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Abstract

We review and elaborate on recent work of Chang and Rabinowitz on scaling asymptotics
of Poisson and Szegd kernels on Grauert tubes, providing additional results that may be
useful in applications. In particular, focusing on the near-diagonal case, we give an explicit
description of the leading order coefficients, and an estimate on the growth of the degree
of certain polynomials describing the rescaled asymptotics. Furthermore, we allow rescaled
asymptotics in a range O ()L‘S_l/ 2) in all the variables involved, where A — 400 is the
asymptotic parameter, rather than rescale according to Heisenberg type.

1 Introduction

It was shown by Bruhat and Whitney [6] that a real-analytic compact and connected manifold
M has an essentially unique complexification (A7I , J), thatis, a complex manifold in which M
sits as a totally real submanifold. If furthermore « is a real-analytic Riemannian metric on M,
it was proved independently by Guillemin and Stenzel [17, 18] and by Lempert and Szoke [22,
23, 39] that M can be endowed with a canonically determined Kihler structure (A7I ,J,Q),
with the following two properties. First, the symplectic manifold (M, ) is symplectomorphic
to a tubular neighbourhood of the zero section in the cotangent bundle 7V M of M, endowed
with its canonical symplectic structure (and the symplectomorphism, of course, is the identity
on M). Second, the square norm of « pulls back on M to a Kihler potential for €2, while
the norm pulls back on M\M to a solution of the complex homogeneous Monge—Ampére
equation. Viewed the other way, this construction endows the cotangent bundle of M, near
the zero section, with a canonical compatible complex structure, with the property that the
Riemannian and Monge—Ampere foliations coincide. This intrinsic complex structure was
called adapted by Lempert and Szoke. The sphere bundles of sufficiently small radii T > 0
in TV M correspond to boundaries X of strictly pseudoconvex domains in M? C M, so-
called Grauert tubes, corresponding to disc bundles in TV M; furthermore, the homogeneous
geodesic flow on the sphere bundles is closely related to the flow of the Reeb vector field on
XT.
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The analysis and geometry of the Grauert tubes and their boundaries have been studied
extensively in recent years, giving rise to a vast literature. Obviously with no pretense of
completeness, let us mention a few foundational references most relevant to the present
discussion: [2, 3,7, 8, 10, 11, 16-18, 21-23, 31, 32, 37-39, 43-48].

A basic problem in this context, partly motivated by certain analogies with the setting of
positive line bundles on complex projective manifolds, is to study the asymptotic concen-
tration behaviour of the eigenfunctions of the generator of the homogeneous geodesic flow
(transported to X7). This involves the local study of certain smoothed spectral projectors,
which are the Toeplitz counterpart of commonly studied objects in spectral theory (see e.g.
[12, 15]). However, in sharp contrast to the line bundle setting, the latter flow is generally not
CR-holomorphic. This is a source of difficulty in the adaptation to the Grauert tube setting
of the Szegd kernel techniques that have proved successful in the line bundles setting [1, 35,
42].

A related issue, which is instead genuinely intrinsic to the Grauert tube setting, concerns
analytic continuation of the eigenfunctions of the non-negative Laplacian A of (M, k). Let
(%) /')_7'O=1 be a complete orthonormal system of L?(M) composed of eigenfunctions of A.
Being real-analytic, each ¢; extends to a holomorphic function ¢; to some sufficiently small
Grauert tube M™ C M; here in principle  depends on j. It was a deep discovery of Boutet
de Monvel [2, 3] that for sufficiently small T > 0 every ¢; extends to M* (see also [18,
20, 37, 38, 44, 47] for discussions and different proofs). As explained in [43, 44, 48], the
relation between the eigenfunctions ¢; and their analytic continuations ¢; is governed by the
so-called Poisson-wave operator, obtained by analytically continuing the Schwartz kernel of
the wave operator on M (in both time and space). The study of the asymptotic distribution of
the analytic continued eigenfunctions, pioneered by Zeldtich, involves certain ‘complexified
spectral projectors’, bearing resemblance to the smoothed spectral projectors above.

In two striking recent papers [10, 11], Chang and Rabinowitz have made significant
progress in pushing forward the analogy between the line bundle and the Grauert tube settings.
Their analysis rests on two pillars. One is the description, due to Zelditch, of certain unitary
groups of Toeplitz operators as ‘dynamical Toeplitz operators’[41, 44, 48]; another is a clever
use of the Heisenberg (or normal) local coordinates adapted to a hypersurface in a complex
manifold introduced by Folland and Stein in [13] and [14].

The goal of the present paper is partly to present a gentle introduction to the promising
and efficient approach of Chang and Rabinowitz, and partly to provide some complementary
results that may be useful in future applications. We shall restrict the present discussion to
the near-diagonal situation. In particular, we shall give near-diagonal scaling asymptotics for
the smoothing kernels hinted at above, in a range O (k‘s’l/ 2) in all variables involved, rather
than according to Heisenberg type. More precisely, in an appropriate set of local coordinates
centered at x € X7, we shall consider rescaled displacements of the form x 4 (6 /+/A, v//X)
with |0, V)] < C 1% (here § € (0, 1 /6), say). Furthermore, we shall provide an explicit
numerical determination of the leading order factor in the asymptotic expansion. Also, we
shall give a bound in the degree of the polynomials in the rescaled variables (6, v) that
appear in the lower order terms of the expansion; this is useful in ensuring that, when (6, v)
are allowed to expand at a controlled pace as above, one actually obtains an asymptotic
expansion.

In order to give a more precise description of the content of this paper, it is in order to
premise a more detailed account of the geometric setting involved.
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Poisson and Szego kernel scaling asymptotics...

Let M be a d-dimensional compact connected real-analytic (in the following, C?)
manifold. As mentioned, there is a complex manifold (M , J), the Bruhat-Whitney com-
plexification of M [6], in which M embeds as a totally real submanifold. If j : M < M
is the inclusion, then M is uniquely determined locally along j (M), up to unique biholo-
morphism. Therefore, since (M, J) and (M, —J) are both complexifications of M, there is
an anti-holomorphic involution o : M — M with fixed locus J(M) [6, 17, 21]. We shall
identify M with j (M) in the following.

Furthermore, the choice of aC®” Riemannian metric x on M determines a canonical Kihler
structure on (M, J), with a canonical Kihler potential [17, 23, 32]. More precisely, perhaps
after replacing M with some smaller tubular neighborhood of M, there exists a unique C”
function p : M — [0, +00) with the following properties:

1. o' (0)=Mand poo = p;

2. p is strictly plurisubharmonic, that is, Q := 1 d dp is a Kihler form on (A7I, J), whose
associated associated Riemannian metric on M will be denoted by k = Q(~, J (-));

3. k restricts to k along M, i.e. k = j* (/2),

4. /o satisfies the homogeneous—Ampere equation on M \M: in local holomorphic
coordinates (z;),

det( ” ﬁ) =0.

0z; 07

Remark 1 The proof of the existence of p given in [17] uses an appealing conceptual descrip-
tion, which we shall only briefly touch upon below (see also the discussions in [46], §14.1
of [47] or [10]).

Namely, let M denote the conjugate manifold to M (that is, M with the - opposite complex
struture —J). Thus the diagonal A of M is a complex submanifold of M x M, but it is a

totally real submanifold of M x M. Hence M x M has two natural totally real submanifolds:
M x M and A.

Letr : M x M — R be the Riemannian distance function for . Then r? is real-analytic on
some neighourhood U of the real diagonal A 57 in M x M. Therefore, r> admits a holomorphic
extension r(C U — C to some open neighbourhood U of U in M x M. The intersection

U N A is an open neighbourhood of Ay in A; hence, upon identifying A with M and Ay
with M in the natural manner, we may view the restriction of ré to U N A as being defined

on a neighbourhood of M in M. In local holomorphic coc)jdinates ¢ on M, we shall denote
this restriction by r(%(g“, ¢). Then one has p(¢) = —ré ¢, ¢)/4.

Since p is strictly plurisubharmonic, for some maximal 7,4, € (0, +oc] and for every
7 € (0, Tmax),

M" = p' ([0, %)
is a strictly pseudoconvex domain in M its boundary is the compact smooth hypersurface
X" :=p ' c M\M.

One calls M7 the open Grauert tube of radius t, and ,/p the tube function of (M, ). We
shall generally also write J (rather than J7) for the the CR structure on X*. We shall denote
by H(X?) C L?>(X") the Hardy space of X7, and by

T LA(XY) > H(XY) e))
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the orthogonal projector, that is, the Szego projector of the CR manifold X7.!

The relation between the value of 7,,,, and the geometry of (M, k) has been elucidated
by Lempert and Szoke (see §1 and §2 of [23]). Namely, 7,5 = +00 only if (M, k) is non-
negatively curved. On the other hand, if (M, ) has a negative sectional curvature of value
—a, then 1/ (2 \/a) > Tyax.

One also has the following alternative perspective. Rather than starting from the complex-
ification (M , J), and then considering a Kihler structure 2 on (M , J) canonically induced
by x, one can start instead from the canonical symplectic structure 2., on the cotangent
bundle TV M, locally given by dq A dp, where q denotes local coordinates on M and p the
induced fiberwise linear coordinates on the cotangent spaces; then one introduces a compat-
ible complex structure J,4 on a suitable neighborhood of the zero section in (TV M, Qcan),
again canonically induced by «. In fact, J,4 is uniquely determined by the condition that the
maps C — T M parametrizing the leaves of the Riemann foliation are holomorphic, when
suitably restricted. Lempert and Szoke call J,4 adapted [17, 22, 23, 39].

More explicitly, if (m,v) € TM and v # 0, let y : R — M denote the unique geodesic
with initial condition (m, v), and y : R — T M its velocity vector. For every b > 0, let
Np : TM — T M denote dilation by b. Consider the smooth map

Y,:a+1beCr Ny(y(a)eTM. ?2)

The submanifolds v, (C\R) are the leaves of the Riemann foliation of T M\ M (here My =
M is the image of the zero section); furthermore, the complex structure induced on 1, (C\R)
by declaring ¥, : C\R — v, (C\R) to be holomorphic is invariant under reparametrization
of y.

If

T°M :={(m,v) :meM,veT,M, v, <T},

then J,q is characterized by the property that the maps v, are holomorphic from a suitable
strip S; C Cto T™M (see [32] and §3-4, [39]). More precisely, for T € (0, T4y ] let us set

={a+i1beC:acR, 0<b<1/|yl}.

Then v, (S;) C T™M, and the restriction ), : S; — T*M is a J,4-holomorphic curve.

After [23] and [21], the two approaches are related by the imaginary time exponential
map of « (see also the discussions in [43, 44, 48] ). Let us identify TM and TYM by «,
and view .4, as a symplectic structure on TM. Given m € M, letexp,, : Uy, — M be
the exponential map at m for «; here U,, < T,, M is some neighborhood of the origin. Let
TCM = T,M ®r C be the complex1ﬁed tangent space at n; being C*”, exp,, extends to a
holomorphic map E,, : U,, — M, where U,, C TCM is some open neighborhood of U,,,.
As M is compact, we may assume that for r > 0 sufﬁc1ently small one has

Up 2 {(m,1v): v e TuyM, |vllm <t} VmeM.
Therefore, for all such t one obtains a C®” map
T (mov) e TTM > En(iv) € M, ?3)
such that E*(m,0) = m, Ym € M; E" has the following properties:

1. ET intertwines the square norm function || - I2: TM — Rand p:

E™p)=-1% 4)

I Fora precise description of the volume form on X7, see Sect. 3.2.3.
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hence it maps T M to MY, forall T’ € (0, 7);
for sufficiently small T > 0, E* is aC” symplectomorphism between (7° M, S2¢qx) and
(M7, ), that s,

Er*(Q) = Qcanv (5)

and similarly replacing T with any t’ € (0, 7);

consequently, E¥ intertwines the Hamiltonian flow of || - || on (T M\ My, Q2¢an), which
is the homogeneous geodesic flow, with the Hamiltonian flow of /0 on (M \M, Q);
the relation E**(2) = Q¢q, also implies that E**(J) is a compatible complex structure
on (T M, Qcan), and in fact J,g = E**(J);

E" intertwines the Riemann foliation of (M, k) with the Monge—Ampere foliation of

Jp [21,23].

In short, E7 yields an isomorphism of Kéhler manifolds

(T M, Qeans Jaa) = (M7, 2, ),

and if 7" € (0, 7) then the Grauert tube boundary X v C M is identified with the (co)sphere
bundle of radius v/ in TVM = TM.

There are natural choices for primitives of both 2., and €2, and these also get intertwined

by ET. More precisely, let A.., € Q'(TV M) be the canonical 1-form, locally expressed as
pdq; thus 2.4, = —dA,qp. Furthermore, let

A= 3(0p) € Q1 (MT); (©6)
thus Q = —dA. Thenon T°*M
Aean = ETF (V). )
Let us set
1 _ 1
o= —1=3p) = o (0p—3p) and w:= 5 Q, ®)
l
so that
Q=—dr=da=2w=1930p. )

If M' € M is open and f € C®(M'), vy € X(M’) will denote the Hamiltonian vector

field of f with respect to 2. By the above, the homogeneous geodesic flow on TV M\My is
intertwined by E* with the flow of v /5 on MA\M. The following holds (see Sect. 3).

1.

o is invariant under the flow of v_/5; equivalently, Acqy is preserved by the homogeneous
geodesic flow;

if j7: Xt — M is the inclusion, then a? := J7*() is a contact form;

the cone (closed in the complement of the zero section)

= {(x, ray):xeX', r> 0} CTVX"\Xg (10)

is symplectic (for the standard symplectic structure of TV X7);
being tangent to X7, v /5 induces by restriction a smooth vector field v'- € X(XT),and

N
by the above the flow of vf/ﬁ preserves the volume form on X7;
consequently, the differential operator
D' =107 (11)

is formally self-adjoint on L2(X7);
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6. the principal symbol U(D:/?)) of DY is positive along X°.

T
N
These facts have the following consequence. Consider the composition

Tp:=1'[ToD o IT%; (12)

T

N
in the terminology of [16] and [4], 33:/5 is a self-adjoint first-order Toeplitz operator on X©.
Its principal symbol (as a Toeplitz operator) is, by definition, the restriction of o (Df/ﬁ) to X7,
and is therefore strictly positive. Hence ©° 5 is an elliptic Toeplitz operator. By the theory in
§2 of [4] (especially Proposition 2.4), the spectrum of ’Df/ﬁ is discrete, bounded from below

and has only 400 as accumulation point (see Sect. 3.5 below).
Let then

Al <Ay <ot 400

be the distinct eigenvalues of @f/p; forj=1,2,...letl < E; < 400 denote the multiplicity
of A;, and let H;(X") € H(XT) be the (K;—dimensional) eigenspace of )\5. If we choose

orthonormal basis (,ojf.’ k),ij: , of every H;(XT), then (,o} «)j.k is a complete orthonormal
system of H (X"). We shall henceforth leave dependence on 7 of these spectral data for ’Df/ﬁ
implicit, and drop the suffix 7.

In order to obtain spectral or eigenfunction asymptotics, itis common to consider smoothed
versions of the spectral kernels associated to each eigenvalue (see e.g. [12] and [15]). In the
present setting, the C*° function

£
M5(x, y) i= Y pjxx) - pjx(y) (13)
k=1
on X x X7 is the Schwartz kernel of the orthogonal projector 1'[; CLA(XT) > H; (X7).2

Suppose x € C° ((—e, E)) with € > 0 suitably small; as in [10, 11, 48], let us consider the
‘smoothed spectral projector’

+0o0
M, =Y R — )T, (14)
j=1

whose distributional kernel is the C*° function of (A, x,y) e R x X x X

+00 Ly
G, y) =Y R0-=2)) Y pja(x) - pj e (15)
j=1 k=1

heuristically, (15) is a slight smoothing of a spectral projector kernel relative to a spectral
band travelling to the right as A — -+o00. The near-diagonal asymptotics of (15) encode
information about the local concentration behaviour of the p; x’s, and globally on the global
asymptotic distribution of the A ;’s. For a discussion in the specific context of Grauert tubes,
see [44] and [47]; for applications to the Toeplitz quantization of Kéhler manifolds, with
an emphasis on scaling asymptotics, see [25-30, 49-51]). For recent work on general CR
manifolds, see [19].

