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Abstract
Given the Frölicher-Nijenhuis bicomplex (d,dL) associated with a (1,1)-tensor
field L with vanishing Nijenhuis torsion, we define a multi-parameter family
of bi-flat structures (∇,e,◦,∇∗,∗,E). This result is obtained by combining
the construction of integrable hierarchies of hydrodynamic type starting from
Frölicher-Nijenhuis bicomplexes with the construction of flat F-manifold struc-
tures from integrable systems of hydrodynamic type. By construction L is the
operator of multiplication by the Euler vector field E and the number of para-
meters coincides with the number of Jordan blocks appearing in its Jordan
normal form. We call these structures Lauricella bi-flat structures since in the
n-dimensional semisimple case (n− 1) flat coordinates of ∇ are Lauricella
functions. The (1,1)-tensor fields defining the corresponding integrable hier-
archies have a similar block diagonal structure.
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1. Introduction

Given a tensor field L of type (1,1) on a manifoldM with vanishing Nijenhuis torsion it is pos-
sible to define a bi-differential complex (d,dL,Ω(M)) called the Frölicher–Nijenhuis bicom-
plex on the Grasmann algebraΩ(M) of differential forms onM (see [10]). Such complex plays
an important role in the theory of integrable systems, in both finite [25] and infinite dimensional
case [19]. More in general, in recent years there has been a growing interest in applications
of Nijenhuis geometry to integrable systems of hydrodynamic type (see [7] and references
therein).

The present paper is devoted to the study of the relations between the Frölicher–Nijenhuis
bicomplex and the theory of bi-flat F-manifolds. In particular, using these relations we con-
struct a class of regular bi-flat F-manifolds for any choice of the Jordan normal form of the
operator of multiplication by the Euler vector field.

Flat F-manifolds are Dubrovin–Frobenius manifolds ‘without metric’: all the axioms
involving explicitly the invariant metric (and not just the associated Levi-Civita connection)
are dropped. Bi-flat F-manifolds are manifolds equipped with two different flat structures sat-
isfying suitable compatibility conditions. They can be equivalently defined as homogeneous
flat F-manifolds, i.e. flat F-manifolds equipped with a linear Euler vector field. Many results
in the theory of Dubrovin-Frobenius manifolds, ranging from relations with reflection groups
and Painlevé transcendents to relations with enumerative geometry and integrable systems,
can be generalized to (bi-)flat F-manifolds.

For the purposes of the present paper it will be crucial the relation between flat F-manifolds
and dispersionless integrable systems: given a flat F-manifold, it is possible to define an
integrable hierarchy of quasilinear systems of first order evolutionary PDEs called the prin-
cipal hierarchy [22]. On the other hand it has been proved in [19] that also starting from the
Frölicher–Nijenhuis bicomplex it is possible to construct an integrable hierachy of quasilinear
systems of PDEs

uitn = (Vn (u))
i
j u

j
x.

The tensor fields Vn which define this hierarchy are polynomials in L

Vn = Ln+ a0L
n−1 + a1L

n−2 + · · ·+ an−1I

and the coefficients of these polynomials are obtained recursively from a0 by means of
a generalized Lenard–Magri chain. Moreover it has been proved in [21] that, in the case
L= diag(u1, . . .,un) and a0 =

∑
k εku

k, the above hierarchy can be identified with the principal
hierarchy of a special kind of bi-flat F-manifolds related to the theory of Lauricella functions
[17] and Lauricella connections [18].
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Given n real numbers in the interval (0,1), (ε1, . . . ,εn) := ε, the Lauricella function of
weight ε at the point u := (u1, . . . ,un) ∈ Cn \H= ∪1⩽i<j⩽n{u ∈ Cn|ui = uj} is defined by

ˆ
γu

ηu =

ˆ
γu

(
u1 − ζ

)−ε1
. . .(un− ζ)

−εn dζ.

Here γu is an oriented piecewise differentiable arc such that the end points of γu lie in
{u1, . . . ,un} (but such that γu does not meet this set elsewhere) and a determination of the
multivalued differential ηu is fixed. Let δk be the oriented piecewise differentiable arc con-
necting uk−1 with uk and denote by Lεu the (n− 1)-dimensional vector space generated by´
δk
ηu, k= 2, . . .,n. Any f ∈ Lϵu satisfies the following conditions (see [18] for details):

(1) e( f) = 0, where e=
∑n

i=1
∂
∂ui .

(2) f is homogeneous of degree 1−
∑n

i=1 εi.
(3) f satisfies the system of differential equations(

ui − uj
) ∂2f
∂ui ∂uj

= εj
∂f
∂ui

− εi
∂f
∂uj

, 1⩽ i< j⩽ n. (1.1)

The Euler–Poisson–Darboux system (1.1) can be rewritten in the form

ddLf = da0 ∧ df. (1.2)

By definition, the flat coordinates of the connection ∇ of the associated bi-flat F-manifold
are the solutions of the Euler-Poisson-Darboux system (1.1) satisfying the condition (1). The
homegeneity condition (2) selects n− 1 flat coordinates that are Lauricella functions, the
remaining flat coordinate being the function a0.

The aim of this paper is to extend the construction of [21] in the non-semisimple regular
case that is much less studied in the literature. The extension is based on two main facts:

(1) The construction of integrable hierarchies of hydrodynamic type starting from a (1,1)-
tensor field L with vanishing Nijenhuis torsion does not require that L is diagonalizable.

(2) In the theory of bi-flat F-manifolds there is a natural tensor field with vanishing Nijenhuis
torsion: it is the operator of multiplication by the Euler vector field.Moreover in the regular
case there are special coordinates found by David and Hertling in [9] where the unit vector
field, the Euler vector field and the product have a canonical form.

The above facts suggest to proceed in the following way:

• Following [19] for each David–Hertling canonical form of L and for a suitable choice of the
function a0 we can construct integrable hierarchies of hydrodynamic type. Assuming that
a0 is a weighted sum of the traces of the blocks appearing in the David–Hertling canonical
form of E◦, the freedom reduces to a choice of r parameters (the weights) where r is the
number of the blocks. This choice reduces to the usual one in the semisimple case.

• Then, following [23] we can impose that the flows of this hierarchy are symmetries of the
principal hierarchy associated with a bi-flat F-manifold.

The main result of the paper is that, for any choice of Jordan block structure of the operator
of multiplication by the Euler vector field and for any choice of the weights corresponding to
each Jordan block, there is a unique associated bi-flat structure. Following [6] we call bi-flat
structures obtained in this way Lauricella bi-flat structures.
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The paper is organized as follows: in section 2 we recall the main facts about the the-
ory of integrable systems of hydrodynamic type, in section 3 we recall the definition of (bi)-
flat F-manifolds and the associated principal hierarchy, in section 4 we recall the construc-
tion of integrable systems of hydrodynamic type by means of Frölicher–Nijenhuis bicomplex
and in section 5 we recall the definition of Lauricella bi-flat F-manifolds in the semisimple
case. Section 6 is devoted to describe non-semisimple regular Lauricella bi-flat F-manifolds in
dimensions 2,3,4,5. This section plays an important role since it suggests a strategy to prove
the main result of the paper, first in the case of a single Jordan block of arbitrary size (section 7)
and finally in the general regular case (section 8). Even if the results of section 7 follow from
the general theorem proved in section 8, we have decided to keep it since it contains the essen-
tial ideas of the general proof without the extra non-trivial difficulties due to the high number
of subcases that one has to consider in the case of an arbitrary number of Jordan blocks. In
section 9 we study the dual structure of a Lauricella bi-flat F-manifold, in section 10 we show
that the generalized Lenard-Magri chains associated with the operator of multiplication by the
Euler vector field define symmetries of the principal hierarchy and in the last section we draw
some conclusions.

2. Integrable systems of hydrodynamic type

Integrable diagonal systems of hydrodynamic type

rit = vi (r)rix i = 1, . . .,n. (2.1)

have been studied by Tsarev in [30]. Assuming vi ̸= vj Tsarev proved that all the information
about the integrability of such systems is contained in the n(n− 1) functions

Γiij =
∂jvi

vj− vi
, i ̸= j. (2.2)

The system is integrable iff these functions satisfy the conditions

∂j

(
∂kvi

vk− vi

)
= ∂k

(
∂jvi

vj− vi

)
, ∀i ̸= j ̸= k ̸= i. (2.3)

Systems satisfying the condition (2.3) are called semi-Hamiltonian systems or rich systems.
They possess infinitely many symmetries (depending on n functions of a single variable)

riτ = wi (r)rix i = 1, . . .,n (2.4)

obtained solving the linear system

∂jw
i = Γiij

(
wj−wi

)
(2.5)

and infinitely many densities of conservation laws obtained solving the linear system

∂i∂jh−Γiij∂i h−Γjji∂jh= 0, i ̸= j. (2.6)

Tsarev’integrability condition is the compatibility of the systems (2.5) and (2.6).
Let us consider now a general system of hydrodynamic type

uit = Vij (u)u
j
x, i = 1, . . .,n. (2.7)

Assuming that at each point the (1,1)-tensor field V has pairwise distict eigenvalues, the diag-
onalizability of the system is equivalent to the vanishing of the Haantjes tensor of V [11] and
the semi-Hamiltonian condition (2.3) is equivalent to the vanishing of a tensor field, called the
semi-Hamiltonian tensor [28]. The diagonalizing coordinates (r1, . . .,rn) are called Riemann
invariants and the diagonal entries of the (1,1)-tensor field V in such coordinates are called
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characteristic velocities of the system. Given a semi-Hamiltonian system and n functional
independent solutions (h1, . . .,hn) of the system (2.6) we have

hit = ∂xK
i, i = 1, . . .,n (2.8)

for some functions Ki(r1, . . .,rn), i = 1, . . .,n. In other words the system can be written as a
system of conservation laws. It turns out that also the converse statement is true. A system of
conservation laws admitting Riemann invariants is semi-Hamiltonian. In this way, following
Sevennec, one can equivalently define semi-Hamiltonian systems as systems of hydrodynamic
type that can be written both in the diagonal and in the conservative forms (2.1) and (2.8) (we
refer for details to [29]).

The main equations of Tsarev’s theory can be also formulated in terms of a family of tor-
sionless connections.

Definition 2.1. Given a (1,1)-tensor field V, a torsionless connection ∇ satisfying

d∇V= 0 (2.9)

will be called a Tsarev’s connection associated with V.

Here d∇V is the exterior covariant derivative of the (1,1)-tensor field V:

(d∇V)
i
jk =∇jV

i
k−∇kV

i
j = ∂jV

i
k− ∂kV

i
j+ΓijsV

s
k−ΓiksV

s
j .

Tsarev’s connections are not uniquely defined: in the Riemann invariants (r1, . . .,rn) where
V= diag(v1, . . .,vn) the above condition is equivalent to Γijk = 0 for pairwise distinct indices
and to (2.2). Moreover Γiji = Γiij due to the vanishing of the torsion. All the remaining
Christoffel symbols Γijj and Γ

i
ii are free. To prove this fact we have to spell out the condition

(d∇V)
i
jk = ∂jV

i
k+ΓimjV

m
k − ∂kV

i
j−ΓimkV

m
j = 0

in the Riemann invariants. If all indices are distinct we obtain

(d∇V)
i
jk = Γikj

(
vk− vj

)
= 0

and as a consequence, taking into account that the characteristic velocities are pairwise distinct,
we obtain Γikj = 0 for i ̸= j ̸= k ̸= i. If i= k (or i= j) we get

(d∇V)
i
ji = ∂jv

i+Γiij
(
vi− vj

)
= 0.

Theorem 2.2. A diagonalizable system of hydrodynamic type with pairwise distinct charac-
teristic velocities is semi-Hamiltonian iff the Tsarev’s connections associated with V satisfy
the condition d2∇W= 0 for any (1,1)-tensor field W commuting with V.

Proof. By straightforward computation we get[
d2∇W

]l
jik
= RlijnW

n
k +RljknW

n
i +RlkinW

n
j ,

where R is the Riemann tensor of∇:

Rkijl = ∂jΓ
k
il− ∂iΓ

k
jl+ΓkjsΓ

s
il−ΓkisΓ

s
jl.
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In the Riemann invariants the set of matrices W are diagonal and the condition
d2∇W= 0 reads[

d2∇W
]l
jik
= Rlijkw

k+Rljkiw
i+Rlkijw

j = 0

for any (w1, . . .,wn). Due to arbitrariness ofW this is equivalent to Rlijk = 0 for pairwise distinct
indices i, j,k. If at least two of the three indices i, j,k are equal the condition is automatically
satisfied since Rljik =−Rlijk. Thus assuming the indices i, j,k pairwise distinct we need to con-
sider the case l= i (the cases l= j and l= k are equivalent). Due to arbitrariness ofW we obtain
the conditions

Rijki = 0, Riijk = 0.

The second condition, also known as Darboux-Tsarev system, reads

∂iΓ
k
kj+ΓkkiΓ

k
kj−ΓkkjΓ

j
ji−ΓkikΓ

i
ij = 0, ∀i ̸= j ̸= k ̸= i (2.10)

while the first condition reads

∂jΓ
i
ik = ∂kΓ

i
ij, ∀i ̸= j ̸= k ̸= i. (2.11)

Clearly (2.11) follows from (2.10). Remarkably, if the functions Γiij are given by (2.2) both
conditions (2.3) and (2.10) are equivalent to (2.11) due to the identity [30]

∂iΓ
k
kj+ΓkkiΓ

k
kj−ΓkkjΓ

j
ji−ΓkkiΓ

i
ij =

vi− vk

vj− vi

[
∂j

(
∂i vk

vi− vk

)
− ∂i

(
∂jvk

vj− vk

)]
. (2.12)

The Sevennec’s result can be formulated as follows.

Theorem 2.3. Let V be a (1,1)-tensor field with distinct eigenvalues and with vanishing
Haantjies tensor, then V defines a semi-Hamiltonian system iff among the associated Tsarev’s
connections there is a flat connection.

Proof. Assume that∇ is a flat Tsarev’s connection. In flat coordinates the condition d∇V= 0
reads ∂kVij = ∂jVik which implies that in flat coordinates (locally) we have Vij = ∂jXi and thus

Viju
j
x = ∂xXi. Since Riemann invariants exist by hypothesis the Sevennec’s result implies that

the system defined by V is semi-Hamiltonian.
Assume now that V defines a semihamiltonian system then due to Sevennec’s result there

exist coordinates (u1, . . .,un) where Viju
j
x = ∂xXi. This implies ∂kVij = ∂jVik. Define ∇ in the

coordinates (u1, . . .,un) as Γijk = 0. Then the condition ∂kVij = ∂jVik can be written as d∇V= 0.
In other words∇ is a flat Tsarev’s connection.

The symmetries

uiτ =Wi
j (u)u

j
x, i = 1, . . .,n. (2.13)

of the system (2.7) are defined by (1,1)-tensor fields W(u) commuting with V and satisfying
the condition

d∇W= 0. (2.14)

The full hierarchy is thus defined by the solutions of the system (2.14).
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3. F-manifolds and integrable hierarchies

3.1. Flat and bi-flat F-manifolds

F-manifolds have been introduced by Hertling and Manin in [12].

Definition 3.1. An F-manifold is a triple (M,◦,e), whereM is a manifold, ◦ is a commutative
associative bilinear product on the module of (local) vector fields, satisfying the following
identity:

[X ◦Y,W ◦Z]− [X ◦Y,Z] ◦W− [X ◦Y,W] ◦Z−X ◦ [Y,Z ◦W] +X ◦ [Y,Z] ◦W
+X ◦ [Y,W] ◦Z− Y ◦ [X,Z ◦W] + Y ◦ [X,Z] ◦W+ Y ◦ [X,W] ◦Z= 0, (3.1)

for all local vector fields X,Y,W,Z, where [X,Y] is the Lie bracket, and e is a distinguished
vector field onM such that e ◦X= X for all local vector fields X.

In this paper we will consider F-manifolds equipped with some additional structures.

Definition 3.2 ([26]). A flat F-manifold (M,◦,∇,e) is an F-manifoldM equipped with a con-
nection ∇ related to the product ◦ and to the unit vector field e by the following axioms:

• Axiom 1 (the connection and the product). The one parameter family of connections

∇−λ◦

is flat and torsionless for any λ.
• Axiom 2 (the connection and the vector field). The vector field e is covariantly constant:
∇e= 0.

Bi-flat F-manifolds are manifolds equipped with two ‘compatible’ flat structures. They are
defined in the following way.

Definition 3.3 ([5]). A bi-flat F-manifold (M,∇,∇∗,◦,∗,e,E) is a manifoldM equipped with
a pair of connections ∇ and ∇∗, a pair of products ◦ and ∗ on the tangent spaces TuM and a
pair of vector fields e and E s.t.:

• (∇,◦,e) defines a flat structure on M.
• (∇∗,∗,E) defines a flat structure onM.
• The two structures are related by the following conditions

X ∗Y := (E◦)−1X ◦Y, [e,E] = e, LieE◦= ◦, (d∇ − d∇∗)(X◦) = 0,

where X and Y are arbitrary vector fields and at a generic point the operator E◦ is assumed
to be invertible.

Notice that not all the axioms are independent. For instance the compatibility between the
dual connection and the dual product follows from the other axioms [6]. Notice the dual con-
nection is defined only at the points where the operator E◦ is invertible. At these points the
condition

(d∇ − d∇∗)(X◦) = 0 ∀X (3.2)
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is equivalent to the condition

(d∇ − d∇∗)(X∗) = 0 ∀X. (3.3)

This implies

Γ∗k
ij = Γkij− c∗lji ∇lE

k. (3.4)

Moreover the flatness of the dual connection follows from the linearity of the Euler vector field
(see theorem 4.4 in [3] for the semisimple case and lemmas 4.2 and 4.3 in [15] for the general
case).

Remark 3.4. The manifolds in the above definitions are real or complex manifolds. In the first
case all the geometric data are supposed to be smooth. In the latter case TM is intended as the
holomorphic tangent bundle and all the geometric data are supposed to be holomorphic.

Dubrovin-Frobenius manifolds are bi-flat F-manifolds equipped with a metric η compatible
with the connection∇ and with the product ◦:

∇kηij = 0, ηilc
l
kj = ηklc

l
ij.

Many results in the theory of Dubrovin–Frobenius manifolds admit a natural generalization
in this more general setting. We mention: the relation with reflection groups [3, 14, 15], the
relation with (generalization of) cohomological field theories and (generalization of) Givental
group action [1], the relation with dispersionless and dispersive integrable hierarchies [2, 8, 22]
and the relation with Painlevé transcendents [5, 6, 13, 14, 21]. We point out that this relation
survives also in the regular three-dimensional non-semisimple cases leading to a correspond-
ence with solutions of the full family of Painlevé IV and V depending on the number of Jordan
blocks appearing in the Jordan form of the operator of multiplication by the Euler vector field,
while in the case of Dubrovin-Frobenius manifolds the same cases are parametrized by ele-
mentary functions [24].

3.2. The principal hierarchy

Given a (bi)-flat F-manifold one can define an integrable hierarchy starting from solutions of
the equation (2.14) (in this case ∇ is given). Looking for solutions of the form W= X◦ we
obtain the condition

(∇ZX) ◦Y= (∇YX) ◦Z (3.5)

for all pairs (Y,Z) of vector fields, that is, in local coordinates,

cijm∇kX
m = cikm∇jX

m . (3.6)

The above condition can be also written

d∇ (X◦) = 0. (3.7)

Let us define now the vector fields X(p,l) as follows: the vector fields X(p,−1) are covariantly
constant with respect to∇, while the others are obtained through the recurrence relation:

∇X(p,l+1) = X(p,l) ◦ . (3.8)
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It is easy to check (see [22] for details) that they are solutions of the system (3.5). As a con-
sequence the corresponding flows

uit(p,l) = cijkX
k
(p,l)u

j
x, i = 1, . . .,n

commute and define an integrable hierarchy called the principal hierarchy.

4. Frölicher–Nijenhuis bicomplex and integrable systems

Let L be a tensor field of type (1,1) with vanishing Nijenhuis torsion. This means that for any
pair of vector fields X and Y we have

[LX,LY]− L [X,LY]− L [LX,Y] + L2 [X,Y] = 0. (4.1)

Following [19] we recall now a construction of integrable hierarchies starting from the
Frölicher–Nijenhuis bicomplex (d,dL,Ω(M)) . The differential d is the usual de Rham dif-
ferential while the differential dL is defined as

(dLω)(X0, . . . ,Xk) =
k∑

i=0

(−1)i (LXi)
(
ω
(
X0, . . . , X̂i, . . . ,Xk

))
+

∑
0⩽i<j⩽k

(−1)i+jω
(
[Xi,Xj]L ,X0, . . . , X̂i, . . . , X̂j, . . .Xk

)
,

where ω ∈ Ωk(M) and

[Xi,Xj]L = [LXi,Xj] + [Xi,LXj]− L [Xi,Xj] .

For L= I the vector field [Xi,Xj]L reduces to the commutator [Xi,Xj] and the differential
dL to d.

The fact that d2L = 0 is equivalent to the vanishing of the Nijenhuis torsion, The differentials
d and dL anticommute and thus the pair (d,dL) defines a bidifferential complex. In [19] (see
also [20]) it has been proved that given any solution of the equation

ddLa0 = 0 (4.2)

and the corresponding sequence of functions a1,a2,a3, . . . defined recursively by

dak+1 = dLak− akda0

the tensor fields of type (1,1) defined by

Vk+1 = VkL− akI,

starting from the identity I, that is

V0 = I

V1 = L− a0I

V2 = L2 − a0L− a1I,

· · ·= · · ·

define an integrable hierarchy of hydrodynamic type. Remarkably this construction does not
require that L is diagonalizable.
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4.1. Examples

4.1.1. Generalized ε-system. The system of hydrodynamic type
u1t1
u2t1
...
unt1

=


u1 −

∑n
k=1 εku

k 0 . . . 0
0 u2 −

∑n
k=1 εku

k . . . 0
...

. . .
. . .

...
0 . . . 0 un−

∑n
k=1 εku

k



u1x
u2x
...
unx

 (4.3)

has been obtained in [27] as finite component reduction of an infinite hydrodynamic chain. It
can be written as ut1 = (L− a0I)ux with a0 =

∑n
k=1 εku

k and

L=


u1 0 . . . 0
0 u2 . . . 0
...

. . .
. . .

...
0 . . . 0 un

 . (4.4)

For specific values of the constants εi it provides well-known examples of integrable systems
of hydrodynamic type. The above hierarchy is related to the principal hierarchy associated
with Lauricella bi-flat F-manifolds [21, 23].

4.1.2. Kodama-Konopelchenko system. The system of hydrodynamic type [16]
u1t1
u2t1
...

un−1
t1
unt1

=


u1 1 0 . . . 0
0 u1 1 . . . 0
...

. . .
. . .

. . .
...

0 . . . 0 u1 1
0 . . . 0 0 u1




u1x
u2x
...

un−1
x
unx

 (4.5)

can be written as ut1 = (L− a0I)ux with a0 =−u1 and

L=


0 1 0 . . . 0
0 0 1 . . . 0
...

. . .
. . .

. . .
...

0 . . . 0 0 1
0 . . . 0 0 0

 .

Clearly L has vanishing Nijenhuis torsion and ddLa0 = 0. Applying the first step of the recurs-
ive procedure we have

∂1a1 =−a0∂1a0 =−u1

∂2a1 = ∂1a0 − a0∂2a0 =−1

∂3a1 = 0
...

∂na1 = 0.
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This implies (up to an inessential constant) a1 =−u2 − (u1)2

2 . Therefore the first commuting
flow ut = (L2 − a0L− a1I)ux is given by


u1t2
u2t2
...

un−1
t2
unt2

=



u2 +
(u1)

2

2 u1 1 . . . 0

0 u2 +
(u1)

2

2 u1 . . . 0
...

