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ARTICLE INFO ABSTRACT

Communicated by Francesco Maggi The paper focuses on the LP-Positivity Preservation property (L”-PP for short) on a Riemannian
manifold (M, g). It states that any L? function u with 1 < p < +oc0, which solves (-4 + 1)u > 0
e . on M in the sense of distributions must be non-negative. Our main result is that the L?-PP
L7 positivity preservation holds if (the possibly incomplete) M has a finite number of ends with respect to some compact
Removable singularities
Spectral theory domain, each of which is g-parabolic for some, possibly different, values 2p/(p — 1) < ¢ < +oo.
When p = 2, since co-parabolicity coincides with geodesic completeness, our result settles in
the affirmative a conjecture by M. Braverman, O. Milatovic and M. Shubin in 2002. On the
other hand, we also show that the L?-PP is stable by removing from a complete manifold
a possibly singular set with Hausdorff co-dimension strictly larger than 2p/(p — 1) or with a
uniform Minkowski-type upper estimate of order 2p/(p — 1). The threshold value 2p/(p — 1) is
sharp as we show that when the Hausdorff co-dimension of the removed set is strictly smaller,
then the L”-PP fails. This gives a rather complete picture. The tools developed to carry out
our investigations include smooth monotonic approximation and consequent regularity results
for subharmonic distributions, a manifold version of the Brezis—Kato inequality, Liouville-type
theorems in low regularity, removable singularities results for L”-subharmonic distributions and
a Frostman-type lemma.
Since the seminal works by T. Kato, the L?-PP has been linked to the spectral theory of
Schrodinger operators with singular potentials A — V. Here we present some applications of the
main results of this paper to the case where V € L) , addressing the essential self-adjointness
of the operator when p = 2 and whether or not C*(M) is an operator core for 4—V in L”.

Keywords:

1. Introduction and main results

1.1. Basic notation

measure dv. Unless otherwise specified, integration will be always performed with respect to this measure. The Riemannian metric
g gives rise to the intrinsic distance dist(x, y) between a couple of points x, y € M. The corresponding open metric ball centered at
0o € M and of radius R > 0 is denoted by By(0o). The Riem and Ric symbols are used to denote, respectively, the Riemann and the
Ricci curvature tensors of (M, g). Finally, the Laplace-Beltrami operator of (M, g) is denoted by 4 = trace Hess = div V. We stress
that we are using the sign convention according to which, on the real line, 4 = +dd7.

Let (M,g) be a connected, possibly incomplete, n-dimensional Riemannian manifold, n > 2, endowed with its Riemannian
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This paper deals with sub-solutions of elliptic PDEs involving the Schrodinger operator
L=A4-Mx)

where A(x) is a smooth function.
We say that u € L} (M) is a distributional solution of Lu > f € L; (M) if, for every 0 < ¢ € CX(M),

loc

/uﬁwz/fco-
M M

Sometimes, we will call such a u a distributional subsolution of the equation Lu = f. The notion of distributional supersolution is defined
by reversing the inequalities and we say that u € LI'OC(M ) is a distributional solution of Lu = f if it is a subsolution and a supersolution
at the same time.

In the presence of more local regularity of the function involved we can also speak of a weak solution of the same inequality.
Namely, u € Wli’cl(M ) is a weak solution of Lu > f € L}UC(M ) if, for every 0 < ¢ € C®*(M), it holds

—/ g(Vu,V(P)Z/(ﬂu+f)(P
M M

By a density argument, the inequality can be extended to test functions 0 < ¢ € W,"®(M). If the regularity of u is increased to
W[lf(M ) then test functions can be taken in WL.I’Z(M ).

Finally, we need to recall that a function u € Wll’; (M) is a distributional solution of Lu > f € Llloc if and only if it is a weak
solution of the same inequality.

1.2. The BMS conjecture

This paper and its companion [23] incorporate the preprint [45] by two of the authors, which will not be published. The main
goal of the present paper is to expand the investigation of the BMS conjecture on possibly incomplete Riemannian manifolds. In [23]
a generalization of the BMS conjecture, that relies on a completely new notion of distributional subsolutions, is obtained in the much
broader setting of complete metric measure spaces.

BMS conjecture was introduced in [10, Appendix B], and it is concerned with the LP-positivity preserving property for
Riemannian manifolds. We recall the definition of this property by B. Giineysu, [19]:

Definition 1.1. Let 1 < p < +oco0. The Riemannian manifold (M, g) is said to be L?-Positivity Preserving (L?-PP for short) if the
following implication holds true:

(=4 + 1u > 0 distributionally on M
= u>0ae on M. (L? — PP)

ue LP(M)

More generally, one can consider any family of functions & C L}GC(M ) and say that (M, g) is @-Positivity Preserving if the above
implication holds when L?(M) is replaced by .

