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1. Introduction

The notion of Poisson-Nijenhuis (PN) manifold [16,12] was introduced in connection with the theory of integrable sys-
tems. Such a manifold is endowed with a Poisson tensor m and with a tensor field N of type (1,1), sometimes called
“recursion operator”, which is torsionless and compatible (see Section 2) with 7. It is a bi-Hamiltonian manifold, and the
traces Hy of the powers of N are in involution with respect to both Poisson brackets induced by the Poisson tensors. A
Poisson-Nijenhuis structure for the open (or non periodic) n-particle Toda lattice (see [20] and references therein) was
presented in [7] (see also [6,17,19]).

A generalization of PN manifolds was introduced in [21], where a Poisson quasi-Nijenhuis (PqN) manifold was defined
to be a Poisson manifold with a compatible tensor field N of type (1, 1), whose torsion need not vanish but is controlled
by a suitable 3-form ¢. Since, in general, the traces Hj of the powers of N are not in involution, no application of PqN
manifolds to finite-dimensional integrable systems was found until the paper [8], where we obtained a rather stringent
sufficient condition to transform, by means of a 2-form €2, a PN manifold (M, 7, N) into a PN manifold (M, 7, N, ¢), and
we found suitable compatibility conditions between 7r, N and 2 entailing that the functions Hy are in involution. Then we
applied these results to interpret the well known integrability of the closed Toda lattice in the PqN framework, showing
that its integrals of motion are the traces of the powers of a suitable tensor field N of type (1, 1), which is a deformation
of the Das-Okubo recursion operator N of the open Toda lattice.

In this paper we give a stronger result than the above mentioned deformation scheme, in the sense that the only
condition on the 2-form €2, to obtain a PgN manifold, is d©2 = 0. Under an additional assumption, the deformed structure
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is a PN manifold. Then we apply this result to show that the “canonical” PN structure on R2" (corresponding to the free-
particle case) gives rise to both the PN structure [7] of the open Toda lattice and the PgN structure [8] of the closed Toda
lattice.

The organization of this paper is the following. In Section 2 we recall the definitions of PN and PqN manifold. Section 3
is devoted to the (improved version of the) above mentioned deformation theorem, with further considerations on the case
where 7 is non degenerate. This result is applied in Section 4 to a wide class of mechanical systems, including the open and
closed n-particle Toda systems, whose PN and PgN structures are interpreted as deformations of the canonical PN structure
on R?",

Acknowledgments. We thank Giovanni Ortenzi for useful discussions. MP thanks the Department of Mathematics and
Applications of the University of Milano-Bicocca for its hospitality. This project has received funding from the European
Union’s Horizon 2020 research and innovation programme under the Marie Sktodowska-Curie grant no. 778010 IPaDEGAN.
All authors gratefully acknowledge the auspices of the GNFM Section of INAAM under which part of this work was carried
out, and the anonymous referee for suggesting some improvements in the presentation.

2. Poisson quasi-Nijenhuis manifolds
Let N: TM — TM be a (1, 1) tensor field on a manifold M. It is well known that its Nijenhuis torsion is defined as

Tn(X,Y)=[NX,NY]-N(NX,Y]+[X,NY]-N[X,Y]). (1)

We also recall that, given a p-form «, with p > 1, one can construct another p-form iy« as

p
iNa(X1, .. Xp) =D a(X1,... NXi, ..., Xp), )
i=1

and that iy is a derivation of degree zero (if iy f =0 for all functions f).
If 77 is a Poisson bivector on M and 7% : T*M — TM is defined by (8, wta) = 7 (ct, B), then 7 and N are said to be
compatible [16] if

Nt =miN*, where N* : T* M — T*M is the transpose of N; )
Ly:g(N)X — P Ly (N*a) + ¥ Lyxa =0, for all 1-forms « and vector fields X.

In [21] a Poisson quasi-Nijenhuis (PqN) manifold was defined as a quadruple (M, r, N, ¢) such that:

e the Poisson bivector w and the (1, 1) tensor field N are compatible;
e the 3-forms ¢ and iy¢ are closed;
o Tn(X,Y)=mF(ixny¢) for all vector fields X and Y, where ixny¢ is the 1-form defined as (ix vy ¢, Z) = (X, Y, Z).

