PERTURBATION RESULTS OF CRITICAL ELLIPTIC EQUATIONS
OF CAFFARELLI-KOHN-NIRENBERG TYPE

VERONICA FELLI AND MATTHIAS SCHNEIDER

ABSTRACT. We find for small ¢ positive solutions to the equation
_ A uP™!
. 2a _
—div (|x| VU) — WU— <1+€k($)) 7‘x|bp

in RY, which branch off from the manifold of minimizers in the class of radial functions
of the corresponding Caffarelli-Kohn-Nirenberg type inequality. Moreover, our analysis
highlights the symmetry-breaking phenomenon in these inequalities, namely the existence
of non-radial minimizers.

1. INTRODUCTION

We will consider the following elliptic equation in RY in dimension N > 3

. —2a A _ K ub~! RN
—le(|.’E‘ VU)— mu— (l’)w, T € (11)

where

N -2 N —2aq —2\?
—co<a< 5 —0 <AL | —

= b) = d <b 1.
p = p(a,b) N 20 +a—0) and a<b<a+

For A = 0 equation (1.1) is related to a family of inequalities given by Caffarelli, Kohn and
Nirenberg [6],

(1.2)

2/p
[ull2, == </sz |x\—bp\u|f’dx> < Cup . 2|72 Vu?de  Yue CPRY).  (1.3)

For sharp constants and extremal functions we refer to Catrina and Wang [7].

The natural functional space to study (1.1) is D};Q(RN ) defined as the completion of
C§°(RY) with respect to the norm

1/2
Wl i= lull = | [ el 9uPad]
RN

We will mainly deal with the perturbative case K (x) = 1+ ¢ck(x), namely with the problem
uP~!

: —2a = —_—

we DY?(RYN), > 0in RV\{0}.
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Concerning the perturbation k£ we assume
ke L®@RY)nCRM). (1.4)

Our approach is based on an abstract perturbative variational method discussed by Am-
brosetti and Badiale [2], which splits our procedure in three main steps. First we consider
the unperturbed problem, i.e. ¢ = 0, and find a one dimensional manifold of radial solution-
s. If this manifold is non-degenerate (see Theorem 1.1 below) a one dimensional reduction
of the perturbed variational problem in Dé’Q(]RN ) is possible. Finally we have to find a
critical point of a functional defined on the real line.

Solutions of (P, ) are critical points in D}lf\(RN) of

R 1 —2a 2 A U2 1 ug‘
fa(u) = 5 /RN ‘£U| ]Vu| dx — 5 /RN md% — 5 /I\%N (1 +Ek($)) ’:L«|bp de,

where uy := max{u,0}. For ¢ = 0 we show that fy has a one dimensional manifold of
critical points

_ N—-2—2a bA[T
ZabA 1= {Zz’m =AY <_) > 0}’
I
where z‘f’b’A is explicitly given in (2.5) below. These radial solutions were computed for

A=0in [7], the case a = b = 0 and —co < XA < (N —2)2/4 was done by Terracini [12]. The
exact knowledge of the critical manifold enables us to clarify the question of non-degeneracy.

Theorem 1.1. Suppose a,b,\,p satisfy (1.2). Then the critical manifold Zgy ) is non-
degenerate, i.e.

TzZa,b,A = ker DQfO(Z) Vze Za,b,)n (1.5)
if and only if

4(N+j—-1) 17Y% N-2-2

b# hila, ) = (N — 2 — 2a)2 — 4 T2

1+

g vjeN\{0}.  (16)

Figure 1 (A =0 and h;(-,0) for j =1...5)

The above theorem is rather unexpected as it is explicit. It improves the non-degeneracy
results and answers an open question in [1, Rem. 4.2]. Moreover, it fairly highlights
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the symmetry breaking phenomenon of the unperturbed problem observed in [7], i.e. the
existence of non-radial minimizers of

—2a 2 2
Cop = nf J x|Vl __ : HVU2\|a_
weDLEERNN(O} ([ |z -telup)?  weDE(RM\(0) [ull5,

(1.7)