The following conjecture, motivated by the study of self-adjointness of covariant Schrodinger operators (see the discussions
in [20,21] and Section 7 below) was formulated by M. Braverman, O. Milatovic and M. Shubin in [10, Appendix B].

Conjecture 1.2 (BMS Conjecture). Assume that (M, g) is geodesically complete. Then (M, g) is L?-positivity preserving.

The validity of the BMS conjecture has been verified under additional restrictions on the geometry of the complete Riemannian
manifold (M, g). More precisely:

« In the seminal paper [30, p. 140], T. Kato proved that R” is L2-PP.

« In [10, Proposition B.2] it is assumed that (M, g) has C*-bounded geometry, i.e., it satisfies |VY) Riem||;« < +oco for any
j € N and inj(M) > 0.

 In [19], B. Giineysu showed that Ric > 0 is sufficient for Conjecture 1.2 to be true. Subsequently, in [21, Theorem XIV.31],
he proved that if Ric > —K? then (M, g) is L?-PP on the whole scale p € [1, +co].

+ In [7], D. Bianchi and A.G. Setti observed that the BMS conjecture is true even if the Ricci curvature condition is relaxed to

Ric > —=C(1 + r(x))?

where r(x) = dist(x,0) for some origin o € M. Under the same curvature assumptions, the LP-PP can be extended almost
directly to any p € [2, ), and with a little more effort to any p € [1, +o0], [21,36].

+ In the very recent [36], L. Marini and the third author considered the case of a Cartan-Hadamard manifold (complete, simply
connected with Riem < 0). In this setting it is proved that (M, g) is L”-PP for any p € [2, +o0) provided

—(m — DB*(1 + r(x))**? < Ric < —(m — 1)2A2(1 + r(x))*

for some a > 0 and B > \/E(m— 1A > 0.
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Kato’s argument in R” relies on the positivity of the operator (-4 + 1)~! acting on the space of tempered distributions, which in
turn is proved using the explicit expression of its kernel. Instead, in all the above quoted works on Riemannian manifolds, the proofs
stem from an argument by B. Davies, [10, Proposition B.3] that relies on the existence of good cut-off functions with controlled
gradient and Laplacian. Obviously, the construction of these cut-offs requires some assumption on the curvature.

1.3. Riemannian manifolds and L?-positivity preservation

In this paper we prove some results on the L? positivity-preserving property for a Riemannian manifold M and its link to
completeness of M, the p-parabolicity of M, and the validity of the property on M \ K in relation to the size of K.

The approach we use is somewhat different from the other results available in literature. In particular, our approach is based
on a new a priori regularity result for positive subharmonic distributions (see Section 3), which permits to prove a Liouville type
theorem and on a Brezis—Kato inequality on Riemannian manifolds (see Section 4). Both these results, in turn, rely on a smooth
monotonic approximation of distributional solutions of Lu > 0 (see Section 2). This approximation can be proved using general
potential-theoretic arguments, but in this paper we also present an explicit construction that uses the Riemannian Green’s function
as a sort of mollifier to smoothen any L' subsolution u.

This approach avoids any curvature restrictions on the manifold M, and allows us to prove that

Theorem 1.3. Let (M, g) be a complete Riemannian manifold. Then M is LP-Positivity Preserving for every p € (1,+o0). In particular, the
BMS conjecture is true.

As a matter of fact, a by-product of our approach is that a complete manifold is #-Positivity Preserving where

€ = {u € Ly, (M) : lull g, p\By) = OR?) S R — +00},

loc

where p € (1,+00) (see Remark 5.3).

Remark 1.4. We note explicitly that, in the statement of Theorem 1.3, the endpoint cases p = 1 and p = +oo are excluded.
This is because, in general, the corresponding property may fail. Indeed, it is well known that there are complete Riemannian
manifolds which are not L*-Positivity Preserving (since stochastically incomplete). On the other hand, [8] contains an example of
complete manifold whose sectional curvature decays more than quadratically to —oo and such that the L'-Positivity Preservation is
not satisfied.