A slightly more general definition of PqN manifold was recently proposed in [2].

If ¢ =0, then the torsion of N vanishes and M becomes a Poisson-Nijenhuis manifold (see [12] and references therein). In
this case, the bivector field ry defined by rr,f, = N7¥ is a Poisson tensor compatible with 7, so that M is a bi-Hamiltonian
manifold. Moreover, the functions

1 k
Hk_ZkTr(N ), k=1,2,..., (4)
satisfy dHy,1 = N*dHj, entailing their involutivity with respect to both Poisson brackets induced by 7 and my.

In [8] we called involutive a PqN manifold such that the traces (4) of the powers of N are in involution (with respect to
the unique Poisson bracket defined on M, i.e., the one associated with ) and we observed that there are non involutive
PgN manifolds. Moreover, we found some hypotheses (see Remark 3) to be added to obtain a class of involutive PqN
manifolds, and we gave an application to the closed Toda lattice, whose PgN structure has been defined as a suitable
deformation (see next section) of the PN structure [7] of the open Toda lattice.

3. Deformations of PN manifolds
In this section we first present a few basic facts about the theory of PN and PgN manifolds from the view-point of

differential graded Lie algebras. Then we prove a result which gives a sufficient condition to deform a PN structure into a
PgN one.
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First of all, we recall that, given a tensor field N : TM — T.M, the usual Cartan differential can be modified as follows,

q
dve)(Xo, ..., Xg) = > (=1 Lnx; (@(Xo, ... X}, ..., Xg))
=0 (5)
+ Y (=DM a(Xi XN Xow - Xin o X X,
i<j
where « is a g-form, the X; are vector fields, and [X, Y]y =[NX, Y]+ [X, NY] — N[X, Y]. Note that dy f = N*df for all
f € C*(M). Moreover,
dy=iyod—doiy, (6)
where iy is given by (2), and consequently d o dy + dy o d = 0. Finally, df\, =0 if and only if the torsion of N vanishes.
We also remind that one can define a Lie bracket between 1-forms on a Poisson manifold (M, ) as
lor, Blw = LyzgB — Lyzpor — d(B, o), (7)
and that this Lie bracket can be uniquely extended to all forms on M in such a way that, if n is a g-form and 7’ is a

q'-form, then [n, ']y is a (@ +q — 1)-form and

(K1) [, 7]x = — (=)@ D@Dy’ ]
(K2) [, flg =izeqdf = (df,mla) for all f e C®(M) and for all 1-forms o;
(K3) [n, -1x is a derivation of degree q — 1 of the wedge product, that is, for any differential form 7n”,

W0 A0 e =000 A0+ (DT A, 7" 8)
This extension is a graded Lie bracket, in the sense that (besides (K1)) the graded Jacobi identity holds:

(=)@ D@D 9, p3lele + (=D@P@ D0 3, il le + (=G D@ D3 1, m2l71z =0 (9)

where g; is the degree of n;. It is sometimes called the Koszul bracket — see, e.g., [10] and references therein. We warn the
reader that the Koszul bracket we used in [8] is the opposite of the one used here, since a minus sign in (K2) was inserted.
For future reference, we remark that (K2) holds for any differential form n and for all f € C°°(M). More precisely,

Lfo 0l = e M- (10)

Indeed, [f, ]z and iz:qf coincide on O-forms (they both vanish) and on 1-forms (thanks to (K1) and (K2)), and they are
derivations of degree —1 with respect to the wedge product.

It was proved in [11] that the compatibility conditions (3) between a Poisson tensor 7 and a tensor field N: TM — T M
hold if and only if dy is a derivation of [-, -], that is,

dnin, 01z = [dnn, 01z + (D9 V[, dyn'lx (11)

if n is a g-form and 7n’ is any differential form. In particular, taking N = Id, one has that the Cartan differential d is always
a derivation of [-, -].