2 We shall use the same symbol for operators and their distributional kernels.
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Poisson and Szego kernel scaling asymptotics...

In [10] an [11], the authors provide near-diagonal and near-graph scaling asymptotics for
(15), strikingly similar to the Szeg6 kernel asymptotics holding in the line bundle setting [1,
35, 42] and to those holding for Toeplitz spectral projectors in [26].

As emphasized in [10], the asymptotic analysis of (15) is a complex analogue of the
analysis of the real spectral projection kernel of v/A. Replacing Df/ﬁ with the Toeplitz
operator @:/7) in (12) is forced by the lack of holomorphy of the homogeneous geodesic flow.

Remarkably, the Heisenberg-type scaling asymptotics of H;, ,, are the complex counterpart
of the Bessel-type scaling asymptotics in [9].

In the present work, we shall survey the approach of [10], focusing on the near-diagonal
case, and provide some complements to their results.

Prior to precise statements, some additional notation is in order. To begin with, we
introduce an invariant, denoted >, which is related to a Hermitian vector space and ubiqui-
tously appears in various guises as the exponent controlling equivariant Szego kernel scaling
asymptotics [1, 35].

Definition 2 Let V be a finite-dimensional compoex vector space, andleth : V x V — C
be a Hermitian product. Then g := N(h) and w := —3J(h) are, respectively, an Euclidean
scalar product and a symplectic form on V (viewed as a real vector space), compatible with
the complex structure. If || - ||, is the norm function on V associated to & (or g), let us define

1
M:MMGVXVe—?m—MﬁﬂwWMGC

Clearly, Wf (u, v) is positively homogeneous of degree 2 in the pair (u, v), and of degree 1
in & (or ).

For instance, if V = CF and hy, : CF x CF — C is the standard Hermitian product, then
hgr = g1 — 1 wst, Where gy and wy; denote, respectively, the standard Euclidean product and
the standard symplectic structure on R%* = C¥. Then v, := Wél“ : Ck x Ck — Cis given

by

1
3
If k = dimc(V), and B is an orthonormal basis of (V, k), let Mg : V — C* be the
associated unitary isomorphism. Then wé’ = Y o (M x Mp). With this in mind, when no
confusion seems likely, we shall occasionally leave dependence on /& implicit and write ¥,
for w;‘.
Recall that w := % Q; thus (1171 , w, J) is a Kdhler manifold, with associated Riemannian

V2, v) == fu =T 1@ v) = —o Julf = S IviIT tu-v.

metric k = % . If x € M, with tangent space T, M, we correspondingly have a function
Yy TeM x TyM — C. (16)

As mentioned, the near-diagonal asymptotic expansion for IT? , at x € X* in [10] rests
on the choice of so-called Heisenberg local coordinates (called normal in [13, 14]). The
concept of Heisenberg local coordinates is twofold: one first introduces Heisenberg local
coordinates on M centered at x, and adapted to X*; then Heisenberg local coordinates on
X" centered at x. The latter will be induced by the former by restriction and projection.
More precisely, Heisenberg local coordinates on M will be a system of holomorphic local
coordinates centered at x, in which the defining equation ¢ := p — t2 for X7 takes a certain
canonical form (Definition 30). Let U C M be an open neighbourhood of x € X* on which

@ Springer



R. Paoletti

Heisenberg local coordinates (zo, 21, ..., 2d—1) : U — C? (centered at x and adapted to
X7) have been chosen. Set 0 := R(zg) : U - Rand U := X* N U; then

6,21 2a- D)y 1 UT = Rx €41

will be a system of Heisenberg local coordinates on X centered at x. We shall generally
redefine the z;’s and omit symbols of restriction, and write 7’ = (zy, ..., z4—1). Alternatively,
we shall use real notation and write

T=@0,u):U" > R x R¥72,
Furthermore, we shall often adopt the additive short-hand
X+ 0w =)0, w.

Actually, it will be convenient to work with a slightly more restrictive class of local coor-
dinates, that will be called normal Heisenberg local coordinates adapted to X* at x (see
Sect. 3.3.3).

In the line bundle setting, X7 is a fixed-radius circle bundle in the dual of the polarizing
line bundle. Translation in € may be then be assumed to correspond to fiberwise rotation,
hence to the flow of the Reeb vector field, which is CR-holomorphic.

In the Grauert tube setting, instead, neither is the Reeb flow generally CR-holomorphic
nor may it be assumed to correspond to translation in 6. Namely, let R* € X(X7) be the
Reeb vector field of (X7, «¥). While we do have R¥ (x) = 3/96|, (see (60) below), there is
no reason to expect that R* = 9/00 on U" (see e.g. Theorem 18.5 in [13]). Hence the curves
0 — x + (0, 0) deflect from the trajectories of R*, which are a rescaling of the geodesic
flow. This is a sharp difference with the line bundle situation, and contributes to making the
derivation of the asymptotics technically more involved.

We need one last piece of notation before formulating the near-diagonal scaling asymp-
totics of the smoothed spectral projectors 1'[r .LetI'f : X* — X" be, with abuse of
language warranted by the previous 1dent1ﬁcat10ns the homogeneous geodesic flow at time
t (to be precise, this is the flow of v B

Definition3 If x € C2°(R) and x € X, let us set
xX = {7 (x): t €supp(x)}.

Theorem 4 Suppose t € (0, Tyax), x € X%, and x € Cfo((—e, e))for some suitably small
€ > 0. Then the following holds.

1. Suppose C, § > 0 are constants. Then (with the notation of Definition 3)
I, (x1,x2) = 0 (A7)

uniformly for distx« (xl, xﬁ() > C A1,
2. Suppose x € X7, and let us choose a system of normal Heisenberg local coordinates on
X® centered at x. If C > 0 and § € (0, 1/6), uniformly for |(8; /T, vj)|| < C A8 there is

an asymptotic expansion
6 v
(%)
NZRRV

[ f
1 A ¢! V= 1
~ —_— . e T . X(O) .et V2(v1.v2)
V2 <27r1:>
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1+ ZF//Z A% (x; 01, V1,02, v2) |
Jj=1

where, as a function of (01, vi, 62, V2), A; is a polynomial of degree < 3 j and parity j.

Corollary 5 Under the same assumptions as in Theorem 4,

1 A d—1 )
nt x,xwi-(—> x(O) - | 1+ AT BT(x) |,
e G x(0) ; T(x)

for certain smooth functions B; € C*°(X").

We recover the near-diagonal asymptotic expansion of Chang and Rabinowitz (Theorem
1.1 of [10]) rescaling according to Heisenberg type, holding 6; and v; fixed.

Corollary 6 If61,6, € Rand vy, vo € R*72, then

(3300 (23)

d—1
- J% ' <2k ) Lo T () - et Va0
T T

1+ A2 R (x:61,v1,62,v2) |,
j=1

where, as a function of (01, v, 62, V2), R]’. is a polynomial (again, of degree < 3 j and
parity j).

Similar considerations apply to the complexified spectral projectors associated to the
Poisson wave operator. This issue relates to a fundamental extension property of the Laplacian
eigenfunctions on a compact real-analytic Riemannian manifold, and is specific to Grauert
tubes [2, 3, 18, 20, 21, 37, 38, 44].

Let0 = /L% < LL% < - - - be the distinct eigenvalues of the positive Laplacian A of (M, «),
with respective multiplicities K/j. Let V; C C°°(M) denote the corresponding eigenspaces,

of dimension dim(V;) = E’j. Forj=1,2,...,let (QDJZk)i;l be an orthonormal basis of V;,
so that (¢; x) j x is a complete orthonormal system in L2(M) for the L2-norm defined by the
Riemannian density.

Being of class C?, each ¢; ; admits a holomorphic extension ¢; ; to some open neigh-
borhood of M in M, which a priori depends on (j, k). Boutet de Monvel discovered that a
much stronger result is true: there exists 7o > 0 such that every ¢;  extends holomorphically

to M™. Therefore, for T € (0, t0] the restriction @; = Pk xe is a CR function.
This collective extension property is closely related to the analytic extension of the
Schwartz kernel of the Poisson operator

UGt)=e"V2 . L2(M) - L2(M)
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for T > 0 (see [2, 10, 11, 18, 21, 44, 48] for discussion and motivation). Assuming that the
@j x’s are real, the distributional kernel of U (z T) admits the spectral representation

+00 4
UGt,mn) =Y e Y g mejr) (eRy,mneM),  (17)
j=1 k=1

which is globally real-analytic on M x M for any T > 0 [44]. If T > 0 is sufficiently small,
analytic extension in m, followed by restriction to X*, yields the kernel

+00 4
PT(x,n):=) e M Y gii(x)gjxn) (xeX",neM). (18)
j=1 k=1

As an operator, P’ is a Fourier integral operator with complex phase of positive type and
order —(d — 1)/4. It is in fact a Fourier—Hermite operator in the sense of [4], adapted to
a homogeneous symplectic equivalence y, : TYM\My — X7 (see (10)). Hence P7 is
continuous L2(M) — we (X7), where W¥(X") denotes the s-th Sobolev spaces of X©.
More precisely, P? is a continuous isomorphism P* : L2(M) — O% (X7), where O° (X7)
is the space of boundary values of holomorphic functions on X7 that are in W*(X7); thus
H(XT) = O%(X7) (see [44], [37], §3 of [46]).

The complexified Poisson kernel P* governs the analytic continuation of eigenfunctions:
for any j,

Pir=e" P (pjx). 19
The composition
UcQRit):=P o P™™: H(X") - H(X") (20)

is a Fourier integral operator with complex phase of positive type and of degree —(d — 1)/2
on X7; it is in fact a Fourier—Hermite operator adapted to the identity of X7, hence with the
same complex canonical relation as IT? (the relation between Uc (21 ) and IT" is discussed
in §3.1 of [46]). The definition of (20) depends on the choice of a Riemannian density on
X7; given this, we may identify its distributional kernel with the generalized function

400
UcQit,x,y) =Y e 2T 3 ¢t ()@, () =Y ULx, ), 1)
j k j=1

where U]? € C®°(XT* x X7) is given by

!
&

US(ey) =Y PR (g0 P (@00,
k=1

As (Pr(‘pjfk))j,k is not an orthonormal system, neither Uc(2: 7) nor U]? are orthogonal
projectors. Nonetheless, Uc (21 t) plays a role in the asymptotic study of analytic extensions
reminiscent of I17 (§6 of [48]).

Suppose as above that x € Cgo((—e, e)), for a suitably small € > 0. The asymptotic
concentration of the complexified eigenfunctions pertaining to a spectral band drifting to
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infinity is probed by the following smoothed version of (21):

g
Pl y) =) RO—pp)e ™ Y "G x(x) - §u(y)
j k=1
=Y R0 —p)HUIx,y) (x,yeX). (22)

J

Heuristically, P;;, € C*(X" x X7) is a complex (tempered) analogue of the smoothed
spectral projector kernel (15). The diagonal restriction of P; . 1s the non-negative function

Pl x) =Y R0 —ppe 2T (g (e XD). (23)
ik

The complexified Poisson operator is a special instance of the complexified Poisson wave
operator (see (158) below), which was proved by Zelditch to be describable in terms of
dynamical Toeplitz operators (see e.g. [44], especially §8-9). Building on this, and on their
use of the normal local coordinates of Folland and Stein, Chang and Rabinowitz proved in
[10] a near-diagonal asymptotic expansion for P; » very similar to the one holding for l'[; 5

The corresponding version that we shall provide here runs parallel to Theorem 4.

Theorem 7 Suppose t € (0, Tyax), x € X%, and x € Cfo((—e, e))for some suitably small
€ > 0. Then the following holds.

1. Suppose C, § > 0 are constants. Then (with the notation of Definition 3)
Pf 5 (x1,x2) = O (A7)

uniformly for dist x« (x1 , x%) > CA8-12,

2. Suppose x € X7, and let us choose a system of normal Heisenberg local coordinates on
X® centered at x. If C > 0 and & € (0, 1/6), uniformly for |(8;/7,v;)| < C 18 there is
an asymptotic expansion

. 01 Vi 6 W2
Pyilx+ T X+ NN
T d—1
Yoo 1 GO VEIER ) e
2T 27t

L+ Y AP F (01 vi,02.v2) |
=1

for a certain constant yg,(x) (to specified below) and where, as a function of
01,V1, 62, V2), Fjr is a polynomial of degree < 3 j and parity j.

Remark 8 We shall verify a posteriori that y({ o) = 7@=D/2 (see below).

Corollary 9 Under the assumptions of Theorem 7,

P o~ B0 (LT o 14 Y 0w
XA s X S \2ne ‘ - x ) - = HEIN P

for certain smooth functions Q; € C®(X").
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We shall leave it to the reader to formulate the corresponding analogue of Corollary 6.
As an application of the on-diagonal asymptotic expansions for l'[’ 5. and PT > We provide
local Weyl laws by a standard argument, similar to the one in [25] for the hne bundle setting
(inspired by the discussion in [15]). The stated equality Vo,o(x) = t@=1D/2 will follow by
comparison with the local Weyl law in Proposition 3.8 of [46]. For x € X7, let us note the
identities

b
T -
I j(x, x) =

Uj(x,x) = e TR

k=1
where notation is as in (13) and (21). Let us further define, for x € X* and A € R,

WIG) = > Mia,x) =Y HO—rp)I(x, x), (24)
Jihj < j

Pr) = Y Uf(x,x)= Z H = 1)) U (x, x), (25)
Jihj<h

where H is the Heaviside function.

Proposition 10 Uniformly in x € XT, we have for A — 400

T ! d—1
Wx()n)—g-<72nr> +0<A ) (26)
and
1 NT v A
T _ ~ . 0,0
Pi0) = Goma <T> —Er |:d21 —+ 0(1)] 27)

Comparing with Proposition 3.8 of [46] we finally conclude

Corollary 11y o(x) = 7

2 An example

The geometric setting is clarified by the following example (see [32], [17], and §2.1 of [43]
for this and other model examples).

Consider the compact torus M := R? /Z¢; its complexificationis M := C¢/Z4 . 1fu € M,
the (real) exponential map at u is exp,(v) = u+v (v € TuM = R%); here, by abuse of
notation, elements of R? are identified with their classes in M, and the sum is meant in M. The
complexified exponential map Ey : TCM — M atuis thus Eu (V] +1vy) := (u+vy)+1 vy
Hence the imaginary time exponentlal E:TM=MxR! - Mis

E(u,v):=u+:1v (ueM,ve]Rd).

In particular, writing Zz = u + 1 v, we see that the standard symplectic structure Q :=
(1/2) dz A dz pulls back to

du Adv = —d(vdu) = —drean = Qean-
Hence, the pull-back of the standard complex structure on M by E is indeed compatible with
Qcan .

@ Springer



Poisson and Szego kernel scaling asymptotics...

The geodesic y = yu, v With initial conditions (u, v) is ¥ (¢) = u + o v, with tangent lift
y(0) :== (u+ o v, v). The composition E o ,,, with ¢, : C — TM as in (2), is then

Eoyy,(c+it)=E@+ov,T7v)=u+ (0 +17)V, (28)

which is holomorphic. Hence J,4 = E*(J) is the adapted complex structure of T M, in the
terminology of [23]. ~
Let us henceforth identify 7 M with M by E, and consider the functions

pu+1v):= v, p@+1v)=|v|.

