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1 Introduction

Symmetric product orbifolds of two-dimensional CFTs play a prominent role in hologra-
phy. They give specific realizations of the AdS3/CFTy correspondence arising from string
theory [1-6]: a renowned example is the appearance of the symmetric product orbifold of
T* as the weakly coupled CFT dual to tensionless strings on AdS3 [7-9]. More generally,
symmetric product orbifolds naturally incorporate many features that are compatible with
the large-N behaviour that is expected in holographic setups [10-15]. This makes them a
good laboratory to explore aspects of AdS/CFT with control and accuracy.

While a lot is known about these theories at the orbifold point, less is known about their
behaviour under deformations, most explicit analyses being based on the aforementioned
case of T* [16-20]. Such deformations are needed to introduce interactions in the system,
which hopefully drive the theory to a strongly-coupled point in the CFT moduli space.
There one expects to find features of the holographic duality in terms of a semi-classical
and local theory of gravity. In this work we explore the effects of deformations using
conformal perturbation theory in a manner that is systematic and robust. Our aim is
to establish which features of the deformations are universal for any symmetric product
orbifold CFT, and which ones depend on the CF'T that is being orbifolded.

A two-dimensional symmetric product orbifold CFT is constructed as follows: first we
take a seed CFTy of central charge ¢ that we denote by C. The symmetric product orbifold
of C is then defined as

coN
Sym™(C) = ——. (1.1)
SN
Here Sy is the symmetric group, which instructs us to identify the permutations of the seed
theory. This procedure has an effect analogous to gauging the theory: we keep states that
are invariant under Sy, the untwisted sector, and add new states labelled by conjugacy
classes of Sy, the twisted sectors. An important and appealing aspect of the construction
is that the spectrum of Sym®™ (C) is under analytic control and, moreover, is determined in
an elegant way by the data of the seed C. In this work we will focus exclusively on theories
with at least N' = (2,2) superconformal symmetry.

Because of the N = (2, 2) supersymmetry, the symmetric product orbifolds can contain
exactly marginal operators, which we can use to deform the theory away from the orbifold
point. In other words, these theories can have a moduli space in which we can move
around using exactly marginal operators that preserve supersymmetry. Here we will focus
on marginal operators in the twisted sector: this assures that the deformation will break the
orbifold structure in (1.1), and thus introduce interactions among the copies of the product
theory. Deforming (1.1) by such operators can be interpreted as turning on marginal gauge
couplings, namely

Sym™ (C)() = Sym™ (C) + A / &2 (2,7). (1.2)

Note that the deformed theory Sym®™ (C)(\) is again a conformal field theory which admits
a 't Hooft-like limit for an appropriate NV scaling of the coupling A.

It was shown in [21, 22] that requiring the existence of a twisted modulus already
imposes a stringent condition on the seed C: its central charge must be in the range



1 < ¢ < 6. In our work we explain in further detail which twisted moduli are allowed for
a given central charge, and describe their composition. We will use this, combined with
other requirements described in section 1.1, to give precise results on the effect of turning
on twisted moduli in symmetric product orbifold theories.

The specific question we investigate here is the following. At the orbifold point, the
symmetry of the CFT is much bigger than just the N’ = 2 superconformal algebra. This
comes from the fact that we have N copies of this algebra, and any permutation-invariant
combination of its currents will form a symmetry current of the theory, possibly of higher
spin. Since this phenomenon arises from the specific form of the orbifold theory, we do not
expect these currents to remain conserved as we deform the theory. That is, we expect
them to be lifted under deformations, so that they acquire an anti-holomorphic weight and
are therefore no longer chiral. The lifting of the currents under the deformation is also
expected from holography, as we will explain below.

In this paper we will check explicitly if and how the symmetry currents that arise
from the orbifolding procedure are lifted, with a special emphasis on the theories proposed
in [22]. Our analysis will corroborate the expectation that these conserved currents are
lifted in general. However, a surprising effect is that the magnitude of the lift is not
universal: it depends non-trivially on details of the seed C and is sensitive to the effects of
the orbifolding.

1.1 Holographic CFTs and their ties to symmetric product orbifolds

Let us describe a further motivation for our work coming from holography. Holographic
CF'Ts are theories that admit a dual emergent description in terms of semi-classical general
relativity with weakly-coupled matter through the AdS/CFT correspondence [1]. These
requirements, in addition to the usual conditions such as unitarity, locality, and crossing
symmetry, highly constrain the theory. From our current understanding of AdS/CFT,
holographic theories need to satisfy the following properties. First, they must admit a large
number of local degrees of freedom, meaning that they must be large- N theories. Second,
the dimension of the lightest operator with spin greater than two must be parametrically
larger than one [23-27]. The size of the gap in dimension, often referred to as Agyp, controls
the higher derivative couplings in the gravitational theory. Third, while the CFTs must
have a large number of local degrees of freedom, they must have only few operators of
low scaling dimension. In other words, they must have a sufficiently sparse spectrum of
low-dimension operators [28-30]. Not surprisingly, it remains a formidable task to classify
CFTs that satisfy these conditions.

Nevertheless, progress has been made towards classifying theories that meet some of
the aforementioned conditions. One approach is to identify partition functions compatible
with the holographic conditions. This is particularly powerful in the example of compact
two-dimensional CFTs with at least NV = (2,2) supersymmetry, whose elliptic genus is
a weak Jacobi form [31]. For fixed central charge, the space of such forms is finitely
generated [32], and moreover they are protected in moduli space. It is thus possible to
systematically classify elliptic genera compatible with growth of the spectrum required by



holography, as was done in [21, 33-36]. One striking outcome was the condition that the
seed theory C of the symmetric product orbifold needs to have central charge ¢ < 6 [35].

Building on this result, [22] proposed an infinite new family of holographic CFTs,
namely symmetric product orbifolds of A/ = 2 minimal models. So far, there were two
pieces of evidence for their holographic nature. First, they all have at least one exactly
marginal single-trace operator in the twisted sector. Second, using [35-37], one can show
that the growth of degeneracies in the elliptic genus of the orbifold theory is compatible
with a supergravity description in AdS3. Even though these degeneracies are computed
at the orbifold point, they are invariant on the conformal manifold and hence probe the
putative strongly-coupled supergravity point.

One of the goals of the present paper is to provide further evidence for the existence of
a holographic CFT on the moduli space of these symmetric product orbifolds. To explain
this, let us discuss how such theories could fail to be actually holographic. At the orbifold
point, the large gap condition is violated, as there are infinite towers of higher spin currents.
For the large gap condition to be satisfied elsewhere in the moduli space, it is thus necessary
that these currents are lifted and acquire an anomalous dimension as one moves away from
the orbifold point by turning on A. If this does not happen for all higher spin currents, the
large gap condition cannot be satisfied.

The general lore is that all operators which are not protected should get lifted under
the deformations, but this is of course only an expectation and is far from being a theorem.
In this paper, we will study deformations of symmetric product orbifolds perturbatively
in A and apply conformal perturbation theory to show that the non-protected currents do
indeed acquire an anomalous dimension already at order A2

Let us note that even though our results provide supporting evidence, it is possible that
the anomalous dimensions saturate at an O(1) value as we try to take A — co. Whether
or not the anomalous dimensions saturate is difficult to analyze as it entails understanding
the theories non-perturbatively, for which very few tools are available which is out of
our scope. The analysis here is aimed to explore if there are any surprises within the
perturbative regime of .

1.2 Summary of results

In this paper we present a general analysis regarding the effects of deforming symmetric
product orbifolds of two-dimensional A/ = 2 CFTs by an exactly marginal operator. We
consider higher spin currents constructed from the N copies of the N' = 2 algebra present
at the symmetric orbifold point, and investigate how they are lifted under deformations;
that is, we compute the anomalous dimension they acquire.

For practical reasons we only consider currents of spin 2, 5/2 and 3. Our methods
however would work just as well for higher spin currents, and we provide a general procedure
to construct them in section 3, where we also review general aspects of symmetric orbifolds.
When evaluating the anomalous dimensions, we focus exclusively on currents of Sym®™ (C)
that are constructed out of the superconformal algebra of the seed theory. Incorporating
additional currents that are specific to enhanced symmetries that might appear in C is
doable, but is not considered in the analysis presented here. For the infinite family of the



A-series N' = 2 minimal models there are no such additional currents, and thus for these
seed CFTs our analysis is exhaustive.

In order to evaluate the anomalous dimensions we use conformal perturbation theory,
which we review in section 2. More precisely, we compute the anomalous dimensions at sec-
ond order in perturbation theory. Conceptually, this is a straightforward task; technically,
it turns out to be a quite difficult computation. The main issue is that the marginal oper-
ators used to deform the theory live in the twisted sector, so we need to evaluate twisted
correlation functions. To do this, as is standard, we map the correlators to a covering sur-
face, and then use Ward identities to evaluate the correlators on the cover. Although this is
in principle also straightforward, in practice the computation quickly becomes cumbersome
due to the number of currents involved. The technical aspects of these computations are
described in section 4.

Even though the anomalous dimensions for higher spin currents are primarily computed
using Ward identities, we discover that the lifting mechanism is surprisingly non-universal.
First, the twist of the marginal operator depends on the central charge of the seed theory.
We give a complete list of such possible operators for any seed theory C with 1 < ¢ < 6.1
Second, we find that although the moduli are by definition primary fields on the base, their
images on the cover are not necessarily primaries. This leads to another non-universal as-
pect of the deformation which explicitly affects the magnitude of the anomalous dimensions.

Despite the aforementioned non-universal aspects of the computation, the overall out-
come is completely universal: we find that every higher spin current that is expected to
be lifted, does get lifted. These results are presented in section 5. The computations are
valid for finite values of IV, and we take the large-N limit to make comparisons with prior
literature — which only exists for ¢ = 6 when the seed is T%.

2 Conformal perturbation theory

We start by reviewing the salient features of conformal perturbation theory for two-
dimensional conformal field theories.

2.1 General setup

Conformal perturbation theory can be used to explore the moduli space of a CFT containing
an exactly marginal operator ®, i.e. an operator with scaling dimension (h, h) = (1, 1) whose
weight remains unchanged to all orders in perturbation theory. To deform the CFT with
this marginal operator we add the following term to the action

AS = A/dQZ (2, 7). 2.1)

Because @ is exactly marginal, the deformed theory is again a CFT. Normalized correla-
tion functions in the deformed theory can be computed order by order by expanding the

In the range 1 < ¢ < 3 the list is exhaustive for unitary and discrete CFTs as these correspond to
N = 2 minimal models. For 3 < ¢ < 6 our results predict the primary operator that must be present in the
seed theory for the twisted moduli to exist.



exponential®
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Here O, are primaries of the undeformed theory of weight h,; that we assume to be
orthogonal to one another.

A typical question we ask is, how does the conformal weight h, of an operator change
under this deformation? To answer this question, we note that the deformed theory is
again a CFT, so the normalized two-point functions are completely fixed by symmetry to
be of the form

1
(z — 2/)2(hatpaN) (7 — ) 2(hatia(N)

(0a(2)04(2")), = (2.3)
Here (hq,hq) is the scaling dimension of the undeformed operator, and (pq(\), fia())) is
its correction induced by the deformation. Note that the operators O, are not necessarily
the same as the operators O, as they have been rotated into a basis where the two-point
functions are diagonal. Locality then forces u, = ji4 so that, in particular, the spin remains
unchanged by the deformation. For the purpose of this work, we will only be interested in
lifting holomorphic operators (h, = 0).

