CONCENTRATION PHENOMENA FOR THE SCHRODINGER-POISSON
SYSTEM IN R?
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ABSTRACT. We perform a semiclassical analysis for the planar Schréodinger-Poisson system
—&2AY + V(20 = BE(z)y in R?,

(SP€) 2 . 2
—AE = |y in R?

where ¢ is a positive parameter corresponding to the Planck constant and V is a bounded

external potential. We detect solution pairs (u., E.) of the system (SP:) as € — 0, leaning on a
nongeneracy result in [3].

1. INTRODUCTION

We are concerned with the planar Schrédinger-Poisson system

—2AY + V() = E(z)y in R?,
—~AE = [4]*> in R?,

which presents some special features, because of the different nature of the Newtonian potential in
two-dimensional space. This system has been derived in R? by R. Penrose in [21] in his description
of the self-gravitational collapse of a quantum mechanical system (see also [20, 22, 19, 18]). The
rigorous mathematical study of the nonlinear Schrodinger equation with nonlocal nonlinearity,
involving a Coulomb type convolution potential, dates back to the seminal papers by Lieb
[14] and Lions [15]. Successively in [24] Wei and Winter studied the semiclassical limit for
the Schrodinger-Poisson system, after showing the nondegeneracy of the least energy solutions
of a related limiting system (see also [13]). We also mention the papers [6, 8, 9, 17] where
variational and topological methods have been employed to derive concentration phenomena for
generalized NLS equations with more general nonlocal nonlinearity in dimensional d > 3, where
the nondegeneracy properties of the linearized operators do not hold.

The rigorous study of the Schrédinger-Poisson system in R? remained open for long time, since
it appears more delicate. Differently from the Coulomb potential, the Newton potential in R?
is sign-changing and it presents singularities at zero and infinity. Moreover we recall that the
Poisson equation —AFE = |1|? determines the solution F: R? — R only up to harmonic functions,
and every semibounded harmonic function is costant in R?. Therefore if ¢» € L°(R?) and E
solves the Poisson equation under suitable additional assumption at infinity, such as E(z) — —oo
as |z| — +oo, then we have E(z) = ®y(x) + ¢, where ¢ is a constant and ®,, is the convolution
of fundamental solution of —A in R? with [1|?, namely ®y(z) = 5 [z log ﬁ%(y)ﬁdy.

(1.1)
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In literature, apart from some numerical results in [12], existence and uniqueness results of
spherically symmetric solutions of (1.1) were proved by Stubbe and Vuffray [5], for V' = 1, using
shooting methods for the associated ODE system (see also [4] for the one-dimensional case).

In [16] Masaki proved a global well-posedness of the Cauchy problem for (1.1) in a subspace of

HY(R?), where E(z) = 5 g2 1og 2 [¢:(y)[2dy, which means E(0) = 0.

In the more natural case, E coincides with the Newtonian potential ® of [¢|2, the Schrédinger-
Poisson system with a constant potential can be written as the following Schrédinger equation
with a nonlocal nonlinearity:

(1.2) —Au+u= L [logl*\uﬂ u, x€R2

2m ||
For such an integro-differential equation, unlike the 3D case, the applicability of variational tools
is not straightforward, because the usual Sobolev spaces do not provide a good environment to
work in. In [23] Stubbe tackled this problem by setting a suitable variational framework for (1.2)
within the space

X = {u c H\(R?) | / log(1 + |])[u(z) 2 dz < oo} ,
R
endowed with the norm
Julle = [, (1VuP +1uP) do+ [ og(1 + fal)fu(e) da.
R2 R2

The space X provides a reasonable variational framework, but its norm does not detect the
invariance of the problem under translations; furthermore the quadratic part of the energy
functional associated to (1.2) is not coercive on X. These difficulties enforced the implementation
of new variational ideas and estimates to treat nonlinear Schréodinger equation with nonlocal
nonlinearities involving logarithmic type convolution potential [7, 10, 11]. In particular in [10],
the authors proved the existence result of an unique positive ground state solution U to (1.2).
Sharp asymptotics and the nondegeneracy of the ground state solution U has been proved in [3].
In the present paper we study the existence of solution pairs of the Schrodinger-Poisson system
as the parameter ¢ — 0%. This study presents some new aspects with respect to the 3D case,
since the Newtonian potential in R? does not scale algebraically.

The semiclassical analysis remained in the background until very recent years and, to the best of
our knowledge, it has only been treated by Masaki in [16] via WKB approximation.

Here we adapt some pertubation method developed in [1, 2] in the variational framework X
where the norm depends on the weight  +— log(1 + |z|). This makes it more involved to apply a
finite dimensional reduction.

In the rest of the paper we will consider a potential function V: R? — R satisfying the following
condition:

(V) V € C¥(R?), infcpe V(x) > 0 and

2 2
sup ||V (@)|+ Y10,V (@) + Y |0V (@)|| < +oo.
j=1 '

r€ER? i,j=1
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Setting v(z) = e9p(x), the system (1.1) can be written

(1.3) —e?Av+V(z)v = Ev  in R?,
' —e?AE = |[v]? in R%

Our main existence result can be summarized as follows.

