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Abstract

For the positive solutions of the Gross—Pitaevskii system

—Aug + Agug = wiu — Pugvy
—Avg + pgug = wavy — Bujug

we prove that L>°-boundedness implies C%®~boundedness, uniformly as 8 — +oco, for every
a € (0,1). Moreover we prove that the limiting profile, as 3 — +oo, is Lipschitz continuous.
The proof relies upon the blow—up technique and the monotonicity formulae by Almgren and
Alt—Caffarelli-Friedman. This system arises in the Hartree-Fock approximation theory for
binary mixtures of Bose—Einstein condensates in different hyperfine states. Extensions to
systems with &£ > 2 densities are given.
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1 Introduction

The purpose of this paper is to prove uniform bounds in Hélder norm for families of positive
solutions to nonlinear Schrédinger equations of the form

—Aug + Agug = wlu% - ﬂum}%
—Avg + ppug = wavh — ﬁu%vﬁ (1)
ug, v € Hy(Q),

for the competition parameter 3 € (0, +00). Such systems arise in different physical applications,
such as the determination of standing waves in a binary mixture of Bose-Einstein condensates
in two different hyperfine states. While the sign of the parameter w; discriminates between the
focusing and defocusing behavior of a single component, the sign of 3 determines the type of
interplay between the two states. When positive, the two states are in competition and repel each
other. In this paper we deal with diverging interspecific competition rates (both in the focusing and
defocusing case). The limiting behavior is known for the ground state solutions: as § — +oo the
wave amplitudes segregate, that is, their supports tend to be disjoint. This phenomenon, called
phase separation, has been studied, in the case of w; > 0 (focusing), starting from [7, 8], and,
when w; < 0 (defocusing), in [6]. As far as the excited states are concerned, the recent literature
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shows that other families of solutions exist for large 3’s ([18, 12, 17]). The asymptotic behavior of

such families of solutions has been investigated in [19], where, in the case of planar systems, it is

proved uniform convergence to a segregated limiting profile (u,v), where each component satisfies
the equation

—Au+u = ww® in {u >0}, 9

{ —Av+pv = wyw® in {v > 0}. 2)

In this paper we improve the result of [19], proving bounds in Hélder norms whenever Q@ C RV
is a smooth bounded domain, in dimension N = 2,3 (and also in higher dimension, provided
the cubic nonlinearities are replaced with subcritical ones). Besides the validity of the equations
above, we prove Lipschitz regularity of the limiting profile. Our result relies upon the blow—up
technique (section 3) and suitable Liouville-type theorems (section 2). Such a strategy has been
already adopted by some of the authors in [9] in proving uniform Holder estimates for competition—
diffusion systems with Lotka—Volterra type of interactions. The arguments there, however, though
helpful in the present situation, need to be complemented with some new ideas, including a proper
use of the Almgren’s frequency formula [1]. This requires the systems to have a gradient form. Let
us mention that Holder estimates for (non gradient) coupling arising in combustion theory have
been obtained in [5]. Regularity of the limiting profile and its nodal set, for ground states and
other minimizing vector solutions has been established in [11, 4]. Our main results write as follows.

(1.1) Theorem. Letug,vg be positive solutions of (1) uniformly bounded in L (Y), where Ag, ug
are bounded in R and wy,ws are fized constants. Then for every a € (0,1) there exists C > 0,
independent of B, such that

||(U67’Uﬁ)||co,a(§) < C for every 8> 0.

(1.2) Theorem. Under the assumptions of the previous theorem, there exists a pair (u,v) of
Lipschitz continuous functions such that, up to a subsequence, there holds

(i) ug — u,vg — v in CO*(Q)NHY(Q), V a € (0,1);
i) u-v=0inQ and | Puiv: — 0 as B — 4o0;
BYB
Q
i11) the limiting functions u,v satisfy system (2) with A :=limg_, 1o Ag, p = limg_, o pg.
B B B B

For the sake of simplicity we consider here systems of two components, but all the results extend
to the case of systems of k equations

—Au; + \u; zwiuf —ﬁuiZﬁiju?, i=1,...,k
i#] 3)
U; € H&(Q),

provided that it possesses a gradient structure, i.e. 3;; = 3;; (see Remark 3.11).

The study of system (1) will be carried out as a particular case of a more general one, where
L2 -perturbations are allowed. The reason for this approach is that, in a forthcoming paper, the
authors intend to present a variational construction to obtain, for every fixed 3, several solutions
of (1); the present estimates, in their more general version, will then be used to study how, and in
which sense, such a variational structure passes to the limit as  — +o00. To be more precise, let
us consider the system

—Aug + Agug = wiuh — Pupvy + hg in
—Avg + pgvg = wgvg — ﬁu%vfg + kg in (4)
ug, vg EH&(Q), ug,vg > 0 in Q



under the assumptions: hg, kg are uniformly bounded in L?(f2), Ag, us € R are bounded in R,
w1, w2 € R are fixed constants. Defining

1 ifN=2
a’ = : (5)
1/2 if N =3,

then, by Sobolev embedding, we have that any solution of (4) belongs to C%<, for every a € (0, a*)
(and even v = o* if N = 3). As a consequence, in the general case, we can not expect boundedness
for every Holder exponent. In fact we have the following.

(1.3) Theorem. Let ug,vg be solutions of (4) uniformly bounded in L>(Y). Then for every
€ (0,a*) there exists C > 0, independent of 3, such that

”(uﬁvvﬁ)nco,a(ﬁ) <C fOT‘ every ﬁ > 0.

(1.4) Theorem. Let ug,vg be solutions of (4) uniformly bounded in L (). Then there exists
(u,v) € C%, ¥ a € (0,a*), such that (up to a subsequence) there holds, as (3 — +oo,

(i) ug — u,vg — v in CO*(Q) N HY(Q), V a € (0,a%);
(i) w-v=0in and/ﬁu%v% — 0;
Q

(iii) the limiting functions u,v satisfy the system

—Au+u = wwP+h in{u>0}, (6)
~Av+puww = wvdP+k  in {v >0},

where X :=lim \g, p:=lim ug, and h,k denote the L*~weak limits of hg, kg as B — +oc.

Even though the actual result is stronger (no limitation on «), the proof of Theorem 1.1 is in
fact a particular case of the one of Theorem 1.3, once one observes that, if hg = kg = 0, then ug
and vg, at any fixed 3, belong to C1® for every o € (0,1). For this reason, we will prove in the
details all the results in the case of system (4), except the Lipschitz continuity of the limiting state
(section 4), that requires hg = kg = 0.

We wish to mention that system (1) is of great interest also in the complementary case we do not
face, namely when 3 is negative, for instance because of its application to the study of incoherent
solitons in nonlinear optics. For results in this direction we refer the reader to [3, 12, 15, 16] and
references therein.

2 Liouville-type results

In this section we prove some nonexistence results in R™. The main tools will be the monotonicity
formula by Alt, Caffarelli, Friedman originally stated in [2], as well as some generalizations made
by Conti, Terracini, Verzini ([10, 9]).

(2.1) Lemma (Monotonicity formula). Let u,v € HL_(RY)NC(RYN) be nonnegative functions
such that u-v = 0. Assume moreover that —Au < 0,—Av < 0 in RN and u(zg) = v(zo) = 0.
Then the function

J(r) 1 / |Vul? 1 |Vol?
r)i=— — 5 ' 5 — V5
2 B, (z0) lv — x|V =2 12 B, (z0) |z — 20|V —2

is non decreasing for r € (0,400).



(2.2) Proposition. Under the same assumptions of Lemma 2.1, assume moreover that for some
a € (0,1) there holds

[u(z) — u(y)| v(z) —v(y)| (7)

sup ——————, Sup ————— < 0Q.
z,yeRN |x - y|a ’a:,yERN ‘x - y‘a

Then either u =0 or v = 0.

