MINIMAL COEXISTENCE CONFIGURATIONS FOR MULTISPECIES
SYSTEMS

MONICA CONTI AND VERONICA FELLI

ABSTRACT. We deal with strongly competing multispecies systems of Lotka-Volterra
type with homogeneous Neumann boundary conditions in dumbbell-like domains. Un-
der suitable non-degeneracy assumptions, we show that, as the competition rate grows
indefinitely, the system reaches a state of coexistence of all the species in spatial segre-
gation. Furthermore, the limit configuration is a local minimizer for the associated free
energy.

1. INTRODUCTION

In this paper we consider the system of k > 2 elliptic equations

(1) —Au; +u; = fi(u;) — sy, Zu?, in €,
J#i
for = 1,...,k. It models the steady states of k organisms, each of density u;, which

coexist in a smooth, connected, bounded domain @ C R¥; their dynamics is ruled out
by internal growth f;’s and mutual competition of Lotka-Volterra type with parameter
2 > 0. Systems of this form have attracted considerable attention both in ecology and
social sciences since they furnish a relatively simple model to study the behavior of k
populations competing for the same resource 2. One of the main question is to investigate
whether coezistence may occur, namely the existence of equilibrium configurations where
all the densities u; are strictly positive on sets of positive measure, or the internal dynamic
leads to extinction, that is steady states where one or more densities are null. Many results
are nowadays available, dealing mainly with & = 2 populations. We quote among others
[15, 16, 18, 19, 20, 21] where, for logistic internal growth f;(u) = u(a; — u), both the
situation are proved to be possible depending on the relations between the diffusion rates
and the coefficients of intra—specific and of inter—specific competition, see also [11, 12].
A different perspective is proposed in [3, 4, 7, 10, 13, 14], where the authors study
the effect of very strong competition, letting the parameter » growing indefinitely. It
is observed (see Section 5) that the presence of large interactions of competitive type
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produces, in the limit configuration as s — oo, the spatial segregation of the densities,
meaning that if (u}¥);—1,__ solves (1), then u’* converges (in a suitable sense) to some u;
which satisfies

(2) ui(x) - uj(x) =0 a.e. in Q, for all ¢ # j.

A number of qualitative properties of the possible coexistence states u; and their supports
is proved in [5, 7, 8], with the aim of describing the way the territory is partitioned by
the segregated populations. We refer the interested reader to the above quoted papers for
details on the regularity theory so far developed and to [4, 6] for some applications.

A further point of interest is to establish if coexistence of the species is possible in a
segregated configuration: do all the species survive when the intra specific competition
becomes larger and larger? The answer cannot be positive in general: [17] shows that
in any conver domain the only stable configurations are those where only one specie is
alive. It is worth pointing out that in [5, 7]c the strict positivity of each component
in the limiting configuration is guaranteed by simply forcing non-homogeneous Dirichlet
boundary conditions

(3) w;=¢; on O,

with ¢; > 0 on a set of positive (N — 1)-measure. Coexistence results for competing
systems under more natural homogeneous boundary conditions are obtained in [3] for the
Dirichlet case

(4) u; =0 on 01,

with interactions of the form scu; ) ,; u;. To avoid the extinction predicted by [17], a spe-
cial class of non-convex domains close to a union of k£ disjoint balls is considered. Suitable
non-degeneracy assumptions on the f;’s allow the application of a domain perturbation
technique envisaged in [9] which strongly relies on the continuity of the eigenvalues of the
Laplace operator with respect to the domain. It is well known that such a property does
not hold in the case of Neumann boundary conditions, see for instance [2]. Hence, in order
to treat Neumann no-flux boundary conditions, a different approach is needed.
This is precisely the aim of the present paper: we deal with system (1) coupled with

8ui
) =0 o0
o) 20 on 09
in a class of non-convex domains 2 = 2. suitably approximating a given domain g

composed by k disjoint open sets, see Figure 1.
Due to the variational structure of problem (1), the following free energy functional

= L ui ()| + |ui(x)]?)de — (ui(z))dz
(® Ja(U)—i;’k{Q/ﬂ(w (P + @R~ [ R}

given by the sum of the internal energies of the k densities u;, each having internal potential
Fi(x,s) = [ fi(x,u)du, is naturally associated to the system.
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(a) example of Qo with k =3 (b) example of Q. approximating g

FIGURE 1

Our analysis will highlight how the coexistence of all the densities is connected to
the following minimization problem: finding local minimizers of Jo(U) in the class of
segregated states

k

U:{U:(ul,m,...,uk) € (HI(Q)) s >0, u-u; =0if 7 # 7, ae. in Q}

The problem of the existence of the global minimum of Jo(U) in U was investigated in
[5] under the non-homogeneous conditions (3). As we shall see in Theorem 2.1, the global
minimizer under homogeneous boundary conditions is in general trivial, namely a k-tuple
with all but one component identically null. Hence, the only possibility for finding a
stable coexistence solution where all the k densities survive, consists in looking for local
minimizers of Jq, see problem (P:) below.