Theorem 1.1. Suppose that V' satisfies (V) and has a non-degenerate critical point xg, i.e.
VV(zg) = 0 and D?*V (xq) is either positive- or negative-definite. Then, for every ¢ > 0
sufficiently small, the system (1.3) possesses a solution (ve, E¢) such that

r — X

_ 1 € 2
vla) =U (T2, Be) = 5 [ low o lue o) d:

where U is the unique (up to translations) positive ground state solution of the limiting equation

1 1
(1.4) —Au+ V(zg)u = by [log B * ]u\2] u, x¢€R2
7T .

Remark 1.2. In Theorem (1.1) we have E.(z) = ¢ 2®,_(x) + c. where ®,_(z) = log |—1‘ *v2 and

ce = e 2loge|ve|3. Coming back to the system (1.1), we derive the existence of the solution
pair (e v, E.) for € > 0 small.

2. FUNCTIONAL SETTING

Without loss of generality, we will assume that xo = 0 and V(0) = 1. Setting u(z) = v(ex) and
w(z) = E(ex), the system (1.3) becomes

—Au+V(ex)u = w(x)u in R?,
(2.1) e R
—Aw = |u| in R=.

The second equation in (2.1) can be explicitly solved with respect to w. Choosing w as the
convolution of the fundamental solution of —A in R? with |u|?, this system can be written as the
single nonlocal equation

(2.2) —Au+ V(ex)u = % {log ’1‘ * |u‘2} u, x€RZ
We consider the functional space

X = {u € HY(R?) | |uls < —i—oo},
where

uf? = [ o5 (1+[a]) u(@)[? dz.
We endow X with the norm

lullk = [lullF + Jul?

and the associated scalar product

(ulv)yx = /R2 [Vu- Vv + uv] de + /R? log(1 + |z])u(z)v(x) dx.

The norms in H'(R?) and L9(R?) will be denoted by || - ||z and | - |4, respectively.
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Solutions to (2.2) correspond to critical points of the energy functional I.: X — R defined by

_ 1 2 2 1 1 2 2
) =5 [ IVl Velu e = o [ s () (@) Plu(w) dedy,

where we set V.(z) = V(ex).
We observe that

(2.3) Jal? = [ (190l + Velul?] do+ Ju?
R2

can be considered as an equivalent norm on X by virtue of assumption (V). The functional I,
fails to be continuous on the Sobolev space H*(R?). On the contrary, arguing as in [10, Lemma
2.2], we can infer the following regularity result on X.

Proposition 2.1. If V satisfies (V), then I. is a functional of class C? on X.

3. LIMITING EQUATION

We consider the planar integro-differential equation

1 1
(3.1) —Au+u= %[logm*\uﬂ u, in R?,

which has the role of a limiting problem for (2.2). We define the energy functional 7: X — R
associated to (3.1):

1 1
I(u) = =||ul|? 7/ 1 — 2 2 .
(w) = 5 llullin + o o2 og(lz — y|)|u(@)|"|u(y)|” dz dy

For future reference, we introduce some shorthand: let us set

BU.9) = 5= [, loslo—yl f(e)gly) dwdy,

so that
1
I(w) = Jullfp — 3 Bu?,u?).
It follows from [10, Lemma 2.2] that I is of class C? and that

Wl = [ [Va- Vo +ugl - B up)

I")lp ) = [ [V Vi + ou] = Blu, ) = 2B(up, uw).
It has been proved in [10, Theorem 1.1] that the restriction of I to the associated Nehari manifold
N ={ueX\{0}|I'(u)u] =0}

attains a global minimum. Moreover, every minimizer u € N of I}, is a solution of (3.1) which
does not change sign and obeys the variational characterization

I(u) = inf sup I(tu).
(u) = inf sup I(t)

From [10, Theorem 1.3] we have the following result.
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Theorem 3.1. Every positive solution w € X of (3.1) is radially symmetric up to translation
and strictly decreasing in the distance from the symmetry center. Moreover u is unique, up to
translation in R2.

Moreover, from [3, Theorem 1], the sharp asymptotics of the radially symmetric positive solution
of (3.1) are known.

Theorem 3.2. If u € X is a radially symmetric positive solution of (3.1), there exists p > 0
such that, as |x| — 400,

u(a) = — oD (—\/Me_l/M /
1

exp
\/ Izl (log [[)1/4

where M = (210) ! [go |ul? dz.

‘xlel/kl

\/logsds> ,

We consider the linearization on a positive solution u of (3.1). Let L(u): X — L?(R?) be the
linear operator defined by

Lu): o= —Ap+ (1 —w)p+2u (?f*(ugo)) ,

where
2 1 1 2
w:R* =R, x> —/ log lu(y)|“dy
2w Jrz2 7 o =yl
and
(3.2) X = {go € X | for every ¢ € C’é’o(]RQ):/2 eL(u)y = /2 f@b}
R R

By standard arguments, one easily shows that £(u) is a self adjoint operator acting on L?(R?) with
domain X. Also, differentiating the equation (3.1), it is clear that a10,,u + 0y, u € ker L(u)
for every aj, as € R.

The following result has been proved in [3, Theorem 3].

Theorem 3.3. Let u € X be a positive solution of (3.1). Then
ker L(u) = {'y -Vu |y e RQ}.