To relate (2.3) to (2.2), we note that evaluating the integrals in the latter will lead to
an expression of the form

1

m(éab—2’}/ab10g‘2—2/|2+...). (24)

(Oa(2)0p(2))x =
In this expression, v, denotes a mixing matrix that captures the effects of the deformation:
its eigenvalues give the anomalous dimensions pu,, and its eigenbasis describes the operator
mixing that relates O, to O,. Therefore, one can determine the anomalous dimensions of
operators by computing the correction terms in (2.2) and extracting the coefficient of the
logarithm.

We will be interested in the case when the CFT that we deform is a large- IV symmetric
product orbifold of an A" = 2 minimal model. These theories have many exactly marginal
operators [22]. We consider marginal operators coming from a single-trace 1/2-BPS oper-
ator in the twisted sector. More concretely, the marginal operators will be (G-descendants
of a single-trace (anti-)chiral primary in the twisted sector (see appendix A for our con-
ventions and the definition of the N' = 2 algebra). The fact that the deformation operator
is 1/2-BPS ensures that the deformed theory preserves N' = 2 supersymmetry. More-
over, because of this, the marginal operator itself is protected from getting an anomalous
dimension, guaranteeing that it is marginal to all orders in perturbation theory [38, 39].

2In the following we suppress the anti-holomorphic coordinates when possible.



The fact that the marginal operator is in the twisted sector on the other hand causes
the orbifold structure to be broken as we turn on A. This is actually a promising feature:
symmetric orbifolds universally exhibit a Hagedorn growth in their density of states [12],
and hence cannot be dual to supergravity theories in AdSs (in fact, they are dual to
tensionless string theory — see [9] for the symmetric orbifold of T#). Turning on the
deformation may push the bulk dual into the supergravity regime by making the string
states heavy. In other words, the existence of such marginal operators make the existence
of a supergravity point in the moduli space possible.

The reason to consider single-trace moduli is more subtle. In the setting of symmetric
orbifolds, the deformation can be seen as turning on a gauge coupling with an ’t Hooft like
expansion at large N. As we will review in section 4, it turns out that to have a good planar
limit as N — oo we must dress the O(1) coupling constant A with an appropriate power of N

A ANZ . (2.5)

By exploiting this fact, it can be shown that to leading order in N only single-trace moduli
can cause significant changes in the spectrum (see appendix D of [22]).

2.2 Higher spin currents

In this work we will be interested in the lifting of the higher spin currents in the untwisted
sector of the orbifold theories. This will provide a number of simplifications that we explain
here. Let us first provide the necessary notation.

Naturally, since we consider N/ = 2 superconformal theories, the operators (and thus
the currents) will organize themselves into multiplets. We will use Ws to denote the
superprimary field as defined in appendix A.2; its components will be denoted by

Wo = {Wo, Wy Wiy oo | - (2.6)

We will report explicitly on the anomalous dimension of W. The corresponding corrections
for the other entries of the multiplet are determined in a straight forward manner by
supersymmetry. If there is more than one current at fixed spin s, we will use the notation
Ws.a = {Ws,, ... }. For very low values of s, and under the assumption that the seed theory
has no more than an N' = 2 superconformal symmetry, there is only one superprimary
current at fixed s. But as the spin increases, there will be several multiplets for fixed s,
and these should be distinguished appropriately.

There are additional operators, which mimic spin-s currents, but are merely descen-
dants of the global superconformal algebra. For the simplest examples in section 5 we will
highlight them for pedagogical reasons, and they will be denoted by Ys(z2).

From (2.2) we see that at linear order in A the lifting of the currents will be determined
by a three-point function of the form

<Ws7a(z)WS,b(Z/)(I)(w)> ) (2.7)

with W a current in the untwisted sector, and ® a twisted sector modulus. This three-
point function must vanish for two reasons. First of all, the twist selection rule, i.e. the



criterion that the elements g € Sy determining the twists of the twisted sector operators
in a correlation function must multiply to unity to yield a non-zero result, ensures that any
correlation function with only one twisted sector insertion vanishes. The second argument
is more general and applies to any marginal operator and any CFT: for the lifting of
holomorphic currents, the first order correction is given by a three-point function involving
two currents and a scalar — the modulus — which has h = 1. Such correlation functions
always vanish in CFTs. This is closely tied to unitarity: if currents could acquire a first-
order anomalous dimension, one could give them a negative anti-holomorphic weight h by
appropriately choosing the sign of A, which violates unitarity.

The first non-vanishing contribution to the anomalous dimension of currents thus comes
at order A2, and can be found by computing a four-point function of the form

(Wia(2)Wsp(2)(w)P(w')) . (2.8)

Computing these four-point functions and extracting the anomalous dimensions will be the
focus of the rest of this work.

We note that in general we will have to perform degenerate perturbation theory, taking
into account operator mixing. To reduce the size of the lifting matrices, we can use the
fact that the spin and the U(1) charge of the operators are preserved, meaning that any
matrix elements between operators of different spin or charge vanishes. We can also focus
on primary fields only, since those determine the lifting of their descendants. For instance,
at the lowest spin, s = 2, there is only one current, so that the anomalous dimension is
determined by a single number. For the next value of the spin, s = 3, the situation is
already a bit more complicated. In that case, we will need to compute the eigenvalues of
a two-by-two matrix as the mixing matrix 74, is non-trivial.

Let us conclude this subsection by describing some consistency requirements and tricks
to simplify the computation of anomalous dimensions of holomorphic currents. First of all,
whenever one computes the anomalous dimensions of holomorphic operators, the eigenval-
ues of the lifting matrix must be non-negative. This follows from the fact that the spin
s = h — h is conserved along the deformation. Hence, a negative eigenvalue in the lifting
matrix would imply a negative anti-holomorphic weight h once X is turned on.

In addition to that, a strategy that we will employ many times, and that simplifies
our calculations considerably, is based on the following. Since the deformation operator
is exactly marginal and preserves supersymmetry, the N’ = 2 algebra of the symmetric
orbifold will not be broken under deformation. Therefore, operators corresponding to the
diagonal N’ = 2 algebras do not get lifted at any order in perturbation theory; the Y; defined
below will be examples of such operators protected by superconformal symmetry. We can
use this fact extensively because the higher spin currents are (partly) built out of precisely
such operators. Thus, the lifting of the currents must be originating purely from the terms
that come from the algebra of the seed, but are not protected by the algebra of the orbifold.

2.3 Integrals and regularization

In this subsection we will discuss how to extract the anomalous dimension from a four-point
function between two currents and two moduli. We will mostly follow [17, 18, 40]. Our



starting point is the first non-zero term in the expansion (2.2), which we showed to be the
term at order A\? given by

AN

5 /d2w d*w' (W o(2)®(w)®(w) W 5(2')) . (2.9)

This integral is UV-divergent. However, we can extract the anomalous dimension by split-
ting the integral into a UV-finite part that contains the anomalous dimension and a diver-
gent part. This can be done as follows. We simplify the integral by using global conformal
symmetry to write the four-point function as a function of a cross-ratio. To that end, we
use the following Md&bius transformation that maps a complex coordinate u to

(u—2")(w—2)
(u—2)(w—2")— (u—w)(z—2")5"

u f(u) = (2.10)
that sends the insertions located at 2/, w, and z to 0, 1, and 1/ respectively, and sends w’
to a cross ratio that will be specified shortly. Here taking § — 0 should be understood as
a regulator that will be used to define a normalized bra state. Implementing this transfor-
mation on the four-point function and keeping only the leading order in ¢ in (2.9) results in

<W57a(z)®(w)@(w/)W&b(z/»

B 1 (z — 2')?
- 523(2 _ Z/)Qs (w’ _ Z)Q(M _ Z/)Q

2 (2.11)
(Wea(67)@(1)2(2)Wep(0) ) |

with x the cross-ratio given by

_ (W =) (w-2)
T = =) (2.12)

Subsequently, we perform a change of variables so that the integration is over the coordi-
nates w and z. The measure of integration then changes as follows

O(w, w') |2 ?

(v = 2)*(w ~ &)

dPw d*w' = d*w d® = d*w d* 2.13
e e o(w, z) v (w—2)(z—2") (2.13)
By combining (2.11) and (2.13) we are left with the following integrals to compute
/d% P A (Weaa(67)2(1) 2 () W, p(0)) (2.14)
625(z — 2)%5 | (z —w)(w — 2') e b ' ’

We see that the regulator d can be absorbed into the definition of a properly normalized
bra state (W 4.

At first glance we could now perform the integration over w without knowing the four-
point function. Note though that the cross-ratio x depends on w. Therefore, in principle
one has to be mindful of the w-dependence of  when evaluating the w integral in (2.14).
Nevertheless, it turns out that as long as

hw # he , (2.15)



the logarithmic term that we are after can be found by evaluating the w integral as if there
was no w-dependence in x.> Hence, since hyy = 0 and he = 1, we can perform the w
integral by cutting out e-discs around z and 2z’ to arrive at

— 2
G _27;,)25 log (Iz . | )/de (Wea ®(1)®(2) W) - (2.16)

The anomalous dimension can thus be found by computing

TA2N
2

T = =75 [ @ (Waa (1)) [Wey) (217)

The final remaining obstacle is evaluating the x integral. Once again, this integral is
divergent. We can regulate it by cutting out e-discs around the points 0, 1, and oco. Since
the final result should be scheme independent, the anomalous dimension will be given by
the constant term in the € expansion.

We can now use the fact that the moduli ® are G-descendants of 1/2-BPS states to
convert the area integral in (2.17) into a contour integral: we use the Ward identities for
the G_; /2 to convert them into anti-holomorphic derivatives. Stokes’ theorem then gives
contour integrals around 0, 1, and co. It turns out that the integral around 1 does not
contribute to the anomalous dimension. Schematically this can be seen from the fact that
this term comes from contracting the two moduli together. Once all the dust settles all
that remains of the integration is a contour integral around 0 and oo

o= (o  ar) W 08 72 219

where we used da? = %dazd:ﬁ, and ® denotes the operator ® without G_, /2 descendants.
More precisely, since ® has to be Hermitian, we can write it as the sum of an operator
and its Hermitian conjugate; @ is then decomposed into its chiral (¢.) and anti-chiral (o)
components via

A

§) = 5 (G, g o) + Gl (2.19)

This will lead to four possible contributions to the anomalous dimensions. However, charge
conservation ensures that just the terms with one chiral and one anti-chiral insertion can
contribute. It turns out that at the level of correlation functions, the two non-zero contribu-
tions do not have to agree. They do however give equal contributions to the anomalous di-
mensions. Computing these correlation functions will be the focus of the following sections.

3 Structural aspects of symmetric product orbifolds

In this section we highlight properties of symmetric product orbifolds that will be used in
subsequent sections. We will review the effects of the symmetric group on the spectrum
and correlation functions, and introduce the terminology that we will use to describe the
states in the theory. Along the way we will review how these features lead to a well-defined

3See [18, 40] for a proof of this result.
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large-N limit in section 3.1. Thereafter, we will discuss the appearance of spin-s currents
in symmetric product orbifolds and their behaviour at large V.

Some basic properties of symmetric product orbifolds are the following. Symmetric
product orbifolds are obtained by taking N copies of a seed CFT C and orbifolding by the
SN permutation symmetry between the copies

Sym™ (C) == (3.1)

S
We will refer to C as the seed theory, and denote its central charge with c¢. The central
charge of Sym” (C) is therefore Nec.

The orbifolding produces two effects: first, it projects the Hilbert space of the product
theory down to Sy invariant states. We will refer to this sector as the untwisted sector.
Second, modular invariance of the theory requires the addition of new states, known as
twisted sectors. In these sectors, the boundary conditions of the fields are twisted by the
action of Sy. Twisted sectors are labelled by conjugacy classes of the group, which for
Sy are in one to one correspondence with the partitions of N (or Young diagrams). The
twisted sectors that will be relevant for this paper are simple, and correspond to a single
non-trivial row of length n. We will refer to this sector as the twist-n sector.

