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We study regular non-semisimple Dubrovin-Frobenius manifolds in dimensions 2, 3, 4. Our results
rely on the existence of special local coordinates introduced by David and Hertling for regular flat F-
manifolds endowed with an Euler vector field. In such coordinates the invariant metric of the Dubrovin-
Frobenius manifold takes a special form which is the starting point of our construction. We give a
complete classification in the case where the Jordan canonical form of the operator of multiplication by
the Euler vector field has a single Jordan block and we reduce the classification problem to a third-order
ODE and to a system of third-order PDEs in the remaining three-dimensional and four-dimensional
cases. In all of the cases we provide explicit examples of Dubrovin-Frobenius potentials.

INTRODUCTION

Dubrovin-Frobenius manifolds have been intro-
duced by Boris Dubrovin as a coordinate-free refor-
mulation of the so called Witten-Dijkgraaf-Verlinde-
Verlinde (WDVV)-equations of two-dimensional
topological field theories (see®) and play an impor-
tant role in many areas of mathematics (quantum co-
homology, Gromov-Witten theory, singularity theory,
integrable PDESs etc). Some constructions in the the-
ory of Dubrovin-Frobenius manifolds rely on an ad-
ditional assumption: the existence of a holonomic
frame of idempotents. Dubrovin-Frobenius mani-
folds having this property are called semisimple or
massive since in a physical context they correspond to
massive perturbations of two-dimensional topological
field theories. Semisimple Dubrovin-Frobenius man-
ifolds are characterized by the existence of a special
set of local coordinates, called Dubrovin canonical
coordinates or simply canonical coordinates, reduc-
ing the structure constants of the product to a constant
canonical form. A generalization of canonical coor-
dinates in the non semisimple regular case was found
by David and Hertling in>. David-Hertling canonical
coordinates depend on the Jordan normal form of the
operator of multiplication by the Euler vector field.
In this paper using these coodinates we construct ex-
plicit examples of non semisimple regular Dubrovin-
Frobenius manifolds in the case of a single Jordan
block.

The paper is organized as follows: In section 1
we recall the definition of Dubrovin-Frobenius mani-
fold and some known results in the semisimple case.
In Section 2 we introduce David-Hertling canoni-

cal coordinates for regular non semisimple Dubrovin-
Frobenius manifolds and some general properties of
the invartiant metric in such coordinates. In Section
3 we focus on the case of a single Jordan block in
dimensions 2,3 and 4 and in Section 4 we briefly dis-
cuss the case of multiple Jordan blocks both in dimen-
sions 3 and 4.

. DUBROVIN-FROBENIUS MANIFOLDS: THE
SEMISIMPLE CASE

Following Dubrovin® we introduce the notion of

Dubrovin-Frobenius manifold.

Definition 1.1 A Dubrovin-Frobenius manifold M is
a manifold equipped with a metric 1, a commutative
associative product o on the tangent space with unit
e and a second distinguished vector field E called the
Euler vector field satisfying the following conditions

e [nvariance of the metric:
it e = Mji i (L)
e Flatness of the metric:
=0l — ol + G =T 00 =0 (1.2)
o Symmetry of Vc:
V,’Cék = Vjcfk (I.3)
e Constancy of e:

Viek =0 (L4)
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e Homogeneity conditions:

(L.5)

for some constant d. Here V denotes the Levi-Civita
connection associated to N and £, denotes the Lie
derivative along a vector field Z.

From the axioms above it follows that in flat co-
ordinates for the metric the structure constants of the
product can be written in terms of the third order par-
tial derivatives of a function F called the prepotential
of the Dubrovin-Frobenius manifold:

cly =n"1jKF.

By construction the function F is a solution of Witten-
Dijkgraaf-Verlinde-Verlinde (WDVV) equations®'®.

Remark 1.2 The manifold M in the above definition
is a real or complex n-dimensional manifold. In the
first case all the geometric data are supposed to be
smooth. In the latter case TM is intended as the holo-
morphic tangent bundle and all the geometric data
are supposed to be holomorphic.

Remark 1.3 Since the components of the metric and
of the unit vector field are constant in flat coordinates
we clearly have

Zenij =0. (L.6)

A point p € M of an n-dimensional Dubrovin-
Frobenius manifold is called semisimple if T,,M has
a basis of idempotents 7y, ..., 7, satisfying m o m; =
Ok, 1T Semisimplicity at a point is an open prop-
erty on M: locally around a semisimple point one can
choose coordinates ' such that

Due to (I.1), in canonical coordinates the metric N
becomes diagonal: n;; = Hi25ij' Let us introduce the
Ricci rotation coefficients fij 1= -jH—j’, i # j. In the case
of Dubrovin-Frobenius manifolds the rotation coeffi-
cients are symmetric (8;; = B;;) and as a consequence
the metric is potential in canonical coordinates (i.e.
Hi2 = i@ for some function ¢). Moreover it is easy to
check that the rotation coefficients satisfy the follow-
ing overdetermined system of PDEs:

kBij =B, i#j#k#1, L.7)
e(Bij) =0, i, (1.8)
E(Bij) =— Bij i# ], (1.9)

where

Condition (I.8) follows from (I.6). The system
(I1.7,1.8) is called Darboux-Egorov system (see*?) and
implies the flatness of the metric 17. The last condition
(1.9) follows from the homogeneity properties. Given
a solution of the above system, the Lamé coefficients
(Hi,...,H,) are obtained by solving the overdeter-
mined system of PDEs

JH; =PBi;Hj, i J, (L.10)

e(H;) =0, (I.11)

E(H;) =DH;, 1.12)

where D = —‘7’ is an eigenvalue of the skew-

symmetric matrix V;; := (u/ — u’)B;;8. In dimension
n =3, on the open set u! # u® # u® # u', the general
solution of the system (I.8, 1.9) is

B 1 P w—u!
2= 12
u? —u! u? —u!

The remaining conditions (I.7) are equivalent to the
following non-autonomous system of ODEs:

dF 1
d_z12 = mFBFB
ddLZB = —Z_%FIZFB (1.14)
ddL? = 11""121'713
where z := Zi:Z: It is well-known that three-

dimensional Dubrovin-Frobenius manifolds are pa-
rameterized by solutions of a family of Painlevé VI
equation (see®). This can be easily proved also study-
ing system (1.14).