. . .
. . .

. . .
...

0 . . . 0 u2 +
(u1)

2

2 u1

0 . . . 0 0 u2 +
(u1)

2

2




u1x
u2x
...

un−1
x
unx

 (4.6)

The higher flows can be obtained in a similar way. The system (4.5) is related to the theory of
confluent Lauricella functions (see [16] for details).

5. From integrable hierarchies to Lauricella bi-flat F-manifolds

Let (◦,e,E) be an F-manifold with Euler vector field. Using Hertling–Manin condition and
the properties of the Euler vector field it is easy to check that the operator E◦ has vanishing
Nijenhuis torsion (see for instance [4]). Among Tsarev connections of the associated integrable
system we consider those satisfying the additional conditions (in [23] they are called natural
connections):

∇je
i = 0, ∇kc

i
jl =∇jc

i
kl, ∀i, j,k, l= 1, . . .,n.

In the next two subsections we will show that for special choices of the function a0 the natural
connections defined in this way are flat. Moreover it is possible to define a second compatible
flat structure.

5.1. Semisimple Lauricella bi-flat structure

Let us recall the following theorem of [21] (see also [20, 23] for the special case ε1 = ε2 =
. . .= εn).

Theorem 5.1. For any choice of ε1,ε2, . . . ,εn there exists a unique semisimple bi-flat structure
(∇,∇∗,◦,∗,e,E) with canonical coordinates {u1, . . .,un} such that L= E◦ and

d∇ (L− a0I) = 0, (5.1)

where a0 =
∑n

k=1 εku
k. Moreover, in canonical coordinates this structure is given by

e=
n∑

k=1

∂k, E=
n∑

k=1

uk∂k,

cijk = δijδ
i
k, c∗ijk =

1
ui
δijδ

i
k, ∀i, j,k,

Γijk = 0, Γ∗i
jk = 0, ∀i ̸= j ̸= k ̸= i

Γijj = −Γiij, Γ∗i
jj =−ui

uj
Γ∗i
ij , i ̸= j
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Γiij =
εj

ui− uj
, Γ∗i

ij =
εj

ui− uj
, i ̸= j

Γiii = −
∑
l̸=i

Γili, Γ∗i
ii =−

∑
l̸=i

ul

ui
Γ∗i
li −

1
ui
.

5.2. Non-semisimple Lauricella bi-flat F-manifolds

In this paper we consider a generalization of Lauricella bi-flat structures to the non-semisimple
regular case. We will use this important result of [9] about the existence of non-semisimple
canonical coordinates.

Definition 5.2 ([9]). An F-manifold with Euler vector field (M,◦,e,E) is called regular if for
each p ∈M the endomorphism Lp := Ep◦ : TpM→ TpM has exactly one Jordan block for each
distinct eigenvalue.

Theorem 5.3 ([9]). Let (M,◦,e,E) be a regular F-manifold of dimension greater or equal to 2
with an Euler vector field E. Furthermore assume that locally around a point p ∈M, the Jordan
canonical form of the operator L has n Jordan blocks m1, . . .,mn with distinct eigenvalues. Then
there exists locally around p a distinguished system of coordinates {u1, . . . ,um1+···+mn} such
that

e=
∂

∂u1
+

∂

∂um1+1
+

∂

∂um1+m2+1
+ · · ·+ ∂

∂um1+···+mn−1+1
, (5.2)

E=

m1+···+mn∑
s=1

us
∂

∂us
, (5.3)

clij = δli+j−(m1+···mk−1)−1, i, j, l= m1 + · · ·+mk−1 + 1, . . .,m1 + · · ·+mk−1 +mk (5.4)

clij = 0, otherwise. (5.5)

We start from the integrable hierarchy associated with the tensor field L= E◦ and with
a0 =

∑n
i=1 εiTr(Li). By definition L contains n blocks L1, . . .,Ln of dimension m1, . . .,mn

respectively. Each block has the form

Lk =


uk,1 0 . . . 0
uk,2 uk,1 . . . 0
...

. . .
. . .

...
uk,mk . . . uk,2 uk,1

 (5.6)

where uk,l = um1+···+mk−1+l. The case m1 = . . .= mn = 1 corresponds to the usual generalized
ε-system. In the next section we will prove that for any choice of ε1,ε2, . . . ,εn and m1, . . .,mn

and up to n= 5 there exists a unique bi-flat F-structure such that d∇(L− a0I) = 0. In section 7
we will consider the case n= 1 and m1 arbitrary and in the section 8 we will show that for any
choice of ε1,ε2, . . . ,εn there exists a unique regular bi-flat structure such that L= E◦ and

d∇ (L− a0I) = 0. (5.7)

Remark 5.4. By straightforward computation one gets

(d∇ (L− a0I))
i
jk ∂ia0 = Lij∇i (da0)k− Lik∇i (da0)j .

Therefore the condition (5.7) implies

Lij∇i (da0)k− Lik∇i (da0)j = 0.
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6. Bi-flat Lauricella structures in dimension 2,3,4,5

In this section we provide a complete classification of non-semisimple bi-flat F-manifold struc-
tures in 2,3,4 and 5 dimensions.

6.1. 2-dimensional case

6.1.1. 2× 2 Jordan block.

L=

[
u1 0
u2 u1

]
, e=

∂

∂u1
. (6.1)

The non-vanishing Christoffel symbol of∇ is Γ2
22 =− 2ε1

u2 .

6.2. 3-dimensional case

6.2.1. 3× 3 Jordan block.

L=

u1 0 0
u2 u1 0
u3 u2 u1

 , e=
∂

∂u1
, a0 = 3ε1u

1. (6.2)

The non-vanishing Christoffel symbols Γijk (up to exchange of j with k) are

Γ2
22 = Γ3

23 =−3ε1
u2

, Γ3
22 =

3ε1u3

(u2)2
.

6.2.2. 2× 2+ 1× 1 Jordan blocks.

L=

u1 0 0
u2 u1 0
0 0 u3

 , e=
∂

∂u1
+

∂

∂u3
, a0 = 2ε1u

1 + ε3u
3. (6.3)

The non-vanishing Christoffel symbols Γijk (up to exchange of j with k) are

Γ2
22 =−2ε1

u2
, Γ1

13 = Γ2
23 =−Γ1

11 =−Γ1
33 =−Γ2

12 =
ε3

u1 − u3
,

Γ3
11 = Γ3

33 =−Γ3
13 =

2ε1
u1 − u3

, Γ2
11 = Γ2

33 =−Γ2
13 =

ε3u2

(u1 − u3)2
.

6.3. Four-dimensional case

6.3.1. 4× 4 Jordan block.

L=


u1 0 0 0
u2 u1 0 0
u3 u2 u1 0
u4 u3 u2 u1

 , e=
∂

∂u1
, a0 = 4ε1u

1. (6.4)

The non-vanishing Christoffel symbols Γijk (up to exchange of j with k) are

Γ2
22 = Γ3

23 = Γ4
33 = Γ4

24 =−4ε1
u2

, Γ3
22 = Γ4

23 =
4ε1u3

(u2)2
, Γ4

22 =
4ε1
(
u2u4 −

(
u3
)2)

(u2)3
.
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6.3.2. 3× 3+ 1× 1 Jordan blocks.

L=


u1 0 0 0
u2 u1 0 0
u3 u2 u1 0
0 0 0 u4

 , e=
∂

∂u1
+

∂

∂u4
, a0 = 3ε1u

1 + ε4u
4. (6.5)

The non-vanishing Christoffel symbols Γijk (up to exchange of j with k) are

Γ2
22 = Γ3

23 =−3ε1
u2

, Γ3
11 = Γ3

44 =−Γ3
14 =

ε4u3

(u1 − u4)2
−

ε4
(
u2
)2

(u1 − u4)3
,

Γ4
11 = Γ4

44 =−Γ4
14 =

3ε1
u1 − u4

,

Γ3
12 =−Γ3

24 =−Γ2
14 = Γ2

11 = Γ2
44 =

ε4u2

(u1 − u4)2
,

Γ3
34 =−Γ3

13 =−Γ2
12 =−Γ1

11 = Γ1
14 =−Γ1

44 =
ε4

u1 − u4
,

Γ3
22 =

3ε1u3

(u2)2
− ε4
u1 − u4

.

6.3.3. 2× 2+ 2× 2 Jordan blocks.

L=


u1 0 0 0
u2 u1 0 0
0 0 u3 0
0 0 u4 u3

 , e=
∂

∂u1
+

∂

∂u3
, a0 = 2ε1u

1 + 2ε3u
3. (6.6)

The non-vanishing Christoffel symbols Γijk (up to exchange of j with k) are

Γ2
22 =−2ε1

u2
, Γ4

44 =−2ε3
u4

, Γ1
13 =−Γ2

12 =−Γ1
11 =−Γ1

33 =
2ε3

u1 − u3
,

Γ3
11 = Γ4

34 = Γ3
33 =−Γ3

13 =−Γ4
14 =

2ε1
u1 − u3

,

Γ2
11 = Γ2

33 =−Γ2
13 =

2ε3u2

(u1 − u3)2
, Γ4

11 = Γ4
33 =−Γ4

13 =
2ε1u4

(u1 − u3)2
.

6.3.4. 2× 2+ 1× 1+ 1× 1 Jordan blocks.

L=


u1 0 0 0
u2 u1 0 0
0 0 u3 0
0 0 0 u4

 , e=
∂

∂u1
+

∂

∂u3
+

∂

∂u4
, a0 = 2ε1u

1 + ε3u
3 + ε4u

4. (6.7)

The non-vanishing Christoffel symbols Γijk (up to exchange of j with k) are

Γ2
22 =−2ε1

u2
, Γ1

13 = Γ2
23 =−Γ1

33 =
ε3

u1 − u3
, Γ1

14 = Γ2
24 =−Γ1

44 =
ε4

u1 − u4
,

Γ3
34 =−Γ3

44 =
ε4

u3 − u4
, Γ4

34 =− ε3
u3 − u4

, Γ3
13 =−Γ3

11 =
−2ε1
u1 − u3

,

Γ4
14 =

−2ε1
u1 − u4

, Γ1
11 = Γ2

12 = Γ1
33 +Γ1

44, Γ
2
11 = Γ2

33 +Γ2
44,
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Γ2
33 =−Γ2

13 =
ε3u2

(u1 − u3)2
, Γ2

44 =−Γ2
14 =

ε4u2

(u1 − u4)2
,

Γ3
33 =

2ε1
u1 − u3

− ε4
u3 − u4

, Γ4
44 =

2ε1
u1 − u4

+
ε3

u3 − u4
.

6.4. 5-dimensional case

6.4.1. 5× 5 Jordan block.

L=


u1 0 0 0 0
u2 u1 0 0 0
u3 u2 u1 0 0
u4 u3 u2 u1 0
u5 u4 u3 u2 u1

 , e=
∂

∂u1
, a0 = 5ε1u

1. (6.8)

The non-vanishing Christoffel symbols Γijk (up to exchange of j with k) are

Γ2
22 = Γ3

23 = Γ4
33 = Γ4

24 = Γ5
25 = Γ5

34 =−5ε1
u2

,

Γ3
22 = Γ4

23 = Γ5
24 = Γ5

33 =
5ε1u3

(u2)2
, Γ4

22 = Γ5
23 =

5ε1
(
u2u4 −

(
u3
)2)

(u2)3
,

Γ5
22 =

5ε1
((
u2
)2
u5 − 2u2u3u4 +

(
u3
)3)

(u2)4
.

6.4.2. 4× 4+ 1× 1 Jordan blocks.

L=


u1 0 0 0 0
u2 u1 0 0 0
u3 u2 u1 0 0
u4 u3 u2 u1 0
0 0 0 0 u5

 , e=
∂

∂u1
+

∂

∂u5
, a0 = 4ε1u

1 + ε5u
5. (6.9)

The non-vanishing Christoffel symbols Γijk (up to exchange of j with k) are

Γ2
22 = Γ3

23 = Γ4
24 = Γ4

33 =−4
ε1
u2

,

Γ1
15 = Γ2

25 = Γ3
35 = Γ4

45 =
ε5

u1 − u5

Γ1
55 = Γ2

12 = Γ1
11 = Γ3

13 = Γ4
14 = Γ4

41 =− ε5
u1 − u5

,

Γ5
11 = Γ5

55 =−Γ5
15 =

4ε1
u1 − u5

,

Γ2
11 = Γ2

55 = Γ3
12 = Γ4

13 =−Γ2
15 =−Γ3

25 =−Γ4
35 =−Γ4

53 =
ε5u2

(u1 − u5)2
,

Γ3
11 = Γ3

55 = Γ4
12 =−Γ3

15 =−Γ4
25 =

ε5u3

(u1 − u5)2
−

ε5
(
u2
)2

(u1 − u5)3
,

Γ3
22 = Γ4

23 =
4ε1u3

(u2)2
− ε5
u1 − u5

,
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Γ4
11 = Γ4

55 =−Γ4
15 =

ε5
(
u2
)3

(u1 − u5)4
− 2ε5u2u3

(u1 − u5)3
+

ε5u4

(u1 − u5)2
,

Γ4
22 =

4ε1
(
u2u4 −

(
u3
)2)

(u2)3
+

ε5u2

(u1 − u5)2
.

6.4.3. 3× 3+ 2× 2 Jordan blocks.

L=


u1 0 0 0 0
u2 u1 0 0 0
u3 u2 u1 0 0
0 0 0 u4 0
0 0 0 u5 u4

 , e=
∂

∂u1
+

∂

∂u4
a0 = 3ε1u

1 + 2ε4u
4. (6.10)

The non-vanishing Christoffel symbols Γijk (up to exchange of j with k) are

Γ1
14 = Γ2

24 = Γ3
34 =−Γ1

11 =−Γ1
44 =−Γ2

12 =−Γ3
13 =

2ε4
u1 − u4

,

Γ2
11 = Γ2

44 = Γ3
12 =−Γ2

14 =−Γ3
24 =

2u2ε4

(u1 − u4)2
, Γ2

22 = Γ3
23 =−3ε1

u2
,

Γ5
55 =−2ε4

u5
, Γ3

22 =
3ε1u3

(u2)2
− 2ε4
u1 − u4

,

Γ3
11 = Γ3

44 =−Γ3
14 =

2ε4
(
u1u3 −

(
u2
)2 − u3u4

)
(u1 − u4)3

,

Γ4
11 = Γ4

44 =−Γ4
14 =−Γ5

15 = Γ5
45 =

3ε1
u1 − u4

,

Γ5
11 = Γ5

44 =−Γ5
14 =

3u5ε1

(u1 − u4)2
.

6.4.4. 3× 3+ 1× 1+ 1× 1 Jordan blocks.

L=


u1 0 0 0 0
u2 u1 0 0 0
u3 u2 u1 0 0
0 0 0 u4 0
0 0 0 0 u5

 , e=
∂

∂u1
+

∂

∂u4
+

∂

∂u5
, a0 = 3ε1u

1 + ε4u
4 + ε5u

5. (6.11)

The non-vanishing Christoffel symbols Γijk (up to exchange of j with k) are

Γ3
23 = Γ2

22 =−3ε1
u2

, Γ1
14 = Γ2

24 = Γ3
34 =−Γ1

44 =
ε4

u1 − u4
,

Γ1
15 = Γ2

25 = Γ3
35 =−Γ1

55 =
ε5

u1 − u5
, Γ4

45 =−Γ4
55 =

ε5
u4 − u5

,

Γ5
44 =−Γ5

45 =
ε4

u4 − u5
, Γ4

11 =−Γ4
14 =

3ε1
u1 − u4

, Γ5
11 =−Γ5

15 =
3ε1

u1 − u5
,

Γ2
11 = Γ3

12 =
ε4u2

(u1 − u4)2
+

ε5u2

(u1 − u5)2
,
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Γ2
44 =−Γ2

14 =−Γ3
24 =

u2ε4

(u1 − u4)2
, Γ2

55 =−Γ2
15 =−Γ3

25 =
u2ε5

(u1 − u5)2
,

Γ1
11 = Γ2

12 = Γ3
13 =− ε4

u1 − u4
− ε5
u1 − u5

,

Γ3
11 =

ε4

(
−
(
u2
)2

+
(
u1 − u4

)
u3
)

(u1 − u4)3
+

ε5

(
−
(
u2
)2

+
(
u1 − u5

)
u3
)

(u1 − u5)3
,

Γ3
44 =−Γ3

14 =
ε4

(
u1u3 −

(
u2
)2 − u3u4

)
(u1 − u4)3

, Γ3
55 =−Γ3

15 =
ε5

(
u1u3 −

(
u2
)2 − u3u5

)
(u1 − u5)3

,

Γ4
44 =

3ε1
u1 − u4

− ε5
u4 − u5

, Γ5
55 =

3ε1
u1 − u5

+
ε4

u4 − u5
,

Γ3
22 =

3u3ε1

(u2)2
− ε4
u1 − u4

− ε5
u1 − u5

.

6.4.5. 2× 2+ 2× 2+ 1× 1 Jordan blocks.

L=


u1 0 0 0 0
u2 u1 0 0 0
0 0 u3 0 0
0 0 u4 u3 0
0 0 0 0 u5

 , e=
∂

∂u1
+

∂

∂u3
+

∂

∂u5
, a0 = 2ε1u

1 + 2ε3u
3 + ε5u

5. (6.12)

The non-vanishing Christoffel symbols Γijk (up to exchange of j with k) are

Γ1
11 = Γ2

12 =− 2ε3
u1 − u3

− ε5
u1 − u5

, Γ3
33 = Γ4

34 =
2ε1

u1 − u3
− ε5
u3 − u5

,

−Γ1
13 = Γ1

33 =− 2ε3
u1 − u3

, Γ1
15 = Γ2

25 =−Γ1
55 =

ε5
u1 − u5

,

Γ2
11 =

2u2ε3

(u1 − u3)2
+

u2ε5

(u1 − u5)2
, Γ2

33 =−Γ2
13 =

2u2ε3

(u1 − u3)2
,

Γ2
55 =−Γ2

15 =
u2ε5

(u1 − u5)2
, Γ2

22 =−2ε1
u2

, Γ4
44 =−2ε3

u4
, Γ2

23 =
2ε3

u1 − u3
,

Γ3
11 =−Γ3

13 =−Γ4
14 =

2ε1
u1 − u3

, Γ3
35 = Γ4

45 =−Γ3
55 =

ε5
u3 − u5

,

Γ4
11 =−Γ4

13 =
2ε1u4

(u1 − u3)2
, Γ4

33 =
2u4ε1

(u1 − u3)2
+

u4ε5

(u3 − u5)2
,

Γ4
55 =−Γ4

35 =
u4ε5

(u3 − u5)2
, Γ5

11 =−Γ5
15 =

2ε1
u1 − u5

, Γ5
33 =−Γ5

35 =
2ε3

u3 − u5
,

Γ5
55 =

2ε1
u1 − u5

+
ε3

u3 − u5
.
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6.4.6. 2× 2+ 1× 1+ 1× 1+ 1× 1 Jordan blocks.

L=


u1 0 0 0 0
u2 u1 0 0 0
0 0 u3 0 0
0 0 0 u4 0
0 0 0 0 u5

 ,
e=

∂

∂u1
+

∂

∂u3
+

∂

∂u4
+

∂

∂u5
, a0 = 2ε1u

1 + ε3u
3 + ε4u

4 + ε5u
5. (6.13)

The non-vanishing Christoffel symbols Γijk (up to exchange of j with k) are

Γ1
11 = Γ2

12 =− ε3
u1 − u3

− ε4
u1 − u4

− ε5
u1 − u5

,

Γ1
13 =−Γ1

33 =
ε3

u1 − u3
, Γ1

14 =
ε4

u1 − u4
, Γ1

15 =−Γ1
55 =

ε5
u1 − u5

, Γ1
44 =− ε4

u1 − u4
,

Γ2
11 =

ε3u2

(u1 − u3)2
+

ε4u2

(u1 − u4)2
+

ε5u2

(u1 − u5)2
,

Γ2
13 =− u2ε3

(u1 − u3)2
, Γ2

14 =− u2ε4

(u1 − u4)2
, Γ2

15 =− u2ε5

(u1 − u5)2
,

Γ2
22 =−2ε1

u2
, Γ2

23 =
ε3

u1 − u3
, Γ2

24 =
ε4

u1 − u4
, Γ2

25 =
ε5

u1 − u5
,

Γ2
33 =

u2ε3

(u1 − u3)2
, Γ2

44 =
u2ε4

(u1 − u4)2
, Γ2

55 =
u2ε5

(u1 − u5)2
, Γ3

11 =−Γ3
13 =

2ε1
u1 − u3

,

Γ3
33 =

2ε1
u1 − u3

− ε4
u3 − u4

− ε5
u3 − u5

,

Γ3
34 =−Γ3

44 =
ε4

u3 − u4
, Γ3

35 =−Γ3
55 =

ε5
u3 − u5

,

Γ4
11 =−Γ4

14 =
2ε1

u1 − u4
, Γ4

33 =−Γ4
34 =

ε3
u3 − u4

,

Γ4
44 =

2ε1
u1 − u4

+
ε3

u3 − u4
− ε5
u4 − u5

,

Γ4
45 =−Γ4

55 =
ε5

u4 − u5
, Γ5

11 =−Γ5
15 =

2ε1
u1 − u5

,

Γ5
33 =−Γ5

35 =
ε3

u3 − u5
, Γ5

44 =−Γ5
45 =

ε4
u4 − u5

,

Γ5
55 =

2ε1
u1 − u5

+
ε3

u3 − u5
+

ε4
u4 − u5

. □

Remark 6.1. Starting from the above formulas and using the definition (5.3) of the Euler vector
field, the definition of the dual product

X ∗Y= (E◦)−1X ◦Y

and the formula (3.4) for the dual connection one can reconstruct all the data defining a bi-flat
structure.
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7. The case of a Jordan block of arbitrary size

This section is devoted to the proof of the following Theorem.

Theorem 7.1. For any choice of ε there exists a unique non-semisimple regular bi-flat structure
(∇,∇∗,◦,∗,e,E) with canonical coordinates {u1, . . . ,un} such that d∇(E ◦−a0I) = 0, where
E◦ has a single Jordan block of size n and a0 = εu1.

Let us start with some preliminary observations. Looking at the formulas for the case of a
single Jordan block we observe that in order to pass from the n× n Jordan block with nε1 =
ε to the (n+ 1)× (n+ 1) Jordan block with (n+ 1)ε1 = ε there is a simple rule. The new
non-vanishing Christoffel symbols are Γn+1

ij with i, j ̸= 1 and n− i− j⩾−3. The Christoffel

symbol Γn+1
22 is given by the formula

Γn+1
22 =− 1

u2

n−1∑
s=1

u2+sΓn+1−s
22 (7.1)

while the Christoffel symbols Γn+1
ij with i and j different from 1 and not simultaneously

equal to 2 can be written in terms of the Christoffel symbols associated with the n× n
Jordan block:

Γn+1
ij = Γni−1,j = Γni,j−1 (7.2)

provided that i− 1 ̸= 1 or j− 1 ̸= 1 (all the Christoffel symbols with i or j equal to 1 van-
ish). Notice that from the above definition it follows immediately that all the non-vanishing
Christoffel symbols can be obtained recursively starting from Γ2

22 =− ε
u2 . Indeed applying the

relation (7.2) i+ j− 4 times we obtain

Γn+1
ij = Γn+5−i−j

22 (7.3)

and more in general (the above property holds for all n)

Γkij = Γk+4−i−j
22 if k− i− j⩾−2, i, j ̸= 1 (7.4)

Γkij = 0 if k− i− j<−2. (7.5)

7.1. Technical lemmas

Using the above remarks one can easily prove by induction the following lemmas.