In fact we improve [7, Thm 1.3], where it is shown that there are an open subset H C R?
containing {(a, a) | a < 0}, a real number ag < 0 and a function A :] — 0o, ag] — R satisfying
h(ap) = ap and a < h(a) < a+ 1 for all a < ag, such that for every (a,b) € H U {(a,b) €
R%|a < ap, a < b < h(a)} the minimizer in (1.7) is non-radial (see figure 2 below). We
show that one may choose ap = 0 and h = hq(-,0) and obtain, as a consequence of Theorem
1.1 for A =0,

Corollary 1.2. Suppose a,b,p satisfy (1.2). If b < hi(a,0), then Cqyp in (1.7) is attained
by a non-radially symmetric function.

region of non-radial minimizers in [7] region of non-radial minimizers given by hi(-,0)
Figure 2

Concerning step two, the one-dimensional reduction, we follow closely the abstract scheme
in [2] and construct a manifold Z} , | = {zﬁ’b”\—i—w(e, 1) | 1> 0}, such that any critical point
of f. restricted to ZZ,b,A is a solution to (Pgp x). We emphasize that in contrast to the local
approach in [2] we construct a manifold which is globally diffeomorphic to the unperturbed
one such that we may estimate the difference ||w(e, )| when u — oo or p — 0 (see also
[4, 5]). More precisely we show under assumption (1.8) below that ||w(e, p)|| vanishes as
w—ooorpu—0.

We will prove the following existence results.

Theorem 1.3. Suppose a,b,p, A satisfy (1.2),(1.4) and (1.6) holds. Then problem (Pgp. x)
has a solution for all |e| sufficiently small if

k(o) := | l|im k(x) exists and k(oo) = k(0) = 0. (1.8)
Theorem 1.4. Assume (1.2),(1.4), (1.6) and
ke C2(RY), |VE| € L®(RY) and |D%k| € L=(RY). (1.9)
Then (Papn) is solvable for all small |e| under each of the following conditions
limsup k(x) < k(0) and Ak(0) > 0, (1.10)
|x|—o00
liminf k(x) > k(0) and Ak(0) < 0. (1.11)

|z|—o0
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Remark 1.5. Our analysis of the unperturbed problem allows to consider more general
perturbation, for instance it is possible to treat equations like

AealV(x) uP ™1
T TPt YT (14 e2k(2)) ||

ue DF*(RN),  u> 0 in RN\{0}.

—div (|z|72*Vu)

Existence results in this direction are given by Abdellaoui and Peral [1], where the case
_2)2 52
a=0andb=0 and % <AL % 1s studied. We generalize some existence results

obtained there to arbitrary a,b and X satisfying (1.2) and (1.6).

Problem (1.1), the non-perturbative version of (P, x), was studied by Smets [11] in the
casea =b=0and 0 < A < (N —2)2/4. A variational minimax method combined with a
careful analysis and construction of Palais-Smale sequences shows that in dimension N = 4
equation (1.1) has a positive solution v € Dy*(RN) if K € C? is positive and satisfies an
analogous condition to (1.8), namely K(0) = lim|;|_., K (). In our perturbative approach
we need not to impose any condition on the space dimension N. Theorem 1.3 gives the
perspective to relax the restriction N = 4 on the space dimension also in the nonperturbative

case.
Acknowledgements
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PRELIMINARIES

Catrina and Wang [7] proved that for b =a + 1

Colii=8uas1 = inf Ja 2|72V (N 2 — 2a>2
= Oag,a = — = .
a,a+1 pr2@V N[0} (Jan |2]~20F0) |uf2) 2
2
Hence we obtain for —oo < A < (W) a norm, equivalent to | - ||, given by
u? 1/2
_ —2a 2 _
full = | [ el 2valar = [ ) (112)

We denote by Dclb’i(RN ) the Hilbert space equipped with the scalar product induced by || - ||

uv

e —2a . — JE—
(u,v) = /]RN |z|”“*Vu - Vo de )\/]RN PEE dx.

We will mainly work in this space. Moreover, we define by C the cylinder R x SN=1. It is
is shown in [7, Prop. 2.2] that the transformation

_N—-2-2a €T
u(z) = |z 2 v( —In |z, m) (1.13)

induces a Hilbert space isomorphism from D}z’i(RN ) to H )1\’2(6), where the scalar product
in H)l\’Q(C) is defined by

N —2—2a\2
(Ul’UQ)Hi’Q(C) = /CVU1~V1)2+ <<?> —)\>vlv2.