The functional-analytic properties of the second derivative of I will play a crucial réle in our
analysis.

Lemma 3.4. Let u € X be a positive solution of (3.1). The operator 1"(u) is a Fredholm
operator of index zero from X to its dual space X*.

Proof. We will actually prove that I”(u) = A + K, where A is a bounded invertible operator
and K is a compact operator on X.
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Set ¢? = % Jg2 lu(y)* dy. For any ¢ € X and ¢ € X, we have

I"(u)lp, 9] = /]R2 [Vo(z)Vip(z) + @(2)(z)] do
* % /RQ /R2 log [z — yl[u(y)Pe(a)¢ (z) dz dy
+ 71T/RQ /RQ log |z — ylu(y)e(y)u(x)y(z) dy dx
= [, (Vol@)Vie) + pla)i(a) + ¢ og(l + e (a)(a) do
* % /R /R log [« — y| — log(1 + [z])] [u(y)[*(x)4() dx dy

+2 [ ] togle — yluly)ely)u(e)o ) de dy.
T Jr2 JR2

We have deduced the decomposition I”(u) = A+ K, where the operators A and K act as follows:

(3.3) (Ap0) = [ (Vi T+ 00+ ¢ log(L+ fal)p(@) (@) do
and
G4 (Kew) = o [ [ ogle— gl ~ log(L+ el u(y) Pilw)i(a) do dy

1
# =[] togle — yluly)e(y)ut@)i(a) da dy.
T Jr2 JR2
Equation (3.3) implies that the correspondence
u € X — (Au,u)

is an equivalent norm on X. It follows that the operator A is invertible from X to X*.

We claim that K is compact from X to X*. Indeed, let {¢,}, C X be a sequence such that
©n — 0 as n — 4o00. It follows that ||p,||x < D for any n € N.
We prove that

(3.5) i sup (K pn, )| = 0.
Il x=1

Fix ¢ > 0 and ¢ € X such that ||[¢||x = 1. Since u € X, there exists M > 0 such that

D

€ D €
— log(1 + u(y)*dy < = and —/ u(y)| dy < =.
s oy B D) dy < o) Py < G
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We evaluate

(Kgu) =5 [ D081+ = i) —loa(1 + ] o) Pen(x)ote) e dy

tam [y L Bos(0 b = yl) —log(1 ¢ )] lu(r) g () e) ey
1 1
5 L foes (14 ) 1) Pt oy
2 [ log(+ ke = yuy)on()u(e)i(e) dedy
= [ e (14 o) e @) de .
R2 JR? yl

Recalling the elementary inequality log(1+ |z —y|) < log(1+ |z|) +log(1+ |y|) for x € R?, y € R?,
we have that

(o) < oo [ )y [ [108(1-+ [o]) +log(1 + ly)]lpn(@) [0(o)] de

* o /ylgM () dy | g (W) [lon (@)l [4(2)] da

e R (e [ e

# [ [ tos(1 4+l — ylu)llen(w)llu@)b () dy

R2% JR
1 1
2 [ s (14 ) Wl o0 .

Firstly, we estimate

= o 1Py [ 21081+ Ja]) + og(1 + )] en(@)ll0(a)] d

1 1
< (ﬂ / |u<y>|2dy> Iallxllllx + 5 ( [ g1+ ry|>|u<y>|2dy) Iallzllz
ly|>M T \Jly|l>M

D D
= w-</Lp44h“y)de>'¥2ﬂ(/;>A4k%(1+ﬂthd )Idy>

We claim that for every M > 0, there exists L > 0 such that for any y € R? with |y| < M and
for any = € R? we have

1+W—yw
3.6 log ——M=—
(3.6) ‘ T+ Jal

Indeed for any = € R? and y € R?, |y| < M we have

[\3\0’)

14|z —y
1+ |x|
Now take R =2M — 1 > 0, we have that

<1+ M.

1+|m| < 1/2 for any z € R?, and |z| > R.
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It follows that for any = € R?, y € R? with |z| > |y|, |z| > R and |y| < M:

blo—gl  L+llel =Wyl Wl L, M1
1+ |z 1+ |z 14 |z| L+ |z = 2
On the other hand, if |z| < R:
1+|x—y|> 1
l+]z] “1+R 2M’

Conversely if |z| < |y|, we infer that |z| < M and

1—|—|:z:—y|> 1
1+]z] —1+M

We conclude that there exists L > 0 such that (3.6) holds.
It follows that

o /R2 /y|<M (1—:—|f] \y|)‘| ) lon(2)|[¢(z)| do dy

L
< 52 e MO [ lonto vt < o2 ( /. !u(y)!?dy) linllll

'L 'L
< — < —
< —lenlll¥llx < 5 lola

where I' = [, -/ lu(y)|?dy.