1.4. LP-Positivity preservation, parabolicity, capacity and removable sets

A natural problem is to understand to which extent geodesic completeness is a necessary condition for the (L” — PP) property to
hold. We present two families of results in this direction:

1. Theorem 5.1 states that a not necessarily complete Riemannian manifold M still enjoys the (L? — PP) property if it has a
finite number of ends, all of which are g-parabolic for possibly different values of g > ,%.

2. Corollary 5.6, Proposition 5.8 and Section 6 deal with manifolds of the form M \ K, where M is a complete Riemannian
manifold and K is a compact subset with either capacity or Minkowski-type upper bounds.

We refer the reader to [15,17,38] for a background on capacity and parabolicity. The relevant definitions will be also recalled in
Section 5.

The main idea for these results is that sets that are sufficiently “small” in a suitable sense do not influence the behavior of
solutions to (—4 + 1)u > 0, and parabolicity of a manifold guarantees the same property for the boundary at infinity of M.

To be more precise, we prove the following results:

Proposition 1.5. Let 1 < p < +oo0 and let M = N \ K, where (N, h) is an n-dimensional complete Riemannian manifold and K C N is a
compact set. Suppose that the Hausdorff dimension of K satisfies
2
dimy (K) < n— —2— . (1.1)
p—1
Then M is LP-Positivity Preserving.

As a matter of fact the conclusion of Proposition 1.5 holds if K is g-polar for some [% < g £ +00, a condition that is implied by
the smallness of Hausdorff dimension.

With a stronger assumption on the size of K, it is possible to deal with the threshold dimension as well. In particular, we have
the following result. Here, and in the subsequent parts of the paper, given a subset E of a complete Riemannian manifold (N, h),
we denote by B.(E) = U, B,(x) its open tubular neighborhood.

Proposition 1.6. Let 1 < p < +oo and let M = N \ K, where (N, h) is an n-dimensional complete Riemannian manifold and K C N is a
bounded set. If the tubular neighborhoods of K have uniform volume bounds of the form
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2
vol (B, (K)) < Cro-1 1.2)
for some C independent of r, then M is LP-Positivity Preserving.

On the other hand, it is possible to build explicit examples of complete manifolds (M, h) that lose the (L” — PP) property when
a set K of “big size” is removed from them. In particular, Proposition 6.2 shows that if the set K has Hausdorff dimension

2
dimy (K) > n— —"1 . (1.3)
e

then the (L? — PP) property does not hold on M \ K, so that the dimensional threshold n — 2—”1 is essentially sharp.

-

As alluded to above, the (L” — PP) property has strong consequences on the spectral theory of Schrédinger operators of the form
A — V with singular potential V € L‘l"oc. In the final Section 7 we will apply our main results to exhibit assumptions ensuring that
the Schrodinger operator is essential self-adjoint (when p = 2) or that C°(M) is an L?-core for A—V.

2. Smooth approximation of distributional subsolutions

In the classical potential theory for the Euclidean Laplacian in R” (and therefore on any 2-dimensional manifold in isothermal
local coordinates) it is known that subharmonic distributions are the monotone limit of smooth subharmonic functions. In particular,
given a subharmonic functionu : R" - R, u € LllOC (R"), we can consider a C*(R") mollifier ¢,(x) = r"¢(x/r) and the one-parameter
family of functions u(x, r) = ¢, * u. Using standard estimates, one can show that for all r > 0, u(x, r) are smooth subharmonic functions
that, as r — 0, converge monotonically from above to u(x) in the LllOC sense.

We need to extend this property to the locally uniformly elliptic operator
L=A4A-Ax)

on a Riemannian manifold, A(x) being a smooth function.

Theorem 2.1. Let (M, g) be an open manifold. For any 0 < A € C®(M), the operator L = A — A(x) has the property of local smooth
monotonic approximation of L Iloc -subsolutions, i.e the following holds.

For every Q € M relatively compact open domain with smooth boundary, there exists Q' € Q € M such that, if u € L'(R) solves
Lu >0 in Q, then there exists a sequence {u, } C C® (') satisfying the following properties:

(@ u<u <uforadlkeN;

(b) uy(x) > u(x) as k — +oo for a.e. x € Q';
(0) Lu, >0in Q forall k e N;

(d) ”u - uk”Ll(_Q/) — 0as k > +c0.

In case Q is contained in a coordinate chart of M, Theorem 2.1 is a special case of [33, Theorem A]. However, we had some
difficulty following all the details of the proof in [33], as some of the steps seem to be not extremely clear. Accordingly, we provide
in the following a different self-contained proof.