We have, with z; :==u; +1 v},
1
ap = 72 vjdzj, a:=3(0p) = —Z vjduj = —Aean = =3 (3p).
j i

Furthermore,

— l
100p = 5 Z de Ade = —dAcan = Qcan-
J

Thus p is a Kihler potential for Q4. B
A direct computation shows that the differential form : 3 9 /o, which is defined where
v # 0, is given by

— 1l _ _
199 = 5o | VP 3o dey Adzy = Y uy uede Adz |
J J.k

with constant rank 2d — 2. Furthermore, its 2-dimensional kernel at u-+ v is generated by the
tangent vectors (v, 0) and (0, v); by (28), this is the tangent space of the Riemann foliation,
which therefore coincides with the Monge—Ampere foliation.

Since dp =2 Z/ vjdvj and Q¢ = Zj duj A dvj, letting v, denote the Hamiltonian
vector field of p with respect to 2 we have

0] 1 d
vp=22vjf, L(Up)O{=—2||V||2=—2,O, Uﬁ=—2vj—_.
r ou;j vl F ouj

Let us set
1 1

——

1
_ﬁ Up = ) In(p) = _ﬁ Uﬁ. (29)

Then @(R) = 1, and R is itself a Hamiltonian vector field
LR)da = u(R)Q =dIn(p~'/?).

For t > 0, set X°© :={u+1v : |v] =7} sothat X" is the boundary of a strictly pseudo-
convex domain in M. Let j* : X° < M be the inclusion, and set «* := j**(«). Then R is
tangent to X* and restricts to a vector field R* on X7, which satisfies

(RDYa" =1, ((RY)da® =0.

In other words, R is the Reeb vector field of the contact manifold (X7, 7).
Similarly, v_s5 is also tangent to X T, and in view of (29) it restricts along X© to a vector

T : ; T T
field Vs satisfying Vs =T RE.
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We have ||v soll = 1, hence /P is a distance function on the Riemannian manifold

(M \M, k) (here ‘distance function’ is meant in the sense of, say, §3.2.2 of [33]; see also the
discussion at the end of Sect. 3.2.2 below). The (Hamiltonian) flow of v N is

Na+:v) = (u—i—t”"—”)—i-zv,
v

which (with the identification provided by E) corresponds to the homogeneous geodesic
flow.
Finally, let us consider the cones

Tt ={tiv,rag, ) Ivl=1,r>0} CTVX",

u+tzv

where as above ¢ = — ) j vjduj. The symbol of the differential operator Df/?) =1 Uf/ﬁ
along X7 is then

T T T Y Uk lk T —IT Y g Uk Uk
o(Dﬁ)(rozu_Hv)—e 1V p<e

a
:szli _ervkuk :r||v||:r‘r>0.
vl 2" \ 7' 4

3 Preliminaries

3.1 Notation

For the reader’s convenience, we collect here some of the notation and conventions adopted
in the paper.

Fourier transform. Given f € S89(R¥) (smooth functions of rapid decay on R¥Y its Fourier
transform f € S?(R¥) is given by

1

/ e BV fodx (6 €RY, (30)
Rk
so that the Fourier inversion formula has the form
— 1 1(E.x) £ k
10 = G [ e f@d e,
Densities and functions. Our manifolds will be endowed with naturally given volume forms,

and we shall identify densities, half-densities and functions.

Schwartz kernels. Given a manifold NV, we shall use the same letter for a continuous linear
operator F : C5°(N) — D'(N) and its distributional kernel F(-,-) € D'(N x N).

Induced vector fields. Given a smooth action of a Lie group G on a manifold R, for any
& € g (the Lie algebra of G) we shall denote by £g € X(R) (the Lie algebra of smooth vector
fields on R) the vector field induced by &.

Riemannian and Kibhler structures, I. (M, «) is the reference real-analytic Riemannian
manifold, p the associated strictly pseudoconvex function defined on a neighbourhood on M
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in M, Q= l~85p the corresponding Kihler form, £ := Q(-, J;) the induced Riemannian
structure on M€; thus (M, «) is a Riemannian submanifold of (M€, k).

Hamiltonian vector fields. Given f € C®(M¢), vy € X(M¢) will denote its Hamiltonian
vector field wrt. Q: df = Q(vy, ).

Riemannian and Kéhler structures, II. We shall also use w := % 2, and the corresponding

Riemannian metric K := % K.

Riemannian distance function «” is the Riemannian metric on X* given by the restriction
of k, and distxr : X* x X" — R denotes the corresponding distance function.

Reeb vector fields. R is the Reeb vector field of (M, «) (Definition 16); it is tangent to every
X7, and restricts along X© to the Reeb vector field R* of (X7, oF).

Volume form. volf}, is the Riemannian volume form on X7, in terms of which the Hilbert
structure on L2(X7) is defined.

Geodesic flow. I'} : X* — X* denotes the homogeneous geodesic flow along X* at time ¢.

Zero section. For a manifold R, Ry C TV R is the image of the zero section in the cotangent
bundle.

CR structures. With slight abuse, we shall denote by J both the complex structure on M
and (rather than by J7) the induced CR structure on X7; similarly, J; is the CR structure
intertwined with J by the homogeneous geodesic flow at time ¢ (see Sect. 3.6 for precise
definitions).

3.2 The geometric setting
3.2.1 The homogeneous geodesic flow

As remarked, for T > 0 sufficiently small E* intertwines the homogenous geodesic flow on
T™ M\ M, (that is, the Hamiltonian flow with respect to Q.4 of the norm function induced
by «) with the Hamiltonian flow of ,/p on M™\ M with respect to €. Neither flow is generally
holomorphic (of course, the former is if and only if so is the latter).

Recall that we identify TM and TV M by means of «.

Lemma 12 The canonical 1-form Acq, on TV M is invariant under the homogenous geodesic
flow. Similarly, o in (8) is invariant under the flow of v /5.

Proof The two statements are equivalent by (7). To verify the former, we may work in a local

coordinate chart (g, p) for the cotangent bundle associated to a system of local coordinates

g for M. Let K = (k"), where ¢/ = k' (q), denote the inverse metric tensor, and set
. 2.

0 = - ||I; then

Vo =,/klipipj=+p'Kp.

Since locally Q2.4 = dg A dp, the Hamiltonian vector field of ,/p is

(LY (i) o

V-~ = —
ve ap dq dq ap
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= i(pt K) i — (W)t i
Jo dq dq ap
Since locally A.,, = pdg,
1
Ve

Hence the Lie derivative of A4, along V NG is

LVJ@(A’L'LJH) = d(L(V\/E) )‘-can) - [(V\/E) Q= d\/a — d[ =0.

L(Vﬂ) Acan = (Pl Kp) = \/5

For a more general statement, see Lemma 22.

3.2.2 The Reeb vector field of (M, k)

As shown in [17], the condition that ,/p satisfies the complex Monge—Ampére equation may
be reformulated in terms of the norm of the gradient grad,, of p. Let us briefly recall the

argument in [17]. Let & € X(M) be defined by the identity
(B)Q =a. 31
Then E is the gradient vector field with respect to « of p/2, that is,
&= lJ(vp) = lgrad .
2 2 p
Lemma 13 (Guillemin and Stenzel) The following conditions are equivalent:

1. /p satisfies the homogeneous complex Monge—Ampere equation on M \M;
2. E(p) =2p.

Proof (See [17]) Given f € C*°(R4), let us consider the composition f(p) : M \M — R.
We have

39 f(p) =03[f (p)dp]
=f"(p)dp A dp+ f'(p)ddp

= 1" dp A dp—1f(p). (32)
Furthermore,
1 _ _
dorna = 7 (8p+8p)/\(8p—8p)
1 _
= — (—20p A0
5 (—28p Adp)
1 _
=——0pAdp
1
=19p A dp. (33)
Hence

[037(]" = (=0 F'(0)? Q% +d (~1)* £ (p) 1/ ()" 8p A Tp A Q1!
=0 +d =0 ) f (0 dp e n Q!
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1" (p)

= (- t)df(p)d[9d+df()dpA Aszdl] (34)
On the other hand,
(B =d - 1(B)QAQ ' =d-anQi L.
Therefore
[037]" = (=) £/ (p)? [szd ’} ((p )) dp Au(E )Qd} (35)
Furthermore, since dp A Q=0
0=(E) (dp/\Qd) —dp(E) Q¢ —dp A () Q. (36)
We conclude
f//(/)) —~ ~d
[aaf(p)] = (=0 f'(p)? f( )d;O(m)Q
— = ooy |1+ f”('o)d ] 37
(l)f(p)[ (0) () 37
If f = /-, then
Iy o —1)2 % 32 1" (x) _ _1 —3/2 172 _ _L
f(x)_ X ) f (x) f/(x) = 4x 2x = 2x.
Summing up,
(057" = 0! f' (o) |2 [ + 20 4,8 Qd]
f( )
= (=0 f'(p)* [1 -5 dp(s)} Q! (38)
0
which vanishes if and only if dp (E) = 2 p.
O
Corollary 14 With B as in (31), the square norm of & with respect to k is || EII% =p.
Corollary 15 a(v,) = =2 p.
Proof Since grad, = J(vp),
4p = |lgrad, |z = dp(grad,) = (39p +3p) (J vp)
=1 (dp(vp) — 0p(vy)) = =2 a(vp). (39)
O
Definition 16 Let us set
Up/z vy
R:=—-——= — 7.](;4)6%(M\M) (40)
p 2p

We shall call R in (40) the Reeb vector field of (M, k).

Corollary 17 R is uniquely determined in X(M\M) by the conditions
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L a(R)=1;
2. R € C¥(M\M) v,.

The motivation for this definition is the following. Suppose t € (0, €). Since R is tangent
to X7, it restricts to a vector field R* € X(XT7). Furthermore, the Lie derivative

Lr(a) =t(R)Q+d(1) = —i dp (41)

has vanishing pull-back to X7; therefore Lz (a”) = 0. In other words, R* € X(X7) is the
(genuine) Reeb vector field of (X7, «™). We also have

(42)
Corollary 14 implies:
1
lvzlz =1, IRIZ = > (43)

hence ,/p is a ‘distance function’ on M \M for & (in the terminology of §3.2.2 of [33]). In
fact, while the flow of v_s; is intertwined by E* with the homogeneous geodesic flow, the
trajectories of the gradient vector field grad = (v /p) are unit speed geodesics for K,
perpendicular to the hypersurfaces X* and minimizing the distance between them (see §3 of
[23]). By (42), the flows of R and v:/ﬁ on X7 are related by a rescaling by the factor —1/7
in the time variable.

3.2.3 The volume form on X7

Suppose t’ > 0 is sufficiently small. Then the Riemannian volume form on the Kéhler
manifold (M* , 2, J) is

1 Ad
vol M = E Q N
it pulls back under E " to the symplectic volume form vol.,, := % QCAadn (here we omit

restriction symbols to open sets for notational simplicity).

Suppose t € (0, t’). There are various natural alternatives in the literature for a volume
form on X7; different choices yield the same topology, but alter the construction of certain
adjoint operators. Let us dwell to specify the choice in this paper.

Given that that grad JP is a unit normal vector field to X7 by (43), the Riemannian volume
form is

volR, := ;7* (t(gradﬁ) volM,/)

— d-1
— T (L(gradﬁ)Q/\ 7= Q" ) (44)
An alternative choice is the contact volume form
. d—
volgr 1= ™ (“ Na—m D) ' @

Let us clarify the relation between V01§T and vol%,.
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Lemma 18 « = /p«(grad s5) Q = 5 t(grad,) .
Proof The two equalities are clearly equivalent. As to the latter,
t(grad,) Q@ = Q(grad,, ) = Q(Jvp, ) = =Qvp, J-) = —dpo J
= —1 (8,0 —5,0) =2a.

Corollary 19 vol$, = 7 - vol..

Our choice for a volume form on X* will be V01§T. Let us consider its homogeneity
properties. For A > 0let §; : TYM — TV M denote fibrewise dilation by A. Then 8y is
intertwined with a diffeomorphism &} : M¢/* — M€,

Let Ecqn € X(TY M) be the vector field correlated with E by ET. Since locally Q =
dg Adp and @« = —p dg, we have

a
L(Ecan) QRcan = ttecan = Ecan = P 7
ap
which is homogeneous of degree zero with respect to §, . Therefore the same holds of E with
respect to &; . Since ,/p is homogenous of degree 1,

1
grad - = —E
NG \/5

is homogenous of degree — 1. Hence by (44) volZ, is homogeneous of degree d — 1 in 7. We
conclude

Lemma 20 For a constant D > 0, Vol (X7) := Sy volR, = D 7d=1.
3.2.4 Induced vector fields and Hamiltonians

For any sufficiently small 7 > 0, the Kihler structure makes 7M™ into a complex Hermi-
tian vector bundle. Being everywhere non-vanishing, v s spans on M*\ M a 1-dimensional

complex subbundle V of (TM wJ):
Vy = spanC(vﬁ(x)) = spanR(vﬁ(x), gradﬁ(x)) (x e A;IT\M).

Hence there is on M "\M a decomposition of (TM,J) as the orthogonal direct sum of
complex vector sub-bundles

TM =V ®&H, where H:=V" (46)
Let 7 C V be the real vector subbundle generated on M \M by v /p; thus
T@®H=ker(dp) C TM". 47)

The C* sections of 7 @ H are the smooth vector fields that are tangent to X©, for every
T € (0, Tax)- The decomposition (47) restricts to a corresponding orthogonal direct sum
decomposition for the tangent bundle 7X*:

TX' =T ®H, (48)
where 77 := ;7*(7) and H* := j7*(H). If x € X7, 77 (x) = spang(R" (x)), and H" (x)

is the maximal complex subspace of T, X°.
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Lemma 21 We have
J(T) ® H =ker(a), H' =ker(a?).

Proof Sup Opose x € MS\M and decompose R, according to the complex structure: R, =
R 04 R, .Sincedp(R) =0,

210 (Jx(Ry)) =1 (3x0 — 3xp) (REO —RET)
=1 [0xp (RY?) + 0xp (RY")] = 1dxp(Ry) = 0. (49)
Hence J, (7;) C ker(o,). One argues similarly for H. O

For a vector bundle £ on MG\M , let I'(€) be the space of its smooth sections. Any
Vell(TeH)=T(T)®T'(H) € X(M\M) may be uniquely decomposed as

V=V—pR, (50)
where, since (R) = 1,
¢ = —a(V) e C®(M\M), V*eTl(H).
Then
Ly(x) =1(V)Q —dep.
This implies the following.

Lemma22 LetV € T'(T & H) be as in (50). Then the following conditions are equivalent:

1. Lvol = O,‘
2. V is the Hamiltonian vector field of ¢ = —a (V') with respect to 2.

Since v ;5 = —,/p R by (42), Lemma 22 generalizes Lemma 12.

3.3 Heisenberg local coordinates

As emphasized in the Sect. 1, Chang and Rabinowitz in [10] and [11] considerably simplified
the application of the ideas and techniques from the line bundle setting in [1, 35, 42] to the
Grauert tube context, and their approach is partly based on Folland and Stein’s construction of
Heisenberg local coordinates for a strictly pseudoconvex hypersurface in a complex manifold
[13, 14].

3.3.1 Heisenberg-type order

The notion of Heisenberg local coordinates on a complex manifold adapted to a strictly
pseudoconvex hypersurface rests on the concept of Heisenberg-type order of vanishing of a
smooth function at a given point with respect to a local holomorphic chart [13, §14 and §18].

Suppose x € M andlet (U, ¢, A) be alocal holomorphic chart for M centered at x; thus U
is an open neighborhood of x in M, and A € Cis open. Letus write ¢ = (20, 21, - - -, Zd—1)>
where z; : U — C.