By Hardy-Sobolev-Littlewood inequality we have

1 1 )
3 o om (14 o) 1) Pl @) o dy

1 2 1 2
S 9 Juoswe o=y [u()["lon (@)l (@) da dy < o—lullsslenlls/zlllls/s

03 2 C3 2
< o lullsslienllsslivlix < o llullsslenlss-

where c3 > 0 is a suitable constant. Moreover we can take R > 0 such that

1
D 2 €
= (/ log(1 + IyI)IU(y)I2dy> l|lull2 < 7
™ ly|>R
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We have
i/ﬁgm@ log(1 + [z — y)[u(y)llen ()| [u(@)| [P ()| dv dy
= 1/ log (1 + [])|[u(y)|len (W) |[u(2)[[¢(z)| dv dy
T JRZxR2

2 /2 log(L+ [yDlu()llon(®)llul)|[4(2)| de dy
R

™ JRZx

1
< —lullllullxllenll2l¥llx

+ 1/|y|<Rlog(1 + lyDu(y)len(y)ldy /R2 u(z)||v(z)|dz

™

™

L[ s bl (lds [ (o)

1 1
< —[lullxllpnllz + —log(1 + B)[ullzllenll2 ]2

b 1/2
+ = (/ log(1 + Iy!)IU(y)IQdy> [ull2llllx
ly|>R

™

1 1
< ;IIU\&II%IIQ + —log(1+ R)|[ull3]lnll2

D 1/2
+</ mg1+wom@n%w) Julz
T \Jly>R
1 9 €
< — (T+log(1+ R)) flulxlenll2 + 7

By the Hardy-Sobolev-Littlewood inequality we have

1 1
m /RR tog (1 e y|> [en(y)luly)u(e) ()| de dy
= l/ : (W) len(y)|lu(z) [0 (x)| de dy

u
T JrR2xR? [T — Y|

1
< ;Hqu/sH‘Pn”S/SH@Z)HX-

Finally we conclude that

3e c3 I'L
|(Kon, )| < T + ﬂnuﬂg/g”@nﬂsm + EHSOnHQ
1 1
+ ;(1 +log(1+ R))[lullXllenll2 + ;I\U\@/sllwnlls/a-

Taking into account that X is compactly embedded into L*(R?) for any s € [2, +00), we derive
that ||nll2 — 0 and [|p,[[g/3 — 0 as n — +o00. Therefore there exists ng € N such that for any

n > nog

o lullsssllenllsys + 5 llenllz + — (14 log(1 + R)) [[ull[lnllz + —llullssllenlls/s < -
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We derive that lim, 4o [(K@n, )| = 0, uniformly with respect to ¢. Therefore K is compact
and the proof is complete. [l

Definition 3.5. In the sequel, we will denote by U the unique positive solution of (3.1) such
that

U(0) = max U(z).

From the non-degeneracy result, we can infer the following convexity property of I"(U).
Proposition 3.6. The operator I"(U) has only one negative eigenvalue, and therefore there
exists & > 0 such that

(3.7) I"(U)[w,0] > 8lol%

for every v Lx span{U, %—g, %—Z} , where 1L x means orthogonality with respect to the inner
product (- | -)x

Proof. Since

1

~AU +U + o [log+[U2] U =0,

27

we find that
I"(U)[U,U] = (L(U)U,U) = =2 </2 |VU|? + /2 yU|2> <0.
R R
Let now ¢ € ker I”(U), namely ¢ € X and I"(U)p = 0 in X*. It follows that I”(U)p = 0 also
in X*, but ¢ € X, so that L(U)p = 0. Hence ¢ € span{01U, .U}
On the other hand, if ¢ € span{0,U, U}, then L(U)p = 0 in X*. Let ¢ € X. By density, ¥ is
the limit in X of a sequence g, € C§°(R?). Tt follows that
I"U)lp ] = lim I"(U)lp, ga] = lim (L(U)p,gn) =0

nllwroo

and thus ¢ € ker I”(U). This shows that ker I”(U) = span {01U, 02U }.

Taking into account that U is a Mountain Pass solution, by Proposition 3.1, we deduce that
there exists § > 0 such that (3.7) holds. O

4. THE PERTURBATION TECHNIQUE

We will look for solutions to (2.2) near the embedded submanifold Z = {z¢ | £ € R?}, where we
set z¢(x) = U(x — ). Although the norm of X is not invariant under the group of translations
defined on X by

reu: v € R? = u(z — €),
the elementary inequality
log (1 + [z —y[) <log (1 + |z + |y[) <log (1 + [z[) +log (1 + |y|)

yields that u € X and & € R? implies 7zu € X. It follows that U(- — £) = 7eU € X for every
¢ € R?. The invariance under translation of I then implies that Z is a manifold of critical points
of I.
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We will show that each point of Z is an approximate critical point of I, and that there exists a
true critical point of I. located in a tubular neighborhood of Z, provided ¢ is small enough.

Lemma 4.1. Let assumption (V) be satisfied. Then there exists a constant C > 0 such that, for
every & € R? and every e > 0 sufficiently small, we have

|1zl < C (eI WV (0)] +¢2).