Lemma7.2. TheChristoffel symbolsΓkij associatedwith the n× n Jordan block, defined recurs-
ively as explained above starting from the 2× 2 Jordan block satisfy the following identity:

∂Γkij
∂ul

=
∂Γk−1

ij

∂ul−1
, l> 2. (7.6)

Proof. It is sufficient to prove the lemma in the case i = j = 2. Indeed, if Γkij vanishes it is

easy to check that also Γk−1
ij vanishes. If Γkij does not vanish then there exists 2⩽ h⩽ n+ 1

satisfying i+ j− k= 4− h. Moreover Γkij = Γh22 and Γ
k−1
ij = Γh−1

22 . For h= 2 we have to prove
that

∂Γ2
22

∂ul
=

∂Γ1
22

∂ul−1
, l> 2. (7.7)
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The l.h.s. vanishes since Γ2
22 depends only on u2 while the r.h.s vanishes since Γ1

22 = 0. For
h> 2 we have to prove that

∂Γh22
∂ul

=
∂Γh−1

22

∂ul−1
, l> 2. (7.8)

For h= 3 it is true. Assume that it is true for a given h⩾ 3. Then using (7.1) and the inductive
hypothesis we get

∂Γh+1
22

∂ul
=− 1

u2

h−1∑
s=1

(
∂Γh−s+1

22

∂ul

)
us+2 − 1

u2
Γh−l+3
22 =− 1

u2

h−1∑
s=1

(
∂Γh−s22

∂ul−1

)
us+2 − 1

u2
Γh−l+3
22 ,

∂Γh22
∂ul−1

=
δ3l

(u2)2

h−2∑
s=1

Γh−s22 us+2 − 1
u2

h−2∑
s=1

(
∂Γh−s22

∂ul−1

)
us+2 − 1− δl3

u2
Γh−l+3
22

thus

∂Γh+1
22

∂ul
− ∂Γh22

∂ul−1
=−

δ3l

(u2)2

h−2∑
s=1

Γh−s22 us+2 − 1
u2

(
∂Γ1

22

∂ul−1

)
uh+1 −

δ3l
u2

Γh−l+3
22

=−
δ3l

(u2)2

h−2∑
s=1

Γh−s22 us+2 +
δ3l

(u2)2

h−2∑
s=1

Γh−s22 us+2 = 0.

Lemma 7.3. The Christoffel symbols Γkij associated with the n× n Jordan block, defined
recursively as explained above starting from the 2× 2 Jordan block satisfy the following
identities:

n∑
k=1

Γijku
k =

n∑
k=2

Γijku
k = 0, i ̸= j or i = 1 or j = 1 (7.9)

n∑
k=1

Γijku
k =

n∑
k=2

Γijku
k =−ε, i = j ̸= 1 (7.10)

Proof. For i= 1 or j= 1 the first identity is trivially satisfied since all the summands vanish.
Thus we can assume both indices different from 1. For i = j = 2 the only term surviving in
the sum is Γ2

22u
2 and the result follows from the definition of Γ2

22. For j= 2 and i ̸= 2 the result
follows from the formula (7.1). Indeed, we can rewrite the identity

Γi22 =− 1
u2

i−2∑
s=1

u2+sΓi−s22

as

i∑
s=2

usΓi2s = 0.

Taking into account that for s> i Γi2s = 0 and Γi21 = 0 we have

n∑
s=1

usΓi2s = 0.
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The cases i> 2 and j> 2 can be reduced to the above cases using the identity Γijk = Γi−1
j−1,k. For

instance, if i= j applying (i− 2)-times this identity we reduce to the case i = j = 2.

Lemma 7.4. The connection∇ associated with the n× n Jordan block satisfies the condition

∇jE
i = (1− ε)δij + εeiej. (7.11)

Proof. Since ∇jEi = δij +Γijku
k the result follows from the previous lemma.

Lemma 7.5. The component of E−1 are defined recursively by(
E−1

)1
=

1
u1

,
(
E−1

)m+1
=− 1

u1

m∑
s=1

u1+s
(
E−1

)m+1−s
(7.12)

Proof. By definition E−1 ◦E= e. In canonical coordinates we obtain(
E−1

)i+1−k
uk = δi1.

In the one component case we obtain (E−1)1 = 1
u1 . In the (n+ 1)-component case

we obtain (
E−1

)1
u1 = 1(

E−1
)2
u1 +

(
E−1

)1
u2 = 0

...(
E−1

)n+1
u1 +

(
E−1

)n
u2 + · · ·+

(
E−1

)1
un+1 = 0.

The first n equations coincide with the equations for the n-component case.

Lemma 7.6. The dual connection∇∗ is defined by

Γ∗k
ij = Γkij+(ε− 1)

(
E−1

)k−i−j+2 − ε
(
E−1

)1
δk1δ

1
i δ

1
j (7.13)

where it is understood that (E−1)k−i−j+2 = 0 if k− i− j<−1.

Proof. From (3.4) and (7.11) it follows that

Γ∗k
ij = Γkij− c∗lji

(
(1− ε)δkl + εekel

)
= Γkij− (1− ε)c∗kji − εc∗1ji δ

k
1.

By definition

c∗ijk = cijlc
l
km

(
E−1

)m
= δij+l−1δ

l
k+m−1

(
E−1

)m
= δij+l−1

(
E−1

)l+1−k
=
(
E−1

)2+i−j−k
.

Substituting in Γ∗k
ij we get the result.

Using the above lemmas we can prove theorem 7.1. The proof can be divided in the fol-
lowing steps

(1) Flatness of ∇ and ∇e= 0.
(2) Compatibility of∇ and ◦.
(3) Linearity of the Euler vector field.
(4) Uniqueness.
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7.2. Flatness of ∇

We already know that the connection ∇ is flat for n= 2,3,4,5. We need to prove that if the
connection∇ associated with the n× n Jordan block is flat, that is

∂kΓ
i
hj− ∂hΓ

i
kj−

n∑
l=1

(
ΓihlΓ

l
kj−ΓiklΓ

l
hj

)
= 0, i, j,h,k= 1, . . .,n (7.14)

then also the connection associated with the (n+ 1)× (n+ 1) Jordan block is flat:

Rihkj = ∂kΓ
i
hj− ∂hΓ

i
kj−

n+1∑
l=1

(
ΓihlΓ

l
kj−ΓiklΓ

l
hj

)
= 0, i, j,h,k= 1, . . .,n+ 1. (7.15)

Since Γij,n+1 = 0 if i ̸= n+ 1 we need only to check the case i = n+ 1. We have three inter-
esting subcases: h> 2, k> 2, j> 2, h= 2, k> 2, j> 2 and h= j = 2, k> 2. In the first case
using the lemma and the definition of the Christoffel symbols we have (notice that Γ2

ij = 0 if i
or j are greater than 2)

Rn+1
hkj = ∂k−1Γ

n
hj− ∂h−1Γ

n
kj−

n∑
l=3

(
Γn+1
hl Γlkj−Γn+1

kl Γlhj
)

= ∂k−1Γ
n−1
h−1,j− ∂h−1Γ

n−1
k−1,j−

n∑
l=3

(
Γn−1
h−1,l−1Γ

l−1
k−1,j−Γn−1

k−1,l−1Γ
l−1
h−1,j

)
= ∂k−1Γ

n−1
h−1,j− ∂h−1Γ

n−1
k−1,j−

n∑
l=1

(
Γn−1
h−1,lΓ

l
k−1,j−Γn−1

k−1,lΓ
l
h−1,j

)
= Rn−1

h−1,k−1,j.

The quantity Rn−1
h−1,k−1,j vanishes by hypothesis if j = 1, . . .,n. For j = n+ 1 it vanishes since

each term in the sum contains a Christoffel symbol of the form Γrs,n+1 with r< n+ 1. In the
second case we have

Rn+1
2kj = ∂kΓ

n+1
2j − ∂2Γ

n+1
kj −

n+1∑
l=3

(
Γn+1
2l Γlkj−Γn+1

kl Γl2j
)

= ∂k−1Γ
n
2j− ∂2Γ

n
k−1,j−

n+1∑
l=3

(
Γn2,l−1Γ

l−1
k−1,j−Γnk−1,lΓ

l
2j

)
= ∂k−1Γ

n
2j− ∂2Γ

n
k−1,j−

n∑
l=1

(
Γn2lΓ

l
k−1,j−Γnk−1,lΓ

l
2j

)
= Rn2,k−1,j = 0.

Finally in the last case we have

Rn+1
2k2 = ∂kΓ

n+1
22 − ∂2Γ

n+1
k2 −

n+1∑
l=3

Γn+1
2l Γlk2 +

n+1∑
l=2

Γn+1
kl Γl22

= ∂k−1Γ
n
22 − ∂2Γ

n
k−1,2 −

n+1∑
l=3

Γn2,l−1Γ
l−1
k−1,2 +

n∑
l=2

Γnk−1,lΓ
l
22

= ∂k−1Γ
n
22 − ∂2Γ

n
k−1,2 −

n∑
l=1

Γn2lΓ
l
k−1,2 +

n∑
l=1

Γnk−1,lΓ
l
22 = Rn2,k−1,2 = 0.

The condition∇e= 0 is equivalent to Γij1 = 0.
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7.3. Compatibility of ∇ and ◦

In canonical coordinates this means that

Γki+j−1,l−Γk−i+1
lj = Γkl+j−1,i−Γk−l+1

ij .

Let us prove this condition by induction. We already know that it is satisfied up to n= 5. Let
us suppose that it is satisfied for a given n. We have to prove that

Γn+1
i+j−1,l−Γn+2−i

lj = Γn+1
l+j−1,i−Γn+2−l

ij ,

where it is understood that Γkij = 0 if i, j or k are greater than n+ 1. If i= 1 or l= 1 the above

condition is trivially satisfied. If i, l ̸= 1 we have Γn+1
i+j−1,l = Γn+1

l+j−1,i (if i+ j⩾ n+ 1 both sides
vanish). If j= 1 the remaining condition is trivially satisfied. If also j ̸= 1 the remaining cond-
iton is satisfied since Γn+2−i

lj = Γn+1
l+i−1,j and Γ

n+2−l
ij = Γn+1

i+l−1,j (if i+ l⩾ n+ 2 both Christoffel
symbols vanish).

7.4. Linearity of the Euler vector field

We need to prove∇∇E= 0. In local coordinates we have:

∇i∇jE
k = Γkil∇jE

l−Γlij∇lE
k

= Γkil
(
(1− ε)δlj + εelej

)
−Γlij

(
(1− ε)δkl + εekel

)
= 0.

The flatness of ∇∗ and the additional properties follows from the linearity of E (here we are
using the already mentioned result of [15] which holds true also in the non-semisimple setting)
and from the definition of∇∗ and ∗.

7.5. d∇(E ◦−a0I) = 0

It is easy to prove by induction that the Christoffel symbols obtained using conditions (7.1)
and (7.2) satisfy the condition d∇(L− a0I) = 0 with L= E◦. Indeed, let us denote by V(n)

the tensor field V in the n-dimensional case. For n= 2 the condition (d∇(2)
V(2))

k
ij = 0 is sat-

isfied. Let us assume that the Christoffel symbols Γijk, 1⩽ i, j,k⩽ n of the connection ∇(n)

associated with the n× n block obtained applying the formulas (7.1) and (7.2) satisfy the
condition (d∇(n)

V(n))
k
ij = 0. We have to show the Christoffel symbols associated with the

(n+ 1)× (n+ 1) Jordan block obtained applying the formulas (7.1) and (7.2) satisfy the con-
dition (d∇(n+1)

V(n+1))
k
ij = 0. Let us consider the case where 1⩽ i, j⩽ n and k= n+ 1:

(
d∇(n+1)

V(n+1)

)n+1

ij
=

∂Vn+1
j

∂ui
+Γn+1

il Vlj−
∂Vn+1

i

∂uj
−Γn+1

jl Vli =
n+1∑
l=j

Γn+1
il Vlj−

n+1∑
l=i

Γn+1
jl Vli.

For i or j equal to 1 it is immediate to check that the above expression vanishes. For i and j
different from 1 we have (replacing l with k= l− j+ 1 in the first sum and l with k= l− i+ 1
in the second sum)

n+1∑
l=j

Γn+1
il Vlj−

n+1∑
l=i

Γn+1
jl Vli =

3+n−i∑
l=j+1

Γn+5−i−l
22 ul−j+1 −

3+n−j∑
l=i+1

Γn+5−j−l
22 ul−i+1 = 0.
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The proof in the remaining cases 1⩽ i, j,k⩽ n, 1⩽ i,k⩽ n, j = n+ 1 and 1⩽ i⩽ n,k= j =
n+ 1 is straightforward.

7.6. Uniqueness

The connection∇ is uniquely determined by the conditions

∇je
i = ∂je

i+Γijle
l = 0

(d∇V)
k
ij =

∂Vkj
∂ui

+ΓkilV
l
j−

∂Vki
∂uj

−ΓkjlV
l
i = 0.

where V= L− a0I. Indeed, in the case of a single Jordan block in David–Hertling coordinates
the (1,1)-tensor field V has the form

V=


du1 0 0 . . . 0
u2 du1 0 . . . 0
...

. . .
. . .

. . .
...

un−1 . . . u2 du1 0
un . . . u3 u2 du1

 , (7.16)

where d= 1− ε. We have that :

- The vanishing of (d∇V)in,n−1 defines uniquely Γ
i
nn.

- Using the previous condition the vanishing of (d∇V)in−2,n defines uniquely Γin−1,n.
- More in general using the previous conditions the vanishing of (d∇V)ik,n defines uniquely
Γik+1,n.

- Similarly the vanishing of (d∇V)in−2,n−1 defines uniquely Γin−1,n−1 and the vanishing of
(d∇V)ik,n−1 defines uniquely Γ

i
k+1,n−1.

In general, the vanishing of (d∇V)in−j−1,n−j defines uniquely Γ
i
n−j,n−j and the vanishing of

(d∇V)ik,n−j defines uniquely Γik+1,n−j taking into account all the previous conditions starting
from j = n− 1,k= n. In this way get all the Christoffel symbols apart from Γi1j = Γij1 which
vanish due to the condition∇e= 0. Thismeans that the connection constructed above is unique
and thus coincide with the connection obtained using conditions (7.1) and (7.2).

Remark 7.7. Alternatively one could also prove uniqueness observing that using the properties
of ∇ and the condition d∇(E ◦−a0I) = 0 one obtains conditions (7.1) and (7.2).

8. The case of an arbitrary number of Jordan blocks

Theorem 7.1 can be extended to the general case where the operator L= E◦ has a block diag-
onal form.

Theorem 8.1. For any choice of ε1, . . . ,εr there exists a unique regular bi-flat structure
(∇,∇∗,◦,∗,e,E) with canonical coordinates {u1, . . . ,un} such that d∇(E ◦−a0I) = 0, where
r is the number of the Jordan blocks (of sizes m1, . . . ,mr) of E◦ and, set m0 = 0,

a0 =
r∑

α=1

mαεαu
1(α) =

r∑
α=1

mαεαu
m0+m1+···+mα−1+1.
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In order to prove this theorem, the crucial Lemmas 6.2–6.6 must be suitably extended too
and some new preliminary results must be taken into account.

Let (M,◦,e,E) be a regular F-manifold of dimension n⩾ 2 with an Euler vector field E.
Around a point p ∈M, let the canonical form of the operator L= E◦ have r Jordan blocks
L1, . . . ,Lr of sizes m1, . . . ,mr with distinct eigenvalues. Let us define a0 =

∑r
α=1 εαTr(Lα).

Our final goal is to prove that for any choice of ε1, . . . ,εr there exists a unique regular bi-flat F-
structure with non-semisimple canonical coordinates such that L= E◦ and d∇(L− a0 I) = 0.

Any set of coordinates u1, . . . ,un for M can be re-labelled by means of the following nota-
tion: for each α ∈ {2, . . . ,r} and for each j ∈ {1, . . . ,mα} we write

j(α) = m1 + · · ·+mα−1 + j (8.1)

(for α= 1 we set j(α) = j) so that uj(α) denotes the j-th coordinate associated to the α-th
Jordan block. From now on, we will write ui when seeing the coordinate as running from 1
to the dimension of the manifold and we will write ui(α) when in need to highlight the Jordan
block to which the coordinate refers. According to this notation, ∂i and ∂i(α) will denote the
partial derivative with respect to ui and ui(α) respectively.

Let us recall that in these coordinates we have

• e=
r∑

α=1
∂1(α);

• E=
n∑

s=1
us ∂s =

r∑
σ=1

mσ∑
s=1

us(σ) ∂s(σ);

• ck(γ)i(α)j(β) = δγαδ
γ
βδ

k
i+j−1 for any α,β,γ ∈ {1, . . . ,r}, i ∈ {1, . . . ,mα}, j ∈ {1, . . . ,mβ},

k ∈ {1, . . . ,mγ}.

Remark 8.2. Due to regularity conditionwe are implicitly assuming that u2(α) ̸= 0 and u1(α) ̸=
u1(β) if α ̸= β.

8.1. The Christoffel symbols

The following proposition plays the role of conditions (7.1) and (7.2) in the case of a single
block of arbitrary size.

Proposition 8.3. Let α, β, γ be pairwise distinct. Then there exists a unique torsionless con-
nection ∇ satisfying the following conditions:

1. For each value of i, j,k

Γ
k(γ)
i(α)j(β) = 0. (8.2)

2. For every j,k when i⩾ 2

Γ
k(α)
i(β)j(α) = 0, (8.3)

and when i= 1

Γ
k(α)
1(β)j(α) = Γ

(k−j+1)(α)
1(β)1(α) =


0 if k< j,

mβεβ
u1(α)−u1(β) if k= j,

− 1
u1(α)−u1(β)

k−j+1∑
s=2

Γ
(k−j−s+2)(α)
1(β)1(α) us(α) if k> j.

(8.4)
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3. For each k when i+ j⩾ 3

Γ
k(α)
i(β)j(β) = 0, (8.5)

and when i = j = 1

Γ
k(α)
1(β)1(β) =−Γ

k(α)
1(β)1(α). (8.6)

4. The Christoffel symbols Γk(α)i(α)j(α) are defined by the following formulas

Γ
2(α)
2(α)2(α) =−mαεα

u2(α)
, (8.7)

and

Γ
k(α)
1(α)j(α) =−

∑
σ ̸=α

Γ
k(α)
1(σ)j(α) =


0 if k< j,

−
∑
σ ̸=α

mσεσ
u1(α)−u1(σ) if k= j,

∑
σ ̸=α

1
u1(α)−u1(σ)

k−j+1∑
s=2

Γ
(k−j−s+2)(α)
1(σ)1(α) us(α) if k> j,

(8.8)

and (for k⩾ 3)

Γ
k(α)
2(α)2(α) = Γ

(k−2)(α)
1(α)1(α) −Γ

2(α)
2(α)2(α)

uk(α)

u2(α)
− 1
u2(α)

k−3∑
l=1

(
Γ
(l+2)(α)
2(α)2(α) −Γ

l(α)
1(α)1(α)

)
u(k−l)(α),

(8.9)

and (for i, j⩾ 2)

Γ
k(α)
i(α)j(α) =

{
0 if k− i− j⩽−3,

Γ
(k−i−j+4)(α)
2(α)2(α) if k− i− j⩾−2.

(8.10)

Proof. The above formulas uniquely determine the expressions for all of the Christoffel sym-
bols. By (8.2) all of those Christoffel symbols whose indices correspond to pairwise distinct
Jordan blocks vanish. One therefore only needs expressions for the ones whose indices corres-
pond to at most two different Jordan blocks. Let us first explain how to construct Christoffel
symbols whose indices correspond to two distinct Jordan blocks, which we label by α and β.
By (8.4) we determine Γk(α)1(β)j(α) for k⩽ j and starting from these functions we determine the
Christoffel symbols{

Γ
k(α)
1(β)j(α) | j = 1, . . . ,mα, k= 1, . . . ,mα

}
.

By (8.3) we determine

Γ
k(α)
i(β)j(α) = 0

for i⩾ 2 for each j,k= 1, . . . ,mα. By (8.5) we determine

Γ
k(α)
i(β)j(β) = 0
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when i+ j⩾ 3 for each k= 1, . . . ,mα. By (8.6) we determine

Γ
k(α)
1(β)1(β) =−Γ

k(α)
1(β)1(α)

for each k= 1, . . . ,mα. Let us now explain how to construct Christoffel symbols whose
indices correspond to a single Jordan block, which we label by α. By (8.7) we determine
Γ
2(α)
2(α)2(α). By (8.8), for each j,k= 1, . . . ,mα we determine Γk(α)1(α)j(α). By (8.9), for each k≥ 3

we can determine recursivelyΓk(α)2(α)2(α) (since the formula forΓk(α)2(α)2(α) involves the Christoffel

symbols {Γt(α)1(α)1(α) | t= 1, . . . ,k− 2} that we already know from above and {Γt(α)2(α)2(α) | t=
2, . . . ,k− 1}). By (8.10), for each i, j⩾ 2 and for each k= 1, . . . ,mα we determine Γk(α)i(α)j(α) in

terms of the Christoffel symbols {Γt(α)2(α)2(α) | t= 2, . . . ,mα} that we know from above.

Example 8.4. The above proposition allows to recover all the formulas in section 6. For
instance, let us reconstruct the Christoffel symbols in the five-dimensional case of 3× 3+
2× 2 Jordan blocks by means of the above formulas. In this case we have

u1 = u1(1), u2 = u2(1), u3 = u3(1), u4 = u1(2), u5 = u2(2).

By (8.4) we get

Γ1
14 =

2ε4
u1 − u4

= Γ2
24 = Γ3

34

Γ4
14 =− 3ε1

u1 − u4
= Γ5

15

Γ2
14 =− 1

u1 − u4
Γ1
14u

2 =− 2ε4

(u1 − u4)2
u2 = Γ3

24

Γ3
14 =− 1

u1 − u4
(
Γ2
14u

2 +Γ1
14u

3
)
=

2ε4

(u1 − u4)3

((
u2
)2 − u1u3 + u3u4

)
Γ5
14 =

1
u1 − u4

Γ4
14u

5 =− 3ε1

(u1 − u4)2
u5

Γ4
15 = 0

Γ1
24 = 0= Γ1

34 = Γ2
34

Γ1
25 = 0= Γ1

35 = Γ2
35.

By (8.3) we get

Γki5 = 0 for i,k= 1,2,3

Γk2j = Γk3j = 0 for j,k= 4,5.

By (8.5) we get

Γ4
22 = 0= Γ4

23 = Γ4
33 = Γ5

22 = Γ5
23 = Γ5

33

Γ1
55 = 0= Γ2

55 = Γ3
55.
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By (8.6) and (8.8) we get

Γ1
12 =−Γ1

24 = 0

Γ2
12 =−Γ2

24 =− 2ε4
u1 − u4

Γ3
12 =−Γ3

24 =
2ε4

(u1 − u4)2
u2

Γ4
12 =−Γ4

24 = 0

Γ5
12 =−Γ5

24 = 0

Γ1
13 =−Γ1

34 = 0

Γ2
13 =−Γ2

34 = 0

Γ3
13 =−Γ3

34 =− 2ε4
u1 − u4

Γ4
13 =−Γ4

34 = 0

Γ5
13 =−Γ5

34 = 0

Γ1
45 =−Γ1

15 = 0

Γ2
45 =−Γ2

15 = 0

Γ3
45 =−Γ3

15 = 0

Γ4
45 =−Γ4

15 = 0

Γ5
45 =−Γ5

15 =
3ε1

u1 − u4

Γ1
11 =−Γ1

14 =− 2ε4
u1 − u4

Γ2
11 =−Γ2

14 =
2ε4

(u1 − u4)2
u2

Γ3
11 =−Γ3

14 =− 2ε4

(u1 − u4)3

((
u2
)2 − u1u3 + u3u4

)
Γ4
11 =−Γ4

14 =
3ε1

u1 − u4

Γ5
11 =−Γ5

14 =
3ε1

(u1 − u4)2
u5

Γ1
44 =−Γ1

14 =− 2ε4
u1 − u4

Γ2
44 =−Γ2

14 =
2ε4

(u1 − u4)2
u2

Γ3
44 =−Γ3

14 =− 2ε4

(u1 − u4)3

((
u2
)2 − u1u3 + u3u4

)
Γ4
44 =−Γ4

14 =
3ε1

u1 − u4

Γ5
44 =−Γ5

14 =
3ε1

(u1 − u4)2
u5.
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By (8.7) we get

Γ2
22 =−3ε1

u2

Γ5
55 =−2ε4

u5
.

