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Abstract

Consider a Hodge manifold and assume that a torus acts on it in a Hamiltonian and holo-
morphic manner and that this action linearizes on a given quantizing line bundle. Inside the
dual of the line bundle one can define the circle bundle, which is a strictly pseudoconvex
CR manifold. Then, there is an associated unitary representation on the Hardy space of the
circle bundle. Under suitable assumptions on the moment map, we consider certain loci in
unit circle bundle, naturally associated to a ray through an irreducible weight. Their quotients
are called conic transforms. We introduce maps which are asymptotic embeddings of conic
transforms making use of the corresponding equivariant Szeg6 projector.
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1 Introduction

Let (M, w) be a compact connected Hodge manifold of complex dimension d with complex
structure J and quantum line bundle (L, /) whose curvature form of the unique compatible
and holomorphic connection V is —2i w; we shall denote by g the Riemannian structure
w (-, J-). The volume form a)Ad/d! is denoted by dV ;. Let X C LY the unit circle bundle,
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2514 A. Galasso

with projection 7 : X — M and connection contact form « such that de = 2 7*(w). Then
(X, a) is a CR manifold and « is the contact form, see [22]. There is a natural volume form
on X givenby dVy = (27)~'a A*(dV ). The Hardy space H (X) represents the quantum
space and under some suitable hypothesis classical symmetries on M of a Lie group G give
rise to a quantum representation of G on H (X). Fix a coprime weight v labeling a unitary
irreducible representation in g The ladder £ is the set of unitary irreducible representations
labeled by integer elements of the ray iR - v. In the setting of ladder representations, see
[13], one is led to consider spaces Hy,(X) for a fixed unitary irreducible representation v as
k — +o0 and the corresponding projectors on it. The aim of this paper is to study geometric
properties of these projectors.

More precisely, we shall consider the Abelian case: given a torus 7' of dimension n
and a holomorphic and Hamiltonian action u : T x M — M, denote the moment map
by ® : M — tY (where t and t¥ is the Lie algebra and co-algebra, respectively and we
shall equivariantly identify t = t¥ = j R"). The Hamiltonian action x naturally induces an
infinitesimal contact action of t on X (see [14]); explicitly, if & € t and

&y (m) = dgpm (§)

is the corresponding Hamiltonian vector field on M (here w,, : T — M is given by fixing
m € M and its differential at the identity Id € T is denoted by digits, : t = T, M) then its
contact lift & y is

Ey =dufi.(§) =&, — (®om &) dy, )

where & jﬁw denotes the horizontal lift on X of a vector field & ,; on M, and 9y is the generator of
the structure circle action on X (similarly as before digfi, : t — T, X denotes the differential
of the map fiy : T — X at the identity).

Furthermore, suppose that the infinitesimal action (1) can be integrated to an action

n:TxX—>X

acting via contact and CR automorphism on X. We recall that, since X is the boundary of
the strictly pseudoconvex domain

D={xelL": |x|y<1}cLY

it has a Szeg6 kernel IT(x, y) which projects L2(X) to the Hardy space H (X) of square
summable functions which are boundary values of holomorphic functions in D. Under these
assumptions, there is a naturally induced unitary representation of 7 on the Hardy space
H(X) C L*(X) given by

e () (x) i= S (g1 (x)), seHX),xeXandreT.
Hence H(X) can be equivariantly decomposed over the irreducible representations of 7'
H(X) =P HX),,
vel

where 7 is the collection of all irreducible representations of 7 which can be identified
with Z". If ®(m) # 0 for every m € M, then each isotypical component H (X)y is finite
dimensional, see [16]. For each v € T we denote by

@) =1t" =0 teT §ecR andveZ"
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Remarks on asymptotic isometric embeddings... 2515

the corresponding character; (-, -) denotes the standard scalar product on i R” = t. Here, we
write ¢ the matrix exponential e'% where § € R".