Proof. Since z¢ is a critical point of I, it follows easily that

I (z¢)[v]* < IIUIIE/RQ |V (ew) = 1| z¢|* dz

for any v € X. Using the boundedness of D?V and the exponential decay of z¢ at infinity, we
can prove easily that

/2 V(ex) — 1P|z? de < C2|VV(0)[2 + CE™.
R
O

Proposition 4.2. There exist a constant C > 0 and a constant M > 0 such that for every
€€ R? |¢| < M, we have

(4.1) I"(ze)le, 0] = Cllelk
for every ¢ Lx (span {zg, %, %i;}), where L x means orthogonality with respect to the inner
product (- | -)x

Proof. For the sake of simplicity we denote here 1 x by L. In order to get a contradiction, we
suppose that there exists a sequence {&,}, in R? such that &, — 0 and there exists a sequence

0. 0 1

{¢n}tn C X such that ¢, € (Span {anv gin’ gzn }) ’
¢n — ¢ in X and in H'(R?)

on — @ in L*(R?),

lenllx =1 for every n € N,

and

S

I"(2¢,)en, n] <
Assume that ¢ # 0. Then,

% 2 I//(Zﬁn)[wnv o] = I”(U)[@nv on] + I//(Zﬁn)[%@n’ on] — I//(U)[‘Pna ©n]

> 1"(U)[ns en] = 11" (2¢,) = I"(O)|[ lealx = 1" (U)o, en] — 0(1)
as n — +oo. Indeed, the functional I” is continuous at the point U, and the exponential decay
of U at infinity (see Theorem 3.2) immediately yields that z¢, — U strongly in X.

We claim that ¢ L U, ¢ L %—g and ¢ L %—g in X. We only prove the first orthogonality property,

the other two being similar. By assumption, we have that ¢, L z¢,, ¢ L 6;%, on L 8(’;;" for

every n € N. Now,

<90n ’ U>X = _<90n ’ Ren T U>X-
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The right-hand side converges to zero because z¢, — U and {yy}, is a bounded sequence; the
left-hand side converges to (¢ | U)x. We conclude that ¢ L U in X. In a similar way we can
prove that ¢ L %—g and ¢ L %—Z.

As a consequence,

0 > liminf I"(z¢, ) [, pn] = lim inf I"(U)[n, on] = I"(U)[@, @] = 6 |5 -

n—-+00 n—-+o0o

Here we have used Theorem 3.6 and the fact that the linear operator I”(U) is the sum of a lower
semicontinuous operator A and of a compact operator K introduced in (3.3) and (3.4). This
shows that ¢ = 0.

But now, exactly as before,

=2 () lpws pu) — 0l1) = (Apns o) + (Kipns on) — (1) = Cllgnlli = o()
> C - o(L)

a contradiction. O

1
In what follows, for each z¢ € Z, we denote by P¢ the orthogonal projection of X onto (TZ§ Z) ,

where X is endowed with the norm (2.3) (depending on ¢) and L is the orthogonality with
respect the associated inner product. We aim to construct, for every z; € Z, an element

w=uw(e§) € (TZ§Z>J— such that
(4.2) PEIL (2 +w) =0
and

(Id —PE) T (2 + w) = 0.

Clearly, the point u. = z¢ + w(e, z¢) will be a critical point of I, i.e. a solution to (2.2).
To solve the auxiliary equation (4.2) we first write

PEIL (s + w) = PETL(z¢) + PELY () w] + Rz, w).

We will show that R(z¢, w) = o(||w||) uniformly with respect to z¢ € Z for || bounded. Then we
will show that the linear operator

Beg=— (PeIl(z))

exists and is continuous, so that the equation P¢I (z¢ +w) = 0 is equivalent to
w = Beg (Pffé(25) + Rz, w)) 7

1
a fixed-point problem in the unknown w € (ng Z) .

Lemma 4.3. Let M be the constant introduced in Proposition 4.2. For € sufficiently small, the
operator L¢ = P¢ o I/ (z¢) 0 P¢ is invertible, and there exists a constant C'> 0 such that

|z <

for every & € R? with |¢| < M.
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1
Proof. Let £ € R?, |¢] < M. For simplicity we denote here P¢ by Pe. We write (ng 7z ) =V1eVs,
where

V1 = span{ Pez¢ }
1
Vo = (span{zg} @ ngZ) ,

so that V] L V5. We claim that for e — 0F

1
(43 o€ = Pesell =o(1),  I2(zlee, ) = (5 logelze? ) z¢ + (D).
It follows from (4.3) that
Le(zg) = Pe o IZ(z¢)[Peze] = Pe (I (2¢)[2¢, ] + o(1))

_p, (_ (i log ’1| . pﬁ) e+ 0(1))
= ([, 1ozl ~ yllzc@)Plze(w)? dody ) 2 + o(1)

1L
As a consequence, the operator L¢, in matrix form with respect to the decomposition (TZ5 Z ) =
V1 @ Vs, can be written as

I l(fRW log [z — yll ¢ () ?|2¢ (y) > da dy) Td +o(1) o(l)}
‘ o(1) Ag

where the operator A¢ satisfies Ac > C~'1d according to (4.1) in Proposition 4.2.
It now follows from (3.5) that L¢ is negative definite on V; and thus globally invertible on

1L
(T 2l ) . It remains to prove the previous claim.