Remark 1. It is worth noting that (K2) is a consistency requirement. In fact, for f, g € C°°(M) one has that

didg. f1z ‘2 1dg. df1. Ld(g. f}. (12)
On the other hand,
didg, flr € d (iyeqgd ) = dlg, ). (13)

The following result generalizes Theorem 3 in [38].

Theorem 2. Let (M, 7z, N) be a PN manifold and let 2 be a closed 2-form. If N = N + 7% Q°, where Q" : TM — T* M is defined as
usual by Q°(X) =ix$2, and

1

then (M, 1, N, ¢) is a PgN manifold. In particular, if
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1
dNQ+5[Qyﬂ]ﬂ:07 (15)
then (M, 7, N) is a PN manifold.

Proof. First we prove the compatibility between r and N.If di =dn +d;: o is the differential defined by N=N+ntQ,
we observe that

Aoy =19, 1z. (16)
Indeed, both the left and the right-hand side of the previous formula are graded derivations with respect to the wedge
product, anti-commuting with d (since d2 = 0), and coinciding on 0-forms. To prove the last assertion, we first notice that,
for all f € C®(M),

Ay f = (@ Q)*Af) = Q@ df) =ipiqp =2 flr.

where we used (10) and (K1) in the last equality. Hence, since dy and [f2, -], are both derivations of [-, -], it follows at
once that dg is also a derivation of [-, -]z, yielding the compatibility between N and 7. The closedness of ¢ easily follows
from that of €, recalling that d ody = —dy od and that d is a derivation of [, -];. Moreover,

1 1 1
dge = dyo + [2 ¢lr ‘= dy (stz +5le sz]n> + [sz dnS2+ 512 sz]n} = 31922, Qe ]r =0 (17)

g

thanks to d,z\, =0, the Leibniz rule (11) for dy, the commutation rule (K1), and the graded Jacobi identity (9). Then it follows
from (6) and d¢ = 0 that ig¢ is closed. Finally, with the same argument used to show (16), we can prove that d12v =[¢, 1x.

Indeed, using again dlzv =0, we obtain

d2 f = (dy + [, -11)%f = (dn + (2. 1) Ax f + 2. flr)
=d}f +dnIL, flz + 12, dn f1+12, (2. flxlx
11
SN, flr — Q4T + Q4T T + [ (2. flxlr
9 1
1A, flx + 512 Q. flr = [, 1.

To conclude the proof of the first assertion in the theorem, it suffices to use the fact (see [21]) that, for any 3-form ¢,
5 . . TR(X,Y)=7"(ixnyp) for all vector fields X, Y
dﬁ =[¢, 17 ifand only if ) (19)
itaynripamiy)(d@) =0 forall 1-forms «, B, y

The proof of the second assertion simply follows, recalling that a PqN manifold (M, r, N, ¢) whose 3-form ¢ vanishes is a
PN manifold. O

We remark that in a similar way one can prove the following result (see [8]): If (M, , N, ¢) is a PqN manifold, € is a
closed 2-form such that

1
—¢=dyQ+ E[Q’ Qlr,

and N=N + 7 Q", then (M, 7, N) is a PN manifold.
We also notice that, in the case where N =Id, equation (15) was studied in [14], in the framework of the theory of
Manin triples for Lie algebroids. Starting from a Poisson manifold (M, ), it was shown that every solution of

1
dQ + E[Q’ Qlr=0 (20)
defines a Dirac subbundle I'q C T* M & TM transversal to T* M, and that every solution of

d2=0 and [2,Q];=0 (21)
defines a PN structure on M. As we will see in Corollary 8, the latter result becomes an equivalence under the further
hypothesis that 7t is non degenerate.

Remark 3. The involutivity problem of a PN structure, that is, the possible involutivity of the functions ﬁk = ;—kTr(N"),
where N is obtained as in Theorem 2, is, in our opinion, an open question that deserves further attention. A preliminary
result was obtained in [8], where it was shown that this happens if the following conditions hold:

4
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1. [Q, Q7 =0;
2. dyQ=dH; A Q;

3. iy, 2 =0, where Y, = N"1X; — X, and X, = 7% dHy;
4. {Hy,Hy} =0 for all k> 2.

Then this result was applied to the PgN structure of the closed Toda lattice (see Example 12), seen as a deformation of the
PN structure of the open Toda lattice.