By (8.9) we get

Γ3
22 = Γ1

11 −Γ2
22
u3

u2
=− 2ε4

u1 − u4
+

3ε1

(u2)2
u3.

By (8.10) we get

Γ1
22 = 0= Γ1

23 = Γ1
33 = Γ2

23 = Γ2
33 = Γ3

33

Γ3
23 = Γ2

22 =−3ε1
u2

Γ4
55 = 0.

We obtained the same expressions as the ones exemplified is section 6.

Remark 8.5. All the Christoffel symbols can be obatained from the functions Γ
2(α)
2(α)2(α) =

−mαεα
u2(α) and Γ1(α)

1(β)1(α) =
mβεβ

u1(α)−u1(β) (with β ̸= α). The last functions appear only in the case of
multiple Jordan blocks and are at the origin of the additional difficulties one meets in the proof
of the general case. However, exactly as in the case of a single block, increasing the size of a
block mα = N→ mα = N+ 1 and rescaling the corresponding weight εα → N+1

N εα does not

affect the definition of the Christoffels symbols Γk(β)i(σ)j(τ) for the original range of the indices.

Remark 8.6. It is easy to observe that a0 is a flat coordinate for ∇, namely ∇(da0) = 0.

Remark 8.7. It is likewise easy to check that ddLa0 = 0.

8.2. Technical lemmas

The results of this subsection follow from the above expressions for the Christoffel symbols
and play a crucial role in the proof of the main theorem. We omit the details.

Lemma 8.8. For every choice of α, β, γ, δ ∈ {1, . . . ,r} we have

∂Γ
k(γ)
i(α)j(β)

∂ul(δ)
=

∂Γ
(k−1)(γ)
i(α)j(β)

∂u(l−1)(δ)
(8.11)

for all k ∈ {2, . . . ,mγ} and l ∈ {3, . . . ,mδ}. Moreover, if β ̸= α= γ = δ then (8.11) holds for
l= 2 as well.

Lemma 8.9. For each α, β ∈ {1, . . . ,r}, i ∈ {1, . . . ,mα}, j ∈ {1, . . . ,mβ} we have

n∑
k=1

Γ
i(α)
j(β)k u

k =


0 if i ̸= j

−δαβ
∑
σ ̸=α

mσεσ +
(
1− δαβ

)
mβεβ if i = j = 1

−δαβ
r∑

τ=1
mτετ if i = j ̸= 1.

(8.12)
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Lemma 8.10. For each α, β ∈ {1, . . . ,r}, i ∈ {1, . . . ,mα}, j ∈ {1, . . . ,mβ} we have

∇j(β)E
i(α) =



0 if i ̸= j

δαβ

(
1−

∑
σ ̸=α

mσεσ

)
+
(
1− δαβ

)
mβεβ if i = j = 1

δαβ

(
1−

r∑
τ=1

mτετ

)
if i = j ̸= 1.

(8.13)

Lemma 8.11. For each α ∈ {1, . . . ,r} and l ∈ {3, . . . ,mα − 1}, we have

Al(α) := Γ
2(α)
2(α)2(α)

(
u3(α)

u2(α)
ul(α) − u(l+1)(α)

)
−

l−1∑
s=2

(
Γ
(s+2)(α)
2(α)2(α) −Γ

s(α)
1(α)1(α)

)
u(l−s+1)(α) = 0.

(8.14)

Lemma 8.12. For each α,σ ∈ {1, . . . ,r} with α ̸= σ and l ∈ {1, . . . ,mα − 2}, we have

∂1(σ)

(
Γ
(l+2)(α)
2(α)2(α) −Γ

l(α)
1(α)1(α)

)
= 0. (8.15)

Lemma 8.13. Given α,β,ϵ ∈ {1, . . . ,r} with α ̸= β ̸= ϵ ̸= α and s ∈ {1, . . . ,mα − 1},

Bs(α)βϵ :=−
s+1∑
t=1

Γ
(s−t+2)(α)
1(ϵ)1(α) Γ

t(α)
1(β)1(α) +Γ

(s+1)(α)
1(β)1(α) Γ

1(β)
1(ϵ)1(β) +Γ

(s+1)(α)
1(ϵ)1(α) Γ

1(ϵ)
1(β)1(ϵ) = 0. (8.16)

Lemma 8.14. Given α,β ∈ {1, . . . ,r} with α ̸= β and s ∈ {0, . . . ,mα − 2}3, we have

Cs(α)β :=
s+1∑
l=2

(
Γ
(s−l+4)(α)
2(α)2(α) −Γ

(s−l+2)(α)
1(α)1(α)

)
Γ
l(α)
1(β)1(α) +Γ

2(α)
2(α)2(α)Γ

(s+2)(α)
1(β)1(α)

+Γ
(s+1)(α)
1(β)1(α) Γ

1(β)
1(α)1(β) = 0. (8.17)

We have all the ingredients to prove theorem 8.1. The proof is divided in the following
steps:

(1) ∇e= 0.
(2) d∇(E ◦−a0I) = 0.
(3) Compatibility between∇ and ◦.
(4) Linearity of the Euler vector field.
(5) Flatness of ∇.
(6) Uniqueness.

8.3. ∇e= 0

The condition ∇e= 0 is equivalent to the request that for every α,β ∈ {1, . . . ,r} and i ∈
{1, . . . ,mα}, j ∈ {1, . . . ,mβ}

3 The summation is intended to be non-zero when s ⩾ 1.
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r∑
σ=1

Γ
i(α)
1(σ)j(β) = 0. (8.18)

This condition is verified by the Christoffel symbols defined above.

8.4. d∇(E ◦−a0I) = 0

Let us consider now the condition

d∇ (L− a0 I) = 0 (8.19)

for L= E◦. For each α,β,γ = 1, . . . ,r and i = 1, . . . ,mα, j = 1, . . . ,mβ , k= 1, . . . ,mγ we have

(d∇ (L− a0 I))
i(α)
j(β)k(γ) = ∂j(β) (L− a0 I)

i(α)
k(γ) − ∂k(γ) (L− a0 I)

i(α)
j(β)

+Γ
i(α)
j(β)l(δ) (L− a0 I)

l(δ)
k(γ) −Γ

i(α)
k(γ)l(δ) (L− a0 I)

l(δ)
j(β)

= δαγ δ
α
β δ

i−k+1
j − δαγ δ

i
kmβεβδ

1
j −δαβ δ

α
γ δ

i−j+1
k + δαβ δ

i
jmγεγδ

1
k

+
r∑

δ=1

mδ∑
l=1

Γ
i(α)
j(β)l(δ)δδγu

(l−k+1)(γ)1{l⩾k}

−
r∑

δ=1

mδ∑
l=1

Γ
i(α)
k(γ)l(δ)δδβu

(l−j+1)(β)1{l⩾j}

= δαβ δ
i
jmγεγδ

1
k − δαγ δ

i
kmβεβδ

1
j +

mγ∑
l=k

Γ
i(α)
j(β)l(γ)u

(l−k+1)(γ)

−
mβ∑
l=j

Γ
i(α)
k(γ)l(β)u

(l−j+1)(β)

as

(L− a0 I)
a(η)
b(µ) = La(η)b(µ) − a0 δ

a(η)
b(µ) = δηµ

mη∑
s=1

us(η) δa+b−1
s − δηµ δ

a
b

r∑
α=1

mαεαu
1(α)

for each η,µ= 1, . . . ,r and a= 1, . . . ,mη , b= 1, . . . ,mβ . Therefore (8.19) amounts to

δαβ δ
i
jmγεγδ

1
k − δαγ δ

i
kmβεβδ

1
j +

mγ∑
l=k

Γ
i(α)
j(β)l(γ)u

(l−k+1)(γ) −
mβ∑
l=j

Γ
i(α)
k(γ)l(β)u

(l−j+1)(β) = 0 (8.20)

for each α,β,γ = 1, . . . ,r and i = 1, . . . ,mα, j = 1, . . . ,mβ , k= 1, . . . ,mγ . We split the proof
in the following cases:

1. α= β = γ
2. α= β ̸= γ (this also covers α= γ ̸= β)

3. α ̸= β = γ
4. α,β,γ are pairwise distinct.

Case 1: α= β = γ. Condition (8.20) becomes

mαεα
(
δijδ

1
k − δikδ

1
j

)
+

mα∑
l=k

Γ
i(α)
j(α)l(α)u

(l−k+1)(α) −
mα∑
l=j

Γ
i(α)
k(α)l(α)u

(l−j+1)(α) = 0 (8.21)
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which is trivially satisfied if j = k= 1 due to the symmetry between the indices j, k. If both j
and k are greater or equal than 2, the left hand side term of (8.21) reads

mα∑
l=k

Γ
i(α)
j(α)l(α)u

(l−k+1)(α) −
mα∑
l=j

Γ
i(α)
k(α)l(α)u

(l−j+1)(α)

(8.10)
=

i−j+2∑
l=k

Γ
(i−j−l+4)(α)
2(α)2(α) u(l−k+1)(α) −

i−k+2∑
l=j

Γ
(i−k−l+4)(α)
2(α)2(α) u(l−j+1)(α)

which vanishes by changing the variables in the two summations. Let us then consider the case
where j= 1 and k⩾ 2 (this covers the case where j⩾ 2 and k= 1 as well). The left hand side
term of (8.21) reads

− δikmαεα +

mα∑
l=k

Γ
i(α)
1(α)l(α)u

(l−k+1)(α) −
mα∑
l=1

Γ
i(α)
k(α)l(α)u

l(α)

(8.8)
=

(8.10)
−δikmαεα +

i∑
l=k

Γ
i(α)
1(α)l(α)u

(l−k+1)(α) −Γ
i(α)
1(α)k(α)u

1(α) −
i−k+2∑
l=2

Γ
i(α)
k(α)l(α)u

l(α)

(8.8)
=

(8.10)
−δikmαεα +

i∑
l=k+1

Γ
(i−l+1)(α)
1(α)1(α) u(l−k+1)(α) −

i−k+2∑
l=2

Γ
(i−k−l+4)(α)
2(α)2(α) ul(α) (8.22)

which trivially vanishes if i< k and which vanishes by means of (8.7) if i= k. Let us then fix
i> k. (8.22) becomes

i∑
l=k+1

Γ
(i−l+1)(α)
1(α)1(α) u(l−k+1)(α) −

i−k+2∑
l=2

Γ
(i−k−l+4)(α)
2(α)2(α) ul(α)

=
i−k+1∑
s=2

Γ
(i−k−s+2)(α)
1(α)1(α) us(α) −

i−k+2∑
l=2

Γ
(i−k−l+4)(α)
2(α)2(α) ul(α)

=−
i−k+1∑
l=2

(
Γ
(i−k−l+4)(α)
2(α)2(α) −Γ

(i−k−l+2)(α)
1(α)1(α)

)
ul(α) −Γ

2(α)
2(α)2(α)u

(i−k+2)(α)

=−
i−k∑
s=1

(
Γ
(s+2)(α)
2(α)2(α) −Γ

s(α)
1(α)1(α)

)
u(i−k−s+2)(α) −Γ

2(α)
2(α)2(α)u

(i−k+2)(α)

(8.14)
= −

(
Γ
3(α)
2(α)2(α) −Γ

1(α)
1(α)1(α)

)
u(i−k+1)(α) −Γ

2(α)
2(α)2(α)

u3(α)

u2(α)
u(i−k+1)(α) (8.9)

= 0.

Case 2: α= β ̸= γ. Condition (8.20) becomes

δijmγεγδ
1
k +

mγ∑
l=k

Γ
i(α)
j(α)l(γ)u

(l−k+1)(γ) −
mα∑
l=j

Γ
i(α)
k(γ)l(α)u

(l−j+1)(α) = 0
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that, by means of (8.3) and (8.4), is

δ1k

δijmγεγ +Γ
(i−j+1)(α)
1(α)1(γ) u1(γ) −

i∑
l=j

Γ
(i−l+1)(α)
1(γ)1(α) u(l−j+1)(α)

= 0 (8.23)

which is trivially satisfied for k⩾ 2. Let us then fix k= 1. If i< j then (8.23) is satisfied by
means of (8.4). If i= j then the left hand side of (8.23) reads

mγεγ +Γ
1(α)
1(α)1(γ)u

1(γ) −Γ
1(α)
1(γ)1(α)u

1(α) (8.4)
= 0.

If i> j then the left hand side of (8.23) reads

Γ
(i−j+1)(α)
1(α)1(γ) u1(γ) −

i∑
l=j

Γ
(i−l+1)(α)
1(γ)1(α) u(l−j+1)(α)

=−Γ
(i−j+1)(α)
1(γ)1(α)

(
u1(α) − u1(γ)

)
−

i∑
l=j+1

Γ
(i−l+1)(α)
1(γ)1(α) u(l−j+1)(α)

=−Γ
(i−j+1)(α)
1(γ)1(α)

(
u1(α) − u1(γ)

)
−

i−j+1∑
s=2

Γ
(i−j−s+2)(α)
1(γ)1(α) us(α)

(8.4)
= 0.

Case 3: α ̸= β = γ. Condition (8.20) becomes

mβ∑
l=k

Γ
i(α)
j(β)l(β)u

(l−k+1)(β) −
mβ∑
l=j

Γ
i(α)
k(β)l(β)u

(l−j+1)(β) = 0 (8.24)

where, by means of (8.5), the two sums survive only if j = k= 1 (and with the only l= 1 term),
in which case they mutually cancel out.
Case 4: α ̸= β ̸= γ ̸= α. Condition (8.20) is trivially satisfied by means of (8.2).

8.5. Compatibility between ∇ and ◦

We are now going to prove that

∇i(α) c
l(ϵ)
j(β)k(γ) =∇j(β) c

l(ϵ)
i(α)k(γ)

which is equivalent to

Γ
l(ϵ)
i(α)s(σ)c

s(σ)
j(β)k(γ) −Γ

s(σ)
i(α)k(γ)c

l(ϵ)
j(β)s(σ) = Γ

l(ϵ)
j(β)s(σ)c

s(σ)
i(α)k(γ) −Γ

s(σ)
j(β)k(γ)c

l(ϵ)
i(α)s(σ)

and

Γ
l(ϵ)
i(α)( j+k−1)(β)δβγ −Γ

(l−j+1)(β)
i(α)k(γ) δϵβ = Γ

l(ϵ)
j(β)(i+k−1)(α)δαγ −Γ

(l−i+1)(α)
j(β)k(γ) δεα (8.25)

for all α, β, γ, ϵ ∈ {1, . . . ,r} and any suitable choice of the indices i, j, k, l. The possible cases
are the following ones:

1. α= β = γ = ϵ
2. α= β = γ ̸= ϵ
3. α= β = ϵ ̸= γ

4. α= γ = ϵ ̸= β
5. β = γ = ϵ ̸= α
6. α= β ̸= γ = ϵ

7. α= γ ̸= β = ϵ
8. α= ϵ ̸= β = γ
9. otherwise.
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Case 1: α= β = γ = ϵ. (8.25) becomes

Γ
l(α)
i(α)( j+k−1)(α) −Γ

(l−j+1)(α)
i(α)k(α) = Γ

l(α)
j(α)(i+k−1)(α) −Γ

(l−i+1)(α)
j(α)k(α) (8.26)

If i= 1 (or equivalently j= 1) then this is

Γ
l(α)
1(α)( j+k−1)(α) −Γ

(l−j+1)(α)
1(α)k(α) = Γ

l(α)
j(α)k(α) −Γ

l(α)
j(α)k(α)

where both the left and the right-hand sides vanish, as

Γ
l(α)
1(α)( j+k−1)(α) −Γ

(l−j+1)(α)
1(α)k(α)

(8.18)
= −

∑
σ ̸=α

(
Γ
l(α)
1(σ)( j+k−1)(α) −Γ

(l−j+1)(α)
1(σ)k(α)

)
(8.4)
= −

∑
σ ̸=α

(
Γ
(l−j+1)(α)
1(σ)k(α) −Γ

(l−j+1)(α)
1(σ)k(α)

)
= 0.

If k= 1 then (8.26) reads

Γ
l(α)
i(α)j(α) −Γ

(l−j+1)(α)
i(α)1(α) = Γ

l(α)
j(α)i(α) −Γ

(l−i+1)(α)
j(α)1(α)

that holds true, as

Γ
(l−j+1)(α)
i(α)1(α)

(8.18)
= −

∑
σ ̸=α

Γ
(l−j+1)(α)
i(α)1(σ)

(8.4)
= −

∑
σ ̸=α

Γ
(l−i−j+2)(α)
1(α)1(σ)

(8.4)
= −

∑
σ ̸=α

Γ
(l−i+1)(α)
j(α)1(σ)

(8.18)
= Γ

(l−i+1)(α)
j(α)1(α) .

If all of i, j and k are greater or equal then 2 then, by (8.10) and (8.26) reads

Γ
(l−i−j−k+5)(α)
2(α)2(α) −Γ

(l−i−j−k+5)(α)
2(α)2(α) = Γ

(l−i−j−k+5)(α)
2(α)2(α) −Γ

(l−i−j−k+5)(α)
2(α)2(α)

which is trivially verified.

Case 2: α= β = γ ̸= ϵ. (8.25) becomes

Γ
l(ϵ)
i(α)( j+k−1)(α) = Γ

l(ϵ)
j(α)(i+k−1)(α)

which is true by means of (8.5) and (8.6).

Case 3: α= β = ϵ ̸= γ. (8.25) becomes

−Γ
(l−j+1)(α)
i(α)k(γ) =−Γ

(l−i+1)(α)
j(α)k(γ)

which is true by means of (8.3) and (8.4).

Case 4: α= γ = ϵ ̸= β. (8.25) becomes

0= Γ
l(α)
j(β)(i+k−1)(α) −Γ

(l−i+1)(α)
j(β)k(α)

which is true by means of (8.3) and (8.4).
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Case 5: β = γ = ϵ ̸= α. (8.25) becomes

Γ
l(β)
i(α)( j+k−1)(β) −Γ

(l−j+1)(β)
i(α)k(β) = 0

which is true by means of (8.3) and (8.4).

Case 6: α= β ̸= γ = ϵ. (8.25) becomes 0= 0.

Case 7: α= γ ̸= β = ϵ. (8.25) becomes

−Γ
(l−j+1)(β)
i(α)k(α) = Γ

l(β)
j(β)(i+k−1)(α)

which is true by means of (8.3)–(8.6).

Case 8: α= ϵ ̸= β = γ. (8.25) becomes

Γ
l(α)
i(α)( j+k−1)(β) =−Γ

(l−i+1)(α)
j(β)k(β)

which is true by means of (8.3)–(8.6).

Case 9: at least three among α, β, γ, ε are pairwise distinct. (8.25) becomes trivially 0= 0.
This proves compatibility between∇ and ◦.

8.6. Linearity of the Euler vector field

We are now going to show that∇,∇∗ are flat connections. We know that if we take the flatness
of ∇ as already verified and assume ∇∇E= 0, then we deduce that (∇,∇∗,◦,∗,e,E) define
a bi-flat structure on M. It is then enough for us to only prove the flatness of ∇ and to verify
the condition ∇∇E= 0.

Let us start by proving∇∇E= 0. We have

∇i(α)∇j(β)E
k(γ) = ∂i(α)∇j(β)E

k(γ) +Γ
k(γ)
i(α)l(σ)∇j(β)E

l(σ) −Γ
l(σ)
i(α)j(β)∇l(σ)E

k(γ)

where, by means of (8.13), ∇j(β)Ek(γ) is constant and ∇j(β)El(σ), ∇l(σ)Ek(γ) vanish respect-
ively whenever l ̸= j, l ̸= k. Thus

∇i(α)∇j(β)E
k(γ) = Γ

k(γ)
i(α)j(σ)∇j(β)E

j(σ) −Γ
k(σ)
i(α)j(β)∇k(σ)E

k(γ). (8.27)

The possible cases are:

1. α= β = γ
2. α= β ̸= γ

3. α= γ ̸= β
4. β = γ ̸= α

5. α ̸= β ̸= γ ̸= α.

Case 1: α= β = γ.

∇i(α)∇j(β)E
k(γ) = Γ

k(α)
i(α)j(σ)∇j(α)E

j(σ) −Γ
k(σ)
i(α)j(α)∇k(σ)E

k(α)

= Γ
k(α)
i(α)j(α)

(
∇j(α)E

j(α) −∇k(α)E
k(α)
)

+
∑
σ ̸=α

(
Γ
k(α)
i(α)j(σ)∇j(α)E

j(σ) −Γ
k(σ)
i(α)j(α)∇k(σ)E

k(α)

)
. (8.28)
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If j = k= 1 then

∇i(α)∇j(β)E
k(γ) = Γ

1(α)
i(α)1(α)

(
∇1(α)E

1(α) −∇1(α)E
1(α)
)

+
∑
σ ̸=α

(
Γ
1(α)
i(α)1(σ)∇1(α)E

1(σ) −Γ
1(σ)
i(α)1(α)∇1(σ)E

1(α)
)

which vanishes by (8.3) and (8.5) if i⩾ 2 and by (8.2), (8.4), (8.13) and (8.18) if i= 1. If both
j and k are greater or equal then 2 then (8.28) vanishes by (8.13). If j= 1 and k⩾ 2 then (8.28)
vanishes by (8.13) and (8.18). If j⩾ 2 and k= 1 then (8.28) becomes

∇i(α)∇j(β)E
k(γ) (8.13)

= −Γ
1(α)
i(α)j(α)mαεα −

∑
σ ̸=α

Γ
1(σ)
i(α)j(α)mσεσ

which is

∇i(α)∇j(β)E
k(γ) =−Γ

1(α)
1(α)j(α)mαεα −

∑
σ ̸=α

Γ
1(σ)
1(α)j(α)mσεσ

(8.18)
=

(8.2)
0

if i= 1 and

∇i(α)∇j(β)E
k(γ) =−Γ

1(α)
i(α)j(α)mαεα −

∑
σ ̸=α

Γ
1(σ)
i(α)j(α)mσεσ

(8.5)
=

(8.10)
0

(as 1− i− j⩽ 1− 2− 2=−3) if i⩾ 2.

Case 2: α= β ̸= γ.