Recalling the definition of z¢(x) = U(x — £) and the exponential decay of U at infinity, we see
that

(2 | O, 2¢) = —(ze | O, 26) = —(2¢ | O 2) x + /R (Viex) — 1) 2D, 7 d
=o(l) ase—0

for every i € {1,...,n}. Therefore, ||z¢ — Pez¢|| = o(1) as € — 0. This proves the first part of
(4.3). The second identity is proved as follows: we compute

()l vl = I"(leervl + [ | (Vo= 1)z
R
and recall that z¢ solves
1 1
—Aze + z¢ = Py [log B * |25]2} 2.
Since g2 (Ve — 1) zev = o(1)]v|| for € small, we conclude that, for any v € X, we have
1
I (2¢)[ze, v] = I"(2¢)[2e, v] + /R2 (V(ex) — 1) zevda = <<7rlog\ - \z§|2> ze | v> + o(1)]v]].

O
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Proposition 4.4. Let assumption (V) be satisfied. Then for every e small, there exists a
unique w = w(e,§) € (Tp Z)" with [§| < M such that I.(z¢ + w(e,§)) € To Z. The function
(6,€) = w(e, &) is of class C1 with respect to &, and there holds

(4.4) lw(e, )l < € (Vv ()] +<2)
(4.5) 9wl < C (e]VV(0)] + ) + o(?).

Moreover, the function ©:(€) = I.(z¢ + w(e,§)) is of class C' and the condition (&) = 0
implies I (z¢, + w(e, &)) = 0.

Proof. Let us recall that our aim is to construct a solution w € (1., Z )+ to (4.2). We write
(2 + w) = I(z¢) + I (z¢) [w] + R(z¢, w),

where
R(zg, w) = Iz + w) — If(z¢) — I (2¢) [w].

By the invertibility of Lg = P§ o I7(z¢) o Pf (see Lemma 4.3), the function w solves (4.2) if and
only if

(4.6) w = N ¢(w),
where
Neg(w) = —Lg (P o IL(z¢) + PER(z¢,w) )

We can now show that, for e sufficiently small, equation (4.6) can be solved by means of the
Contraction Mapping Theorem.
First of all, understanding the L2-duality, we have

1
Il(ze + w) = —=Azg + Veze — Aw + Vow + o [log*(z§ + w)g} (ze +w),

1 2
Il(ze) = —Aze + Veze + Py {log*\zd } 2
and
1" 1 2 1
IT(z¢)[w] = —Aw + Vow + 7 [log*]zg } w + - [log x(zew)] z¢.
Therefore, again with respect to the L?-duality,
R(zg,w) = IL(z¢ +w) — I/(z¢) — I (2¢)[w]
1 1 ) 1 )
= [log *(zew)] w + o [log*]w\ } ze + o [log*]w| } w.
We have
(47) | B(ze, w)]| < € ([l + o([|w]|?))
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as ||w|| — 0. Indeed we have for any ¢ € X

(R(ze, w), 6)] < -

™

/R2XR2 log |z — ylze (x)w(x)w(y)o(y) do dy‘

+ % /szw log |z — y||w($)’22’g(y)¢(y) dx dy’
2 / log |z — yl|w(z)*w(y)¢(y) da dy‘
7 | Jr2xR2
< 1/ log(1 + |z]) +log(1 + |y])]|ze(z)]|w(z)||w(y)||¢(y)| dz dy
T JR2xR2

tom [, los(1+ [o]) + 1og(1 + [y (@) (o)l |6(0) dx dy

5 log(1 + [a]) +log(1 + [y])][w(@) *lw(y)||é(y)] dx dy
T JRZxR?
< [lwlizligll2llzllxllwlx + lzellzllwlizllwlxllolx + zl2llwl2llwlx[ollx
+lwlikllzll2lléllz + Twl2llwliX 16llz + lwl3lwllx 6]x-
Since ¢ € X is arbitrary, we have
(4.8) 1R (2, w)]| < Cullzellllw]® + Coflwl?
and thus we infer (4.7). In a similar way we can deduce that
(4.9) R (z¢, w1) = R(zg, wa)|| < C ([Jwi]| + [Jwal| + o([[wr —w2l))) [lwi — ws]]
Using Lemma 4.1, (4.7) and (4.9), we find that
INe(w)]| < C (e[VV(0)] + & + [[w] + o |w][?))
[Neg(wi) = Neg(wa)|| < C (JJwn]] + [Jwz| + offlwi = wal])) [wr —w2].

As a consequence, the operator IV, ¢ is a contraction on the closed subset
i
We = {w e (1.2) " | wl < € (eIvV (o) + 82)} ,

provided that C' > 0 is sufficiently large, and € > 0 is sufficiently small. The Contraction Mapping
Theorem yields a unique fixed point w = w(e, §) of N.¢ in W¢ such that (4.4) holds. The last
statements of the Proposition are proved by a straightforward modification of the arguments
contained in [2, pp. 129-130], so we present only a sketch of the ideas.