Proof. In the following we will denote B, := B, (z). Assume by contradiction that neither u nor
v is zero, then none of them is constant since u(zg) = v(zg) = 0. Hence Lemma 2.1 ensures the
existence of a constant C' > 0 such that

|Vul|? / |Vol|? 4
. > 8
fo e fy a2 O )

for every r sufficiently large. Let 1,5 (0 < a < b) be any smooth, radial, cut-off function with the
following properties: 0 < 7,5 < 1, 75 = 0 in RV \ By, 1, = 1 in B, and |V, < C/(b— a).
Given 0 < ¢ << r, let A, := By, \ Be and 1 := 1, 2,(1 — 1c 2.). Testing the inequality —Au < 0
with the function n%u/|z — 20|V ~2 in the annulus A., we obtain

2 2
7% |Vul / 2nu 9 1
_rive o | M gy VooV ([ —
/As |z —zo|N-2 = MEEEE u- Vi +nuVu |z — oV 2

1 7n?|Vul? u?|Vn|? 9 1
< — 2 — Vu- V| —m—"—— .
< /A {2|x—moN—2+ o= ao—z TV Y\ g

We can rewrite the last term using the fact that 1/|z — x|V =2 is harmonic in A.:
2,2
n-u 1
0 = v V| ——= | =
1.7 (%) ¥ (=)
/ VTR e — R L (R —
a T =2 ) = wol¥2 )]

1 [ RIVap / 2|V ) 1
S <[ e A2V v [ — |
2//45 -z 2 = J CTr—aod2 YTV \ a2

By the definition of 7, the last expression becomes

obtaining

1 |Vul? C 5, u? c’ u?
9 Tw — m |[N—2 = _N ut+ - T~z T Ty — 7o |[N—1°
B, \Ba. |z — 2o €7 JBa. " JBy,\B, |z — 2o T JBs\B, |z — 0

Keeping in mind that u(zg) = 0, we let now £ — 0, obtaining

/ _Vup <9’/ uQ+0”/ v
B, [t —2o|N"2 7 12 Jp, \p, [t —xlN2 v Jp, .\, [ — x|V

Using the assumptions on u, this implies

|V“|2 c /QT Pga N-1 c’ /QT Pza N-1 "2
_— < — P dp+ — ——p dp < C"r**.
/BT [z — w72 T 2 o pN 2 rJo PN

Since the same result holds for v, we finally obtain

Vu? Yo e
— . |N—2 N2 =T
B, |z — 0] B, |z — 20|

which contradicts (8) for r large and o < 1. O




(2.3) Corollary. Let u be an harmonic function in RN such that for some o € (0,1) there holds

N GO Rall1C) | R

z,yeERN |1‘ - y|a

Then u 1s constant.

Proof. If u > 0 or u < 0, then since u is harmonic it holds that it is a constant (this is the usual
nonexistence Liouville result). Otherwise if u changes sign, then we can apply the previous result
to its positive and negative parts. O

(2.4) Remark. The previous result does not hold for o« = 1: consider for instance the function
u(z) = z1 (analogously, it is possible to see that also system (9) below admits non trivial solutions
which are globally bounded in Lipschitz norm; these are the main reasons for which our strategy,
as it is, can not apply to prove uniform Lipschitz estimates).

We shall need a result similar to Proposition 2.2, for functions u, v which do not have disjoint
supports, but are positive solutions in H (RY) N C(RY) of the system

—Au = —w? nRY )
—Av = —u?v inRVN.

Again, to obtain a Liouville-type result for the previous system, we will use a suitable generalization
of the monotonicity formula (a similar idea, even though with slightly different equations, can be
found in [10, 9]). To this aim we introduce a C'! auxiliary function

2—-N N

i — r<l1
f(T)Z 2 1 2
N2 r>1

and denote m(|z|) := —Af(]x|)/2. Notice that m(|x|) is bounded on RY vanishes in R \ B; and
m(|z]) > 0 for a.e. x.

(2.5) Lemma. Let u,v be positive solutions of (9) and let € > 0 be fized. Then there exists T > 1
such that the function

1 2 2,2 27 . T 1}2 u2v2 m(lz ’U2
J(r) = /BT(O) [£(2l) (IVul* +u*v?) + m(|2])u?] / [£(J2l) (IVo]* +u?v®) + m(|z)o?]

B-(0)

is increasing for r € (T, +00).

Proof. Let us first evaluate the derivative of J(r) for r > 1. In order to simplify notations we shall
denote J(r) = Jy(r)Ja2(r)/r*=¢. Then we have

J'(r) faB (=) (| Vul* + u?v? faB (|lz))(|Vv|* + u?v?)
J(r) r J1(r) Jo(r) (10)

(recall that m(r) = 0 for r > 1). We can rewrite the term J; in a different way: by testing the
equation for v with f(]z|)u on B,, we obtain

[, H0D QT+ ) /v (V£ / Falyudyu =
= — [ mlahat+ [ (e — Lo, (7 ()},
 meu [ 5



which gives

1 N -2 u?
Ji(r) = o /8 ] ud,u + ) /GBT 5 (11)
In order to estimate this quantity we define
r? [o5 (IVoul* + u?v?) 2[5 (IVov]? + u?v?)
A (r) = . 5 , Ao(r) := . 5 ,
Jop, v Jom, v

where |Vou|? = |[Vu|? — |8Vu|2. Then for every § € R, by Young’s inequality, there holds

Lol < (L) (o)

VAL(r) 2 ar )2
2527’ ~/GB7- ut 2\/A1(’I") /837_(811 )

111 / 2 2 2 2/ 2]
- | = Voul* +u“v?) +9 o,u .
2 [52 4B, (IVoul ) BBT( ) Ay ()

IN

Substituting in (11) we obtain

r . ! N-2 ul? + u?0? & u)?
Silr) < 2rN=3 l(&QN/Al(r) * A1(7“)> /é)BT,(WG "+ )+ VAL(r) 0B,,.(8y ) ] '

1 N -2 52
Now we choose ¢ in such a way that + = , or equivalently, after some
YO e N M) ey Y
calculation,
Al(”f‘)
S =),

where v : R™ — R is defined as
= (N=2) N2
= 2 2

We remark that this function plays a crucial role in the proof of the Alt-Caffarelli-Friedman Mono-
tonicity Formula (see [2]). Of particular importance is the following property: let Ey, Es be any
couple of disjoint subsets of the sphere S¥~1 and denote with A\(F;) the first eigenvalue of the
Dirichlet Laplacian on SN~ then

YA(EL)) +v(A(E2)) > 2. (12)
With this choice of § we have

# X U2 U2U2
) gy o FODOTuE ),

(recall that 7 > 1 and consequently f(r) = 1/r~2) and a similar expression holds also for .Js.
Substituting in (10) we obtain

J) | d-e 29(M0) | 2(ha()

>
J(r) — T r r ’
therefore it only remains to prove that there exists a 7 > 1 such that for every r > 7 there holds
4—¢
Y(A1(r)) +7(A2(r) > ——. (13)



To this aim we define the functions u.y(6), vy (0) : 0B1(0) — R as ugy(0) := u(rd), v,y (0) ==
v(r#). Then a change of variables gives
_ faBl (|VU(T) ‘2 + T2U%T)U(2T))

_ faBl (|VU(T)|2 + TQU%T)U?T))
f331 u(zT)

faBl U(27")

Ay (r) s o)

The idea now is to show that the functions u(,), v(,) (normalized in L?(0B)) converge as r — 00
to some functions having disjoint supports, and then to take advantage of (12). Notice first of all
that there exists a constant C' > 0 such that [, 2B, u%r) > C for r sufficiently large. Indeed assume
by contradiction this is not true, then ﬁ faBT u — 0 as r — 400, which implies u(0) = 0 since
u is subharmonic, and this contradicts the assumption v > 0. The same result clearly holds also
for v(,).

Assume (13) does not hold, then there exists r, — 400 such that

‘o

4
Y(A1(rn)) +7(A2(rn)) <
In particular, A;(r,) and As(r,) are bounded. As a consequence the function

Uy, o= B gatisfies  © > Ay (rn) > / Vi |
[y llz2(o81) 0B,

(and an analogous property holds for @,y := v /l|veyllL2(am,)). This ensures the existence of
u,v # 0 such that 4,y — u, 9(,,) — v in H'(0B1(0)). Moreover, since

C> M) > 12 / @i
831
we infer that @ - v = 0. This immediately provides

lim inf[y (A1 (rp)) +7(A2(rn))] = v(A({supp(@)})) +v(A({supp(v)})),

n—-+o0o

that is in contradiction with (12). O

Now that we have a suitable monotonicity formula we are ready to prove a Liouville-type result
for the considered system.