Preliminarily, we observe that, in order to prove the monotonic approximation, we can replace the Schrodinger operator £ by
an operator of the form 4, = a2 div(a?V-) for a suitable smooth function « > 0. Indeed, given a smooth neighborhood 2 € M of
X(, let a € C*®(M) be a solution of the problem

La=0,
on Q.
a >0,

Thanks to the maximum principle, such an « can be obtained for instance as a solution of the Dirichlet problem L« = 0 with positive
constant boundary data on d£2. We use the following trick introduced by M.H. Protter and H.F. Weinberger in [47].

Remark 2.2. The assumption 4 > 0 in Theorem 2.1 can be avoided up to taking a small enough neighborhood of x,. Indeed,
suppose that A(x,) < 0. Since M is asymptotically Euclidean in x(, the constant in the Poincaré inequality can be made arbitrarily
small on small domains. Namely, there exists a small enough neighborhood U of x, so that

A
/—A(pzdvs—ﬂ/q)zdvs/ [Vol*dv, Vo e C2U),
U 2 U U

i.e., the bottom of the spectrum Aﬁ/(—ﬁ) of —L = —A+ A on U is non-negative. By the monotonicity of A‘IJ(—E) with respect to the
domain, we thus obtain that )rlo(—[l) > 0 on some smaller domain 2 € U. Accordingly, there exists a strictly positive solution of
La=0on Q.

Lemma 2.3. The function w € L}DC(M ) is a distributional solution of Lw > 0 on 2 if and only if w/«a is a distributional solution of
A, (w/a) := a2 div(e?V(w/a)) > 0 on Q.
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Proof. Let 0 < ¢ € CX(£). Since da = Aa, we have
ad (@p/a) = a~  div(@®V(p/a)) = a” div(aVe — pVa) = a”(adp — pda) = L.

Noticing that the operator 4, is symmetric with respect to the smooth weighted measure «? dv, we get

c
(Aaf,aq;):/ anfazdu/ ﬂaz—q’dv=/ wLedv = (Lw, ).
a Ma ‘a M Qa a M

Since 0 < ap € CX (L), this concludes the proof of the lemma.

According to this lemma, setting v = a~'u, we can infer the conclusion of the theorem from the equivalent statement for the

operator 4,. Indeed, since v € L,‘OC(Q) solves A,v > 0 distributionally in €, if we prove that there exists £’ € 2 and a sequence

{ve} € C”(ﬁ,) satisfying the following properties:

@) v<uvpy <y forall k eN;

(b)) vi(x) = v(x) as k — +oo for a.e. x € Q';
(¢) A,v; >01in Q' for all k eN;

(@) llv = vl = 0 as k — +oo;

then the sequence u;, = av, satisfies (a), (b), (c) and (d) as desired.

With this preparation, Theorem 2.1 could be proved by exploiting the powerful machinery developed in the axiomatic potential
theory. Indeed, according to [48, Theorem 1], v is a 4,-subharmonic function in the sense of Hervé, [26]. Hence, to conclude,
we can apply a slightly modified version of [9, Theorem 7.1]. Namely, one can verify that Theorem 7.1 in [9] works without any
change if one uses in its proof the Green function of £ with null boundary conditions on d€2. The existence of this Green function,
in turn, can be deduced using different methods. For instance, from the PDE viewpoint, we can appeal to the fact that the Dirichlet
problem on smooth relatively compact domains is uniquely solvable; see the classical [34]. A similar approach is used to obtain the
monotonic approximation in [8].

It is apparent that this kind of argument is quite involved. Therefore, for the reader’s convenience, we present a self-contained
proof of Theorem 2.1 that does not rely on any abstract potential theory.

Proof of Theorem 2.1. Given the existence of local isothermal coordinates, and given that the Laplacian is conformally invariant
in dimension 2, the theorem follows easily in this case from the Euclidean case.

If (M, g) has dimension > 3, by Lemma 2.3 we can focus on the approximation problem for 4,, which is proportional to the
Laplace-Beltrami operator relative to the metric §;; = a»%z g;;- Thus, up to changing metric, we can simply study the approximation
for the standard Laplace-Beltrami operator on the manifold M.