Fixv e T, let I, : L2(X) — H(X), be the corresponding equivariant Szeg® projection;
we also denote by IT, € C*°(X x X) its distributional kernel:

dy
My(x, y) =) s7(x) -7 (y)

j=1

where {s;}?": | is an orthonormal basis of H (X),. Itis given explicitly by the formula:

I, (x, y) Z/T)(v(t)n(ﬁ,—l(x), »)dvr(t)

where IT is the Szegd kernel, dVr is the Haar measure and , is the character of the rep-
resentation v. In [16], the dimensions of isotypes H (X)k, and the behavior of I, (x, x)
are studied as k — +oo. In particular if 0 ¢ ®(M) and & is transversal to the ray iR - v
the asymptotic of [Tk, (x, x) is rapidly decreasing whenever x ¢ X, := 71_1(M‘,), where
M, := & '(i R - v), as k goes to infinity. In [16, Theorem 2] point-wise expansions and
scaling asymptotics are considered at x € X,.

If 0 ¢ ®(M) then the dimension of isotype H (X)y is finite. There is a canonical map

~

Oy » X — Hkv(X)v

given by
X = Gy (x) = Mgy (x, -).
Let us consider an orthonormal basis of H,(X) given by s’f", e, Ss:,, with respect to the

standard L? product. Now, as a consequence of the scaling asymptotics of the equivariant
Szeg6 kernel we can investigate geometric properties of the map

Gt Xo = Ho(0", x> T, ) = (51700, o sh ),

as k goes to infinity, where we write the image @, (x) in components with respect to the dual
basis.

Anequivariant map R — S between two T -spaces descendstoamap R/T — S/T.Thus,
@ky is T-equivariant and it descends to a map ¢y, between the corresponding quotients:

. iy —1
Oky © Ny — (CPXku ,

here we denote by N, the conic transform X, /7T, see [19]. Furthermore we shall recall in
Sect. 2.2 from [19] that it has a Kédhler structure 5,. The target space is given by taking the
quotient of Hy,(X)" \ {0} with respect to the action induced by the representation

§ (f-1(x)) = xrw (1) s(x)

where yr» : T — S! is the character. Consider the symplectic form on C%*\{0} =
Hyy (X)V\{0}:

- I =
oy = 5 30 log|¢|?.

The restriction of the action of 7' on the unit sphere in (C9\{0}, @g,) has the same orbit of
the standard S' action on §%—1, @q, descends to the Fubini Study form wrs, x on CP%;_l.
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2516 A. Galasso

Let us denote by 7, the stabilizer of a point x € X,. The cardinality |7,| need not be
constant on X, but it does attain a generic minimal value |T.; | on some dense open subset
X, where Tr. < T is the stabilizer of each point in X ,, (Corollary B.47 of [12]). Then T
stabilizes every x € X,. Suppose thatx € X, \ X/, and consider the projection p : X, — N,,
then p(x) is a singular point in (Ny)sing S Ny.

If k is sufficiently large, we shall prove that ¢y, is a asymptotically rescaled Kihler
embedding, in a sense specified below. By making use of a variant of [16, Theorem 4] we
can prove the following theorem, which is an analogue of embedding theorems in Kéhler
geometry, see [22]. For terminology concerning orbifolds, see Sect.2.1.

Theorem 1.1 Assume that v # 0 is coprime, 0 ¢ ®(M), T, is trivial and ® is transversal

to i Ry - v. Then there exists a subsequence k, such that the maps @i, v form an asymptotic

sequence of Kihler embeddings of the Kdahler orbifold (Ny, n,) into ((CIP’?(’]‘(';_I, WFS k) in

the following sense:

(1) @x,v is an orbifold embedding if n is sufficiently large.

(2) Uniformly on compact subsets of the smooth locus Ny \ (Ny)sing, there exists € > 0 such
that @i,y satisfies:

(pkv*(wFS,k) =1y + O(k_e)-

Theorem 2.1 is based on micro-local techniques that work in the almost complex symplec-
tic setting, see [2] and [21]. Following similar idea as in [21], we study oft-locus asymptotic
of the projector Iy, for arbitrary displacement as k goes to infinity, we refer to [16] and
Sect.2.3.

2 Motivations and preliminaries

Given a compact Hodge manifold (M, w) the sections of the quantizing line bundle L can
be used to define an embedding ¢y : M — CP%~! into the complex projective space
((C]P’d"*1 , wrs) for k large, where wr i is the Fubini-Study form and d is the dimension of
the space of holomorphic sections of the k-th tensor power of the line bundle L. These spaces
of sections can be naturally identified with spaces of functions on X lying in the k-th Fourier
component of the Hardy space. The map ¢ can be studied by using the Szeg6 kernel, in fact
its k-th Fourier component defines, for k sufficiently large, a map

bkt X — H(X)*\ {0}, x> Ik(x, -),
which in turn define a map
¢r 2 M — P(H(X)").