Definition 23 Let J, (M ) be the r1ng of germs of (non necessarily smooth, real or complex)
functions on M at x, and let m, (M) < Jx (M) be the ideal of those germs that vanish at x.
Let C*® (M )x € Jx (M ) be the subring of germs of smooth functions. Suppose f € m, (M ).
Then
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1. f issaid to be 0(/1) if, for M > Y~ X,

d—1
fO) =0 1, + 120" |

j=l1
OL(M) = {f e m, (M) : fisog,];
inductively, for k > 2 we define Of (M) := O~ (M) - O}, (M);

for any integer k > 2, f is said to be 0(/; if f e D&(M);
finally, € (M) := C> (M), N O (M).

A

For example, if x; := M(z;) and y; := J(z;) then /Ixol, +/Iyol € D;(A;I); therefore,
xo = sgn(xg) +/1x0l - VIx0| € QZ%(M), and similarly for y and zg. For every k > 1, we have
|xo|k%] = |x0|§'|x0|%,anditfollows inductively that |x0|é € D;(M) forevery/ > 1.Onthe
other hand, x;, y; € QZ(}) (M ) for every j > 1, and one obtains inductively that xé € Q:fp (M )

foreveryl > 1. ~
We shall occasionally abridge the notation D];(M ) to D’;. By the inductive definition,

k 1 1 1
ok =9l . 9l ... 0L, 1)
N———
k times

ie.any f € D’;) is a (finite) linear combination of products fi - - - fi with f; € D}p.
Corollary 24 D'(; ~Dfp = Df;‘” foranyk,l > 1.
Letussetz' := (z1,...,z4—1) : U = C47L; thus ¢ = (20, 7).

Lemma 25 Suppose f € m, (M) Then the following conditions are equivalent:
1. feOk;
2. f) =0 (IO + [0M?) for M > y ~ x.

Proof Let 0 < di < Dy be constants, depending only on k > 1, such that for any pair
a,b > 0 one has

di (@ + b < (a + b)* < Dy (d* +b5).

Suppose f € D’(;. Then f is a sum of products of the form fi - - - f; with each f; € Di,.
We may thus assume that f itself is of this form. Hence there is a constant C > 0 (depending
on f) such that

iD= C (12D + 2oV G=1,....k);

therefore

FOI < € (1201 + lzo172)*
= o (10 +100)2).

Hence 2. holds.
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Conversely, assume that 2. holds. Then f € D(}) by definition for k = 1. Suppose that
k > 2. Then

£ =0 (W +120012) = 0 (1] + 1z00)/2)F) .

In some neighbourhood U of x in M, let us define g : U — C by

— S
(I + lz0(y)[172)*!

ify#x; gk)=0.

When y # x,

C (170 + lzo)1'72)*
(17 + lz0()1V2)<!

g < =C (IZW+ lzo1'?).

Hence g € O, and

F3) =20 (170 + o7
Thus f € D(}) -D’;’l = D{;.

Let us focus on QI(;.

Definition 26 Fora, b Z‘éo, consider the monomial function of z := (z9 - - z4—1) € C¢
given by

d—1
— i —bj
Pan@ =207 [ ]2 (52)
j=1

The weighted degree of P,y is

d—1
wdg(Pap) :=2 (a0 +bo) + Y _(aj +b;).
j=1

Proposition 27 Suppose f € C*°(M),. Then the following conditions are equivalent.
1. feek;

2. every monomial contributing to the Taylor expansion of f o™
> k.

U at 0 has weighted degree

IfFM=C?U=AcCC%is open and ¢ = id4, we shall write ¢* for EI(;. Since in the
general setting f € € if and only if f o ¢~!
directly on A € C4 (and prove the statement for ¢k).

e ¢*, we may identify U with A and work

Proof We may assume without loss that A = D(0, r) is a polydisc centered at the origin, of
multiradiusr = (ro, ..., rg—1), withrg € (0, 1]. Letus denote the linear complex coordinates
on A by (wg, wi, ..., wg—1) = (wp, w').

Leth : A — A be given by

. 2 2
h(wo, wi, ..., wg—1) = (wg, wi, ..., wa—1) = (W, w).
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A monomial P, (z) pulls back to

d—1
W (Pap)(w) = wi®wa™ []wf v (53)
j=1
hence
d—1

deg (h*(Pap)) =2 (ao + bo) + Y _(aj + bj) = wdg(Pa).
j=1

On the other hand, if f is a germ of smooth function at the origin on C, then the Taylor
expansion of f o & a the origin is the pull-back by & of the one of f. Hence 2. holds if and
only if the Taylor expansion of f o /& only contains monomials of degree > k, i.e.if f o h
vanishes to k-th order at the origin.

Assume f € €. Then f o h is smooth and by Lemma 25

f o hw) = 0 (juw' + luwol")

for w ~ 0; hence the Taylor expansion of f o & at 0 only contains terms of degree > k, i.e.
2. holds.

Suppose, conversely, that 2. holds; equivalently, the Taylor expansion of f o/ at the origin
only contains monomials of degree > k. Hence on a neighbourhood of the origin

|f o h)] = € (w'l* + wol*)
for some constant C > 0. If z = h(w), this means
@1 =€ (11 +120/2).

so that f € ¢*,

3.3.2 Heisenberg type order and holomorphic extensions

A notational clarification is in order. Consider a d-dimensional complex manifold Z, with
complex structure J. We shall denote by Z the conjugate complex manifold (thatis, Z = Z as
differentiable manifolds, but with complex structure —J). In particular, let Jg be the standard
complex structure on C¢; an open subset A € C¢ is a complex manifold with the induced
complex structure, which shall also be denoted Jy. Then A is the same open subset, endowed
with the complex structure —Jy.

On the other hand, let ¢ : C¢ — C? denote complex conjugation. We shall set
A€ := c(A), with the complex structure Jy. Then ¢ yields by restriction an anti-holomorphic
diffeomorphism ¢ : A — A°, or equivalently a biholomorphism ¢ : A — A°.

Consider a holomorphic local chart (U, ¢, A) of Z; thus U C Z is an open subset with
the complex structure J and ¢ : U — A is a biholomorphism for J and Jy. We obtain two
‘holomorphic charts’ for Z, both defined on U: (U, ¢, A), and (U, c o ¢, A°) (to be precise,
both are biholomorphisms, but only the latter is a genuine holomorphic chart).

Suppose f € OU), thatis, f : U — Cis (—J)-holomorphic. Then fop™! : A — Cis
holomorphic on A; hence it locally admits a power series expansion in the conjugate variables
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Z;’s. Instead, f o (co@) ™! = (f 0 9~ !) o ¢ is holomorphic on A¢; hence it locally admits a
power series expansion in the standard variables z;’s.

_ Thediagonal A C MxMisa totally real submanifold, real-analytically diffeomorphic to
M.Let (U, ¢, A) be holomorphic locak:hart for M centered at x. Then (U x U, ¢ x ¢, AX A)

isa ‘holomorphic local chart’ for M x M centered at (x, x).Letz; and u ; denote, respectively,
the standard complex linear coordinates on the two factors of C? x C¢, respectively. If

F:MxM— Cis holomorphic, then F o (¢ x ¢)~! can be expanded in a power series in
the z;’s and the u;’s.
Any real-analytic function f on M may be viewed as a real-analytic function on A; as such,

it has a holomorphic extension f to an open neighborhood of A in M x M. Suppose that f €
Q’; for some k > 1. By Proposition 27, the only contributions to the power series expansion

of fople ¢* come from monomials (52) such that 2 (ag + bg) + Z?;} (aj +bj) > k.
On the other hand, the holomorphic extension of (52) to C? x C4 has the form

d—1

ag —bo aj —bj

a7 a7 (54)
J=l1

When we match Heisenberg type ordering with holomorphic extension of real analytic
functions, we are thus led to introduce the following two rings.

Definition 28 Let k > 1 be an integer.

1. OF will denote the ring of germs of holomorphic functions F on C? x C4 at (0, 0) with
the following property: if a monomial (54) gives a non-trivial contribution to the power

series expansion of F, then 2 (ap + bg) + Zf;% (aj +bj) > k;
2. Of;x(p will denote the ring of germs of holomorphic functions F on M x M at (x, x)

such that F o (¢ x ¢)~! € O.

Corollary 29 Let (U, ¢, A) be a holomorphic local chart for M centered at x. Then the
following holds.

1. Ofl‘)x o consists of the holomorphic extensions (for (J, —J)) of the real-analytic germs in
k.
(% B
2. if F is a germ of holomorphic function on M x M at (x, x), then F € (’){;w if and only

if
-1 ik ik k k
|Fo@x @™ @w] =0 (I1F+ 'l + lz0l + luol?)

for (z.w) ~ (0,0).

We shall occasionally simplify notation and identify F(z, u) with F o (¢ x ¢)~!(z, u) in
Corollary 29.

3.3.3 Heisenberg local coordinates adapted to a hypersurface
In §18 of [13], a special system of local holomorphic coordinates is constructed on a complex

manifold near a point lying on a strictly pseudoconvex hypersurface; this construction was
profitably put to use in [10] and [11] to study the asymtptotics of Szeg6 and Poisson kernels
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on Grauert tubes. In such a system of coordinates, the local geometry of the hypersurface
is well approximated by the local geometry of the Heisenberg group; for this reason, these
systems of coordinates are naturally referred to as Heisenberg local coordinates (see e.g. [10,
11, 35]), although they were originally called normal coordinates in [13]. In our setting, up
to a simple rescaling this amounts to the existence of coordinates as in following definition.

D~eﬁnition 30 If r € (0,e)and x € X' C M€, a system of Heisenbfrg local coordinates on
M adapted to X7 at x is a holomorphic local chart (U, ¢, A) for M centered at x, with the
following properties:

S5}

L 3

€ spang (R(x));
X
eHIO () = (Hx) ®C)NTHOMT for j=1,...,d — I;

X

3. the defining function ¢* := p — 2 for X7 takes the form

0

P

z
<j

¢7 0 9™ (@) = =23Go) + 1% + f (@), (55)
where f € @3 (clearly f is real valued and real-analytic).

Caveat 31 Thenorm ||| in (55) is for now simply the Euclidean norm in the given coordinate
system, but it will be shown below to have an metric intrinsic meaning (see (63)).

As mentioned in the Introduction, it will be convenient to make a slightly more specific
choice of coordinates (without altering the previous properties). Since f € €3 and is real-
analytic, for suitable coefficients ¢ € R and a;, b; € C we have

d—1 d—1
f@=clzol+3[220) ajzj+20) bjZ; | + Raz. 2. (56)
j=0 j=1

where Rj is the third order remainder, i.e. a convergent power series near 0 in (z, 7) involving
only monomials of total ordinary degree > 3. If we make the change of variables

d—1
wo :=Zo—zozaj2j, w;» :=Zj fOI‘j=1,...,d—1,
j=0

and replace z by w in (55), we reduce to the case where all a; = 0 (possibly with a new R3).
With this adjustment, we shall refer to (U, ¢, A) as a system of normal Heisenberg local
coordinates adapted to X at x.

With abuse of notation, if y is a locally defined differential form on M, we shall
occasionally also denote by y its local coordinate representation ¢~ (y).

Lemma 32 Referring to (56), we have ¢ > O and bj =0 forevery j =1,...,d — 1.

Proof Since Q =199p =19 97, one concludes from (55) and (56) that

d—1
Q=1 (cdzondzo+dd AdZ)+ %R | Y bjdzoAdZ; | + Ri(zD).  (57)
j=1

Let us write b; = b;. +1 b}/, where b;., b’j’ € R, and let

Ok == N(zk), Mk ' =(zx), YVk=0,...,d—1.
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Then
d—1
9| bjdzondz;

[
—_

d—1
= [b; (d6o A d6; + dno A darj) — b (dno A d6; — dég A dn,»)] .
=1

On the other hand, given the Hermitian orthogonality of d/dz¢ and 9/dz; for j > 1 at x,
0/069 and 9/dno are symplectically orthogonal to d/06; and 9/0n; at x for j > 1. Hence

/S N/
by =b7=0. a]
Therefore,
d—1
Q=1 (cdizo AdiZ0+ded AdeZ) =2 [cdebo Adino+ Y detj Adyn;
j=1

Hence &, (-, ) = Qx(+, Jx(-)) is given by
Ky =2c¢ (dyfp ® dxbp + dymo ® dxno0)

d—1
+2 ) (8 ® i) + dinj @ durj) - (58)
j=1
In particular,
—| =2cgradf(n).
ano . grady

We conclude that

1. x is a critical point for the restriction of 19 to X© (recall (55));

2. therefore, 8/dng|, is orthogonal to T X* with respect to k£, whence a non-zero multiple
of ®(x);

3. hence, 3/36p and /96, 9/dn; for j =1,...,d — 1 are all tangent to X* at x;

4. (6o, 01,11, -..,04-1,n4—1) restrict to a system of local coordinates on X* centered at
X5

5. 9/96p|, is a non-zero multiple of R(x).

Given (8) and (55), the local coordinate expression for « is then
a = J0p = J0¢°
c — 1 —/ / ! 3=/ =
=dby + % (zZodzo — zodzo) + >, (Z-d —7'd7) + Ra(2, 2, (59)

where R>(z,7) denotes a differential 1-form whose coefficients vanish to second order at x.
In particular, oy = d,6p. On the other hand R (x) is a multiple of 9/96p|x and «(R) = 1.
Hence

9
R(x) = % R (60)

1
Lemma33 ¢c = —.
212
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Proof By (43) and (58)

1
= IRCOIIZ, 2c. (61)

H 96 |,

We reach the following conclusion.

Proposition 34 Let (U, ¢, A) be a normal Heisenberg local chart for M, centeredatx € X*
and adapted to X*. Then the local coordinate expressions of ¥, a and 2 are as follows:

Ty - o 1 2 2 =
¢ o9 (@) = —23G0) + 57 leol” + 217+ R3(2. 2).
1 1
= dfy — — (Z0dz0 — 20d%0) + — (2 - dz' — 2 dZ) + Ra(z. %),
a 0= 777 Godzo —20dZ0) + 5~ (7 -dz’ —2'dT) + Ra(2.2)
1
Q=1 (2 5 dzo A dZo 4 dz’ /\dz)—i-Rl(z,Z),

1
k=3 (dfp ® dfp + dno ® dno)
d—1
+2) " (d6; ®d6; +dn; ® dn;) + Ri (2.,
j=1
where R denotes an expression of the appropriate type (function, differential 1- or 2-form,
metric tensor respectively) vanishing to j-th order at the origin.

In Heisenberg local coordinates for Matx € X°, (w,u) € C x Ca-1 corresponds to the
real tangent vector
_ 9

+w —
x 920 |

d

0 ~
Vi=w — u- — u- —| €IiM. 62
w + az/x+ az,x X ( )

Corollary 35 With V as in (62), the square norm of V with respect to K is

1
IVIZ = = lwl? +2 [lu]®.

Kx
As in the Introduction, let us set w = % Q; thus the Riemannian metric on the Kihler

manifold (M€, w, J) is & := 1 &. With V as in (62) then

1
— lwol* + [lul*. (63)

IVIZ, = ox(V, (V) = 5

3.3.4 Heisenberg local coordinates on X7

The local expression for ¢* in Proposition 34 yields an estimate on J(zg) on X°.

Corollary 36 Assume x € X7, and let (U, ¢, A) be a normal Heisenberg local chart on M
adapted to X® atx. If y € U N X7 and (p(y) = (20, 2') with zo = R(z0) + 1 I(z0), then

1
3G0) = 53 NG’ + 5 ||z 1>+ Ry (R(z0), 7. 7).

Under the same assumptions, lzol2 = ‘}1(20)2 + R4(N(z0), 7).
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Corollary 37 There exists a constant C; > 0, such that if y € U N X* and ¢(y) = (20, 7)),
then

13Gzo)| = C: (65 + 1Z11%).-

In the following, 6 := 6g|x: (with 6p = NR(zp)). Let us set U" := U N X7 and define
" U™ > Rx C¥ 1y

Pt (x) == (6(x") 2 (x). (64)

Set AT := @T(UT). Perhaps after restricting U, A7 is an open subset of R x C4~! and
(U*T, ", A7) is local coordinate chart for X* centered at x.