Exploiting the variational character of the interaction term in (1) and developing a
suitable domain perturbation technique, in this paper we give positive answer to both
questions of minimization of Jqo and occurrence of coexistence states for the system. Our
main result can be summarized as follows: under suitable assumptions on f;’s ensuring
the existence of a non-degenerate solution to the system on the unperturbed domain
Qo (see (10) below), for all Q. close enough to Qo and large parameter s, there exists
(uf’, ..., uff) solution to (1) in €., whose limit configuration as »x — oo is a segregated
coexistence state (ui,...,ug) with k positive components (i.e. each component u; > 0 and
w; 18 strictly positive on a set of positive measure), characterized as a local minimizer of
the free energy Jo. .

Before stating rigorously our assumptions and main results, a further remark is in order.
As observed in [5] (see also Theorem 5.1) any (uq, ..., u) which is a local minimizer of the
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free energy Jo on U, is also a solution of the following system of distributional inequalities:

/Q (Vui(2) V() + us(w)o(x) — filus(2))d(a))di <0,
(7) )
/Q (Va(2)Vo(z) + B:(x)d(x) — F@s(x))é(@))dz > 0,

i=1,...,k, for any non-negative ¢ € H'(Q), where we have denoted u; = u; — Zh# up,
and f(@;) = f(u) — 3 j2i fi(uj). The link between systems of this form and population
dynamics has been pointed out in [3, 5, 7]: as a matter of fact all the limiting configura-
tions as » — oo of the solutions to (1) are solutions to (7). In other words, the possibility
of coexistence of many species ruled out by strong competition is governed by the system
of distributional inequalities (7): its independent study is thus crucial in population dy-
namics. In this perspective our main result can be reformulated in the following way: the
system of distributional inequalities (7) has a solution (u1,...,u) € U with k nonnegative
and nonzero components.

2. ASSUMPTIONS AND MAIN RESULTS

Description of the domain. We shall work in a class of smooth non-convex domains
Q. which generalizes the dumbbell form with many components as in [9]. Let N > 2 and
for k € N, let

Q=0'U0?u---UQk,
where Q' € RY are open bounded smooth domains with mutually disjoint closures, i.e.
(8) QN =0 if i # j.
For any € > 0, let R. C (RY \ ©g) be a bounded measurable set satisfying the properties:

(i) |Re| — 0 as e — 0;
(ii) Q0 U R, is open and connected;
(iii) 9(Q U R;) is smooth.

Here we denote with |B| the Lebesgue measure of any set B C R, Finally we set

Q. := Qy U R..

Assumptions on the nonlinearity. For every i = 1,...,k, let F; € C*(R) with f; = F]
satisfying

(F1) Fi(0) = 0 and £,(0) = 0;

2
(F2) there exists A; > 0 such that p; := F;(A;) — % = maxye(o 1o0) (Filt) — %)7
(F3) fi(A:) < 1.
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Noticeable examples of nonlinearities satisfying (F1)—(F3) are logistic type functions of
the form f;(u) = Au — |u[P~'u with p > 1 and A > 1.
Assumption (F2) implies that A; = f;(4;) and hence the constant function u = A; is a
solution to problem
—Au+u= fi(u), in Q,
ou
v

in any open smooth domain €2; moreover u = A; minimizes the internal energy

/Q <%|Vui(x)|2 + %|ui(:c)|2 — Fl'(ui(x))> dr.

Let us denote w; = A Xqi, i =1,...,k, W = (w1, ws,...,wg) € (HI(QO))R, and set

0 on= Z{/ (7 ) e = [ By o = ZMQZ

Assumption (F3) implies the following non-degeneracy property: for all s and v € H' ()

(10) |9+ uf? = piwy®)e = v [ (9l +uf)da

where v :=min;—; __,{1,1 — f/(4;)} > 0.