(2.6) Proposition. Let u,v be non negative solutions of (9). Assume moreover that (7) holds for
some « € (0,1). Then one of the functions is identically zero and the other is a constant.

Proof. We start by noticing that, due to the form of system (9), if one of the functions is 0 or
a positive constant, then the other must be a constant or 0 respectively. Hence we assume by
contradiction that neither w nor v is constant. Then by the maximum principle v and v are
positive, and Lemma 2.5 ensures the existence of a constant C > 0 such that

/ [F(12)) (IVul? + u?0?) + mi|])u?] /B [F(1a)) (IVol? + u2o?) + m(lz)e?] > Crt=e (14)

for r sufficiently large. Let 7 = 7,2, be the cut-off function defined in the proof of Proposition 2.2.
By testing the equation for v with n?fu on Bs, we obtain

2
/ " f - (|Vu? +u?v?) = —/ [2fnuvu-vn+n2v (“2> -Vf] <
BQT B2r
1 2 2 2 2 n*u? 2
< 2f77 |[Vul® + 2fu®|Vn|© = V 5 -Vf+unVn-Vf]|.
Ba,



Recalling that Af = —2m and testing it with n?u?/2 in Bs, we have

2,2
/ v(nu )~Vf: n*um,
Ba, 2 Ba,

which substituted in the previous inequality, together with m > 0, gives

/ 0 [f - ([Vu]? + u*0?) + mu?®] < 2/ [2fu?|Vn]* +u?nVn - Vf].
Bzr,« B2r

Now, recalling the definition of 7 and f and using assumption (7), we finally obtain

’LL2 2r p2a
/ [f - (IVul* +u*0®) + mu®] < C — < c/ E-pN=tdp < Cr?e,
B, By\B, 2| 0o P
which contradicts (14) for r large enough. O

Arguing as above, one can prove the following Liouville-type theorem for systems with an
arbitrary number of densities.

(2.7) Proposition. Let k > 3 and uq,...,ux be non negative solutions of
—Au; = —uy Zuf in RY, (15)
J#i

with the property that, for some a € (0, 1),

wp [15@) 0

. = =g < oo for every .
z,yeR -

Then k — 1 functions are identically zero and the remaining one is constant.

Sketch of the proof. We want to see that, for any i # j, (at least) one between u; and u; is
identically zero (this, exploiting every possible choice of i and j, will readily complete the proof).
Assume not, then, by the maximum principle, v = u; and v = u; are positive subsolutions of
system (9). It is easy to see that Lemma 2.5 also holds for positive subsolutions of that system;
as a consequence, (14) holds for v = u; and v = w;. But this, reasoning as in the proof of the
previous proposition, is in contradiction with the global bound of the Holder quotients. O

3 Uniform Holder continuity

This section is mainly devoted to the proof of Theorem 1.3, that will provide, as a byproduct, also
Theorem 1.4. As we said the strategy we follow is reasoning by contradiction, in order to perform
a blow—up analysis, and then to use the results of the previous section to obtain an absurd. To
start with, we need the following technical lemma, which refines the estimate in [9], Lemma 4.4
(to which we refer for more details).

(3.1) Lemma. Let Bgr C RY be any ball of radius R. Let M, A be positive constants, h € L*(Bg),
and let u € HY(Bg) be a solution of

—Au < —Mu-+h in Bg
u > 0 in Bgr
u < A on 0Bg.



Then for every €,0 > 0 such that 0 < 8 < e < R there holds
2AR _ 1
lullzama-.) < == ™™ + 37 lbllLe(5r):

where Br_. is the ball of radius R — ¢ which shares its center with Bg.

Proof. We can estimate u as |u| < |ug| + |uz|, where uy, uz are defined by

—AU1 == —MU1 ?n BR _AUZ = —MU2 + h in BR
up > 0 in Br w = 0 on 0B
Uy = u on GBR 2 "

In order to estimate u; we shall make use of Lemma 4.4 in [9], where it is proved that

01 (1) + B=1u4 () = M (1) n(0>0, 9 >0 reldto)
Y1 (R)=A>0 = Y1 (r) < ¥ (0)enVM r € [0, +00)
¥1(0) =0 Y (r) > LOr r € [, +00).

Choosing 7 = € — 0, with 6 € (0,¢), we obtain the following inequalities

1 (R — ) < 4y (0)eB-oVM

1(0)(e—6 eR\/ﬁ
A=qyn(R) > LOE D e

which imply

1/)1(7") < 7/11(R - 5) < %679@

Defining v1(z) = ¥1(|x — zo|) (where xq is the center of Bg) and using the maximum principle we
infer 0 < uy(x) < wy(x). To obtain an upper estimate for us, let us now multiply the equation for
ug by us itself and integrate; having zero boundary conditions we have

B2\ /2 1/2
Mugg/ |VuQ\2+Mu§:/ hug < (/ M) (/ Mu%) ,
Br Br Br Br Br

and therefore [[us||r2(5,) < 3712l L2(5r)- In conclusion we have |lullr2(p, ) < |willz2(pp_.) +
luz|| 2 (Bg) Which gives the desired estimates.

for all r € [0, R — ¢].

)

3.1 Normalization and blow—up

To start with, we recall the standard non—uniform regularity properties for solutions to system (4).

(3.2) Remark. Let ug,vg be solutions of (4). Then, since hg, ks belong to L*(Q), and € is
bounded and regular, by elliptic regularity theory it holds

ug,vg € H*(Q) that implies ug,vs € C**(Q)

for every a € (0, a*), where o* is defined as in (5). Let us mention that, if hg = kg = 0, then, by
a bootstrap argument, we can choose a* = 1 also in dimension N = 3.

Coming to the proof of Theorem 1.3, let us assume by contradiction that, for some « € (0, a*),
up to a subsequence it holds
lug(z) — up(y)| lvg(x) — vs(y)]

Lg:=max<{ max —|—————~>~ max ———————— % — 400
’ {x,yen [z —yl* T ayeq v —yle }



as § — +00. We can assume that Lg is achieved, say, by ug at the pair (zg,y3). We observe that
lzg —ysl = 0 as B — +oo,

since we have |z5 — ys|® = |ug(zs) — us(yp)|/Ls < 2|lugllee/Ls < 2C/Lg — 0.

The idea now is to consider an uniformly a-Holder continuous blow-up with center at xzg.
Keeping this in mind, let us define the rescaled functions
1 1 Q—x3

ag(z) = Lors ug(zg +rge), vg(z) = Lgrg vg(zg + rax), for v € Qg := —

where 7g — 0 will be chosen later. Depending on the asymptotic behavior of the distance d(z 3, 0%2)
and on rg, we have Qg — Qo, where Q is either RY or an half-space (when d(zg,0Q)/rz — oo
or the limit is finite, respectively).

First of all we observe that the ug, vg’s are uniformly a-Holder continuous for every choice of
T3, with Holder constant equal to one:

() ~ wste) o)l | _ [P0~ (57|
max { max (2@ @@l @) — T )y e
z,y€Q3 |J) - y|a z,y€Qg |$ - y|a Ys—xp
7"3
Moreover the rescaled functions satisfy the following system in 2a:
—Aﬁg + )\g’r?;ﬂ@ = wlMﬁﬂ% - ﬁMgﬂg@% + Zzﬁ(x)
—Avg + ,U,HT%T),B = ngﬁTJ% — ﬂMﬁﬂ%T)g + kﬁ(.%’) (17)
ug, U € Hy(Qp),
where
Mﬁ = L%r§a+27
and
2—a 2—a
hs(x) := %hﬂ(xﬁ +rgx), kp(x) = %kﬁ(% + rpx).
B B

(3.3) Remark. Since ug,vg are L°(Q2)-bounded, hg, ks are L?(Q2)-bounded, Ag, 15 are bounded
in R, and r3 — 0, Lg — 400, by direct calculations it is easy to see that

)\57’/231_1,5, [L[ﬂ‘/%’l_)ﬁ —0 in LOO(QB)

wlMﬁﬂ%, OJQMB'E% — 0 in LOO(QB)

?Lﬁ, ]_fg — 0 in LQ(QQ).