Definition 38 We shall call (U7, ¢*, A%) the Heisenberg local chart for X* at x induced
by (U, ¢, A), and say that (U7, ¢, A7) is a normal Heisenberg local chart for X© if so is
U, ¢, A) for M. We shall often use additive notation for @7, in the following ways. First, if
x' € UT and ¢ (x) is as in (64), we shall write x’ = x + (6(x"), z/(x")). When viewing 7’ €
C4~1 as an element of R2¢~2, we shall use bold notation and write x’ = x + (0", v(x)).

Furthermore, let us identify T\ X with R x C?~!, by letting (a, u) € RxC?~! correspond
to the tangent vector

0
a7/

+ﬁ-i . (65)

0
W:i=a — —
97 |,

2| TH

X

X

We shall then also write x + W := (¢%) " (a, u) = x + (a, u).

Remark 39 By (60), if the tangent vectors on the right hand side of (65) are meant in terms
of the coordinates on M, they are actually all tangent to X© at x. Hence (65) may as well be
interpreted in terms of the (restricted) local coordinates on X*. Thus the additive short-hand
x + W has different meanings according to whether we think of W as tangent to X* and refer
to ¢*, or to M and refer to ¢. The context should clarify the potential ambiguity.

We can extend the notion of Heisenberg-type order of vanishing to functions on X* with
respect to (U, ¢*, A"), by the following variant of Definition 23 (see §18 of [13]).

Definition 40 Let (U7, 97, A7), ¢ = (0, ), be a system of Heisenberg local coordinates
on X' centered at x. Let J,(X7") be the ring of germs of (non necessarily smooth, real
or complex) functions on X7 at x; let my(X") < J,(X7) be the ideal of those germs that
vanish at x. Let C®°(X7), C Jx(XT) be the subring of germs of smooth functions. Suppose
f € my(XT). Then

1. f issaidto be O(}), if, for X" > y ~ x,

d—1

FO =0 lzjml+ 16" |;
j=1
Ol (X7) = {f € my(X7) : fisoqﬁ,};
inductively, for k > 2 we define D];f (X7 = D];?l (X7) - D;ﬂ (X");
for any integer k > 2, f is said to be OI(ZI if f e DI(;, (X";
finally, € (XT) := C®(XT), NOF (X7).

A
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Let (U7, 7, A7) be induced by the system of Heisenberg local coordinates (U, ¢, A)
adapted to X© at x. The definition of 0];{ entails the following.

Lemma41 Let j7 : XT <> M be the inclusion. Then

Ok (X7 = 7 (9’;(1171)).

Proof The statement follows readily from the definition in case k = 1. For general k,
OF (XT) = O (XT) -+ O} (X7) (k times). The claim follows from this and (51) since
J©* is multiplicative morphism. O

Let us express Vol§, (x) in terms of ¢* (recall (45) and Corollary 19). By Corollary 36,
J7*(dyz0) = dy6p. In view of Proposition 34

1
volﬁ?r (x) = z Vol)C(T (x)

Lo (g a L gra-p
T @d— 1!

X

-1 ] Ad—1)

= T—D‘ dOAyT* (ﬁ dyzo A dyZo +di7 A dx?) . (66)
By Corollary 36, j7*(d,zo) = dy6. Hence

d—1
R l _AAd—=1)
VOIXT (X) = m dx9 AN (de/ A dxz/)
241 1 1 Ad—T1)
= O A G (5 dz//\dZ/> . (67)

The latter factor is the standard volume form on C9—1 = R29-2 ij the linear coordinates z'.

3.3.5 Comparison of Heisenberg local coordinates

Suppose x € X7 and let ¢ = (z0, z’) and ® = (wp, w’) are normal Heisenberg local charts
adapted to X7 at x. By (60) and (63)
wo =z0+ f(20,2), w =Az +f(z0,7), (68)

where A € U(d — 1) and f, f are holomorphic and vanish to second order at x. Consider
y ~ x and suppose (z0,z") = ¢(y), (wo, w') = P(y). Let as usual R; denote a generic
smooth function vanishing to j-th order at x; by Proposition 34 and (68),

¢*(y) = —23(wo) + ﬁ |wol? + [|w'[I* + Rs(wo, w')
= —23(20) = 23(f (20, 2)) + # 201 + 11/II* + Rs(z0. ).
Given that ¢ is also a normal Heisenberg chart, in view of the same Proposition we also have
¢*(y) = —23(z0) + # 201 + 12/I1* + R3 (0. 2).

Thus S(f(zg, z’)) vanishes to third order at x (that is, at the origin). Since f is holomorphic,
f itself vanishes to third order at x. We conclude the following.

Lemma42 Let ¢ = (20, ), ® = (wo, w) : U — C¢ be two normal Heisenberg local
charts on M adapted to X* at x. Then wy — zo vanishes to third order at x.
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3.3.6 The geodesic flow in Heisenberg coordinates

Since the vector field R of Definition 16 is tangent to the compact hypersurfaces X7, it is
complete on M\ M. Given x € X7, let us choose a system of Heisenberg normal coordinates
(U, ¢, A) adapted to X" at x. Let A, : R — X7 be the integral curve of R passing through
x att = 0. For ¢ sufficiently small,

Ax(t) = x + (z20(1), 2/ (1)), where zp(0)=0€C, Z/(0)=0eC""

Let us write zo(t) = 6(1) + ¢ (1), where 6(1) = R(z0(r)) and (1) = I(z0(1)); in view of
(60), we have

6(0)=0,6(0) =1, n(0)=#0)=0, '(0)=2z(0)=0.
Hence 6(r) — t, n(t), and 7' (¢) vanish to second order at the origin. Thus
20(t) =t + f(1), Z'(t)=F(@), (69)

where f and F are smooth and vanish to second order at 0 € R.
Since Ay is an integral curve of R,

{0y, () V(1) = (@, R) o Ay () = 1.

Expressing this condition by means of Proposition 34 yields

1 = 6@) — 4%2 [(z +70) (14 ) = (t+ f1) - (1 +7(z))]
+5- (F(t) F@) —F() F(z)) + Ro(t) = 6(1) + Ra(0). (70)

Thus 0(t) = t + R3(t). We conclude:

Lemma43 If Ay : R — X7 is the integral curve of R through x, then in normal Heisenberg
local coordinates for XT at x we have

¢" o Ax(t) = (1 4+ R3(1), Ra(1)).

In additive notation as in Definition 38, A, (t) = x + (¢ + R3(1), Ra(1)).
Since any smooth function vanishing to first order at x is in C(]pr (X7), we reach the
following conclusion (a slight refinement of Lemma 3.6 of [10]).

Corollary 44 Suppose y = x + (6,u) € U* and let Ay : R — X be the integral curve of
‘R with initial condition y. Then for t small we have

Ay()=x+ O +t+Rs@)+1- f(t,0,w),u+Ro(0) +1-£(1,0,w),
where f(t, -, -) and (every component of) £(t, -, ) are in Qf;)f (X7) (that is, they are Oé), ).

The previous statement may be converted into one concerning the homogeneous geodesic
flow. The latter is intertwined by ET with the flow of v /ps on the other hand by (42) we
have v:/ﬁ = —tR" on X*. Thus y(-) is an integral curve of R* if and only if y (—7) is an
integral curve of v:/ﬁ. Let us denote by I'f : X* — X7 the restricted geodesic flow at time
t.
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Corollary 45 Suppose y = x + (9, u) € UT. Then for t small we have
T =x+® —-tt+Rs@)+tt- frr, 0w, u+Ro(xt) + 11 -f(r1,9,w),

where f(t,-,-), £(t, -, ) are as in the statement of Corollary 44.

T e
Corollary 46 uﬁ(e)‘y = -1+ 71 f(0, 9, u0).

3.3.7 Horizontal curves in Heisenberg coordinates

Let I € R be an interval; a smooth curve y : I — X' will be called horizontal if
{oy @), y(@)) = 0Vt € I. Lemma 47 below concerns the local description, in normal
Heisenberg coordinates, of a horizontal curve. Although it won’t be used elsewhere in this
paper, it is a natural complement to the results in Sect. 3.3.6 (and potentially useful in future
applications).

Suppose I = (—¢€’, €’) for some € > 0, and let y be smooth, horizontal, and such that
y(0) = x.

For ¢t ~ 0, in normal Heisenberg coordinates y () = x + (49 ®),7 (t)); recall that 6 =
6oly+. By assumption 6(0) = 0, so that 6(t) = Ra(t). Furthermore, z'(f) = Ry(¢), hence
Z(t) = tu+ Ry (¢) where u € C?~! and R, is smooth and vanishes to second order at the
origin. By Corollary 37, n(y (1)) = Ra(t). Thus zo(y (1)) = Ra(1).

Hence by Proposition 34

0=0a,0) F®) =00(t) + Ra(t) = 6(1) = R3(0). (71)
We conclude the following.

Lemmad?7 Ify : (—e,e) — XV is horizontal and y (0) = x, then in normal Heisenberg
local coordinates for X* at x we have

y(0) = x + (R3 (), R (1))

3.4 The Szego kernel and its phase

Recall that L?(X7) denotes the Hilbert space of square summable functions on X7 with
respect to vol®, in Sect. 3.2.3, H(X?) € L%(X7) is the corresponding Hardy space, and
M7 : L?(X") — H(X"), the Szegd projector, is the orthogonal projector. By [5], II*
is a Fourier integral operator with complex phase; its wave front WE(IT") = £77 is the
anti-diagonal of X7 in (10):
£ = {(x,roz;,x, —ray):xeX',r> O}

C (TYX"\Xo) x (TVX"\Xo). (72)
More precisely, up to a smoothing term the distributional kernel of IT* (a.k.a. the Szegd
kernel of X7) is microlocally of the form

+OO T ’ "
M (', x") = / e VD ST X ) du, (73)
0
where the amplitude s¥ and the phase " are as follows (see [5]).
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1. s7 is a semiclassical symbol admitting an asymptotic expansion

To S I ~ d—=1—j T, 1/
st(x", x",u) Zu sj(x,x). (74)
j=0

2. YT satisfies J(¥F) > 0 and is essentially determined along the diagonal of X* by the
Taylor expansion of the defining function ¢7; in the present real-analytic setting we may
assume that

1

l

Y= —¢" : (75)

X' xX*

where $T denotes the holomorphic extension of ¢? to M x ﬁ (see the discussion
preceding Definition 28).

Let us express ¥ 7 in the neighbourhood of (x, x) in X* x X using normal Heisenberg
local coordinates ¢* = (0, z’) on X© centered at x, defined on an open subset U C X7. Let
¥y be as in (16).

Proposition 48 Suppose that
X x"eUt, (0,)=¢" (), (mu)=¢"K").
Then
Lyt X =10 =) — ﬁ © = + 95" (o u) + R3O0, 0. 2. 7 W),

where the latter term denotes a power series in the indicated variables, involving only terms
of total degree > 3.

Proof Let ¢ be the normal Heisenberg local chart on M centered at x inducing ¢°. Let

(20, 2') := @(x) and (ug, u’) := @(x"), so that & = R(zg), n = R(wp). By Proposition 34
and (75),

Lyt (x' x") =1 (z0 — o) + 217 zotip + 2 - W + R3(z, )
=1(0—n) — (3(0) + IJ(uo)) + ﬁ zotig +2 - u + R3(z,w). (76)
Let us abridge the third order term to R3. Applying Corollary 36 and (63), we obtain
— 5 (P + 1P =22 &) + Ry
=10—-1n)— ﬁ O —n?+ vy (7, u') + R (77)

1
LT =00 =) = 6% +n*—2607n)

m}

The following property follows from the general construction of the phase of the Szegd
kernel in [5]; here it can be read immediately from Propositions 34 and 48.

Corollary 49 Forany x € X*, dx »)¥" = (x, —0x).

Proof Let notation be as in Proposition 48. Then d(x x)¥* = (d.6, —d,7n). The statement
then follows from Proposition 34. O
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Again, the following statement follows from the general theory of [5], but it can also be
verified by direct inspection of (77). Let distyr : X* x X — R be the Riemannian distance
function.

Corollary 50 There are a neighborhood X' C X x X7 of the diagonal and a constant
C" > 0 such that

YT, x") = CTdistyr (x', x7)?

forall (x',x") € X'.
3.4.1 The leading order term of the amplitude

‘We aim to determine the evaluation sé (x, x) of the leading order term in (74); we shall follow
the argument in §4 of [5], and apply Proposition 48.

Theorem 51 In a system of normal Heisenberg local coordinates on X' centered at x,
s§(x,x) =1/@2m)

Remark 52 Recall that IT° is the Szeg6 kernel for the Hermitian structure on L2(X7) asso-
ciated to Vol§,. Integration with respect to V01§T in a variable y will be denoted by the
short-hand dVy:(y). A different choice of volume form would clearly lead to a different
result.

Proof By the idempotency of IT%, for all (x/, x”) € X" x X" we have
M7 (', x") = (M7 o IT7) (x’, x") :/ M7 (x', y) IT*(y, x”) dVxe (). (78)
XT

Since the singular support of IT* is the diagonal in X© x X7, at the cost of a smoothing
term we can localize (78) to some small §-neighbourhood where x’, x”, y ~ x. Leaving the
cut-off in y implicit, in view of (73) up to a smoothing contribution we have

+oo 00
(HroI_I ', x )"“/ / dv/ dVx:(y)

[e’ [y ™D+ T () 5Ty, U)]

+00
_ / TG, %', x") du, (79)
0
where, setting v = u o,
I(u,x', x")
+Oo T ’ ",
2/ da/ dVxr(y) [e’” o )”)usf(x/,y,u)sr(y,x”,ua)]
0 X7
(80)
with
Y x"y,0) =yt y) oyt (y, x"). (81)

Since x’, x”, y all belong to a §-neighborhood of x,

d, Y (x',x";y,0) = —ay + 0 ay + 0@3);
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therefore, iterated ‘integration by parts’ in y shows that only a negligible contribution in
u — o0 is lost, if integration in o is restricted to a suitable neighborhood of 1. Hence
the asymptotics in u — +o00 are unaltered, if the integrand is multiplied by y (o), with
y € Cg°(Ry) identically equal to 1 on (¢, 1/€’), for some €’ > 0. Thus integration in ¢ may
also be assumed to be compactly supported. Again, the latter cut-off will be left implicit.

As in [5], in order to evaluate (80) asymptotically we first look for stationary points of T*
when x” = x” = x. To this end, let us fix normal Heisenberg local coordinates on X7 at x,
and set y = x + (6, v). By Proposition 48,

Fy(0,0,v) :="T"(x,x;x +(0,v),0)

D10+ Lo 0+1-" 0241 L IvIE + Rs (6. v)

=—-0+1— —|v o — —|Iv v

472 2 "42 '3 3
o+1 o+1

— 0o —1)+1 [ o 0+ ||v||2:| 4 R3(0.V) + 0 R3(0. V).

(82)

Here (6, v) ~ 0, and the only real critical point near the origin is (1, 0, 0). The Hessian
matrix at the critical point is

0 1 (1
H(F,)(1,0,0)=| 1 l/‘C2 0’ , (83)
0 0 21 1hq-2

with det (— 1 H(Fy)(1,0,0)) = (-9 2272 . (—1)? = 224=2 3£ 0. In addition,
det (s Irg — 1 (1 —5) H(Fy)(1,0,0))

s —1(1—5) 0’
=|—1(1=s)s+1—s)/72 0
0 0 (2 —=s5) a2
= |:s2 + 3(1172_3) +(1- s)z] 2-9*7>0, Vsel01] (84)

Hence by Theorem 2.3 of [24] we may apply the complex version of the stationary phase
Lemma, with

Jdet (=1 H(F)(1,0,0) = 24!