Let us define the map H: R? x X x R? x R — X x R?,

_(Th(ze + w) = Y ity
H(E w,a,€) = ( ((wgl Oy 2¢)5 (W !18@2@)5) '

In particular, w € (TZEZ)L solves the equation P¢I.(z¢ +w) = 0 if and only if H(§, w,a,e) = 0.
With estimates similar to those we have shown above, we can prove that %(5 ,0,0,¢) is
uniformly invertible in ¢ for € small enough. By the Implicit Function Theorem, the map

& (wg, ag) is of class C*.
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Differentiating the identity H (&, we, o, ) = 0 with respect to &, we obtain

OH OH 8(11)5, ag) .
85 (§7w7 a7€) + 8(w7a) (€7w7a7€) 85 - 07
hence
OH
< 7
Jogul < C | 56w e)gze o
< C (| (z¢ + w) [zl | + | + [lw]]) -
It now follows easily that (4.4) holds. O

5. THE REDUCED FUNCTIONAL
Following [2], the manifold
7 ={z+w(e,§) |E€R? ¢ <M, <1}

is a natural constraint for I, in the sense that any critical point of I. constrained to Z¢ is a free
critical point of I.. To prove the existence of a critical point of the functional I, it is therefore
sufficient to show that the constrained functional ©.: B(0, M) C R? — R defined by

95(5) = Ia(ZE + w)

possesses a critical point. To this aim, we evaluate
1
0.9 = (e +w)+3 [ (Vo= Dz +ufdo

1
= 7/ |V (2 + w)|? + |2¢ + w|* do

2 Jgr2

o [ [ ogle = pllze(a) + w(@)Plzely) + (o) dody
2/ Ve — 1) |2 + w|* do
I(z) 2/ Ve — 1) [2¢ + w|* + Re(w),

where
Re(w) = ;/ (\Vw!2+w dx—i——/ / log |z — yl|w(z) ?|w(y)|? dz dy
+/ (Vze - Vo + zew) da
- %/W/ log |z — y|ze(x)w(x) |2 (y)[* da dy
+*/Rz/ log |z — ylze(x)w(2)z¢ (y)w(y) do dy
o /Rz /Rz log |z — y|z¢(z)w(x) lw(y)[* de dy.
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According to Proposition 4.4, the function O can be expanded as
(5.1) O:(&) =bo + = / (ex) — 1) |2¢ + w|* dz + o(e?),
where by = I(z¢) = I(U). Let us define Q2 = D?*V(0) and the function I': R? — R,

§) = /R2 Q2(2)|2¢ () |* da.

From now on, we will suppose for the sake of definiteness that xg = 0 is a proper local minimum
of V, so that D?V(0) is a positive-definite quadratic form. The case of a proper local maximum
can be treated analogously.

Lemma 5.1. The point £ = 0 is a strict local minimum for T,

Proof. By oddness, 910o'(0) = 0. Since VQ2(z) - * = 2Q2(z) > 0, we conclude that D?T'(0) is
positive-definite. O

We fix a number € > 0 in such a way that £ < M and
I'(€) > T'(0)
for every ¢ € B\ {0}, where B = B(0,¢).
Lemma 5.2. For e > 0 sufficiently small, there results ©<(0) < inf¢_g O ().

Proof. We recall the asymptotic expansion (5.1) and observe that

i 2 qp = & 2 g — &
tim o [, (Vo= Dz +ulPde = 5 [ Qulzef? o = 3T(6)
Hence
1
O:(¢) = 0:(0) = 5&* (T(€) = T(0)) + o(e”).
It now follows from the choice of £ that ©.(¢) — ©.(0) > 0 if [¢| = £ and & > 0 is small enough.
The proof is complete. O

Proof of Theorem 1.1. We have just shown that the function ©, must have a minimum at some
£ =¢(e) in the ball B C B(0, M). This gives rise to a critical point u. = z¢ +w(e, &) € Z° of the
functional I, with ¢ ~ 0. Now, for every ¢ € B,

L o

0= 0:(6) — ©:(&(e)) = 5™ (I(€) — I'(€(e)) + o(e?);

as € = 0, we may assume that £(e) — & and we obtain I'(€) — T'(&) > 0 for every £ € B. Our
choice of § forces £y = 0, so that {(¢) — 0 as € — 0. Hence u. = z¢() + w(e,§(g)) = U.
Coming back to the system (1.3) we obtain the existence of pairs of solution (ve, E.) where

- (2)=0 ()
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and
N A T 2
Bow) =w (%) = - [ 1og|% o) o)y
1 . 2
=-= log [»— 2 Ug (z) dz
e? Jr2 £
1 € 9
= ?/}R? log m!vs(zﬂ dz.
Therefore we have E.(z) = 5% Jg2 log |I—£Z||v€(z)|2 dz + ¢, with ¢, = IOE%EHUEH%. O

Remark 5.3. Our Theorem 1.1 can be slightly generalized. Indeed, we can assume that the
potential V' has a non-degenerate critical point at some xg, in the sense VV(xy) = 0 and there
exists an integer m > 1 such that D?™V (z¢) is either positive- or negative-definite. The proof
then requires only a higher-order expansion of I.(z + w) in e. We omit the details for brevity.

Acknowledgments. The first author is supported by PDR T.1110.14F (FNRS). The second
author is supported by PRIN 2017JPCAPN “Qualitative and quantitative aspects of nonlinear
PDEs” and by INAAM-GNAMPA. The third author is supported by INAAM-GNAMPA. A part
of this work was done during the second author was visiting Département de Mathématique,
Université Libre de Bruxelles. She would like to thank Département de Mathématique, Université
Libre de Bruxelles, for their hospitality and support.

