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Two families of pro-p groups
that are not absolute Galois groups
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Abstract. Let p be a prime. We produce two new families of pro-p groups which are
not realizable as absolute Galois groups of fields. To prove this, we use the 1-smoothness
property of absolute Galois pro-p groups. Moreover, we show in these families, one has
several pro- p groups which may not be ruled out as absolute Galois groups employing the
quadraticity of Galois cohomology (a consequence of the norm residue theorem), or the
vanishing of Massey products in Galois cohomology.

1 Introduction

Throughout the paper, p will denote a prime number. For a field K, let K and
K(p) denote respectively the separable closure of K, and the compositum of all
finite Galois p-extensions of K. The maximal pro-p Galois group of K, denoted
by Gi (p), is the maximal pro- p quotient of the absolute Galois group Gal(K/K)
of K, and it coincides with the Galois group of the extension K(p)/K. Describing
maximal pro-p Galois groups of fields among pro-p groups is one of the most
important — and challenging — problems in Galois theory (see, e.g., [15, §3.12],
[21, §2.2], and [22, § 1]). Already finding explicit examples of pro- p groups which
do not occur as maximal pro-p Galois groups — and thus also as absolute Galois
groups (see Remark 3.3) — of fields is considered a remarkable achievement (see,
e.g., [2,3,22]). One of the oldest known obstructions for the realization of a pro-p
group as Gk (p) for some field K is given by the Artin—Schreier theorem: the only
finite group realizable as G (p) for some field K is the cyclic group of order 2
(ctf. [1]).

In this paper, we produce new examples of torsion-free pro-p groups which do
not occur as maximal pro-p Galois groups of fields containing a primitive p-th
root of 1, and thus neither as absolute Galois groups. Given two elements x, y
of a (pro-p) group G, let [x, y] = x~'y~1xy denote the commutator between x
and y, and forn > 1, set

axl=1[..1y x],x],....x].
~————
n times
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Theorem 1.1. Let p be a prime, and let G be a finitely generated pro-p group,
with minimal pro- p presentation

G={x1,....,xq | ro,71,...,1p), d>3,v>0,
where either
G) ro = x‘{ X1, X2] - [X2, x3] -+ [Xg_1, xq] - 8, with d odd, or
(i) ro = x7 - [x1.0 x2] - [x3, Xa] -+ [xg—1,x4] - 5, with d even,

and in both cases, ¢ = p* with f €{1,2,...,00} (f =2if p=2),n > 2, the

relations ry, ..., 1y lie in the closed commutator subgroup S’ := cl([S, S]), and s
lies in the closed subgroup cl([S’, S']), where S denotes the closed subgroup of G
generated by x3, ..., Xq.

Then G does not occur as the maximal pro- p Galois group of a field containing
a primitive p-th root of 1, and thus neither as the absolute Galois group of a field.

To prove Theorem 1.1, we employ the following formal version of Hilbert 90 for
pro- p groups, introduced in [4, § 14] and studied in [12,28,33]. A pro-p group G
is said to be 1-smooth if it may be endowed with a continuous G-module M,
isomorphic to Z, as an abelian pro-p group, such that, for every open subgroup U
of G, the canonical map

H'(U.My/p"My) — H'(U.My/pMy).
induced by the epimorphism of continuous U -modules
My/p"My — My /pMy,

is surjective for every n > 1 (here My denotes the restriction of the G-module M
to U). By Kummer theory, the maximal pro- p Galois group of a field K containing
a primitive p-th root of 1 is 1-smooth (see Theorem 2.8). We prove that the pro-p
groups defined in Theorem 1.1 are not 1-smooth.

After the positive solution of the celebrated Bloch—Kato conjecture given by
M. Rost and V. Voevodsky (with a “patch” of C. Weibel, see [37, 40, 41]), one
knows that the IF,,-cohomology algebra of the maximal pro-p Galois group Gk (p)
of a field K containing a primitive p-th root of 1,

H*(Gk(p). Fp) := @) H"(Gk(p). Fp),

n>0

with [F,, the finite field of p elements considered as a trivial Gk (p)-module, and
endowed with the cup-product, is a quadratic algebra: i.e., all its elements of posi-
tive degree are combinations of products of elements of degree 1, and its defin-
ing relations are homogeneous relations of degree 2 (see §2.2). From this, it
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was possible to obtain new obstructions for the realization of a pro-p group as
maximal pro-p Galois group (see, e.g., [3,27,33,36]). Subsequently, it has been
conjectured that the algebra H*(Gk (p),Fp) has no external operations in addi-
tion to its “internal” ring structure with respect to the cup-product: namely, all
n-fold Massey products of H®(Gk(p),Fp) vanish (see [23, Conjecture 1.1] and
§ 5.1-5.2). This conjecture has been shown to be true for » = 3 and in other rele-
vant cases (see [11,16-18]).

We show that, from Theorem 1.1, one may produce several one-relator pro-
p groups (i.e., pro-p groups defined by a single relation) whose IF,-cohomology
algebra is quadratic and yields the vanishing of 3- and 4-fold Massey products,
and which are not absolute Galois groups of fields.

Theorem 1.2. Let G = (x1,...,x4 | ro) be a one-relator pro-p group with ro as
in Theorem 1.1. Then the following hold.

(i) The Fp-cohomology algebra H*(G,IF)) is quadratic.

(i1) (a) Ifro is of the first type, then every 3-fold and 4-fold Massey product van-
ishes in H*(G,Fp), unless p = q = 3.

(b) If ro is of the second type, then every 3-fold and 4-fold Massey product
vanishes in H®*(G,Fp), unless p = q =3 orn = 2,3.

Therefore, one may not employ these cohomological conditions to rule out the
pro-p groups defined in Theorem 1.2 as maximal pro-p Galois groups and abso-
lute Galois groups of fields. Moreover, most of these one-relator pro-p groups do
not belong to the family of pro-p groups which are not absolute Galois groups
introduced in [2, Corollary 1] (see § 4.3). Hence, Theorems 1.1-1.2 provide a big
wealth of genuine new examples of pro-p groups that are not absolute Galois
groups of fields — see also Remark 5.11.

The paper is structured as follows. In Section 2, we give basic definitions and
properties on the cohomology of pro-p groups (in particular, in Subsection 2.3, we
give the definition of 1-smooth pro-p group). In Section 3, we prove Theorem 1.1
(cf. Subsections 3.1-3.2). In Section 4, we prove Theorem 1.2 (i), and we show
that our one-relator pro-p groups are different to the pro-p groups defined in [2]
(cf. Proposition 4.4). In Section 5, we give a brief (and self-contained) treatment
of the group-theoretic interpretation of Massey products in [F,-cohomology of
pro-p groups (cf. Subsection 5.2), which we use to prove Theorem 1.2 (ii) (a)—(b)
(cf. Subsections 5.3-5.4).
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2 Pro-p groups and Galois cohomology

We work in the world of pro-p groups. Henceforth, every subgroup of a pro-p
group will be tacitly assumed to be closed, and generators of a subgroup will be
meant in the topological sense.

In particular, for a pro-p group G and a positive integer n, G" will denote the
closed subgroup of G generated by the n-th powers of all elements of G. Moreover,
for two elements g, h € G, we set

h8 =g 'hg and [h,gl=h"" h&,
and for two subgroups Hi, H, of G, [Hy, H»] will denote the closed subgroup
of G generated by all commutators [/, g] with h € H; and g € H». In particular,
(a) G’ will denote the commutator subgroup [G, G] of G;
(b) ®(G) = GP - G’ will denote the Frattini subgroup of G;

(©) (Yn(G))n>1 will denote the descending central series of G, i.e., y1(G) = G,
y2(G) = G" and yn1+1(G) = [ya(G), G] forn > 2.

(d) G3) will denote the subgroup of G defined by
_)G?-y3(G) if p #2,
@764 @ (6 itp=2,
i.e., G3) is the third term of the p-Zassenhaus filtration of G (cf., e.g., [9,
§ 1]) — note that ®(G)/G3) is a p-elementary abelian pro-p group.

Finally, recall that Z, denotes the ring of p-adic integers
Zp = {ap+arp+arp*+---+app" +---10<a; < p—1foralli >0},

which is a cyclic pro-p group (endowed with the addition), which may be gener-
ated by any p-adic integer 1 + pA, A € Z,.
For further properties of pro-p groups, we refer to [5, Chapters 1-4].

2.1 Cohomology of pro-p groups

In this subsection, we focus on finitely generated pro-p groups.

Let G be a pro-p group, and let IF,, denote the finite field with p-elements. We
consider [F,, also as a trivial G-module. For the zeroth and the first cohomology
groups of G with coefficients in IF,, we have isomorphisms of [Fj,-vector spaces
H°(G,F,) ~F, and

H'(G,F,) = Homgy(G,Fp) ~ (G/D(G))*, 2.1



Two pro-p groups that are not absolute Galois groups 29

where Homg,, (_, ) denotes the group of (pro-p) group homomorphisms to the
additive group of F,, and _* = Homp, (_, Fp) denotes the [F,-dual (cf. [25, Propo-
sition 3.9.1]). If X = {x1,..., x4} is a minimal set generating G, then by (2.1),
one has d = dim(H'(G,F)), and X yields a dual basis B = {y1,..., yq} of
HY(G,Fp),ie., yi(x;) =8 forevery 1 <i,j <d.