Recalling (67), to leading order in # we obtain for (80)

I(u,x', x")
tu gy (x,x") d 1 —d T,/ ;o T oo "\ L 2d—2 24-1
~e *)Q2m) Zd—lu uso(x,yc(x,x ))~so(yc(x,x ), x )u -
’ " 1
— elMWI(X X )(Zﬂ)d s(g(x/7 yc(x’,x”)) -sg(yc(x’,x”),x”) ud—] - (85)

T

where v (x’, x”") is the critical value of a holomorphic extension of Y'*. More precisely, let
X7 denote a complexification of the real-analytic manifold X 7. The real-analytic function
Y7 (x',x";-,-) : X* x R - C, depending on the parameter (x’, x”) € X* x X7, extends
uniquely to a holomorphic function Y(x',x"; -, ) to an open neighbourhood of X* x R in
X7 x C. We have seen that Y7 (x, x; -, -) admits a unique and non-degenerate critical point
near (x, 1), namely (x, 1). By the theory in [24], Y7/, x”; -, -) has a unique critical point
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(Yer (&, x"), 0er (X, X)) € X7 x C for x', x” ~ x which tends to (x, 1) when x’, x”/ — x.
Then

Y1, x") =Y () x yer (6, x7), o (2, x7)). (86)
Proposition 53 v (x', x”) = ¥ (x', x”) for all x’, x" ~ x in X*.

This is (a special case of) Proposition 4.8 of [5]. Nonetheless, we provide the proof below
for the reader’s convenience and because the argument appears somewhat more concrete in
the current real-analytic setting.

Let us premise a few remarks. Let us fix normal Heisenberg coordinates on M adapted
to X* at x, and with abuse of notation identify functions on M with their coordinate rep-
resentations. As above, let us identify M (as a differentiable manifold) with the totally real

submanifold A ;; := diag(M ) C M x M. In local coordinates, we shall write Z for x + Z,
where Z = (z9, z’). Thus Z is mapped to (Z, Z) € A ;. In addition, ¢* may be written

(locally near x) as a convergent power series ¢* (Z, Z); its holomorphic extension to M x M
is then locally given by ¢* (Z, W). By (75),

Y(x+Z,x+ W)=

1 -~ .
- " (Z, W). (87)

By the embedding X < M = A i C M x ﬁ, we can locally realize the real-analytic
hypersurface X* as the manifold of C? x C4

={z.2:¢7(2.2)=0}.

The complexification X7 is then locally describable as the holomorphic hypersurface of
Ccd x Cd

X =z wy: 47 (2. W) =0}

(to be precise, here (Z, W) belongs to a neighbourhood 0 of the diagonal).
If(Z,w)e X7/, the holomorphic tangent space to X' is

150X = {02,5W) : (0267,52) + @wé". 5W) =0},

with complex multiplication given by A - (8Z, W) := (A8 Z, A 8 w).
Let us consider the complex vector sub-bundles H', H” < T 0 X7 given by

,SZ>=O},
)

),W>=o}; (88)

H(’Z,W) = {((SZ,O) : <

H{y = {(O,SW) : <5Wq3f

we have emphasized that d¢" only involves Z-derivatives, while 9¢" only involves W-
derivatives, since ¢° is (J, —J)-holomorphic.

Restricted to X7, H' (respectively, H"') is the vector bundle of tangent vectors tangent to X ©
and of type (1, 0) (respectively, (0, 1)). Furthermore, if (Z, Z) € X" then H(Z 2= H(”Z 7y
and H(Z’Z) and H(Z’Z) are non-singularly paired under the Levi form along X*. Sufficiently

close to X7 in X7, therefore, by continuity H(/Z. W) and H(”Z w) are still non-singularly paired

under the Levi form (locally represented by the matrix [82<;§f /3Z; dW j]).
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Proof of Proposition 53 The real-analytic phase Y7 (x/, x”; -, ) : X* x Ry — Cin (81) may
be locally expressed as follows. Letus write x’ = x + Z/', x" =x+ 2",y =x+ U € X~
corresponding to pairs (Z', Z'), (2", Z"), (U, U) satisfying é'(Z, ?/) = ¢7(Z", Z") =
¢T(U,U) = 0. Then by (81) and (87) we have
1 r-~ — ~ —
YTy, 0) = — [¢f(z’, U)+0"(U. z”)] . (89)
!
Consider the holomorphic extension Y7 (x’, x”;-,-) : X x C — C. Let us write the

general point § € X° near x, by the previous identifications, as (x+U, x+ W), corresponding
to a pair (U, W) with ¢* (U, W) = 0. Then

- 171~ — ~ —
TrOx5.6) = [¢f(z’, W) +6¢7(U,Z )]. (90)

We have seen that Y* (x, x; -, -) admits a unique (real) non-degenerate critical point near
(x, 1), namely (x, 1) itself. For all x’, x” ~ x, therefore, Y7 (x’, x”; -, -) admits a unique
critical point in the complex domain near (x, 1), which will be a real-analytic function of
', x™M.

At such critical point, 0 = 9; Y (x/, x"; 7, 6) = —1 ¢* (U, Z"). Hence, (U, Z") € X7'.

~

Let us consider the subspace H(’U,W) C T(]l}?W)X ', By its definition in (88),

W ¢° =0 on Hiy ). 1)

w.w)

On the other hand, since (¥, ¢) is a critical point of (90), and y corresponds to (U, W) in
local coordinates, by (90) we also have

¢ =0 on H(y ). (92)

w.z")

Since (U, W), (U, Z") € }Tf/, to first order in Z” — W, and with some abuse of notation,

we may regard (0, Z” — W) as an element of T(ll}ow)f(vf ', We have

82(51’
T = 3 T + ——
¢ w.z”) v é U,w) |:8Ui8Wj

] Z' - W)+ Ry(Z' — W),

where R, vanishes to second order at the origin. By (91) and (92), the tangent vector Z” — W
is in the kernel of the Levi form at (U, W). Since the latter is non-degenerate, we conclude
that W = Z”.
Since $*(U, W) = 0and ¢*(Z', Z") = 1 ¥ (x’, x"), in view of (86) the claim follows by
replacing W with Z” in (90).
[m}

We can now conclude the proof of Theorem 51. By (79), Proposition 53), and idempotency,
IT" is a Fourier integral operator with phase ¥ and a symbol of order d — 1 whose leading
order term must coincide with the one in (73). Since y.(x, x) = x, equating the leading order
coefficients in (74) and (79), we obtain

1
s6(x,x) = @m)? sé(x,x)2 -

The claim follows. O
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3.5 Symbols and Toeplitz operators

Suppose 7 € (0, €) and W € X(X7). Let us decompose W in terms of the direct sum (48):
W=W*"— AR (93)

Here W is a smooth section of H*, and A = —a™ (W) € C®(X7).

Assume that Ly (a”) = 0. Then the flow of W preserves VOI)C(r by (45); hence it also
preserves vol®, by Corollary 19. Therefore the flow of W induces in a standard manner a
one-parameter group of unitary automorphisms of LZ(X7). It follows that, as a differential
operator on X*, W is skew-symmetric; thus the Toeplitz operator

W:=1I" o WolIl”

is formally self-adjoint.
By [4], Toeplitz operators on X* have well-defined principal symbols, which are smooth
functions on the closed symplectic cone

2hi={(x, ref): x e X", r >0} S TVX"\Xo. (94)

Let us compute the principal symbol o (20) of 27 at (x, roL ) We consider a system of normal

Heisenberg local coordinates on M adapted to X at x (Definition 30), and the corresponding
Heisenberg local chart for X* at x (Definition 38); we denote the latter by ¢* = (0, 7'). By
Proposition 34, af = d,8. On the other hand, by (60) and (93),

i a
Wx) = Wo(x) — A(x) %0

Thus,
oc@)(x,ral) =1e TP WE) () =1 (= A(x)ir) = rAx). (95)

If A > 0, therefore, 2 is a positive self-adjoint Toeplitz operator, so that its spectrum is
discrete bounded from below and accumulates at +oco (see [4]). This applies in particular if
=v by (42), with A = ,/p. Then 2 = @ (see (12)).

3.6 Dynamical Toeplitz operators

As mentioned in the Introduction, the homogenous geodesic flow is generally not holo-
morphic for Juq. Equivalently, the (1, 0)-component of v _/; needn’t be holomorphic on

M \ M. Therefore, when viewed a differential operator, v* 5 does generally not preserve the

Hardy space H(XT"). A natural replacement is the self-adjoint, first order Toeplitz operator
f =I1" o D s5 o TI" (Sect. 3.5). The latter generates the 1-parameter group of unitary

Toeplitz operators

U0 = &PV H(XT) - H(XD). (96)
In view of (11),

ltZDf/—_ttl_IroD\//;ol_Ir :—tl'[tovf/ﬁol"[f.
Hence, heuristically U:F(t) is a Toeplitz quantization of the geodesic flow at time —¢. In the
notation of the Introduction, the distributional kernel U’ (t, ,) € D'(XT x X7) of (96)
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admits the spectral description
+00 ¢
Uls(tsx,y) = '3 pja() - pjk(), 97)
j=1 k=1

17 . . . .
where (p; )L, is an orthonormal basis of the £;-dimensional eigenspace of D

corresponding to the eigenvalue A ;.
Arguing, say, as in §12 of [15], and using (15) and (30), one obtains

75

+00 i
M0,y =Y RO =) Y pja) - pjx(y)
j=1 k=1

= L /Jrooef’)")((t)Ur (t; x,y)dt (98)
V2w J-o VR
It was shown by Zelditch that, up to smoothing Toeplitz operators, U f/ﬁ(t) is a ‘dynamical
Toeplitz operator’ associated to the geodesic flow at time —z, composed with a suitable
pseudodifferential operator (see e.g. §5.3 of [48]). To express this precisely, recall that I'} :
X' — X7 denotes the geodesic flow along X* (Corollary 45); for t € R let us set I1] :=
['7* o IT". Thus I} has Schwartz kernel

I7 (x, y) := 17 (I7 (x), y) = (T} x idye)™ (IT7)(x, y).
Remark 54 When defining the pull-back under a diffeomorphism, one ought to distinguish
whether TT7 is referred to as a (generalized) function, density, or half-density. There is no
ambiguity in the present case, since these are being identified by means of Vol§,, which is
invariant under I'; .

Before stating the following result of Zelditch, we need a further piece of notation. For
any ¢ € R, let us set

mf,) = (I7,) o " o (I7)" : LA(XT) — L3(X"),
where the brackets in the suffix (¢) are intended to avoid confusion with the operator

I17 just defined. Just as IT°, H(Tt) is an orthogonal projector onto its image H(X"); :=
(Fll)* (H(X7)). In particular, its Schwartz kernel is

f,) (x, y) = T° (I, (x), T, () = (I, x T'T,) " (T)(x, y).

Thus, l'[ft) is the Szegdo projector onto the Hardy space associated to the new CR structure

Jy:=dlf oJ odl'L, : H* — HT,
where H' is as in (48).
As discussed in, say, [41], given a finite dimensional symplectic vector space (E, o) and
two compactible (linear) complex structures Ji, J» € J(E, o), there exists a well-defined

invariant (J1, J), given by the overlap of two normalized Gaussians associated to J; and J;;
in particular, (J1, J») is non-vanishing, and equals 1 for J; = J,.

Theorem 55 (Zelditch) There exist a zeroth order polyhomogeneous complete classical
symbol of the form

+o00
of (1)~ ol () (x e X", r>0), (99)
j=0

@ Springer



Poisson and Szego kernel scaling asymptotics...

and a zeroth order pseudodifferential operator B; ~ of (x, Df/ﬁ) such that
U\T/ﬁ(t) ~II" o B; o 17, (100)

where >~ means ‘equal modulo smoothing Toeplitz operators’. Furthermore, up to a mul-
tiplicative factor of modulus 1, the principal symbol o (x) is given by (J, Jo)" Y in

particular, U&O(x) =1.

Up to smoothing terms, the Schwartz kernel of I1*, has the form

+0o0
7, (x1, x2) ~ / ¢ VT (ML GCD22) (T (DT (x1), xp, u) du, (101)
0

where " and s7 are as in (73). Using classical results on the composition of pseudodiffer-
ential and Fourier integral operators [36, 40], we reach the following conclusion.

Lemma 56 Up to smoothing terms, the Schwartz kernel of the composition R} =] oI1%,
has the form

+00
RiCeiox) ~ [ e ) 1 ) d (102)
0
where
G xp ) ~ > u T (L x), (. xa) = 0 () s (DT, (). x2) <
j=0

By (100), we have
Uf/f)(t) ~ 11" o R}. (103)

. o T
4 Near-diagonal asymptotics for I A

Before delving into the proof of Theorem 4, let us premise some notation.

The choice of a normal Heisenberg local chart ¢ for X* at x determines an isomorphism
T X" = R x R¥~2; a general v € T, X will be written accordingly as a pair v = (6, u).
The subspaces R x {0} and {0} x R2d-2 correspond, respectively, to 77 (x) and H* (x) (see
(48)). By (63), the isomorphism C¢~! = {0} x R?¥~2 — H7(x) is unitary, when H7 (x) is
endowed with the Hermitian structure associated to w, = % Q.

With the notation of Corollary 46, let (a,, Ay) € R x R24-2 pe defined by

1
T f(0,0,u) = 5.2 5 ax ¥+ (Ay,u) + F; (9, ), (104)
T

where F vanishes to second order at the origin. We may then reformulate the conclusion of
Corollary 45 writing

I
FF(y) =x+ <v°~ it <ﬁax0+<Ax,u>) + Ry 1,0, w),
u+Ra(rr, 0, u)). (105)

We shall verify a posteriori that (a,, Ay) = (0, 0).
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Definition 57 With (a,, A,) as in (104), let us set
0 — 6>

ax(ela 92) = Ax-

We further define
U : T X" x T, X" - C

by setting, given v; = (6}, V),

4
W (u1, 12) 1= —twy (V1, V2) — 5 Ox (Jx(ax (61, 62)). Vi + v2)

1 1 2
7 Vi —vall* = 1 [vi — v+ Je(ax (61, 62)) ] (106)
Proof of Theorem 4 By (98) and (100), we can rewrite (15) in the following form:
1 +e€ N
I 5 (x1, x2) ~ ir / [6 [e7" " x() T (x1,y) [PF o T, ] (3, x2)]
dr dVy: (y), (107)

where ~ stands for ‘has the same asymptotics for A — +o00 as’.
The wave front set of I17 is given by (72). Therefore, given that the geodesic flow preserves
o (Lemma 12), the wave front of P’ o IT%, is

*

WE (Pf oI”,) = WF (I17,) = (T'Z, x idxr)
= {(F,T(x),rozlitf(x),x, —ra;> cxeXr> 0}.

(WF(I1"))

Hence the singular supports of IT* and P o I1%, are, respectively, the diagonal and the graph
of 'L, in X© x X7.

Lemma 58 Let ¢ > 0 be such that
distxr (TZ,(x),x) <clt], Vxe X", teR. (108)
Then, provided € > 0 is sufficiently small, if distxr (x1, x2) > 3 c € we have
max {distyr (x1, y), distxr (T2, (y),x2)} = ce, Vye X", t € supp(x).
Proof Forany y € XT and ¢ € (—¢, €)

3c¢é < distyr (x1,x2)
< distyr (x1, y) + distyr (y, Fit(y)) + disty+ (Fit(y), xz)
< distxr (x1,y) + ce +distxr (TZ,(y), x2). (109)

Hence,
distxe (x1, y) +distxr (T7,(y), x2) = 2ce Vi € supp(x).

[m}

Lemma59 For any € ~ OV, if supp(x) C [—e¢, €] and distyr(x1,x2) > 3ce, then
I, (1, %) = 0 (A).
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Proof Let us define

Uy := {y € X' : distye (x1,y) > %},

€
Uy := [y € X" : distxr (TZ,(y), x2) > %, vVt e supp(x)}.