Theorem 1.4 System (1.14) is equivalent to the fol-
lowing sigma form of Painlevé VI equation (see'3):

2(z—1)*(c")?+4 [Gl (zo'— 6)2 —(0")*(z0' — 6)}

(1.15)
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_ _ZRZ(G/)Z +R4G/,

where the parameter R? is the value of the first inte-
grall = Fj+ F+ F3,

Proof: First notice that Z—i =0 as a simple com-
putation shows. So we set / = R*>. Following! it is
easy to check that one can write the squares of the
functions F;; in terms of a single function o/(z):

Fy =0, (1.16)
R2
F123:G—ZG’+7, (1.17)
R2
F223:—6+(z—1)6/+7. (L.18)

From equations (I.16), (I.17) and (I.18) we have im-
mediately

d d
- (F5) =2z = 1) - (Fy) (1.19)

=—(z— l)d% (F3) = 2(z—1)0"(2).

On the other hand, due to (I.14) we have

4 (F) =2e= )5 (FB) =~ 1) (FR)

dz
(1.20)
=2FpFi3F3,.

By comparing these equations with (I.19) and taking
the square we obtain (I.15). |
In dimension 4 there is a special class of Dubrovin-
Frobenius manifolds that are also related to Painlevé
VI equation. Dropping the assumption of symme-
try of the rotation coefficients and allowing differ-
ent degrees of homogeneity for the Lamé coefficients
one ends up with the Darboux-Egorov system (1.7,1.8)
with the additional constraint

EBij)=(di—d;j—1)Bij, i#]. (21

In dimension 3 the system (1.7,1.8,1.21) reduces to a
system of 6 ODE:s that turned out to be equivalent to
the full family of Painlevé VI'2. The corresponding
geometric structure is a generalization of Dubrovin-
Frobenius manifold structure and it is called bi-flat
structure!. A similar result can be obtained studying
the system (see?)

i i T i TJ i Tk
Ay = =TTy + T, + Ly, (1.22)
‘ itk#j#i,
e(li;))=0, i#]j (1.23)

E(Tj)=-T}, i#] (1.24)

System (I1.22) is called Darboux-Tsarev system. Reg-
ular non semisimple bi-flat structures in dimension 3
are also related to Painlevé transcendents. This was
proved in? studying the analogue of the Darboux-
Tsarev system in the non semisimple case (see also!!
for an alternative approach based on the study of
Okubo-type systems).

Il. DUBROVIN-FROBENIUS METRIC IN THE
GENERAL REGULAR CASE

Let M be a non semisimple Dubrovin-Frobenius
manifold of dimension n, with commutative and as-
sociative product o, metric 1, unit vector field e and
Euler vector field E. Let M be regular near a point
m € M, meaning that each Jordan block of the opera-
tor L = E o is associated to a different eigenvalue.

Let r be the number of Jordan blocks of L and
let my,...,m, be their sizes. Any set of coordinates
u',...,u" for M can be re-labelled by means of the
following notation: for each a € {2,...,r} and for

each j € {1,...,mq} we write
jla)=mi+-+mg_1+] (LT)

(for a = 1 we set j(a) = j) so that u/(*) denotes the
Jj-th coordinate associated to the a-th Jordan block.
From now on, we will write u’ when seeing the coor-
dinate as running from 1 to the dimension of the man-
ifold and we will write (%) when in need to highlight
the Jordan block to which the coordinate refers. Ac-
cording to this notation, d; and d;(4) will denote the

partial derivative with respect to u and (%) respec-
tively.

In> David and Hertling provide a generalization of
canonical coordinates in the regular case. According
to their results we can assume that the product has the
following form:

it © Fy(p) = {(M Yot (TS mat]
0 i+j>mg+2
(I1.2)
for all i € {1,...,mq}, j € {l,...,mg} for each
o, €{1,...,r}. The unit vector field takes the form
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and the Euler vector field becomes

E=)Y 0. (IL.4)

The operator L = E o is given by

L= L a(a ® du’P) (IL.5)
where
) (i=j+D(a) >
i(a) Saﬁu i>]
g = {0 i (IL6)
for a,fp € {1,....,r} and i € {1,....mqy}, j €
{1,...,mg}.

In fact given o, € {1,..
jeAdl,.. mﬁ}wehave

Lriandie{l,...,mq},

= (E 0 95))" " = D) (34 0 3y) "

_ 5/37 @) @ T <k<mg—j+1
0 otherwise
ut 8 k1 I<i—j+1
0 otherwise
S ﬁu i—j+1)(a) i>j
0 i<j.

Remark 1 Due to regularity condition we are im-
plicitly assuming that u>% # 0 and u® £ u'B) jf
o # B.

In order for the data (1,0,e,E) to define an actual
Dubrovin-Frobenius manifold, we have to impose all
the axioms entering its definition.

In particular, we want to study conditions (I.1)—
(I.6) in David-Hertling canonical coordinates. As
stated in’, the metric 7 is represented by a block di-
agonal matrix, each block of which is an upper tri-
angular Hankel matrix (for instance, in the case of a
single Jordan block see (III.3)). This follows from
(I.1). Precisely

N =8upMirj 1)(du' @ @d/P) (L7
for some functions {ﬁ@(a) [I<a<nrl<i<mg}
and ﬁ(i)(a) =0 for i > my + 1. Moreover, (1.4) im-
plies the existence of a metric potential H such that

Mi(w) = Fi(ayH (IL8)

forallie {1,...,mq} foreach o € {1,...,r}.

4

Since we consider non semisimple Dubrovin-
Frobenius manifolds, there must exist at least one Jor-
dan block of size greater or equal than 2. Without loss
of generality we then assume that the size of the first
Jordan block is greater than 1. If one drops this as-
sumption, analogous results will hold, where differ-
erzlt coordinates will play the roles here played by u',
u-.

If we take into account that the metric must be ho-
mogeneous with respect to the Euler vector field and
constant with respect to the unity vector field, we are
able to get a further expression for the terms 7 ;(q)-

Theorem II.1 The functions M; appearing in (11.7)
can be written as

m=w)"F ie{l,...,n} (L9

for some functions Fy, ..., F, of the variables

r .
21 j+2
u u 'y Sl(a)

7= Mzazz jed{l,...,n—-2}

(I1.10)
such that
-
=Y dawaf+Ci (IL11)
=2

FB=—20,f—(d-1)f+C (IL12)

Fi=dxf j€{3,...,n}
(I1.13)
for some function f of 7,...,7"~% and constants Cy,

Cy. In particular, the quantity
r
Y Fay=0C (IL.14)
a=1

is a constant that vanishes whenever d # 0.