Let ©Q be any relatively compact neighborhood of x,, and let 2’ € Q" € @, with d(2’, 2"C) > e > 0. Assume for simplicity that
£ has smooth boundary. Let G,(x, y) = G(x, y) be the Green’s function of the operator 4 on £ with Dirichlet boundary conditions,
where the signs are chosen so that AG = —§. We recall some standard facts about the Green’s function (see for example [4, theorem
4.13]):

G(x,y) is smooth on 2x 2\ D, where D = {(x,x) x € Q} 2.1
G(x,3) >0 (2.2)
G(x,y) < Cd(x, yy*™" (2.3)
IVG(x, y)| < Cd(x,p)'™" 2.4
G(x,y) =Gy, x) (2.5)
A,G(x,y) = 4,G(x,y) = =6, (2.6)
In the following, we will denote G.(y) = G(x,y) when x is fixed. Thus we can also define the level sets G;l(t) =

{ yEM st G.(y) = t} C M. Moreover, V,G.(y) = V,G(x, ) denotes the gradient of G w.r.t. y. We will drop the subscript when
there is no risk of confusion.! It can be convenient sometimes to extend the definition of G to M X M by setting it to be 0 outside
2 x Q. This however turns G into a non C! function over 92, and (2.4), (2.6) hold only on Q x Q.

Following a similar approach to the one in [9], see also [43] for a relevant representation formula for smooth functions, we can
use the Green’s function to construct explicitly the approximating sequence v;. Let w : R — [0, 1] be a smooth function such that

W20 supp (¥) C [~ 1311 , /v/= 1. 2.7)
R

1 it is worth mentioning that while G(x,y) is symmetric in x and y, this does not mean that V G(x,y) = +V,G(x,y). Consider for example the symmetric
function f : R? — R given by f(x,y) = xy. However, since the usual Green’s function in R” is translation invariant, G(x,y) = |x — y|*™", then in this case
V,G(x,y) = =V ,G(x, y). This is not the case on a Riemannian manifold.
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Given u € L'(£2), define the one parameter family of functions
2
v(x.r) = / ¥ (G(x,y) = nu) [V,Gex )| dvoy. (2.8)
M

For convenience, we will drop the integration symbol dv(y) when there is no risk of confusion.
Since supp () C [—1; 1], and since G(x, y) is smooth as long as x # y < G(x,y) # oo, the function v(x, r) is smooth in x for all
r < oo fixed. Using the coarea formula, we can re-write v(x, r) as

U(x,r)=/ li/(G(x,y)—r)u(y)IVG(x,y)IZ=/
M

ds (s — r)/ u(y) |VG(x,y)| . (2.9
o) G;l(s)

Philosophically, v(x, r) plays the role of a mollified u(x) on the ball B2, (x) as r — oo.

Staying away from the boundary of Q. A technical point needed for the proof of all the properties that we want to show is
that we need to “stay away from the boundary of £2”. What this means will become clear in the computations below, but for the
moment let us mention that we can fix r, > 0 in such a way that for all r > r:

Vxe 2, Vye Q"¢ w(G(x,y)—r)=0. (2.10)

This is possible because of the definition of y and the upper bounds in (2.4).
Our final approximating sequence will be defined by

Ui (x) = v(x,rg+ k). (2.11)

Proof of monotonicity. Assuming that u is smooth, and denoting n the outward normal to the level sets G;!(1), we compute the
derivative of v(x,r) wrt the parameter r by:

QU(X,I‘):/LZ'S—I]'/(S—")/ u(y) |VG| = (2.12)
or R G:\(s)

=/dS—l}'/(S—r)/ u(y)g(VG,—n) =
R Gy=s

= / ds y(s— r)/ g(Vu,VG) + / ds y(s — r)/ u(y)4,G, =
Gy>s Gy>s
———

=0 =u(x) indep. of s

—/ds w(s—r)/x dth=tg<Vu,—|VG|> =

integrating by parts, since y has compact support the boundary term vanishes and we are left with:

_ (s — VG Y __ (s — _
—+/ds (s r)/Gx:Sg(Vu, |VG|> = /ds (s r)/GX:Sg(Vu,n)—
=—/dsu'/(s—r) Au=—/ Au/dsu'/(s—r)}(GXZs=

Gy>s M :

G, (»)
:/Au/ dsu'/(s—r)=—/ Au-y(G(y)—r).
M —00 M

We can conclude that
iv(x,r) = —/ Au-y (G (y)—1). (2.13)
or M

Now by the definition of r, in (2.10), if r > r, then for all x € 2’ the support of w(G,(y) —r) is contained in 2", and so y(G,(y)—r)
is a non-negative smooth function of y.> Since y(s) = f:w y(s) > 0, we can use the distributional subharmonicity of u to conclude
that

gu(x,n:—/ Au-w(G () —r) = —/ u-Afy(G,(»)-r] <0 (2.14)
r M M

Since both the first and the third term in the last chain of equality pass to the limit as 4; — u in Lloc, this last inequality holds for
all u € L! that are distributionally subharmonic, smoothness of u is not necessary here.