A short exact sequence of pro-p groups {1} - N - G - G/N — {1} in-
duces an exact sequence of [Fj,-vector spaces

inf} res |
0 HY(G/N.F,) — 2% HY(G,F,) ——2+ HY(N.F,)®
trg/)
H*(G/N,F H*(G,F
(G/N.TFp) (G, Fp) 22
(cf. [25, Proposition 1.6.7]).
A short exact sequence of pro-p groups
{1} > R— F - G — {1}, (2.3)

with F a free pro- p group, is called a minimal presentation if R € ®(F') or, equiv-
alently, if the map inflG, r induced by the epimorphism F' — G is an isomorphism.
Moreover, since H2(F,F,) = 0 (cf. [25, Proposition 3.9.5]), the map trg induces
an isomorphism of [F;,-vector spaces

g™ H%(G,F,) = H'(R.F,)F ~ (R/RP[F,R))*. (2.4)
If {r;,i € 4} € R is a minimal set generating R as normal subgroup of F and if
X = {x1,...,xg4}is a minimal set generating G, we write
G =(x1,...,xq | ri,i €d),

and by (2.4), one has dim(H?(G,F,)) = |4|. A pro-p group G with minimal pre-
sentation (2.3) is a one-relator pro-p group if R is generated as normal subgroup
of F by asingle element r, i.e., if dim(H?(G, F,)) = 1.

The Fj-cohomology of a pro-p group comes endowed with the cup-product

H(G.F,) x H'(G.F,) = H*V(G.F,). s5.t>0,
which is graded-commutative, i.e.,
BUa=(-1)"aUpB fora e H(G,Fp,), B € H(G,Fp)

(cf. [25, Chapter I, § 4]).
For finitely generated one-relator pro-p groups, one has the following (cf. [30,
Propositions 4.2 and 4.6]).
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Proposition 2.1. Let G = (x1,...,xq4 | r) be afinitely generated one-relator pro-p
group. If
r = [x1,x2] - [x3, X4] -+ [xn—1,Xx] mod G3), (2.5)

for some n even, with 2 < n < d, then H*(G,F)) is quadratic. In particular, if
B ={x1,...,xd} is a basis ole(G,]Fp) dual to X = {x1,...,xq4}, then one
has

XtUxa2=x3Uyxys=--= yn—1U xn,
xiUxj=0 forl<i<j<d, (i,j)#1.2)....(n—1,n),

and y1 U y» generates H'(G,Fp). Moreover, Hk(G,]Fp) = 0fork > 3.

One-relator pro-p groups satisfying (2.5) generalize Demushkin groups, which
were studied by S.P. Demuskin, J.-P. Serre and J. P. Labute (cf., e.g., [25, Chap-
ter III, pp. 231-244]) — in fact, Proposition 2.1 is based on the description of the
cup-product for Demushkin groups.

For further facts on cohomology of pro-p groups, we direct the reader to [34,
Chapter I, § 3-4] and to [25, Chapter III, § 9].

2.2 Quadratic cohomology and the norm residue theorem

Let G be a pro-p group. The IF,,-cohomology

H*(G.Fp) = @ H"(G.Fp).

n>0

endowed with the cup-product, is a non-negatively graded algebra over IF,. A spe-
cial class of non-negatively graded IF,-algebras is given by the following (cf. [26]).

Definition 2.2. Let Ae = (P, 4n be a (non-negatively) graded IFp-algebra, with
Ag = Fp. Then A, is said to be quadratic if one has an isomorphism of graded
algebras
_ Te(Ay)
AT

where Te(A1) = @nzo A?" denotes the [F,-tensor algebra generated by A1, and
(R2) is the two-sided ideal of To(A1) generated by @, with Q2 C 4] ® A;.

Example 2.3. Let V' be a finite-dimensional IF,-vector space. Then the symmetric
algebra Se(1) and the exterior algebra /\, (V') are quadratic algebras.
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A consequence of the norm residue theorem is that the IF,,-cohomology algebra
of the maximal pro-p Galois group of a field containing a primitive p-th root of 1
is quadratic (cf., e.g., [8, § 24.3] and [27, § 2]).

Theorem 2.4. Let K be a field containing a primitive p-th root of 1. Then the
Fp-cohomology algebra H®*(Gx (p),Fp) is a quadratic algebra.

A pro-p group G such that the [F,-cohomology algebra H*(H, ) is quadratic
for every subgroup H C G is called a Bloch—Kato pro-p group (cf. [27]). By
Theorem 2.4, the maximal pro-p Galois group of a field K containing a primitive
p-throot of 1 is Bloch—Kato, as every subgroup H € G (p) is the maximal pro-p
Galois group of an extension of K.

Remark 2.5. If p # 2 and G is a finitely generated Bloch—Kato pro-p group, then

dim(H (G, ]F,,)))

dim(H2(G. Fy) = ( !

(cf. [27, 8§4.1]). Thus, if G is as in Theorem 1.1 and v > (g), then G is not Bloch—
Kato.

By results of Ware (cf. [39]) and Engler, Koenigsmann and Nogueira (cf. [13,
14]), if K is a field containing a primitive p-th root of 1, then the maximal pro-p
Galois group Gk (p) has the following properties: (i) if Gk (p) is not meta-abelian
(i.e., Gk (p)’ is abelian), then Gk (p) contains a free non-abelian subgroup; and
(ii) Gk (p) contains a unique maximal abelian normal subgroup A4, and

Gk (p) = Ax (Gk(p)/A).
The following result extends these properties of maximal pro-p Galois groups to
Bloch—Kato pro-p groups (cf. [27, Theorem B] and [33, Theorem 1.2]).
Proposition 2.6. Let G be a Bloch—Kato pro-p group.
(1) If G is not meta-abelian, then G contains a free non-abelian subgroup.

(i1) If G is also 1-smooth, then G contains a unique maximal abelian subgroup A,

and G ~ A x G/ A.

2.3 Kummerian pro-p pairs

Let1 + pZy, = {1 + pA | A € Zp} denote the pro- p Sylow subgroup of the group
of units of the ring of p-adic integers Z,. A pair § = (G, 6) consisting of a pro-p
group and a continuous homomorphism 6: G — 1 + pZ, is called a cyclotomic
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pro-p pair, and the morphism @ is called an orientation of G (cf. [7, § 3] and [33]).
A cyclotomic pro-p pair § = (G, 6) is said to be torsion-free if p is odd, or if
p =2andIm(8) C 1 + 4Z,. (Note that the pro-p group G might have non-trivial
torsion even though § = (G, 0) is a torsion-free cyclotomic pro-p pair.) Given
a cyclotomic pro-p pair § = (G, 6), one has the following constructions:

(a) if H is a subgroup of G, we set &|g := (H,0|g);

(b) if N is a normal subgroup of G contained in Ker(6)), then 6 induces an orien-
tation 0: G/N — 1 + pZp,and weset §/N := (G/N, 0).

Given a cyclotomic pro-p pair & = (G, ), the pro-p group G comes endowed
with a distinguished subgroup K(§), introduced in [12, § 3] and defined by

K@) = (7@ .h87" | g € G, h € Ker(6)).

The subgroup K(¥§) is normal in G, and it is contained in Ker(8). Moreover,
one has K(§) 2 Ker(#) and K(§) € ®(G). Thus, the quotient Ker(0)/K(§) is
abelian.

Definition 2.7. Given a cyclotomic pro-p pair § = (G, 0), let Z,(6) denote the
continuous G-module of rank 1 induced by 0, i.e., Z,(6) >~ Z, as abelian pro-p
groups, and g.A = 6(g) - A forevery A € Z,(0). The pair § is said to be Kummer-
ian if, for every n > 1, the map

HY (G, Zp(0)/p"Zp(0)) — H' (G, Fp), (2.6)
induced by the epimorphism of G-modules

Zp(©)/p"Lp(0) — Zp(0)/ pLp(0) = Fp,

is surjective. Moreover, § is 1-smooth if |y is Kummerian for every subgroup
HCG.

We say that a pro-p group G may complete into a Kummerian, or 1-smooth,
pro-p pair if there exists an orientation 8: G — 1 4+ pZ, such that the pair (G, 0)
is Kummerian, respectively 1-smooth.

Given a field K containing a primitive p-throotof 1, let Ok : Gk (p) — 1 + pZ,
denote the pro-p cyclotomic character, i.e., if { is a primitive pk -th root of 1, with
k> 1, then 0(¢) = QGK(") for all 0 € Gk (p) (cf., e.g., [12, §4]). The continu-
ous Gk (p)-module Z,(0k) is called the first Tate twist module, and usually, it
is denoted by Z, (1) (cf. [25, Definition 7.3.6]). By Kummer theory, one has the
following (cf. [12, Theorem 4.2] and [33, Proposition 2.3]).
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Theorem 2.8. Let K be a field containing a primitive p-th root of 1. Then the
cyclotomic pro-p pair g = (Gk (p), 0k) is 1-smooth.

Kummerian pro- p pairs and 1-smooth pro-p pairs were introduced in [12] and
in [4, § 14] respectively. In [33], if § = (G, 0) is a 1-smooth pro-p pair, the ori-
entation 6 is said to be 1-cyclotomic.

Remark 2.9. In [4, § 14.1], a pro- p pair is defined to be 1-smooth if the maps (2.6)
are surjective for every open subgroup of G, yet by a limit argument, this implies

also that the maps (2.6) are surjective also for every closed subgroup of G (cf.
[33, Corollary 3.2]).

Henceforth, we will restrict our attention to torsion-free cyclotomic pro-p pairs
whose pro-p group is finitely generated. One has the following group-theoretic
characterization of Kummerianity (cf. [12, Theorems 5.6 and 7.1]).