It is natural to ask how the pull-back of wrs on M is related to w. S. Zelditch and D. Catlin
strengthen a previous result of Tian by proving that (1/k) ¢x*(wFs) converges to w in the
smooth topology, see [3], [6] and [22]. Furthermore, B. Shiffman and S. Zelditch generalize
this picture in the symplectic setting in [21]. In this setting, small displacements from a fixed
x € X are conveniently expressed in Heisenberg local coordinates on X centered at x. A
choice of Heisenberg local coordinates at x gives a meaning to the expression x + v, where
v € Ty (x)M has sufficiently small norm. By using re-scaling asymptotic expansion

v w 1 L w2 2 .
k*d Hk (x + X+ ) ~ eV'W*Q(HV” +lwll©) 1+ k*.//za.(x v W)
s i § TASTIAL)
«/]; \/]; T =1
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where a;(x, v, w) are polynomial functions in v and w and v, w € T, M, they prove the
convergence of the rescaled pull-backs of the Fubini Study forms. Here, ~ means “as the same
asymptotic as”. Furthermore in [9], we obtain an analogue Kodaira embedding theorem and
Tian’s almost-isometry theorem for compact quantizable pseudo-Kéhler manifold making
use of the asymptotic expansion of the Bergman kernels for L®-valued (0, ¢)-forms.

In this paper we shall focus on Szeg6 kernel asymptotics along rays in weight space and
we aim to obtain analogue of results we have discussed in this section, we shall now briefly
review the literature. In [16] the author focuses on asymptotic expansions locally reflecting the
equivariant decomposition of H (X) over the irreducible representations of a compact torus.
In [10] and [11] the focus was on respectively the case G = U (2) and G = SU(2) making
use of the Weyl integration formula; in [18] local scaling asymptotics were generalized to the
case of a connected compact Lie group G. Furthermore, we refer to [ 17] where asymptotics of
the associated Szegd and Toeplitz operators were studied in detail for the case of Hamiltonian
circle action lifting to the quantizing line bundle, see [7] for some related results concerning
the torus action case. It is important to notice that, in general, the spaces H (X), are not
contained in any space of global sections HO(M, A®K).

The analog of “quantization commutes with reduction” for torus action in this frame-
work was first studied in [19]. In [8] we generalize the main theorem in [19] to compact
“quantizable” pseudo-Kéhler manifolds.

2.1 Definitions concerning orbifolds

We recall basic definitions we need about orbifolds, for a more precise discussion see [20], [1],
[15] and references therein. We define the category M in the following way. The objects are
pairs (U, G), where U is a connected smooth manifold and G is a finite group acting smoothly
on U. A morphism ® : (U, G) — (U’, G') is family of open embeddings ¢ : U — U’
such that:

i) For each ¢ € & there exists an injective group homomorphism A, : G — G’ satisfying
P(g-x) =24p(g) - @(x), xeU,geG.

ii) Forg € G', ¢ € @,if (g)(U) N@(U) # @, then g € 1,(G).
iii) For ¢ € ®, we have ® = {g ¢, g € G'}.

Let X be a paracompact Hausdorff space and let ¢/ be a covering of X consisting of
connected open subsets. We assume U satisfies the condition: foranyx e UNV,U, V e U,
there is W € U such thatx € W C U N V. Then we say that the topological space X has an
orbifold structure if

i) foreach U € U there exists (17, Gy) € M, and aramified covering (ﬁ, Gy) — U such
that U is homeomorphic to U /Gy, where U /Gy is endowed with the quotient topology;

ii) forany U, V € U, U C V, there exists a morphism gy y : (L7, Gy) — (\7, Gy) which
covers the inclusion U C V and satisfies owy = ¢wy o ¢yy forany U, V, W e U
suchthat U C V C W.