∇i(α)∇j(α)E
k(γ) = Γ

k(γ)
i(α)j(σ)∇j(α)E

j(σ) −Γ
k(σ)
i(α)j(α)∇k(σ)E

k(γ)

(8.2)
= Γ

k(γ)
i(α)j(α)∇j(α)E

j(α) −Γ
k(α)
i(α)j(α)∇k(α)E

k(γ) +Γ
k(γ)
i(α)j(γ)∇j(α)E

j(γ)

−Γ
k(γ)
i(α)j(α)∇k(γ)E

k(γ) −
∑

σ ̸=α,γ

Γ
k(σ)
i(α)j(α)∇k(σ)E

k(γ). (8.29)

If j⩾ 2 and k⩾ 2 then it vanishes by (8.13). If j = k= 1 then (8.29) becomes

∇i(α)∇j(α)E
k(γ) (8.18)

=
(8.2)

−Γ
1(γ)
i(α)1(γ)∇1(α)E

1(α) +Γ
1(α)

i(α)1(γ)∇1(α)E
1(γ)

+
∑

σ ̸=α,γ

Γ
1(α)

i(α)1(σ)∇1(α)E
1(γ)

+Γ
1(γ)
i(α)1(γ)∇1(α)E

1(γ) +Γ
1(γ)
i(α)1(γ)∇1(γ)E

1(γ) +
∑

σ ̸=α,γ

Γ
1(σ)

i(α)1(σ)∇1(σ)E
1(γ)

(8.13)
= Γ

1(γ)
i(α)1(γ)mγεγ +Γ

1(α)

i(α)1(γ)mαεα +
∑

σ ̸=α,γ

Γ
1(α)

i(α)1(σ)mαεα

+
∑

σ ̸=α,γ

Γ
1(σ)

i(α)1(σ)mσεσ
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which vanishes by (8.3) and (8.4) both if i⩾ 2 and if i= 1. If j= 1 and k⩾ 2 then (8.29)
vanishes by (8.2), (8.13) and (8.18). If j⩾ 2 and k= 1 then (8.29) vanishes by (8.4), (8.5),
(8.8) and (8.10).

Case 3: α= γ ̸= β.

∇i(α)∇j(β)E
k(γ) = Γ

k(α)
i(α)j(σ)∇j(β)E

j(σ) −Γ
k(σ)
i(α)j(β)∇k(σ)E

k(α)

(8.2)
= Γ

k(α)
i(α)j(α)∇j(β)E

j(α) −Γ
k(α)
i(α)j(β)∇k(α)E

k(α)

+Γ
k(α)
i(α)j(β)∇j(β)E

j(β) −Γ
k(β)
i(α)j(β)∇k(β)E

k(α)

+
∑

σ ̸=α,β

Γ
k(α)
i(α)j(σ)∇j(β)E

j(σ). (8.30)

If both j⩾ 2 and k⩾ 2 then it vanishes by (8.13). If j = k= 1 then (8.30) becomes

∇i(α)∇j(β)E
k(γ) = Γ

1(α)
i(α)1(α)∇1(β)E

1(α) −Γ
1(α)
i(α)1(β)∇1(α)E

1(α)

+Γ
1(α)
i(α)1(β)∇1(β)E

1(β) −Γ
1(β)
i(α)1(β)∇1(β)E

1(α)

+
∑

σ ̸=α,β

Γ
1(α)
i(α)1(σ)∇1(β)E

1(σ)

which trivially vanishes if i⩾ 2 (by (8.3), (8.4) and (8.8)) and is

∇i(α)∇j(β)E
k(γ) (8.13)

=
(8.18)

−Γ
1(α)

1(β)1(α)mβεβ −
∑

σ ̸=α,β

Γ
1(α)

1(σ)1(α)mβεβ −Γ
1(α)

1(α)1(β)

1−
∑
σ ̸=α

mσεσ


+Γ

1(α)

1(α)1(β)

1−
∑
σ ̸=β

mσεσ

−Γ
1(β)
1(α)1(β)mβεβ +

∑
σ ̸=α,β

Γ
1(α)

1(α)1(σ)mβεβ

=−Γ
1(α)

1(β)1(α)mαεα −Γ
1(β)
1(α)1(β)mβεβ

(8.4)
= 0

if i= 1. If j= 1 and k⩾ 2 then (8.30) becomes

∇i(α)∇j(β)E
k(γ) (8.13)

= −Γ
k(α)
i(α)1(β)mβεβ −

∑
σ ̸=α,β

Γ
k(α)
i(α)1(σ)mβεβ −Γ

k(α)
i(α)1(β)

(
1−

r∑
τ=1

mτετ

)

+Γ
k(α)
i(α)1(β)

1−
∑
σ ̸=β

mσεσ

+
∑

σ ̸=α,β

Γ
k(α)
i(α)1(σ)mβεβ

= Γ
k(α)
i(α)1(β)

(
−mβεβ +

r∑
τ=1

mτετ −
∑
σ ̸=β

mσεσ

)
= 0.

If j⩾ 2 and k= 1 then (8.30) vanishes by (8.3), (8.4) and (8.13).
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Case 4: β = γ ̸= α.

∇i(α)∇j(β)E
k(γ) = Γ

k(β)
i(α)j(σ)∇j(β)E

j(σ) −Γ
k(σ)
i(α)j(β)∇k(σ)E

k(β)

(8.2)
= Γ

k(β)
i(α)j(α)∇j(β)E

j(α) −Γ
k(α)
i(α)j(β)∇k(α)E

k(β)

+Γ
k(β)
i(α)j(β)∇j(β)E

j(β) −Γ
k(β)
i(α)j(β)∇k(β)E

k(β). (8.31)

If both j⩾ 2 and k⩾ 2 then it vanishes by (8.13). If j = k= 1 then (8.31) becomes

∇i(α)∇j(β)E
k(γ) (8.13)

=
(8.18)(8.2)

−Γ
1(β)
i(α)1(β)mβεβ −Γ

1(α)
i(α)1(β)mαεα

+Γ
1(β)
i(α)1(β)

1−
∑
σ ̸=β

mσεσ

−Γ
1(β)
i(α)1(β)

1−
∑
σ ̸=β

mσεσ

 (8.4)
= 0.

If j= 1 and k⩾ 2 then (8.31) becomes

∇i(α)∇j(β)E
k(γ) (8.13)

= Γ
k(β)
i(α)1(β)

−mβεβ + 1−
∑
σ ̸=β

mσεσ − 1+
r∑

τ=1

mτετ

= 0.

If j⩾ 2 and k= 1 then (8.31) vanishes by (8.3), (8.4) and (8.13).

Case 5: α ̸= β ̸= γ ̸= α.

∇i(α)∇j(β)E
k(γ) = Γ

k(γ)
i(α)j(σ)∇j(β)E

j(σ) −Γ
k(σ)
i(α)j(β)∇k(σ)E

k(γ) (8.2)
= Γ

k(γ)
i(α)j(α)∇j(β)E

j(α)

−Γ
k(α)
i(α)j(β)∇k(α)E

k(γ) −Γ
k(β)
i(α)j(β)∇k(β)E

k(γ) +Γ
k(γ)
i(α)j(γ)∇j(β)E

j(γ).

(8.32)

If both j⩾ 2 and k⩾ 2 then it vanishes by (8.13). If j = k= 1 then (8.32) becomes

∇i(α)∇j(β)E
k(γ) (8.13)

=
(8.18)(8.2)

−Γ
1(γ)
i(α)1(γ)mβεβ −Γ

1(α)
i(α)1(β)mαεα

−Γ
1(β)
i(α)1(β)mβεβ +Γ

1(γ)
i(α)1(γ)mβεβ

(8.4)
= 0.

If j= 1 and k⩾ 2 then (8.32) vanishes by (8.13). If j⩾ 2 and k= 1 then (8.32) vanishes by (8.3)
and (8.13). This proves that ∇∇E= 0.

8.7. Flatness of ∇

We are now left with proving the flatness of∇, i.e. R= 0. By the symmetries of

Ri(α)h(ϵ)k(γ)j(β) = ∂k(γ)Γ
i(α)
h(ϵ)j(β) − ∂h(ϵ)Γ

i(α)
k(γ)j(β)

+
r∑

σ=1

mσ∑
l=1

(
Γ
i(α)
k(γ)l(σ)Γ

l(σ)
h(ϵ)j(β) −Γ

i(α)
h(ϵ)l(σ)Γ

l(σ)
k(γ)j(β)

)
(8.33)
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the cases to be considered are the following ones:

1. α= β = γ = ϵ
2. α= β = γ ̸= ϵ
3. α= γ = ϵ ̸= β
4. β = γ = ϵ ̸= α

5. α= β ̸= γ = ϵ
6. α= γ ̸= β = ϵ
7. α= β /∈ {γ,ϵ} ,γ ̸= ϵ
8. α= γ /∈ {β,ϵ} ,β ̸= ϵ

9. β = γ /∈ {α,ϵ} ,α ̸= ϵ
10. γ = ϵ /∈ {α,β} ,α ̸= β
11. α,β,γ and ϵ are pairwise distinct.

Case 1: α= β = γ = ϵ. Our goal is to prove that

Ri(α)h(α)k(α)j(α) = ∂k(α)Γ
i(α)
h(α)j(α) − ∂h(α)Γ

i(α)
k(α)j(α)

+

mα∑
l=1

(
Γ
i(α)
k(α)l(α)Γ

l(α)
h(α)j(α) −Γ

i(α)
h(α)l(α)Γ

l(α)
k(α)j(α)

)

+
∑
σ ̸=α

mσ∑
l=1

(
Γ
i(α)
k(α)l(σ)Γ

l(σ)
h(α)j(α) −Γ

i(α)
h(α)l(σ)Γ

l(σ)
k(α)j(α)

)
(8.34)

vanishes. Let us first note that for each integer N⩾ 2 it is possible to recover part of the
Christoffel symbols for the case where mα = N+ 1 starting from the ones for the case where
mα = N. More precisely, let us denote by (ΓN+1)kij the Christoffel symbols in the case where
mα = N+ 1 and by (ΓN)kij the Christoffel symbols in the case where mα = N, where the sizes
mσ of the remaining blocks σ ̸= α are the same and where the constant εα has been replaced
by N+1

N εα. (
ΓN+1

)k(β)
i(σ)j(τ)

=
(
ΓN
)k(β)
i(σ)j(τ)

(8.35)

for any possible choice of the indices in the right hand side (see remark 8.5). In the wake of this
property, we will proceed by induction over mα. Let us first consider the case4 where mα = 2,
so that the indices i, j, k and h run from 1 to 2. In particular, since Ri(α)h(α)k(α)j(α) automatically
vanishes when k= h, the only relevant cases are the one where k= 1, h= 2 and the one where
k= 2, h= 1. By using the symmetries of R, we only consider the case where k= 1 and h= 2,
hence obtaining

Ri(α)2(α)1(α)j(α) = ∂1(α)Γ
i(α)
2(α)j(α) − ∂2(α)Γ

i(α)
1(α)j(α) +

2∑
l=1

(
Γ
i(α)
1(α)l(α)Γ

l(α)
2(α)j(α)

−Γ
i(α)
2(α)l(α)Γ

l(α)
1(α)j(α)

)
+
∑
σ ̸=α

mσ∑
l=1

(
Γ
i(α)
1(α)l(σ)Γ

l(σ)
2(α)j(α) −Γ

i(α)
2(α)l(σ)Γ

l(σ)
1(α)j(α)

)
(8.36)

where both Γi(α)1(α)l(σ) and Γ
i(α)
2(α)l(σ) survive only for l= 1 by (8.3). This yields

Ri(α)2(α)1(α)j(α) = ∂1(α)Γ
i(α)
2(α)j(α) − ∂2(α)Γ

i(α)
1(α)j(α) +Γ

i(α)
1(α)1(α)Γ

1(α)
2(α)j(α) −Γ

i(α)
2(α)1(α)Γ

1(α)
1(α)j(α)

+Γ
i(α)
1(α)2(α)Γ

2(α)
2(α)j(α) −Γ

i(α)
2(α)2(α)Γ

2(α)
1(α)j(α)

+
∑
σ ̸=α

(
Γ
i(α)
1(α)1(σ)Γ

1(σ)
2(α)j(α) −Γ

i(α)
2(α)1(σ)Γ

1(σ)
1(α)j(α)

)
. (8.37)

4 The case where mα = 1 is trivial, as k= h= 1 directly implies Ri(α)
h(α)k(α)j(α)

= 0.
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If i= 1 we get

R1(α)
2(α)1(α)j(α)

(8.4)
= ∂1(α)Γ

1(α)
2(α)j(α) − ∂2(α)Γ

1(α)
1(α)j(α) +Γ

1(α)
1(α)1(α)Γ

1(α)
2(α)j(α) −Γ

1(α)
2(α)1(α)Γ

1(α)
1(α)j(α)

+Γ
1(α)
1(α)2(α)Γ

2(α)
2(α)j(α) −Γ

1(α)
2(α)2(α)Γ

2(α)
1(α)j(α) +

∑
σ ̸=α

Γ
1(α)
1(α)1(σ)Γ

1(σ)
2(α)j(α)

that becomes

R1(α)
2(α)1(α)1(α) = ∂1(α)Γ

1(α)
2(α)1(α) − ∂2(α)Γ

1(α)
1(α)1(α) +Γ

1(α)
1(α)1(α)Γ

1(α)
2(α)1(α) −Γ

1(α)
2(α)1(α)Γ

1(α)
1(α)1(α)

+Γ
1(α)
1(α)2(α)Γ

2(α)
2(α)1(α) −Γ

1(α)
2(α)2(α)Γ

2(α)
1(α)1(α) +

∑
σ ̸=α

Γ
1(α)
1(α)1(σ)Γ

1(σ)
2(α)1(α)

(8.4)(8.10)
=

(8.18)

∑
σ ̸=α

∂2(α)Γ
1(α)
1(σ)1(α)

(8.4)
=
∑
σ ̸=α

∂2(α)

(
mσεσ

u1(α) − u1(σ)

)
= 0

when j= 1 and R1(α)
2(α)1(α)2(α) = 0 by (8.5), (8.8) and (8.10) when j= 2. If i= 2 then (8.37) reads

R2(α)
2(α)1(α)j(α) = ∂1(α)Γ

2(α)
2(α)j(α) − ∂2(α)Γ

2(α)
1(α)j(α) +Γ

2(α)
1(α)1(α)Γ

1(α)
2(α)j(α)

−Γ
2(α)
2(α)1(α)Γ

1(α)
1(α)j(α) +Γ

2(α)
1(α)2(α)Γ

2(α)
2(α)j(α)

−Γ
2(α)
2(α)2(α)Γ

2(α)
1(α)j(α) +

∑
σ ̸=α

(
Γ
2(α)
1(α)1(σ)Γ

1(σ)
2(α)j(α) −Γ

2(α)
2(α)1(σ)Γ

1(σ)
1(α)j(α)

)

that becomes

R2(α)
2(α)1(α)1(α)

(8.5)(8.8)
=

(8.18)
∂1(α)Γ

2(α)
2(α)1(α) − ∂2(α)Γ

2(α)
1(α)1(α)

+
∑
σ ̸=α

(
Γ
2(α)
2(α)2(α)Γ

2(α)
1(σ)1(α) +Γ

2(α)
2(α)1(σ)Γ

1(σ)
1(α)1(σ)

)
(8.4)
=

(8.7)
∂1(α)Γ

2(α)
2(α)1(α) − ∂2(α)Γ

2(α)
1(α)1(α)

+
∑
σ ̸=α

(
mαεα
u2(α)

1
u1(α) − u1(σ)

Γ
1(α)
1(σ)1(α) u

2(α) −Γ
1(α)
1(α)1(σ)

mαεα
u1(α) − u1(σ)

)
(8.18)
=

∑
σ ̸=α

(
− ∂1(α)Γ

2(α)
2(α)1(σ) + ∂2(α)Γ

2(α)
1(σ)1(α)

)
(8.4)
=
∑
σ ̸=α

[
mσεσ

(u1(α) − u1(σ))2
− 1
u1(α) − u1(σ)

mσεσ
u1(α) − u1(σ)

]
= 0

when j= 1 and

R2(α)
2(α)1(α)2(α)

(8.4)
(8.5),(8.10)

=
(8.8)(8.18)

∂1(α)

(
−mαεα
u2(α)

)
+
∑
σ ̸=α

∂2(α)

(
mσεσ

u1(α) − u1(σ)

)
= 0
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when j= 2. Therefore we proved that (8.34) vanishes when mα = 2. Given an integer N⩾ 2,
let us now suppose that (8.34) vanishes for mα = N and show it vanishes for mα = N+ 1 as
well. In other words, we are supposing that

(
RN
)i(α)
h(α)k(α)j(α)

:= ∂k(α)Γ
i(α)
h(α)j(α) − ∂h(α)Γ

i(α)
k(α)j(α)

+
N∑
l=1

(
Γ
i(α)
k(α)l(α)Γ

l(α)
h(α)j(α) −Γ

i(α)
h(α)l(α)Γ

l(α)
k(α)j(α)

)
+
∑
σ ̸=α

mσ∑
l=1

(
Γ
i(α)
k(α)l(σ)Γ

l(σ)
h(α)j(α) −Γ

i(α)
h(α)l(σ)Γ

l(σ)
k(α)j(α)

)
= 0 (8.38)

for every i, j, k, h ∈ {1, . . . ,mα} for each mα ⩽ N and we want to prove that

(
RN+1

)i(α)
h(α)k(α)j(α)

:= ∂k(α)Γ
i(α)
h(α)j(α) − ∂h(α)Γ

i(α)
k(α)j(α)

+
N+1∑
l=1

(
Γ
i(α)
k(α)l(α)Γ

l(α)
h(α)j(α) −Γ

i(α)
h(α)l(α)Γ

l(α)
k(α)j(α)

)
+
∑
σ ̸=α

mσ∑
l=1

(
Γ
i(α)
k(α)l(σ)Γ

l(σ)
h(α)j(α) −Γ

i(α)
h(α)l(σ)Γ

l(σ)
k(α)j(α)

)
= 0 (8.39)

for every i, j, k, h ∈ {1, . . . ,N+ 1} for mα = N+ 1. Notice that due to the property (8.35)
and replacing εα with N+1

N εα we can use in both cases the same notation for the Christoffel
symbols. Let us start by considering the case where i⩽ N and observe that

Γ
i(α)
j(α)(N+1)(α) = 0 ∀j ∈ {1, . . . ,N+ 1} (8.40)

as i− j− (N+ 1)⩽ N− 2−N− 1=−3 for j⩾ 2 (we recall (8.10)) and

Γ
i(α)
1(α)(N+1)(α)

(8.18)
= −

∑
σ ̸=α

Γ
i(α)
1(σ)(N+1)(α)

(8.4)
= 0

(i⩽ N< N+ 1) for j= 1. If all of j, k, h are less or equal than N then

(
RN+1

)i(α)
h(α)k(α)j(α)

= ∂k(α)Γ
i(α)
h(α)j(α) − ∂h(α)Γ

i(α)
k(α)j(α) +

N+1∑
l=1

(
Γ
i(α)
k(α)l(α)Γ

l(α)
h(α)j(α)

−Γ
i(α)
h(α)l(α)Γ

l(α)
k(α)j(α)

)
+
∑
σ ̸=α

mσ∑
l=1

(
Γ
i(α)
k(α)l(σ)Γ

l(σ)
h(α)j(α)

−Γ
i(α)
h(α)l(σ)Γ

l(σ)
k(α)j(α)

)

where in the first summation only the terms for l⩽ N survive, as both Γ
i(α)
k(α)(N+1)(α) and

Γ
i(α)
h(α)(N+1)(α) vanish due to (8.40). This yields
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(
RN+1

)i(α)
h(α)k(α)j(α)

= ∂k(α)Γ
i(α)
h(α)j(α) − ∂h(α)Γ

i(α)
k(α)j(α) +

N∑
l=1

(
Γ
i(α)
k(α)l(α)Γ

l(α)
h(α)j(α)

−Γ
i(α)
h(α)l(α)Γ

l(α)
k(α)j(α)

)
+
∑
σ ̸=α

mσ∑
l=1

(
Γ
i(α)
k(α)l(σ)Γ

l(σ)
h(α)j(α)

−Γ
i(α)
h(α)l(σ)Γ

l(σ)
k(α)j(α)

)
= (RN)i(α)h(α)k(α)j(α)

(8.38)
= 0.

If k, h⩽ N and j = N+ 1 then

(
RN+1

)i(α)
h(α)k(α)(N+1)(α)

(8.40)
=

∑
σ ̸=α

mσ∑
l=1

(
Γ
i(α)
k(α)l(σ)Γ

l(σ)
h(α)(N+1)(α) −Γ

i(α)
h(α)l(σ)Γ

l(σ)
k(α)(N+1)(α)

)
.

This vanishes by (8.5). If k, j⩽ N and h= N+ 1 (due to the symmetries of R, this covers the
case where h, j⩽ N and k= N+ 1 as well) then(
RN+1

)i(α)
(N+1)(α)k(α)j(α)

(8.40)
= −∂(N+1)(α)Γ

i(α)
k(α)j(α)

+
∑
σ ̸=α

mσ∑
l=1

(
Γ
i(α)
k(α)l(σ)Γ

l(σ)
(N+1)(α)j(α) −Γ

i(α)
(N+1)(α)l(σ)Γ

l(σ)
k(α)j(α)

)
.

This yields (
RN+1

)i(α)
(N+1)(α)k(α)j(α)

(8.4)
=

(8.5)
−∂(N+1)(α)Γ

i(α)
k(α)j(α)

that becomes (
RN+1

)i(α)
(N+1)(α)k(α)1(α)

=−∂(N+1)(α)Γ
i(α)
k(α)1(α) = 0

(Γi(α)k(α)1(α)

(8.18)
= −

∑
σ ̸=α

Γ
i(α)
k(α)1(σ) only depends on {u1(α) − u1(σ) |σ ̸= α} and {us(α) |2⩽ s⩽

i− k+ 1} by (8.4), thus it does not depend on u(N+1)(α) as i− k+ 1⩽ N− 1+ 1= N< N+ 1)
when j= 1, (

RN+1
)i(α)
(N+1)(α)1(α)j(α)

=−∂(N+1)(α)Γ
i(α)
1(α)j(α) = 0

(analogously) when k= 1 and(
RN+1

)i(α)
(N+1)(α)k(α)j(α)

=−∂(N+1)(α)Γ
i(α)
k(α)j(α) = 0

when both j and k are greater or equal than 2, as5

5 Without loss of generality we assume i− j− k ⩾−2, as Γi(α)
k(α)j(α)

= 0 automatically when i− j− k ⩽−3.
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Γ
i(α)
k(α)j(α)

(8.10)
= Γ

(i−j−k+4)(α)
2(α)2(α)

(8.9)
= Γ

(i−j−k+2)(α)
1(α)1(α) −Γ

2(α)
2(α)2(α)

u(i−j−k+4)(α)

u2(α)

− 1
u2(α)

i−j−k+1∑
l=1

(
Γ
(l+2)(α)
2(α)2(α) −Γ

l(α)
1(α)1(α)

)
u(i−j−k+4−l)(α)

does not depend on u(N+1)(α) (Γ(i−j−k+2)(α)
1(α)1(α) only depends on {u1(α) − u1(σ) |σ ̸= α} and

{us(α) |2⩽ s⩽ i− j− k+ 2} by (8.8) where i− j− k+ 2⩽ N− 2− 2+ 2= N− 2< N+ 1,
Γ
2(α)
2(α)2(α) only depends on u

2(α), i− j− k+ 4⩽ N− 2− 2+ 4= N< N+ 1 and for every 1⩽
l⩽ i− j− k+ 1 we have i− j− k+ 4− l< i− j− k+ 4< N+ 1 and Γ

(l+2)(α)
2(α)2(α) −Γ

l(α)
1(α)1(α)

only depends on quantities that correspond to lower indices so it does not depend on u(N+1)(α)

a fortiori). If k= h= N+ 1 then (RN+1)
i(α)
h(α)k(α)j(α) = 0 for every value of j due to the symmet-

ries of R. If k⩽ n and j = h= N+ 1 (due to the symmetries of R, this covers the case where
h⩽ N and j = k= N+ 1 as well) then

(
RN+1

)i(α)
(N+1)(α)k(α)(N+1)(α)

(8.40)
=

∑
σ ̸=α

mσ∑
l=1

(
Γ
i(α)
k(α)l(σ)Γ

l(σ)
(N+1)(α)(N+1)(α)

−Γ
i(α)
(N+1)(α)l(σ)Γ

l(σ)
k(α)(N+1)(α)

)
.