In order to manage the different parts of the proof, we will need to make different choices of the
sequence rg. Once rg is chosen, we wish to pass to the limit (on compact sets), and to this aim we
will use Ascoli-Arzela’s Theorem. Now, since the @g, 03’s are uniformly a-Hoélder continuous, it
suffices to show that {u3(0)}, {U3(0)} are bounded in . The following lemma provides a sufficient
condition on 7g for such a bound to hold.

3.4) Lemma. Under the previous notations, let r3 — 0 as 3 — 400 be such that
B

(i) lys = 5| < R’ for some R’ >0,
T

(ii) BMg - 0.

10



Then {ug(0)},{v3(0)} are uniformly bounded in (.

Proof. Assume by contradiction that {@g(0)} is unbounded, and let R > R’. Since the ug’s are
uniformly Hoélder continuous and vanish on 0Qg, we can consider 3 sufficiently large such that
Byr(0) C Qg. Moreover since fMg - 0, we have that

Ig:= inf [Mpuz — +o0.

g B2R(0)6 e
Now since 3Mplis < fMpu in Byg(0) and (similarly to Remark 3.3) [Jwa Mp03| Lo (B,,) — 0 as
3 — +00, we have

—AT)B = —/Lg?“/%f}g + nggﬂg — ﬂMgﬂ%@@ + Eﬁ
I _
< —?%5 + k.

In order to use Lemma 3.1, we need to show that o is bounded on 0Bsr(0). With this in
mind, let us choose a cut-off function 1 that vanishes outside Byg(0). Then by testing the second
equation in (17) with n%vg in Bar(0), we obtain

/ ){TFIV%\Q + 2003V - Vg + pgrzvgn’} < / {waMpvan” — Ign*v3 + kan’va},
Bsr (0

BQR(O)
and thus
1 B B _ _ - _
/ {5 IVosl® + Tan05} < 2/ {IVn*03 + |uslrioan” + lwa| Mavsn® + kan’vs}
B2r(0) Bsr(0)
< C(R)( sup D% +1).

B2r(0)

On the other hand, since v is uniformly Hélder continuous,

Is / n*vg > I3C'(R) inf vj > I5C'(R) sup 5 — IsC"(R).
BQR(O) ZR( )

B Br(0)

Therefore, putting together the two previous inequalities, we obtain

I5C(R) sup 03 < C'(R)( sup 03+ 1)+ I3C"(R)
BQR(O) BZR(O)

which implies the boundedness of g in Bag(0) (in particular on dBag(0)).

Thus we can apply Lemma 3.1, which gives
_ o 2 -
196]| 2 (Br) < Ce™ Vs + 7 Vsl o)
Hence
_ S o 2
18Mptg0s]| 25y < (T + BMa(AR)*) 0] 25, < 215(Ce Vs + 7 Wsllza(mum) = 0

when 8 — +oo. This, together with Remark 3.3 and the boundedness of v, gives
|Atgll2(Bg) — 0 (18)

for every R > R'.
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Consider now ug(x) := ag(x) — ug(0). By the uniform Hoélder continuity and Ascoli-Arzeld’s
Theorem we know that 3 — @ on compact sets. Moreover by (18) we have that @s is bounded
in C27, with v € (0,a*) (in fact, Theorem 8.12 of [14] gives us boundedness in W22, and the

loc
result follows by Sobolev imbbedings). As a consequence we obtain:

max |a00(x) — ﬂoo(y)| -1 (19)

xvyeﬁoe ‘IZ? - y|a

Indeed notice that by assumption (%), (ys — x3)/r3 must converge up to a subsequence. But it can
not be (yg — z3)/rg — 0, otherwise we would have (considering an ¢ > 0 sufficiently small)

75(0) — 75 (2272 ‘yﬁ—mﬂ

= Tﬂ

€

~0 (20

[e4

~ _ = (ys—=zs
e ‘u@(O) ug ( 5 )‘ < C’yg — g
a+te — T3

Ys—xp

Ys—Zp
L]

B8

with 3, which contradicts (16). Therefore, there is an a € RY \ {0} such that (yg — z3)/rs — a,
and hence the left hand side of (16) also passes to the limit in 3, providing (19).

Finally, we have that Afi., = 0 in Q. Now if Q. = RY, by Corollary 2.3 i is a constant,
in contradiction with (19). On the other hand, if Q. is an half space, we have that @, = 0 on
0Q. and thus we can extend it by symmetry as an harmonic function in the whole R™, obtaining
the same contradiction.

We have shown that {@(0)} is bounded. Let us now check that the same happens with {3(0)}.
In order to do so, we have to make some small changes to the previous argument. Assume then
that {93(0)} is unbounded, and consider the quantity (for R > R’ fixed)

Is:= inf BMgzv3 — +oo.
3 B2R(O)/3 38Uz

We have )
I _
7Aa5 < *gﬂﬁ + hﬁ
and g is bounded on 9B3g(0). Therefore by Lemma 3.1
_ 7 2 —
lagllzas,) < CemO VI + Pl

and hence
1BMaigv3]l L2 — O

as (3 — +o00. Once again this gives ||Atg|/z2(p,) — 0 and the proof follows as before. O

Using the previous lemma we can now quantify the asymptotic relation between 3, Lg and
25 — ypl-
(3.5) Lemma. Under the previous notation, we have (up to a subsequence)

|2a+2

ﬁL%|x5 —yg — +o00.

Proof. By contradiction assume that ﬁL%\xg — yg|***™?2 is bounded. Then we can choose
rg = (BL%)_ﬁ (and thus Mg = 1),
in such a way that the assumptions of Lemma 3.4 are satisfied and thus {a(0)},{93(0)} are

bounded. By uniform Holder continuity and Ascoli-Arzela’s theorem we have that, up to a subse-
quence, there exist Uoo, Voo such that tig — Uss, U3 — Voo uniformly in the compact subsets of Q.

12



Since #Mgz = 1 and by Remark 3.3, we have that Aug, Avg are bounded in L2 and therefore

loc
the same happens to ug, g in Cf:;z(Qoo), for all v € (0,a*). We are now going to show that, as
a consequence, Unsp, Uso are a-Holder continuous and that the maximum of the Holder quotients is
given by:
Uoo (T) — U
z,y€Q0 |z —y|*

Indeed notice that we cannot have (y3 — x3)/r3 — 0, otherwise we would obtain the same contra-
diction as in (20). Therefore, there is an a € R*\{0} such that (ys — z3)/r3 — a, and hence the
left hand side of (16) also passes to the limit in 3, providing (21). Moreover, at the limit we have

—Avee = —ul v in Q.

{ Ay = —Us¥% in Qg
If Q. = RY, then by Proposition 2.6 s, Vs are constants, which contradicts (21).

On the other hand, let Q, be equal to an half-space. Since uy, = 0 on 02, we can extend it to
the whole space by even symmetry and obtain a function satisfying the hypotheses of Proposition

2.2 (apply it to the pair (UOOIQM7“0°\RN\§ ) — were we consider both functions extended by 0 —

and choose for g any point of d{2;). Therefore us, = 0, which contradicts (21). O
Now we are in a position to define our choice of r3 and to deduce the convergence of the blow—up
sequences.

(3.6) Lemma. Let
e = |2p = ysl.
Then there eist oo, Voo € CU(RYN) such that, as B — +oo (up to subsequences), there holds

(i) g — Uso, Vg — Voo, uniformly in compact subsets of Qoo = RY; moreover

(ii) for any fized r > 0 and vo € RN there holds / ﬂMﬁﬂ%@% — 0; as a consequence
By (o)

(iii) ||up — vooll (B, (z0)) = 05 108 = Vool 11 (B, (20)) — O-
Proof. With this choice of rg, we obtain SMg = ﬁL%\xg —yg|***? — 400 by Lemma 3.5. Once
again the assumptions of Lemma 3.4 are satisfied and hence, reasoning as in the initial part of

the proof of Lemma 3.5, we deduce that the rescaled functions ug, vs converge uniformly to some
Uoos Voo, 1N every compact set of .. In this situation (16) writes

1=max{ max M’ max 'Uﬁ(x)—’l)ﬁ(y”}:

w00) — 1y (22 )

cyes T —y|® eyeQs |z —yl® 3

and hence by L (Q3) convergence, oo, Voo are globally a—Hélder continuous and in particular

max _ |ueo(0) — uso ()] = 1. (22)
2€0B1(0)NQso

Now if 2, is an half-space we can proceed exactly as in the last part of the proof of Lemma 3.5,
obtaining a contradiction. Therefore Q. = RY and (i) is proved.