Let us denote by 7y : (17 ,Gy) — U the ramified covering. We recall that for each
p € X one can always find local coordinates x = (x, ..., x,) on (17, Gy), U C R", and
p with Ty (p) = p such that x(p) = 0 € R" is a fixed point of Gy and Gy acts linearly on
R". We call these coordinates standard coordinates at p. If |Gy| > 1 then we say that p is
a singular point, otherwise we say that p is regular.
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2518 A. Galasso

A vector orbibundle (E, p) on an orbifold X is an orbifold E together with a continuous
projection p : E — X such that for U € U there exists a Gy-equivariant lift p : Ey > U
defining a trivial vector bundle such that the diagram

(Ey.GEY 2 (. Gy)
! !

E, L v

commutes. As before, when we say that p : E U — U is Gy -equivariant we mean that there
exists an injective group homomorphism A, : Gf, — Gy such that

Plg-e)=2p(g)-Ple) ecEy, geGE;

if A, is a group isomorphism, we say that the vector orbibundle is proper.

A smooth section of a vector orbibundle (E, p) over X is a smooth map s : X — E such
that pos = 1y, we denote the space of smooth sections as C*° (X, E). We recall that a smooth
map f : X — Y between orbifolds is a continuous map between the underlying topological
spaces such that for each U € U there exists a local lift (fU f v) such that fU U— Vis
smooth, f; : Gy — Gy is a group homomorphism, the diagram

- 7o~
U,Gy) = (V,Gy)
s s
U i) \%4
commutes and ﬁ/ is f-equivariant:

fulg-x)=Fu@fux), geGy,xel.

The tangent orbibundle 7 X is defined by gluing together the bundles defined over the
charts

(TU, Gy) — (U, Gy),

where the action of Gy on T;(j is induced by differentiating the action on U , dg. It has
a natural structure of proper vector orbibundle. The smooth sections of it are called vector
fields.

We can then define the differential of a smooth map f : X — Y to be the smooth map
df : TX — TY such that locally for a given x € U, f(x) € V, and standard coordinates
at x we have a commutative diagram

~ dz f ~
(1:0.Go) s (15,7 Gv)
2 2
dy
v LoV

where d;gfis fy-equivariant. We say that f is an immersion at x € X if d f is injective, so
this means that there is a local lift fi; : U — V such that both dy f and f; are injective.
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Remarks on asymptotic isometric embeddings... 2519

2.2 Conic transforms for torus actions

We work with the same assumptions as in [19, Basic Assumption 1.1]. Let us recall that
M, = ®~'(iR, - v) and for each m € M, we have

d(m) =g(m)iv,

where ¢ : M — R is a suitable smooth positive function. Here, we always assume that the
action of T on X, is locally free. By [19], transversality is tantamount to 7" acting locally
freely on X, so that N, is an orbifold.

In [19, Section 5.3] a Kihler orbifold structure for N, is defined in the following way.
Let us denote by i v° the annihilator of i v in t. Consider the quotient ¥, := X,/ expr (i v0),
then Y, is as principal S' orbibundle over N,, let 7” be the projection. Adopting the same
notation as in [19, Section 5.3], ® o 7 descends to a smooth function ® : ¥, — t¥; hence
@’ = (P, i v) descends to a smooth function X Y, - R.

Let a®v := j¥(a), where j, : X, — X is the inclusion. Then, «*” is T-invariant, and
by definition of X, for any & € v? we have ((i E)xv)ozx” = 0, see [19]. Hence o™ is the
pullback of an orbifold 1-form a¥ on ¥,. Let us define

[[v]|?
By = 3 alv,
By [19, Equation (46)], we see that
1 _
— 2 Yy _ v Y,
dp, = vl [6“ = s 08 ]

By [19, Corollary 16] and [19, Lemma 11]:

Proposition 2.1 There exists a 2-form n, on N, such that dB, = 2} (ny) and a complex
structure JNv so that (N, JV, ny) is a Kdihler orbifold.

First, we introduce a decomposition of 7;,, M when m € M,, as in [16]. We adopt the
following notation. Let [ < t be a Lie subalgebra of t, we denote by [3;(m) the space of
infinitesimal vector fields & ,,(m) on M at m, & € [. Explicitly,

ly(m) ={&y(m) e T,,M : § €1}.

Similarly we denote by [x (x) the space of infinitesimal vector fields £y (x) on X atx, & € [.
Under the transversality assumption, for each m € M, we have

T,M=T'MOT'M & T M, 2)
where
TM := J,, (iv%)py(m),  TYM := (iv°)p(m)
and
ThM = (TYM & T M) ™ .
By the proof of [19, Lemma 11], see [19, Equation (48)], we have the following lemma.