Theorem 2.10. Let § = (G, 0) be a torsion-free cyclotomic pro-p pair, with G
finitely generated. The following are equivalent.

(1) The pair § is Kummerian.
(ii) The quotient Ker(0)/ K (§) is a free abelian pro-p group.

(iii) The pair §/N is Kummerian for every normal subgroup N of G contained
in K(9).

Remark 2.11. Let § = (G, ) be a cyclotomic pro-p pair with 6 =1, i.e., 0 is
constantly equal to 1. Since K(&€) = G’ in this case, by Theorem 2.10, the pair
¢ is Kummerian if and only if the quotient G/ G’ is torsion-free. Moreover, § is
1-smooth if and only if H/H' is torsion-free for every subgroup H € G. Pro-p
groups with such a property are called absolutely torsion-free, and they were in-
troduced and studied by Wiirfel in [42].

Examples 2.12. (a) A cyclotomic pro-p pair (G, ) with G a free pro-p group is
1-smooth for any orientation 0: G — 1 4 pZ, (cf. [33, §2.2]).

(b) A cyclotomic pro-p pair (G, 8) with G an infinite Demushkin pro-p group
is 1-smooth if and only if 8: G — 1 + pZ, is the canonical orientation of G,
defined as in [20, Theorem 4] (cf. [12, Theorem 7.6]).

(¢) The only 1-smooth pro-p pair (G, 6) with G a finite p-group is the cyclic
group of order 2 G ~ Z /2, endowed with the only non-trivial orientation

0:G — {£1} C 1 + 27,

(cf. [12, Example 3.5]).
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Remark 2.13. By Example 2.12 (¢), if § = (G, 0) is a torsion-free 1-smooth pro-p
pair (i.e., Im(6) is torsion-free), then G is a torsion-free pro-p group.

Kummerianity is inherited by certain quotients of pro-p pairs (cf. [29, Theo-
rem 1.1]).

Proposition 2.14. Let § = (G, 0) be a torsion-free Kummerian pro- p pair, an let
N be a normal subgroup of G satisfying
(1) G/N is a finitely generated pro-p group,
(i) N C Ker(0),
(iii) the map reslG’N: HY (G, Fp) — HY (N, IFI,)G is surjective.
Then the pro-p pair § /N is Kummerian.
Remark 2.15. By (2.2), condition (iii) of Proposition 2.14 amounts to requir-

ing that the inclusion N € G induces a monomorphism of p-elementary abelian
pro-p groups N/NP[G,N] — G/D(G).

Let & = (G, 0) be a cyclotomic pro-p pair. A continuous 1-cocycle from G to
the G-module Z,(0) is a continuous map c: G — Z,(0) satisfying

c(xy) =c(x)+0(x)-c(y) foreveryx,y e G 2.7

(cf., e.g., [25, Chapter I, §2]). One may employ continuous 1-cocycles to check
whether a given cyclotomic pro- p pair § is Kummerian (cf. [20, Proposition 6]).

Proposition 2.16. Let § = (&, 0) be a torsion-free cyclotomic pro-p pair with G
finitely generated, and let X, = {x1,...,x4} be a minimal generating set of G.
Then § is Kummerian if and only if, for any sequence (A1, ..., Ag) with A; € Zp
foreveryi =1,...,d, there exists a continuous 1-cocycle c:G — Zp(0) such
that c(x;) = Aj foreveryi = 1,...,d.

Examples 2.17. (a) For p # 2, let G be the pro-p group with minimal presentation
G =(x.y.z|[x.y] =z%).
andlet 0: G — 1 + pZ, be an arbitrary orientation. Then there are no continuous

1-cocycles ¢: G — Zp(0) satisfying ¢(x) = ¢(y) = 0 and ¢(z) = 1, and thus the
pro-p pair (G, 0) is not Kummerian for any orientation 6 (cf. [12, Theorem 8.1]).
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(b) Let

C
bl|ab.ceZy
1

be the Heisenberg pro-p group. By Remark 2.11, the pair (H, 1) is Kummerian,
as H/H' ~ ZIZ,, but H is not absolutely torsion-free. In particular, H contains an
open subgroup U which is isomorphic to the pro- p group G as in (a), and therefore
H cannot complete into a 1-smooth pro- p pair (cf. [28, Example 5.4]).

3 Pro-p groups that are not absolute Galois groups

Let x, y, z be elements of a (pro-p) group G, and n > 1. Recall that, by commu-
tator calculus, one has the equalities

[xy.z] = [x.2]” - [y.zl. [x.yz] = [x.z] - [x. ",

B Il P R PY Pty Y ) N P S P B R CR PR P L

Lemma 3.1. Let x, y be elements of a (pro-p) group G. For n > 1, one has the
following:

n
v x" = [y x]® mod 6", 3.1)
i=1
where G" denotes the commutator subgroup of G'.

Proof. We proceed by induction on n. If n = 2, then

. x2] = [y.x]- [y.x]* = [y, xPly.2 x].
Now assume that (3.1) holds for n — 1. Then

[y, x"] = [y, x]ly, x" 71 = [y, x]ly, "y, x" 71, x]

n—1 n—1
= [y, [ [ ) [H[y,i x](”f'lx} mod G”

i=1 i=1
n
= ]’[ [y )7 [ x105D) mod G
(here we set implicitly (") = 0), and the well-known equality
(")) -0
. +1. =1.
i i—1 i

yields (3.1). O
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Also, we recall the following (cf. [12, Lemma 6.1]).

Lemma 3.2. Let § = (G, 0) be a torsion-free cyclotomic pro-p pair, and sup-
pose that ¢: G — Z,(0) is a continuous 1-cocycle. Then, for every x,y € G and
A € Zp, one has

heex) i 0x) = 1.

M=) —1
c(x?t) %.c(x) if 0(x) # 1;

c(lx. ¥ = 8(xy) 711 = 8(»))e(x) = (1 = 8(x)c ().

In particular, ¢(1) = 0, and for n > 1, one has

c(ynxD) = @)™ =" ey, x]).

Finally, we underline the following straightforward Galois-theoretic observa-
tion.

Remark 3.3. Let K be a field. If p = 2, then clearly K contains the primitive
second root of 1, i.e., —1; on the other hand, if p # 2 and K does not contain
a primitive p-throotof 1, say {, € Ky, then [K (¢ ») : K] = p — 1, and the absolute
Galois group Gal(K /K) is not a pro-p group. Therefore, if Gal(K;/K) is a pro-p
group, then ¢, € K.

This yields the following: if a pro-p group does not occur as maximal pro-p
Galois group of a field containing a primitive p-th root of 1, then it does not occur
as absolute Galois group of any field.

3.1 The first type of rg

In this subsection, G denotes a pro-p group with minimal presentation
G={(x1,....,xXq | ro,r1....ry)
as in Theorem 1.1, with rg of the first type, i.e., d is odd and
ro = x{ - [X1.n X2] - [x2.X3] -+ [xg_1. Xg] -5, withs € S,

where S is the subgroup of G generated by x3,..., x4, while r1,...,r, € S".
Our goal is to show that, for any orientation 6: G — 1 + pZ,, the pro-p pair
9 = (G, 0) is not 1-smooth.

First, we establish what a suitable orientation 6: G — 1 + pZ, should be like.



Two pro-p groups that are not absolute Galois groups 37

Proposition 3.4. Let 0: G — 1 + pZ, be an orientation of G such that the cyclo-
tomic pro-p pair § = (G, 0) is torsion-free. If § is Kummerian, then ¢ = 0 and
O(xj)=1fori =2,....,d.

Proof. First, note that s = 1, and thus, by Lemma 3.2, one has ¢|s» = 0 for
every continuous 1-cocycle c: G — Zp(8). From

1= 0(1) = 0(x{[x1.n x2][x3, x4] -+ [Xg—1. xg] - 8) = O(x1)*

we deduce 6(x1)? = 1. Since Im(#) is torsion-free, if ¢ 7 0, one has 6(x) = 1,
while one might have 6(x1) # 1 only if g = 0.

Foreveryi =1,...,d, let ¢;: G — Z,(0) be the continuous 1-cocycle such
that ¢; (x;) = d;;, with j € {1,...,d} (such a continuous 1-cocycle always exists
by Proposition 2.16). Then

0 = ¢; (x][x1.n X2][x2. x3] -+ [xg—1. xg] - 5)
= ci(x]) 4+ 0(x1)? - ¢i ([x1.n x2][x3, X4] -+ [Xg—1. Xa] - )

= ci(x]) + ci(lxrn x2]) + i ([x3,x4]) + -+ + ci([xg—1. xg]).  (3.2)
Fori > 4,1 even, from (2.7), Lemma 3.2, and (3.2), we get
0=0+4+ci([xi. Xi41]) + -+ 0= 0(x;xi41) (1 — O(xi41)) - L,
and hence 0(x;+1) = 1. Analogously, for i > 3, odd, one gets
0=0+--~4+ci(xi—1,x;])) +---+0= 9(x,'_1x,~)_1(—1 +0(xi-1)) - 1,
and hence 0(x;—1) = 1. Fori = 2, from (2.7), Lemma 3.2, and (3.2), we get

0 =0+ c2([x1.n x2]) + c2([x2. x3]) +--- + 0
= —0(x)(0(x2) ™" = 1) + 0(x2x3) " (1 — 0(x3))
= —0(x)(O(x2)"" = 1)" 40,
as O(x3) = 1, and hence 6(xp) = 1. Finally, for i = 1, from (2.7), Lemma 3.2,
and (3.2), we get

q if 0(x1) =1,
0=c1f) +erbrinr) +0= 120G -1 0(x1) # 1.
O(x1)—1

Therefore, ¢ = 0, and one might have x; ¢ Ker(0). ]
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Note that if § = (G, 0) is a Kummerian pro- p pair, then S C Ker(8), and thus
Lemma 3.2 implies that ¢|s- = 0 for every continuous 1-cocycle ¢c: G — Z,(0).
From now on, we assume that ¢ = 0 so that G may be completed into a Kummer-
ian pro-p pair § = (G, 0).