Let us first discuss operators in the untwisted sector and their correlation functions.
We can think of operators in the untwisted sector as given by orbits under the action of
Sn that permutes the N factors. That is, we can start with a state in the N-fold tensor
product theory of the form

Ogll)®...®ogl)®1®---®1. (3.2)
N1

Here the upper label (i) denotes the different tensor copies while the lower label a; denotes
the operators in the seed theory. An operator in the untwisted sector of the symmetric
orbifold is then a symmetrized version of this,

O=sym(0f) @@ 0 ®18 81
———
N—I
=> g0 e 00l --01).
= T

(3.3)

Since we can use (3.2) to construct such a state for any N > [, this allows us to construct
a large-N limit.

Computing n-point correlation functions of such untwisted operators is then straight-
forward: the result is simply the product of the correlators of the individual factors,
summed over [ copies of Sy. The only slightly delicate issue is to keep track of this
sum and the corresponding normalization — see appendix C for some remarks on this.

As mentioned above, a state in the twisted sector has a simple geometrical interpreta-
tion: it corresponds to an operator with a modified boundary condition of the form

0(e*™2)1) = O(2)9) geSN . (3.4)
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Note that this boundary condition is only determined by the conjugacy classes of Sy. In
this context a twist field, o4(z), is defined as an operator that captures the non-trivial
monodromy induced by (3.4). What we denote as the twist-n sector, for which we have a
twist field o,(z), are the cases where the permutation is a single cycle of length n. In a
given twist sector, 0, (z) is the lowest dimension operator of that sector, and other states
in the sector come from excited states of the seed theory, uplifted to the twist sector.

Computing correlation functions of twisted fields is more complicated than correlation
functions of untwisted fields: twist fields, when inserted in a correlation function, modify
the periodicity of operators around the point where they are inserted. The basic idea to
overcome this complication is to map the correlator to an n-sheeted cover, where each sheet
corresponds to a tensor factor of the orbifold CFT [41, 42]. This undoes the effect of the
twist by making fields again single-valued on the covering space. If there are more than two
twist operators in the correlation function, the covering space is typically a higher genus
surface. Fortunately, this will not be the case for the correlators appearing in the rest
of this paper. Evaluating correlation functions involving twist fields will be an important
aspect of our computation and it will be discussed at length in section 4.

In the presence of fermions, the definition of the twist field needs to be expanded to
incorporate them. The basic reason is the non-trivial interplay between (3.4) and the NS
and R boundary conditions as we map objects from the base to the cover. This is carefully
explained in [42], and will also be addressed in section 4.

3.1 Large-NN limit

The behaviour of symmetric product orbifolds at large IV is reminiscent of standard gauge
theories with a 't Hooft limit. Here, we summarize the features of this limit relevant for
this work; see [10, 15] for more details. The main property that will be important in this
paper is large-N factorization, which impacts our choice of the deformation of Sym?® (C)
via ®: the deformation should persist in the limit N — oc.

To characterize the limit and its inner-workings, it is useful to decompose operators in
symmetric orbifolds into single and multi-trace operators. The outcome will be very similar
to large- N properties of gauge theories. We will mainly concentrate on the untwisted sector
here, since explicit expressions are simpler. The structure and combinatorics for the twisted

sector are similar.

Single-trace operators. We say that an operator of the form (3.3) has trace length [.
In particular, a single-trace operator has [ = 1 and can be written as

N
O=(N(N-1)2 3" g. 00 =N"123" 00, (3.5)
i=1

geESN

where, by a slight abuse of notation, O denotes the operator with O in the i-th copy and
the vacuum everywhere else. We have given the explicit normalization factor since it will
play a crucial role in the factorization described below. In particular, this normalization
assures that (00|00) ~ O(N?). In the twisted sector, a single-trace operator has a single
cycle of length more than 1, and all other factors are in the vacuum.
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Large-N factorization is the statement that correlation functions of single-trace oper-
ators factorize in the large-/V limit. For instance, given four single-trace operators Oj,... 4
we have

(01020304]01020304) = (0102|0102) (0304]0304) + (0103|0103) (O204]0204)
+ (0104]0104) (0203]0203) + O(1/N) . (3.6)

That is, the leading contribution comes from disconnected two-point functions. This re-
lation also holds for both the twisted and untwisted single-trace states of Sym® (C). The
large-N decomposition has important consequences for the computations we will perform
in section 4.

Multi-trace operators. Let us briefly describe multi-trace operators and their large- N
limit. Multi-trace operators are built from operators (3.2) with [ > 1, such as

1 l
ONZg'(Ol(n)@“'@Ot(zz)®]l®"'®]l)' (3'7)
9€SN N1

In the twisted sector, a multi-trace operator corresponds to multiple non-trivial cycles, or
one non-trivial cycle together with non-vacuum operators in some other factors.

It can happen that it is more convenient to work with operators which have both
single and multi-trace parts. Certain operators need to have both single and multi-trace
components to be primary operators, for example the higher spin currents that we will
discuss below. Such operators are of the form

geSN

To leading order in large N, the normalization of O is then given by the normalization of
the single-trace part Og. In fact, the leading order term of the correlation functions of such
fields is also given just by the single-trace contribution. For a more detailed discussion of
this see appendix C.

Another example of fields with different trace length components are products of single-
trace operators such as

00 ~ Z g-0W Z g-0W | ~ Z g-(0WoM (N -—1)0M0?) (3.9

geESN geESN gESN

Here there is an explicit N dependent factor between the two terms, so that the single and
multi-trace part contribute equally to the normalization and the correlation functions.

3.2 Construction of currents in Sym?” (C)

In this subsection we will discuss the basic ingredients and structures that appear in the
construction of higher spin currents in Sym™ (C). We will start with a fairly general analysis
that will be independent of the seed theory C. This analysis relies on the (super-)conformal
symmetries of the seed, but not on its primary operator content for the moment. One of
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our working assumptions here is that the seed theory has at most N' = 2 superconformal
Symmetry.

Starting with the universal sector, the currents of the seed theory are given by a N’ = 2
superconformal algebra. The stress tensor, supercurrents, and the U(1) current of Sym®™ (C)
are therefore described by fields in the untwisted sector; these can be written as

N
T(z) =Sym(TW() @1 e1...)=> TW(),
=1

J(z) =Sym(JY) 01 01...)= f; JO(2), (3.10)
i=1
GF(2) =Sym(G*TV ()1 ®1...) = i GFO(z),
=1

where T()(z), J®(z), and G*(® are the stress tensor, U(1) current, and supercurrents in
the i*" copy of the CFT.4

Let us start with the design of a spin-4 current in Sym” (C). This example will serve
as a representative to highlight the basic structures. In any CFT5 there is a spin-four field
constructed from the stress tensor that is given by

3
Vi) = (TT)(2) ~ —0°T(2), (311)
where (AB)(z) denotes the normal-ordered product of two operators A(z) and B(z). The
field Yy(2) is not a primary, however, as can be seen from the OPE

(3 +No)T(w) | 4Ya(w) | 9Yi(w)

T(z)Ya(w) = (z —w)? (z—w)?  z-—w

(3.12)

For a symmetric orbifold, Y4(z) can be turned into a primary field by noting that there is
another spin-4 field constructed from the stress tensor. When ¢ £ j, we have

_l’_

z—w)t (z —

) Dl R
T0) (w) 2(T<>T<Jw>) w) , OTOTNw) . (313

C

T (N(TOTG) — 2

ETOTO)w) = 2 E ik ON

Using (3.13) it is not difficult to show that any symmetric orbifold CET features a primary
of weight four that is given by

22
Wile) = (IT)() — 0°T () — 3 S (rOT0)(2), (314)
i#]
=3 [r0r0)e) - Boro) - B XIS woro)e. )
i=1 i#j

We are casting Wy in two equivalent ways, (3.14) and (3.15), to make two features manifest:
in (3.14), the first two terms are protected since they are composed of stress tensors of the

4Note that we have not normalized these fields such that the coefficient of their two-point functions is
one, as is standard for currents.
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whole CFT, and therefore do not acquire an anomalous dimension under the deformation;
we will make this explicit in the computations of section 5. Only the last term acquires
an anomalous dimension. In (3.15), we split Wa(z) into single and double-trace terms.
This is useful for understanding how the currents behave in the large-N limit, and how to
organize subsequent computations efficiently in this limit. That is, if we only cared about
N — oo, then only the first two single-trace terms are important and we can neglect the
double-trace term.

In subsequent sections we will just present the currents for the specific values of spin we
have analysed following the principle we have presented here for Wy, that is constructing
primary operators built from symmetrized currents living in the different copies of the
seed CFT. The only nuance is that we have to include the U(1) current and fermionic
symmetries of the N' = 2 superconformal algebra in the construction of the currents. More
concretely, the procedure is:

1. At a fixed spin s, we list all possible combinations of T®, J® and G including
derivatives, such that the total weight adds up to s.

2. We classify which of those combinations are primaries with respect to the N' = 2
algebra.’

3. We organize the currents into multiplets, according to the N = 2 algebra, see (2.6).

4. Finally, we normalize the operators such that their two-point functions are unity in
accordance with (2.4).5

In this article we only consider currents built from N = 2 superconformal currents.
However, in principle the seed theory C can have additional currents. This happens, for
example, when C is a free theory; the most studied example being the sigma model on T4,
Even though we do not consider such examples, the overall procedure we have presented
here remains the same; the only difference is to incorporate for step 1 those additional cur-
rents to the list of possible combinations, and possibly arrange the currents into primaries
and multiplets with respect to a larger symmetry algebra.

4 Deformations of symmetric product orbifolds

Let us now discuss how to deform symmetric product orbifold CFTs via a marginal defor-
mation. To do this, we first need to choose an exactly marginal operator ®. Let us recap
the arguments of section 2 that constrain our choices, and place them in the context of the
structural aspects of symmetric product orbifolds discussed in section 3.

In order to produce the desired effect, we want the marginal operator ® to be:

1/2-BPS: On the one hand this guarantees that the deformed theory preserves N' = 2
supersymmetry. On the other hand it guarantees that ® is protected from getting an
anomalous dimension, and therefore remains marginal to all orders in perturbation theory.

5This is a more stringent condition than requiring the field to be just a Virasoro primary as we did for Wy.
®Note that in (3.14) and (3.15) we have not normalized Wj.
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Twisted: This breaks the orbifold structure of the theory. That is, the deformed theory
has interactions among the copies of Sym® (C), which could allow for strong coupling effects
controlled by A.

Single-trace: We are most interested in lifting the currents Wy in section 3.2, which to
leading order in N are single-trace.” From the discussion in section 3.1, if ® is single-trace
then the connected pieces scale like 1/N. Consequently, in order to produce anomalous
dimensions that are O(1) in the large-N limit, we need to deform the CFT by®

S5+ A\/N/d% ®(z,7) . (4.1)

This is the scaling that preserves the large-N 't Hooft limit while at the same time leads
to O(1) anomalous dimensions. If ® is multi-trace, the connected correlation functions
behave differently depending on the types of states we are trying to lift. In particular,
some connected correlation functions scale as O(N®) while most go like O(N71). Tt is
therefore impossible to lift most states of the theory and to simultaneously preserve the 't
Hooft limit with multi-trace deformations (see appendix D of [22] for details).

Combining these three requirements, we find that ® should come from a 1/2-BPS state
in the twisted sector given by a single cycle of length n, or twist-n sector for short. In the
end, the actual correlator in (2.18) that we need to evaluate is

<Ws,a‘ (i)(l)&)(l') |Ws,b> ’ (42)

where ® is an operator in the twist-n sector and Wj 4 is an untwisted operator. To evaluate
this correlator, we want to “undo” the twist by using a map that takes fields in Sym® (C),
the base, to a covering Riemann surface, the cover. Let us first explain the technicalities
of this covering map and how it affects the operators and evaluation of (4.2).