5

Using the canonical identification of the Hilbert space Di’?\ (RN) with its dual induced by
the scalar-product and denoted by IC, i.e.

K: (DLARY)) — DIARY), (K(p),u) = p(u) V(p,u) € (DLARY)) x DI(RY),

we shall consider f/(u) as an element of Di’?\(RN) and f!(u) as one of £(Di’i(RN)).
If we test f!(u) with u_ = max{—u,0} we get
p—1

/ _ —2av7,, . _ uwu— Uy U- _ 2
() = [ et euevus - [ [ eb) g =

and see that any critical point of f. is nonnegative. The maximum principle applied in
RM\{0} shows that any nontrivial critical point is positive in that region. We cannot
expect more since the radial solutions to the unperturbed problem (¢ = 0) vanish at the
origin if A < 0 (see (2.5) below). Moreover from standard elliptic regularity theory, solutions
to (Papa) are LRV \ {0}), a > 0.

The unperturbed functional fy is given by

_ 1 —2a 2 A u? 1 uly 12 N
fo(u)_i/RN’:d |Vu| dl‘—E/RNWdIE——/RNwdl‘, ’UJGDG’)\(R )

p
and we may write f.(u) = fo(u) + eG(u), where

Glu) = 1/RN () (1.14)

p |2|%P
2. THE UNPERTURBED PROBLEM

Critical points of the unperturbed functional fy solve the equation
A 1
= p—1
2P 7 Ja (2.1)
ue DUSRYN), w>0in RV\{0}.

—div (|z|72*Vu) —

To find all radially symmetric solutions u of (2.1), i.e. u(z) = u(r), where r = |z|, we follow
[7] and note that if u is radial, then equation (2.1) can be written as

W N-2a-1, A 1
— — u — U= —
r2a r2at+l r2(a+1) rbp

uP™t, (2.2)

Making now the change of variable

u(r)=r=" % p(lnr), (2.3)
we come to the equation
N -2-2a\"
¢W-(——3—Jg —4¢—¢P1=a (2.4)
All positive solutions of (2.4) in H?(R) are the translates of
N—2(1+a—b)
Gy_JWN—Q—MhAN—Q—MV—4A HFamt)
= AN —2(1+a—b)
_ N—2(1+a—b)

1 _ o _ 2 _ 2(1+a—b)
. COsh( +a—b)\/(N —2—2a) n, |
N—-2(14+a-0)
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namely ¢, (t) = ¢1(t —Inp) for some p > 0 (see [7]). Consequently all radial solutions of
(2.1) are dilations of
N-2(1+a-b)
b\ N(N —2—2a)\/(N —2—2a)2 —4x| ‘0"
a7 (@) = N_—21+a—b)

_ N—2(14a—b)

<1—\/(N*2*2a)2*4k> (N7272a>(1+¢bz*b> 2(1+a—b)y/(N—2—2a)2—4X 2(1+a—b)
N—2-2a N—2(1ta-
. |SL‘| (1+a—b) [1 + |."E‘ N_2(1ta—b) (2.5)

and given by

N—-2—2a X
G @) = A (D), a0

Using the change of coordinates in (2.3), respectively (1.13), and the exponential decay

of zﬁ’b’A in these coordinates it is easy to see that the map p — zZ’b’)‘

continuously differentiable from (0, 00) to Di’i (RV) and we obtain

is at least twice

Lemma 2.1. Suppose a,b, \,p satisfy (1.2). Then the unperturbed functional fy has a one

dimensional C*-manifold of critical points Zapx given by {zﬁ’b”\ w> 0}. Moreover, Zgp x

is exactly the set of all radially symmetric, positive solutions of (2.1) in Di’i(RN).

In order to apply the abstract perturbation method we need to show that the manifold
Zap,x satisfy a non-degeneracy condition. This is the content of Theorem 1.1.