Let ¢: G — Z/ pZ be the homomorphism of pro-p groups defined by x; > 0
fori =1,3,4,...,d and x5 — 1, and set U = Ker(¢).

Lemma 3.5. The set

1= x3,
)C],[)C],le,...,[XLI_] XZ],
xU == 3
X3, [x3,X2], ..., [x3.21 X2],
Xio[xi x2], .o [xip—1x2], i=4,....d

where | = min{n, p}, andl’ = p —nifn < p, !’ = 1ifn > p, is a minimal gen-
erating set of U.

Proof. Set U = U/U’, and for g € U, let g = g - U’ denote its image in U. In
particular, we set v; 0 = X; and v; = [X;.k X2] € Ufori=1,...,dandk > 1.

The group U is generated as normal subgroup of G by ¢ and x1, X3, X4, ..., X4.
Since G’ € U, one has G” C U’. Also, S’ C U’, as S C U. By Lemma 3.1, for
everyi = 1,3,...,d, one has

p—1
[xi.1] = (]‘[[xl-,k xz1(2’)) [xipxa] mod U,
k=1

and since [x;, ] € U’, it follows that, for every k > p,

A A Ap—2  Ap—i
Vi = Vi1 ViV Ui (3.3)
for some Aq,...,Ap—1 € pZ,. Hence, U is generated as abelian pro-p group by

the set {#, v; k }i k, withi =1,3,...,dand0 <k < p— 1.
In U, from the defining relation r9 = 1, one obtains p relations

ro = [X1.n X2][x2, x3] -+ [xg-1.x4] = 1.

[ro. x2] = [[X1.n X2][x2. X3] -+ [xg—1., Xg], X2] = 1,
3.4)

[ro.p—1 X2] = [[X1.n X2][X2, X3] - -+ [Xg—1. Xgq].p—1 X2] = L.
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From relations (3.4), one deduces
[1.m X2)[X2, X3)sk—1 X2) = [X1anak—1 X2] - [x¥3.6 x2] P =1 mod U' (3.5)

for every 1 < k < p. Note that one obtains the abelian pro-p group U as the
quotient of the free Z,-module generated by {7, v; x}, with i = 1,3,...,d and
0<k < p-—1,overthe p re_latif)ns (3._5), as Ehe relations rq,...,r, of G lie in
S’ C U’. Moreover, one has U /U? = U /®(U) ~ U/ D(U).
Suppose first that n > p. By applying (3.3) to the p relations (3.5), one obtains
p relations in U,
p—1 N
v3’k = vl,n+(k—1) = 1_[ vl,jj fork = 1, s Py (36)
j=1

for some A1,...,A,—1 € pZ, depending on k. Consider the quotient U /U ?. The
p relations (3.6) translate into

v3, =1 mod UP fork=1,...,p.

Therefore, the cosets
{Z_Up, 1)3,()01;, Ui,kUp}i,k7
withi = 1,4,...,d and 0 < k < p, minimally generate the p-elementary abelian
group U /UP ~ U/®(U), and thus Xy minimally generates U .
Now suppose that 2 < n < p. By applying (3.3) to the p relations (3.5), one
obtains the following p relations in U’

Vint(—1) = U3k fork=1,....,p—n,
p—1
A (3.7)
U3k = Vipt(h—1) = l—[vl”j fork=p—n+1,...,p,
j=1

for some A1,...,Ap—1 € pZ, depending on k. Consider the quotient U /U?. The
p relations (3.7) translate into

Vintk-1) = v3x mod UP fork=1,...,p—n,
v3g =1 mod U? fork=p—-n+1,....p.
Therefore, the cosets
U2 01 U 03 o UP v jon UP Y s

withi =4,....d and0§k§n—1,0fk’_fp_—n,Ofk”fp—l, mini-
mally generate the p-elementary abelian group U /U? ~ U/®(U), and thus X
minimally generates U. o
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Proposition 3.6. Suppose that § = (G, 0) is a Kummerian torsion-free pro-p pair,

and let N be the normal subgroup of U generated (as a normal subgroup) by the

elements [x;j . x2], withi = 3,...,d and k > 0. Then one has the following:

(i) N < Ker(f|v);

(ii) the map resb N HY(U,F,)— H(N, ]F,,)U induced by the inclusion N € U
is surjective;

(iii) the pro-p pairs €|y /N = (U/N,0|y) and €|y = (U, |y) are not Kummer-
ian.

Proof. Since x; € Ker(0) for every i = 3,...,d, one has that N € Ker(0|y).
Moreover, S € N.

Let By = {Xt: X1.k> X3.6"> Xi k" }i ke .k kv denote a basis of H!(U,F,) dual to
Xy, withi =4,...,dand0<k<[-1,0<k’'<!'—1l,and0<k <p—1,
where [, [’ are as in Lemma 3.5. By duality (2.1), the image of the map

infgn.p: H' (U/N,Fp) - H' (U, Fp),

which is injective by (2.2), is the subspace of H!(U, Fp) generated by the set
Xt X1,k | 0 <k <[ —1}. On the other hand, since the elements [x;,x x2] gener-
ate N as a normal subgroup of U, one has

dim(H (N, F,)Y) = dim(N/NP[U, N])

= dim(H" (U, Fp)) — (1 + 1)
= dim(H ' (U, Fp)) — dim(Im(infy, 1)),

and therefore the exactness of (2.2) implies that the image of the map resb N 1S

the whole H (N, FP)U, ie., res}] N 18 surjective.

Set w = [xlﬂ’l—l x2]7 zZ= [xlan—l x2]- Since [Za XZ] = [W,Z x2] = ['xlan x2] € Na
by Lemma 3.1, in U, one has
[w,1] = [w, x§] = [, %2)7 - (w2 12]3) -+ [w, xo]

=z?. [z, X2](§) e [Z,p—l x2]

=z mod N. (3.8)

Since x¢, x1,n—2, X1,n—1 are linearly independent in Ker(resb’N) = Im(ianIJ/N’U),
by duality, the quotient U/ N has a minimal generating set containing t N, wN, zN
as distinct elements. Therefore, by (3.8) and by [12, Theorem 8.1], the pro-p
pair §|y /N is not Kummerian. Finally, by Proposition 2.14, also the pro-p pair
9|y = (U, 0|y) is not Kummerian. ]
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Proposition 3.6, together with Theorem 2.8, yields Theorem 1.1 for rg of the
first type.

Corollary 3.7. Let G = (x1,...,Xq | r0,71,...,1y) be as in Theorem 1.1, with
the relation rg of the first type. Then G does not occur as absolute Galois group.

Proof. By Proposition 3.6, G cannot complete into a 1-smooth torsion-free pro-p
pair, and thus, by Theorem 2.8, G does not occur as maximal pro-p Galois group
of a field K containing a primitive p-th root of 1 (and also v/—1 if p = 2).

Now suppose that p = 2. It is well known that a field K contains V-1 if and
only if, for every epimorphism ¢: G (2) — Z /27, there exists an epimorphism
¢: Gk (2) — Z/AZ such that ¢ = 7 o ¢, where : Z /47 —> 7. /27 is the canon-
ical projection (see, e.g., [35, § 1.2]). This property holds for G, as

G/G' ~7/277 x 747", with f > 2,

and thus G cannot occur as maximal pro-2 Galois group of a field K which does

not contain ~/—1.

Finally, by Remark 3.3, the pro- p group G does not occur as the absolute Galois
group of any field. o

3.2 The second type of r¢
In this subsection, G denotes a pro-p group with minimal presentation
G={(x1,....,xq | ro,r1...,r)
as in Theorem 1.1, with r¢ of the second type, i.e., d is odd and
ro = xT - [x1,0 x2] - [x3,x4] -+ [Xg—1,X4] -5, withs € S”,

where S is the subgroup of G generated by x3, ..., x4, whilery,...,r, € §’. Our
goal is to show that, for any orientation 0: G — 1 + pZ,, the pair § = (G, 0) is
not 1-smooth.

First, we establish what a suitable orientation 6: G — 1 + pZ, should be like.

Proposition 3.8. Let 0: G — 1 + pZ, be an orientation of G such that the cyclo-
tomic pro-p pair § = (G, 0) is torsion-free. If § is Kummerian, then 0(x;) = 1
fori =3,...,d, and either

(i) O(x1) = land (O(x2)"' = 1)* = —q, or
(i1) O(x1) # 1 and 0(x3) = 1 (this is possible only if ¢ = 0).

In particular, if —q ¢ (1 4+ pZp)", then § is not Kummerian for any orientation
0:G — 1+ pZp.
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Proof. First, note that 8|g, = 1, and thus, by Lemma 3.2, one has c|s» = 0 for
every continuous 1-cocycle c: G — Zp(8). From

1= 0(1) = 0(x{[x1.n X2][x3, x4] -+ [Xg—1, Xg] - 8) = O (x1)?,

we deduce 6(x1)? = 1. Since Im(#) is torsion-free, if ¢ # 0, one has 8(x;) = 1,
while one might have 6(x;) # 1 only if ¢ = 0.