Proof: By imposing (1.6) we get
r
Z =2mM,=0

fori e {1,...,n}. It follows that each 7; can be writ-
ten as

ni= 0 <M27M3 —u' 22513(00 W' —u! Z 8w )
o=

I1.15)
for some function ¢; of n — 1 variables. By the ho-
mogeneity condition (I.5), it can be rewritten as in
(I1.9) for some function F; of the variables defined in
(I1.10).
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The flatness of e with respect to V implies that
d(n(e,-)) =0 (see”), that is

aj(ﬁ)ﬁi(w du’(ﬁ) /\dlzli(a> =0

thus
9j(p)Mi(@) ~ Sy Tjpy =0 (L16)

forall i € {1,...,mq}, j€{l,....,mg} and o, B €
{1,...,r}. In particular, for i(a),j(B) € {3,...,n}
we get

9jip)-2Fi(a) = dte-2Fj(p)-
There must then exist a function f of the variables
z!,..., 2" 2 realizing (I1.13). By fixing j(B) = 2 and

i(a) € {3,...,n} in (IL.16) we obtain the following
relation:

o) (?) 1 Fy) = 05 ((u*) ™ Fyqy))
which amounts to
(?) " 0,0y 2 Fa = —d ()" Fyq) + 02Fy()

and, by the chain rule and (II.10),

n—-2
azi(a)—ZFZ = —dFi(a) - Z z aZJ'F[(oz)

j=1

By taking into account (II.13) we get
n-2

azi(a)—ZFZ =—d azi(a)—zf - Z Zj azjazi(ot)—zf-

j=1

Then for eachi € {1,...,n—2}
8Z,-F2 =—d azif - Zj 81,- azif
that is

0.|F—(1—d)f+2d,f| =0.

Therefore the quantity F> — (1 —d) f+2/ d,; f equals
some constant Cy, proving (I1.12).

By taking i(ot) = 1(at), (ﬁ)€{3 .,n}in (IL.16)

and summing over all o € {1,...,r} we get
r r
L 95w = X, D)
a=1 a=1

that is

7d " —
9j(p) < ZlFua)) =ZMjp)
o=
z/(ﬁ ( Z )
o=1

This means that

az/ ( Z Fl(“)) =
a=1

.,n— 2}, proving that ): Fy(q) must

thus

forall j € {1,..

be equal to some constant Cj. Condmon (II. 11) fol-
lows.

On the other hand, by taking i(a) = 1(a), j(B) =2
in (I.16) and summing over all o € {1,...,r} we get

(Z ) Fiq ):o

-
which, since ). Fi(q

)= Cy, amounts to
a=1

82((u2)*dC1) =0.

This implies d C; = 0, meaning that the constant C;
must vanish whenever d # 0. [ |

Proposition IL.2 Up to constants, the function f ap-
pearing in (11.11), (I1.12), (IL.13) is related to the met-
ric potential H by the following formula:

H=u»)"f+Co?)+C u' (IL.17)

where

(”2)1711 fd # 1
o) Ta ! IL18
o(u”) {lnuz ifd 1. (IL.18)

Proof: By (I1.8) and (I.9) we have
oH = (u*) ' F(,....2" ) (11.19)
foreachi e {1,...,n}. Fori >3 we get

OH = ()™ 9o f
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that is
0. H = (I/lz)lid azifzf

Z

or
A2 (H—u)'f) =0.
It follows that
H=*)"f+K(u'u?) (11.20)

for some function K (u',u?). For i = 2 in (I1.19) we
get

BH =) (= d,f—(d—1)f+C)
that is, by the chain rule and (II.10),
W) (1 —d) f =2/ 0, f) + K
=) (=2 dif~[d-1)[+C)
yielding
ALK, u?) =Cy (u?) .
Then

(u2>l—d

Ku'?) = C2 T +k(u') ifd#1
G Inu® +k(u') ifd=1.

11.21)

for some function k(u'). By putting together (I1.20)
and (I.21) one gets

H= )" f+Cro(®) +k(u')

—(uz)lid 'fd7é 1
2y 1-d 1
o(u”) =
) {lnu2 ifd=1.

for

(11.22)

For i =1 in (I1.19) we finally get
o H = (MZ)del

that is, by the chain rule and (I1.10),

r

— ()Y Orwy 2 f + Oik(u')

a=2

=—?) Y Qo f + (W) G
a=2

Thus

:Cl

Suk(u!) = (D)4, = {0 ifd;«éO}

C ifd=0
implying
k(u') = Cru' 4+ Cs
for some constant C3. We conclude that
H=*)""f+C o) +Cu' +C

for @(u?) as in (I1.22). |

lll. THE CASE OF A SINGLE JORDAN BLOCK:
EXPLICIT RESULTS UP TO DIMENSION 4

In this section we classify regular non semisimple
Dubrovin-Frobenius manifold structures up to dimen-
sion 4 in the case where the operator L has a single
Jordan block. Due to the results of the previous Sec-
tion in the specific case where L has a single Jordan
block of size n the unit vector field becomes e = 0,
and in canonical coordinates we have

iy it+j<n+1
aioa,:{ i1 IRy s (IIL1)

0 i+j>n+2

for all i,j € {1,...,n} and u' = u'(") for each i €
{1,...,n}. The operator L is described by the fol-
lowing lower triangular Toeplitz matrix:

(! 0 0 ... 0 0]
w? o oul 0O ... 00
u’ u? ut ... 0 0
L= . . . R I (II1.2)
u”"1 u""z u”"3 w0
Wt !

The metric is represented by an upper triangular Han-
kel matrix that only depends on the coordinate 1 and
on n functions Fy, ..., F, of the variables

= je{l,...,n—2}.
= i€{ n—2}
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It takes the following form:

 RhEB .. FE,F

Fh FF F, 0

b | B BB 00
n=(u) o o] a3

anl Fn 0 0 0

F, 0 0 0 O

In particular, F is equal to a constant C; that vanishes
whenever d # 0 and the other Fjs are expressed in

terms of a function f(z!,...,7"72) by
FB=—70dif—(d—1)f+C (I11.4)
Fi=d,of VYje{3,..n} (I1L5)

for some constant C;.

A. Dimensionn=2

Let M be a two-dimensional Dubrovin-Frobenius
manifold with product o, metric 17, unit vector field
e and Euler vector field E. Let us require M to
be regular and the operator L = Eo to have a sin-
gle Jordan block near a point m € M. The unit and
the Euler vector fields read respectively e = d; and
E = u'd, + ud,. It follows directly from (IIL.3) that
the metric has the form

n= () [g %2] (11L6)

for some constant C; which vanishes whenever d # 0
and for some non-zero constant C,.