4.1 Twists and covers

In this section we will discuss how to compute correlation functions of twisted fields. The
basic idea is to map the correlator to an n-sheeted cover [10, 11, 41-44]. Fields sitting in
the i-th tensor factor of the orbifold CFT get mapped to the i-th cover sheet, and twisted
fields sit at the branch points of the cover map.

In this paper, the correlation functions we are interested in contain two operators in
the untwisted sector and two operators in the twist-n sector, the latter of which can be
placed at z = 0 and z = oo for simplicity. The cover map is then simply given by z = t",
and the cover surface is still a sphere. A twist-n primary field ¢ on the base of weight h
gets mapped to a field ¢ of weight h on the cover such that

h:Z—i-C(n—l). (4.3)

"In general, we want most states to lift in order to meet the sparseness conditions of a dual low-energy

effective field theory. We are focusing on currents because they exist for any Sym” (C) theory, and if they
persist it is problematic for the local properties of the dual field theory.
8We are assuming that the deformation operator is normalized to have unit two-point function.
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Next, we discuss what happens to descendant fields. We will closely follow [42]. Let
us start with descendants coming from a bosonic chiral field X in the seed theory. Such a
field leads to a chiral field in the untwisted sector of the orbifold theory, namely

X)) =Sym(XV2) @1 01...)= ixw (2), (4.4)
=1

where X denotes the operator with X in the i-th factor and the vacuum in every other
factor. By definition, rotating such a field around the insertion of a twist-n field maps
X&) — X¢+) from which we see that X© is indeed invariant under Sy. However,
besides (4.4) we can construct a family of operators
n—1
XM(z) =Y XW(z)e2mikm/n e {0,1,...,n—1} . (4.5)
k=0

As we rotate around the twist field the new fields pick up phases as in X™ — X e2mim/n
This means that they are no longer integer moded, but rather 1/n moded. Since the
moding is determined m modulo n, we write the modes as X_,,,, with the convention
that we do not reduce the fraction. We note that of the X™(z), only X°(2) is invariant
under Sy, survives the orbifold projection, and is therefore a bona fide symmetry of the
theory with corresponding standard Ward identities. All other X™(z) need to appear in
Sy invariant combinations.

Nonetheless, the X (z) fields are crucial to our computations, as they turn into regular
descendant modes on the cover: under the cover map z = t", we have

X() = X(2)(nt" )", (4.6)
so that these modes transform into
Xo = n "X, (4.7)

Let us pause to point an important technical issue: even if ¢ is a primary on the base,
there is no guarantee that ¢ on the cover is also a primary field.® The usual condition for
¢ to be a X-primary is simply that it is annihilated by all positive modes of the only bona
fide current X°(z). However, as we can see, on the cover that only guarantees that it will
be annihilated by modes of the form Xj,,. To guarantee that 6 is annihilated by all positive
modes of X, we want to impose that ¢ is annihilated also by all positive fractional modes
of all the X™(z). In practice this means we want to write ¢ as a fractional descendant of
such a genuine primary field. This guarantees that ¢ will be a genuine primary field on the
cover. The fractional descendants can then be taken care of by (4.7).

Next, we turn to fermionic operators, where the story is slightly more subtle. Even
though we will always work in the NS sector on the base, fermionic operators may need to
end up in the Ramond sector on the cover. To see this, let us investigate what happens

9The fact that primaries of symmetric products can be made out of descendants on the cover was already
noticed by [42, 45, 46].
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2m - On the base this means we rotate

to X (t) as we rotate around 0 by sending ¢t — te
n times around the twist field, so that we indeed end up on the same sheet. For bosonic
operators with integer h, the additional factor in (4.6) is simply 1. We find that X () gets
sent to itself, which is exactly what we expect. For h half-integer however, we find that the
factor gives a sign (—1)"~!. Concretely, this means that if on the base we are in the NS
sector so that X (z) does not pick up a sign under rotation, X (t) picks up a sign (—1)""1
when rotating around ¢. If n is even, ¢ is therefore in the Ramond sector.

We can now work out what this means for G(z) in the NS sector on the base. Because

G has half-integer modes, the modes in the expansion read

G™(z) = S G, (4.8)
a=1/24+m/n+Z

As expected, we see that cover modes Gqy, are half-integer if n is odd, and integer when n
is even.

A further remark on the modes of G is in order. If n is even, then G(t) has a zero
mode. That zero mode comes from the field

n—1

G"2(z) = Y (-1)FGW(z) (4.9)

k=0

on the base. Even though we are in the NS sector, due to the twist this field picks up a minus
sign under rotation around the origin, and is therefore integer moded. For concreteness, let
us pick ¢ to be a chiral primary field that is annihilated by all positive fractional modes of
weight 1/2 and charge 1, so that G_, /2¢> is a modulus. G(J)r’n/ ? then increases the charge by 1

and leaves the weight invariant. Since Gar n/ 2qz5 violates the unitarity bound, we necessarily
must have Gar’n/ng = 0. On the other hand |GO_’"/2¢]2 =n(1/2—c/24), so as long as ¢ < 12
this state is non-vanishing. In conclusion this means that on the cover we should have

Gip=0, Gyop#0. (4.10)

Let us briefly mention the implications for the twisted sector ground states. If n is odd,
the twist-n ground state o, that is the lightest state in the twist-n sector, will get mapped
to the NS vacuum on the cover. Since i = 0, we find that its weight on the base equals

he, = i <n - 1> . (4.11)

n

If n is even, then NS sector states on the base are mapped to the Ramond sector on the

[

cover. The lightest Ramond sector state on the cover has h = 3>

which corresponds to

cn
= —. 4.12
h=2, (4.12)

The difference between (4.11) and (4.12) is usually attributed to a spin field acting on o,.
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4.2 Moduli

Let us now discuss how to find moduli ® that satisfy the three properties listed at the
beginning of section 4. We will see that the existence of such moduli already imposes
conditions on the seed theory C of Sym® (C).

First, the modulus is a G_; /5 descendant of a of a 1 /2-BPS supersymmetric operator,
that is a chiral or anti-chiral primary in the NS sector as defined in (2.19). For concreteness,
in the following we will focus on the chiral case and focus on the left-moving (holomorphic)
pieces of the operator. We write

G~y palee) (4.13)

where @ is a chiral primary with h, =1/2 and ¢ =1.
Second, because the modulus is in the twist-n sector, schematically the chiral primary
is of the form

) = Oy lon) (4.14)

where |o,) is the ground state of the twist-n sector with weight given by (4.11). In (4.14),
@(n) is an appropriate combination of operators such that ¢. is a 1/2-BPS operator with
hy =1/2 and ¢ = 1. In particular, in view of the discussion of the Ramond sector above,
for even n it will contain what is usually called the spin field. Under the cover map, this
®(n) will get mapped to some field é on the cover. Let us derive what properties it has.

To start, we take h, = 1/2 and plug it into (4.3) to recover the following expression
for the weight fzqg of ¢ on the cover,

B¢:ﬁ—£(n2—1) . (4.15)

For odd twist, we are in the NS sector on the cover, and the unitarity bound is simply
that hy > |g|/2 = 1/2, since going to the cover leaves the charge invariant. This leads to
the restriction

c(n+1) <12, (4.16)

For even twist, we are in the Ramond sector, which means that ¢ cannot be lighter than
the Ramond ground state, i.e. }~z¢ > 57. This leads to the restriction

cn <12. (4.17)

These two inequalities should be viewed as restrictions on possible values of ¢ and n. In
particular, for each discrete fixed value of n we can easily determine the highest possible
value of the central charge of C. The resulting values are stated in table 1. As expected [22],
it is impossible to find a modulus of the required properties if c¢ is greater than 6. It is
interesting to see however that even if ¢ falls between 1 < ¢ < 6, only certain specific values
of n are allowed.

We will discuss the composition of gg in detail for specific seed theories in the next
section. But before that, let us point out some interesting generalities based on the infor-
mation so far:
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Table 1. Upper bound cp,.x on the central charge of the seed theory for which a twist n marginal
operator can exist.

o For n =2, we see from (4.15) that

~ C C

Note that we have subtracted the energy arising from the Ramond ground state. For
¢ = 6 the state is trivial, as it is well known. For ¢ < 6, the state ¢ has to be a
primary in the R-sector on the cover with U(1) charge ¢ = 1.

e For n = 3, we have
c

~ 1
We explicitly split the result into two parts as this suggests that the state <z~5(3) is a
Gfl /2 descendant of a neutral primary on the cover with h = 1— . It turns out that

this is always the case.'”

o The constraints (4.17) and (4.16) are necessary conditions for a twisted marginal
operator to exist, but they are by no means sufficient. For example, the bound
in (4.17) does not incorporate the conditions that the U(1) charge of ¢, is ¢ = 1.
The values in the table listed above, although stringent, will be further constrained
as we revisit the moduli for seed theories with ¢ < 3, i.e. for the minimal models.

Finally we want to briefly remark that ¢ is technically not a moduli yet, but needs to be
symmetrized as in (3.3). In particular this introduces a N-dependent normalization factor.
We discuss normalizations in more detail in appendix C, and simply remark that this part
of the normalization actually drops out in the final computation of the correlation function.

4.3 N = 2 minimal models and their twisted moduli

In this section we will focus on the case when the seed theory is a A/ = 2 minimal model.
For these theories, all possible marginal operators, including untwisted and twisted sectors,
were singled out in [22]. Here we will revisit this result, focusing only on the single-trace
moduli, and decode in detail the composition of gg from the perspective of the cover space.

N = 2 minimal models are unitary SCFTs, and constitute a complete classification of
unitary CFTs with /' = (2,2) supersymmetry and ¢ < 3 [48, 49]. They come labeled by a
positive integer k related to the central charge by

3k

= —, 4.20
‘T k2 (4.20)

ONote that for ¢ = 3 the state q~5(3) has ﬁ¢(3) = %; this is compatible with the twist-3 operator discussed
in [39, 47] for symmetric product theories dual to AdS; x S* x % x S*.
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The classification of minimal models is naturally related to simply-laced Dynkin diagrams,
which define the A, D, and FE series. Each of these families are labelled as

e the A-series, which have ¢ = k3—f2 for any positive integer k and are denoted Ax1;
e the D-series, which have ¢ = 1%“2 for any even k > 4 and are denoted Dy, /9 9;
o and three exceptional theories denoted Eg, F7, and Eg, which have ¢ = g, %, and %,

respectively.

A defining property of minimal models is that they are rational CFTs: they contain a finite
number of irreducible representations of the superconformal algebra. We will denote the
highest weight state of these representations as

905‘73) ) 901(\1‘783) ) (421)

where we are making an explicit distinction between the Ramond and Neveu-Schwarz
sectors of the theory. The labels (r, s), are explained in appendix A.3, where we also write
their conformal dimension and U(1) charge.

One of the results in [22] was to explicitly identify the possible supersymmetric
marginal operators in the single-trace twisted sector of Sym™(C) when C is an N = 2
minimal model.!! The summary of that analysis is stated in table 2. Notice that not all
allowed values of the twist we infer from (4.17) and (4.16) are listed in table 2. This reflects
the fact that for ¢ < 3 the precise spectrum of the seed further restricts n. If we combine
the results of table 2 with (4.17) and (4.16), we conclude that the only allowed values of
the twist for a supersymmetric marginal operator are

n=1{2,34,57}, (4.22)

and those are the cases we will consider hereafter.

In [22] the existence of these marginal operators was established by reading off terms
from the orbifold partition function. Here we need to construct them explicitly by finding
a suitable state on the cover with weight (4.15) and charge ¢ = 1. We express é in terms
of (4.21) on the covering space, which turns out to be more intricate than expected.