Foreveryi =1,...,d, let ¢;: G — Z,(0) be the continuous 1-cocycle such
that ¢; (x;) = 8;;, with j € {1,...,d} (such a continuous 1-cocycle always exists
by Proposition 2.16, since we are assuming that § is Kummerian). Then

0 = ¢; (x{[x1.n ¥2][x3. 4]+ [¥a-1. xq))
= ci(x) + 0e)? - ¢i ([x1.n X2][x3, Xa] -+ [Xg—1, X))

= ¢;(x]) + ¢i([x1.n x2]) + ci([x3, x4]) + -+ + i ([Xg—1. Xa)). (3.9
Fori > 3,i odd, from (2.7), Lemma 3.2, and (3.9), we get
0=0+4+ci(fxi, xi41]) + -+ 0= 00540 (1= 0(xi41)) - 1,
and hence 6(x;+1) = 1. Analogously, for i > 4, i even, one gets
0=04-+ci([xi—1, ) + -+ 0= 0(xi—1x) 7 (=1 + 0(x;—1)) - 1,

and hence 6(x;—1) = 1. On the other hand, fori = 1, from (2.7), Lemma 3.2, and
(3.9), we get

g+ @)~ =1 if 0(x1) =1,

_ q —
0= Cl(x1) + Cl([xl’n xl]) +0= {0 + 9(x1)_1(9()€2)_1 _ 1)" if 9(x1) 75 1

(recall that in the second case necessarily ¢ = 0): in the first case, one deduces (i);
in the second case, one deduces (ii). O

Note that if § = (G, 0) is a Kummerian pro- p pair, then S C Ker(8), and thus
Lemma 3.2 implies that ¢|s- = 0 for every continuous 1-cocycle ¢: G — Z,(0).
From now on, we assume that —g = A" for some A € pZ, so that G may be
completed into a Kummerian pro-p pair § = (G, 0).

Let ¢: G — Z/ pZ be the homomorphism defined by

xi—0 fori =1,3,4,...,d and xprH 1,

and set U = Ker(¢).
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Lemma 3.9. The set

t:=xJ,
X1, [xlaxz]’ s [xl,m—l x2]7
xU = x3’ [x3?x2]ﬂ ) [x3»p—1 xz], s
Xq,[xq,x2], ..., [xXq.p—1 X2]

where m = min{n, p}, is a minimal generating set of U.

Proof. Set U = U/U’, and for g € U, let g = g - U’ denote its image in U. In
particular, we set v; 0 = X; and v; ;. = [x;.k X2] € Ufori=1,...,dandk > 1.

The group U is generated as normal subgroup of G by ¢ and x1, X3, X4, ..., X4.
Since G’ € U, one has G” C U’. Also, S’ C U’,as S € U. By Lemma 3.1, for
everyi = 1,3,...,d, one has

p—1
[x,-,t] = (l—[[xi,k xz](fé)) . [x,-,p x2] mod U/,

k=1

and since [x;, ] € U’, it follows that, for every k > p,

A A Ap—2 Ap—1
Vi =Ujq- vi,%"'vi,;—z I (3.10)
for some A1,...,Ap—1 € pZ,. Hence, U is generated as an abelian pro-p group

by the set {, v; x }i k. withi =1,3,...,d and0 <k < p— 1.
In U, from the defining relation ro = 1, one obtains p relations

ro = xT[x1.n x2][x3, xa] - [Xg—1, xq] = 1,

[ro. x2] = [x{[x1.n x2][x3, x4] -+ [Xg—1. Xq]. x2] = 1.

(3.11)
[ro.p—1 X2] = [x{[x1.n X2][x3, x4] -+ [xg—1. Xg].p—1 X2] = 1.
From relations (3.11), one deduces
[x7 - [x1n x2)k x2] = [x1.k %2]7 - [X1p4x 2] =1 mod U’ (3.12)

for every 0 < k < p — 1. Note that one obtains the abelian pro-p group U as
the quotient of the Z,-module A — where A is the free Z,-module generated by
{r, Vi k), withi =1,3,...,d and 0 < k < p —1—over the p relations (3.12), as
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the relations r1,...,r, of G lie in S’ C U’, and this yields an epimorphism of
abelian pro-p groups w: A — U. Moreover, one has

U/UP =U/®U) ~U/PU).

Suppose first that n > p. By applying (3.10) to the p relations (3.12), one ob-
tains p relations in U,

p—1
vljc =Vl ptk = 1_[ vl’fj fork =0,...,p—1,
j=1

forsome A1,...,Ap—1 € pZ, depending on k. Since p | g, one has Ker(r) € pA
(here we use the additive notation for A). Therefore, the set {f,v; x}; k., with
i=13,...,d and 0 < k < p, is a minimal generating set of U, and the iso-
morphism U/®(U) ~ U /®(U) implies that Xy minimally generates U .

Suppose now that 2 < n < p. By applying (3.10) to the p relations (3.12), one
obtains the following p relations in U’

U1,n+k=vl_i fork =0,....,p—n—1,
pl (3.13)
- A .
v1,z=U1,n+k:nU1,jj fork=p—n,...,p—1,
j=1
for some A1,...,A,—1 € pZ, depending on k. Consider the quotient

0/07 = 0/9(0)
which is isomorphic to U/ ®(U). The p — n relations (3.13) translate into
Vint+k =1 mod UP fork=0,<p—n—1,
while the n relations (3.13) become trivial in U / UP. Therefore, the cosets
{t_Up,vl,kUp,vi,k/Up li=3,....d:0<k<n—-10<k'<p-—1}

minimally generate the p-elementary abelian pro-p group U/UP ~ U/®(U),
and thus Xy minimally generates U'. o

Remark 3.10. Suppose that the pro-p pair § = (G, 0) is Kummerian. Since

G' C Ker(0|v),
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one has G” C Ker(f|y)'. If x; € Ker(f|y), then for every m > 1, one has

—1
6 o 2] = [, a1 oo [xen, ] - [t X2lumet X2

= [[x1.x2]% . m—1x2] mod Ker(0|y)’

= [x1,m x2]2 mod Ker(d|y), (3.14)

as y*! = y mod Ker(0|y)’ for every y € Ker(f|y). On the other hand, if one has
x1 ¢ Ker(f|y), then ¢ = 0 by Proposition 3.8, and (3.14) holds trivially.

Proposition 3.11. Suppose that § = (G, 0) is a Kummerian torsion-free pro-p
pair, and set N = Ker(0|y)'. Then the pro-p pairs §|y/N = (U/N,0|y) and
9|lv = (U, 8|y) are not Kummerian.

Proof. Recall that G C N, S’ C N, and the commutators [x3, x4],. .., [Xz_1,X4]
lie in N. Moreover, one has p” | ¢, by Proposition 3.8.
Set w = [x1,n—2 X2], Z = [X1,n—1 X2] = [w, x2]. Then, by Lemma 3.9, ¢, w, z
are distinct elements of the minimal generating set Xy € U. Since
[z,x1] = x; ¢ mod N,

by Lemma 3.1 and by Remark 3.10, one has

[w, 1]

[w, X212 [w.2 x2]3) -+ [w.p_1 X2]P[w.p x2] mod N

2Pz, x) Dz, )5 - . [z.p—2 x2)P[z,p—1 x2] mod N

P .xl_q(lz)) Ay xa] ) -

’ [xl_qu—3 x2]p[x1_q,p—2 x2] mod N

= Zp . xl_q(lz)) [xl’ xZ]_q(g) e

[x1.p=3 2] 7P [x1.p—2x2]77 mod N. (3.15)

Now we have three cases, depending on the value of n.

(a) If n > p, then from (3.15), one has

P — a(%) q(8) qp 4

2P =Tw, t] - x 2 [x1, X)) -+ [x1,p—3 x2]Pw?  mod N.
(b) If n = p — 1, then from (3.15), one has

_ D
w,t] =z? - x, a(2). [xl,xz]_q(g) cew 92 .z77 mod N,
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and thus
P
2P~ = [w, 1] .x‘11(2) . [xl,x2]q(’§) o [x1m—3 xZ]‘I(zﬁz) -w?”  mod N.

Since p" | g, one has p — g # 0.

(c) If n < p — 1, after iterating the replacement [x1,; X2] = [x1.k—pn X2] "¢ mod N
in the last line of (3.15) whenever k > n, one obtains

2Pt = Qw, 1] 310 - g, x]* - wPi =t mod N,

with Ao, ..., An—1 € p*Zp, as p? | g. In particular, p + A,—1 # 0.

In all three cases, [12, Theorem 8.1] implies that the pro-p pair §|y /N cannot be
Kummerian.

Finally,as N € K(¥|y )., by Theorem 2.10, also the pro-p pair §|y = (U, 0|y)
cannot be Kummerian. |

Proposition 3.11, together with Theorem 2.8, yields Theorem 1.1 for rg of the
second type.

Corollary 3.12. Let G = (x1,...,Xxgq | ro,71,..., 1) be as in Theorem 1.1, with
the relation rq of the second type. Then G does not occur as absolute Galois group.

Proof. The proof is verbatim the same as the proof of Corollary 3.7. o

4 One-relator pro-p groups that are not absolute Galois groups

In the next two sections, we focus on those pro-p groups defined in Theorem 1.1
with a single defining relation —i.e., v = 0.