Proof of Theorem 1.1. The inclusion T apxZ4p 1 C ker DQfO(ZZ’b’)‘) always holds and is

a consequence of the fact that Z,; » is a manifold of critical points of fo. Consequently, we

have only to show that ker D2f(20"") is one dimensional. Fix u € ker D2fy(20""). The

function w is a solution of the linearized problem

. % A p—1, , _
—div (|z|2*Vu) — ]m|2(‘1+1)u = Pz (zu’b’)‘)p 2u. (2.6)
We expand u in spherical harmonics
u(rd) = w(r)Y;(9), reRt, 9esVl
i=0

where ¥(r) = [on-1 u(r9)Y;(¥) d9 and Y; denotes the orthogonal i-th spherical harmonic
jet satisfying for all i € Ny

—AgnY; = i(N +i—2)Y,. (2.7)
Since u solves (2.6) the functions v; satisfy for all ¢ > 0
1_1‘7;,/—' N—1—2a_,,—» '172 — A ) p—l bAD—2 = 2
T VT et 0 Y ey AoV~ Ty B = () Y
and hence, in view of (2.7),
— // . .
o N—-1-2a_, i(N+i—2), A L o p—=1, pap-2-
T2 T j2ar1 Y 20t VT 2t YT b (2P0 (2.8)

Making in (2.8) the transformation (2.3) we obtain the equations

. . . N-2-2a\? , L
—;"" — B cosh (w(t—lnu))goi: A — — —i(N+i—2)| @, €Ny,



where
_ N(N+2(1+a—0b)((N—2-2a)>—4)) Qo (1+a—1b)y/(N—2—2a)—4X
p= AN —2(1 +a— b)) e = N—2(1+a—b) ’

which is equivalent, through the change of variable ((s) = ¢(s + In ), to

N —-2—-2a

—G" — Beosh™2(vs)(; = ()\ - < 5

2
> —z’(N+i—2)> G, ieNg. (29

It is known (see [8],[10, p. 74]) that the negative part of the spectrum of the problem
—(" = Beosh™2(ys)¢ = 1

is discrete, consists of simple eigenvalues and is given by
2

2 1
vi= =2 (<04 2) + VIF48772)", jeNo, 0<j<;(~1+V1+4877).

Thus we have for all ¢ > 0 that zero is the only solution to (2.9) if and only if
N

. . < 3 .
Ai(a,\) # Bj(a,b,\) for all 0 < j < A ta—0) (2.10)
where
2
Ai(a,\) = —<w> —i(N+1i—2)
and
(N —2—2a)? —4))(1 + a — b)? , N 717
Bj(a,b,\) = — i —— | .
i(a5,4) 4N -2(1+a—0))? I g

Note that Ag(a, A) = Bi(a,b, \), Ai(a, ) > A;ri(a, A) and Bj(a,b,\) < Bjii(a,b,\), which
is shown in figure 3 below.

Figure 3

Hence (2.10) is satisfied for ¢ > 1 if and only if By(a, b, \) # A;(a,b, A), which is equivalent
to b # hi(a,\). On the other hand for i = 0 equation (2.9) has a one dimensional space of

nonzero solutions. Hence, ker D? f (zﬁ’b’/\) is one dimensional if and only if b # h;(a, A) for
any ¢ > 1, which proves the claim. O

Proof of Corollary 1.2. We define I on Dy (RN)\{0} by the right hand side of (1.7), i.e.

[Vull2
I(u) := Ik a.
p,b




8 VERONICA FELLI AND MATTHIAS SCHNEIDER

I is twice continuously differentiable and

2 Cou Vul|? _ _
) = i ([ Jel 2 9uwp = BTG [ o a2

”UHp,b HUHQb
Moreover, for positive critical points u of I a short computation leads to

IVullz

(I" (w1, p2) = ( || 2V o1 Vipa — 2(p—1) le‘b”up‘%ls@z)
]2, H [Jul[? RN

2(|Vul|? _ _ _ _
+<p—2>”f,,’l3( [t %ol)( [t es).
% e R

Obviously I is constant on Z, ;o and we obtain for z; := z? 20 and all p1,p2 € Dl 2(RN)

(I'(21), 1) = (fo(z1), 1) =0,

2
Iz !!2

(I"(z1) 1, 2) = T || 5= (fo (21)1, p2)