By Lemma 58, U := {U;, U,} is an open cover of X7. Let y; + y» = 1 be a partition of
unity of X* subordinate to /. Then

I, (x1, x2) ~ IT5 5 (1, x2)1 + IT 5 (x1, x2)2,

where

I, ; (x1, x2)
1 /+OO —1 At (t) /
= — e X
\/27‘[ —00 U

By definition of Ui, the function y +— y1(y) - [I%(x1, y) is C*° (and depends smoothly
on x1); therefore, for j = 1 the inner integral in (110) is the distributional kernel of the
composition of a smoothing kernel with PP, whence it is itself a smoothing kernel. In other
words, it a smooth function of (xy, x3, ¢), uniformly so under the assumption. Therefore, that
M7, (x1,x2)1 is O (A=) then follows by integration by parts.

i

yi() O (x1, y) [PF o II7,] (. x2)dVxe (y)] dr

(110)

Similarly, by definition of U;, the function y — 5 (y) - [Pf ) Hit] (¥, x2) is C*° (and
depends smoothly on x;), whence H;, (1, x2)2=0 ()foo) by a similar argument. ]
Assume from now on distxz (x1, x2) < 3 ce€, with ¢ as in (108). Let us define
Ul :={ye X" : distx(x1, y) <2¢},
Uy :={y e X" : distx(x,y) > €}. (111)

Theni{" := {U], Uj}is an open cover of X*; let y{+y, = 1 be a partition of unity subordinate
to U’. Thus

I}, 5 (x1, x2) ~ I 5 (x1, x2)) + T 5 (x1, x2)5,

where 1'[’ 2O, xz) is defined as in (110), with y in place of y;. For y € UJ, the
function y — II° (xl, y) is C%°, and an adaptation of the previous argument implies that
I, (x1, x2)5 = O (A~*°). Thus

I, 5 (x1, x2) ~ T ; (x1, x2)], (112)

where integration in y is now over a small neighborhood of x.

We may assume that x1, xo and every y in the support of the integrand in l'[; 5 (1, xz)/1
belong to a Heisenberg coordinate neighborhood centered at some x € X*. Without altering
the asymptotics, IT* may be represented as a Fourier integral operator (73), and apply Lemma
56 and (103). Then (107) may be rewritten

I}, ; (x1, x2)

1 +00 +00 +e€
~—— du / dv / dVye (y) dt
V2 0 T —€

[e' (g )+ TL (), x2) =4 1] Vi) x (@) sT (1, y, u)rf (v, x2, v)] . (113)
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With the rescaling u ~» A u and v ~» A v, (113) becomes

I}, ; (x1, x2)
22 +00 +00 +e
~ du/ dv/ dVxe(y) dr
\/ﬁ/o 0 X —e
[e”w(“‘""”"”"‘” A (x1, x5 u, 0, 1, y)] : (114)
where
W (xp, s, 0,1, Y) = u YT (L )+ ot (DL (0), x2) — 1, (115)

Al (xr, xiu v, 0, y) = x@O) [ () sT (e, y, dw)rf (TL (), x2,00) . (116)

We shall let y = x + (6, u) in normal Heisenberg local coordinates on X7 at x; then
dVx+(y) by V(8, u) d6 du, and by (67)
2d—1
V(0,0) = —. (117)
T

Integration in (0, u, t) is compactly supported near the origin. By (115), Proposition 34,
Corollaries 45 and 49

V' =v—u+0(), ¥ =tv—1+4 O0(e). (118)

It follows by a standard ‘partial integration’ argument in the compactly supported variables
(6, t) that the contribution of the locus where ||(u, v)|| > O contributes negligibly to the
asymtptotics. Similarly, if € < 1, integration by parts in ¢ shows that the contribution of the
locus where v <« 1/t is also negligible. Finally, integration by parts in 8 yields a similar
conclusion for u. We thus obtain the following reduction.

Lemma 60 There exists D >> 0 such that the following holds. Let h € Cgo((l/(ZD), 2 D))
be such that h = 1 on (1/D, D). Then only a negligible contribution to the asymptotics of
(114) is lost, if the integrand is multiplied by h(u) - h(v). Hence, integration in (u, v) may be
assumed to be compactly supported in (1/(2D), 2 D)2.

Proof of Statement 1) of Theorem 4 There exist constants 0 < a < A such that
adisty: (F7,(y), x) < distxr (y, I} (x)) < Adistxe (T, (y), x)

foreveryt € (—e,€)and y, x € XT.
Assume dist xt (xl, x%) > C A9~12 and define

U =y € X7 distxr (v, x1) < (C/2) 22712},
U} = {y e X" : distxr (y, x1) > (C/3)2°712}.

Then U* := {U}, U;} is an open cover of X7.
If y € U, for any ¢t € (—e, €) we have

C 22712 < distye (x1,, Tf (x2)) < distye (x1,y) + distyr (v, T} (x2))
< (C/2) A2 4 distyr (v, TT (x2))

. I . C _5_
= distyr (I‘it(y),xz) > Xdlstxr (y, Ff(xz)) > ﬁ)\‘s 172,
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By Corollary 50, in the same range

’B\Iﬂ

C 2
9o = ’wf (th(y)’X2)’ > DT ( ) }"25—1-

2A

Integrating by parts in v, we obtain that the contribution of U 1}‘ to the asymptotics of (114) is
0 (A=).
On the other hand, if y € U% then

IWT DT C?
‘a—‘ = [¥7 0| 2 D distyr (v, x0)% > —5=— 22071,
u

Integrating by parts in «, we obtain that the contribution of Ué\ is also O ()F°°). O

‘We focus on statement 2. Let us set

0j vj
X =X+ ﬁ,ﬁ . (119)
Under the assumptions,
distyr (x, xj,) <2C A2, (120)

Let A" be a Riemannian metric on X7 that in a sufficiently small neighborhood of x is
given in Heisenberg local coordinates by

1
ht = —(d0)* +d7' ® d7' +d7 @ d7'.
T
Thus AL = k] by Corollary 35. Let distxr : X" x X — R be the Riemannian distance of
h". By the latter remark,
&Etxr(x, y)/distxr(x,y) > 1 for y — x.

Forr > 0, let B;(r) € X7 be the open ball centered at x for 4. Let r be small enough
that B, (r) C U7, and consider the open cover of X*

B:= le(r),mc}.

Let (b1, by) be a partition of unity subordinate to 3. For some fixed R > 0 and any A > 1,
let b; € C%°(X7) be defined in Heisenberg local coordinates by

b: (60, 7)) == b, (& 21728 (g, z’)) .

Thus {b}, b3} is a partition of unity subordinate to the rescaled open cover B* :=
Y e———
[B (12€33712) B, (6C37-172)" | For y  supp (b) and 3 > 0,
. 1~ 5172
distyr (x, y) > 3 distyr (x,y) >3Cx . (121)
The asymptotics of H; 5 (X1, x23) are given by (114) with (xy, x7) replaced by (x1;, x21).
Lemma 61 Only a negligible contribution to the asymptotics of H;’l(xu, x2y) is lost, if the

integrand in (114) is multiplied by b’l\ ).
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Proof For y € supp (b}) and A > 0,
- I — 5—1/2
distyr (x, y) > 3 distyr (x,y) >3Cx . (122)

Hence where b} (y) = 0 in view of (120)

distyr (x1a, y) > distxr (x, y) — distxr (x, x13)
S 3012 g p-l2 — o012,

Recalling (115), with x ; replaced by x ;. the claim follows arguing as in the proof of statement
1. (integrate by parts in u). O

We conclude from (114) and Lemma 61 that

;A(XIA,XZA)

+00
dv/ dO/ du/
V2 1/(2D) //(ZD) R2d

|:el’\W(x“’xz“u’v’t’y(o’“)) by (y(0, W) AL (x13, X225 u, v, £, (6, W) V(O, u)] .

(123)
On the domain of integration, (6 /7, u) ranges in a shrinking ball of radius O (A‘S_ 1/ 2) centered
at the origin in R2+1,
Next we show that integration in df may be localized to a shrinking neighbourhood of the
origin.
Let us fix a constant C; > 0 such that for all . > 0 and y = y(, u) on the support of
bi(y(6,w)
distyr (121 y) < disty, (. x) + distyr (r, y) < €1 2572, (124)
Let B € C(R) be such that f(t) = 1 on [—1, 1], and define p*(1) := B (301 Py )
Then 1 — g*(t) = 0if || <3C; pLas 3
We have
I, (en, x22) ~ TTG 5 (X, x2) + I, ; (e, x22)",
where H;’A (x15, x2.) and H;,k(xu, x2,)" are as in (123), but with the integrand multiplied,
respectively, by B*(t) and 1 — g*(r).
Lemma62 17 ; (x13, x21)" = O (7).
Proof Where 1 — g*(t) # 0, we have |t| > 3 C; )»5_%. In view of (43), if € is small enough
and and |¢| > || > 3C )L‘S’% then

t 3
distxr (1%, (). 9) = 3 = 5 €142,

Therefore, by (124) on the support of the integrand of H;’ 5 (1, x25)" we have

N\

. . Ci
distxr (I'Z,(y), x25.) > distxe (T'Z,(y), y) — distxr (x21,y) > > L=

The claim follows again by the argument in the proof of statement 1, by iterated integration
by parts in v. O
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With the rescalings 6 ~» 8 /v/A, u ~> u/v/A, t ~ t/+/A, (123) becomes

I, 5 (x12, x22)

kz d 2D +00 +oo
du dv/ dO/ du/
N2 1/2D) //(20) R2d

[ez,\\pA (xipx2000.1.0,u) B (w13, %205 14, v, 1, 6, u)] . (125)

where, in view of (115),

T (x5, X225 4, v, 1,60, 1)
= (Xl,\,xz,\,u v, —, ( ©, u)))
\/7 f

y
o (o (o)) o0 (o em) )

B (x15, X221, v, 1,60, w)) (126)
1 1

=b? <y< )) ()m,)m,u v, t}\,y<ﬁ (9,u))> V(ﬁ (9,u)>.

(127)

Integration in (z, 0, v) in (125) is over an expanding ball centered at the origin and radius
0 (2%).

We now make explicit the dependence of W; in (126) on the rescaled variables. By
Proposition 48,

1
1y (xw y (ﬁ ©, U)>>

_ 60 1 2, VLW g (ﬂLiL)
IR X VRV VR
(128)
Furthermore, by Corollary 45 and (105),
. 1
" (1 (G 0))
+<1 ©@+11) t<1 ax 0 + (Ax, )>+R <” o V)
=X = T -7 X = T = T — >
Vi w272 VAV Va
Tt 6 u
+R (129)
f z(f NeS f))
Therefore, again by Proposition 48,
1
(b () =)
1
7(9+rt—92) (2 55 ax 0+ (Ac,u ))
b gy Y2 vy It 6 v w
_412A(0+” 02)" + . +R3<fffff).(l30)
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We finally obtain

1 AT (x5, X225 1, v, 2,0, )
= VAT, v, 60,u) + S(u, 1, v, 6, u)+/\R3<— L —) (131)

where

YOt v,0,u) = Y°(0;,v;;1,v,0,u)
U@ —0) +vO+1t—0) —1, (132)
S@(/,Vj (ua [» v, 95 M)

= —1vt (212ax9+(A ))

1 1
— U G =6 — v+ —6)
Fu Py (Vi,w) + vyt va), (133)

S, t,v,0,u)

and R3 vanishes to third order at the origin. Notice that S(u, ¢, v, 6, u) is homogenous of
degree 2 in the rescaled variables.
Ifwesetd : =0 —0;,t' :=0+1t—6,andu’ :=u — vy, then

R(S(u,1,v,0,u) < —by|l(r', 6", 0| (134)

for some bg > 0.
In light of (131), we can rewrite (125) as follows:

2—d
Y, (x12, X22) ~ I (u) du 135)
xR ¥20) ~ , (W) (
where
+00 +oo
I(u) = / dr / dv / de f
1/2 D) /(ZD)
[6’ VAT (v0.0) pr (Xt x50, 1,0, 6, u)] (136)
and, using (74), (116), (117), and (131)
B (x13, X225 0, 1, 0,0, u)
= Serowa k(% h ) B (xin, xosw, £,0,0,u). (137
For every N = 1,2, ..., Taylor expansion in the rescaled variables yields for the third

order remainder R3 in the exponent in (137)
Tt 0 v; 6 u
ARy [ —, L&, L, —, —
f f VATV VA

—le—ﬂp ©;.v;.0,0) + AR <7 b v 8 7> (138)
3+s\Uj, Vj, U, 44N f \/— f \/» f )

where P; denotes a homogeneous polynomial of degree / in the argument. On the domain of

1-(5-5) @+N)

integration, the latter summand is bounded in absolute value by Cy A for some
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constant Cy > 0. Passing to the exponential, we therefore obtain an asymptotic expansion

v u +00 .k . . k
<f7777>zzk Rs (% 97 7 % %>
k +00

too | [N . k
-2+ _k
~ o |: A2 P3+s(9j,Vj,9,u):| = Z 272 Qr(9,v;,0,u), (139)
k=0 s=0 k=0

where Oy is a polynomial of degree < 3 k.
On the other hand, the asymptotic expansion (74) yields

STCes v Aw) ~ Y ) T (L y)
k>0

= 0w g+ Y AR ST 0 v 6w, (140)
k+I1>1

where S,fv ; is homogenous of degree /. Similarly, the asymptotic expansion in Lemma 56
yields

O x2 Av) ~ Y TR T (v, )
k=0

= G sE e+ Y AR TR RE 0 v 00w, (141)
k+1>1

where again Rk ; is homogeneous of degree /, and we have used that rj o(x, x) = 57 (x, x).
Multiplying (139) (140), (141), and the Taylor expansion of x and V at the origin, we
obtain an asymptotic expansion

BY (X1, X205 0,1, 0,0, u)

2
~ )de—z X(O) eS(l.l,t,U,@,u) ud 1 d 1 'L’(x x) ﬂ ()\‘7(3 (u7 t, 9))
T

1+ Y 22 Bi(viw, 0, vj.1,0,60,u) | (142)
k=1

where By (x; -) is a polynomial of degree < 3k in (6;,v;,u,t,6), while 8 is compactly
supported and identically equal to 1 in a suitable neighborhood of the origin. The latter is
indeed an asymptotic expansion for § € (0, 1/6). Furthermore, fractional powers of A arise
from Taylor expansion in (0}, v;, u), while the asymptotic expansion for the amplitude in
the Szegd kernel parametrix is by descending integer powers. Hence P; will be even for j
even (corresponding to integer powers of A), and odd for j odd (corresponding to fractional
powers).

Inserting (142) in (136), we obtain an asymptotic expansion for the integrand which, in
view of (134) or the previous remark on the domain of integration, can be integrated term by
term. Each term is an oscillatory integral with phase (132) in the parameters (¢, v, 6, u), and
depending parametrically on the other parameters.

Now we remark that the asymptotics of (135) are unaltered, if integration in (¢, 6) is
restricted to a suitable compact set. In fact, since 9, Y" = 6; — 6, 3,Y* =0 + 1t — O3,
integration by parts in (u, v) implies the following.
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Lemma 63 Only a negligible contribution to the asymptotics of (125) is lost, if the amplitude
(137) is multiplied by a compactly supported cut-off function in (0, t), identically equal to 1
near (91, (0 — 6’1)/1').

We shall leave the latter cut-off implicit in the following, and simply assume henceforth
that integration in (6, t) is over a compact neighborhood of (91, 6, —01)/ r).
The proof of the following is omitted.