In order to prove the second part of the lemma, let us fix any ball B,.(z¢) of RV, and let 3 be
large so that B,.(z¢) C Q3. Let us consider a smooth cut-off function 0 < n < 1 such that n =1 in

13



B, n=0in RV \ By,. Testing the equation for i with 7, we obtain (since the iig’s are uniformly
bounded in Bs,.)

/ ﬁMﬂ’L_Lg’L_J% < / |65An — /\51"[237771[3 + wlMgnﬂ% + ’I]}_Lg| <C (23)
B, 2

r

and analogously / 5Mgﬂ%@5 < C. This immediately implies that
B’V‘

Uso Voo =0 in RY, (24)
providing
/B BMpuzvy < ||ﬂ5||Loo(B,.m{uoo:0})/B BMgigvs + ||@ﬁ||Loo(B,,)m{vw:0}/B BMzu5v
< C (lugllL=(B.nfua=0p) + 198l L (8,0 {ve=0p)) = O, (25)

which is (it).

Finally, integrating the equation for #g in B,, we have

< / ﬂMgfLﬁ’ﬁ?g —‘r/ \)\gr%ﬁg — wlMﬁﬁ?ﬁ’ — Bﬁ| <, (26)

r s

8,,7:65 do
0B,

which also gives, testing the equation for 4g with ug itself, fB |Viig|? < C. Doing the same with

Ug, we obtain the weak H'-convergence g — oo, U5 — Vso. Finally by testing the equation for
U with g — us we obtain

/ vaﬁ . V(aﬁ - uoo) < ||ﬂ5 - uooHL“’(BT)' (/ |a,,ﬂg| +
B, OB,

+/ | — /\57‘%@5 + wlMgﬁ% — ﬁMgﬁgTJ% + h5|)

r

and therefore we proved (ii7) by uniform convergence and estimates (26), (23) (the convergence of
U is analogous). O

In the following lemma we collect the properties enjoyed by the limiting states too, Voo-

(3.7) Lemma. Let us, Voo be defined as in Lemma 3.6. Then the following holds.

(1) Uso - Voo = 0 in RY;

(i) max |ueo(0) — uso(x)| =1 (in particular, us is not constant);
mE@Bl(O)

—Ause = 0 in{uy >0},
(i) { —Avee = 0 in{vy > 0}.

Proof. Properties (i) and (i7) are simply (24) and (22), respectively. Let us check that us is
harmonic in the (open) set {z € RY : u () > 0} (the same is true for v, in the set {z € RV :
Voo(x) > 0}). Given any point x¢ such that us(z¢) > 0, we have to find a neighborhood of it
where u, is harmonic. By continuity we can consider a ball Bs(zp) where us, > 2v > 0, and
hence by locally L> convergence g > v > 0 in Bs(xo) for large 8. Therefore we have

2
—Avg < —ﬁMﬁ%T}@ + kg
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and thus, using Lemma 3.1, we obtain
/ 1 =
- —C'\/BM,
08llL2(B;,,) < Ce 7+ BMBHkﬁHLZ(BJ/Qy

Hence

1BMptst3| 25,5 — O
and, using also Remark 3.3, we conclude that ||Aﬁﬁ||L2(Bs/2) — 0, which implies the harmonicity
of Use in Bs/a(x0). O

(3.8) Remark. By the previous lemmas we obtain that 4., must vanish somewhere in RY (indeed
if not u, would be a positive non—constant harmonic function in R, a contradiction), and also
Voo must vanish somewhere (otherwise we would have u,, = 0 in RY, again a contradiction).
This, by continuity, implies that us, and v, must have a common zero, thus they satisfy all the
assumptions of Proposition 2.2. Since us, is not constant, we deduce that

Voo =0 in RV,
Moreover, we have
{z: uso(x) =0} #0, and {z: us(z) > 0} is connected.

This last claim is due to the fact that, was {us > 0} non trivially decomposed into 1 U, then
again 4 = Ueo|n, and v = us|n, would be non—zero and satisfy the assumptions of Proposition
2.2, a contradiction.

3.2 Almgren’s Formula

In order to conclude the proof of Theorem 1.3 we will show that u. is radially homogeneous;
this crucial information will come from a generalization of the Almgren’s Monotonicity Formula.
This formula was first introduced in [1] and used for instance in [4, 13] to prove some regularity
issues related to free boundary problems. The aim is to study the monotonicity properties of the
functions

1 1
E(T):m/B {|Vuoo|2+|VUoo|2}7 H(T):m/a\B {Ugo +U§O}’

and of the Almgren’s quotient (where it is defined)
E(r)

NG = g

where s, Voo are defined in Lemma 3.6 and B, is centered at a fixed zy (with respect to the
literature, our definition of H involves the averages of the densities, not of their oscillations). It is
worthwhile noticing that the result we prove for u, v in fact holds for any non trivial, strong
H} ~limits of variational systems; indeed, we will perform the proof without using all the other
properties we collected about s, Vso. The reason for this is that we will need a similar result, for
different functions, in Section 4.

(3.9) Proposition. Under the above notations, for every xo € RV there exists ro > 0 such that,
for every r > rq, H(r) #0, and

N(r) is an absolutely continuous, non decreasing function

such that y AN ()
T
— log(H = . 2
D rog(r(r) = 2 (27)
Moreover if N(r) = for all v > rq, then ro = 0 and uoo(z) = 17g1(0), voo(z) = r7ga(0) in RY,
for some functions g1, g2 (where (r,0) denote the polar coordinates).
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Proof. Up to a translation, we can suppose B, = B,.(0). We divide the proof into steps.

Approximated quotients. Let 0 < r; < ro be such that H(r) # 0 in [r1, o] (they exist for
sure, since us # 0 and it is continuous). Let us check that the conclusions of the proposition follow
in this interval (the existence of ry as claimed will be obtained only later). To evaluate derivatives
of E(r), H(r) and N(r) we have to face two main problems: first, it is not clear how regular these
functions are; second, we have no global equation for us,vs. To overcome these difficulties, the
idea is to consider analogous functions, that will result to be C!, for the approximated problem
(17), and then to pass to the limit as 3 — +oo. In order to simplify notations we will denote
for the moment u := @ig and the same for vg, hg, kg. We then define the approximated Almgren’s
quotient

where

1
rN—2

Es(r) = /B {IVul* + [Vo]* + r5(Asu® + pgv?) — Mg(wiu* + wavt) + 28Mguv®}

1
FN—1 /8& {u2 + ”2} :

We also observe that, by multiplying system (17) by (u,v) and integrating in B,., we obtain

Hp(r) =

Es(r) = ’I“N% /83. {ud,u+vd,v}+ ’I“N% /B {h(z)u + k(z)v} (28)

(the boundary integrals above, and all the following ones, are well defined, for 3 fixed and for every
r, by Remark 3.2 and by the continuous immersion of H?(B,) into H'(9B,)).

Derivatives of Eg, Hg. In order to compute the derivatives of these expressions, we consider
the rescaled function wu,(x) := u(rz) and similar expressions for v, h, k. System (17) now becomes

{ —Au, + r2)\gr%ur = r?w Mpud — r*BMpu,v? + r2h, (29)

—Av, + T2,ug7"%vr = r?waMpvd — r?BMgulv, + r’k,.