3.1. Deformations of symplectic-Nijenhuis manifolds

In this subsection we consider the important, though particular, case of a PN manifold (M, m, N) whose Poisson tensor
is non degenerate, i.e,, such that 7? is invertible, so that it defines a symplectic form w via the identity

7fe’ = —1d. (22)
The relevance of this case stems from the theory of classical integrable systems, where M is a cotangent bundle endowed

with its canonical symplectic structure.

Remark 4. The defining relation (22) is the same chosen in [23], but we alert the reader that it is not universally adopted.
For example, the authors of [21] chose wfw” = +1d.

Following [21,23], we introduce the notion of a symplectic-Nijenhuis manifold, which is a Poisson-Nijenhuis manifold
(M, r, N) whose Poisson tensor 7 is non degenerate. Hereafter a symplectic-Nijenhuis manifold will be denoted by a
triple (M, w, N) where w is the symplectic form defined in (22). In this more specialized framework, the properties of the
PN structure find a covariant analogue. In particular, the bilinear form wy : TM x TM — R defined by

onN(X,Y) =w(NX,Y),
where X,Y are vector fields on M, is skew-symmetric; hence it defines a 2-form on M, called the associated 2-form of
(M, w, N). The following result provides a characterization of the associated 2-forms, see [23, Theorem 2.1].

Proposition 5. The associated 2-form of a symplectic-Nijenhuis manifold (M, w, N) satisfies the conditions

doy =0 and [wN,wN]lz =0, (23)

where 1 is the Poisson tensor corresponding to w. On the other hand, if a 2-form wy on a symplectic manifold (M, w) satisfies (23),

then wy is the associated 2-form of the symplectic-Nijenhuis manifold (M, w, N), where N = (a)b)fl a),b\, = —nna)',’v.

Remark 6. For future reference, we notice that (16) entails

(@, ]x =dgipp =d-ig=—d,  [wn,lr =d;;» =—dn. (24)

b/

Now we show that the sufficient condition contained in the PN part of Theorem 2 is also necessary when 7 is non
degenerate.

Proposition 7. Let (M, w, N) be a symplectic-Nijenhuis manifold, N a(1,1) tensor field, and 2 the (0,2) tensor field defined by
N=N+r'Q, (25)

where 7 is given by (22). Then N is torsionless and compatible with 7 if and only if Q2 is a closed 2-form such that

1
MQ+?QQM=Q (26)

Proof. If the above mentioned conditions on 2 hold, then Theorem 2 implies that (M, , ﬁ) is a PN manifold.

Viceversa, multiplying (25) on the left by the inverse of 7* and considering the associated 2-forms wy and wg, one obtains
Q=wy — oy, (27)

showing that Q is a closed 2-form thanks to Proposition 5. Moreover, from (18) and d?\, = dl%’ =0 we have that ¢ =

dyQ + %[Q, Qlr satisfies [¢, flr = O for all functions f. Then (10) implies that i 1qr$ =0, so that ¢ = 0 follows from the
fact that v is non degenerate. O
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Putting N = Id, we obtain the following corollary, to be compared with the results of [14], Section 6, and those of [3],
Section 4.4.

Corollary 8. Let (M, w) be a symplectic manifold and let 7 be the Poisson tensor defined by w, see (22). A tensor field N of type (1,1)
is torsionless and compatible with 7 if and only if the (0, 2) tensor field Q2 defined by

N=Id+ 7" (28)
is a 2-form satisfying the conditions

dQ2=0 and [, ], =0. (29)

In the next section we will deform the so called canonical PN structure, i.e., the symplectic-Nijenhuis manifold (R?*, 7, N),
where 77 =1, dp, A 0g, is the canonical Poisson tensor and

n
N =" pi(dg; ®dgi + dp, ® dp;) (30)
i=1
is easily seen to be torsionless and compatible with . It was shown in [22] that this is the local form of any 2n-
dimensional symplectic-Nijenhuis manifold, provided that the eigenvalues of the recursion operator are n independent
functions pq,..., pp. In this context, (q1,...,qn, P1,..., Pn) Were called Darboux-Nijenhuis coordinates and used as sep-
aration variables in [9]. In the following example we show that N itself can be seen as a deformation.