This vanishes by (8.5). We have therefore proved (8.39) under the assumption that i⩽ N. Let
us now fix i = N+ 1. We have

(
RN+1

)(N+1)(α)

h(α)k(α)j(α)
= ∂k(α)Γ

(N+1)(α)
h(α)j(α) − ∂h(α)Γ

(N+1)(α)
k(α)j(α) +

N+1∑
l=1

(
Γ
(N+1)(α)
k(α)l(α) Γ

l(α)
h(α)j(α)

−Γ
(N+1)(α)
h(α)l(α) Γ

l(α)
k(α)j(α)

)
+
∑
σ ̸=α

mσ∑
l=1

(
Γ
(N+1)(α)
k(α)l(σ) Γ

l(σ)
h(α)j(α)

−Γ
(N+1)(α)
h(α)l(σ) Γ

l(σ)
k(α)j(α)

)

where in the last summation only survive the terms for l= 1 by (8.3), yielding(
RN+1

)(N+1)(α)

h(α)k(α)j(α)
= ∂k(α)Γ

(N+1)(α)
h(α)j(α) − ∂h(α)Γ

(N+1)(α)
k(α)j(α)

+
N+1∑
l=1

(
Γ
(N+1)(α)
k(α)l(α) Γ

l(α)
h(α)j(α) −Γ

(N+1)(α)
h(α)l(α) Γ

l(α)
k(α)j(α)

)
+
∑
σ ̸=α

(
Γ
(N+1)(α)
k(α)1(σ) Γ

1(σ)
h(α)j(α) −Γ

(N+1)(α)
h(α)1(σ) Γ

1(σ)
k(α)j(α)

)
. (8.41)

We distinguish between the following subcases:

a. both k and h are greater or equal than 3
b. k= 1, h⩾ 3 (this covers h= 1, k⩾ 3 as well)
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c. k= 2, h⩾ 3 (this covers h= 2, k⩾ 3 as well)
d. k= 1, h= 2 (this covers h= 1, k= 2 as well)

observing that (RN+1)
(N+1)(α)
h(α)k(α)j(α) = 0 automatically whenever k= h.

Subcase a: both k and h are greater or equal than 3. We have

(
RN+1

)(N+1)(α)

h(α)k(α)j(α)

(8.11)
=

(8.4),(8.10)
∂(k−1)(α)Γ

N(α)
h(α)j(α) − ∂(h−1)(α)Γ

N(α)
k(α)j(α)

+
N+1∑
l=2

(
Γ
N(α)
(k−1)(α)l(α)Γ

l(α)
h(α)j(α) −Γ

N(α)
(h−1)(α)l(α)Γ

l(α)
k(α)j(α)

)
+
∑
σ ̸=α

(
Γ
N(α)
(k−1)(α)1(σ)Γ

1(σ)
h(α)j(α) −Γ

N(α)
(h−1)(α)1(σ)Γ

1(σ)
k(α)j(α)

)
. (8.42)

If j⩽ N− 1 we get

(
RN+1

)(N+1)(α)

h(α)k(α)j(α)

(8.10)
= ∂(k−1)(α)Γ

N(α)

(h−1)(α)( j+1)(α) − ∂(h−1)(α)Γ
N(α)

(k−1)(α)( j+1)(α)

+

N+1∑
l=1

(
Γ
N(α)

(k−1)(α)l(α)Γ
l(α)

(h−1)(α)( j+1)(α) −Γ
N(α)

(h−1)(α)l(α)Γ
l(α)

(k−1)(α)( j+1)(α)

)
+

∑
σ ̸=α

(
Γ
N(α)

(k−1)(α)1(σ)Γ
1(σ)

(h−1)(α)( j+1)(α) −Γ
N(α)

(h−1)(α)1(σ)Γ
1(σ)

(k−1)(α)( j+1)(α)

)
(8.10)
= (RN)N(α)

(h−1)(α)(k−1)(α)( j+1)(α) +Γ
N(α)

(k−1)(α)(N+1)(α)Γ
(N+1)(α)

(h−1)(α)( j+1)(α)

−Γ
N(α)

(h−1)(α)(N+1)(α)Γ
(N+1)(α)

(k−1)(α)( j+1)(α)

(8.38)
=

(8.40)
0.

If j=N then (8.42) vanishes by (8.5), (8.10) and (8.40). If j = N+ 1 then (8.42) vanishes
by (8.5), (8.40).

Subcase b: k= 1, h⩾ 3. We have

(
RN+1

)(N+1)(α)

h(α)1(α)j(α)

(8.11)
= ∂1(α)Γ

N(α)

(h−1)(α)j(α) − ∂(h−1)(α)Γ
N(α)

1(α)j(α) +

N+1∑
l=1

Γ
(N+1)(α)

1(α)l(α) Γ
l(α)

h(α)j(α)

−
N+1∑
l=1

Γ
(N+1)(α)

h(α)l(α) Γ
l(α)

1(α)j(α) +
∑
σ ̸=α

(
Γ
(N+1)(α)

1(α)1(σ) Γ
1(σ)

h(α)j(α) −Γ
(N+1)(α)

h(α)1(σ) Γ
1(σ)

1(α)j(α)

)

+
∑
σ ̸=α

(
Γ
N(α)

1(α)1(σ)Γ
1(σ)

(h−1)(α)j(α) −Γ
N(α)

(h−1)(α)1(σ)Γ
1(σ)

1(α)j(α)

)

−
∑
σ ̸=α

(
Γ
N(α)

1(α)1(σ)Γ
1(σ)

(h−1)(α)j(α) −Γ
N(α)

(h−1)(α)1(σ)Γ
1(σ)

1(α)j(α)

)
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where added and subtracted the quantity
∑
σ ̸=α

(
Γ
N(α)
1(α)1(σ)Γ

1(σ)
(h−1)(α)j(α)

−Γ
N(α)
(h−1)(α)1(σ)Γ

1(σ)
1(α)j(α)

)
and where the terms

∂1(α)Γ
N(α)
(h−1)(α)j(α), − ∂(h−1)(α)Γ

N(α)
1(α)j(α),

N+1∑
l=2

Γ
(N+1)(α)
1(α)l(α) Γ

l(α)
h(α)j(α)

(8.10)
=

(8.8)

N+1∑
l=2

Γ
N(α)
1(α)(l−1)(α)Γ

(l−1)(α)
(h−1)(α)j(α) =

N∑
l=1

Γ
N(α)
1(α)l(α)Γ

l(α)
(h−1)(α)j(α),

−
N∑
l=1

Γ
(N+1)(α)
h(α)l(α) Γ

l(α)
1(α)j(α)

(8.10)
=

(8.8)
−

N∑
l=1

Γ
N(α)
(h−1)(α)l(α)Γ

l(α)
1(α)j(α)

and ∑
σ ̸=α

(
Γ
N(α)
1(α)1(σ)Γ

1(σ)
(h−1)(α)j(α) −Γ

N(α)
(h−1)(α)1(σ)Γ

1(σ)
1(α)j(α)

)

combine to form (RN)N(α)(h−1)(α)1(α)j(α), which
6 vanishes by (8.38). Thus

(
RN+1

)(N+1)(α)

h(α)1(α)j(α)

(8.4)(8.5)
=

(8.10)(8.8)

∑
σ ̸=α

(
−Γ

N(α)
(h−1)(α)1(σ)Γ

1(σ)
1(α)j(α) +Γ

N(α)
(h−1)(α)1(σ)Γ

1(σ)
1(α)j(α)

)
= 0.

Subcase c: k= 2, h⩾ 3. We have

(
RN+1

)(N+1)(α)

h(α)2(α)j(α)

(8.10)(8.8)
=

(8.11)
∂2(α)Γ

N(α)

(h−1)(α)j(α) − ∂(h−1)(α)Γ
N(α)

2(α)j(α) +

N+1∑
l=1

Γ
(N+1)(α)

2(α)l(α) Γ
l(α)

h(α)j(α)

−
N+1∑
l=1

Γ
(N+1)(α)

h(α)l(α) Γ
l(α)

2(α)j(α) +
∑
σ ̸=α

(
Γ
(N+1)(α)

2(α)1(σ) Γ
1(σ)

h(α)j(α) −Γ
(N+1)(α)

h(α)1(σ) Γ
1(σ)

2(α)j(α)

)

+
∑
σ ̸=α

(
Γ
N(α)

2(α)1(σ)Γ
1(σ)

(h−1)(α)j(α) −Γ
N(α)

(h−1)(α)1(σ)Γ
1(σ)

2(α)j(α)

)

−
∑
σ ̸=α

(
Γ
N(α)

2(α)1(σ)Γ
1(σ)

(h−1)(α)j(α) −Γ
N(α)

(h−1)(α)1(σ)Γ
1(σ)

2(α)j(α)

)

where we added and subtracted the quantity
∑
σ ̸=α

(
Γ
N(α)
2(α)1(σ)Γ

1(σ)
(h−1)(α)j(α) −

Γ
N(α)
(h−1)(α)1(σ)Γ

1(σ)
2(α)j(α)

)
and where the terms

6 This only holds for j ⩽ N. Still, for j = N+ 1 each of these addends vanishes by itself, by means of (8.5), (8.10)
and (8.40).
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∂2(α)Γ
N(α)
(h−1)(α)j(α), − ∂(h−1)(α)Γ

N(α)
2(α)j(α),

N+1∑
l=2

Γ
(N+1)(α)
2(α)l(α) Γ

l(α)
h(α)j(α)

(8.10)(8.8)
=

N+1∑
l=2

Γ
N(α)
2(α)(l−1)(α)Γ

(l−1)(α)
(h−1)(α)j(α) =

N∑
l=1

Γ
N(α)
2(α)l(α)Γ

l(α)
(h−1)(α)j(α),

−
N∑
l=1

Γ
(N+1)(α)
h(α)l(α) Γ

l(α)
2(α)j(α)

(8.10)(8.8)
= −

N∑
l=1

Γ
N(α)
(h−1)(α)l(α)Γ

l(α)
2(α)j(α)

and ∑
σ ̸=α

(
Γ
N(α)
2(α)1(σ)Γ

1(σ)
(h−1)(α)j(α) −Γ

N(α)
(h−1)(α)1(σ)Γ

1(σ)
2(α)j(α)

)

combine to form (RN)N(α)(h−1)(α)2(α)j(α), which
7 vanishes by (8.38). Thus (RN+1)

(N+1)(α)
h(α)2(α)j(α) van-

ishes by (8.5), (8.8) and (8.10).

Subcase d: k= 1, h= 2. We have

(
RN+1

)(N+1)(α)

2(α)1(α)j(α)
= ∂1(α)Γ

(N+1)(α)
2(α)j(α) − ∂2(α)Γ

(N+1)(α)
1(α)j(α) +

N+1∑
l=1

(
Γ
(N+1)(α)
1(α)l(α) Γ

l(α)
2(α)j(α)

−Γ
(N+1)(α)
2(α)l(α) Γ

l(α)
1(α)j(α)

)
+
∑
σ ̸=α

(
Γ
(N+1)(α)
1(α)1(σ) Γ

1(σ)
2(α)j(α) −Γ

(N+1)(α)
2(α)1(σ) Γ

1(σ)
1(α)j(α)

)
.

(8.43)

If j⩾ 3 we get

(
RN+1

)(N+1)(α)

2(α)1(α)j(α)

(8.10)
=

(8.8)
∂1(α)Γ

N(α)

2(α)( j−1)(α) − ∂2(α)Γ
N(α)

1(α)( j−1)(α) +

N+1∑
l=1

Γ
(N+1)(α)

1(α)l(α) Γ
l(α)

2(α)j(α)

−
N+1∑
l=1

Γ
(N+1)(α)

2(α)l(α) Γ
l(α)

1(α)j(α) +
∑
σ ̸=α

(
Γ
(N+1)(α)

1(α)1(σ) Γ
1(σ)

2(α)j(α) −Γ
(N+1)(α)

2(α)1(σ) Γ
1(σ)

1(α)j(α)

)

+
∑
σ ̸=α

(
Γ
N(α)

1(α)1(σ)Γ
1(σ)

2(α)( j−1)(α) −Γ
N(α)

2(α)1(σ)Γ
1(σ)

1(α)( j−1)(α)

)

−
∑
σ ̸=α

(
Γ
N(α)

1(α)1(σ)Γ
1(σ)

2(α)( j−1)(α) −Γ
N(α)

2(α)1(σ)Γ
1(σ)

1(α)( j−1)(α)

)

where we added and subtracted the quantity
∑
σ ̸=α

(
Γ
N(α)
1(α)1(σ)Γ

1(σ)
2(α)( j−1)(α) −

Γ
N(α)
2(α)1(σ)Γ

1(σ)
1(α)( j−1)(α)

)
and where the terms

7 This only holds for j ⩽ N. Still, for j = N+ 1 each of these addends vanishes by itself, by means of (8.5), (8.10)
and (8.40).
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∂1(α)Γ
N(α)
2(α)( j−1)(α), − ∂2(α)Γ

N(α)
1(α)( j−1)(α),

N+1∑
l=2

Γ
(N+1)(α)
1(α)l(α) Γ

l(α)
2(α)j(α)

(8.10)
=

(8.8)

N+1∑
l=2

Γ
N(α)
1(α)(l−1)(α)Γ

(l−1)(α)
2(α)( j−1)(α) =

N∑
l=1

Γ
N(α)
1(α)l(α)Γ

l(α)
2(α)( j−1)(α),

−
N+1∑
l=2

Γ
(N+1)(α)
2(α)l(α) Γ

l(α)
1(α)j(α)

(8.10)
=

(8.8)
−
N+1∑
l=2

Γ
N(α)
2(α)(l−1)(α)Γ

(l−1)(α)
1(α)( j−1)(α) =−

N∑
l=1

Γ
N(α)
2(α)l(α)Γ

l(α)
1(α)( j−1)(α)

and ∑
σ ̸=α

(
Γ
N(α)
1(α)1(σ)Γ

1(σ)
2(α)( j−1)(α) −Γ

N(α)
2(α)1(σ)Γ

1(σ)
1(α)( j−1)(α)

)
combine to form (RN)N(α)2(α)1(α)( j−1)(α), which vanishes by (8.38). Thus (R

N+1)
(N+1)(α)
2(α)1(α)j(α) van-

ishes by (8.5), (8.8) and (8.10). If j= 2 then (8.43) becomes(
RN+1

)(N+1)(α)

2(α)1(α)2(α)
= ∂1(α)Γ

(N+1)(α)
2(α)2(α) − ∂2(α)Γ

(N+1)(α)
1(α)2(α)

+
N+1∑
l=1

(
Γ
(N+1)(α)
1(α)l(α) Γ

l(α)
2(α)2(α) −Γ

(N+1)(α)
2(α)l(α) Γ

l(α)
1(α)2(α)

)
+
∑
σ ̸=α

(
Γ
(N+1)(α)
1(α)1(σ) Γ

1(σ)
2(α)2(α) −Γ

(N+1)(α)
2(α)1(σ) Γ

1(σ)
1(α)2(α)

)

where in the first summation only the terms for l⩾ 2 survive, as Γ1(α)
2(α)2(α) = 0 by (8.10) and

Γ
1(α)
1(α)2(α)

(8.18)
= −

∑
σ ̸=α

Γ
1(α)
1(σ)2(α)

(8.4)
= 0. This yields

(
RN+1

)(N+1)(α)

2(α)1(α)2(α)

(8.5)
=

(8.18)
∂1(α)Γ

(N+1)(α)
2(α)2(α) − ∂2(α)Γ

N(α)
1(α)1(α)

−
∑
σ ̸=α

N+1∑
l=2

Γ
(N−l+2)(α)
1(σ)1(α) Γ

l(α)
2(α)2(α) −

N+1∑
l=2

Γ
(N−l+3)(α)
2(α)2(α) Γ

l(α)
1(α)2(α)

where the last two sums cancel out by (8.18). Thus(
RN+1

)(N+1)(α)

2(α)1(α)2(α)
= ∂1(α)

[
Γ
(N−1)(α)
1(α)1(α) +

(
Γ
(N+1)(α)
2(α)2(α) −Γ

(N−1)(α)
1(α)1(α)

)]
− ∂2(α)Γ

N(α)
1(α)1(α)

where we added and subtract the quantity Γ(N−1)(α)
1(α)1(α) and where

∂2(α)Γ
N(α)
1(α)1(α)

(8.18)
= −

∑
σ ̸=α

∂2(α)Γ
N(α)
1(σ)1(α)

(8.11)
= −

∑
σ ̸=α

∂1(α)Γ
(N−1)(α)
1(σ)1(α)

(8.18)
= ∂1(α)Γ

(N−1)(α)
1(α)1(α) .

This implies (
RN+1

)(N+1)(α)

2(α)1(α)2(α)
= ∂1(α)

(
Γ
(N+1)(α)
2(α)2(α) −Γ

(N−1)(α)
1(α)1(α)

)
= 0
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because

Γ
(N+1)(α)
2(α)2(α) −Γ

(N−1)(α)
1(α)1(α)

(8.9)
= −Γ

2(α)
2(α)2(α)

u(N+1)(α)

u2(α)

− 1
u2(α)

N−2∑
l=1

(
Γ
(l+2)(α)
2(α)2(α) −Γ

l(α)
1(α)1(α)

)
u(N−l+1)(α)

does not depend on u1(α) (it only depends on {u1(σ) |σ ̸= α} and {u2(α) |2⩽ s⩽ N}). If j= 1
then (8.43) becomes

(
RN+1

)(N+1)(α)

2(α)1(α)1(α)

(8.5)
= ∂1(α)Γ

(N+1)(α)
2(α)1(α) − ∂2(α)Γ

(N+1)(α)
1(α)1(α) +

N+1∑
l=1

(
Γ
(N+1)(α)
1(α)l(α) Γ

l(α)
2(α)1(α)

−Γ
(N+1)(α)
2(α)l(α) Γ

l(α)
1(α)1(α)

)
−
∑
σ ̸=α

Γ
(N+1)(α)
2(α)1(σ) Γ

1(σ)
1(α)1(α)

where

∂1(α)Γ
(N+1)(α)
2(α)1(α)

(8.8)
= ∂1(α)Γ

N(α)
1(α)1(α)

and

∂2(α)Γ
(N+1)(α)
1(α)1(α)

(8.18)
= −

∑
σ ̸=α

∂2(α)Γ
(N+1)(α)
1(σ)1(α)

(8.11)
= −

∑
σ ̸=α

∂1(α)Γ
N(α)
1(σ)1(α)

(8.18)
= ∂1(α)Γ

N(α)
1(α)1(α)

mutually cancel out. This yields

(
RN+1

)(N+1)(α)

2(α)1(α)1(α)

(8.10)
=

(8.8)
−Γ

(N+1)(α)

2(α)1(α) Γ
1(α)

1(α)1(α) +
N∑
l=1

Γ
N(α)

1(α)l(α)Γ
l(α)

1(α)1(α)

−
N+1∑
l=2

Γ
(N−l+3)(α)

2(α)2(α) Γ
l(α)

1(α)1(α) −
∑
σ ̸=α

Γ
N(α)

1(α)1(σ)Γ
1(σ)

1(α)1(α)

(8.8)
= −Γ

N(α)

1(α)1(α)Γ
1(α)

1(α)1(α) +Γ
N(α)

1(α)1(α)Γ
1(α)

1(α)1(α) +
N∑
l=2

Γ
N(α)

1(α)l(α)Γ
l(α)

1(α)1(α)

−
N∑
l=2

Γ
(N−l+3)(α)

2(α)2(α) Γ
l(α)

1(α)1(α) −Γ
2(α)

2(α)2(α)Γ
(N+1)(α)

1(α)1(α) −
∑
σ ̸=α

Γ
N(α)

1(α)1(σ)Γ
1(σ)

1(α)1(α)

(8.18)
=

(8.2)

N∑
l=2

(
Γ
N(α)

1(α)l(α) −Γ
(N−l+3)(α)

2(α)2(α)

)
Γ
l(α)

1(α)1(α) −Γ
2(α)

2(α)2(α)Γ
(N+1)(α)

1(α)1(α)

+
∑
σ ̸=α

Γ
N(α)

1(α)1(σ)Γ
1(σ)

1(α)1(σ)

(8.18)
=

∑
σ ̸=α

[
Γ
N(α)

1(α)1(σ)Γ
1(σ)

1(α)1(σ) +Γ
2(α)

2(α)2(α)Γ
(N+1)(α)

1(σ)1(α)

+
N∑
l=2

(
Γ
(N−l+3)(α)

2(α)2(α) −Γ
(N−l+1)(α)

1(α)1(α)

)
Γ
l(α)

1(σ)1(α)

]
= 0
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because for each σ ̸= α

Γ
N(α)
1(α)1(σ)Γ

1(σ)
1(α)1(σ) +Γ

2(α)
2(α)2(α)Γ

(N+1)(α)
1(σ)1(α) +

N∑
l=2

(
Γ
(N−l+3)(α)
2(α)2(α) −Γ

(N−l+1)(α)
1(α)1(α)

)
Γ
l(α)
1(σ)1(α)

can be rewritten, due to (8.4), (8.7) and (8.9) as

1
u1(α) − u1(σ)

N−2∑
l=3

Γ
(N−l+1)(α)
1(σ)1(α)

[
Γ
2(α)
2(α)2(α)

(
u3(α)

u2(α)
ul(α) − u(l+1)(α)

)

−
l−1∑
s=2

(
Γ
(s+2)(α)
2(α)2(α) −Γ

s(α)
1(α)1(α)

)
u(l−s+1)(α)

]
(8.14)
= 0.

Case 2: α= β = γ ̸= ϵ. Our goal is to prove that

Ri(α)h(ϵ)k(α)j(α) = ∂k(α)Γ
i(α)
h(ϵ)j(α) − ∂h(ϵ)Γ

i(α)
k(α)j(α)

+
r∑

σ=1

mσ∑
l=1

(
Γ
i(α)
k(α)l(σ)Γ

l(σ)
h(ϵ)j(α) −Γ

i(α)
h(ϵ)l(σ)Γ

l(σ)
k(α)j(α)

)
(8.44)

vanishes. Let us first consider the case where h⩾ 2. We have

Ri(α)h(ϵ)k(α)j(α)

(8.3)
= ∂k(α) − ∂h(ϵ)Γ

i(α)
k(α)j(α) +

r∑
σ=1

mσ∑
l=1

(
Γ
i(α)
k(α)l(σ)Γ

l(σ)
h(ϵ)j(α) −Γ

i(α)
h(ϵ)l(σ)Γ

l(σ)
k(α)j(α)

)

where Γ
i(α)
k(α)j(α) only depends on {us(α) |1⩽ s⩽ mα} and {u1(σ) |σ ̸= α} (thus it does not

depend on uh(ϵ) as h⩾ 2, that is ∂h(ϵ)Γ
i(α)
k(α)j(α) = 0). This yields

Ri(α)h(ϵ)k(α)j(α) =
r∑

σ=1

mσ∑
l=1

(
Γ
i(α)
k(α)l(σ)Γ

l(σ)
h(ϵ)j(α) −Γ

i(α)
h(ϵ)l(σ)Γ

l(σ)
k(α)j(α)

)
where the terms Γl(σ)h(ϵ)j(α) and Γ

i(α)
h(ϵ)l(σ) trivially vanish for σ /∈ {α,ϵ} by (8.2). Thus

Ri(α)h(ϵ)k(α)j(α)

(8.3)
=

(8.5)

mϵ∑
l=h

Γ
i(α)
k(α)l(ϵ)Γ

l(ϵ)
h(ϵ)j(α) = 0

as Γi(α)k(α)l(ϵ) = 0 by (8.4) for every l⩾ h (h⩾ 2 implies l⩾ 2). Let us now fix h= 1. We have

(the terms Γl(σ)1(ϵ)j(α) and Γ
i(α)
1(ϵ)l(σ) trivially vanish for σ /∈ {α,ϵ} by (8.2))

Ri(α)1(ϵ)k(α)j(α) = ∂k(α)Γ
i(α)
1(ϵ)j(α) − ∂1(ϵ)Γ

i(α)
k(α)j(α) +

mα∑
l=1

(
Γ
i(α)
k(α)l(α)Γ

l(α)
1(ϵ)j(α)

−Γ
i(α)
1(ϵ)l(α)Γ

l(α)
k(α)j(α)

)
+

mϵ∑
l=1

(
Γ
i(α)
k(α)l(ϵ)Γ

l(ϵ)
1(ϵ)j(α) −Γ

i(α)
1(ϵ)l(ϵ)Γ

l(ϵ)
k(α)j(α)

)
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(8.4)
=

(8.5)
∂k(α)Γ

i(α)
1(ϵ)j(α) − ∂1(ϵ)Γ

i(α)
k(α)j(α) +

mα∑
l=1

(
Γ
i(α)
k(α)l(α)Γ

l(α)
1(ϵ)j(α)

−Γ
i(α)
1(ϵ)l(α)Γ

l(α)
k(α)j(α)

)
+Γ

i(α)
k(α)1(ϵ)Γ

1(ϵ)
1(ϵ)j(α) −Γ

i(α)
1(ϵ)1(ϵ)Γ

1(ϵ)
k(α)j(α). (8.45)

We distinguish between the following subcases:

a. j⩾ 2,k⩾ 2
b. j = k= 1

c. j = 1,k⩾ 2
d. j⩾ 2,k= 1.