=0, on 012,

We are now going to describe the main results of the present paper, starting from the
following optimal partition problem.

Problem (P;). Find nontrivial local minimizers of the functional

Jo. : (H'(92.))"

i) = 32 {5 [ (V@ + @) - [ Futo).

i=1,...k

- (_OO’ +OO]’

among k-tuples U = (uy,ua,...,ux) belonging to the class
U. = {U = (u1,ug,...,ug) € (HI(QE))k s >0, u-u; =0if 7 # 7, ae. in Qe}.

By nontrivial we mean that no component u; of the solution U can be null, i.e. u; # 0 for
alli =1,...,k. Asstated in the introduction, we shall prove that in any connected domain
and for a wide class of F;’s including logistic-type nonlinearities, any global minimizer of
the free energy (6) is indeed trivial.

Proposition 2.1. Let @ C RY be a connected open domain and F; € C?*(R) satisfy
F;(0) =0 and (F2). Then the infimum

A= inf Jo(U)
veud
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is achieved by Uy = (ud, ... ,ug) with u?o = Ay, and u) =0 fori # ig, and
A= _,U'io‘Q’7

where i, = maxX;e(1,. ky Hi- Furthermore, any k-tuple achieving A has all but one compo-
nent identically null.

In view of the above proposition, there is no hope to find nontrivial solutions to (Px)
by global minimization. On the contrary, by studying Jq_. near W, we can find positive
answer to the problem. To this aim let us denote by

BY(W) := {U € (HYQ)) U = Wl any: < 5}

the set of k-tuples U whose restriction to €2g is close within § > 0 to W, with respect to
k . .
the H! norm HVH%HI(QO))k =>4 ||vi||§{1(90). Notice that, if U = (uy,...,uy) € BX(W),

then each wu; satisfies fQ lu; — A;|? < 62. Hence, if
(11) 62 < A2y, i=1,...,k,

then u; # 0. Henceforward, ¢ will be supposed to satisfy (11), thus ensuring that any
U € BS(W) is nontrivial.

Theorem 2.2. Assume that (F1)-(F3) hold and let

M= inf  Jo (U).
UeU-NBI(W)

Then, there exists § > 0 such that, for every e sufficiently small, )\g 1s achieved by a k-tuple
Us = (ui,...,up) with0 <u < A; a.e. in Qe and u§ #0 foralli=1,..., k.

The proof of Theorem 2.2 will be obtained through a careful analysis of the solutions
to the original competitive system (1), as the parameter s of the interspecific competition
grows. Our main result reads as follows:

Theorem 2.3. Assume that (F'1)-(F3) hold. Then, there exists § > 0 such that, for every
e sufficiently small and 3 > 0 sufficiently large, system (1) coupled with (5) in Q. admits
a solution US> = (u7”,...,up”) € BX(W) with the following properties:
(1) w20 foralli=1,... k.
(2) 0<u;” < A; ae inQ foralli=1,... k.
(3) There exists VE = (v5,...,v5) € U- N BX(W) such that v # 0 for every i and, up
to subsequences, US> — V¢ strongly in (H'(Q2))* as ¢ — +o0o. Furthermore, V¢
is a local minimizer of Jo., namely Jo_ (V) = \J.

The proof of our results relies on the minimization on the whole B2(W) of an auxiliary
functional obtained by penalizing the internal energy Jq_ with a positive competition term.
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More precisely we shall consider a suitable modification of the functional

Zk: {% /ﬂg (!Vui(m)P + ’ui(m)P) dx — /QE Fi(ui(m))dm} + Zk: /5 wi(z)uj(2)? da

i=1 ij=1
i
defined on (H'(.))¥, see I., in (12) below. Due to the variational character of the
competition term in (1), by standard Critical Point Theory, any local minimizer of the
above function is a (weak) solution to the original system. Section 3 is devoted to the search
for a local minimizer of I.,, in BS(W) and requires the main technical effort of the paper.
By developing a domain perturbation argument based on the nondegeneracy condition
(10), we shall succeed in proving the existence of a minimizer in small perturbations of
the domain g, for large values of the competition parameter s. In this way, we directly
obtain the existence of a positive solution to the competitive system, at any fixed s,
see Section 4. In the subsequent Section 5 we perform the asymptotic analysis of these
solutions as the competition parameter sz — oo, showing that the steady states segregate
in a nontrivial limit configuration V. The comparison between the minimal energy levels
of I. ,, and Jg_ will allow proving that V¢ indeed solves problem (P:) on B2(W). This
concludes the proof of Theorem 2.3 and, in turn, that of Theorem 2.2. In the last part of
Section 5, we show that any solution to the optimal partition problem (P:) satisfies some
extremality conditions in the form of inequalities (7). Finally, in the last section we derive
some consequences of this fact, and outline further developments of the subject.