4.1 Quadratic cohomology

Let G be a one-relator pro-p group of one of the two families defined in Theo-
rem 1.1. Then one has either

ro = [x2,x3] -+ [xg—1,x4] mod Gz or
ro = [x3,x4] -+ [xg—1.xXg] mod G3).
Hence, the [F,-cohomology algebra H*(G,F,) of G is quadratic by Proposi-

tion 2.1. In particular, let B = {y1,..., x4} be a basis of H!(G,F,) dual to
X ={x1,...,x4}. Then one has the following.
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(a) If rq is of the first type, then

nUxyz=--=ys-1UYxq #0,

4.1
xiUyx forl<i<j<d (i.j)#@2.3).....(d—1.4d). @D

and y» U y3 generates H2(G, F,). In particular,
HYG,Fp)*t ={y e HY(G,F,) | yUy =0forallyy € H'(G,F,)}
= Spang, (11)-
(b) If rg is of the second type, then

pUxa=-=xq-1Uxq #0,

4.2
qiUy; forl<i<j<d (i.j)#G4.....(d—1.4d), “2

and 3 U y4 generates H2(G,F,). In particular,

HYG,Fp)t ={y € HY(G,Fy) | yUy = O0forall y € H'(G,F,)}
= Spang, (1. X2)-

This proves Proposition 1.2 (i).

Remark 4.1. Since H*(G, Fp) = 0 for k > 3, the pro-p group G is torsion-free
(cf., e.g., [32, Proposition A]).

4.2 Free and abelian subgroups

Recall from Proposition 2.6 that Bloch—Kato pro-p groups contain a unique max-
imal normal abelian subgroups, and that if a Bloch—Kato pro- p group is not meta-
abelian, then it contains a free non-abelian subgroup. We prove that the one-relator
pro-p groups defined in Theorem 1.2 satisfy these two group-theoretic properties.
Proposition 4.2. Set G = (x1,...,xq4 | ro) as in Theorem 1.2. Then

(1) G contains a free non-abelian subgroup;

(i) G contains no normal abelian subgroups.
Proof. By [30, Proposition 4.10], one has a short exact sequence of pro-p groups

{I} - N—->G— G/N — {1},
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where N is the normal subgroup of G generated by xj, respectively by xi, X2,
depending on the family of G, such that N is a free non-abelian pro-p group, and
G/ N is a torsion-free Demushkin group on d — 1, respectively d — 2, generators.
This proves (i).

Suppose that A is a non-trivial normal abelian subgroup of G. Since G is
torsion-free by Remark 4.1, A is a free abelian pro-p group, i.e., A is isomor-
phic to the direct product of (possibly infinite) copies of Z,. Since N is free and
non-abelian, one has A N N = {1}, and thus

A=A/(ANN)~ AN/N < G/N. 4.3)

It is well known that a torsion-free Demushkin group has a non-trivial normal
abelian subgroup if and only if it has 2 generators. Thus,

G/N >~ (% . Xiy1 | [Xi. Xipa] = 1) > Z3,

where i = 2, respectively i = 3, and X; = x; N denotes the image of x; in G/N
for j =1i,i + 1. In particular, A >~ Z%, witha € {1,2}, since A < G/N by (4.3).
Since G/ N is abelian and A is normal in G, one has

N D G’ D [G, A] C 4,

and since A N N = {1}, one deduces [G, A] = {1}, i.e., A is contained in the cen-
ter Z(G) of G. Hence, for every x € G ~ A, the subgroup (x) A of G is abelian and
torsion-free so that (x)A ~ ZZ‘H. In particular, if xP* € A for some x € G and
k > 1, then x € A, and consequently, G/A is a torsion-free pro-p group. Since
the [F-cohomology algebra H*(G,I,) is quadratic, from [33, Proposition 7.11],
one deduces that A € ©(G), and G ~ A x (G/A). Then, by [25, Theorem 2.4.6],
one has

H*(G.Fp) ~ @ H*(G/A H'(A.F,))
s+t=2
~ HX(G/A,F,) & H' (G/A.F,) & H*(A,F,),

as G/A acts trivially on H ’(A,]Fp), t = 1,2, and this contradicts (4.1)—(4.2).
Therefore, A = {1}, and this proves (ii). O

Therefore, one may not employ Proposition 2.6 to show that the pro-p groups
of the two families defined in Theorem 1.1 are not Bloch—Kato — and thus that they
cannot occur as absolute Galois groups of fields. We ask the following.

Question 4.3. Are (some of) the one-relator pro-p groups defined in Theorem 1.2
Bloch—Kato pro-p groups?
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4.3 Benson-Lemire-Minac-Swallow’s examples

For x, y elements of a (pro-p) groups G and n > 1, set

[xXn, ] = [x,....[x[x,¥]]...]
~——————

n times

Let p be odd, and let G be a finitely generated one-relator pro-p group G with
minimal presentation G = (y1,..., Y4 | t), d > 4, and defining relation

t =1 in v2llys val - m—1. yml - 7 i 7 v 1
where
(@) g = p/ with f €{1,2,...,00}and2 <n < p—1,
(b) 4 <m < d iseven,
) v=0and3 <k; <--- <k, <difv #0,
(@ {3,....m}Utky,....ky} =1{3,...,d}.

This family of one-relator pro-p groups was introduced by Benson et al. in [2] —
for short, we shall call these pro-p groups BLMS pro-p groups. In [2, Corollary 1],
it is shown that BLMS pro- p groups do not occur as maximal pro- p Galois groups
of fields containing a primitive p-th root of 1. We show that the intersection of the
family of BLMS pro-p groups with the family of one-relator pro- p groups defined
in Theorem 1.2 is rather small.

Proposition 4.4. Let G = (x1,...,xq4 | ro) be a one-relator pro-p group as de-
fined in Theorem 1.2, and suppose that G may complete into a Kummerian pro-p
pair§ = (G, 0). Then G is a BLMS pro-p group only if

ro = [X1.n X2][x3, x4] -+ [Xg-1.X4] - 5. (4.4)

Proof. Suppose that G is a BLMS pro-p group. Thus, G = (y1,...,yg | t) with¢
as above. Since

= [J’Say4]"'[J’m—1,ym] mod G(:},)7

by Proposition 2.1, the [F,-cohomology algebra H*®(G,F,) is quadratic, and in
particular, one has dim(Hl(G,IFp)J-) =2+ d —m. Hence, by (4.1)—(4.2), one
has that dim(H (G, IFp)l) = 2 so that r¢ is necessarily of the second type, i.e.,

ro = x7[x1.0 X2][x3, Xa] -+ [Xg—1, Xq] - 5 4.5)

for some s € §”, where S is the subgroup of G generated by x1, x3,...,X4.
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We claim that, in (4.5), one has ¢ = 0 so that rg is as stated in (4.4). For this pur-
pose, let : G — 1 + pZ, be an orientation such that the pro-p pair § = (G, )
is Kummerian. Then 6(y1)? = 6(¢t) = 1, and moreover, Proposition 2.16 yields
c(t) = 0 for every continuous 1-cocycle c:G — Z,(0). Forevery i =1,...,d,
let ¢;: G — Z,(0) be the continuous 1-cocycle such that ¢; (y;) = §;;. Then one
has

0=ci(y{[yin y2llys. yal -+ va—1.val - ¥ v 1 ] vie, D)
=c¢; () + ci(in. y2D) + ci([y3. yal) + -+ + ci(Va—1. yal)
v
+ >yl v D (4.6)
j=1
By Lemma 3.2, from (4.6), one obtains
0=c2(t) = ca([y1n. y2]) = (1 = 0(y1)~H)",
and thus 6(y;) = 1. Fori > 3, i odd, by Lemma 3.2, from (4.6), one obtains

0(yivi+) (1 —0(it1))
iti #kjforallj =1,...,v,

0(yiyi+1) (1= 0(yi+1) +0(ri) 11— 0(y1)P)
ifi e {kl,...,kv},

0=

and in both cases, one has 6(y;+1) = 1, as 8(y1) = 1. Analogously, one obtains
0(yi—1) = lLfori > 3,i even. Finally,

Vv %
0=cH+ Y all ) =a+Y B0r) " =1 p=gq+0,
j=1 Jj=1
and hence ¢ = 0. o

Therefore, most of the one-relator pro-p groups defined in Theorem 1.2 are not
BLMS pro-p groups.

5 Massey products

5.1 Massey products and pro-p groups

Let G be a pro-p group. For m > 2, the m-fold Massey product on H'(G,F,) is
a multi-valued map

HY(G,Fp) x...x HY(G,Fy) — H*(G,T,).

m times
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For m > 2 elements 1, ..., Yy, of HI(G,]FP), we write (Y1, ..., ¥m) for the set
of values of the m-fold Massey product of the elements ¥y, ..., V. If m =2,
then the 2-fold Massey product coincides with the cup-product, i.e.,

(Y1, ¥2) = {¥1 U} € H*(G,Fp) for i,y € H'(G,Fp).

For further details on this operation in the general homological context, we direct
the reader to [6, 19], and to [9, 24, 38] for Massey products in the profinite and
Galois-theoretic context. In particular, the definition of m-fold Massey products
in the IF,-cohomology of pro-p groups may be found in [24, Definition 2.1]. For
the purposes of our investigation, the group-theoretic conditions given by Propo-
sition 5.3 below will be enough.

Given m > 2 elements

Ytseo o Um € HY(G,TFp),

the Massey product (¥1,..., ¥m) is said to be defined if it is non-empty, and it
is said to vanish if it contains 0. In the following proposition, we collect some
properties of Massey products (cf., e.g., [38, § 1.2] and [24, § 2]).