We are able to recover flat coordinates and an explicit
expression for the Dubrovin-Frobenius prepotential,
as pointed out in the following result.

Theorem III.1 Flat coordinates coincide with the
canonical ones when d = 0. Otherwise, they are given

by

when d # 1 and by
xl (ul,MZ) _ I/ll
K (u',u?) = Inu?

when d = 1. In all the cases, the prepotential is given

F ) = )

G

> (x1)2x? (I11.7)

up to second-order polynomial terms. In flat coordi-
nates the unit and the Euler vector fields are respec-

tively given by e = 9\ and

- X101 + 0 ifd=1

Ao 421 —d)dy ifd# 1.

Proof: 1If d = 0 then the metric in (II1.6) is con-
stant, thus flat coordinates coincide with the canoni-
cal ones. Let us now fix d # 0. In this case the flat
coordinates are

5! (ul,uz) —u
2\1—d

201 2 ()

x“(u'u’) = T4

when d # 1 and

A i) = !
X (u',u?) = Inu?

when d = 1. In both cases, in flat coordinates the
metric becomes

. |G G

=[d S

and the structure constants equal the ones in canonical
coordinates:

~k k .o

Cl]:Clj l,],kE{l,Z}.
It follows that up to second-order polynomial terms
the Dubrovin-Frobenius prepotential F is of the form

F ) = )+ Qe

and that in flat coordinates the unit and the Euler vec-
tor fields become of the form stated above. |

B. Dimensionn =3

Let M be a three-dimensional Dubrovin-Frobenius
manifold with product o, metric 7, unit vector field
e and Euler vector field E. Let us require M to be
regular and the operator L = E o to have a single Jor-
dan block near a point m € M. The unit and the
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Euler vector fields read respectively e = d; and E =
u' 9y +u?d> +u’d;. We already know from (II1.3) that
the metric is of the form

3 3 3

R(s) B(5) R)
n=w)""|R(%) B%) 0 (I1L.8)
3
F(5) 0 0

for some functions Fi, F>, F3 and that F} is equal to a
constant C that vanishes whenever d # 0. It turns out
from the zero-curvature conditions that the functions
F>, F3 must be solutions to the following system of
ODEs

{F2’+ZF3’+dF3 =0 (11L9)

2FF —3(F})*=0.

. . 3
In fact, let us introduce the variable z = 5_2 We have
already seen that there exists a function f(z) such that

R(z)=—2f'(2) = (d=1) f(2) + &
F(z) = f(2)

for some constant C,. It follows that
F+zF+dF=0.

Moreover, by requiring that R%32 = 0 one obtains the
Liouville-type differential equation

2FF —3(F)?=0.

This suffices to make all of the conditions in (I.1),
(1.3), (L4), (1.5), (1.6), (I.2) hold without imposing
more. So far, what we know about the functions Fj,
F, F; is that F] equals some constant C; and that F>,
F3 are solutions to the system (II1.9). Two expressions
for the function f appering in (II.4), (IIL.5) are then
possible, as shown below.

Theorem IIL.2 The function f realizing (111.4),
(I11.5) is either provided by

fz) =C3z+Cy (I11.10)

for some constants C3, Cy or by

Cy
. +C III.11
f(z) oG ( )

for some constants C3, Cy, Cs.

Proof: The first condition in (II1.9) amounts to
(II1.4) and (I11.5), while the second one can be rewrit-

ten as

2£'(2) f"(z) = 3(f"(2))* =0. (IIL.12)

Assuming f”'(z) # 0 the solutions to equation (I1.12)
can be written as (III.11), while (III.10) is recovered
by considering solutions corresponding to f”(z) = 0.

|
Summarizing two cases may occur: either
Fz) =G
F(z) = —-C3dz+C, (1I1.13)
F; (Z) =C3

for some constant C; that vanishes for d # 0 and some
constants C,, C3 or

F(z) =G
BE=25-E4% 0 aLw
F (Z) =_G

(z4+G3)?

for some constant C; that vanishes for d # 0 and some
constants Cy, C3, Cy.

Proposition IIL.3 In the case of (I11.13) flat coordi-
nates are given by

xl(ulju27u3):ul
Co(u2)—d
) = )+ 2
2 2-d
2 _ 2y25
Bl i) = 5= )
when d ¢ {0,1,2}, by
xl(ul7u27u3):ul
3
2001 .2 3y _ U G
x(u ,u ,M)—W—W
St u? ) = Inu?
when d = 2, by
xl (u17u27u3) _ ul
3
2,1 .2 3 w G 2
9 9 =5 _1
x(u',u”,u’) u2+C3 nu

St ud) =2vu?

when d = 1 and, trivially, by
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x3(u17u27u3) _ u3

when d = 0.

The proof'is a straightforward computation.
Proposition IIL4 Let x', x>, x> denote flat coordi-

nates. Up to second-order polynomial terms, in the
case of (I11.13) the prepotential is given by

c c
Fix', 223 = = ()22 + 22X (P)? (IL15)

2 2
when d # 0 and by
F(xl,xz,x3):ﬂ(x1) +9(x1)2 2+C3 (x1)2x3
6 2 2
C
+ 73x1 (x?)2 (1L 16)

when d = 0 (in this latter case flat coordinates coin-
cide with the canonical ones). If d # 0 then in flat
coordinates the multiplication is written as

dio0d =0
d100h =0
01 005 = 05
hodh=0
0hody=0
d300; = 0>

and the Euler vector field reads
- . 2 -
E:fa+u_@ﬁ@+7¥f&
ifd ¢ {0,1,2},
= Cs 1 4=
E=x'0+=0+=-x0
X 1+C3 2+2x 3
ifd=1and
szlél—x292+93

if d =2. In flat coordinates the unit vector field is
e = 0| for each value of d.

The proof is a straightforward computation.

Analogous results can be achieved for the case
of (II1.14), as presented below.

Proposition IILS In the case of (111.14) flat coordi-
nates and the Euler vector field are respectively given

by

Mt ) =ul+ GG () + Cowu’ — Cyluc)”

Ci (C3u*+ u3)

= [(—=CC31/C1Cs— C4(Cy —

204—/C1Cy
Cy

Kt u?

+CG3)) (u)

L 5 Gy/OG
—Cu (M ) G (C4

1
C4(C1 — C4) (C3 u?+ u3)

= [(C2C31/C1Cs — C4(Cy —

204+,/C1Cy
Cy

CiCy))
R (TR TaN T

+CG3)) (u?)