3. A VARIATIONAL PROBLEM

Aim of this section is to study the minimization of a suitable functional on (H(£2))¥,
which will reveal to be strongly related both to problem (P:) and to the original compet-
itive system. The functional is defined as follows:

(12) I&%(U):i{%/m (|Vui(x)|2+|ui(:c)|2)dx—/ E(ui(az))da@}

i=1 e
k
+ Z 0 Gi(ui(z))G;(uj(x)) dx
z,i];zjl €
where
0, if t <0,
Fy(t) = { Fy(t), if0<t<A,,
Azt—i-E(Az)—A?, ift > A,
and

Gilt) = t2, if [t| < A,
S 2440t — A2, if |t > Al
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Notice that I. .. € C*((H'(Q:))*,R). Aim of this section is to prove
Theorem 3.1. Assume that (F1)-(F3) hold and let

Ce e i = inf I ..(U).
UeU.NBI (W)

Then, there exists 6 > 0 such that, for every e > 0 sufficiently small and s > 0 sufficiently
large, c. .. is achieved by a k-tuple US> = (u7™, ... up™) with 0 < u;” < A; ae. in Q.
and u;” £ 0 for all i =1,... k.

The first step in this direction consists in proving that the minimum is achieved on the
closure of BY(W), namely the set

=TT k
BI(W) = {U € (HYQ)": U = Wil oy < 5} .
Lemma 3.2. For every ¢ satisfying (11), € € (0,1) and » > 0, the infimum

Ac,,= inf I ,(U)

UeBI(W)
is achieved by a k-tuple US* = (u7™, ..., u)™) where u;”™ # 0 and
(13) 0<u;”(z) <A forae x€Q.

PROOF. We first observe that 3% — Fi(t) > 1A? — F;(4;) for all t € R, hence, being the
coupling term nonnegative, for all U = (uq,...,u) € (Hl(Qs))k

U) 2 Eij (Gl = Fiw Yo > Eij (& - miean) i

and hence A, > —oo. Let {Un = (u?,...,uﬁ)}neN be a minimizing sequence, i.e.

U, € BS(W) and limy,— o0 Iz ,(Uy) = A ... We notice that, by definition of F, and the
fact that w; > 0 a.e., we can choose U, such that «} > 0 a.e. in {) for all7 =1,...,k
(otherwise we take ((uf)™,...,(uf)") with (u")" := max{ul,0} as a new minimizing
sequence). Letting V,, = (v7,...,v}) with v} = min{u?, A;}, it is easy to verify that
V, € BS(W) and I, ,.(V;,) < I. ,.(Uy,). Then also {Vn}nGN is a minimizing sequence.
Since {Vn}n cn 18 @ minimizing sequence and it is uniformly bounded , it is easy to realize
that {Vn}n N is bounded in (H 1((25))k, hence there exists a subsequence, still denoted as
{Vn}neN, which converges to some V' = (vy,...,v;) € (I—Il(Qg))/Lc weakly in (HI(QE))k,

strongly in (LZ(QE))k and a.e. in Q.. A.e. convergence implies that 0 < v; < A; a.e. in

Qc, while weakly lower semi-continuity implies that V' € BS(W). From 0 < v; < A; and
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the Dominated Convergence Theorem, it follows that

lim E(vf(m))dx:/ Fy(vi(z)) d,
n—-4o0o Qg Qg

lim Gi(vi ()G (vj (z)) dx :/Q Gi(vi(2))Gj(v;(x)) dz,

n——+00 Q.
for every i,5 = 1,...,k, which, together with lower semi-continuity, yields

Ac s < I, (V) <liminf I ,(V,) = lim I.,(V,) = A. .,

n—-400 n—-—+o0o

thus proving that V' attains A. ...
Finally, if v; = 0 in ; then |jv; — AiH%l(Qi) = [oi A?dx < 6%, in contradiction with the
choice of ¢ as in (11). O

A major effort is now needed to show that the minimum provided by Lemma 3.2 indeed
belongs to the open set B5(W). The crucial ingredient in this direction consists in pro-
viding suitable estimates of the minimal level A .., which require the following technical
lemma.