REFERENCES

[1] A. Ambrosetti, M. Badiale, S. Cingolani, Semiclassical states of nonlinear Schrédinger equations, Arch.
Rational Mech. Anal. 140 (1997), 285-300.
[2] A. Ambrosetti, A. Malchiodi. Perturbation methods and semilinear elliptic problems on R™. Birkhauser Verlag,
2006.
[3] D. Bonheure, S. Cingolani, J. Van Schaftingen, On the logarithmic Choquard equation: sharp asymptotics and
nondegeneracy of the groundstate, J. Funct. Anal. 272 (2017), 5255-5281.
[4] P. Choquard, J. Stubbe, The One-Dimensional Schridinger—Newton Equations, Letters in Mathematical
Physics 81 (ARTICLE) (2007): 177-184.
[5] P. Choquard, J. Stubbe, M. Vuffray, Stationary solutions of the Schrodinger—Newton model — an ODE
approach, Differ. Integral Equ. 21 (7-8) (2008) 665-679.
[6] S. Cingolani, M. Clapp, S.Secchi, Intertwining semiclassical solutions to a Schrédinger-Newton system, Discrete
Continuous Dynamical Systems Series S 6 (2013), 891-908.
[7] S. Cingolani, L. Jeanjean, Stationary waves with prescribed L* norm for the Schrodinger-Poisson system,
SIAM 51 (2019), 3533-3568.
[8] S. Cingolani, S. Secchi, M. Squassina, Semiclassical limit for Schrédinger equations with magnetic field and
Hartree-type nonlinearities, Proc. Roy. Soc. Edinburgh 140 A (2010), 973-1009.
[9] S. Cingolani, K. Tanaka, Semi-classical states for the nonlinear Choquard equations: existence, multiplicity
and concentration at a potential well, Rev. Matematica Iberoamericana, 35 (2019), no. 6, 1885-1924.
[10] S. Cingolani, T. Weth, On the planar Schrédinger-Poisson systems, Ann. Inst. H. Poincaré Anal. Non Linéaire
33 (2016), 169-197.
[11] M. Du, T. Weth, Ground states and high energy solutions of the planar Schrodinger-Poisson system, Nonlin-
earity, 30 (2017), pp. 3492-3515.
[12] R. Harrison, T. Moroz, and K. P. Tod, A numerical study of the Schrodinger—Newton equation, Nonlinearity,
16(2003), 101-122.



CONCENTRATION PHENOMENA 19

[13] E. Lenzmann, Uniqueness of ground states for pseudorelativistic Hartree equations, Analysis and PDE, 2
(2009), 1-27.

[14] E.H. Lieb, Existence and uniqueness of the minimizing solution of Choquard’s nonlinear equation, Stud. Appl.
Math. 57 (1977), 93-105.

[15] P.-L. Lions, The Choquard equation and related questions, Nonlinear Anal. T.M.A. 4 (1980), 1063-1073.

[16] S. Masaki, Local ezistence and WKB approximation of solutions to Schrodinger—Poisson system in the
two-dimensional whole space, Comm.PDE, 35 (2010), 2253-2278.

[17] V. Moroz, J. Van Schaftingen, Semi-classical states for the Choquard equations, Calc. Var. Partial Differential
Equations, 52 (2015), 199-235.

[18] I.M. Moroz, P. Tod, Spherically-symmetric solutions of the Schrédinger-Newton equations, Classical and
Quantum Gravity 15 (1998), 2733-2742.

[19] .M. Moroz, P. Tod, An analytical approach to the Schridinger-Newton equations, Nonlinearity 12 (1999),
201-216.

[20] R. Penrose, On gravity’s role in quantum state reduction, Gen. Rel. Grav. 28 (1996), 581-600.

[21] R. Penrose, Quantum computation, entanglement and state reduction, R. Soc. Lond. Philos. Trans. Ser. A
Math. Phys. Eng. Sci. 356 (1998), 1927-1939.

[22] R. Penrose. The road to reality. A complete guide to the laws of the universe. Alfred A. Knopf Inc., New York
(2005).

[23] J. Stubbe, Bound states of two-dimensional Schrédinger-Newton equations, arXiv:0807.4059v1, 2008.

[24] J. Wei, M. Winter, Strongly interacting bumps for the Schrédinger—Newton equation, J. Math. Phys. 50 (2009),
012905.

(D. Bonheure) DEPARTEMENT DE MATHEMATIQUES

UNIVERSITE LIBRE DE BRUXELLES,

CP 214, BOULEVARD DU TRIOMPHE, B-1050 BRUXELLES, BELGIUM
Email address: denis.bonheure@ulb.ac.be

(S. Cingolani) DIPARTIMENTO DI MATEMATICA,
UNIVERSITA DEGLI STUDI DI BARI ALDO MORO,
ViA ORABONA 4, 70125 BARI, ITALY

Email address: silvia.cingolani@uniba.it

(S. Secchi) DIPARTIMENTO DI MATEMATICA E APPLICAZIONI
UNIVERSITA DEGLI STUDI DI MILANO BIcocca,

Via RoBERrRTO Co0zz1 55, 20125 MILANO, ITALY

Email address: simone.secchi@unimib.it



	1. Introduction
	2. Functional setting
	3. Limiting Equation
	4. The perturbation technique
	5. The reduced functional
	References