Lemma 2.1 Let Q, : X, — Yy, be the projection. For each x € X, with w(x) = m, and for
eachv,w € T,L“’IM, we have

0F(dB) (v, W) = —2— o (v, W),
g (m)

@ Springer



2520 A. Galasso

2.3 Equivariant Szego kernels

LetIT: L%(X) — H(X) be the Szeg6 projector, I1(:, -) its kernel. By [4], IT is a Fourier
integral operator with complex phase:

+oo
M(x,y) = / MV s(x, y, u) du,
0
where the imaginary part of the phase satisfies J(/) > 0 and

s(x, y,u) ~ Zudﬁj sj(x, y).

j=0

We shall also make use of the description of the phase ¥ in Heisenberg local coordinates
(see §3 of [21]).

The Heisenberg coordinates for the unit circle bundle X at a given point x, with 7 (x) = m,
are defined in Section §1.2 in [21]. The Heisenberg coordinates play a crucial role in the
description of the scaling asymptotics of the Szeg6 kernel in [21]. Here, we will only recall

that to define them one needs to choose preferred local coordinates z = (z1, . . ., zq) centered
at a point m € M and choose a preferred local frame for the line bundle L. Recall that the
coordinates (z1, ..., zq) are preferred at m € M if and only if

d
Zdz,- ®dz; = (g —i ®)m»
=1

where g is the Riemannian metric w(-, J-). Furthermore, a preferred frame for L — M at a
point m € M is alocal frame ey, in a neighborhood of m such that

(leclln)m =1, V(er)m =0,

and

Vie)m = —(g +iw) ® (er)m-

The preferred frame and preferred coordinates together give us the Heisenberg local coor-
dinates on the circle bundle X: a Heisenberg coordinate chart at a point x (m = m(x)) is a
coordinate chart p : U ~ V with0 € U C C? x R (denote by pca : C? x R — C? the
projection) and p(0) = x € V C X of the form

. 1
PO, z21,...,z0) =€ a(zx)72 €} (2),

where a is a real-valued smooth function on pga (U), ey, is a preferred local frame at m and
(z1, ..., zq) are preferred coordinates centered at m.

For ease of notation, on a Heisenberg local chart, we write x + (6, v); here 8 € (—m, )
and v € By;4(0, §), the open ball of center the origin and radius § > 0 in Cd = R If
v € T,,M and ||v|| < €, we write x 4+ (0, v) = x + v. Furthermore, accordingly with the
decomposition (2), we write V = V; + Vy + Vhor.

Now, we need to state a variant, Theorem 2.1 below, of the main result concerning off-
diagonal asymptotics of the equivariant Szegd kernel obtained in [16] and [5]. In fact, [16,
Theorem 4] concerns off-locus asymptotics expansions along directions in the normal bundle
T'M but one can generalize them for arbitrary displacements as in [5]. More precisely, in [5],
the author considers that a compact and connected Lie group G and a compact torus 7" act
on M in a holomorphic and Hamiltonian manner, that the actions commute, and linearize to
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Remarks on asymptotic isometric embeddings... 2521

L. Given a nonzero integral weight v for T, the author considers the isotypical components
associated to the multiples k vy, k — +00, and focuses on how their structure as G-modules
is reflected by certain local scaling asymptotics on X. Thus, [5, Theorem 1.6] reduces to
Theorem 2.1 below for trivial G.

Choose &, € span(v) so that [|§;]| = 1 and (&, v) = ||v|. Hence, if v; = (6;, v;) €
T, X, set

0
| (m )||
Define E : Ty X, x Ty X, — C by setting

A(vy, 1) =

ElM()

E(ui, v2) :==i wn(A(vr, v2), Vi) + ¥2(Vin — A(vr, v2), V25)
where
. 1 2
V2 (Vi, V2) = =i wp(V1, V2) — 5”‘71 —va|l”.
Given v = (0, v) € T X, for every t € Ty, we write

v = dy i, (v) = @, di, (V).

Now, we can state the theorem concerning off diagonal scaling asymptotics for directions
tangent to X.