Ca+y/C1Cy
—C (W) G (G

1
C4(C1 —C4) (C3 u2+u3)
E=x191+bx292+cx393

—VCiGy)]

where

_ (GG +C1)(C4)% — C1CC3/Cy+ (C4)2V/Cy
C4(C2C3\/—+C2C3\/—+C1\/_—C4\/C—4)
—(C1)3Cs — (Cy)}
C4(C2C3\/_+C2C3\/—+C1\/_—C4\/—)
:\/C_4(C1—C4)
VCICs— (C4)?

when d =0, C; # 0 and Cy # Cy, by

1,1 2 3 1, (@?)*(Inu?)?
x (u,u”u’)=u +m
Cou? (2 Inu* — (Inu?)? - 2)
+ 2Cy
xz(ul,uz,u3):—(uz)2 Inu?  Cou?(Inu®—1)
Cyu? +u Cy
(u?)? Cy i

Ot ) =—

C3u2+u3 Cy
E=(x'"—x)0 + (> +x>) 0+ x> 05
when d =0 and C; =0, by
(MZ)Z Czuz
C3u2+u3 Cy

- ()3 . G (u?)?
N 2(C3 u2+u3) 4Cy

Xt ) =ut -




u? C Inu?
C3 u? +ud Cy

St i) =—

. - G

E=x' 81+2x2(92+—283
Cy

when d =0 and Cy = Cy, by

2 (G =0 G)
Cy(d)*(C3u? +u?)
(0G5 = Cy(1-d)) (u?)*
c4(1—d)(c3u2+u3)

Czu3 u?)t=d

(C3I/t2+u3)

2C2M3( )2
Cy(2—d)(C3u? +u3)
—(Ca(2—d) —2CoC3) (u2) 2

C4(2—d)(C3u? +u?)

xl (u17u27M3) _ I/tl +

Kt u? ) =

+

i ud) =

E:xlél— zxzéz—(d—l)x393

when d ¢ {0,1,2} and C3 # 0, by

2(— Gutu? 4+ Cu(u?)?)
Tl 20 3y 1
x(uwu'w)=u + RIS
—d
2C2u T —C4(2—d T
2t i) = (u )C4(2_d() ) ()
Bl i,180) = Crid ()4 = Cy (1 —d)(u?)* ¢
T Ci(1—d)u?

E leél— _zxzéz—(d—l)x393

when d ¢ {0,1,2} and C3 =0, by

2 2Cu?
11 2 3y _ 1
x(u,u"uw’)=u +C3u2—|—u3_ C:

u? Gy Inu?

B C3 u? +ud * Cy
B (MZ)% 2C, N
C3 u? +ud Cy

= d-—2 G =
E=x'0— X0 —(d-1)x*) 0
X di ) 2+<C4 ( )x” | d3
when d =1, by
22 2
Tl 20 3y ] (u”) _ Gu
x(uu w’)=u + (C3u2—|—u3) 2,
u? CyInu
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o 1 B C
Gul+u? Cyu?

C d—2 = ~
_x8+(cj > x2>82—(d—1)x383

when d = 2. In each of these cases the unit vector

field reads e = o1

Here are explicit expressions for the Dubrovin-
Frobenius potential in some selected cases.

Example I11.6 Let us fixd =0, C; = C4 and C, =0.
In flat coordinates the metric becomes

C; 0 0
fi=[0 0 -G,
0 -Cy 0

the multiplication is given by

di00d, =0
di0dr =0,
d1 003 =03
azoazz_ﬂ\/géﬁﬁ(%)%(z
drods— -3 - 202,55 V2 [X5,
93093:§(§)%92 M\f(%
and the prepotential reads
F(x‘,xz,f):%a( 2)3 ()3
+ %(x1)3 —Cyx' X 117

up to second-order polynomial terms. In flat coordi-
nates the unit and the Euler vector fields are respec-
tively written as

6231
and
E=x' 91 +2x2(§2.

Example II1.7 Let us fix d =2 and C; = 0. In flat
coordinates the metric becomes

0 0 C4
=0 ¢ 0],
C, 00
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the multiplication is given by

91091231
djodh =0,
01003 = o4
. . 3/2\ 2. 2. .
320322—5(%> al+3%az+a3

w

Xw| =

. 2\3_.  3/:2\2%.

32033:( ) al_i(%) o
2\ 2\~
(;) 31*(?3) %

and the prepotential reads

93093:—

Sl w

C. C. Cy (2)*
F(xl,xz,x3):74(xl)2x3+74xl (xz)z_,_% ();3)
(IIL.18)

up to second-order polynomial terms. In flat coordi-
nates the unit and the Euler vector fields are respec-
tively written as

e = 31
and

E:xlél —x3(§3.

Example IIL1.8 Let us fix d =2 and C, = 1. In flat

coordinates the metric becomes

00 G
fi=|0 C 0],
Cy 00

the multiplication is given by

dy 00 =0
91 e} 92 == 92
91 9 93 = 93
- 3 N
%00 = eV (G
3 2o = =
+ @W(Cztx:i & 1)82-}-33
9 oé3 — ;W(C x3eC4x271)39
B (P EIES L ‘
_ 3 3 Cyx®—1)\25
2(C4)2(x3)2W(C4x € ) 0
- 3 -
%00y =~ gy (G )

11

1 3 0211373
+7(C4)3(x3)3W(C4x et ) o
and the prepotential reads

F(x', 32 x%) = _

o 24(Cy)3x3

+ 22W(C4)c3 ec4x271)

+63W (Cya® S 1)

<3W(C4x3 eC4x271)4

3 (II.19)

FT2W (G eC““))

Cy

3

(x1)283 + %xl (2)?