Performing a change of variables z = ry in Eg(r) we obtain
Es(r) = / {|VuT|2 + |er|2 + r%é(/\guf + uﬂvf) — 7"2Mg(u)1u;1 + wwf‘) + 2r2ﬁM@u§UE} ,
B,

and hence (Remark 3.2 implies that Fj is in fact C! in r)

Ei(r) = 2 : {Vu, - V(Vu(rz) - z)) + Vo, - V(Vo(rz) - z)} +
+2r2 / (r%)\gur — 2Mpwiu + 2B8Mgu,v2)(Vu(rz) - z)+
By
+2r2/ (T%ﬂg’vr — 2Mpwov? + 28Mguv,)(Vu(rz) - z)+
B1

+27“/ {r3(suf + ppvl) — Mg(wiu; + wovy) + 26Mpuv;
By

Multiplying the first equation in (29) by (Vu(rz) - ), the second one by (Vu(rz) - x), integrating
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by parts in By and substituting the result in the previous expression, it follows:

2 2
Ey(r) = N2 /8& {(6,,u)2 + (8,,1})2} ey /BT {h(z)(Vu - x) + k(x) (Vo - x)} +
+7TN2_1 {rE(\gu? + ppv®) — M(wiu® + wov) + 28Mpu*v® } —
2 "

{wi Mgu®(Vu - 2) + woMpv®* (Vv - )} +

+7“N7_1 H {BMQU(VUx)v2+/BMﬁu2v(va)} .

Using the divergence theorem, we can rewrite some terms:

/ {BMpu(Vu - z)v* + BMau*v(Vv - 2)} ﬁMB/ V(u*v?) -z =

TN— 1/ BMpu*v

741\/1

- ,,N%/B {1 Mpu? (Vu - @) + waMp(V(v) - ) } =
B _rNL—l/ {wi1Mp(V(u') - 2) + w2 Mp(V(0?) - 2)} =

= 5, N— 1/ {wiMgu* + waMgv*} — 1%,_2/ {wi Mgu* + wa Mgv'}
2r 2r dB,

obtaining at the end

E5(r) = 7,]\7% /GB {(81/%)2 + (31/11)2} + TN% /B {h(x)(Vu-z)+ k(z)(Vv-2)} +

1 N
+ N1 /B {2r§(/\gu2 + u5v2) + (2 — 2> Mﬁ(w1u4 + wgv4) +(4- N)ﬁMgu%Q} +

1
+ W/ {2ﬁM5u2v2 - w1Mgu4 — ngﬁv‘l} .
9B,

Using the same ideas, we also obtain, for the C! function Hg,

Hj(r) = NQl {ud,u+vd,v}.
4B,

Estimate of N(r+3)—Ngs(r). At this point, let us recover the original notations g, 95, hs, kg.

Recalling equation (28) we can compute Nj in (r1,72) as

Nj(r) = mf}% { /a N [(@va)? + (0,5)°] - /a Br(ag +73) -
- [ /6 . (@0 + @gamﬁ)] 2} + Rp(r),
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where

Ro(r) = ez, (o)) + (w955} +

1 2 —2 2 _ —4 —4 -2 -2

+ N TH(r) /B {27’5(%% + pg3) + —— M (w1 @) + wa¥h) + (4 — N)BMgubvd ¢ +
1 —2 =2 —4 4

+ 2rN=2Hy(r) /8& {28Mpujvg — wiMptis — wa M} —

2 / B B B B - B — 3
- ug 0,Ug + Vg 0,V / hg(x)ug + kg(x)vg ! .
VI BBT{ 5 0,lp + U3 0, T3} BT{ ()t + k()05 }

Notice that, since Hg(r) # 0, for every ¢ > 0 such that r,r + 0 € (r1,72), there exists a constant
C > 0 depending only on 71,79 and 0 such that

r+0 _ _
/ |Rs(s)|ds < C/B {|hg||Viug| + |ka|| V| + r3(uf + v3) + Ma(ug + v3) +
T ro

+BMpuZv5 + |wi | Mgud|Vig| + lwe| Mav}|Vig|} +

FIMpb + Mot 1 5, +O/B {hslliis] + [ksllzs]} — 0
]

as [ — +oo, where we used Remark 3.3, Lemma 3.6, (4i7) and (26). Therefore,

Ns(r+8) — Ns(r) = /TT+5 sﬂV—ng@ {/83 [(c’mg)Q + (cmﬁf] /6 (u +v3) —

s

_ UOB (50,15 + uﬁayuﬁ)} 2} +o5(1).

Derivatives of N, H, F, log H. Now we are in a position to pass to the limit in 8. Indeed,
Lemma 3.6, (#i7) (that is, strong convergence) ensures that Ng(r) — N(r) for every r. Moreover it
implies the existence of a function f(p) € L'(r1, r2) such that, up to a subsequence, faBp |Vig|? <
f(p) and faB,, |Vig|? — faB,, |Vus|? a.e. for p € (r1,72) (and analogously for vg). Hence, letting
(8 — 400 in the previous equation we readily obtain that N is absolutely continuous and that (for
almost every r)

N = e | @y @00 [ i)

9B,

_ [ /a , (st + vooauvoo)] 2} >0, (30)

by Holder inequality. This implies that N (r) is increasing in [r1, ro] and in addition gives an explicit
expression for the derivative. Reasoning as above, we can conclude that

2
H'(r) = ey - {too Oplio + Voo OpVoo |
. 1
H(r) = gETooHﬁ(T) = 7’1\'7_1/@3 {uio —|—vc2>o},
. 1
E(T) = ,BEIEOO Eﬁ(r) = mAB {uoo Oy Uoo +'Uooauvoo}7
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(where we used (28) to obtain the last limit) and therefore a direct calculation gives (27) for
r € (r1,r2). Incidentally, we observe that equation (27) implies that log H, and hence H, are
C'—functions.

Existence of r. Equality (27) also implies that when H(r) > 0, then H'(r) > 0 and therefore
there exists 7o := inf {r > 0: H(r) # 0} such that H(r) # 0 for every r > ry. Hence everything
we have done so far is true in (rg, +00).

Case N(r) constant. Let us now analyze what happens when N(r) = « for all » > ry. By
(27) we have
d 2v d 9
— log(H = — =—1 v
T log(H(r) = = = - log(r™)
for all » > ro. By considering 7 > r > rg and integrating the previous equality between r and 7
we have

H(r) = H(7) (2)27.

7
Now, if H(rg) = 0, since H is continuous, the previous equation implies that o = 0; on the other
hand, if H(rg) # 0, then ro = 0 by definition. Moreover, by (30), if N(r) is constant then there
exists C'(r) such that (0, Uec, OpVoo) = C(7) (Uso, Voo ), Which gives uoo = f(7)91(0), voo = f(r)g2(6),
with f(r) > 0 for » > 0. Now since u is harmonic in {us > 0} and v is harmonic in {ve > 0},
we finally infer ue(2) = 1791(0), voo(x) = 77g2(0) in RV, O

(3.10) Remark. Starting from system (3), one can perform the same blow—up argument than
above, obtaining in particular that, for the limiting states (U oo, - ., Uk 00), & result analogous to
Proposition 3.9 holds, with the choice

k k
1 2 1 2
E(r) = TN—2/B Z‘VUWJ ’ H(r) = N1 /BB Zuim'

T =1 T =1

3.3 Proof of the main results.

End of the proof of Theorem 1.3. By Lemma 3.6 we know that the blow—up limiting profiles uo,
and v, are globally a—Holder continuous. Moreover, by Remark 3.8, v, = 0 and we can choose

xo such that u(zg) = 0.

If N(r) is defined as in Proposition 3.9, then we claim that N(r) = « for all » > ry. Indeed,
according to that proposition, assume that there exists 7 > 7o such that N(7) < o —e. Then by
monotonicity, for all rg < r < 7 we have N(r) < a — e and

d 2
L rog(H(r) < 2(a - <),
hence (integrating between r and 7) we have Cr?*=2¢ < H(r) for all ry < r < 7. On the
other hand, by the a—Holder continuity and the fact that us(zg) = veo(xo) = 0, we also have
H(r) < C'(r —r9)?, a contradiction. On the other hand, if N(7) > « + ¢, then by monotonicity
N(r) > a+¢ for all r > 7, and thus

d

——log H(r) =

- (a+e)

=N

which implies (integrating between 7 and r and again by the a—Hélder continuity) that Cr2e+2e <
H(r) < C'r?® for large r, a contradiction.

