

and h € L>(X) . Suppose 1 € C2(Q)NCLHQ), ¢ >0 in Q satisfies
AY+Vy <0, inQ,
0w, onx,
ov

and v € C%(Q) N CL(Q) satisfies

Av+ Vo <0, inf,

0
8_;) > hv, on X,
v >0, onT.

Then v >0 in Q.
We now derive a Pohozaev-type identity for our problem; its proof is quite standard

(see [14]).
Lemma 6.3. Let v be a C? -solution of
— Av =0, in B,
0 6.3)
8—U =c(n)hv?, onTy(B})=0B NoRY, (
v
where 1 < q < "5 and c(n) is constant depending on n. Then

n—1 n-—2 c(n) S oh
c(n — hodtt da+—/ vt —z; do
( )<q—1 2 )/Fl(B;“) q+1 Fl(B;F); O

Ty

— c(n)r/ v hdo’ :/ B(x,r,v,Vv)do
q+1 Jor, (B 2 (B))
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where Ty(B) = 0B NRY and

~29 1 /ov\® 1
B(z,r,v,Vv) = i 5 [TZU + 57“ (8_Z> - §T|Vtan’0|2

where Vianv denotes the component of the gradient Vv which is tangent to Ty(B;}) .
An easy consequence of the previous Lemma is the following

Corollary 6.4. Let v(xz) = a|z|* ™ + b+ O(|z|) for = close to 0, with a > 0 and
b> 0. There holds

lim B(z,v,Vv) < 0.

r=0" JTy(B])

In the proof of Lemma 4.1 we used the following result

Lemma 6.5. Let (M,g) be a smooth compact Riemannian manifold of positive type
(namely A\1(B) >0). Let g >0, 1<q< "5 —¢o. Suppose that u satisfies

—Lyu=0, u>0, 1n M,
ou

o pud on OM, (6.4)

/ witl =1,
oM

9 n—2 9
pu— —_— < .
0<p / |V ul” + 4(n_1)Rgu < C(M,g,¢0)

Then

Proof. For 1+¢¢ <¢q < %5 —¢o, it follows from Theorem 3.1 that c-1< uq%u <C,
which, together with [, M udtt = 1, gives the claimed estimate. So we have to only

establish the estimate for 1 <q <1+4¢p. We give a proof for 1 < ¢ < 25 —¢o. We can
choose f1 such that E(f;) =1 and recall that f; satisfies

_Lgflzoa f1>07 in M,
9fi

E:Al(B)fly on OM.

Multiply equation (6.4) by fi1 and integrate by parts to obtain

p [ wh=nE) [ (6.5)
oM oM
which implies g > 0. Note that, for ¢ = 1, p = A (B). In the following we assume
1 <q< 5 —¢p. Since 1/c < f1 < ¢ for some positive ¢, from (6.5) and the Hélder
inequality, we deduce that
plullfloar) < c (6.6



32 V. FELLI AND M. OULD AHMEDOU

From well-known interpolation inequalities, we deduce

9 —9
[ull La+ranr) < ||U||Lq(aM)HUH1L2<n—1)/<n—2>(aM)

where
q n—mng—2q

T g+l 2n—1)-ng+2q

It is easy to check that 0 <9 <1, 97! <c,and (1-9)"! <c.
Testing (6.4) by u, we easily find that

_ 2, M=2 5 o
= ('Vg“' T )

Therefore, from the Sobolev embedding Theorems, we deduce

1-9 225 7
1= ullsssonn < ellliaonon® = (sl oo ) - (6.7)

Combining (6.6) and (6.7), we have that

(1—=9)(g—1)
1- 219q

w2 <ec. (6.8)

For 1§q§%—50,wehavethat

(1-9)(¢g—1)
20

1 > 5(20) > 0. (6.9)

The thesis follows from (6.8) and (6.9). O
The analogue for the negative case is

Lemma 6.6. Let (M,g) be a smooth compact Riemannian manifold with A\ (B) < 0
and hg =0. Let €9 >0 and 1 < q <oo. Suppose that u satisfies (6.4). Then

= 2, 72 pop)<_ T2 /R 2< oM
0< —p= /M<\Vgu\ +4(n—1)R9u>_ =1/, gu” < C(M,g).
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