2 —bp_p—1 —bp _p—1
+(P—2)W(/ | =P 2] 901>(/ | P2y 902)- (2.11)
[EY RS RN

From the proof of Theorem 1.1 we know that for b < hi(a,0) there exist functions ¢ €
DSA(RY) of the form ¢(z) = @(|z|)Y1(x/|z]), where Y7 denotes one of the first spherical
harmonics, such that (fj(z1)¢,¢) < 0. By (2.11) we get (I"(z1)$,¢) < 0 because the

integral [ |z|7%P27 ¢ '5 = 0. Consequently C, b is strictly smaller than I(z) = I(zfjbo).
Since all positive radlal solutions of (2.1) are given by zubo (see Lemma 2.1) and the
infimum in (1.7) is attained (see [7, Thm 1.2]) the minimizer must be non-radial. O

As a particular case of Theorem 1.1 we can state

2
Corollary 2.2. (i) If0<a< ¥ and0 < A < (W) then Z, p » is non-degenerate
for any b between a and a + 1.

2
(ii) Ifa=0and 0 < A < (W) , then Zop \ is degenerate if and only if b=\ = 0.

Remark 2.3. If a = b= X\ =0, equation (2.1) is invariant not only by dilations but also
by translations. The manifold of critical points is in this case N + 1-dimensional and given
by the translations and dilations of Z&),O,O' Hence the one dimensional manifold Zyoo is

degenerate. However, the full N + 1-dimensional critical manifold is non-degenerate in the

case a=b= =0 (see [3]).
3. THE FINITE DIMENSIONAL REDUCTION

We follow the perturbative method developed in [2] and show that a finite dimensional
reduction of our problem is possible whenever the critical manifold is non-degenerated. For
simplicity of notation we write z, instead of zﬁ’b’/\ and Z instead of Z,; » if there is no
possibility of confusion.

Lemma 3.1. Suppose a,b, \,p satisfy (1.2) and v is a measurable function such that the
integral [ |’U|P%2|ZL"_bp is finite. Then the operator J,, : D;?\(RN) — Dizi(RN), defined by

Jp(u) := IC(/RN || PPou - ), (3.1)



18 compact.

Proof. Fix a sequence (uy)nen converging weakly to zero in Di?\ (RN). To prove the asser-
tion it is sufficient to show that up to a subsequence J,(uy,) — 0asn — oo. Using the
Hilbert space isomorphism given in (1.13) we see that the corresponding sequence (vy,)neN
converges weakly to zero in H i’2(C). Since (vn)nen converges strongly in L2(Q) for all

bounded domains §2 in C, we may extract a subsequence that converges to zero pointwise

almost everywhere. Going back to D}l’i(RN ) we may assume that this also holds for (uy )nen-

By Holder’s inequality and (1.3)

[Jo(un)l| < sup /!w\‘pb\v!\un\h!
<1JRN

h
Il 12 o, <

1/ . _p_\ (p—1)/
< s ([ gl ) (el el )
RN RN

bl e <t
Da,/\

b o\ (P—1)/
RN

To show that the latter integral converges to zero we use Vitali’s convergence theorem given
for instance in [9, 13.38]. Obviously the functions | - |77 |v|1% ]un|1% converge pointwise
almost everywhere to zero. For any measurable € RV we may estimate using Holder’s
inequality

p_ p_ _r_\ (p—2)/(p—1) 1/(p—1)
J e e O ) R O T T
Q Q Q
_r_\ (p—2)/(p—1)
<c( [ Jalpel) "
Q

for some positive constant C'. Taking §2 a set of small measure or the complement of a large
ball and the use of Vitali’s convergence theorem prove the assertion. O

Lemma 3.1 immediately leads to

Corollary 3.2. For all z € Z the operator fi/(z) : Dizi(RN) — Di:i(]RN) may be written
as fi(z) =id — J\zp-2 and is consequently a self-adjoint Fredholm operator of index zero.