We start by first describing gg(n) for n = 2. As we remarked in (4.18), the state on the
cover has to be a primary with

~ c 1 1
e+, t 4.2
how — o4 5 T k12 (4.23)

where we used (4.20). Matching this condition with the allowed highest weight represen-
tations of the minimal models gives
~ R k k

¢(2) = SD(T’,S) s Wlth r = 5 =+ 37 S = 5 =+ 1 s (424)

1The analysis of [22] also includes multi-trace twisted and untwisted moduli, but they are not the focus
of the work here.
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Series k moduli
Ag 1 1 twist 5, 1 twist 7
As 2 1 twist 3, 1 twist 4, 1 twist 5
As 4 1 twist 2, 1 twist 3, 1 twist 4
A1 odd, > 3 1 twist 3
Apy1 even, > 6 1 twist 2, 1 twist 3
Dy 4 1 twist 2, 2 twist 3, 1 twist 4
D§+2 0O mod 4, >8 1 twist 2, 1 twist 3
D§+2 2mod 4, >6 1 twist 3
FEg 10 1 twist 2
by 16 1 twist 2
FEg 28 1 twist 2
Table 2. Number of twisted sector single-trace moduli for symmetric product orbifolds of the ADE
minimal models. The central charge of the minimal models is related to the parameter k by ¢ = kngfz

and moreover k is even and k£ > 4. Although the primary gp?n 5) identified on the cover
is not the same as the one used on the base, we emphasize that there is no tension: the
allowed values of k perfectly agree with table 2, and when the state (4.24) is mapped back
to the base it leads to the state reported in [22]. This will be the case in all subsequent
states analysed below.

For n = 3 the results can be described rather easily as well, but there are some
important differences relative to n = 2. First since n is odd, the boundary conditions of
the fermions are unchanged, and on the cover we have

- 1 2

h¢(3) = 5 + m s
where we inserted (4.20) in (4.19). Matching this condition with the allowed highest weight
representations of the minimal models gives

(4.25)

é(?)) = Gfl/gwg«i) , with r=3, s=-1, (4.26)

which requires that k£ > 2. This gives the second difference relative to n = 2: the state <Z~>(3)
on the cover is a descendant of a primary. Again there is agreement with [22].

The remaining values of n are very sporadic in table 2, and the final outcome is the
following. There are three special cases:

k=1, n=5: Q;(5) = Gt3/2|0>NSa
kanz?:&m:Ggmmm, (4.27)
k:2,n:4: &(4):Gt1‘O>R.

It is rather surprising that for these cases the state on the cover is simply a descendant of
the vacuum state: for very low values of ¢ the existence of a primary is guaranteed just by
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the covering map, and does not depend on the seed spectrum at all. The remaining two
cases are
k=2, n=>5: 5 =Gl 0 ), (4.28)
k=4, n=4: ¢(4):¢%73) .
Note that these expressions follow the trends for twist 2 and 3: for £ = 2, n = 5 the state
is of the form (4.26) while for k = 4, n = 4 the state complies with (4.24).

To summarize: the composition of qg(n) on the cover is sensitive to n, ¢, and the
spectrum of the seed theory C. In particular, while the field ¢, is always an N =2
primary on the base, the field ¢(,) can be a primary or a descendant. This is important
since correlation functions of twist fields are evaluated on the cover space using the N' = 2
Ward identities, the latter of which differ for primary and descendant fields. As a result, the
anomalous dimensions of the higher spin currents of Sym®™ (C) are not generically universal
but depend on the details of the seed theory C.

4.4 Correlation functions

Now that we have understood the structure of both the currents and the marginal operators,
we can shift our focus to the evaluation of the correlator appearing in (2.18), namely

<W87a‘ (th/g‘Pa)(l)(Gil/Q‘PC) (z) ’WS,b> . (4.29)

There is a similar term with the two moduli interchanged which can be evaluated in a
similar way.

First of all, we can simplify the computation by permuting the operators so that
the twist insertions are located at z = 0 and z = oo. This will simplify the covering map
considerably, as was noted in section 4.1. The permutation of the operators can be achieved
by adding an appropriate regulator

<W3,a’ (Gil/g‘:oa) (1) (G:1/2%0C) (v) |Ws,b>

= %1_% g <W57a(571)(Gi—1/2¢a)(1)(G:1/2¢C) (x)WS,b(O)> )

(4.30)

and performing the following coordinate transformation, that sends a complex coordinate

z to
z—x+ (z—1)0

s — , 4.31
This transformation maps the insertion points of (4.30) to
Oz, lel, 0, 11, (4.32)

We let € be a regulator to define a normalized bra state again. By using (4.31), we end up,
to leading order in € and 9, with

(We.al (G—i——l/Q(pa) (1) (G:1/2§06) () [Wep)

= (2= 1) 2 (p,| Gt Wy o(D)Wy (2)G~ (4.33)
(z ) (@l 1/2 S,G() S,b(x) _1/2’(Pc>-
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Next, we expand the fields in terms of their constituents, i.e. in terms of the operators
on the i-th copy of Sym® (C). Starting with the currents Wy, and W, the four-point
function (4.33) is a linear combination of correlation functions of the form

mi ) m2
(e Gl TT 02 )0 TT 2407 ) @16 i) (139
k=1 =1

where O,(j) € {J(i), Gi(i),T(i)}, ar € Z>o, and the respective weights h; add up to the
spin of the current

> hp=s. (4.35)
k=1

In order to reconstruct (4.33), we have to sum over the distinct ji’s. Note that this is the
step where we can utilize the freedom to write the currents in ways that either highlights
their global terms or their single and multi-trace terms; see, for example, the contrast
between (3.14) and (3.15).

We will now start by giving the correlation function that has to be computed on the
cover, and go through the steps needed to find the base correlator (4.34). On the cover we
must compute

<¢~)(n)‘ G:/Q ( ]ﬁ g Ok(tk)> (ﬁ 0 Oé(tm1+£)> G:n/g ’(5(”)> . (4.36)

Note that this correlator only contains two A/ = 2 primaries dressed with G* modes and
insertions of (derivatives of) J, G* and T. Therefore, it can be completely evaluated using
just the N' = 2 Ward identities (see appendix B for a review). In order to get back the
base correlator, we then have to carry out the following steps.

First, we have to implement the cover map z = t", or more precisely, the inverse of
this map, to map the correlator on the cover to a correlator on the base. The inverse of
the cover map is given by

where k denotes the copy on the base that ¢ lands on under this map, and ¢, is defined as
a root of unity of order n

C o e27ri/n

= .

Furthermore, we have to incorporate the transformation of the operators under the map.
Since J and G* transform as Virasoro primaries under conformal transformations we have

2\ L zl/n k
J®) () = (‘;t) Jt) = WC"J@), (4.38)
and )
N\ 32 Ak 32
(G5)®) (2) = (gt) Gi(t)=< nﬁ) GE(t). (4.39)
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The stress tensor, however, transforms with an additional contribution from the Schwarzian
derivative

70 () = (gj) _2 (T(t) - é{z,t})

zl/”df 20 cn?—1
() (s £21).

Moreover, using (4.7) we see that the G”fl/z modes that dress the twist operator are mapped

(4.40)

as follows

A+ 1/2 ~+

Gy ' 2G, (4.41)
so that C;';/Q ‘qg(n)> is indeed mapped to G_, loc) (dressed with a factor of v/n). The result
of implementing the covering map is that we now have computed the following correlator
on the base

mi1 ) m2
(e Gl TT 000 () ) (TT 074017 (20) ) 6, ) (1.42)
k=1 =1

where we will take z; = 1 and 29 = .

Second, we may need to normal order (some of) the operator insertions in (4.42).
Normal ordering is necessary when we have ki, k2 € {1,...,m1} such that ji, = jr, (and
similarly for equal j,’s). Explicitly, we use

1
21 J,w — 2

(0102)9(2) = O (w)0Y)(2). (4.43)
An important detail here is that we should consider all the operators that we want to
normal order on the base. If we had done the normal ordering procedure on the cover,
which may naively seem simpler, the composite operator is generically not a Virasoro
primary. This implies that the transformation under the inverse cover map is considerably
more complicated, which is something that we would like to avoid.

Finally, we need to take into account the fact that all fields are symmetrized, which
means that we need to sum over Sy and also take into account the proper normalization
of states, as was explained in section 3.1. Luckily, this can be simplified considerably, as is
explained in detail in appendix C: the twisted sector moduli can be fixed to be in the first
n copies. If both the operators at 1 and z are single-trace, then the sums over j; and j] run
from 1 to n only, since any other configuration leads to a disconnected (or even vanishing)
contribution, which cannot give a logarithmic term.

For multi-trace operators the situation is slightly more complicated. At least one of
the jj still needs to be in the first n factors, but the remaining ji and j, can be in the
other N — n copies. It follows that the higher the trace, the more sums over the large
range N —n we may have to compute. The first non-trivial case that we will encounter
is the currents having a double-trace term. In that scenario we will have to compute the
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following terms

N N

Z Z {@e| G;F/QO(Jl) (1)0(32) (1)0(33) (x)o(m) (x)G:1/2 e
Ji,j2=173,j4=1
N#j2  J3Fja

J1,32=173,74= .
N#je  J3Fia

n N
+ Z Z <%‘GDQO(jl)(l)O(js)(m)Gil/z|%><O(J‘z)(1)0(j2)(x)>

J1,j3=1ja=n+1

+ permutations.

One thing to note here is that since the twist is constricted to the first n copies, the
operators that appear in the disconnected part of the correlator must be on the same
copy. This is because the only reason a correlation function between untwisted operators
on different copies can be non-zero is the presence of a twisted operator that allows the
different sheets to communicate with one another. Moreover, because the disconnected
part has only untwisted operators in it, the sum over the final N — n copies simplifies to
just a seed correlation function, namely

N
> (0109 (z)) = (N = n) (0(1)O(x)) - (4.45)
j=n+1

Evaluating the sums over the copies with the twist insertions is more involved. In
terms of the correlator on the covering space it boils down to a sum over insertions at roots
of unity, which is generally hard to compute. At leading order in N, when the currents
are single-trace, we can evaluate the sums analytically (see appendix C.2 for a proof of
this statement). However, in order to compute the finite N result, we must also compute
terms involving multi-trace insertions, and thus more sums. Even though these sums are
generically difficult to deal with, we are saved by the fact that the twists we consider are
not that high. From table 2 we can read off that at worst we have to sum roots of unity of
order n = 7. This number is low enough that we are able to compute the sums explicitly.

By carrying out the steps described above we can evaluate the correlation func-
tion (4.34). Using the regularization procedure described in section 2.3 we now have all
the ingredients necessary to compute the anomalous dimensions of higher spin currents
described in the following section. We used Mathematica for our computations and the
notebooks are available upon request.

5 Lifting currents

We are now ready to compute the anomalous dimensions of the first currents, up to spin
three, that will lift under the deformation of the symmetric orbifold. The discussion in this
section incorporates all the ingredients that a generic N/ = 2 SCFT seed theory brings to
this analysis. More prominently, our analysis incorporates all the intricacies and novelties of
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the moduli laid out in section 4, which is not universal as a function of ¢, nor the twist. We
also discuss the large-N behaviour of our results and contrast them with existing results.
We stress that the currents we consider in this paper are those that are built from the
N = 2 superconformal currents. In the case that the seed theory C has additional currents,
the latter have to be incorporated by following the steps laid out in section 3.2. These addi-
tional currents would enlarge the mixing matrix ~,;, and hence potentially affect the mag-
nitude of the eigenvalues p, reported here. Therefore, our expressions are only strictly valid
when there are no such additional currents present. This is the case, for example, for the (in-
finite) family of A-series minimal models. In general, we expect that all higher spin currents
will lift even in cases with additional currents, albeit this needs to be confirmed explicitly.