Lemma 3.3. For every n > 0 there exists 6, > 0 such that if U= (u1,...,ux) € B"(W)
and |u;(z)| < A; for a.e. © € Qo and for alli=1,...k, then

1 /

ke
(14) Z/ [E(ui)_ﬂ(wi)_fi(wi)(ui_wi)_ifi(wi)(ui_wi)2:| dr < UHU_WH%HI(QO))R'
i=1 /%

PROOF. We have
/QO [E(u» ~ Fiuwn) — FY i) (s — ) — 3 Y (ug) s — wi)z] d
- /Q /o1 K%Fi“ wit (1= t>wz>) — F{(wi)(u; = w;) — L F' (1) (wi — W] dt] da
N /g _/01 [F (tui + (1= thw;) — Fj (w;) — t F' (wi) (w; — w;)] (u; — wy) dt} dx

= /QO i/01</01<6%F{(5(tui + (1 —t)w;) + (1 - S)wi)>d5

— t FY' (w;) (u; — wi)> (u; — wy) dt] da.




10 MONICA CONTI AND VERONICA FELLI

Hence, by Holder’s inequality,

[ [Ftw) = Rw) = Fitw) =) = 57 i) = 0] do

< /Qo [/01</01(Fz‘”(5t(ui —w;) +w;) — F' (w;))t(u; — wz‘)2d3> dt} dx

< Ny — w;||? // tFi" st(u; — w;) + w; —Fi" p_ dsdt,
< o il [f R (st )~ e

where p = 2* for N > 3 and p € (2,+00) for N = 2. The conclusion follows now from
Sobolev’s embedding and the continuity of the operator

F!': {ve HY(Q) : Ju(@)| < 34} — L»™ (Q),
v F (v),

which can be easily proved using the Dominated Convergence Theorem. U

Remark 3.4. According to Lemma 3.3, besides (11) in the sequel we assume
0<d<dy
with dg small enough in such a way that inequality (14) with n = min{Y, %} holds for all

functions U = (uy, ..., u) € BO(W) satisfying |us(x)| < A; a.e. in Qy. We also require
that 8o < A?/4 and finally that condition (17) in Lemma 3.6 is satisfied.

By exploiting the separation of the 0s as in (8), for every i = 1,...,k, we can construct
test functions ¢! € H'(RY) satisfying
(15) 0<¢i(x) <A ae inRY,

pi(x) =0 for all x € Qo \ Qj, i(x) = A; if x € Q;, and ¢; - ¢; = 0 a.e. in RN if 4 # j.
This allows us to provide an estimate from above of the value A, . in terms of the total
free-energy of W.

Lemma 3.5. For every € € (0,1), there exists 7. such that 7. — 0 as € — 0 and
Az—:,x <pu+ T
for all » > 0, with u given by (9).

PROOF. Let ¢! € HI(QE) be the restriction of o; to .. Notice that (¢!, 02, ..., ¢F) €
BS(W) and that ¢! - ¢l =0 if i # j. Hence we have

Ae,% < Ie %(90;#)02,7905)

- /H'Z{ [ (V@ + @) de - /sti)dm}

_/’L+T67
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where
Fr1 A , |
=3 {5 [ (@R P - [ RG],
i=1 Re Re
Since |R:| — 0 as € — 0, then 7. — 0, proving the stated estimate. 0

Lemma 3.6. For every e € (0,1), there exists o. such that oo — 0 as e — 0 and
||U67% - W”%HI(QO))I@ <o

2£/(0)
or every »x > max —t .

J

PRrROOF. From (13), we can write A, ,, = Iel’% + 1527% where

k
1617% Z{ /(|vu€%|2+|u€% dw /F 6% dx—F%Z/ dm}

=1 JF
k

Ig,% Z{ / (|Vu6 %|2_|_|u6% d /F 6% dx—F%Z/ dx}
=1 i

Since by assumption —Aw; + w; = f;(w;) in Qy, we can write each term in [ 617% as follows
1

2/ (IVud 1 + [ud %) dm—/ Fy( 6%d.%'+%2/ )2 da
JF#i
1

=2 [ Vel s Py e~ [ Rw de

Qo QO

L u” — wy))? A+ (w7 = wy)|?) d — (u5”) — Fy(w;)) do
Fg L (90 w05 ) ) d /QO(Fz(Z) Fi(w) d

+/ (Vw; - V(u;” = wy) + wi(u]™ — w;)) dac—i—%Z/ )2 dx
Qo
J#i

- _MZ‘QZ’ + a;,%,i + ag,%,i

— (P = Bl = flw) 05 = w) = 5w = wi)?) do.
where

1. s 1 p
e = I = willnany — 5 [ AN =)+ Y [ (P57 da

J#i

0F g Z / (WWPHW‘! —[fil(o)—Q%Z(UZ’%)Q]\U?”P)dx.