Subcase a: both j and k are greater or equal than 2. Let us first claim that in this case

∂k(α)Γ
i(α)
1(ϵ)j(α) − ∂1(ϵ)Γ

i(α)
k(α)j(α) = 0. (8.46)

Indeed, if i< j then both Γi(α)1(ϵ)j(α) and Γ
i(α)
k(α)j(α) trivially vanish by (8.3) and (8.10) respectively.

If i= j then

∂k(α)Γ
j(α)
1(ϵ)j(α) − ∂1(ϵ)Γ

j(α)
k(α)j(α)

(8.4)
=

(8.10)
∂k(α)

[
mϵεϵ

u1(α) − u1(ϵ)

]
− ∂1(ϵ)Γ

(4−k)(α)
2(α)2(α)

(8.10)
= −∂1(ϵ)Γ

2(α)
2(α)2(α) δ

2
k
(8.7)
= 0.

For i> j (8.46) can be proved by induction over i (starting from the case i= j that we just
handled), using (8.4), (8.8), (8.10), (8.15) and (8.18). Thus (8.45) becomes

Ri(α)1(ϵ)k(α)j(α)

(8.3)
=

(8.5)

mα∑
l=1

(
Γ
i(α)
k(α)l(α)Γ

l(α)
1(ϵ)j(α) −Γ

i(α)
1(ϵ)l(α)Γ

l(α)
k(α)j(α)

)
+Γ

i(α)
k(α)1(ϵ)Γ

1(ϵ)
1(ϵ)j(α)

−Γ
i(α)
1(ϵ)1(ϵ)Γ

1(ϵ)
k(α)j(α)

(8.4)
=

i∑
l=j

(
Γ
i(α)
k(α)l(α)Γ

l(α)
1(ϵ)j(α) −Γ

i(α)
1(ϵ)l(α)Γ

l(α)
k(α)j(α)

)

which trivially vanishes for i< j. For i⩾ j we have

Ri(α)1(ϵ)k(α)j(α)

(8.4)
=

(8.10)

i∑
l=j

(
Γ
(i−k−l+4)(α)
2(α)2(α) Γ

(l−j+1)(α)
1(ϵ)1(α) −Γ

(i−l+1)(α)
1(ϵ)1(α) Γ

(l−k−j+4)(α)
2(α)2(α)

)

=
i∑
l=j

Γ
(i−k−l+4)(α)
2(α)2(α) Γ

(l−j+1)(α)
1(ϵ)1(α) −

i∑
l=j

Γ
(i−l+1)(α)
1(ϵ)1(α) Γ

(l−k−j+4)(α)
2(α)2(α) = 0.

Subcase b: j = k= 1. We have

Ri(α)1(ϵ)1(α)1(α) = ∂1(α)Γ
i(α)
1(ϵ)1(α) − ∂1(ϵ)Γ

i(α)
1(α)1(α) +

mα∑
l=1

(
Γ
i(α)
1(α)l(α)Γ

l(α)
1(ϵ)1(α)

−Γ
i(α)
1(ϵ)l(α)Γ

l(α)
1(α)1(α)

)
+Γ

i(α)
1(α)1(ϵ)Γ

1(ϵ)
1(ϵ)1(α) −Γ

i(α)
1(ϵ)1(ϵ)Γ

1(ϵ)
1(α)1(α)

where in the summation only the terms for l⩽ i survive (by (8.4) and (8.8)) and

∂1(ϵ)Γ
i(α)
1(α)1(α)

(8.18)
= −∂1(ϵ)Γ

i(α)
1(ϵ)1(α) = ∂1(α)Γ

i(α)
1(ϵ)1(α)
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as Γi(α)1(ϵ)1(α) only depends on u
1(ϵ) and u1(α) by means of the term u1(α) − u1(ϵ). Thus

Ri(α)1(ϵ)1(α)1(α)

(8.18)
= −

i∑
l=1

(
Γ
i(α)
1(ϵ)l(α)Γ

l(α)
1(ϵ)1(α) −Γ

i(α)
1(ϵ)l(α)Γ

l(α)
1(ϵ)1(α)

)
−

∑
σ/∈{α,ϵ}

i∑
l=1

(
Γ
i(α)
1(σ)l(α)Γ

l(α)
1(ϵ)1(α) −Γ

i(α)
1(ϵ)l(α)Γ

l(α)
1(σ)1(α)

)
(8.4)
= 0.

Subcase c: j= 1, k⩾ 2. We have

Ri(α)1(ϵ)k(α)1(α)

(8.18),(8.3)
=

(8.4)(8.10)
∂k(α)Γ

i(α)
1(ϵ)1(α) + ∂1(ϵ)Γ

(i−k+1)(α)
1(ϵ)1(α) +

i∑
l=1

(
Γ
i(α)
k(α)l(α)Γ

l(α)
1(ϵ)1(α)

−Γ
i(α)
1(ϵ)l(α)Γ

l(α)
k(α)1(α)

)
+Γ

i(α)
k(α)1(ϵ)Γ

1(ϵ)
1(ϵ)1(α).

Let us first claim that in this case

∂k(α)Γ
i(α)
1(ϵ)1(α) + ∂1(ϵ)Γ

(i−k+1)(α)
1(ϵ)1(α) = 0. (8.47)

This condition can be proved by induction over i (starting from the case i= 1 where (8.47)
holds by (8.4)), using (8.11). Thus

Ri(α)1(ϵ)k(α)1(α) =
i∑

l=1

(
Γ
i(α)
k(α)l(α)Γ

l(α)
1(ϵ)1(α) −Γ

i(α)
1(ϵ)l(α)Γ

l(α)
k(α)1(α)

)
+Γ

i(α)
k(α)1(ϵ)Γ

1(ϵ)
1(ϵ)1(α)

(8.10)
=

(8.8)

i−k+2∑
l=1

Γ
i(α)
k(α)l(α)Γ

l(α)
1(ϵ)1(α) −

i∑
l=k

Γ
i(α)
1(ϵ)l(α)Γ

l(α)
k(α)1(α) +Γ

i(α)
k(α)1(ϵ)Γ

1(ϵ)
1(ϵ)1(α)

which trivially vanishes for i< k by (8.4) and (8.8). For i⩾ k we get

Ri(α)1(ϵ)k(α)1(α)

(8.4)
=

(8.10)
Γ
(i−k+1)(α)
1(α)1(α) Γ

1(α)
1(ϵ)1(α) +

i−k+2∑
l=2

Γ
(i−k−l+4)(α)
2(α)2(α) Γ

l(α)
1(ϵ)1(α)

−
i∑

l=k

Γ
(i−l+1)(α)
1(ϵ)1(α) Γ

l(α)
k(α)1(α) +Γ

(i−k+1)(α)
1(α)1(ϵ) Γ

1(ϵ)
1(ϵ)1(α)

= Γ
(i−k+1)(α)
1(α)1(α) Γ

1(α)
1(ϵ)1(α) +

i−k+2∑
l=2

Γ
(i−k−l+4)(α)
2(α)2(α) Γ

l(α)
1(ϵ)1(α)

−
i−k+1∑
t=2

Γ
t(α)
1(ϵ)1(α)Γ

(i−t+1)(α)
k(α)1(α) +Γ

(i−k+1)(α)
1(α)1(ϵ) Γ

1(ϵ)
1(ϵ)1(α)

=
i−k+1∑
l=2

Γ
l(α)
1(ϵ)1(α)

(
Γ
(i−k−l+4)(α)
2(α)2(α) −Γ

(i−l+1)(α)
k(α)1(α)

)
+Γ

2(α)
2(α)2(α)Γ

(i−k+2)(α)
1(ϵ)1(α) +Γ

(i−k+1)(α)
1(α)1(ϵ) Γ

1(ϵ)
1(ϵ)1(α)
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(8.8)
=

i−k+1∑
l=2

Γ
l(α)
1(ϵ)1(α)

(
Γ
(i−k−l+4)(α)
2(α)2(α) −Γ

(i−k−l+2)(α)
1(α)1(α)

)
+Γ

2(α)
2(α)2(α)Γ

(i−k+2)(α)
1(ϵ)1(α) +Γ

(i−k+1)(α)
1(α)1(ϵ) Γ

1(ϵ)
1(ϵ)1(α)

(8.4)
=

(8.7)

i−k+1∑
l=2

Γ
l(α)
1(ϵ)1(α)

(
Γ
(i−k−l+4)(α)
2(α)2(α) −Γ

(i−k−l+2)(α)
1(α)1(α)

)

−
Γ
1(ϵ)
1(α)1(ϵ)

u2(α)

i−k+2∑
s=3

Γ
(i−k−s+3)(α)
1(ϵ)1(α) us(α)

=
i−k+1∑
l=2

Γ
l(α)
1(ϵ)1(α)

(
Γ
(i−k−l+4)(α)
2(α)2(α) −Γ

(i−k−l+2)(α)
1(α)1(α)

)

−
Γ
1(ϵ)
1(α)1(ϵ)

u2(α)

i−k+2∑
s=3

Γ
(i−k−s+3)(α)
1(ϵ)1(α) us(α).

The vanishing of this quantity can be proved by induction over i (starting from the trivial case
where i= k), using (8.4), (8.7), (8.9) and (8.14).

Subcase d: j⩾ 2, k= 1. We have

Ri(α)1(ϵ)1(α)j(α)

(8.3)
=

(8.5)
∂1(α)Γ

i(α)
1(ϵ)j(α) − ∂1(ϵ)Γ

i(α)
1(α)j(α)

+

mα∑
l=1

(
Γ
i(α)
1(α)l(α)Γ

l(α)
1(ϵ)j(α) −Γ

i(α)
1(ϵ)l(α)Γ

l(α)
1(α)j(α)

)
where

∂1(ϵ)Γ
i(α)
1(α)j(α)

(8.18)
= −∂1(ϵ)Γ

i(α)
1(ϵ)j(α) −

∑
σ/∈{α,ϵ}

∂1(ϵ)Γ
i(α)
1(σ)j(α) = ∂1(α)Γ

i(α)
1(ϵ)j(α)

as Γi(α)1(ϵ)j(α) only depends on u
1(ϵ) and u1(α) by means of the term u1(α) − u1(ϵ). Thus

Ri(α)1(ϵ)1(α)j(α) =
(8.4)
=

(8.8)

i∑
l=j

Γ
(i−l+1)(α)
1(α)1(α) Γ

(l−j+1)(α)
1(ϵ)1(α) −

i∑
l=j

Γ
(i−l+1)(α)
1(ϵ)1(α) Γ

(l−j+1)(α)
1(α)1(α) = 0.

Case 3: α= γ = ϵ ̸= β. Our goal is to prove that

Ri(α)h(α)k(α)j(β)

(8.2)
= ∂k(α)Γ

i(α)
h(α)j(β) − ∂h(α)Γ

i(α)
k(α)j(β) +

mα∑
l=1

(
Γ
i(α)
k(α)l(α)Γ

l(α)
h(α)j(β)

−Γ
i(α)
h(α)l(α)Γ

l(α)
k(α)j(β)

)
+

mβ∑
l=1

(
Γ
i(α)
k(α)l(β)Γ

l(β)
h(α)j(β) −Γ

i(α)
h(α)l(β)Γ

l(β)
k(α)j(β)

)
(8.48)

vanishes. If j⩾ 2 we get

Ri(α)h(α)k(α)j(β)

(8.3)
= Γ

i(α)
k(α)1(β)Γ

1(β)
h(α)j(β) −Γ

i(α)
h(α)1(β)Γ

1(β)
k(α)j(β)

(8.4)
= 0.
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Let us then fix j= 1. We have

Ri(α)h(α)k(α)1(β) = ∂k(α)Γ
i(α)
h(α)1(β) − ∂h(α)Γ

i(α)
k(α)1(β) +

mα∑
l=1

(
Γ
i(α)
k(α)l(α)Γ

l(α)
h(α)1(β)

−Γ
i(α)
h(α)l(α)Γ

l(α)
k(α)1(β)

)
+

mβ∑
l=1

(
Γ
i(α)
k(α)l(β)Γ

l(β)
h(α)1(β) −Γ

i(α)
h(α)l(β)Γ

l(β)
k(α)1(β)

)
(8.49)

where, by (8.47),

∂t(α)Γ
i(α)
1(ϵ)1(α) =−∂1(ϵ)Γ

(i−t+1)(α)
1(ϵ)1(α) (8.50)

for every ϵ ̸= α and t⩾ 2. We distinguish between the following subcases:

a. both h and k are greater or equal than 2
b. h= 1, k⩾ 2 (this covers h⩾ 2, k= 1 as well)

observing that Ri(α)h(ϵ)k(γ)1(β) = 0 automatically whenever k= h.

Subcase a: both k and h are greater or equal than 2. We have

Ri(α)h(α)k(α)1(β)

(8.3),(8.4)
=

(8.10)
∂k(α)Γ

i(α)
h(α)1(β) − ∂h(α)Γ

i(α)
k(α)1(β) +

i−k+2∑
l=h

Γ
i(α)
k(α)l(α)Γ

l(α)
h(α)1(β)

−
i−h+2∑
l=k

Γ
i(α)
h(α)l(α)Γ

l(α)
k(α)1(β)

where

∂k(α)Γ
i(α)
h(α)1(β) − ∂h(α)Γ

i(α)
k(α)1(β)

(8.4)
= ∂k(α)Γ

(i−h+1)(α)
1(α)1(β) − ∂h(α)Γ

(i−k+1)(α)
1(α)1(β)

(8.50)
= 0.

This yields

Ri(α)h(α)k(α)1(β) =
i−k+2∑
l=h

Γ
i(α)
k(α)l(α)Γ

l(α)
h(α)1(β) −

i−h+2∑
l=k

Γ
i(α)
h(α)l(α)Γ

l(α)
k(α)1(β) (8.51)

which vanishes automatically for i< k and by (8.4) and (8.10) for i⩾ k.

Subcase b: h= 1, k⩾ 2. We have

Ri(α)1(α)k(α)1(β)

(8.3)(8.10)
=

(8.8)
∂k(α)Γ

i(α)
1(α)1(β) − ∂1(α)Γ

i(α)
k(α)1(β)

+
i−k+2∑
l=1

Γ
i(α)
k(α)l(α)Γ

l(α)
1(α)1(β) −

i∑
l=k

Γ
i(α)
1(α)l(α)Γ

l(α)
k(α)1(β) +Γ

i(α)
k(α)1(β)Γ

1(β)
1(α)1(β)
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(8.4)(8.10)
=

(8.8)(8.50)
Γ
i(α)
k(α)1(α)Γ

1(α)
1(α)1(β) +

i−k+2∑
l=2

Γ
(i−k−l+4)(α)
2(α)2(α) Γ

l(α)
1(α)1(β)

−
i∑

l=k

Γ
(i−l+1)(α)
1(α)1(α) Γ

(l−k+1)(α)
1(α)1(β) +Γ

i(α)
k(α)1(β)Γ

1(β)
1(α)1(β)

(8.8)
= Γ

(i−k+1)(α)
1(α)1(α) Γ

1(α)
1(α)1(β) +

i−k+2∑
l=2

Γ
(i−k−l+4)(α)
2(α)2(α) Γ

l(α)
1(α)1(β)

−Γ
(i−k+1)(α)
1(α)1(α) Γ

1(α)
1(α)1(β) −

i−k+1∑
l=2

Γ
(i−k−l+2)(α)
1(α)1(α) Γ

l(α)
1(α)1(β) +Γ

i(α)
k(α)1(β)Γ

1(β)
1(α)1(β)

(8.4)
=

i−k+1∑
l=2

(
Γ
(i−k−l+4)(α)
2(α)2(α) −Γ

(i−k−l+2)(α)
1(α)1(α)

)
Γ
l(α)
1(α)1(β) +Γ

2(α)
2(α)2(α)Γ

(i−k+2)(α)
1(α)1(β)

+Γ
(i−k+1)(α)
1(α)1(β) Γ

1(β)
1(α)1(β)

(8.17)
= 0. (8.52)

Case 4: β = γ = ϵ ̸= α. Our goal is to prove that

Ri(α)h(β)k(β)j(β)

(8.2)
= ∂k(β)Γ

i(α)
h(β)j(β) − ∂h(β)Γ

i(α)
k(β)j(β) +

mα∑
l=1

(
Γ
i(α)
k(β)l(α)Γ

l(α)
h(β)j(β)

−Γ
i(α)
h(β)l(α)Γ

l(α)
k(β)j(β)

)
+

mβ∑
l=1

(
Γ
i(α)
k(β)l(β)Γ

l(β)
h(β)j(β) −Γ

i(α)
h(β)l(β)Γ

l(β)
k(β)j(β)

)

vanishes. Without loss of generality, by the symmetries of R, we can set h> k. In particular,
h⩾ 2. We get

Ri(α)h(β)k(β)j(β)

(8.5)
= −∂h(β)Γ

i(α)
k(β)j(β) +

mβ∑
l=1

Γ
i(α)
k(β)l(β)Γ

l(β)
h(β)j(β) (8.53)

which vanishes by (8.5) for k⩾ 2. For k= 1 (8.53) becomes

Ri(α)h(β)1(β)j(β)

(8.18)(8.2)
=

(8.3)
∂h(β)Γ

i(α)
1(α)j(β) −Γ

i(α)
1(α)1(β)Γ

1(β)
h(β)j(β)

which vanishes by (8.3) and (8.10) for j⩾ 2. For j= 1 it reads

Ri(α)h(β)1(β)1(β) = ∂h(β)Γ
i(α)
1(α)1(β) −Γ

i(α)
1(α)1(β)Γ

1(β)
h(β)1(β) = 0

as Γi(α)1(α)1(β) does not depend on any of the u
h(β)s for h⩾ 2 and (1< 2⩽ h)

Γ
1(β)
h(β)1(β)

(8.18)
= −

∑
σ ̸=β

Γ
1(β)
h(β)1(σ)

(8.4)
= 0.
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Case 5: α= β ̸= γ = ϵ. Our goal is to prove that

Ri(α)h(γ)k(γ)j(α)

(8.2)
= ∂k(γ)Γ

i(α)
h(γ)j(α) − ∂h(γ)Γ

i(α)
k(γ)j(α) +

mα∑
l=1

(
Γ
i(α)
k(γ)l(α)Γ

l(α)
h(γ)j(α)

−Γ
i(α)
h(γ)l(α)Γ

l(α)
k(γ)j(α)

)
+

mγ∑
l=1

(
Γ
i(α)
k(γ)l(γ)Γ

l(γ)
h(γ)j(α) −Γ

i(α)
h(γ)l(γ)Γ

l(γ)
k(γ)j(α)

)
(8.54)

vanishes. Without loss of generality, by the symmetries of R, we can set h> k. In particular,
h⩾ 2. We get

Ri(α)h(γ)k(γ)j(α)

(8.3)
=

(8.5)
−∂h(γ)Γ

i(α)
k(γ)j(α) +

mγ∑
l=1

Γ
i(α)
k(γ)l(γ)Γ

l(γ)
h(γ)j(α)

where
mγ∑
l=1

Γ
i(α)
k(γ)l(γ)Γ

l(γ)
h(γ)j(α)

(8.3)
=

(8.4)

mγ∑
l=h

Γ
i(α)
k(γ)l(γ)Γ

l(γ)
h(γ)j(α)

(8.5)
= 0.

As Γi(α)k(γ)j(α) does not depend on any of the u
h(γ)s for h⩾ 2, Ri(α)h(γ)k(γ)j(α) = 0.

Case 6: α= γ ̸= β = ϵ. Our goal is to prove that

Ri(α)h(β)k(α)j(β)

(8.2)
= ∂k(α)Γ

i(α)
h(β)j(β) − ∂h(β)Γ

i(α)
k(α)j(β) +

mα∑
l=1

(
Γ
i(α)
k(α)l(α)Γ

l(α)
h(β)j(β)

−Γ
i(α)
h(β)l(α)Γ

l(α)
k(α)j(β)

)
+

mβ∑
l=1

(
Γ
i(α)
k(α)l(β)Γ

l(β)
h(β)j(β) −Γ

i(α)
h(β)l(β)Γ

l(β)
k(α)j(β)

)

+
∑

σ/∈{α,β}

mσ∑
l=1

Γ
i(α)
k(α)l(σ)Γ

l(σ)
h(β)j(β) (8.55)

vanishes. For j⩾ 2 (8.55) vanishes by (8.3)–(8.5), (8.10) and (8.18). Let us then fix j= 1. (8.55)
becomes

Ri(α)h(β)k(α)1(β) = ∂k(α)Γ
i(α)
h(β)1(β) − ∂h(β)Γ

i(α)
k(α)1(β)

+

mα∑
l=1

(
Γ
i(α)
k(α)l(α)Γ

l(α)
h(β)1(β) −Γ

i(α)
h(β)l(α)Γ

l(α)
k(α)1(β)

)

+

mβ∑
l=1

(
Γ
i(α)
k(α)l(β)Γ

l(β)
h(β)1(β) −Γ

i(α)
h(β)l(β)Γ

l(β)
k(α)1(β)

)

+
∑

σ/∈{α,β}

mσ∑
l=1

Γ
i(α)
k(α)l(σ)Γ

l(σ)
h(β)1(β). (8.56)

We distinguish between the following subcases:

a. h⩾ 2,k⩾ 2
b. h= k= 1

c. h⩾ 2,k= 1
d. h= 1,k⩾ 2.
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Subcase a: both k and h are greater or equal than 2. The vanishing of (8.56) follows from (8.3)–
(8.5) and (8.18).

Subcase b: h= k= 1. The vanishing of (8.56) follows from (8.3)–(8.6), (8.16) and (8.18).

Subcase c: h⩾ 2, k= 1. The argument of subcase a applies here as well.

Subcase d: h= 1, k⩾ 2. By (8.3)–(8.5), (8.10), (8.18) and (8.47), we get

Ri(α)1(β)k(α)1(β) =
i−k+2∑
l=1

Γ
i(α)
k(α)l(α)Γ

l(α)
1(β)1(β) −

i∑
l=k

Γ
i(α)
1(β)l(α)Γ

l(α)
k(α)1(β)

+Γ
i(α)
k(α)1(β)Γ

1(β)
1(β)1(β) +

∑
σ/∈{α,β}

Γ
i(α)
k(α)1(σ)Γ

1(σ)
1(β)1(β).