Proposition 5.1. Let G be a pro-p group and Yy, ..., ¥m € HY(G,Fp), m > 3.

(1) If Y = 0 for some k € {1,...,m} and the Massey product (Y1, ..., Vm) is
defined, then 0 € (V1,....¥m).

(ii) If the Massey product (Y1, ..., V) is defined, then ¥; U ¢ri11 = 0 for all
i=1,....m—1.

(iii) If the Massey product (Y1, ..., Vm) is defined, then one has the inclusion
(V1o ¥m) 26+ V1 UHY(G.Fp) + Yym UH'(G.Fp).  (5.1)
where the right-side term of (5.1) is the set

E+viUe+vmUQ | 9.9 € H(G,Fp))},

and & is any element of (W1, ..., Um),; if m = 3 then (5.1) is an equality.
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5.2 Massey products and unipotent representations

Massey products for a pro-p group G may be interpreted in terms of unipotent
upper-triangular representations of G as follows. For m > 2, let

1 aip - arm+1
1 a2,3
Unt1 = : aj,j €Fpt S GLyy1(Fp)
1 Am,m+1
1

be the group of unipotent upper-triangular (;m + 1) x (m + 1)-matrices over [Fp.
Then Uy, 41 is a p-group. Moreover, let 1,41, E;,; € Uy41 denote respectively
the identity (m + 1) x (m + 1)-matrix and the (m + 1) x (m 4 1)-matrix with 1
atentry (i, j) and O elsewhere, for 1 <i < j <m + 1.

Lemma 5.2. The group Uy, 41 has the following properties.

(1) The center Z(U,,41) is the subgroup

Im+1+ Etm+1Fp = {Im+1 +a- Eym+1 | a € Fp}.

(i) The exponent of Uy, 1 is plogsm+DI+1,

(iii) The (m + 1)-th element yy4+1(Upy1) of the descending central series of
Upn+1 is trivial.

Proof. For (1), see, e.g., [24, § 3] or [12, p. 308]. For (ii), see [10, Proposition 2.3].
Item (iii) may be deduced from [24, Lemma 3.8]. O

One has the following group-theoretic result to check whether a given m-fold
Massey product of a pro-p group G is defined or vanishes (e.g., [12, Lemma 9.3]).

Proposition 5.3. Let G be a pro-p group and Y. ..., Ym € HI(G,IFI,), m > 2.
Set Un+1 = Upn+1/Z(Up1).

(i) The m-fold Massey product ({1, . .., l/f_m) is defined if and only if there exists
a continuous homomorphism p: G — U, 41 such that p; j+1 = ; for every
i=1,...,m.

(ii) The m-fold Massey product (Y1, ..., ¥m) vanishes if and only if there exists
a continuous homomorphism p: G — Uy, 11 such that p; j 11 = ; for every
i=1,...,m.

(Here p; i +1 and p; ; +1 denote the projection of p, resp. p, on the (i,i + 1)-entry.)



Two pro-p groups that are not absolute Galois groups 53

Let K be a field containing a primitive p-th root of 1. In [23, Conjecture 1.1],
Minac and Tan conjectured that every defined m-fold Massey product for every
m >3 on H'(Gk(p),F,) vanishes. Roughly speaking, this conjecture says that
if K is a field containing a primitive p-th root of 1, the F,-cohomology algebra
H*(Gk(p).Fp) should allow no operations which are external with respect to
its quadratic algebra structure given by the cup-product. This conjecture has been
proved in the following cases:

(a) if m = 3 by Efrat-Matzri, and independently by Minac—Tan (cf. [11,23]),

(b) if m = 4 and K is a local field containing also a primitive p2-th root of 1 by
Guillot—-Minac (cf. [16]),

(c) forevery m > 3, if K is a number field by Harpaz—Wittenberg (cf. [18]).

In [24, §7], Minac and Tan produced some examples of pro-p groups with
defined and non-vanishing 3-fold Massey products, and hence which do not occur
as maximal pro- p Galois groups of fields containing a primitive p-th root of 1.

Example 5.4. Let G be the pro- p group with minimal presentation

G = (x1.....x5 | [[x1, x2], x3][x4, x5]).

Then there is a 3-fold Massey product on H (G, F,) which is defined but does not
vanish (cf. [24, Example 7.2]). Note that, by Proposition 2.1, the IF,,-cohomology
algebra H*(G,F)) is quadratic.

5.3 The first type of rg

We split the proof of Theorem 1.2 (ii) (a) in the following two propositions.

Proposition 5.5. Let G = (x1,...,x4 | ro) be a one-relator pro-p group with rg
of the first type as defined in Theorem 1.1. Then every defined 3-fold Massey prod-
uct in H*(G,Fp) vanishes if and only if ¢ # 3.

Proof. Pick three elements Y1, V2, ¥3 € H'(G,F,) (by Proposition 5.1 (i), we
may assume that they are all non-trivial), and write

d d d
V1= aixi. V2= bixi. V3= cii.
i=1 i=1 i=1
with a;, b;, ¢; € IFp. Then, by Proposition 2.1, one has

Y1 UHY(G,F,) +y3U HY(G,F,) = H*(G,F,) 30, (5.2)

unless a; = ¢; = Oforeveryi =2,...,d.
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Suppose that the Massey product (Y1, ¥2, ¥3) is defined. If some of the coeffi-
cients a;, ¢; are not O fori € {2,...,d}, then by Proposition 5.1 (iii) and by (5.2),
the Massey product (¥1, ¥, ¥3) vanishes.

Assume that ¢ # 3 anda; = ¢; = Oforeveryi =2,...,d. Set

A=Is+a1E1p+b1Exz+c1EzacUs, Bi=14+biErzeUy

fori =2,...,d. By Lemma 5.2 (ii), the exponent of Uy is p? if p = 2,3, and
p if p > 5. Therefore, the exponent of Uy divides ¢ (recall that 4 divides ¢q if
p = 2, and we are assuming now that ¢ # 3 if p = 3), and A9 = I4. Also, by
Lemma 5.2 (c), one has y4(U4) = {1}. Finally, [A,» B2] = [Bi, Bit+1] = 14 for
every 2 <i <d — 1, i even. Therefore,

A9 -[A,n B3] - [B2, B3]+ [Bg—1,Bg] = I4 (5.3)

for any n > 3. Hence, the assignment x1 — A, x; — B; foreveryi =2,...,d
yields a homomorphism p: G — Uy, and thus (Y1, Y2, ¥3) vanishes by Proposi-
tion 5.3 (ii).

Conversely, assume that ¢ = 3, and pick V1, Y2, ¥3 € H'(G,F,) such that

ay,by,c1#0 and a; =c¢; =0 fori =2,...,d.

For every matrix A = (ap ) € Ug, B; = (b(i)p,x) € Uy such that

aip =ap, a3z =by, as.4 = ci,
b(i)23 =bi, bi)12=">0(i)34=0 forali=2,...,d,

one has
[A2 Bo] = B2, B3] =+ = [By—1. Byl =1+ and A =14+ aibiciEra.
Therefore, equality (5.3) holds modulo Z(Uy), and the assignment

X1~ A, xj B; foreveryi =2,...,d

(where X denotes the coset X - 7(Uy) € Uy for X € Uy) yields a homomorphism
p:G — U, which cannot lift to a homomorphism p: G — Uy as ajbicy # 0.
Thus, by Proposition 5.3, the Massey product (1, {2, ¥3) is defined but does
not vanish. O

Proposition 5.6. Let G = (x1,...,x4 | ro) be a one-relator pro-p group with rg
of the first type as defined in Theorem 1.1. Then every defined 4-fold Massey prod-
uct in H*(G,F)p) vanishes, unless p = q = 3.
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Proof. Pick four elements 1, Y2, V3, V4 € H 1(G,IFP) (by Proposition 5.1 (i),
we may assume that they are all non-trivial), and write

d d d d
Vi= aixi. V=) bixi. V3= cixi. Va=y dii,

i=1 i=1 i=1 i=1
with a;, b;, ¢;,d; € Fp. Then
Y1 UHYG,Fp) + 4 UHYG,Fpy) = H*(G,Fp) >0, (5.4)

unless a; = d;j = 0 foreveryi =2,...,d.

Suppose that the Massey product (Y1, V2, ¥3, ¥4) is defined. If some of the
coefficients a;, d; are not O for i € {2,...,d}, then by Proposition 5.1 (iii) and
by (5.4), the Massey product ({1, ..., ¥4) vanishes. Hence, we assume now that
(V1, V2, Y3, Y4) is defined and that @; = d; = 0 for every i = 2,...,d, while
ay,d; # 0. By Proposition 5.3 (i), one has

@-1/2
0=v2Uvs= Y  (banCan+1 — bans1¢2n)x2n U x2ht1
h=1
d-1)/2
= ( > banconsr — b2h+1C2h) x2 U 13, (5.5
h=1

and therefore ), bopcont1 — ban+1¢2n = 0 — while both cup-products 1 U 92
and Y3 U vy are trivial because y; U H!(G, Fp,) = 0. Henceforth, we assume
q # 3, and we analyze the following two cases: (a) n > 3, and (b) n = 2.