5.1 Spin-2 sector

We start with the construction of the appropriate current. In section 3.2, we already saw
that any symmetric orbifold contains a new primary current at spin four built entirely from
the stress-tensor. It is then not surprising that any symmetric product theory containing a
stress tensor and a U(1) current (such as any N' = (2,2) CFT) will contain a new primary
spin-two current. There are two linearly-independent Virasoro primaries at weight 2 that
are given by:

T(z)— 3 f:(,]@ﬂ) )(2) ) i T (2)79)(2). (5.1)

24 i#]

The OPE of these operators with 7'(z) reflect that they are primaries with respect to
the Virasoro algebra, however they are not primaries of the Virasoro-Kac-Moody algebra,
i.e. the algebra generated by the stress tensor 7'(z) and the U(1) R-current J(z). One
combination that will be pedagogical to consider is given by

Ya(z) = T(2) — S(JI)(). (5.2)

It is important to note that Y3 is built out of the full stress tensor and U(1) current of the
theory. Hence, since the marginal deformation preserves the N = (2,2) superconformal
symmetry, the conformal dimension of Y5 is protected on the conformal manifold. Nev-
ertheless, we will evaluate the appropriate correlation functions and integrals in (2.2) to
stress that it does not acquire an anomalous dimension.

The linear combination of (5.1) that leads to the non-trivial current at spin-two is

3 3

— N . .
— 5 (D)) + m ; JD(2)JV)(2). (5.3)

Wa(z) =T(z) 5

This operator is a Virasoro-Kac-Moody primary, and a primary under the full N' = 2 alge-
bra. As we will report, it is not protected under the marginal deformation. In particular,
note that the double-trace components of W5 are subleading in N such that in the large-N
limit, the spin-2 current consists only of single-trace operators, namely

N
W(2) = 32 [T(2) = 5(7OI0)(2)) + 00 /N) (54)

2
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We will explicitly evaluate the anomalous dimensions of both (Y2, Ws) although only
that of Wy can be nonzero. First, we normalize the operators in accordance to (2.3).
Using (5.1), (5.2), and the Virasoro-Kac-Moody Ward identities, we find
N(c—1)(ecN —1)

(Wa|Wa) = SN 1) (Y2[W3) =0. (5.5)

c¢N(cN —1)

(Ya|Y2) = 5 :

It is interesting to note that the Wy field becomes null when ¢ = 1, in which case it is not
part of the spectrum. For any other value of ¢, the normalized fields are given by an overall
re-scaling such that

2 2(N — 1)

o Nev o 2 2 \/N(c— D(eN — 1)

Wa . (5.6)

Using the normalization (5.6), and following the procedure described in section 4, we
find that the anomalous dimensions of the spin-2 fields (Y2, W3) can be written as

00
Vo) = : (5.7)
0 f12)

We observe that the anomalous dimension of Y5 vanishes exactly, as expected, and that the
only nonvanishing entry in (5.7) is the anomalous dimension of W5. This is consistent with
the fact that the conformal dimension of Y5 is protected on the conformal manifold. The
anomalous dimensions (i) of Wy for the symmetric orbifolds of N = 2 minimal models
are given in table 3. It is worth remarking that for this simple case the N-dependence of
the anomalous dimensions comes solely from the normalization of the W5 current (5.6).

Note that, as mentioned above, the W5 current becomes null when ¢ = 1 and is not a
part of the spectrum. In this case, we expect the anomalous dimension to vanish, since the
correlation functions of a null state against any other physical state of the theory should be
zero. This is evident for the twist n = 5, 7 entries with ¢ = 1 of table 3: there we evaluated
the anomalous dimension before implementing the normalization (5.6), and the result is
trivial because the 4-point correlation function is zero.

The anomalous dimensions in table 3 are sensitive to the spectrum of the seed CFT. In
particular, these results are valid for symmetric orbifolds of the A/ = 2 minimal models with
1 < ¢ < 3, where the composition of the moduli on the cover is described in section 4.3. To
illustrate this sensitivity, let us focus on n = 3. In this case, the moduli is given by (4.26),
which tell us that we are dealing with a descendant of a primary on the cover space; this
is the structure used to get the appropriate entry in table 3. If instead we considered q~5(3)
to be a primary on the cover, the resulting (incorrect) anomalous dimension is

_ 167222 (64 ¢)(cN — 1)
Hincorrect = 31 C(C — 1)(N — 1) .

(5.8)

It is interesting to note that this value is always greater than or equal to p ) for n = 3,
with the equality holding for ¢ = 3.

As shown in section 4.2, symmetric orbifolds of CFTs with 3 < ¢ < 6 also admit 1/2-
BPS marginal operators with twist n = 2. In these cases, we can obtain the anomalous
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_ 3k
k C=tyz | 7 H(2)
)
1 1 —
7
3 207m2)\2(3N—2)
27(N—1)
3 18772 A2 (3N —2)
2 2 4 256(N—1)
5 472 N2 (3N —2)
5(N—1)
9 4472 X\2(9N —5)
3 5 3 72r43(N—1)
9 3972)2(2N-1)
64(N—1)
1972)2(2N-1)
4 2 3 7r27(]\{—1)
4 2077222(2N-1)
256(N—1)
47222 (2 +12¢—9)(cN-1)
56,... |2<c¢<3| 3 T (e T (V1)
31222 (24+c)(eN-1)
6,8,... |2<ec<3| 2 Sico 1)V 1)

Table 3. The anomalous dimensions of the spin-2 current W5 of the symmetric orbifolds of the
N = 2 minimal models. When ¢ = 1, the W5 current becomes null and the anomalous dimension
of the unnormalized current vanishes. Note that for n = 3, the anomalous dimension is strictly
greater than zero for all % <c<3.

dimension of W from table 3 provided that the seed CFT contains a primary field with
dimension (4.18) and charge ¢ = 1. The anomalous dimension (9 for symmetric orbifolds
with 3 < ¢ < 6 is then given by

~ 3mAAE (244 ¢)(eN — 1)

- 5.9
PR =764 ele— (N — 1) (5:9)
In comparison with [17], we find that if we take ¢ = 6, and N > 1, we obtain
92 \2
H@) s, emg = 35— T OWL/N). (5.10)

This result agrees with [17] up to a factor of 1/2.'2 Note that the same mismatch of 1/2
with respect to the results of [17] was found in [20] for the lifting of certain spin-1 currents.

2The deformation parameter used in [17] is related to the one used here by Athere = N1/2>\hcrc.
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We conclude this subsection by noting that the A/ = 2 multiplet for the spin-2 current

is denoted by Wy = {Wa, #,1,, #; ,,,ws} whose individual components are

5/20 7 5/2)
Wo=T - 2(JJ) + ;m ;J<j>J<z>7
Wiy = 0G* = 3(JGF) + 3;((31Vv_—1)) ; JOGED (5.11)
w = (GraT) ~ars) —or+ gaﬂ _ m ; (GHOG-0 — 270) 10)

For convenience, we have not normalized these fields, a task that can be achieved by scaling
each of them by a factor proportional to (5.6). Since supersymmetry is protected under
the deformation, the anomalous dimensions of W;/EQ and ws are simply given by the values
in table 3.

5.2 Spin-5/2 sector

Generically, a symmetric orbifold contains one or more supercurrents W at each value of
the spin s. One exception to this expectation is the spin-5/2 case. At spin-5/2, we can

try to build the bottom components Wéj;) of candidate charged superfields Wéﬁ) using the
most general linear combination of terms with scaling dimension 5/2, namely
Wi = 106G + ay(JGF)(2) + a3 Y SV (2)GFO(2), (5.12)
J#l

where the a; coefficients are constants. It is not difficult to show that the only choice
of coefficients that render these fields Virasoro-Kac-Moody primaries are given by the

coeflicients of “//572 in (5.11). Thus, the only holomorphic Virasoro-Kac-Moody primaries

at spin-5/2 are the 7/572

superprimary currents; their anomalous dimensions are simply given by table 3.

currents of the spin-2 multiplet (5.11) and there are no spin-5/2

5.3 Spin-3 sector

Let us now consider the spin-3 sector. This is the first example where the fermionic currents
G? contribute to the higher spin currents. At spin three, the symmetric orbifold Sym®™ (C)
has four Virasoro-Kac-Moody primaries but only two of these fields satisfy the conditions
required for them to be the bottom component of a spin-3 superfield (see appendix A.2).
As a result, there are only two spin-3 superprimary multiplets that we denote by W5 1 and
W3 5. The other two Virasoro-Kac-Moody primaries consist of a field built from the full
N = 2 currents of the symmetric orbifold — i.e. the spin-3 analog of Y5 in (5.2) — and
a descendant of the A/ = 2 algebra acting on W5. We have checked that the anomalous
dimension of the former vanishes exactly, while that of the latter is given by the values in
table 3, providing a consistency check of our calculations.

— 30 —



The bottom components W3, of the spin-3 superprimary fields W3, can be conve-
niently written as

Wip=> [( JO (O g0y — 2 (7O 70y 4 92 J(i)}

i

4+ 3(2 — ¢) JO (W) 70y L 3GTOG=) 4 9c7® JU)
c(N —1) g { ( )T ) }
2(c—3) N
J@ g@) k) 5.13
¢(N =2)(N—-1) z;k (5.13)

(GHOG-0) 4 & () 70y _ oli) _ g2 J@)}
3

Wi =)

%

S 3 [24 JO (79 g0 £ 3(13 + 2¢) GTOG=) 4 4(9 + 2c)T(i>JU>}
6c(N — 1) vy
2(3 4 2¢) N (i
J0 g0) k) 5.14
A(N =2)(N —1) g;ék (5:14)

The first, second, and third lines in (5.13) and (5.14) correspond to linear combinations of
single-trace, double-trace, and triple-trace operators. In particular, note that double and
triple-trace operators are suppressed by factors of 1/N and 1/N? respectively, such that
their contributions are negligible in the large- N limit. It is also interesting to note that as
we increase the spin s, the higher spin currents of the symmetric orbifold feature higher
order multi-trace operators that consist not only of the A/ = 2 currents, but also of higher
spin Wy currents with s’ < s.

We have written the spin-3 currents (5.13) and (5.14) in a basis that favours the single-
trace contributions of J and GT, respectively, but is not orthogonal. An orthogonal basis
can be obtained from the following linear combination of currents

Wap = (13+2c)Ws1 +6Wsa,  Wia =4(3+cN)Wsy +cN(6—cN)Wsa. (5.15)

In this basis, the norms of the spin-3 currents are given by
2N(c—1)(c+6)(2c — 3)[72 — 6¢N (9 + 2¢) + 2N?(13 4 2¢)]
9¢(N —2)(N —1) ’

N(cN+6)(2¢N —3)(5¢N —12)[72 — 6¢N(9 + 2¢) + ¢2N%(13 + 2¢)]
27(N —1)

(W31 |Ws1) =

(5.16)

(W3o|Wsp) = , (5.17)

while <W3,1|W372> vanishes by construction. We see that the W&l current becomes null
whenever ¢ =1 or ¢ = 3/2. In these cases, that include two of the N/ = 2 minimal models,
this current must be modded out from the spectrum. Consequently, it is not going to be
surprising to find below that for the ¢ = 1 and ¢ = 3/2 minimal models, one of the spin-3
anomalous dimensions vanishes exactly (before normalization). As discussed in section 5.1,
this follows from the fact that correlation functions of a null state with any other operator
must vanish.
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Using the methods described in section 4 we obtain the matrix (3) of spin-3 anomalous
dimensions for each of the twisted moduli of the symmetric orbifolds of the A/ = 2 minimal

(£)

models. The eigenvalues of this matrix are denoted by u 3) and satisfy

(
dety(3) = Mg))ug))’ try@) = ug)) + uggf. (5.18)
For values of the seed central charge in the range 1 < ¢ < 2, where the symmetric product
orbifold admits twisted moduli with values ranging up to n = 7 (see table 2) the eigenvalues

u%) are reported in table 4. On the other hand, when the seed central charge lies in the

range 2 < ¢ < 3, we have only twist n = 2,3 moduli, and the eigenvalues uggi)) can be

obtained from the explicit expressions for the 7(3) matrices given below.