2
up to second-order polynomial terms, where W de-
notes the principal branch of the Lambert W function
(see> and references therein). In flat coordinates the
unit and the Euler vector fields are respectively writ-
ten as

6281

and

R .
E=x‘81+—82—x383.
Cy

C. Dimensionn=4

Let M be a four-dimensional Dubrovin-Frobenius
manifold with product o, metric 7, unit vector field
e and Euler vector field E. Let us require M to
be regular and the operator L = E o to have a sin-
gle Jordan block near a point m € M. The unit and
the Euler vector fields read respectively e = d; and
E =u'd; +u?d +ud; + u*dy. We already know
from (II1.3) that the metric is of the form

N F F5 Fy
o ov—ad |F2 B3 Fy 0O
=) g E o0 o
F, 0 0 O

(111.20)

for some functions Fi, F>, F3, F4 of the variables z =
Z—z, w= Z—; In particular, F is equal to a constant Cy
which vanishes whenever d # 0 and from (II1.4) and
(IT1.5) we know that F>, F3, F4 can be expressed as

FZ(va) = _Zazf(sz) - Wawf(sz)

—(d—1) fz,w)+C (IL21)
Bzw) = d.f(z,w) (IL.22)
Fy(z,w) = 0w f(z,w) (I11.23)
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for some function f(z,w) and some constant C,. By
the flatness conditions, two expressions for f are pos-
sible, as shown below. This fully classifies regu-
lar four-dimensional Dubrovin-Frobenius manifolds
whose operator L = E o has a single Jordan block.

Theorem IIL.9 The function f realizing (111.4),
(II1.5) is either provided by

f(z,w) = C3we™? 4+ h(z) (I11.24)

for some constants Cs, Cy4 and some functiton h(z)
which is solution to

H"(2) =2C4h"(2) + C3 I (2) +2C3Co €47 = 0
(I11.25)
or by

A(z)

fzw) :C3—m

(I11.26)

Jor some constant Cs and solutions A(z), B(z) to the
following system of ODEs:
A"A— (A +2(Cr+(1-d)C3)A=0  (II1.27)
AB" —A (B'+1)+2(C+(1-d)C3) (B +72)
+C =0. (I11.28)

Proof: By requiring that R§43 =0 we get
20,f03f —3(d2f)> =0. (111.29)

Let us distinguish two cases: d2f # 0 and d2f = 0.
In the first case we obtain
Az)

f(z,w) =C(2) - 2B() 1w

(I11.30)

for some functions A(z), B(z), C(z) while in the sec-
ond one we obtain

f(z,w) =whi(z) + ha(z) (IIL.31)

for some functions hy(z), ha(z).

If £ is as in (I1.30) then condition R3,; = 0 implies
that the function C(z) must be equal to a constant Cj.
Conditions R%34 =0and R%zz = 0 yields respectively

A'"A— (A +2(C+(1-d)G3)A=0
and

AB" —A (B'+1)+2(C+(1-d)C3) (B +2)
+C; =0.

12

All the other conditions in (I.1), (1.3), (I1.4), (1.5), (1.6),
(I.2) hold without imposing more.
If, on the other hand, f is as in (III.31), condition
R3;, = 0 implies that
h(2)hY (z) — (K} (z))* = 0. (111.32)

Solutions to (II1.32) are given by h(z) = C3 %47 for
some constants C3 and Cy, so that

flz,w) = Cawe™* + hy(z).
By imposing condition R%zz =0 we get
Ry (z) —2Cy hy(2) + C3 b (2) +2C3C4 e =0

that yields

€C4 z

hy(z) =C7— ol [C3C4%ZZ —C4(2C3+4Cs5)z—C4Co
4

+2C3 +C5]

when C4 # 0 and
hy(z) = Cs?+Csz+Cy

when C4 = 0 for some constants Cs, Cg, C7, so that f
becomes respectively

Cyz

e
flz,w) = CyweS +Cr — @
4

{cg C177 (IIL33)
—Cy (2C3 +C5)Z—C4C(,+2C3 +C5]

and
flz,w) = C3weS 4+ Cs 2 +Coz+Cy. (111.34)

In both cases it turns out that all the other conditions
in (I.1), (I.3), (I.4), (1.5), (1.6), (1.2) hold without im-
posing more. |

Proposition IIL.10 The functions A(z) and B(z) ap-
pearing in (I11.27) and (111.28) are expressed via hy-
perbolic functions and second-order polynomials:

G+ (1-4d)CG
Az) = %2)3 sinh? (C4(z+Cs))
4
B(z) = Cscosh(2C4(z+ Cs)) 4+ C7sinh(2C4(z + Cs))
Z C1 Z2
T aae)-Sac
2(C2+(1—d)C3+ 4 7) ;e

for some constants C4, Cs, Cg, C7, Cg if Co + (1 —
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d)C3 # 0 and
A(z) = Cs (cosh(Cyz) +sinh(Cy 2)) (I11.35)
1
B(z) = === ((2 h
(z) 2 Cs ((2CsC4Cs+Cy)cosh(Cy 2)
+(2C6C4Cs — Cy)sinh(Cy 2))
2

_ % +Crz4+Cy (I11.36)

for some constants C4, Cs, Co, C7, Cg if Co + (1 —
d)C;=0.

Below flat coordinates are computed for selected
other cases, together with some Dubrovin-Frobenius
prepotentials.

Example II1.11 Let us consider the case (111.24) with
C; =1, Cy =0and d # 0. Equation (I11.25) becomes
1" (z) = 0 yielding h(z) = az> + bz -+ c for some con-
stants a,b,c. In particular we choose a = c =0 and
b =1, so that h(z) = z and f(z,w) = z+w. When
d # 1, in the flat coordinates

1
(b i u ,u4):§u +u’
1
4 2 _ 2\1—d
x(“v”a“a“)_l_d(u)
we have
010G
. |1 000
T=1oo0o0 1|
G010
6291,

E=x' él +(1 —d)xzéz +x° 934- (1 —d)x4é4.

Up to second-order polynomial terms, the prepoten-
tial is given by
2 3 4 G

1
F(x', 323 x4 = > (x!)2x* 4+ xladx +§(x

whend ¢ {—1,0,3}, by

1 C
F(x' 2% 3 x4 = Z(x4)21nx4 + 72()c1)2x4 +xlxt

13

[ R 7
+l(x1)2x4+lxl(x2)2+l(x2)3
2 2 6
when d =0, by
1234 O o4, 134, 1 100
F(x,x,x,x)—z(x)x—i—xxx+2(x)x
1
—1—61nx4

when d = 3. The case where d = 1 must be treated
separately. In the flat coordinates

xl(ul,uz,u3,u4) — !
u3—|—u4

(i’ ut) = 5

u

1
Bt ut) = §u2+u3

b ut) = nu?
the unit and the Euler vector fields are given by

6‘:91, E:x191+x393+94.
The metric is as the one for d # 1 and up to second-
order polynomial terms the prepotential is

2 .3 4

1,4
F(xl,x X ,x)__eZX + 1.3 4

C
—2(x1)2x4+x x’x

8 2
1
+ E(Xl)zxz.