Therefore N(r) = « for all r > 7, and by the previous proposition we know that 7 = 0 and
Uoo () = 7%g1(0). This implies that the null set ' = {us = 0} is a cone with respect to xg. Since
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this can be done for any xy € I', we obtain that I' is in fact a cone with respect to each of its
points, and thus it is a linear subspace of RY. Moreover, again by Remark 3.8, I' has dimension
strictly smaller than N — 1, otherwise {uo, > 0} would be disconnected. But then us, turns out
to be a non-negative, non-constant function in H_ (R"), which is harmonic on the complement
of a set of zero (local) capacity. That is, it is harmonic on the whole RY a contradiction. O

Proof of Theorem 1.4. By Theorem 1.3, for every o < o’ < a* there exists a constant C' > 0 such
that ||(ug, v8)||co.or < C, for every 5 > 0. By compact embedding, we obtain, up to a subsequence,
the existence of (u,v) € C%*" that are strong C%* limits of (ug,vs). By uniqueness of the limit,
this proves that

(ug,v3) — (u,v) in C**(Q) for every a < o*.

To obtain the other claims of the theorem, we reason as in the proof of Lemma 3.6. Testing system
(4) with (ug, vg) we obtain

/Q|Vu5|2S/Q(—)\ﬂuﬁ—l—wlu%—&-hg)UQ,

and an analogous inequality for vg. By uniform convergence, the right hand side is bounded and
then (ug,vg) is bounded in H{. Thus, again up to a subsequence, we have

(ug,v3) — (u,v) weakly in H} ().

On the other hand, integrating system (4) we have

/ 8uﬁ+ﬂ/u[3vﬁ—/ Aﬁuﬁ—f—wluz—i—hg).

Again, the right hand side is bounded and, by Hopf lemma, d,ug < 0 on 0€2. We infer

ﬂ/um}%SC, ﬁ/uﬁvggC
Q

not depending on 8. This immediately provides u - v = 0 almost everywhere in 2, and, in turn,
reasoning as (25),

6/u%v%—>0 as 3 — o0,
Q
that completes the proof of (ii). Now we can test system (4) with (ug — u,vg — v), obtaining

/ Vug - V(iug —u) < |lug — /L= / (—)\@U,g + wlu% — UBU% + hﬁ) ,

Q Q

and the same for v. By uniform convergence we infer convergence in norm, and hence strong
H}~-convergence of (ug,vs) to (u,v), and also (i) is proved. Finally, to prove (iii), we observe
that, by continuity of the limiting profile, we know that {u > 0} is an open set. Therefore, given
zo € {u > 0}, there exists Bs(zo) such that w > 2y > 0 in Bs(zg), for some positive constant ~.

Let us show that the equation is satisfied in this open neighborhood. By (i) there holds ug > 7 in
Bs(xg) for large (3, therefore

1
/ ﬁugv% < f/ Bu%v% — 0,
Bs (o) Y JBs(wo)

because of (i7). By testing the equation with a test function ¢ € C}(Bs(xo)) we obtain
/ (Vu/g -Vo+ AﬁUg(b) = / (wlug — ﬁu,gvg + hﬁ)(b,
B (zo) Bs(zo)

and the previous estimate together with the H'-convergence conclude the proof. O
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Proof of Theorems 1.1 and 1.2. As we just noticed, with one small change in the previous argu-
ments one can prove also these two theorems, except for the Lipschitz continuity of the limiting
profile (u, v), which will be the object of the following section. In dimension N = 2, since a* =1,
then the theorems follow directly from Theorems 1.3 and 1.4. In dimension N = 3, according to
Remark 3.2, if hg = kg = 0 then we can choose a* = 1 and repeat, as they are, all the argu-
ments in this section. Then Theorem 1.1 straightly follows, while the proof of Theorem 1.2 will be
completed by Proposition 4.1 and Remark 4.9 below. O

(3.11) Remark. With exactly the same strategy it is also possible to prove analogous results for
L*>-bounded, positive solutions of system (3). The only differences are pointed out in Proposition
2.7 and in Remark 3.10.

4 Lipschitz continuity of the limiting profile

Throughout all this section, let (u,v) € C®»*NH{ denote the limiting profile introduced in Theorem
1.4, and hg, ks = 0 (that is, we are dealing with system (1)). As we noticed, in this case the uniform
Holder continuity result holds for every a € (0,1) also if N = 3. In such a situation, although we
are not able to prove uniform Lipschitz continuity of the solutions with respect to 8 (see Remark
2.4), one can prove that the limiting profile is in fact Lipschitz continuous. To be more precise, we
will first give the details of the proof of the local Lipschitz continuity of (u,v), and then we will
advise (in Remarks 4.8 and 4.9) how this proof can be modified in order to obtain the Lipschitz
regularity up to the boundary of Q. Also, after Remarks 3.10 and 3.11, the reader will easily see
how this result holds true for k—tuples of densities that are solutions of system (3).

Let us fix a (regular) domain Q CC €, and let us define the null set
F={zecQ:ulx) =vx)=0}#Q

(from now on, we will exclude the trivial case (u,v) = (0,0) in Q, which obviously enjoys Lipschitz
continuity).

(4.1) Proposition. Let (u,v) be the limiting profile introduced in Theorem 1.4, hg = kg =0 and
Q cc Q. Then (u,v) € Wh(Q).

Again, in order to prove the proposition, the main tool will be the Almgren’s Monotonicity
Formula introduced in Section 3.2, with some small change in its definition. In fact, due to the
fact that the limiting profiles satisfy system (2), the natural definitions for E(r) and H(r) are

1
E(r)=E.(r) = m/ ( (IVul? + [Vol? + Au? + po? — wiu® — wor?)
r (o
1
H(T) = HZO(T) = PN—1 /(‘?B ( )(UQ +'U2)a
r(Zo

where, here and in the following,

zoeT and r <7 = dist(Q,09).
In this setting, we have that E(r)/H(r) is no longer necessarily positive. To overcome this fact,
we define a modified Almgren’s quotient as

N(r) = ff((?) 1= B+ H) (’“;5 (r)

With this choice, N turns out to be non negative (where it is defined).
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(4.2) Lemma. There exists 7o < T1 such that for every 0 < r <79 and for every xo we have

1 1 1
E(r)y+H(r)> = ﬂ/ (|Vu|? + |Vv]?) + T / (u? +v?)
2|r B, (z0) T OB, (o)

> 0.

Proof. We shall make use of the following formulation of Poincaré’s inequality: for every w €
H} _(RY), every zo and every r > 0 there holds

1 , 1 1 , 1 ,
- < - |—= [ v .
rN Brw - N-1 |:T’N2 /Brl w] +1"N*1 /aBTw

Recalling that u,v € L*°(Q), let now C > 0 be such that

C
ST—N/ (u2+v2)

r

1
‘7‘1\7 / u? + /wQ — wiu?t — wort

r

(hence C depends on u, v, w;, A, u, but not on z¢ and 7). Then

1 2 2 1 2 2 20 2 2
B0)+H0) 2 o [ (V4190 + o [0t -t [ e,

T T

and Poincaré’s inequality immediately implies that, for » < 7o sufficiently small (independent of
the choice of x), the lemma holds. O

Now, with the new notations of this section, let us present a result which corresponds to
Proposition 3.9 in this context.

(4.3) Proposition. There exist ¥ < 75 and C > 0 such that, for every xg €T and 0 <r < T, we
have H(r) # 0,

N'(r) > —=2CrN(r), and thus N(r) := eCT2N(r) is non decreasing.

Moreover p 5
S log(H(r) = ~(N(r) — 1), (31)

(4.4) Remark. During the proof of this proposition we will also see that " has empty interior.

Proof. We will follow closely the proof of Proposition 3.9.

Proof when H(r) # 0. Let us first suppose that there is an interval [r1,72], with ro < 7o
(defined in the previous lemma), such that H(r) > 0 in [ry,ro]. Again, we first consider the
approximated problem

1
Es(r) = m/B (IVugl® + [Vugl® + Agu3 + ppvi — wiuh — wov + 2Bujv3)
1
Hg(r) = 7“1\;7_1/6‘3 (ufy +03),
Ep(r) + Hp(r)
O T

Proceeding exactly as in Proposition 3.9 we obtain

2 2
) = e [ Awsdhus +0adiua) = ZEs(r).
9B, r
2
By0) = ez [ (@) + 0,00} + Ro(o),
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where
1 5 9 N —4 4 4 2 2
R(r) = —§= 5 2Aguj + ppvs + —5— (witg + wavg) + (4 = N)Bujgus ¢ —

r

1
~oN3 /aB {wlu% + wgvé — Qﬁu%U%}
Hence in (r1,72) there holds, by Holder inequality,

Na(r) _ Eg(r)Hp(r) — Eg(r)Hp(r)  Rg(r)
Np(r) (Es(r) + Hg(r))Hp(r) — Ep(r) + Hg(r)’

(recall that, by Lemma 4.2, H(r) > 0 implies E(r) + H(r) > 0, and N(r) > 0). Now we can let
B8 — 400, obtaining

with

1
R(r) = Nfl/ {2A1ﬂ+2m}2+
r B

T

1
(w1u4 + wgv4)} ~5,N=3 /63 {w1u4 + wgv4}.