];ﬁz h#i

and



12 MONICA CONTI AND VERONICA FELLI

From (10) it follows that

(16) a;,%z = _Hu wl”%ﬂ(ﬂl)

On the other hand, from Hélder’s and Sobolev’s inequalities it follows that
e + — 2 >
2o 2 Z / (=70 = 2 0] | g S5 P 1 )
heti

where p = 2* for N > 3 and p € (2,+00) for N =2, and S, ; is the best constant in the
Sobolev embedding H'(€) < LP(£/). Let us denote

AL ={z eV |[uS” - Aj]> > 6}

_p_ .
LP=2(Q3)

Hence
522/1 — Aj? dz > 6| AL, |

Qi
and then \A‘; ;| <6. In particular, if ¢ is such that

p=2 Sp.j
(17) 07 (O] < 222,
there holds

/ eoey2] T Sp,j

(18) H [fi(o) B 2%2(% ) ] ‘ L5o2(A0 ) STy

heti ]

In QJ \ A5 there holds u > Aj — Vo > TJ for 0 small as in Remark 3.4. Then, if

(19) F0) = 25> (up)* <0 in @\ A ;.
h#i

Collecting (18) and (19), we deduce that, for s > 2{2;(20),
i
/ _ €,50\2 +‘ -1 1
|7 2%§(“h ?] L2 P <3

and therefore

1 p
(20) 02 i 2 5 3 I — il
JFi
From (16) and (20), we obtain that

. v 1
04;,%,@' + ag,%,i > min {5, Z}Hufv% _ wi”?—[l(ﬂo)‘
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By Lemma 3.3 and Remark 3.4 we have that
& 1
Z/ [Fi(u;™) — Fy(wi) — fiws)(u; ™ — w;) — §f{(wi)(Uf’” — w;)?] da
i=1 /S

: vl £,0¢ 2
Smln{17§}HU _WH(Hl(Qo))k
Hence
v 1

1 . 2
(21) I}, > p+ min {Z’ 8}\|Ue = W[Te (g

On the other hand, I, 37% can be promptly estimated by
k
(22) 2,2 —|R| Y pi
i=1
with y; as in (F2). Combining inequalities (21) and (22), it follows that

k
(23) Acse > p+n)|Ue — WH?Hl(QO))k — | Re| Zﬂz‘,
i=1

v 1
R
with o, = %(TE + | R, 2?21 i), concluding the proof. O

where n = min{%, £} > 0. From Lemma 3.5 and (23), we infer that HUg—WH?HI(QO)),C < o.

PROOF OF THEOREM 3.1. In order to conclude the proof of the theorem, it is sufficient
to consider U®* provided by Lemma 3.2. If s is large enough, we can apply Lemma
3.6 to infer that Us* € Bg (W), provided that ¢ is sufficiently small. Hence U%* attains
Ce,sc = A¢ ;. and it is a local minimizer of I. ,. on the open set Bg (W), with all the required
properties. ]

4. COMPETITIVE SYSTEMS
In this section we prove the existence of solutions to the competitive system

—Au; 4w = fi(ui) = 250u; Y, u5, i €,

24 .
(24) Ou; =0, on 0€),,
ov

fori=1,...,k.

Theorem 4.1. There exists § > 0 such that for € > 0 sufficiently small and » > 0
sufficiently large, system (24) admits a solution US> = (u]”,...,up™) € B2(W) such
that, for alli=1,....k, u;"” #0 and

(25) 0<u;”<A; ae inQ..
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Proof. By standard Critical Point Theory, see e.g. [1], the critical points of I, on
(H'(9.))* give rise to weak (and by regularity classical) solutions to

—Au; +u; = fi(u) = 2gi(wi) 34 Gy(ug),  in Qe

5 =0, on 0f),,
where
0, if ¢ <0,
L) =L fi(t), if0<t<A;,
A, if1> A
and
{2t, if ¢] < A,
9i(t) = .
2A; sen(t), if |t] > A;.