Example II1.12 Let us consider the case (111.24) with
C3;=C4=1and d # 0. Equation (II1.25) becomes
" (z) = 2h"(2) + W' (z) + 2¢* = 0 yielding h(z) = a —
(22 + bz +c)é* for some constants a,b,c. In partic-
ular we choose a =b = ¢ = 0, so that h(z) = —7%¢*
and f(z,w) = (w—z*)e’. When d # 0,1,2 the flat

coordinates are
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G, (i)~
L )
1-d
2y2-d
2 N
xMututuwd u™) g

In such coordinates the unit and the Euler vector
fields are respectively written as e = dy and

E=x'0/+C0,—(d—1)x 03— (d —2)x* 0.
For d = —1 the metric is
0010
|00 0 —1
T=11 0 0 0
0120 0

and up to second-order polynomial terms the prepo-
tential is given by

F(x',x x3x)———\/_Cz %ln( )
4% 13 42 3
128\/_C2(x) % V9(x*)3x
3
+ V35 4 5 ()2
32
1
— —xlx%x*
For d = —2 the metric is
0 0 1 0
_ 0 0 0 -1
=11 0 0 0
0—-20 0

and up to second-order polynomial terms the prepo-
tential is given by

F(x' 323 x4 = —i\/icz(x“)%ln (2\/x_4)
+ oo VAC( )3 %\/E(x4)%x2
+=5 \/—x + = ( D23 — —xla?at,

The case d = 2 must be treated separately. In the flat
coordinates

2
X (utu? u4)—u1—%
2(u?)? + vPut — (u?)? £
(b u?, 0 u®) ) eu
2 4 32 3
3 o4y _Wu— () w G
x(uutu’ut) L el

14

b ? i ut) = Inu?

we have
0010
e:él,E:xlgl—x393+94,ﬁ: (1) 8 8 (%)
01006

Up to second-order polynomial terms the prepotential

is
1 2 2x x 4
16" <C2 T

1 1
% Tx*)? +2x1x2x4—|—2( h2x3.

F(x' 2% 3 x4 =
+

In the case where d = 1, which must be handled sep-
arately as well, flat coordinates are given by

2 2

xl(ul,uz,u3,u4):u1+7—?1nu2
2.4 3\2 3
wu* — (u u
Pt P’ ut) = (uz)(z ) e +Cs Inu?
24 [ 3\2 3
Ot i’ ut) = <%lnuz+2> eu?
u

—l—%(lnuz)2

x4(u17u2,u3,u4):u2
and
~ _x4 ~ ~ ~ ~
e:al,E: (x —;)8 +C282+x283+x484,
0100
_ |tooo
T=looo0}
0040

Up to second-order polynomial terms the prepotential
is
F(x' 2?2 x = ()c“)z(ln)c“)3
2, 4\2 4\2
G+ 3% (x*)? (Inx*)

4
16 <C2+ gx + 7 >(x4)21nx4
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The last case to be considered separatley is the one

ford =0, as C; may not vanish. Here the flat coordi-
nates are

2
xl(ul7u27u3ju4)zul+?
24— (B 8 ¢ -2C
Pt il ut) = £E Mz(u) e — =1 2 22
2,4 (,3)2 2)2 3
uu — (u)"—2(u w
o (utu? o ut) = ((ug)z ( )euz
— In
) u
(u?)?

At il ut) =

In such coordinates the unit and the Euler vector
fields are respectively e = 0| and

E=x' 914—)(292— (Cz—%) 93—2)(494

and up to second-order polynomial terms the prepo-
tential reads

4 3(Cy —4C)In(2x™) — 8C 3
F(xl,xz,x3,x ): ( ! 2) ( ) ! \/E(x“)%
4 3 2
32C2—|—2 X \/—(x4)%

72

1 C
— 2+ 2

(')}

8
1 1
+ E(xl)zxz - §x1x3x4.

@)}

IV. A MENTION OF THE MULTIPLE-BLOCKS
CASES

As seen in section 2, an expression for the
Dubrovin-Frobenius metric in terms of a function f
realizing (II.11), (II.12), (Il.13) can be achieved in
the case where the operator L = E o has multiple Jor-
dan blocks as well. This section is devoted to show
how, in this case, it is possible to reduce the condi-
tions defining a Frobenius manifold to a single ODE
in dimension 3 and to a system of PDEs in dimension
4.

15
A. The three-dimensional case

In dimension 3, the only regular non-semisimple
case with multiple Jordan blocks is the one of two
blocks, of dimensions 2 and 1 respectively.

We already know that there exists a function f of the
variable

such that the metric can be written as

FF F, 0O
n= (uz)fd F 0 0
0 0 F

for

Fi(z)=—f(2)+C
RB(z)=—zf(2) = (d—1) f() +C
F2) =f'(z)
where Cj, C, are constants. In particular, the quan-

tity F1 + F3 = C; must vanish whenever d # 0. The
flatness condition amounts to the following equation:

Z(—2f —(d=Df+C) f' " = =2(f") (ef
—3(=2f = (d=1)f+C)) (IV.1)
+2(—dzf = (=zf = (d=1)f+C))zf f"
+d(f)P(—dzf' + 52 (—2f = (d— 1) f+C)).
By solving (IV.1), one can determine explicitly the

function f, which turns out to be expressed in terms
of hyperbolic functions.

B. The four-dimensional case

In dimension 4, three rearrangements in Jordan
blocks are possible. Let us briefly illustrate the re-
sults of computations:

e In the case of two blocks, of sizes 3 and 1 re-
spectively we have:

F R F O
4B F 00
=) 15 0 0 o

00 0F
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where

Fi(z,w) = =0yf(z,w) +C

Fy(z,w) = —20.f(z,w) —wdf(z,w)
—(d=1)f(z,w)+C,

F3(z,w) = 9.f(z,w)

Fi(z,w) = 0w f(z,w)

for some constants Cy, C> and a function f of
the variables

)
~
—

) w=

SIS
(S8}

7=

In particular, the quantity F| 4 F; is a constant
that must vanish whenever d # 0.

e In the case of two blocks, both of size 2 we
have:

Fir F, 00
=G o0 AR
0 0 F O
where
Fi(z,w) = =0.f(z,w) + Cy

F(z,w) = —20.f(z,w) —wdwf(z,w)
—(d-=1)f(z,w)+C,

F3(z,w) = d:f(z,w)

Fy(z,w) = 0w f(z,w)

for some constants Cj, C; and a function f if
the variables

u3—u1 u4

1= ——F55 W= —.
ur u?
In particular, the quantity F; 4 F3 is a constant
that must vanish whenever d # 0.

e In the case of three blocks, of sizes 2, 1 and 1
respectively we have:

FF B, 00
o onqlF2 0 0 0
="y 0 B o
0 0 0 F4
where

Fl(sz) = zf(Z,W) —awf(Z,W)+C1
FZ(va) = _Zazf(zuw) _Wawf(Z7W)
—(d=1)flzw)+C

16

F3(Z,W) = 8zf(z,w)
Fy(z,w) = 0y f(z,w)

for some constants Cy, C; and a function f of
the variables

B —ul 4 1
= y w =

u? u?