Define for ;1 > 0 the map U, : D)3 (RY) — D25 (RY) by

Uu(u) := ufwt(f).

w
It is easy to check that U, conserves the norms || - || and | - ||,5, thus for every p > 0
(Uu)™' = (Uu) =U,-1 and fo = foo U, (3.2)

where (U,)" denotes the adjoint of U,,. Twice differentiating the identity fo = fooU, yields
for all iy, ha,v € D23 (RN)

(fo (v)h1, ha) = (fo (Up(0))Up(h1), Upn(h2)),
that is
Y(0) = (U)o f(Unv)) 0 U, Vo € DE2RY), (3.3)
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Differentiating (3.2) we see that U(u, 2) := U,(2) maps (0,00) x Z into Z, hence
oUu
5, (1:2) = Up: T.Z — Ty, () Z and Uy, (T.2)" — (Ty, (- Z)™ (3.4)

If the manifold Z is non-degenerated the self-adjoint Fredholm operator f{(z1) maps the
space Di’i(RN ) into Ty, Z+ and f§(21) € L(T,, Z1) is invertible. Consequently, using (3.3)
and (3.4), we obtain in this case

16 ) Mo, 24y = NG () lerzey V2 € Z. (3.5)

Lemma 3.3. Suppose a,b,p, X satisfy (1.2) and (1.4) holds. Then there exists a constant
C1 = C1(|k||oc, @, b, X) > 0 such that for any p > 0 and for any w € Di’i(RN)

|Gz +w)| < CL(I[R Pz, + w]?) (3.6)
16" (z + w)| < Co(lkP2ll} "+ elP) (3.7)
1G" (2 + w)l| < CL(IIEM P2l + [lw]P2). (3.8)

Moreover, if lim, o k(x) =: k(c0) = 0 = k(0) then
H|k‘1/pzu||p,b_)0 as . — oo or p— 0. (3.9)

Proof. (3.6)-(3.8) are consequences of (1.3) and Holder’s inequality. We will only show (3.8)
as (3.6)-(3.7) follow analogously. By Holder’s inequality and (1.3)

k(x -~
6"+l < -1 sp [ I
Il Ihzli<1 Jre 2]

<@ -DIF"%  sup K7 (20 + w)l
Izl <1

-2
< c(llkllos @ b, ) IKIYP (2 +w) 5"

—2
DR llp ol o2l

Using the triangle inequality and again (1.3) we obtain (3.8).
Under the additional assumption k(0) = k(oco) = 0 estimate (3.9) follows by the dominated

convergence theorem and
[l [ B,
gy |z 7 ey faftr T

Lemma 3.4. Suppose a,b,p, A satisfy (1.2) and (1.4) and (1.5) hold. Then there exist
constants 9, C' > 0 and a smooth function

O

w=uw(pe): (0,+00) x (—e9,0) — DA(RY)

such that for any pu > 0 and € € (—¢€g,€0)

w(p,€) is orthogonal to T,,Z (3.10)
[z +w(pe)) €T, Z (3.11)
lw(p, )| < Clel. (3.12)

Moreover, if (1.8) holds then
|lw(p, )| — 0 as p— 0 or pp — oo. (3.13)
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Proof. Define H : (0, 00) X Di’?\(RN) xR xR — Di’?\(RN) x R

H<M7w7a7€> = (fci(z,u + ’U)) - aé#? (waéﬂ)>7
where £, denotes the normalized tangent vector %z#. If H(p,w,a,e) = (0,0) then w
satisfies (3.10)-(3.11) and H (p, w, o, ) = (0,0) if and only if (w, &) = F}, .(w, ), where
oH -
Fue(w,a) = — W(M,O,O,O) H(p,w,a,e) + (w, a).

We prove that F,.(w,a) is a contraction in some ball B,(0), where we may choose the
radius p = p(e) > 0 independent of z € Z. To this end we observe

((}—?ff——o%(xo,o>)<uuzn,< S(Zu)UJ—-ﬂ€u7(uafu))) R Gl + 8+ |(w, &)
o) (3.14)

where

0H R
(a(w’a)(u,0,0,0)>(w,ﬁ):( 0 (zu)w = By, (w, €4)).

From Corollary 3.2 and (3.14) we infer that (32— OH__(1,.0,0, 0)) is an injective Fredholm

o(w,a)
operator of index zero, hence invertible and by (3.5) and (3.14) we obtain

|Geoan)”

Suppose (w,a) € B,(0). We use (3.3) and (3.15) to see

(H(u,w,a,s) — (8(?117},[04)(#’0’0’0)) (w,a)) H
< Cull (2 + w) — f5 ()]

< maxc (L, ]|(f(2,)) 1) = max (L, [ (5 (1)) 1) = Cu. (3.15)