Finally, by using the same arguments as in the proof of Lemma 4.2, we can prove the existence of
a constant C' > 0 (depending only on 71, 15, independent of xg) such that

|R(r)| <2C(E(r) + H(r)), and thus ]]\\];((:)) > —2C.

Finally, (31) comes from a direct calculation as in Proposition 3.9.

Therefore, at this point, we have proved the lemma for every interval [rq, ro] with ro < 71 and
for every xg where H(r) > 0. Now we need only to check that in fact H(r) # 0 for r small, and
the proof will be complete. This will be done in two more steps.

I' has empty interior. Assume not, and let z; € T be such that d; := dist(x1,dT) < 7y
(recall that we are assuming that u? + v is not identically zero in Q). We have H(r) > 0 for
r € (dy,dy + ¢) for some small € > 0. By what we have done so far H(r) verifies, in (dy,d; + ¢€),
the initial value problem

H'(ry=a(r)H(r) r € (di,d1+¢)
H(dy) =0,

with a(r) = 2(N(r) — 1)/r, which is continuous also at d; by the monotonicity of N. Then by
uniqueness H(r) = 0 for r > dy, a contradiction with the definition of d;.

Definition of 7. Finally we observe that, by (2), we have
—Au < (wiu? = Nu < M\ (By(z0))u in Q

for small r, let us say for 0 < r < 73, independent of zy (indeed \1(B,(xg)) — +o0o when r — 0);
an analogous inequality holds for v. Fixing now 7 < min{7s, 73}, so that all we have done so far
holds, for 0 < r < 7 we must have Hy (r) # 0 for every zy. Otherwise, for some z; € T, we
would have u,v = 0 on 9B, (z1). This, together with the previous inequality, would give u,v =0
in B,(z1), a contradiction since I" has empty interior. O

The previous lemma immediately provides some estimates of N for small r.

(4.5) Lemma. Under the previous notations, for every xg € ', 0 <r < T,

N(O1) >2 and thus N(r) > 2¢C""
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Proof. First of all, the limit exists finite because of the monotonicity of N(r) = e~ N(r), and
N(0F) = N(0"). Let us assume by contradiction that, for some xg, N(0%) < 2. As a consequence
there exist r* < 7 and € > 0 such that, for 0 < r < r*, we have N(r) < 2 — e. Integrating (31)

between r and r*, we obtain
H(T*> < i 2(178)
H(r) — \'r '

This and the fact that u,v are a—Holder continuous for every a € (0,1) implies C(r*)r <
H(r) < C'r?® for every a € (0,1), a contradiction. O

2(1—¢)

(4.6) Remark. We recall that, for any fixed 0 < r < 7, the maps
xo = Eyy(r), w0 — Hyy(r) are continuous in T.

As a consequence, for 7 as in the previous lemma, we deduce the existence of a constants Cy, Ca,
not depending on zg, such that

0<Cy < Hg(F) <Co for every zg € T,

indeed H is lower-bounded as a result of the fact that I" has an empty interior (Remark 4.4). Thus
also

- - eCr? (r o (r

< Cy for every zp €T, 0 < r < T,

whit C3 not depending on x.

(4.7) Lemma. Under the previous notations there exists a constant C > 0, not depending on xg
and r, such that

1

~ {IVul> + |[Vo*} < C for every xg €T, 0 <7 < 7.
r 0)

(T

Proof. By Lemma 4.2 and the definitions of N, N, we know that

1 . - .
TN—_Q/ {IVul® + |Vv*} < 2(E(r) + H(r)) = 2¢~“" N(r)H(r) < 2N (7)H(r),
B (z0)
and thus ) H( )
— 2 21 <9 " 2
TN Br(zo) {IVU" * |VU| } - 03 7’2 ’ (3 )

where C3, not depending on r and xg, is as in Remark 4.6. In order to estimate the right hand
side above, we can use (31) to write

Ep_HQ AR, | Tf}(N(p)—z) dp,

7 r2 » dp p?

that, taking into account Lemma 4.5 and Remark 4.6, implies

Hr) _Cy  [T4 o
< = = _ 14 <
r? r? /o p(l ‘ )dp_C’,

not depending on zg and r. Substituting into (32), the lemma is proved. O

Finally, we are ready to prove the local Lipschitz regularity of the limiting profile.
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Proof of Proposition 4.1. Let us assume by contradiction that (u,v) is not Lipschitz continuous
in 2 (we follow some of the ideas of the proof of Theorem 5.1 in [8], to which we refer for more
details). Then there exists {z,} C Q, r, — 0 such that

1
nEToody/Bw m(|vu\2 + |Vv]?) = +o0. (33)

We claim that (33) holds also for a different choice of the centers y,, € T instead of x,,. This will
contradict Lemma 4.7 and prove the proposition.

Clearly d(z,,T) — 0 (u and v solve (2) where they are positive), hence, up to a subsequence,
we can assume the existence of o € I such that x,, — (. Let us start by showing that (33) holds
for a choice of {z],} such that d(z],,T") < Kry, with K independent of n. If, up to a subsequence,
x, € T, then there is nothing to prove. Otherwise, in every set A, = {z € Q: d(z,T) > r,} there
holds

—Au+ \u = wyu?
{ —Av + v = wov®,

and hence
—A(|Vul?) < 2Vu - V(=Au) = 23w u® — \)|Vul?
in every A,, and similarly for v. If we set

o) =y [ (Vu)P+ Fo@P)y = o [ (Vale+ )P+ oo+ )Py,
7 B (x) " JB(0)
then we just have proved the existence of a constant C' > 0 (independent on n) such that —A® <
C® in A,, for every n. Let now p be so small that —Ap < Cp admits a strictly positive solution
¢ in B,(zo) and let n > @ such that x, € B,(x¢) Vn. Then on A, , = A, U B,(x¢) there holds
—div(anV%) < 0, and hence by the maximum principle

max ® < ¢’ max ®.
n,p 0A,
This immediately implies that (33) holds for a choice {x},} such that d(z,,T') < Kry. Let now
yn € I' be such that |y, — x| = d(z],,T') and define s,, = r,, + d(a,,T) < (K + 1)ry,, then there

holds
1

(K + Dr,

but this, as we just noticed, is in contradiction with Lemma 4.7, and hence (u,v) is Lipschitz in
Q. O

]‘ 2 2
N/B (IVaf? + Vo) >

sn \YUn

/ (|Vul® 4 |Vo|?) — 400,
By, (z7,)

(4.8) Remark. Following [13], one can see that all the Almgren—type formulae can in fact be
proved in a more general setting, that is when the Laplace operator is replaced with uniformly
elliptic operators of the type
—Lu = —div (A(z)Vu),

where A is smooth (at least C'). The key ingredient is to replace the usual polar coordinates with
coordinates which are polar with respect to the geodesic distance associated to A. Of course the
energies in the Almgren’s quotient must be defined in a suitable way. We refer to [13] for further
details.

(4.9) Remark. Once suitable Almgren’s formulae are settled as in the previous remark, one can
treat the Lipschitz continuity of u and v up to 9f in the following way: with a local change of
coordinates, and hence changing the differential operator, it is possible to assume that 0f2 is locally
a hyperplane, and reflect v and v with respect to this hyperplane. It turns out that we find new
functions 4, v which satisfy a new system of equations, with different differential operators, in a
larger domain €' DD 2. We can then prove Lipschitz regularity of (@, ), locally in €', and deduce
Lipschitz regularity of (u,v) in Q.
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