In particular, the quantity F; + F3 + Fj is a con-
stant that must vanish whenever d # 0.

Let us consider the flatness conditions in the first
case. They amount to the following system of PDEs
for the third derivatives of f:

5, 302f)?
0:0wf (0-f 0.0 f +202f 9w f)
2 _ Z
az Opf = 30 onf (IV.3)
20, 1 >
azawf - zw(azf)z awf (ZW azfawf(azawf)
(IV.4)

+ (= 0ufO2f (Wof
+(d=1)f=Co)+ (1) ((d=2)duf
+wdpf)) d-0uf

+0.f I2f df (WO f +dwf))

(_azfanWZ (Wan
(V.5)
+(d—=1)f=C2) (9:00f)* = (W (Auf)
—2(=(d=1)f+C)w? df
+(—d=1)f=wC+C) o f+(—(d—1)f
+C2)*w) 02 f —3(.f)* (W I2f
—(—4wdouf)} — SR o.f
+ (=4 (= d=1)f+C)W))) Oy f 0:0.f
+Of (W (Woyf+(d—1)f—C2) I3f
+ W Of —df +(d—1)wf
—wC2)ddyf)Ouf 02 f +(9:f)* (W (95f)?
—wof (d+4)32f —2(0f)*d)w)).

1
3,
an 2wl awf(azf)3

In the remaining cases flatness conditions are given
by similar but much more cumbersome systems of
third order PDEs. We skip details of these compu-
tations.

We conclude this section by providing two exam-
ples of solutions to the system (IV.2)-(IV.5).
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Example IV.1 Ifd = O then the function
flz,w) =az+bw+c

(where a, b and c are constants) is a solution to
the system (IV.2)-(IV.5). With this choice of f, the
Dubrovin-Frobenius metric turns out to be constant
in canonical coordinates. It reads

Ci—b Ci+ca 0
_|G+c a 00
=1 % 0 00
0 0 0b

and up to second-order polynomial terms the
Dubrovin-Frobenius potential is

Flu', i, 4):Cl—b(u1)3+c22+c(u1)zuz
(ul)z u3+gu1 (uz)z
(u*)3. (IV.6)

Example IV.2 Let L = E o have two Jordan blocks of
sizes 3 and 1. When looking for a function f of the
form

flz,w) =az+g(w)

for some function g(w), the system (IV.2)—(IV.5)
comes down to a single ODE for g(w):

2w g (w) g" (w) —w? (¢"(w))’

+(d+4)wg' (w)g"(w)+2d (g(w))* =0. AV.7)
This yields

d*(a2)?
16a3(d—1)w

1—d

_d
gw) =ar+ +aw 2 +azw

when d # 1 and

(a2)* Inw a a3

g(w) =ar— 1643 Vwooow

when d = 1, for some constants ay, ap, as. For in-
stance, when d =2 in the flat coordinates

u a—C,
W2 " aw

17
St ) =1n (ut — ub)
A i ) = u!

the metric becomes

00 0 a
~ 0a 0 0
n: (2 +>2

00 —Batel o

a0 0 0

and up to second-order polynomial terms the
Dubrovin-Frobenius potential is

2
F(x' %3 ) = _Qasta) (2ex3 +(x)*x)
8(13
+2 M+ (D)), (V)

2

In flat coordinates the unit and the Euler vector fields
are respectively written as

é=0,
and

E=—x 914—924-93-1—)6494.

V. CONCLUSIONS

In this paper we have studied regular Dubrovin-
Frobenius manifold structures (1,0,¢,E). Assuming
that the Jordan form of the operator of multiplication
by the Euler vector field L contains a single Jordan
block and using a special set of coordinates intro-
duced by David and Hertling where the operator L
and the Dubrovin-Frobenius metric take the form

[ ! 0 0 ... 0 0]
w?oou! 0 0 0
uw woou! 0 0
L= . )
unfl unfz u'— Lt.l 0
" unfl u'— MZ I/ll
[ 1H  2H 3H ... n—1H nH]|
2H _3H _4H nH 0
3H _4H _SH 0 0
n= . )
n—1H nH 0 0 0
i nH 0 0 0 0 ]




AlP

Publishing

we have shown that, up to constants, the metric po-
tential A has the form

H=)""f+Co*) +Cru' (V.1)
where
(u2>l—d fd#l
=4 T ! V.2
u = .
o0) Inu? ifd=1 (V:2)

and f = f(z',..,2""%) with 7 = ”;—;2 for each
i=1,...,n—2. In dimension n = 2,3,4 we have
obtained explicit formulas for the metric potential
H (see Table 1 below) and, in some special cases,
we have computed the flat coordinates and the
corresponding prepotential.

n=2 =G

n=73 f=C3Z+C40rf=zf4C%+C5.

n=4  |f=Cwei+Cr— z—% {C3C£z2

—C4(2C3 + C5)z — C4C+2C5+ C5] s
or
[ =Cwe“ 4+ Cs22 +Coz+Cy,
or A

_ b4
=G~ 2B(z)+w

3

withz =5, w= Z—;,A(z) and B(z)
defined as in Proposition III.10.

TABLE I. Metric potential

We also considered the case of multiple Jordan
blocks in dimensions 3 and 4 showing that the
flatness conditions reduce to a third order ODE in
the first case and to a system of third oder PDEs in
the remaining cases, computing the flat coordinates
and the corresponding prepotential in some selected
cases.

According to the general theory the metrics 117" and
Ln~! define a flat pencil of metrics. Therefore a
byproduct of our results is a list of non semisisimple
flat pencils of metrics that define the bi-Hamiltonian
structures of the principal hierarchies of the associ-
ated Dubrovin-Frobenius manifolds. The study of
this class of bi-Hamiltonian structures and of their
bi-Hamiltonian deformations in the non semisimple

1
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case is at a preliminary stage and only a few results
are available so far (see for instance’). The explicit
examples obtained in this work might be the starting
point of future investigations.
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