Twist-2. Using the fact that the composition of the moduli is of the form (4.18), the
determinant and trace of (3 read

27 At (eN + 6)(2eN — 3)(—4320 + 2412¢ + 276¢2 + 7c3)

det i3y =
UG T 16334 A(c—1)(c+6)(2¢ —3)(N —1)2 ’
3m2)\2 1
t = 4212 — 4284c + 891¢2 + 71¢° (5.19)
BUCENSTT c(c—l)(c+6)(20—3)(N—1)< ¢t s+l

+ eN (=104 + T2 + 377¢ + 20¢%) )

For minimal models this covers theories with ¢ = 3k/(k 4 2) with k = 4,6, .... This result
is also valid for theories with 3 < ¢ < 6 for which a suitable primary exists that conforms
with (4.18).

+)
3)
write down. Instead, we report their values at large N, which are given by
(+) 3m2\2

3) 7 256(c — 1)(c + 6)(2¢ — 3)

4+ 1/2956176 — 3991680¢ 4 1387512¢2 — 9504¢3 — 12599¢ + 656¢° + 6406)

Reading off ,uE from (5.19) is straightforward, but the expressions are cumbersome to

1 (— 1044 4 72¢ + 377¢% + 20¢°

+ O(1/N) . (5.20)
It is worth mentioning that this expression is always positive for the range 2 < ¢ < 6.

Twist-3. Using that the composition of the moduli is of the form (4.19), the determinant
and trace of ~(3) are now given by

8t (¢cN +6)(2¢N — 3) 9
det y(g) = — 324 431 — 3
) = 9187 Ble = D)(c + 6)(N — 2)(N — 1)2< 524 4 3159¢7 = 3603¢
—423¢* — 9¢° — N(108¢ + 1134¢? — 1809¢® — 158¢* — 3c5)) ,
272 \2 1
_ —6(234 — 16¢? + 7¢
Y@ = g 62(6_1)(C+6)(N_2)(N_1)( 6(234 — 693 + 316¢° + 7c°)
+ N (378 — 873c + 282¢% — 701¢ — 30c?) (5.21)

+ 2cN?(—234 4 189¢ + 173¢? + 6c3)) .
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(+) (=)
kleln 0 M)
5 23227222 (64 N)(—342N)
3125(N—2)(N—1
111 o ( )( )
7 24667222 (6+N)(—3+2N)
2401(N—2)(N—1)
3 472 2\2 (44 N)(—9+5N)
27(N—2)(N—1)
2 3 4 . 7222(44+N)(—1876+1079N)
2 1024(N—2)(N—1)
5 47222 (44 N)(—1789+1040N)
3125(N—2)(N—1)
30213 7222 (—1780—27100N +14619 N2 /1579226000 — 2952279840 N +2003396824 N 2 —584464200 N3 +62105625 N 1)
5 947TT(N—2)(N—1)
9 3m2 A2 (—7+48N+1/2857—3480N+1056 N 2)
128(N—1)
4123 7222(—126—791N+442N2+4/1288548 — 2376252 N+ 1584865 N2 — 453460 N3 +47236 N )
324(N—2)(N—1)
4 37222 (—318—879N+549N2+1/34/754068— 1275900 N +753741 N2 — 182840 N3 +15643N4)
1024(N—2)(N—1)

Table 4. The anomalous dimensions of the spin-3 currents of symmetric orbifolds with seed central
charge 1 < ¢ < 2. When ¢ = 1 or 3/2 one of the spin-3 currents becomes null and the anomalous
dimension of the unnormalized current vanishes. The non-vanishing values of the anomalous di-
mensions are real and positive for all N > n.

These expressions apply for minimal models with ¢ = 3k/(k + 2) with £ > 3. They are
also valid for theories with ¢ = 3, the maximal allowed value for a twist-3 deformation of
an N =2 CFTs. At large N, the eigenvalues of (5.21) are given by

+ 272 \2
u® =
() 7 8le(c — 1)(c +6)

( — 234 4+ 189¢ + 173¢2 + 63
(5.22)

+ (5c — 3)V/5220 — 780c + 49¢? ) + O(1/N)

which are positive for all ¢ in the range 9/5 < ¢ < 3.

It is interesting to compare the anomalous dimensions of the spin-2 and spin-3 currents.
For convenience we work in the large-N limit. Since the Wy current becomes null when
the seed central charge is 1, we only consider the cases where 1 < ¢ < 3. For each of the

twisted moduli of the symmetric orbifold we find that

o when ¢ = 3/2 and there is only one spin-3 current, the anomalous dimensions satisfy
t2) > ME;)), (N>1);

 while for 3/2 < ¢ < 3 we instead have

ug)) > pyg) > ME;)), (N>1).

Once the higher spin currents become massive we expect their anomalous dimensions to fall
into Regge trajectories such that u(s1) > (s for each spin s. The results above suggest

that this is the case for the spin-2 current and the spin-3 current associated with ug)),
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trajectory. In order to verify if this is indeed the case it will be necessary to compute the

while the current associated with ,ugg) may be interpreted as lying in a different Regge
anomalous dimensions of additional higher spin currents.

In analogy with the spin-2 case considered in section 5.1, the anomalous dimensions
of the spin-3 currents can be extended to symmetric orbifolds with seed central charge
3 < ¢ < 6. As described earlier, this is possible because these theories admit 1/2-BPS
marginal operators at twist n = 2. Assuming that these theories contain a primary field
with weight (4.18) and charge ¢ = 1, the anomalous dimensions of symmetric orbifolds
with 3 < ¢ < 6 can be obtained from the eigenvalues of (3 given in (5.19). In particular,

let us consider the ¢ = 6 case, where the eigenvalues ,uE;)_L)) are simply given by

) 3m2A\% (2+ 8N + V19 — 13N + 4N2)  157%)\?

= = 1/N 5.2
212 2 242
O 372)2 (24 8N — VIO — 13N + 4N%)  9n2A
- - 1/N). 24

It is interesting to note that in the large- N limit, ,ug)) agrees with the anomalous dimension
of the spin-2 current pi(9) in (5.10). More generally, we find that for ¢ = 6 the anomalous
dimensions satisfy ,ug)) > ,ug)) > 12y where the last inequality is saturated when N — oo.

We conclude by noting that the spin-3 currents (5.13) and (5.14) are the bottom
components of two N = 2 superprimary fields, each of which consist of two additional
charged spin-7/2 fields and a neutral spin-4 field. Since supersymmetry is preserved by the
deformation, the anomalous dimensions of all of these fields — or more precisely, of the
linear combinations that diagonalize the matrix of anomalous dimensions — are also given
by table 4 and the eigenvalues of (5.19) and (5.21).
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A Conventions

In this appendix we establish our conventions for the N' = 2 superconformal algebra,
introduce its superprimary fields, and describe the spectrum of the A/ = 2 minimal models.
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A.1 N = 2 superconformal algebra

Let us begin by describing basic properties of the A/ = 2 superconformal algebra. This
algebra is characterized by the stress tensor 7', a weight-1 U(1) current J, and two weight-
3/2 fermionic currents G and G~ with U(1) charges +1 and —1, respectively. In terms
of its generators, the corresponding commutators are given by

[Lim, Ln] = (m — 1)Ly p + Tczm(WQ — 1)dmin,0,
[y Jn] = 5 8tno,

(GG} =2L, 15+ (r — 8)Jrps + ;<r2 — 31)5’““’0 :
(Lo Jo] = —1 I (A1)
[Jm,G;t} = iGiJrr,
L] = (5 =) G

{Gr.63h=0.

The standard Hermiticity properties of the generators on the plane are [50, 51]

L) =Low,  ()i=da,  (e}) =07, (A.2)

In the Ramond (R) sector the fermionic generators G are integer-modded, r € Z, while
in the Neveu-Schwarz (NS) sector they are half-integer-modded, r € Z + %

The N = 2 superconformal algebra is invariant under the so-called spectral flow auto-
morphism [52], which reads

2

L, — L, =L,+nJ,+ %cén,o,

Jo = J=Jn+ %n(sn,o, (A.3)

GF - GF =Gg*

where 7 is a continuous parameter. For n € Z + 1/2 the flow interpolates between the NS
and R sectors, while for n € Z it maps the NS and R sectors to themselves.

The zero modes Ly and Jy commute such that primary states are labeled by the
eigenvalues h and ¢ of these operators, namely,'3

Lolp) = hle), Jole) = qlp) - (A.4)

Furthermore, primary states satisfy the usual highest-weight conditions

G,,:!:|§D>:O, T>0,

A5
Ln|¢) = Julp) =0, n>0. (A.5)

13We recall that for A = 4 algebras ¢ € Z, while for N = 2 the charge ¢ is a rational number.
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In the NS sector of the Hilbert space of an N/ = 2 SCFT, it is useful to define chiral
and anti-chiral states to be those which, in addition to (A.5), respectively satisfy

G le) =0, (A.6)
and
lp) =0. (A7)

Using the mode algebra one can easily prove (see e.g. [50]) that |p) is an N/ = 2 (anti-)chiral
primary if and only if h = ¢/2 (h = —¢q/2). As usual, chiral representations correspond to
short supermultiplets.

Finally, it is useful to record the unitarity bounds of the N' = 2 algebra [48]. For states
in the NS sector unitarity restricts h to satisfy

> - — .
hz g+ (1 4r), rez+;, (A.8)
while for the R-sector we have
h>nq—|—£(1—4nQ>+M neZz (A.9)
- 24 2 ’ ’ '

These sets of linear relations are obtained from the unitary conditions that follow from
the Kac determinant. The (half-)integer spacing comes from incorporating spectral flow
sectors in the bounds.

A.2 Superprimary fields

In this appendix we describe the superprimary fields of the N’ = 2 superconformal algebra
and write down their OPEs with the conserved currents following the conventions of [53].
We focus on the conditions for the holomorphic sector but there is of course a natural
counterpart for the anti-holomorphic sector.

We denote a generic superprimary field as @, ,), which is characterized by its
conformal weight h and U(1) charge ¢q. This superfield consists of four components
D g = {@, %", 9~, x} which in the NS sector satisfy

Lolp) = hlp) , Jolo) =qle),

)
Ln|(p>:Gf1/2+n|§0>:07 forn >0,
|¢i> = :Fijl/z o)

)

) =GTy5G7 o) — Loa )

(A.10)

It is clear from these expressions that the states ¢ and ¢* are Virasoro-Kac-Moody pri-
maries, while x is a Virasoro-Kac-Moody descendant. It follows that the OPEs between
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the currents in the N' = 2 algebra and the components of the superprimary field are

he(0) | 0¢p(0)

T(2)p(0) ~ ==+ ———,
T(2)*(0) ~ (h+ 5)¥*(0) LX)
22 PP
T(2)x(0) qig(]) (h —I—;)X(O) 3)(2(0) ’
J(2)(0) ~ q‘f’z(o),
(¢ £ 1)3*(0)

(A.11)

G*(2)v™(0) =0,
2h %+ q)(0) N x(0) £ 9p(0)

G (2 (0) ~ =

22 z ’
+ +

If we implement the conditions (A.6) and (A.7), there is a shortening of the multiplet:
this occurs when ¢ is a (anti-)chiral primary, as defined in (A.6) and (A.7). In the chiral
case we impose ¥ = 0 while in the anti-chiral one we impose ¥~ = 0 instead. In both
situations y becomes a descendant of ¢. From (A.10), the fields making up the short
supermultiplet are identified as

cI)(h,Zh) = {907 0,97, 830} ) (I)(h,th) = {Spa 1/}+7 0, _8@} ) (A12)
which correspond to a chiral and an anti-chiral primary, respectively.