Example 9. The above mentioned symplectic-Nijenhuis manifold (R%", 7, N) can be obtained, using Corollary 8, as a de-
formation of the symplectic manifold (R?", ), where w = 3% ,dp;i Adg; is the canonical symplectic form, i.e., the one
corresponding to sr. Indeed, let us consider the 2-form

n n
Q=Y dpindg— ) pidp; Adg;. (31)
i=1 i=1
Then N =Id+ 7% Q, and € can be checked to be a solution of (29). Moreover, observe that, according to (27), 2 = @ — wy,
where wy = Z?:] pidp; A dg; is the 2-form associated to N.

The final part of this section is devoted to two remarks on Corollary 8.

Remark 10. If (M, w, N) is a symplectic-Nijenhuis manifold, then the 2-form Q defined by N =Id + Q" satisfies (29).
One can show that the pair (i1, Q) endows M with a PQ structure (see [16,13]), in the sense that 7 is a Poisson tensor,
Q is closed, and °7#Q” is closed too. Indeed, (M, w, 7¥Q) is also a symplectic-Nijenhuis manifold, so that the same is
true for (M, w, (m¥$2")2). But the 2-form associated to this latter is —" 7?2, and this is closed by Proposition 5.

Since Q"7#Q" is closed, one can easily check that the pair (€2, N) endows M with an QN structure [15], in the sense that
Q and QN are both closed, and Q"N = N*Q". It follows that (Qy«, N) is an N structure too, where ()’ = "Nk, In
particular, all the 2-forms Qp« are closed.

Considering the symplectic-Nijenhuis manifold (M, w, N¥), one can introduce the closed 2-form € defined by N =1Id +
ani and check that, for all k> 1,

k—1
Qk = Z QNI.
1=0

Indeed, a simple induction shows that

k—1
NK=1d + ¥ (Z QW) .

=0

Remark 11. It is well known (see, e.g., [15,1]) that the closed 1-forms « on a symplectic-Nijenhuis manifold (M, w, N) that
fulfills dyoe = 0 (or, equivalently, d(N*«) = 0) play a fundamental role in the applications to integrable systems. Such forms
coincide with the (closed) ones such that L :,Q = 0. Indeed,

Loy =d(iy:,Q) = d(Q 1 a) = d(N*).

In the case discussed in and before Example 9, it can be easily checked that the closed 1-form such that L4, =0 are the
differentials of the functions depending only on pq,..., ps. The algebra of these functions is abelian (with respect to the
Poisson bracket) and is generated by the traces of the powers of N.

6
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4. Deformations of the canonical PN structure

In this section we start from the canonical PN structure (R?", 7, N), described before Example 9, and we apply Theo-
rem 2 to recover the PN (respectively PqN) structure of the open (respectively closed) Toda lattice. The traces of the powers
of N are simply Hy = ;—kTr(N") =3, pf.‘, so that from the physical point of view the starting point is nothing but the
free-particle case. On the contrary, in [8] we used a preliminary version of Theorem 2 to construct the PqN structure of the
closed Toda lattice out of the PN structure of the open one.

We consider the 2-form

Q=Y (Vij(qi —q;)dq; Adg; +dp; Adpi), (32)
i<j
where Vj; are C* functions of a single variable. One has that Q = d6, where
0= Z <_‘71dei + pjdpi) (33)
i<j

and \7,~j is a primitive function of V;;. The deformed tensor field N =N+ 7" Q" turns out to be

n
N=Y"pi(dg; ®dgi+dp, ®dpi) + Y _ (3, ®dpj — dg; ® dpi) + Y _ Vij (3p; ® dgi — 3, ® dgj) . (34)

i=1 i<j i<j

We refer to Subsection 4.1 for the matrix form of N in the case n = 2, from which the general expression is easily guessed.
Theorem 2 entails that (]RZ“, 7, N, ¢) is a PqN manifold, where ¢ =dyQ + %[Q, Q]r. One can show that

dyQ = Z Vijdgi Adgj A (dpi +dpf) ’
i<j

[2,Q]; =2 Z Vidgi Adgj A Z (i — 8jdpx + (Sjk — Siw)dpy) ,
i<j k<l

(35)

where §;; is the Kronecker delta. Notice that Hy = }—lTr(T\J\Z) =130 P+ >"i-; Vij(qi — q;) is the Hamiltonian of n inter-
acting particles (with unit mass) and that {Hq, Hi} =0 for all k, since N depends only on the differences q; — q;. However,
in general {H;, Hy} #0, i.e., the PgN structure is not involutive (see [8] and the Calogero example below).