Lemma 64 YT in (132) has a unique stationary point Py = (i, vy, 05, Uy), given by

Pl = b2~ 61 l491 l
§ LT A

The critical point is non-degenerate. The Hessian matrix and its inverse at the critical point
are

0t O 0 0 1/t 0 1/t
. |l 0 1 0 on-1_ |1/t O 0 0
HOOr=1o 1 o 1] %)= 0o o o =1
00 -1 0 1/t 0 -1 0
The Hessian determinant, the Hessian signature, and the critical value are
T 2 T tipry . 1= 62
det H(Y")pr =77, sgnH(Y")pr =0, YT (Pj)=—7.
T
The third order remainder at Py is zero.
Let us set
1 [ 9 32 32
L :=— — s 143
T <8t8u + 8t8v> 06 du (143)

and apply the Lemma of Stationary Phase to (136) in correspondence to the k-th summand
in (142); we obtain an asymptotic expansion whose r-th summand (forr =0,1,2,...)is a
multiple of

61-0

(4n2/r) .ezﬁ =2 ) 2d=3=(r+k)/2

L7 <es(“’t’”’9’”) u?=1y?=1 P 0j,vj,ut,v,0, u)) b (144)

s

where the dependence on (8}, v;) of the exponent is left implicit for brevity. In view of (133),
with the notation of Definition 57 the value of S(u, ¢, v, 6, u) at the critical point is

Sc(ej, Vi, u) = SG_,-,Vj (u, t5, vy, Oy, ug)

01 — 62) 61 01— 0
= l'|: 7.4 ax + ) '<Ax’u>]

I o I o
+;Wz (Vlau)+;‘/f2 (u, v2)

61 —62)0 1
= l%ax - ‘wx(-lx(ax(elygz))»u)
I o L
7 vy (Vi) + = vyt (w,v2). (145)
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Thus
61 —02) 0
274 G

1 1
+- [—z Ox (v = V2 + Je(ac 01, 62)),0) = > (v I+ Iv2l%)

Se(6;,vj,u) =1

—[lul® + (u, vi +v2) }

_ O1 =66
T *

1 1 1
+;[ -5 (Ivill? + 1Iv211?) + 2w vl

1
—t (Vi — V2 + Je(ac (61, 62)), u) — [u— 3 (Vi +v2)

2
:| . (1406)
In particular, S.(6;, v;, u) is homogenous of degree 2.

It follows from (133) and (143) that (144) is a linear combination of terms of the form
A2d=3=k/2 p (%: 0j,vj,u) e5¢0i-ViW wwhere Py(x: ) is a polynomial of degree < 3 k. Fur-
thermore, using that S(u, ¢, v, 8, 1) is homogenous of degree 2 in the rescaled variables, the
explicit expression (143) of L, and the linear dependence of 6; and ¢, on (61, 6»), one verifies
that Py (x; -) has parity k.

Putting all these asymptotic expansions together, we obtain an asymptotic expansion for
I, (u) of the form

01—6 }L2d73 .
L) ~ et V* 172 ATy X (0) 5@ viw
B (70w ) |1 Y AT R 0,5, w (147)
k=1

where F (x; -) is a polynomial of degree < 3 k and parity k, and f; is an appropriate cut-off
function identically equal to one near the origin.
The asymptotic expansion (147) may be integrated term by term. In view of the rapidly

decreasing exponential ¢5®-V;-W  we obtain
52-d

I , = I d

o (X1 x21) Vi S » () du

U ! .X(O)/ 5@V gy

V27 (V2mt)2d-D R2d-2
1+ a7k /de—z SOiViW E (x; 05, v, u)du | . (148)
k>1

We compute the leading order term using (146). With the change of variable

1
wi=u— = (Vi +V2),
2
we have

SL'(Ojv Vi, u)
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01 —62) 6
274

1 1 1
+=|—tox | vi—v2+Ji@), - (Vi+V2) | — =
T 2 2

X

1
UMW+Wﬂ%+ﬂm+wV

—mﬂw—w+h@@ﬁmw%wwﬂ

(61 — 02) 0,
=] —
274

1 1 TP ,
+; —twy (VI,V2) — 1 @y Jx(ax(els 92)); E vit+va) | — E (”Vl 17+ [Ivall )

X

1
T Vi 4+ Vall> = 1 oox (Vi — V2 + Je (2 (61, 62)), w) — IIWII2} . (149)

Letus set v} = % vj,a = % a, (01, 62). With the further change of variable w = \%2 r,
we obtain

/ ot Lo (vimvatae(ac@rom) w)=1wir] |
R2d-2

1 / ot [Fro (G (vt s (acen6m))or) =3 1]
R2d-2

= F
= % / eilwX(leﬁ(vafv/2+lv(a')),%),% \% zdr
1 JR2d—2
- <%>d_1 / e or( 2 (V-viran@)).s) -1 IsI? 4
R2d-2

vi-vatde (acr.6n) |

S et

I

T(a:01.00) | =k (v, s (ac01.02)) (150)

1 2_ 1
- —77 Ivi—vall" =77
— (T 7T)d 1 .e 4t 41

‘We have
—LUMW+wﬁﬂ+iwﬁ+wV—in—wV
271 4t 41
1 1 1
=—— (VI + Iv2l?) + = (vi, v2) = —=— [Ivi — v2||. (151)
27T T 27T
Hence
/ eSC(Qj,Vj,ll) dll
R2d-2
_ — o [—1 o iv)= 4 IVi—valP=§ o (@) vi+v2)]
o1 @I =3 (vi—v2. Jx (@)
©1=0)61
= el 274 x| (‘L' ﬂ)d_l
e =t v P ] vt L @I oy @)y )| (152)
Recalling Definition 57, we conclude
PO Lu(ov.ew) (153

/ SOviWgu=¢"24 “.(rm)dle
R2d-2
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Hence the leading order term in the asymptotic expansion (148) is

1 A \4-! 0,-0 01670 1
727[ . <27Tr) dﬁ% el 24 X(O)e? \112((0|,V|),((7’2,V2)). (154)
Lemma65 a, = 0.
Proof Let us consider the special case where vi = vo = 0 and 6, = 0, and set x; :=

x+(@/ VA, 0). By (154), the leading order term for the asymptotic expansion of IT, ; (x;,, x)
is

d—1 2
; ) A el ﬁg el gjax X(O) (3_% ||\]x(a)‘|2
27 \2nt ’

while the one for IT, 5 (x, x) is

1 N\ e (0) e~ s @I
_— e T X e T I .
V2 2T

Since H;‘A(x,x,\) = H;’A(x,\,x) for any 6, a, = 0. O

Lemma66 A, = 0.

Proof Given Lemma 43 and Corollary 45,
T T T0
= (o ()0 (2)
0/vx VA VA VA
Hence, in view of Lemma 65, (148), and (154)

T 1 2N e L4y ((=76.0).0,0))
e, (Fe/ﬁ(x),x>x7' e x(0) e ©2(10.0.00.

V2 2T
1 a4 VY 02 1AL 2
= —. e X(o)e—ﬁl\ 7
V2 (2711:)

where < means ‘asymptotic to leading order’. The estimate holds uniformly for |#| < C A°.
On the other hand, by Theorem 1.1 of [11] in the same range we also have

’1‘1;,A (F;/ﬁ(x), x) ‘ = C A7 x(0),
for some constant C ZM, and the claim follows. O

k

297177 in the expansion (148)

Let us consider the lower order terms. The coefficient of
is a linear combination of Gaussian integrals of the form

I L Sc@;,viu) L
Gj S /de—z eV Vi-Wat du, (155)
where L and L’ are multi-indexes, [ + |L| + |L’| < 3j, and [ + |L| + |L’| has the same

parity as j. In turn, in view of (149), the Gaussian integral in (155) may be written as a linear
combination of summands of the form

1 c v
o; 'V.? D(g_i?vj' e nglfvli |:/2d—2 e du] ’ (150
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where each Dé?,)vj a first order differential operator with constant coefficients and no zeroth
order term in (6, v;), witha + |B| + |C| = [ + |L| + |L’|. It then follows from (106) and
(153) that the coefficient of Ad’l’g has the form

1
Pexs v;, 0) et (@ @2v),

where again Py is a polynomial of degree < 3 k and parity k. O

5 Proof of Theorem 7
5.1 Preliminaries for Theorem 7

In addition to the general setting of Theorem 4, we need the description, also due to Zelditch,
of the wave group in the complex domain as a dynamical Toeplitz operator ([48, Proposition
7.1], [44, especially §8-9], [46, §4], see also the discussions in [10] and [11]). This is the
analogue of the description of U;ﬁ(t) as a dynamical Toeplitz operator recalled in Sect. 3.6.

Fort € Rand v > O sufficiently small, Zelditch considers the complexified Poisson wave
kernel

Uclt +217) = P oU(t) o P™, (157)

where P is as in (19). The distributional kernel of (157) admits the expansion

Uclt+217,x,y) = Y e Gi(x) §; (). (158)
J

Arguing as for (98), one may then rewrite (22) as

1 +o00
PT . (x, )=—/ O e MUt +211,x,y)dt. 159)
xae )= | X c y (

Alternatively, Uc (¢ + 21 t) is a Fourier integral operator with complex phase of positive
type on X©, of degree —(d — 1)/2; in the terminology of [4], it is in fact a Fourier—Hermite
operator adapted to the symplectomorphism X* — X7 induced by the homogeneous
geodesic flow at time 7. More precisely, for every ¢+ € R the real locus of the (complex)
canonical relation of Uc(t 4+ 21 1) is as follows.

Lety; : TYM\My — TV M\ M, denote the (genuine) homogeneous geodesic flow; thus
y: gets intertwined by E7 with Hamiltonian flow of ,/p on M\M . Furthermore, recall that
I’} : X* — X7 is the restriction of the latter flow of v /b On M \M, and o is invariant under
'} . Therefore, the cotangent lift of I'} restricts on ¥ C TV X"\ X to a flow £* — X7 by
homogeneous symplectomorphisms, that by abuse of language we shall also denote I'] (X7
as in (10)).

Leti, : TYM\My — T7 be given by

B
cm,B)=(E"(m, vt —|. . 160
tr(m, B) ( (m T ||ﬂ||> ||/3||05E,(XJ ||2)> (160)

Then ¢, is a homogeneous symplectomorphism, and intertwines y; with I';. Then the wave
front of P7 is (see e.g. [48])

WF' (P7) = {(tz(m, B), (m, B)) : (m, B) € TV M\Mp}. (161)
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On the other hand, the wave front of U (¢) is (see e.g. [12])

WF (U@)) = {(yi(m., B), (m,B)) : (m,B) € TV M\Mo}. (162)
Given (157) and the composition law for wave fronts we conclude
WF' (Uc(t +217)) = {(I} (x,8), (x,8)) : (x,6) € T7}. (163)

This is however the same wave front of the composition IT* o IT* ,, whence of any composition
Mo QoIl%,, with Q a pseudodifferential operator which is elliptic on a conic neighourhood of
X7. Hence, for any such Q, Uc(t 421 7) and ITo Q o I17, are both Fourier integral operators
of Hermite type with the same real canonical relation; it follows that they are associated to
the same complex Lagrangian. This is the basis for the following analogue of Theorem 55
(notation is as in Sect. 3.6).

Theorem 67 (Zelditch) There exist a polyhomogeneous classical symbol on X© x R of the
form

_d-1_
G ~ Yyt
j=0
and a pseudo-differential operator Qf ~ y[(x, D* ) of degree —(d — 1)/2 on X*, such
that up to smoothing operators
Uc(t+217)~TT o Q] o TIT, =T1F 0 O], (164)
where Qf := Q7 o I1%,.

The coefficients yt i depend on the choice of volume form. We shall determine Vo 0d
posteriori by deriving a local Weyl law for the complexified eigenfunctions and comparing
it to the one in Proposition 3.8 of [46].

Remark 68 Up to smoothing operators that do not affect the asymptotics, the composition
(164) only depends on the behaviour of QF in a small conic neighborhood of X%, where Df//j

may be assumed to be microlocally elliptic.
Using known results on the composition of pseudodifferential and Fourier integral opera-
tors, in view of (95) and Corollary 49 one obtains from Theorem 67 the following analogue

of Lemma 56.

Lemma 69 Up to smoothing terms, the Schwartz kernel of Qf has the form

+00
Of (x1, x2) ~ f VT EDR) 0T 4y 3o, u) du, (165)
0
where
ﬂ_ .
gf (1, x,u) ~ Y u'T gl (e, x),
j=0
with
1
450(x1»x2) = d—1 ’V({o(x)sg (th(xl)aXZ)
T 2
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5.2 Proof of Theorem 7

Proof By the considerations in Sect. 5.1, the analysis of P; A (x1x, x21) (notation as in (119))
parallels the one for H;, 5 (X132, x21) in Theorem 4, with the following change.

The leading order term of the amplitude has been multiplied by a factor y; o (x) - (u 7)™ o

In view of the rescaling u +— Awu in (114), this change entails an additional factor
y(; o(x) - A_% in front of the resulting asymptotic expansion. Furthermore, by Lemma

64 the evaluation of u T at the stationary point Py = (f;, vs, 65, us) of TP isug v = 1.
Hence, the leading order term of the asymptotic expansion for Py ; (x1,, x2;) only differs

from the one of H;’A(xu, X2,.) by the factor y(io(x) . )Fd%l. O

5.3 The pointwise Weyl law

Proof of Proposition 10 We shall prove (26); the same argument, with obvious adaptations,
also proves (27).
Let us choose x € C2°((—e¢, €)) with § > 0. Define f : R x R — [0, +00) by

H@ ) =X HA—s —1),

where H is the Heaviside function.
Let us consider the following positive measures £ and 7.7 on R. First, £ is the Lebesgue
measure. Second,

I =) I(x.x)8,. (166)
j=1

Let us endow R x R with the product measure £ x 7.
By the Fubini Theorem (see e.g. Ch. 8 of [34]),

f AT (s) [ f it s) dz:(r)}z / dL() [ f it s) d:rx@]; (167)
R R R R

the claim will follow by comparing both sides of (167).
The former integral in (167) is

A—s
/ d7,(s) [/ fx(t,S)dC(t)] :/ d7:(s) [/ )?(t)dt]
R R R —00

A A
=/ d7:(s) [/ X(t—s)dt} => n;(x,x)./ A —2j)de
R 00 —00

a izl

A

A
:/ DM, x) - R = A)) dt:/ I, (x, x)dt; (168)

% L=t %

on the last line, we have made use of (15) and Theorem 1.27 of [34]. In view of Corollary 5,
(168) implies that as A — 400

V2 A4
/RdT}(s) UR f,\(t,s)dﬁ(t)] - ﬁ S0+ 0 (A‘H). (169)
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On the other hand, the latter integral in (167) is

+o0
/Rd“’) [/R filt.s) d%(S)}=/ 3 MG x) file,a)) | di
—00 7

—0o0

+00
:/ D M, x)HA—t—1)) | R(0)dt
j

+00
= Wik —1) x(t)dt
I +o00
=wxmf >2<t)dt+/ WG — 1) = We (W] £ d1
+o0
=~/2nx(0>-wx<x)+/ WG — 1) — We (] 20 1.

Lemma70 For A — +00, we have

+00
/ V=0 = WG] 20 dr =0 (7).

—0Q

Proof It follows from Corollary 5 that for A > 0

WG+ D =W = Y M =0 ().
A=kl

Hence there exist Cy, C; > 0 such that
WO+ D) = W) < C1 1A +Co VAeR.
Thus for suitable C’, C” > O forany A, t € R
Wk =) = Wi = €1l [+ 13— 4

Therefore for A > 0

+00
‘/ [WeGh— 1) — WeW] 20 d i

+oo
< C’/ 1] [|A|d_1 +|A—t|d_1] f(dr+C" < AN 1 B,

—0o0

for appropriate constants A, B > 0.

Comparing (168) and (170), we conclude that

V2 24
VI X(O0) - We) = o x @+ 0 (17),

whence

W, (1) = 2 - (22r)d +o (xdfl) .

(170)
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This establishes (26). To obtain (27), we need only run over the same argument, with the
following changes: first, in (166) replace l'[; (x,x) by U} (x, x) (notation as in (22)); second,
in the derivation of (169), invoke Corollary 9 in place of Corollary 5. O
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