A.3 Spectrum of N/ = 2 minimal models

For theories with 1 < ¢ < 3 there is a complete classification of SCFTs with N = (2,2)
supersymmetry — these are the A/ = 2 minimal models. The classification is possible
because there is a finite number of irreducible representation for a fixed value of ¢ in this
range [48, 49]. Here we will list the values of the U(1) charge and the dimension of the
highest weight state for each representation. This information is used in the main text to
identify the marginal operator ® on the cover space.

The U(1) charges and the dimension of the highest weight states in the Ramond sector
are given by

r? — 52 c s €
hiy=—"=+— <= —. Al
T qht2) T ST Ri2 T (A-13)
The labels run as
re{l,...k+1}, 0<|s—e¢ <r—1, r+s=0 (mod 2), (A.14)
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where € = + and the positive integer k labels the central charge of the SCFT via (4.20).
From (A.13) we see that the BPS representations, i.e. the Ramond ground states, are given
by r = |s|. The highest weight states in the NS sector can be easily obtained using the
spectral flow relation (A.3) on the zero modes of the algebra.

B N = 2 Ward identities and correlation functions

In this appendix we explain how we use Ward identities to compute correlation functions
of the form

(D11X " (20) X (22) - X" (20)|62) (B.1)

where the X?(z) are chiral fields of the A = 2 superconformal algebra and the ¢ are general
descendant fields.

Our general strategy is to split the fields W (z) into a creator and an annihilator part,

X(2)=X(2)+X%) = > Xz 74 Y Xh (B.2)
r+h<1 r+h>1

We then (anti-)commute the annihilator part all the way to the right, and the creator part
all the way to the left. In doing so we pick up (anti-)commutators [X“*(z;), X (z;)]+. These
commutators are very similar to the Ward identities coming from the OPE of X (z;) with
X (z;). They do however also contain all non-singular terms. Choosing the cutoff between
annihilator and creator terms is somewhat arbitrary, but we made our choice to give the
nicest form to the commutators. Finally, the creator and annihilator parts act on the ¢

states as
Ny

Xa(z)|¢2> = Z ZﬁrihX’Xr¢2> ’ (B?’)

r>—hx+1

and
Ny

(@ilX(z)= D " (X[enl, (B.4)
r>hx—1
where V7 o is the total weight added by the descendants in ¢1 2.

Let us now discuss how this works in practice. In the NS sector, the (anti-)commutators
turn out to precisely match the singular part of the Ward identity OPEs. This is not
surprising: in that case, the correlation function is a meromorphic function in the w;.
Subtracting all poles in the OPEs thus leaves a bounded function with no poles, which
by Liouville’s theorem has to be constant. The constant in turn has to be zero because
of cluster decomposition. In summary this means that the correlator is indeed what is
expected by pole subtraction.

The situation in the Ramond sector is slightly more complicated. The correlator is
no longer a meromorphic function: the fermionic variables have branch cuts from 0 to co.
The pole subtraction argument used above thus no longer works. This shows up in the
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anti-commutator of GT with G~. In this case we have

(G (2), G (w)} = (zw) ™ Y GG}z

r>0,s€Z

= (zw) "%/ > (2Ln +(2r —n)J, + g <T2 - i) 50,n> w"(w/z)" (B.5)

r>0,neZ

2T (w 2J(w o(wJ (w ¢ 3w? + 6wz — 22
= (w/2)"/? <z —(w) * (2 —(w))2 * w((z —( w))) 12 (zt w)3w? ) ’

where in the second line we substituted s = r — n. A similar computation shows that
{G7(2),G(w)} = —{G""(2),G™ (w)}, (B.6)

as is needed for consistency. Note that the factor of (w/z)'/? is exactly what is needed to
get the correct branch cuts at 0 and oo for w and z.

It may seem surprising that the Ramond sector Ward identities look so much more
complicated than the NS ones. However, this is only due to the fact that our Ward identities
are exact, and not just up to singular terms. In fact, if we are only interested in the singular
terms as z — w, we recover the usual Ward identity:

2T (w) N 2J(w) n 0J(w) n 2¢c

a+ P —(w)) =
{(; ( );(; ( )} (Z __QU) (Z ——10)2 (z __1U) 3(2 __1U)

0
3+0((z-w)"). (B7)
Similar regular terms appear if we collide G(z) with a bosonic operator at w, i.e. if we do
the expansion z — w. However, we can avoid this by colliding the bosonic operator with
G(z) instead, i.e. by taking the expansion w — z instead. By the above argument this
expansion will only contain singular terms.

C Evaluating symmetrized correlation functions

In this appendix we provide additional details on the evaluation of correlation functions in
symmetric product orbifolds.

C.1 N dependence of correlation functions

We follow section 4 of [20]: operators in the symmetric orbifold are given by orbits under
the action of Sy. We will denote by O a representative of that orbit, usually chosen such
that the all non-vacuum factors are up front. The actual symmetrized operator O, up to
normalization, is then given by

0= 40. (C.1)

geESN

More precisely, pick a representative of this orbit O whose first [ factors are non-vacuum
factors, and whose last N — [ factors are vacua,

N—1
O0=0'®---0'®R)10) . (C.2)
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Note we can use O to construct such a state for any N, as long as N > [. This allows to
construct a large-N limit. A normalized state which is permutation symmetric can then
be written as the normalized orbit of qu with

10| ~ /NN — 1)! (C.3)

If I = 1, then ¢ is a single-trace state, if [ = 2, double trace etc. If ¢ is a linear combination
of states of different length, then define L = min(l). We will call the term of length L
the head of the state, and terms with [ > L the tail. We will also call L the head length.
If the coefficients in front of the different multi-trace components written as in (C.1) are
independent of N, then L then fixes the normalization to leading order as /N!(N — L)

Note that this argument only works as long as the coefficients in the linear combination
do not depend on N, which can fail in some common cases. Take for instance the field JJ.
Written as in (C.1) we have

(Z Ji> (Z Jj) =(N=1)" > g(JJ I+ (N =-1)JHT) . (C.4)
i J geESN
We see that the double trace term comes with a factor N — 1, and will therefore also
contribute to the overall normalization.

For simplicity let us assume that ¢ only has terms of length [ = L. Somewhat sym-
bolically, the 4pt function we need can be computed as

I(@,2) =Y kp,(N) 3 (Gy)a0]O1#1(1,1)g0%P) (2, 2)|G_ 1 o) (C.5)
P1,P2 gESKp
Here p; is a configuration p; = (ay, ag,. .., a,,S) that consists of an ordered tuple of factors

(a1,as, ..., a,) describing which factors of O' sit in the first copies (1) through (n), and an
unordered multiset S which simply contains all remaining N — n factors of 0. K p1 is the
number of non-vacuum factors in S, such that K, is between L1 and L; —n. Similarly po
is a configuration that describes O%. Since the correlator vanishes unless the same number
of vacuum factors appear in the last N — n copies, we write K, = K, = K,,.

The crucial point of (C.5) is that all sums that appear are independent of N. The only
N-dependence comes from k,(N). This factor was worked out in [20] for n = 2. Their
argument can be easily generalized to give

(N —n){(N — )N = 12)!

() = oo — K, —n)t (©6)

To discuss the large- N behavior of states O with mixed trace length, let us assume that
the normalization is fixed by the head length, ||O|| ~ /N!(N — L)!. For the contribution
of two pieces of trace length [ we then get

(N = n)/(N = I)I(N = Iy)! RN
/ip( )N N!\/(N—Ll)!(N—Lz)!(N—Kp—n)l ~ N-h—let3lit+5Lo+K (0'7)

Obviously for fixed states, the leading contribution comes from picking K as large as
possible. However, if K = [; (or l3), then the correlation function is actually disconnected,
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since O! is orthogonal to the twist fields which live in (1---n). The maximal connected
contribution is thus from K given by

K =min(l1,l2) — 1. (C.8)
Using
1 +19— 2min(l1, lg) = |l1 — l2| , (Cg)
we get that the contribution is
N%(Ll*l1)+%(L2*12)*%|11*12|*1 ) (C.lO)

From this we immediately find the following results:

e If L; = Lo, then the leading contribution comes from the two head terms, and is
O(N~1). Any tail terms will give subleading contributions.

e If L1 # Lo, then the contribution is
O(N—albi-Lal=1) (C.11)

that is subleading in 1/N. This contribution however can potentially also come from
tail terms.

In summary, we can say the following about the matrix elements between states of mixed
trace length:

e To leading order it is enough to keep the head terms of a state.
o Matrix elements between states of different head length are always subleading.

e However, genuine multi-trace states with no single trace terms can still give leading
contributions amongst themselves. Their matrix elements with single-trace states
however are subleading.

C.2 Evaluating single-trace sums

Let us now describe how to evaluate the sums in (C.5) in practice, for two single-trace
terms of the form

<G—1/290|O(j)(1)0(jl)(m)\G—Uz@ . (C.12)

The only configurations p which contribute have O in the first n copies, that is p =
(1,...,0,...1,5) with S containing only vacuum operators; all other configurations either
vanish or lead to a disconnected piece. The sum over configurations p thus turns into a
sum of j from 1 to n, and the sum over Sk is trivial since K = 0. Assuming that O is
normalized to 1, we get £(N) = ~. Thus, (C.5) turns into

1 & . y
N Z (G—1/2%0’O(])(1)O(] )(55)|G—1/280>~ (C.13)
Jy'=1
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By carrying out the steps laid out in section 4.4 we end up with a linear combination of
terms of the form of

n S ﬁy/ ¢
Jg'=1 yﬂ v )*

where ¢ € 7, while y and 3y’ are the inverse images under the covering map of 1 and =z,
respectively, such that
yi=¢,, and y = z/ne’ (C.15)

In order to compute the sums in (C.13) we first rewrite (C.14) as

no gt eOGgem 16044

MZ,; (g% _ xl/nC%/)s = lezl ( G=3") _ xl/n) Z:: (CJ _ a)

(C.16)

where we have defined o = z1/"

and we have reduced the expression to just one sum over
the n-th roots of unity. In order to compute the remaining sum we notice that

n

1= - ¢, (C.7)
j=1
so (2™ — 1)~! has simple poles located at z = ¢J, with residue
1 1_ . 2-¢ 1,
e [ =t = e = (c18)

Using this fact, we can define a function f that has simple poles at the roots of unity with
residue equal to precisely the terms that we want to sum over

n2zs—€—1af 1

f(z) = ooy o1 (C.19)
One can easily check that this f satisfies
s—0) ¢
nCn Q
Res i [f(2)] = ———, C.20
e V=" (C.20)

as claimed. Now, as long as £ > —n , which is true for all the sums that we have to compute,
f(2) approaches zero as we increase |z|. Therefore, it must be true that

lim dz f(z) =0, (C.21)

T—00 Cro

and thus, by the residue theorem, it follows that the sum over all residues on the complex
plane evaluates to zero. We thus conclude that

”Z Cn Z Res, _ C’ (2)] = —Res,=a [f(2)] — Res,—o [f(2)] - (C.22)

((d-a) *@

Unpacking this equation leads to the following conclusion: any sum that we encounter
when computing (C.12) can be found by evaluating at most two residues.
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