Notice that a solution to (26) satisfying (25) is also a solution of (24). Now the proof of
the theorem immediately follows by considering U®* € Bg (W) as in Theorem 3.1; since it
is a local minimizer of I, ,., it is a free critical point of I. ,, and hence solves (26). By the
validity of (13) we finally deduce that U * is actually a solution to (24), thus completing

the proof.
O

5. THE OPTIMAL PARTITION PROBLEM

In this section we deal with problem (P;), namely we look for local minimizers of the
free energy on segregated states. The localization of the problem is essentially motivated
by the fact that any global minimizer of the free energy in a connected domain is trivial,
as stated in Proposition 2.1, the proof of which is given below.

PROOF OF PROPOSITION 2.1. By a direct computation, for any U = (uy,...,ux) €U
[ [l (AP
en @2y [ - rw)| w23 (GE - pw) e eaiww >0
=19 i=1
k

> —pig )z € Qi) > 0} = —41qo |2 = Ja ().
i=1

On the other hand for any nontrivial k-uple U = (Uy,...,U;) € U there exists j such
that |Vu;| # 0 and hence the inequality in the first line of (27) is strict. Therefore
Ja(U) > Ja(Up) and U cannot be a global minimizer. O

A nontrivial solution to the local minimization problem will be provided by a limit
configuration of solutions to the competitive system. To this aim we shall perform the
asymptotic analysis of the solutions to (24) found in Theorem 4.1 as » — +oo.
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PROOF OF THEOREM 2.2 AND 2.3. Let U=* = (u7”, ...,uy”™) be the solution of system
(24) obtained in Theorem 4.1 by minimizing I. ,. on Bf(W), hence I, ,.(U**) = ¢, ;. as in
Theorem 3.1. In particular

1 £,2)|12
(28) Cese 2 §||U ||(H1(QE))1€ - |Q€| ;té%}i{d |FZ(t)|

For every U € U.NBS(W), define U by setting i;(x) = min{u;(z), A;}. Then the following
inequalities hold

Jﬂs(U) > JQg (U) = IE,%(U) > Ce 55
implying
(29) )\g 2 Ce s

From (28) and (29) we obtain that

€,5¢||2 ] é ]

1% e < 2eor+ 20 32 e PO < 202+ 200 3 e 1P
Hence uf’% is bounded in H!(Q.) uniformly with respect to s, then there exists a weak
limit v such that, up to subsequences, u;” — vf in H 1(Q.) as s — +00. Also, by lower
semicontinuity of the norm, we learn that V* € B§(W), hence, by (11), v; # 0 for all 1.
Let us now multiply the equation of uf’% times uf’% on account of the boundary conditions:
then

%/ (us7)? Z:(uj’%)2 is bounded uniformly in s,
Q —
J#i

hence

) 2 ) 2
/Q(uf ) Z(uj ) —0, as » — 00.
J#
By the pointwise convergence u;”*(z) — vf(z) a.e. z € Q., we infer that vf(z) > 0 and
v; (z) - v5(z) = 0 for almost every z, hence V* € U..
Also, by the positivity of the interaction term, we know that c. . < ¢, ,» when 2 < 5

hence the sequence of critical levels c. ,, converges to some A < )\g as » — +o00. Since by
the Dominated Convergence Theorem (recall that 0 < u;” < A;)

/ Fy(u;™) dac:/ E(u?’%)dxa/ F;(v§) dx, 7 — 00,
Qe Qe Qe
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the following chain of inequalities holds:

N> lim e, = lim I, (U%)
H— 0O H— 0O

k k
1 » A ” P P
= timenp [ S (S0~ [ Ffao} 430 [ 705

oo Ly ij=1

i#]

k
. 1 1 I k<3
s Y { i e, — [ Bt
— 00 i:1 QE
k 1 .
> timin 3 {510 By - [ Fui) o)
=1 €

k
1
> S {1t~ [ Bl de} = o () > A
=1 €

Therefore all the above inequalities are indeed equalities. In particular Jo_(V¢) = A2,
meaning that V¢ solves (P.) on B§(W), giving the proof of Theorem 2.2.