Theorem 2.1 For each x € X,, with w(x) =m, and v; = (0}, vj) € Ty Xy, j =1, 2, such
thatv; € T,BorM and ||vi|| < C k¢, for sufficiently small €, we have

o (s+ G+ + )
’ f Vi
e,[(g),_ez)/g(m) ( k d+(1—n)/2 1 d+1+(1-n)/2
l |I-*> (
|

- (V211 D(m) [ (m) |
A ot e E ) (e Ry, v k2] @)
teTy Jj=1

where D is a smooth positive function on My, R; is polynomial in the v;’s of degree < 3 j
and parity j.

The re-scaled asymptotic expansions (3) of Theorem 2.1 will be the main tool for proving
Theorem 1.1.

Let us compare the exponent E (vy, vy) with the standard one appearing in [21]. For ease
of notation, we set

w( (o Ll> <i2 E)); k(0 —6y) + E
k ((ﬁvﬁ ’ \/E,«/I; . l[(l 2)+ (Ul, v2)

. Eim Eim
L [91 (1 _‘”(ucb(m)n’ V”’)) —% (1 _w(ll<1>(m)ll’ V“))]

i m 1. m )
+ Y2 (Vl,h +01-————, Vo +0s- :
|® )| |® @)l
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2522 A. Galasso

and we note that, when T = T'! acts trivially on M, with constant moment map equal to 1,
we recover the exponent of [21]:

6 v (% \%
% N N ik (61 — 62) + P2 (i, V2)

Given 6 sufficiently small, x € X, and v € T, X, we note that by Corollary 2.2 in [16]
we get

<x+v):x+(e+e.w< S1.m v),v—e- $1. >+0(||<9,v>||2)

Hopr(-081) 1o m)]” 1 (m)|

and eventually, we note that

# (G %) (G 7))
= (om0 (= ) Pty (5= 7)) +0 (9

~ v
5= el

where

3 Proof of Theorem 1.1

Let us denote the dimension of Hy, (X) by di, and consider an orthonormal basis of H, (X)
given by s{“’, e, ss:v with respect to the standard L? product.

We distinguish two cases: the stabilizer of x is trivial or its cardinality is finite and equals
|Ty| > 1. First, let us consider a neighborhood of a point x with |T| = 1.

Now, by definition, we can write in coordinates with respect to the dual basis

Gt Xy = Hp(X)Y, x> (s{”(x), si;k“v(x)),
and we note that
Miw(x, y) = ‘;b-/\c’v(x) ";Zl\clv(y)- “4)

We shall follow [21] and we consider the 2-form €2 on a sufficiently small neighborhood
of the diagonal (C%»\{0}) x (C%»\{0}) given by

Q= %d“)d@ log £ -7
where ¢ and 7 are the variables respectively on the first and second component of
(€ \ {0)) x (€% \ {0

and the formal differentials d and d® denote the exterior differentiation on the first and
second factors, respectively. On the diagonal of (C94\{0}) x (C%\{0}), we have

. B i
Q) = g = 99 log|¢|?

where j is the diagonal embedding.
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Furthermore define
Dpy = G X Gw X % Xy = CHhr o Clo - Dy (x, y) 1= (G (0, Gv ().
The proof of the following Lemma is left to the reader.
Lemma3.1 &; commutes with dD and d®.

Thus we can pullback €2 via @iy, by (4) and Lemma 3.1 we can easily obtain

%cpzvsz - Z’—k ®},dVd@ logs -7 = Z’—k dDd? o, logs -7 = zl—k dMd? Jog Ty

Consider a small open neighborhood U C Y, = X,/ expy (i v°) of a point y in ¥, and
Q;I(U) C X,.Letx € X, such that Q,(x) = y. Since Q, : X, — Y, is a principal
expT(ivO)—bundle over Y,, we can assume U to be sufficiently small so that there exists a
trivializing section s : U — Q, 1(U) with V := 5(U) € Q,'(U). Let us denote by T\, M*
the space of vectors in 7 X which are the horizontal lift of vectors in 7\, M. By (2), where
x € X, with m(x) = m we have

T.X =T\M* ® T, X,

since, by formula (1), for every & € i v, we have Ex(x) = & i,,(m). Since the vectors

inT,M = (iv)?w (m) are tangent to the fibers of the principal bundle Q, : X, — Y,
in X, € X, then s can be chosen so that a basis for T,V consists of a basis for T,f;"rM
and &, x(x). Note that that TxhorM £ projects isomorphically to T, N, where x is such that
px) =nand p: X, — N, is the projection.