This quantity can be proved to vanish by (8.16)–(8.18) and other conditions from Proposition
2.2.

Case 7: α= β /∈ {γ,ϵ}, γ ̸= ϵ. By (8.18) and (8.2)–(8.4), Ri(α)h(ϵ)k(γ)j(α) = 0 trivially.

Case 8: α= γ /∈ {β,ϵ}, β ̸= ϵ. Ri(α)h(ϵ)k(α)j(β) vanishes by (8.2)–(8.4) and (8.16).

Case 9: β = γ /∈ {α,ϵ}, α ̸= ϵ. Ri(α)h(ϵ)k(β)j(β) vanishes by (8.2), (8.3), (8.5), (8.6) and (8.16).

Case 10: γ = ϵ /∈ {α,β}, α ̸= β. Ri(α)h(γ)k(γ)j(β) trivially vanishes by (8.2)–(8.5).

Case 11: α, β, γ and ε are pairwise distinct. Ri(α)h(ϵ)k(γ)j(β) trivially vanishes by (8.2).
This concludes the proof of the flatness of∇.

8.8. Uniqueness

In order to prove uniqueness we have to prove that (part of the) conditions (1)–(5) force
∇ to be of the form given in Proposition 2.2. We have seen that the condition ∇e= 0 is
equivalent to (8.18). Let α, β, γ be pairwise distinct. Using the condition ∇icljk =∇jclik
∀i, j,k, l ∈ {1, . . . ,n} after a long but straightforward computation one obtains:

(i) Γl(β)i(α)( j+k)(α) = Γ
l(β)
(i+k)(α)j(α);

(ii) Γk(β)i(α)j(β) = Γ
l(β)
i(α)m(β) when k− j = l−m;

(iii) Γk(α)(i−1)(α)j(α) = Γ
k(α)
i(α)( j−1)(α) when the lower indices are both different from 1 and not

simultaneously equal to 2;
(iv) Γk(α)i(α)j(α) = Γ

(k+1)(α)
i(α)( j+1)(α) when j ̸= 1;

(v) Γk(α)i(α)j(β) =−Γ
(k−i+1)(α)
1(β)j(β) ;

(vi) Γk(γ)i(α)j(β) = 0.

The above quantities must be considered non-null when the indices do not exceed the size of
the corresponding block. Using condition (8.20) by straightforward computation one obtains:

1. Γk(α)i(α)j(α) =

{
Γ
(k−i−j+4)(α)
2(α)2(α) if k− i− j⩾−2

0 if k− i− j⩽−3
when i, j> 1

2. Γ2(α)
2(α)2(α) =−mαεα

u2(α)

3. Γ1(α)
1(α)j(α) = 0 when or j⩾ 2
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4. Γk(α)i(α)j(β) = 0 when k< i or j⩾ 2

5. Γi(α)i(α)1(β) =
mβεβ

u1(α)−u1(β)

6. Γ(i+h)(α)
i(α)1(β) =− 1

u1(α)−u1(β)

h+1∑
s=2

Γ
(i+h−s+1)(α)
i(α)1(β) us(α) for h⩾ 1

7. Γn(α)2(α)2(α) = Γ
(n−2)(α)
1(α)1(α) −Γ

2(α)
2(α)2(α)

un(α)

u2(α) − 1
u2(α)

n−3∑
l=1

(
Γ
(l+2)(α)
2(α)2(α) −Γ

l(α)
1(α)1(α)

)
u(n−l)(α) for

n⩾ 38.

Collecting all the conditions above one obtains Christoffel symbols of the form given in
proposition 2.2.

9. The dual structure

In this section we study in more detail the dual structure (∇∗,∗,E) where:

• E is the Euler vector field,
• ∗ is the dual product defined by the formula

X ∗Y= E−1 ◦X ◦Y

for arbitrary vector fields X and Y,
• ∇∗ is the connection defined by the Christoffel symbols

Γ∗k
ij = Γkij− c∗lji ∇lE

k.

Proposition 9.1. For each α ∈ {1, . . . ,r} the components of the inverse of the Euler vector
field E are given by(

E−1
)1(α)

=
1

u1(α)
(9.1)(

E−1
)(k+1)(α)

=− 1
u1(α)

k∑
s=1

(
E−1

)(k−s+1)(α)
u(s+1)(α) for 1⩽ k⩽ mα − 1. (9.2)

Proof. This can be proved by straightforward computation.

Remark 9.2. By definition, the dual product ∗ must verify the following relation:

X ∗Y= E−1 ◦X ◦Y (9.3)

for X, Y arbitrary vector fields. This means that

Xjc∗ijkY
k =

(
E−1

)a
ciabX

jcbjkY
k ∀X, Y

i.e.

c∗ijk =
(
E−1

)a
ciabc

b
jk.

8 The last summation is not to be considered for n= 2,3.
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Therefore

c∗i(α)j(β)k(γ) =
r∑

σ,τ=1

mσ∑
a=1

mτ∑
b=1

(
E−1

)a(σ)
ci(α)a(σ)b(τ)c

b(τ)
j(β)k(γ) =

mα∑
a,b=1

(
E−1

)a(α)
ci(α)a(α)b(α)c

b(α)
j(β)k(γ)

=

mα∑
a,b=1

(
E−1

)a(α)
δia+b−1 δ

α
β δ

α
γ δ

b
j+k−1 = δαβ δ

α
γ

mα∑
b=1

(
E−1

)(i−b+1)(α)
δbj+k−1

= δαβ δ
α
γ (E−1)(i−j−k+2)(α). (9.4)

Proposition 9.3. The Christoffel symbols of the dual connection∇∗ are given by

Γ∗k(α)
i(β)j(γ) = Γ

k(α)
i(β)j(γ) − δαβ δ

α
γ

(
E−1

)(k−i−j+2)(α)

δk1
1−

∑
σ ̸=α

mσεσ


+
(
1− δk1

)(
1−

r∑
τ=1

mτετ

)−
(
1− δαβ

)
δβγ δ

1
i δ

1
j δ

k
1
mβεβ
u1(β)

(9.5)

for every choice of α, β, γ ∈ {1, . . . ,r} and every k ∈ {1, . . . ,mα}, i ∈ {1, . . . ,mβ}, j ∈
{1, . . . ,mγ}.

Proof. The proof follows from (3.4) and lemma 8.10.

10. Generalized Lenard–Magri chains and the principal hierarchy

The main idea at the origin of the present paper was to identify the integrable hierarchy
obtained applying the construction of [19] starting from a (1,1)-tensor field L with vanish-
ing Nijenhuis torsion with a set of symmetries of the principal hierarchy associated with a
bi-flat F-manifold, for each of the canonical forms found by David and Hertling in [9] for
L= E◦ in the case of regular F-manifolds with Euler vector field. This amounts to require that
all the tensor fields

V0 = X(0)◦= e◦= I

V1 = X(1)◦= (E− a0 e)◦= L− a0I

V2 = X(2)◦= (E ◦E− a0E− a1 e)◦= L2 − a0L− a1I

...

Vk+1 = X(k+1)◦= LVk− akI=
(
Ek+1 − a0E

k− a1E
k−1 + · · · − ake

)
◦

= Lk+1 − a0L
k− a1L

k−1 + · · · − akI

defined recursively by

dak+1 = dLak− akda0, a0 =
r∑

α=1

mαεαu
1(α),

satisfy the condition d∇Vk = 0 (see (3.7)). Actually, in order to get the connection ∇, we
needed to impose only the first non-trivial condition

d∇ (L− a0I) = 0.
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In this section we will prove that the same condition is satisfied by all tensor fields Vk. In other
words, as it is natural to expect, the connection∇ is associated to the full hierarchy and not to
a single special flow. To prove this fact we will use the commutativity of the associated flows
[19]. According to the results of [22] the commutativity of the flows associated with Vα and
Vβ can be written as

cris
[(
LieX(α)

c
)i
jk
Xk(β) −

(
LieX(β)

c
)i
jk
Xk(α) + cijk

[
X(α),X(β)

]k]
+ crij

[(
LieX(α)

c
)i
sk
Xk(β) −

(
LieX(β)

c
)i
sk
Xk(α) + cisk

[
X(α),X(β)

]k]
= 0 .

We have the following lemma.

Lemma 10.1. The commutativity condition can be written as

Vsi (d∇W)
l
js+Vsj (d∇W)

l
is+Ws

i (d∇V)
l
js+Ws

j (d∇V)
l
is = 0. (10.1)

where V= X(α)◦ and W= X(β)◦.

The proof is a straightforward computation.
Using this lemma we can prove the following proposition.

Proposition 10.2. The tensor fields Vβ satisfy the condition

d∇Vβ = 0, β = 2,3,4 . . . .

Proof. Due to the previous lemma and taking into account that d∇V1 = 0 we can assume the
validity of the equation

V s
i (d∇W)

l
js+Vsj (d∇W)

l
is = 0, (10.2)

with V= L− a0I and W= Vβ for some fixed β ⩾ 2. We recall that

Va(α)b(β) = δαβ

(
u(a−b+1)(α)1{a⩾b} − δaba0

)
.

In particular, Va(α)b(β) = 0 whenever α ̸= β. Using these facts it is immediate to check that the
condition (10.2) in David–Hertling canonical coordinates reads:

Vs(σ)j(α) (d∇W)
i(γ)
l(β)s(σ) +Vs(σ)l(β) (d∇W)

i(γ)
j(α)s(σ) = 0.

Let us study its consequences. We consider the following cases:

1. α = β
2. α ̸= β.

Case 1: α= β. We fix the index i. In this case we have

0= Vs(σ)j(α) (d∇W)
i(γ)
l(α)s(σ) +Vs(σ)l(α) (d∇W)

i(γ)
j(α)s(σ)

= Vs(α)j(α) (d∇W)
i(γ)
l(α)s(α) +Vs(α)l(α) (d∇W)

i(γ)
j(α)s(α) .

We show that (d∇W)
i(γ)
(mα−q)(α)(mα−h)(α) = 0 by a double procedure of induction, over q and

h. By taking j = mα we get

0= Vs(α)mα(α) (d∇W)
i(γ)
l(α)s(α) +Vs(α)l(α) (d∇W)

i(γ)
mα(α)s(α)
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which gives

0= Vs(α)mα(α) (d∇W)
i(γ)
(mα−1)(α)s(α) +Vs(α)(mα−1)(α) (d∇W)

i(γ)
mα(α)s(α)

= Vmα(α)
mα(α) (d∇W)

i(γ)
(mα−1)(α)mα(α) +V(mα−1)(α)

(mα−1)(α)(d∇W)
i(γ)
mα(α)(mα−1)(α)

+Vmα(α)
(mα−1)(α)(d∇W)

i(γ)
mα(α)mα(α) = u2(α)(d∇W)

i(γ)
mα(α)mα(α)

thus (d∇W)
i(γ)
mα(α)mα(α) = 0 for l= mα − 1 (we already knew it, due to the antisymmetry of

d∇W in the lower indices),

0= Vs(α)mα(α) (d∇W)
i(γ)
(mα−2)(α)s(α) +Vs(α)(mα−2)(α) (d∇W)

i(γ)
mα(α)s(α)

= Vmα(α)
mα(α) (d∇W)

i(γ)
(mα−2)(α)mα(α) +V(mα−2)(α)

(mα−2)(α)(d∇W)
i(γ)
mα(α)(mα−2)(α)

+V(mα−1)(α)
(mα−2)(α)(d∇W)

i(γ)
mα(α)(mα−1)(α) +Vmα(α)

(mα−2)(α)(d∇W)
i(γ)
mα(α)mα(α)

= u2(α)(d∇W)
i(γ)
mα(α)(mα−1)(α)

thus (d∇W)
i(γ)
mα(α)(mα−1)(α) = 0 for l= mα − 2 and

0= Vs(α)mα(α) (d∇W)
i(γ)
(mα−h−1)(α)s(α) +Vs(α)(mα−h−1)(α) (d∇W)

i(γ)
mα(α)s(α)

= Vmα(α)(α)
mα(α) (d∇W)

i(γ)
(mα−h−1)(α)mα(α)(α) +V(mα−h−1)(α)

(mα−h−1)(α)(d∇W)
i(γ)
mα(α)(mα−h−1)(α)

+

mα∑
s=mα−h

Vs(α)(mα−h−1)(α)(d∇W)
i(γ)
mα(α)s(α)

= V(mα−h)(α)
(mα−h−1)(α)(d∇W)

i(γ)
mα(α)(mα−h)(α) +

mα∑
s=mα−h+1

Vs(α)(mα−h−1)(α)(d∇W)
i(γ)
mα(α)s(α)

for l= mα − h− 1 (for a given h⩾ 1). This last condition, if we inductively assume that
(d∇W)

i(γ)
mα(α)(mα−r)(α) = 0 for each r⩽ h− 1, yields (d∇W)

i(γ)
mα(α)(mα−h)(α) = 0. We have

just proved that (d∇W)
i(γ)
mα(α)j(α) = 0 for every choice of j. We want to prove now that

(d∇W)
i(γ)
(mα−q)(α)j(α) = 0 for each choice of j for a given q⩾ 1. We inductively assume that

(d∇W)
i(γ)
(mα−r)(α)j(α) = 0 for each choice of j and r⩽ q− 1. By taking l= mα − q we get

0= Vs(α)j(α) (d∇W)
i(γ)
(mα−q)(α)s(α) +Vs(α)(mα−q)(α) (d∇W)

i(γ)
j(α)s(α)

where (d∇W)
i(γ)
(mα−q)(α)s(α) = 0 and (d∇W)

i(γ)
j(α)s(α) = 0 for each s⩾ mα − q+ 1 thus

0=
mα−q∑
s=j

Vs(α)j(α) (d∇W)
i(γ)
(mα−q)(α)s(α) +

mα−q∑
s=mα−q

Vs(α)(mα−q)(α) (d∇W)
i(γ)
j(α)s(α)

=

mα−q∑
s=j

Vs(α)j(α) (d∇W)
i(γ)
(mα−q)(α)s(α) +V(mα−q)(α)

(mα−q)(α)(d∇W)
i(γ)
j(α)(mα−q)(α)
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= Vj(α)j(α)(d∇W)
i(γ)
(mα−q)(α)j(α) +

mα−q∑
s=j+1

Vs(α)j(α) (d∇W)
i(γ)
(mα−q)(α)s(α)

+V(mα−q)(α)
(mα−q)(α)(d∇W)

i(γ)
j(α)(mα−q)(α) =

mα−q∑
s=j+1

Vs(α)j(α) (d∇W)
i(γ)
(mα−q)(α)s(α)

which is trivially verified whenever j⩾ mα − q and gives

0= V(mα−q)(α)
(mα−q−1)(α) (d∇W)

i(γ)
(mα−q)(α)(mα−q)(α)

thus (d∇W)
i(γ)
(mα−q)(α)(mα−q)(α) = 0 for j = mα − q− 1 and

0=
mα−q∑
s=mα−t

Vs(α)(mα−t−1)(α) (d∇W)
i(γ)
(mα−q)(α)s(α)

= V(mα−t)(α)
(mα−t−1)(α) (d∇W)

i(γ)
(mα−q)(α)(mα−t)(α) +

mα−q∑
s=mα−t+1

Vs(α)(mα−t−1)(α) (d∇W)
i(γ)
(mα−q)(α)s(α)

for j = mα − t− 1 (given some t⩾ 1). This last condition, together with the induct-
ive assumption of (d∇W)

i(γ)
(mα−q)(α)(mα−r)(α) = 0 for each choice of r⩽ t− 1, yields

(d∇W)
i(γ)
(mα−q)(α)(mα−t)(α) = 0. This proves that (d∇W)

i(γ)
(mα−q)(α)j(α) = 0 for each choice of

j and in turn that (d∇W)
i(γ)
j(α)l(α) = 0 for each choice of j and l.

Case 2: α ̸= β. We fix the index i. In this case we have

0= Vs(σ)j(α) (d∇W)
i(γ)
l(β)s(σ) +Vs(σ)l(β) (d∇W)

i(γ)
j(α)s(σ) =

mα∑
s=j

Vs(α)j(α) (d∇W)
i(γ)
l(β)s(α)

+

mβ∑
s=l

Vs(β)l(β) (d∇W)
i(γ)
j(α)s(β) =

(
u1(α) − a0

)
(d∇W)

i(γ)
l(β)j(α) +

mα∑
s=j+1

Vs(α)j(α) (d∇W)
i(γ)
l(β)s(α)

+
(
u1(β) − a0

)
(d∇W)

i(γ)
j(α)l(β) +

mβ∑
s=l+1

Vs(β)l(β) (d∇W)
i(γ)
j(α)s(β)

=
(
u1(α) − u1(β)

)
(d∇W)

i(γ)
l(β)j(α) +

mα∑
s=j+1

Vs(α)j(α) (d∇W)
i(γ)
l(β)s(α) +

mβ∑
s=l+1

Vs(β)l(β) (d∇W)
i(γ)
j(α)s(β)

which is trivially verified when γ ̸= α, γ ̸= β since

(d∇W)
i(γ)
j(α)l(β) = ∂j(α)W

i(γ)
l(β) +Γ

i(γ)
j(α)s(σ)W

s(σ)
l(β) − ∂l(β)W

i(γ)
j(α) −Γ

i(γ)
l(β)s(σ)W

s(σ)
j(α)

where Wa(µ)
b(ν) = 0 whenever µ ̸= ν (because W= Vk is a polynomial in L and La(µ)b(ν) = 0

whenever µ ̸= ν) and Γa(µ)b(ν)c(τ) = 0 whenever µ, ν and τ are pairwise distinct. We are then left
to consider the case where γ = α ̸= β (due to the antisymmetry of d∇W in the lower indices,
this covers the case γ = β ̸= α as well). We have
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0=
(
u1(α) − u1(β)

)
(d∇W)

i(α)
l(β)j(α)

+

mα∑
s=j+1

Vs(α)j(α) (d∇W)
i(α)
l(β)s(α) +

mβ∑
s=l+1

Vs(β)l(β) (d∇W)
i(α)
j(α)s(β)

where

(d∇W)
i(α)
j(α)l(β) = ∂j(α)W

i(α)
l(β) +Γ

i(α)
j(α)s(β)W

s(β)
l(β) − ∂l(β)W

i(α)
j(α) −Γ

i(α)
l(β)s(α)W

s(α)
j(α)

= Γ
i(α)
j(α)1(β)W

1(β)
l(β) − ∂l(β)W

i(α)
j(α) −Γ

i(α)
l(β)s(α)W

s(α)
j(α)

trivially vanishes whenever i< j (Wi(α)
j(α) = 0 for i< j becauseW= Vk is a polynomial in L and

Li(α)j(α) = 0 for i< j). We are then left to consider i⩾ j. For i= j we get

0=
(
u1(α) − u1(β)

)
(d∇W)

j(α)
l(β)j(α)

+

mα∑
s=j+1

Vs(α)j(α) (d∇W)
j(α)
l(β)s(α) +

mβ∑
s=l+1

Vs(β)l(β) (d∇W)
j(α)
j(α)s(β)

=
(
u1(α) − u1(β)

)
(d∇W)

j(α)
l(β)j(α) +

mβ∑
s=l+1

Vs(β)l(β) (d∇W)
j(α)
j(α)s(β)

which gives

0=
(
u1(α) − u1(β)

)
(d∇W)

j(α)
mβ(β)j(α)

thus (d∇W)
j(α)
mβ(β)j(α)

= 0 for l= mβ and

0=
(
u1(α) − u1(β)

)
(d∇W)

j(α)
(mβ−h)(β)j(α) +

mβ∑
s=mβ−h+1

Vs(β)(mβ−h)(β) (d∇W)
j(α)
j(α)s(β)

for l= mβ − h (for a given h⩾ 1). This last condition, together with the inductive assumption

of (d∇W)
j(α)
j(α)(mβ−r)(β) = 0 for each choice of r⩽ h− 1, yields (d∇W)

j(α)
j(α)(mβ−h)(β) = 0. This

proves (d∇W)
j(α)
j(α)l(β) = 0 for every choice of l. We inductively assume that (d∇W)

( j+t)(α)
j(α)l(β) = 0

for every l and for every t⩽ p− 1 (for a fixed p⩾ 1). We want to show that (d∇W)
( j+p)(α)
j(α)l(β) = 0

for every l. For i = j+ p we get

0=
(
u1(α) − u1(β)

)
(d∇W)

( j+p)(α)
l(β)j(α)

+

mα∑
s=j+1

Vs(α)j(α) (d∇W)
( j+p)(α)
l(β)s(α) +

mβ∑
s=l+1

Vs(β)l(β) (d∇W)
( j+p)(α)
j(α)s(β)

where (d∇W)
( j+p)(α)
l(β)s(α) = 0 for every s⩾ j+ 1 by the inductive hypothesis, so

0=
(
u1(α) − u1(β)

)
(d∇W)

( j+p)(α)
l(β)j(α) +

mβ∑
s=l+1

Vs(β)l(β) (d∇W)
( j+p)(α)
j(α)s(β)
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which gives

0=
(
u1(α) − u1(β)

)
(d∇W)

( j+p)(α)
mβ(β)j(α)

thus (d∇W)
( j+p)(α)
mβ(β)j(α)

= 0 for l= mβ and

0=
(
u1(α) − u1(β)

)
(d∇W)

( j+p)(α)
(mβ−h)(β)j(α) +

mβ∑
s=mβ−h+1

Vs(β)(mβ−h)(β) (d∇W)
( j+p)(α)
j(α)s(β)

for l= mβ − h (for a fixed h⩾ 1). This last condition, together with the inductive assumption

of (d∇W)
( j+p)(α)
(mβ−r)(β)j(α) = 0 for each choice of r⩽ h− 1, yields (d∇W)

( j+p)(α)
(mβ−h)(β)j(α) = 0. This

proves (d∇W)
( j+p)(α)
j(α)l(β) = 0 for every choice of l and in turn (d∇W)

i(α)
j(α)l(β) = 0 for every choice

of i, j and l.
This concludes the proof of the fact that (10.2) implies d∇W= 0 for the choice of V=

L− a0I and W= Vk.

11. Conclusions

In this paper we have presented a general construction of multiparameter families of regular bi-
flat F-structures (∇,∇∗,◦,∗,e,E) starting from a (1,1)-tensor field Lwith vanishing Nijenhuis
torsion and a special solution of the equation ddLa0 = 0.

By construction:

• the tensor field L coincides with the operator of multiplication by the Euler vector field;
• the flows defined by the tensor fields

V0 = e◦= I

V1 = (E− a0 e)◦= L− a0I

V2 = (E ◦E− a0E− a1 e)◦= L2 − a0L− a1I,

· · ·= · · ·

with a1,a2, . . . defined recursively by

dak+1 = dLak− akda0,

define symmetries of the associated principal hierarchy.

Due to David-Hertling’s result we have assumed L to have block-diagonal form with each
block of the form

Lα =


u1(α) 0 . . . 0
u2(α) u1(α) . . . 0
...

. . .
. . .

...
umα(α) . . . u2(α) u1(α)

 . (11.1)
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Moreover motivated by the example of semisimple Lauricella structures we have chosen a0 as
a weighted sum of the traces of the blocks defining L:

a0 =
r∑

α=1

εαTr(Lα) .

Our construction works for any number of Jordan blocks and for any choice of the weights εα.
Some preliminary computations suggest that this construction could be further generalized

considering an arbitrary linear function a0 as starting point:

a0 =
r∑

α=1

mr∑
i=1

εi(α) u
i(α).

Unfortunately in this case the computations become much more involved due to more com-
plicated ‘interaction’ between different blocks and the strategy used in the present paper does
not seem to work anymore.
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