Example 12. We consider the case where V;;11(x) = fie* forall i=1,...,n—1 and Vy,(x) = fre™™ (where the f; are
some constants), the other V;; vanishing. The deformed tensor field N is given by

n
N= Zpi (aqx' ® dq; + I, ®dpi) + Z (aqx' ®dpj— atJj ® dpi)
i—1 i<j 36)

n—1
+ Z fi edi—di+1 (8pi+1 ®dg; — 8pi ® dqi+l) — fn et (am ®dqn — ap" ® dth) s
i=1
while ¢ =2 fr e~ 91dgqy Adgq A Y dp;.
If fi=1foralli=1,...,n, then we obtain the PqN structure of the closed Toda lattice, see [8]. The Hj can be shown to be
in involution since the PqN manifold is involutive. For example,

1 . n 1 — 1 n 5 n—1
_ — : . . qi—qi an—q
H1_2Tr(N)_Zp,, H2_4Tr(N)—ZZpi+Ze +1 4 et (37)
i=1 i=1 i=1
are respectively the total momentum and the energy.
If f, =0, then
1
¢=dyvQ2+ E[Q’ Q]z =0, (38)

and we obtain the PN structure introduced in [7] to study the open Toda lattice (with generic values of the constants fj, for
i=1,...,n—1).
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Remark 13. Using the notations of Example 9, we note that one can recover the Das-Okubo (1, 1) tensor field

n
N= Zp,» (3g, ® dg; + 3p; ® dpi) + Z (8q; ® dpj — 3y, ® dp;)
i=1 i<j
n—1

+ ) fi el (3, @ dgi — dp; ® dgiga).
i=1

which is simply (36) with f, =0, by deforming the identity with the 2-form Q=+ 1, where Q2 is given by (31) and

n—1
Q=) eli%dgy Adgi+ Y dpjAdp;, (40)
i=1 i<j

see (32). This means that N=Id+7?Q and

~ 1 ~ ~
dQ + E[Q’ Ql; =0.
Note that since € is closed, one should have [ﬁ, ﬁ]n = 0. To double check the latter, we recall that 2 = w — wy is a solution

of (29), so that

[, Qlr =297 + 2[R, Qlx + (21, Qlr =2wQ1H7 — 2wy, lr +[Q1, lx, (41)
where [w, 1]z =0 since [w, -]y = —d, providing the required identity thanks to [wy, -]z = —dy (see Remark 6) and the

fact that Q1 solves (38).

Example 14. Another interesting particular case of (32) and (34) is V;j(x) =x"2 for all i, j. We have that

1 2 1 2 -2
Ho= 3TN =53 b+ @i — i)
i=1 i<j
is the Hamiltonian of the rational Calogero system. However, one can check that the corresponding PN manifold is involu-
tive for n =3 but not for n = 4. In other words, the powers of the traces of N give the integral of motions of the Calogero

system only for n = 3. The question whether the general rational Calogero system can be framed within the theory of PqN
manifolds is still open.