[Fpe(w, )| < Cs

< G / 10 (2 + tw) = S5zl dt [Jwl]l + Culel| G (2 + w)|

< C*/O £ (21 + tU =1 (w)) = f5' (z0)l| At [Jw]| + Culel|G" (2 + w)|

SC*p”mﬁp 1fo (21 +w) = fg (21) || + Cule] Sup |G"(zu +w)|.  (3.16)
wl[<p lw[|<p

Analogously we get for (wq,a1), (we, az) € B,(0)
[ Fpue(wy, a1) — Fye(wa, )| < 1/2(z 4 w1) — fL(zu + w2) — f5'(2) (w1 — wo)|

Cillwr — we| - Jwy — wa

1
s/nﬁm+w+wM—w»—&@Wﬁ
0

1
sAnﬂm+w+wm—w»<m@Wﬁ

1
+ |€|/ 1G" (24 + wa + t(w1 — wo))]| dt
0

< sup [fg(z+w) = fo(z)ll + [e] sup (|G (2 + w)]-

lwl[<3p llwl[<3p
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We may choose pg > 0 such that
1
C. sup ||fy(z1+w) = fy(z)ll < 5
l[wll<3p0
and gy > 0 such that
-1 -1
2e0 < ( sup  ||G"(z+ w)H) C;1and 3¢9 < ( sup ||G'(z + w)||) C 1 po.
2€Z,||w||<3po 2€Z,|lwl|<po

With these choices and the above estimates it is easy to see that for every z, € Z and
le| < o the map F,. maps B,,(0) in itself and is a contraction there. Thus F),. has a
unique fix-point (w(p,€), a(p,€)) in By, (0) and it is a consequence of the implicit function
theorem that w and « are continuously differentiable.

From (3.16) we also infer that F, . maps B,(0) into B,(0), whenever p < pg and

p>2lel( sup [|G'(z +w)l)C
Jwll<p

Consequently due to the uniqueness of the fix-point we have

I(w(z,€), az,€))l| < 3lel( sup [|G'(z +w)|))C

wl|<po
which gives (3.12). Let us now prove (3.13). Set
1 =
1 2
pp = min {4500 ||| /prHpb » P05 (m)p }

where C] is given in Lemma 3.3. In view of (3.7) we have that for any |¢| < g9 and p > 0
20elC. sup G/ (2 +w)| < el CLCl B[Pzl + 20e|CCrpl
lwll<pu
Since pﬁ < 850010 we have,

1
20e|Cy sup |G (2, +w) < 20e|CLC||[K] Pz, 0" +

p,u — p;u
lwl<py 2

so that, by the above argument, we can conclude that F, . maps B, (0) into B,,(0). Con-
sequently due to the uniqueness of the fix-point we have

[w(p, )l < pp-
Since by (3.9) we have that p, — 0 for © — 0 and for © — +o0, we get (3.13). O

Under the assumptions of Lemma 3.4 we may define for |¢| < g

Zipyi=q{ue Dé:i(RN) |u = zz’b’A +w(p,e), pe (0,00)}. (3.17)

a,
Note that Z¢ is a one dimensional manifold.
Lemma 3.5. Under the assumptions of Lemma 3.4 we may choose €9 > 0 such that for

every |e| < eg the manifold Z¢ is a natural constraint for f., i.e. every critical point of
felze is a critical point of f.

Proof. Fix u € Z°¢ such that f.|,-(u) = 0. In the following we use a dot for the derivation
with respect to p. Since (2., w(p,€)) = 0 for all ;1 > 0 we obtain

(G w(1,€)) + (2 b)) = 0. (3.18)
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Moreover differentiating the identity z, = Us,z,/, with respect to 1 we obtain

w/o
) 1. . . 1 .
Zo = —Usz1 and Z, = — Uy % (3.19)

o o
From (3.11) we get that f.(u) = ¢12, for some p > 0. By (3.18) and (3.19)
0= (fé(u)a 'é,u + u';(,u, 5)) = Cl(é/u Z.',u + w(:u’a 5))
= e 2 (a2 = (21, Uprw(ps, 2))) = erp2 (|01 = I1E110(1)e).
Finally we see that for small € > 0 the number ¢; must be zero and the assertion follows. O

In view of the above result we end up facing a finite dimensional problem as it is enough to
find critical points of the functional ®. : (0,00) — R given by f.|z-.