Proof of subharmonicity. We proceed in a similar way for the proof of subharmonicity of v(x,r) (here r is fixed, and we study
the subharmonicity in x € M). Assuming as above that u is smooth, we can compute

U(x,r):/ds xp(s—r)/ u|VG| =—/ds u'/(s—r)/ ug(VG,—n):u(x)—/ds W(s—r) g(Vu,VG) . (2.15)
R Gy=s R Gy =s R G2s

2 the problem is that G(x,y) is the Green’s function of £, so it is C° but not C' over 9%2.
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/ G g(Vu,n)— / GAu] = (2.16)
G=s G>s

= —/ ds y(s—r) (s — G)Au = —/ Au/ds (s — GO, y)r(s — r))(GXZS
R Gy>s Q0

Thus, rearranging the terms, we get

U(x,r)—u(x)=—/ds w(s—r) g(Vu,VG)=—/ds w(s—r)
R G>s R

Let @ (1) = f_’oo ds w(s) be the primitive of w. Notice that

G(x.y) G(x,y)
ds sy (s —r) — G(x, y)/ dsy(s—r)= 2.17)

=Gy(G-r-w(G—-r) =Gy(G-r=-pGx,y) —r).

/ds (s =G, (s —Nxg s = /

Summing up, we have that, if 4 is smooth,
o(x,r) —u(x) = /Q P(G(x,y) = nAu(y) dv(y). (2.18)
We can compute the Laplacian of v(x, r) by
Au(x,r) — Au(x) = /M AW (G(x,y) = MA,u(y) dv(y). (2.19)
By direct computation:

AW(G(x,y) =Nl = V; [w(G(x,y) = NV,G(x, )] = ¥ (G(x, ) = 1) VG, I + w(G(x, y) — NAG(x, ) = (2.20)
= ¥(G(x, ) = ) [VG(x, Y)I* = w(G(x,y) = Né_y = ¥(G(x, y) = 1) [VG(x, y)I* = by

Thus we obtain that

A o(x,r) — Au(x) = —Au(x) + / W (G(x,y)—r) |VXG|2 Au(y) dv(y), (2.21)
Q

Axu(x,r)=/Qu’/(G(x,y)—r)|VXG|2Audv(y)=/QuAy [y’/(G(x,y)—r)|VxG|2] vy,

As in the proof of the monotonicity property, the last equality makes sense also if u is simply in Llloc and not smooth.
Arguing as in the proof of monotonicity, if r > r, and x € @/, G(x,y) is smooth in this integral, and the distributional
subharmonicity of u allows us to conclude that

Av(x,r) 20, (2.22)

as desired.

Proof of L' convergence. In order to show that v(x,r) — v(x) in the L'(2’) sense as r — oo, we will use the equality (2.18) and
the fact that, in the distributional sense, 4u is a finite (non-negative) measure on the set Q".

Observe that if u is a smooth subharmonic function, then by (2.18):

v(x,r) —u(x) = / (G —r)Au. (2.23)
Q
Thus the L'(£2') norm of v(x, r) — u(x) is
/ [v(x, ) — u(x)| dv(x) = / v(x,r) —u(x) dv(x) = // ¥(G(x,y) — ndu(y) dv(x)dv(y) =
@ @ A'xQ

= / Au(y) / P(G(x,y) —r)dv(x) dv(y).
@ el

=h(y.r)
By the choice of ry in (2.10), the support of A is contained in Q7.
We claim that  is a Lipschitz function and lim,_, , [A(y, )| L g, = 0. Indeed, we observe that

Vh = / dv(x) w(G(x,y) — r)VG(x,y), (2.24)

and as long as r > rj and x € ', w(G(x,y)—r)VG(x, y) is a smooth function of y away from x and supported in £2” and the estimates
in (2.4) hold. Thus we obtain that 4 is a Lipschitz function.
Moreover, note that

W(G(x,y) —r) <max {G(x,y) —r+ 1;0} < max {Cd(x, W -+ 1;0} (2.25)

Now, for a subharmonic function u € L!, we can use this fact to prove that the sequence v(x,r) is an L' Cauchy sequence as
r — oo. Indeed, for R > r > 0,

/ |o(x, r) = v(x, R)| dv(x) = / v(x,r) — v(x, R) dv(x) = (2.26)
e o
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= /// [W(G(x,y) — 1) =¥ (G(x,y) — R)] Au(y) dv(x)dv(y) =
Q'xQ

= / Au(y)/ W (G(x,y) — ) =W (G(x,y) - )] dv(x) dv(y).
Q e

:=h(y,r,R)

h(y,r, R) is a smooth function, so this equality makes sense distributionally. Moreover, A(y, r, R) is a uniformly bounded sequence in
CY, that converges to 0 as r — co. Thus v(x,r) is an L' Cauchy sequence in r.