Case (a). Assume that n > 3, and set
A=1Is+a1E1p+Db1Ex3+c1E34+diEss € Us,
Bi =1Is+bjEy3+ciEzs € Us

fori =2,...,d.ByLemma 5.2 (ii), the exponent of Us is p2,if p = 2,3, and p
if p > 5. Therefore, the exponent of Us divides ¢, and A? = I5. Moreover, one
has [A,3 Bz] = 15, while [Bl‘, Bi+1] = 15 + (bici—f—l — b,-+1c,-)E2,4, and thus

d-1)/2 d-1)/2
[T [Ban-Bonsil =1Is+ Eza- D bancanst — bansican
h=1 h=1

Therefore, by (5.5), one has
A?-[A.y B2] - [Ba, B3]-+-[Bg—1. Bg] = Is, (5.6)
and also [[B;, B;]., [Bi’, Bj/]] = Is (5.7)
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foralli, j,i’, j’ € {2,...,d} so that the assignment
x1— A, xi—B;, fori=2,....d

yields a homomorphism p: G — Us. Hence, the Massey product (1, V2, ¥3)
vanishes by Proposition 5.3 (ii).
Case (b). Assume that n = 2, and let A, B; € Us be as above. If b, = 0 or
¢y = 0, then one has [4,; B2] = I5, and equality (5.6) holds also with n = 2.
Thus, the assignment x; — A, x; — B; fori = 2,...,d yields a homomorphism
0: G — Us, and the Massey product ({1, ¥», ¥3) vanishes by Proposition 5.3 (ii).
If by - co # 0, then
[A.2 B3] = Is + a1bacaE1,4 + bacadi Er 5 # Is.
Set B3 = B3 — a1b2E1,3 + cody E3 4. Then
[B>, B3] = Is — a1bacaE1 4 + (bacs — b3ca)Ez g — bacadi En s
= [A2 B2] 7! + (bac3 — b3c2) En g,
and equality (5.6) holds with n =2 and 1§3 instead of Bj3. Also, equality (5.7) holds
after the replacement of Bs. Thus, the assignment x; — A, x3 — B3, x; > B;

fori =2,4,...,d yields a homomorphism p: G — Us, and the Massey product
(V1. Y2, Y3, ¥a) vanishes by Proposition 5.3 (ii). o

5.4 The second type of r

As for the first family of pro-p groups, we split the proof of Theorem 1.2 (ii) (b)
in the following two propositions.

Proposition 5.7. Let G = (x1,...,xq4 | ro) be a one-relator pro-p group with rgy
of the second type as defined in Theorem 1.1. Then every defined 3-fold Massey
product in H®(G,Fp) vanishes if and only if ¢ # 3 and n > 3.

Proof. Pick three elements ¥y, V2, 3 € H'(G,F,) (by Proposition 5.1 (i), we
may assume that they are all non-trivial), and write

d d d
Y1=Y aiyi. V1= biyxi. ¥3=) ci)i.
i=1 i=1 i=1
with a;, b;, ¢; € Fp. Then, by Proposition 2.1, one has
Y1 UHYG,Fp) +v3UHYG,Fy) = H*(G,F,) >0, (5.8)

unless a; = ¢; = 0 foreveryi =3,...,d.
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Suppose that the 3-fold Massey product (1, Y2, ¥3) is defined. If some of the
coefficients a;, c; are not O for i € {3,...,d}, then by Proposition 5.1 (iii) and
by (5.8), the Massey product (Y1, ¥, ¥3) vanishes.

Assume that ¢ # 3, n > 3, and let ¥, Y3 be such that a; = ¢; = 0 for every
i=3,...,d.Set

Ai=Is+a;E12+ biE2,3 +ciE3zq €Uy fori =1,2,
Bi=l4+biE2’3€U4 fori =3,....,d.
By Lemma 5.2 (ii), the exponent of Uy is p? if p = 2,3, and p if p > 5. There-
fore, the exponent of U4 divides ¢, and A‘f = I4. Also, by Lemma 5.2 (c), one has
y4(Uy) = {1}. Finally, one has [B;, Bi+1] = I4 forevery 3 <i <d — 1, odd,
and [A1,3 A2] = I3. Therefore, if n > 3, then

A -[Ay,n A2] - [B3. B4] -+ [Bi—1. Bg] = 14,

and the assignment x; — A; and x; — B; fori =1,2and j =3,.. ., d yields
a homomorphism p: G — Uy. Thus, (¥, V2, ¥3) vanishes by Proposition 5.3 (ii).

Conversely, assume that g = 3 orn = 2, and let 1, Y3 be such thata; =c¢; =0
fori = 3,...,d. For every matrix

A = (a(i)px) € Uy, withi =1,2,
Bj = (b(j)nx) € Us, withj =3,....d,

such that

a(i)ip =a;, ax3()=>b;, ali)s4=ci,
b(j)2,3=bj, b(j)1,2=>5b(i)34=0 foralli,j,

one has
[Bj, Bj:) = 14 foreveryj,j €{3,....d},

[A1.2 A2] = 14 + (a1baca — 2az2b1ca + azbact) Eq 4,
A% =14 +a1b1(:1E1,4.
In this case, equality (5.3) holds modulo Z(U4), and the assignment

x,-»—>ff,- and xj0—>l§j foreveryi = 1,2, j =3,...,d

(where X_denotes the coset X - Z(Uy) € Uy, for X € Uy) yields a homomorphism
p: G — Uy, and therefore, by Proposition 5.3 (i), the Massey product (1, ¥2, ¥3)
is defined. One has two cases.
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(a) If ¢ =3 and a1bic1 # 0, and moreover
a1b202 —2(12b1€2 +a2b2c1 75 —a1b1c1 ifn = 2,

then p cannot lift to a homomorphism p: G — Uy.

(b) Similarly, if n = 2 and a1bacy — 2azb1ca + azbycy # 0, and moreover
aibicy # —ai1bacy 4 2axb1ca —azbyey if g =3,
then p cannot lift to a homomorphism p: G — Uy.
In both cases, Proposition 5.3 (ii) implies that (Y1, ¥, ¥3) does not vanish. O

Remark 5.8. If n = 2, then one may deduce that H°*(G,T,) has defined Massey
products which do not vanish also from [24, Theorem 7.12].

Proposition 5.9. Let G = (x1,...,xq4 | ro) be a one-relator pro-p group with rqy
of the second type as defined in Theorem 1.1. If ¢ # 3 and n > 4, then every de-
fined 4-fold Massey product in H*(G,F,) vanishes.

Proof. Pick four non-trivial elements V1, V2, V3, ¥4 € H'(G,F,), and write

d d d d
Vi= aixi. V=) bixi. V3= cixi. Va=y dii,

i=1 i=1 i=1 i=1

with a;, b;, c;,d; € Fp. Then
Y1 UHYG.Fp) +yaU H' (G, Fp) = H*(G,Fp) 50, (5.9)

unless a; = d; = 0foreveryi =3,...,d.

Suppose that the Massey product (1, Y2, ¥3, ¥4) is defined. If some of the
coefficients a;, d; are not O for i € {3,...,d}, then by Proposition 5.1 (iii) and
by (5.9), the Massey product (Y1, ..., ¥4) vanishes. Hence, we assume now that
(W1, V2, Y3, ¥q) is defined and that a; = d; = O foreveryi = 3,...,d.

By Proposition 5.3 (i), one has

/2
0=v2Uvs =Y (ban-1¢2h — banCan—1) x2h-1 Y x2h
h=2
d-1)/2
= ( Z boncont1 — bzhczh—l)m U Xa, (5.10)
h=1
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and therefore ) ;, bop—1¢2p — bapcap—1 = 0 — while both cup-products 1 U 92
and Y3 U Y4 are trivial because y; U H!(G, Fp) = x2 U H(G, Fp) =0.
Assume that n > 4, and set

Ai =Ils+aiE1p+biEx3+ciEza+diEss € Us,
Bi=I14+bjEy3+cjEz4€Us

fori =1,2and j = 3,...,d. By Lemma 5.2 (ii), the exponent of Us is p2 if
p =2,3,and p if p > 5. Therefore, the exponent of Us divides ¢, and A‘{ = Is.
Moreover, one has [A1,4 A2] = Is and [Bj, Bj 1] = Is + (bjcj+1 —bjt1cj)Eza
so that

d/2 d/2
1_[ [Bah—1. Bap] = Is + E24 - Z ban—1¢2n — bancan—1-
h=2 h=2

Therefore, by (5.10), one has
A% -[A1.n A2] - [B3, B4] -+ [Bg—1. B4] = Is,
and also [[B;, B;].[Bi’, Bj’]] = Is

for every i, j,i’, j’ € {3,....d} so that the assignment x; — A;, x; — B; for
i=1,2,j=23,...,d yields a homomorphism p: G — Us. Hence, the Massey
product (1, Y2, ¥3, ¥4) vanishes by Proposition 5.3 (ii). |

Remark 5.10. If n = 3, then the vanishing of 4-fold Massey products depends
also on d. For example, the Massey product {x1, x2 + x3, x2 + x3, x2) is always
defined and does not vanish if d = 4, while it vanishes if d > 6.

We conclude with the following observation.

Remark 5.11. From the two families of pro- p groups defined in Theorem 1.1, one
may produce several further examples of pro-p groups with more than one rela-
tion, whose [F,-cohomology algebra is quadratic, for example among mild pro-p
groups — e.g., if

G = (x1.....xq | ro.r1). withry = [xg_.xq-1]- [ [lxi. /]
i,
for some 3 <i < j <d, then G is mild and H°*(G,F,) is quadratic, cf. [31,
Proposition 3.6]. It may be interesting to investigate the behavior of these pro-p
groups with respect to 3- and 4-fold Massey products and free and abelian sub-
groups in order to obtain results similar to Theorem 1.2 (ii) (a)—(b) and Proposi-
tion 2.6.
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