4. STUDY OF P,

In this section we will assume that the critical manifold is non-degenerate, i.e. (1.5), such
that the functional ®. is defined. To find critical points of ®. = f.|z< it is convenient to
introduce the functional I' given below.

Lemma 4.1. Suppose a,b,p, X satisfy (1.2) and (1.4) holds. Then
D.(p) = fo(z1) — el'(p) + o(e), (4.1)
where I'(n) = G(2,). In particular, there is C > 0, independent of  and €, such that

e () = (fo(z1) = eT(w))] < C(llwe, | + (1 + ) [w(e, )P + lelw(e, wl).  (4.2)
Consequently, if there exist 0 < p1 < pa < ps < 0o such that

D(j12) > max(T (1), T(jzs)) o7 T(pia) < min(T(sur), (1)) (4.3)
then @, will have a critical point, if € > 0 is sufficiently small.
Proof. Note that for all © > 0 we have fo(z,) = fo(z1),
D p—1
9 2 B 2y w(e, 1)
laull = [ o and (ptean) = [ e, (44)

From (4.4) we infer

f 2w 2+ w(e, pw))?
0=y [ gl [ s (Lt k) (2t (e )

2 Jrn |z | (%P p | [

and

_ 1 5 1 zn (1 1 / 2h

folen) = ) = gl =5 [ 2= (500 [
Hence
1 1

D:(p) = fo(z1) —el'(p) + §||w(€,u)H2 - }—)Ha(u), (4.5)

where

B (24 +w(e, w))’ — 28 — p 2 w(e, ) + ek (2, + wle, p))? — 20)
H.(p) = b
RN ||
Using the inequality
C(z*3w? +ws1) ifs>3

+ s—1 _ _s—1 -1 5—2 <
(24 w) ‘ (p=1)2 “’—{cws—l if2 < s <3,
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where C'= C(s) > 0, with s = p+ 1 and Hélder’s inequality we have for some ¢y, c3 > 0

z w\e —Z z lws z wl(e p_ZP
|HE(H)‘§/RN|(#+ (e,1)" |x|bﬁ —pzw(ep) +H/ K] (( u+’$(|b;u)) i)

-2, 2
2o ) | [ )l B (e, )] e )
= [/RN P + L RECE '/ B S

2
< cs [lwle, wI* + @+ leDlw(e, WP + lelllw(e, w)]
and the claim follows. O
Although it is convenient to study only the reduced functional I instead of ®., it may lead
in some cases to a loss of information, i.e. I' may be constant even if k£ is a non-constant

function. This is due to the fact that the critical manifold consists of radially symmetric
functions. Thus I' is constant for every k that has constant mean-value over spheres, i.e.

=
—_ k(x) dS(x) = const Vr > 0.
T on o) (z) dS(x)

In this case we have to study the functional ®.(u) directly.

Proof of Theorem 1.3. By (1.8), (3.9), (3.13) and (4.2)

lim @) = lim @) = folz).

Hence, either the functional ®. = fy(21), and we obtain infinitely many critical points, or
O, # fo(z1) and P, has at least a global maximum or minimum. In any case ®. has a
critical point that provides a solution of (Pgp ). O

The next lemma shows that it is possible (and convenient) to extend the C%— functional I'
by continuity to p = 0. The proof of this fact is analogous to the one in [3, Lem. 3.4] and
we omit it here.

Lemma 4.2. Under the assumptions of Lemma 4.1

) 1
) := /.11411{%) I(p) = k(O)]—)HleZ,b and (4.6)
1 1
- l‘irlninfk(:c)Hlezb <liminfI'(p) < limsupI'(x) < —limsup k:(x)Hzlﬂgb. (4.7)
P lal—oo T Tuo s /o0 :

If, moreover, (1.9) holds we obtain

_ ") — 221
T'(0) = 0 and T( /| | Iw!"” | (4.8)
Proof of Theorem 1.4. To see that assumptions (1.10) and (1.11) give rise to a critical
point we use the functional I". Condition (1.10) and Lemma 4.2 imply that T has a global
maximum strictly bigger than I'(0) and limsup,,_,., I'(12). Consequently ®. has a critical

point in view of Lemma 4.1. The same reasoning yields a critical point under condition
(1.11). O

a
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