In order to prove that v(x,r) — u(x) as r — oo, we will prove that a convex combination of v(x, r) for some r > r, converges to
u(x). This and the L' convergence of v(x,r) prove the original convergence.

In particular, for all r, fix some function @, (r) such that

s @, € C;’°([0; 00))
. faro(r) dr=1

1
cVr 0<a, (<

» if r <ryorr>10r, a, (N=0

Since fr :)Or‘) % =1In(10) > 1, this is possible. Consider the convex combinations

w(x,rg) = / aro(r)v(x, r) dr = /°° ds/ u(y) |VG| / dr aro(r)u'/(s —-r)= (2.27)
0 G(x,y)=s

=/ u(y)IVGIZ/dr @ (N (G(x, y) = r)dv(y).
M

Notice that by Cheng-Yau gradient estimates applied on a ball By, )3 (x), the positive harmonic function G satisfies

LGGI <ecldx, )T+ 1), (2.28)

and since G(x, y) < Cd(x, y)*™", for 7 > 1 we have

[w(x, 7) — u(x)| S/ [u(y) — u(x)] IVGlz/dra;(r)li/(G(x, y—rdv(y) < (2.29)
M

_ C
< /M lu(y) — u(x)| d(x, ) 2G*(x, J’)mlw—lscu,y)smnl}dV(y)S

1

<C —— u(y) — u(x)| dv(y),
4/A;(x) d(x, y"

where A;(x) = {(c™' (107 + 1))/ < d(x,y) < (C7!(F — 1))/~ }. The last inequality is due to the local estimate G(x, y) > ¢ d(x, y)*™"

on ’; see for instance [35, Theorem 2.4]. Let x be a Lebesgue point for u, then |w(x,7) — u(x)| — 0, and this proves a.e. convergence

to u(x) for the convex combination w(x, 7), and thus also for the original v(x, r).

In the following, we will assume that either A(x) = 0 or A(x) = A is a positive constant. For each of these choices of 4, the existence
of a smooth local monotone approximation has striking consequences in the regularity theory of subharmonic distributions or on
the validity of a variant of the traditional Kato inequality.

In the next two sections we are going to analyze separately these applications.

3. Improved regularity of positive subharmonic distributions

By a subharmonic distribution on a domain £ € M we mean a function u € L}OC(Q) satisfying the inequality Au > O in the sense
of distributions. Note that, in this case, Au is a positive Radon measure.

Using the fact that a local monotone approximation exists, positive subharmonic distributions are necessarily in W[(')’Cz. Indeed
an even stronger property can be proved, i.e., u?/? € lel;f for all p € (1, ). This is the content of the next Theorem. To the best of
our knowledge, in this generality the result is new also in the Euclidean setting.

Theorem 3.1. Let (M, g) be a Riemannian manifold. Let u > 0 be an L}OC(M )-subharmonic distribution. Then, u € Ly and v$/? W,Lf
for any s € (1, ).
Moreover, for all ¢ € C*(M) and 1 < s < p, we have the estimate

- 5 s/p 2 (p=5)/p
(S . ) Ivus/zlz S/ uS|V(ﬂ|2 < </ u[’> < |V(p|pﬂ> s (31)
S (@21} M supp(Vep) M

Proof. Fix I <5 < p < +oo and let ¢ € CX(L) to be a cut-off function such that 0 < ¢ < 1 and ¢ = 1 on some bounded open set
2, # §. Fix a bounded open set £2 such that supp(¢) € 2 € M. According to Theorem 2.1 there is a smooth approximation of u

U 2 gy 2u=0
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by (classical) solutions of Au;, > 0 on Q. Note that, up to replacing u, with u, + 1/k, we can suppose that u, > 0. Now, define

v = uf{‘l(pZ. Since the u;’s are smooth, strictly positive and subharmonic, we obtain
0> —/ Auy = / g(Vuy, Vy) 3.2)
M M