Moreover lim,.— o0 [|U| (g1 (0.y)x = [IVEll (11 (0.)) which, together with weak conver-
gence, implies that the convergence US* — V¢ is actually strong in (H'(€.))*. We also

deduce that
i [ 6579 S <o
J#i
The proof of the Theorem 2.3 is thereby complete. U

5.1. Extremality conditions. Once the existence of a solution for the optimal partition
problem (P:) is known, we can appeal to [5] to derive some interesting properties of Us.
In particular, since U® is a local minimizer of the free energy Jo_, we can prove that its
components are solution of a remarkable system of distributional inequalities.

Theorem 5.1. Let U¢ € BX(W) be a solution to problem (P.). Then UF is a solution of
the 2k distributional inequalities (7), namely, for every i and every ¢ € H'(Q.) such that
¢ >0 a.e. in )., there holds

/ (VUi Vo + uiep — fi(u5)p) dz <0,
/ (Va;Ve + 56 — fi(@)e) dz > 0,

~

where U; = u; — Zh# up and f(u;) = fz(uz) - Z#i fj(uj)-
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The proof can be obtained as in [5, Theorem 5.1], the only difference being that here
we are dealing with local (and not global) minima of the free energy. For the reader’s
convenience, we sketch the main steps.

PrOOF. We argue by contradiction, hence, to prove the first inequality, we assume that
there exists one index j and ¢ € H'(€.) such that ¢ > 0 and

(30) /Q (ViEVS + S — f3(45)6) > 0.

€

For t € (0,1) we consider V' = (v, ...,v;) defined as

o ifi#j
YT (s =)t ifi =7

We notice that V € U.. Moreover, since that map z +— [z]* is continuous from H!(£2.)
to H'(Q:) and U® € B§(W), we learn that V € B$(W) for all ¢ small enough. In light of
(30) it is immediate to check that Jo_ (V) < Jo.(U®) = min{Jo.(U), U € B§(W)NU.}
for ¢ small enough, a contradiction. Let now j and ¢ € H'(€.), ¢ > 0, such that

/Q (VEEVo +uid— F(@5)e) < 0.

Again, we show that the value of the functional can be lessen by replacing U with an

appropriate new function V' close to W. This is defined as V' = (vy,...,v) with
'_{(@+¢@+, ifi=j
' (Uj + 1) X{u>0y, if i # J.

Simple computations lead to

o, (V) = Ja. (V%) =t | (Va90+ 50— (@)0) + ol

S

which leads to a contradiction if ¢ is small enough. O

6. CONCLUSIONS AND FINAL REMARKS

As a final step of our study, we have proved the existence of an element (ui,...,ug)
with k& non-trivial components in the functional class

(ul,---,uk)E(Hl(Q))k: u; >0, u; 0, u;-uj =01if @ # j,

SQ) =94 [o (VuiVo+uip— fi(ui)p) <0 and [, (Va; Ve + ;¢ — f(ai)QS) >0
for every i = 1,....k and ¢ € H'(Q) such that ¢ > 0 a.e. in

when ) = ), with small ¢.
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In particular, by choosing test functions ¢ with compact support in 2., we learn that
any element of S(€2.) is a solution (in distributional sense) of the following 2k differential
inequalities:

(31)

~

—Au; < fi(u;),  inQ,
_AG > f(@), i O

By appealing to the interior regularity theory developed in [5, Section 8|, we know that
any u; is locally Lipschitz continuous and, in particular, the set w; = {z € Q. : u;(z) > 0}
is an open (nonempty) set. Hence by (7) we obtain that ui|w, is solution of

—Au; +u = fi(ug), n w;,

subject to the boundary condition
Gui

v

This suggest that the validity of (7) not only implies the differential inequalities (31) in
Q., but it also contains boundary conditions on 9€). in some Neumann form, the major
difficulty being to give functional sense to “%” on the whole of 9€).. A rigorous analysis
of this point requires the development of a regularity theory for the class S(€2) up to the
boundary, that will be object of future studies.

As a final remark, we point out that the strategy carried out in the present paper can
be easily extended to the case in which the number £ of the species is less than the number
of the connected components of the unperturbed domain €2y. Indeed, in such a case we
can still write Qp as Q' U Q2 U --- U QF with Q' € RY not necessarily connected and
repeat, step by step, our arguments which do not actually require connectedness of the
sets 7. In this way we can produce solutions both to (P:) and to (1) near any function
W = (wi,...,w) with w; supported in more than one connected components of )y for
some 1.

=0, on 9. Nw;.
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