Thus, let us consider y € U C Y, with O, (x) = y. We compose with the diagonal map
diag and we make use of Theorem 2.1, using Heisenberg coordinate, for v, v, € Tyz‘orM we
get

| i b1 Vi 62 v
= = — diag*dVd® log I —, —, =, —
goo ey = 5 dae e\ ) T\ &

_d e samge | L u((ﬂ L) (iZ 2))]
T diag"dd L(mx)Fk ) (e s +0(1/\/%).

Thus, by the description of local coordinates on V C X, for the circle bundle , : Y, — N,
at the end of Sect. 2.3, we obtain

1, i 1
- = — diag*dVd®@ , o (1/vk
7 kv oq |y ox diag com) Yo (vi, v2) [ + (/[>
= gy Tl 0 (1/\/%) .
X

Since in Heisenberg local coordinates  is the standard form on C?~"+! (where r is the
dimension of the torus T), see [21], and by the discussion in Sect.2.2, see Lemma 2.1, we
get (2) in Theorem 1.1. Thus, we also get (1) since, as a consequence of (2) we get that dgyy
is injective for k large.

Now, suppose that the stabilizer |7y | > 1, hence n is a singular point in N, and fix x such
that p(x) = n where p : X, — N, is the projection. Since N, is an orbifold there exists
a local chart (7Y, 17:,). By the Slice Theorem, see Appendix B in [12], a neighborhood of
the orbit of x is equivariantly diffeomorphic to a neighborhood of the zero section of the
associated principal bundle T x7, D where D is a sufficiently small neighborhood of the
origin in Tnll‘oer with 7 (x) = m.
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Now, Iy, (x, x) can be zero for some k even when £ is large. To solve this problem, we
note that there exists a subsequence k, such that for each x € X,

D Kt (1) #0.
reTy

In fact, we can choose k;, to be divisible by the least common multiple of |7y |, for x € X,,
(there are only finitely many possible stabilizers). As a consequence of

dkv
P (fL-1(6)) = Xkw () D sE () () = s (@ ()
j=1

we note @y is a Tx-equivariant map from an open neighborhood U, = D of iy to (CIP’?;{:_I,
where in the orbifold local chart 7y, : (f]:,, Gy,) — U, we have that 7y, (1) = ny.

Eventually, we shall prove that the maps ¢y, are embeddings for k sufficiently large. In
order to prove it, we study long-range and short-range injectivity as in [21]. Thus, given
X, y € Xy in the range where ﬁdistx(T - X, y) tends to infinity as k — +o0, it follows in
a similar way as in [21] that ¢y (ny) # @iy (ny) as an easy consequence of [16].

For short-range injectivity we consider v € T£°rM % where m = 7(x) and x € X,, such
that 0 # ||v]| < C and assume

01 (1 ) = Prv () )

where recall that TXhorM 1 projects isomorphically to T, N, where x is such that p(x) = ny
and p : X, — N, is the projection. Thus, (5) is equivalent to

Phv (x) Phov (x + Vi /VK)

] = 6
2w N (@ (x + vie/ VB ©

Thus, by (4), Eq. (6) is equivalent to
My (x, x—i—V](/\/l;) -1 @)

e 0 -y T (6 + v/ VR, x + v/ VB
Define, for a sufficiently small €, f : [—€, | + €] > R

[Tk (x, x 4+ 7 Vi /VE)?
My (x, X) - iy (5 + 7 v /Vk, x 4+ 7 v /Vk)
and note that f; (0) = 1and, by (7), fx(1) = 1 (the denominator is non-zero provided we pass
to a subsequence). Furthermore, by (4) and the Cauchy-Schwartz inequality, 0 < f; < 1.
Hence we have fk’(O) = O(note that f is defined on [—e, 1+¢€]). Thus, there exists tx € (0, 1)
such that f’(tx) = 0.
Eventually, starting with (7) and expanding in decreasing half-integer powers of k&,

Ji(@) =

12
fe@ =3 x4 k2R, )]

teTy
where R3(t, v¢) = O(1). Note that, since f;(1) = 1, we get Ivell? = O (k~'/2). Thus, we

obtain

R@=1+00)) xw® - Vel

teTy
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By evaluating at 7z, we get vy = 0.
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