4.1. The casen =2

In this subsection we present some explicit formulas for the trivial case n = 2. We first notice that, given a bivector m
and a coordinate system (x1, ..., X;) on a manifold M, we have that X = 7%« if and only if X' = w¥w;. Since we prefer to
use column rather than row vectors, whenever we write 7% = A and A is a matrix, we mean that the (i, j) entry of A is
i, Also, if Q is a 2-form and ©° = A, then Ajj = Qji. For the same reason, when N is a (1,1) tensor field and we write
N = A, we mean that the (i, j) entry of A is N’]

We start with the canonical PN structure on R#, defined by

(42)

Then we consider the Z—form Q=V(q, qz)flqz A dgq +dpa Adpq, where Vv is any C* function of two variables. One has
that Q@ = d#, where 6 = Vdqq 4 p>dp; and V is any function such that dg, V = V. The deformed tensor field turns out to be

D1 0 0 1
~ 0 p|-1 0
_ tob —
N=N+nr"Q" = 0 —V|p; 0
Vv 0 0 p2
One can check that
dyQ =Vdgi Adga A (dpy +dp2), [, 2]z =2dgq Adga A ((3g,V)dp1 — (g, V)dp2), (43)
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and apply Theorem 2 to show that (R*, 7, N, ¢) is a PqN manifold, where ¢ = dyQ2 + %[Q, Q]r. Notice that ¢ =0 (i.e., the
manifold is PN) if and only if V = f1e71~% for some constant fi, corresponding to the 2-particle Toda system.

It is immediate to check that this PqN manifold is involutive if and only if V(q1,q2) depends only on the difference
g1 — q2. However, as seen in Remark 3, one of the hypotheses of the involutivity Theorem 6 in [8] is that [, ], =0,
and one can see from the second of (43) that this is true if and only if V is constant. Similar considerations hold for the
other hypotheses. Hence this theorem cannot be applied to the very simple example V =V (q1 — g3). In particular, the well
known integrability of the Toda lattice associated to the simple Lie algebra B, whose potential is V(q1, q2) =e91792 4 e92,
cannot be interpreted with the help of the PqN manifold (R4, rr, N, ¢). We leave for future investigations how to suitably
modify the 2-form €, and we close our paper with an application of Proposition 7 to the case of the so called orthogonal
Toda systems.

Example 15. A bi-Hamiltonian formulation for the open orthogonal Toda systems was described in [18], see also [5,4]. In
particular, the authors of the (first) above cited reference found a Poisson tensor 7 which, together with the canonical one
7, forms a PN structure for the Toda systems whose Hamiltonians are

n n—1
H(p,q) = %Zp?—{—Zeqi_QH—l +ekq,1’ (44)
i=1 i=1
where k =1 (respectively, k = 2) for the Lie algebras B, (respectively, C,). The framework of [18] is the same of Propo-
sition 7. More precisely, this result guarantees that the 2-form Q defined by N =N + 7%Q", where N is as in (30) and
N= ﬁjnj_l, is closed. Said differently, one can think that the Poisson tensor 7 described in [18] can be obtained as a
deformation of the tensor N by a suitable closed 2-form 2. For the reader convenience, we will compute below the 2-form
Q providing this deformation in the B case.
To this end, first we recall [18, equation (38)] that

0 2p2 _p% — 2el1—a2 ed1 =92 _ Del2
—_ —2p> 0 —_ed1—q2 —1-7% — 2ef2
p% 4 2eT1—42 ed1—a2 0 ed1=%2(p; + py)
2ed2 _ gd1—42 P% +2e%2 | —eT1—%2(p;y + py) 0
which entails that
_p% — 2e¢h —q2 et}h —q2 _ 2eq2 0 _2p2
e —_ef1— 92 —p% — 22 2p2 0
0 ed1—q2 (pl + pz) _p% — 2ed1— 02 —ed1—q2
—ed17%2 (py + py) 0 ed1—42 _ Dal2 —p% _ a2
Hence we obtain
0 —el17%2(py + py) | p% +2e71792 + p; el a0
o ef1=%2(p1 4 py) 0 2e92 — 9142 p% +2e% + p,
- —p% —2el1—02 _ p, el1—q2 _ Dal2 0 —2py
_eql —q2 _p% — 2eq2 — D2 2p2 0

or, equivalently,

Q=e1""%(p; + p2)dqr Adgz — (p3 +2eT 7% + py)dgy Adpy —eT " %dgy Adpa
+ (eT17% — 2e%)dqy A dpy — (p3 + 2e% + py)dgy A dpy + 2p2dpy A dpa,

that a simple computation shows to be closed.
Data availability
No data was used for the research described in the article.
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