=(s— 1)/ (pzui_2|Vuk|2 +2/ (pufc_lg(Vuk, Vo) >(s—1- 6)/ (,ozufc_zWukl2 -t / uilV(p|2,
M M M M
for any ¢ € (0, s — 1). Elaborating, we get the Caccioppoli inequality

e(s—1 —e)/ ui’2|Vuk|2 <es—-1- e)/ (pzui’2|Vuk|2 < (3.3)
2 M

s/ W [Vol? < IIV(pIIio/ufj.
M Q

Choosing ¢ = (s — 1)/2 and using the fact that u; > u;,; > 0, this latter implies

2§ 2 s2|[Vell?
R A e o R o 3.4)
2, 4 Jo, s—=1D%Jo =12 Jo

Noticing also that ||ui/ o 2 < IIuj/ 2 12(a,)» We have thus obtained that the sequence {”;/ %} is bounded in W 12(®2,), hence weakly

converges in W12(2,) (up to extract a subsequence) to some v € W12(£2,). Since ”Z/ 2 converges point-wise a.e. to u*/2, it holds
necessarily v = u*/2 a.e. on ,. In particular, #*/> € W2 in a neighborhood in £,. Moreover, letting k — co (along the subsequence)
in (3.4), we obtain

2 2 s/p 2 \ 0—9)/p
[owwert s o [owers 2o ([ w) ([ ver) T 3.5)
Q (=1 Ja (s—=1) supp(Ve) M

where we used the Holder inequality in the last step.

4. A variant of the Kato inequality

The original inequality by T. Kato, [30, Lemma Al, states that if u € L] (M) satisfies du € L; (M) then
Alu| > sgn(u)Au
or, equivalently, if we set u, = max(u,0) = (u + |u[)/2, it holds
Auy > 1,50y 4u.

Note that, in these assumptions, |Vu| € L;OC(M ) [30, Lemma 1] and, therefore, u € I/Vl(')‘1 (M).

Under the sole requirement that u € Wli’cl(M ) is such that A4u = u is a (signed) Radon measure, a precise form of the Kato
inequality was proved by A. Ancona in [2, Theorem 5.1] elaborating on ideas contained in the paper [16] by B. Fuglede.

In the special case where M = R” and 4 is the Euclidean Laplacian, H. Brezis, [11, Lemma A.1] and [46, Proposition 6.9],
observed that the local regularity of the function can be replaced by the condition that u satisfies a differential inequality of the
form Au > f in the sense of distributions, where f € L[loc. The proof uses standard mollifiers to approximate u by smooth solutions of
the same inequality and, in particular, it works locally on 2-dimensional Riemannian manifolds thanks to the existence of isothermal
local coordinates. In the next result, we extend its validity to higher dimensional manifolds by using the existence of a sequence of
smooth subharmonic approximations.

Proposition 4.1 (Brezis—Kato Inequality). Let (M, g) be a Riemannian manifold. If u € L }OC(M ) satisfies Au > f in the sense of distributions,
for some f € L} (M), thenu, € L] (M) is a distributional solution of Au, > 1,50,

loc loc

We shall use the following approximation Lemma, see [30, Lemma 2].

Lemma 4.2. Letu € Lllm;(M ) satisfy Au € L}M(M ). Then, for any fixed compact coordinate domain 2 € M, there exists a sequence of
functions u, € C*(£2) such that

L'(@) L@
u, — u and Au — Au.

Proof (of Proposition 4.1). We fix a smooth coordinate domain 2 € M where subharmonic distributions possess a monotone
approximation by smooth subharmonic functions. We consider the Dirichlet problem

Ag=f inQ
g=0 on 0Q2

and we note that, since f € L'(2), then it has a unique solution g € WOI’I(.Q); see [34, Theorem 5.1]. The new function

w=u-ge L(Q)
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is a subharmonic distribution, namely, 4w > 0.
Let w;, > wy,; > w be a monotonic approximation of w by smooth solutions of Aw; > 0 and define

u = wy +g.
Note that, by construction,

(Du, \uae in Q, (iu, - uin L'(Q), (i) Au, > f in Q. 4.1
Moreover, since the w, are smooth,

u, € L'(Q) and Au, € L'(Q).
According to Lemma 4.2, for each fixed k, let {u] },oy be a sequence of smooth functions satisfying

) . L@
u, — w, and Auj — Au, asn— +oo.

Now, let H : R — R be a smooth function satisfying H’(¢), H"(t) > 0. For any n > 1,
ACH(u})) = H'(u})Auj,.

For every 0 < ¢ € C*(Q),
/ H@u)Apdx = / ACH (u)p dx > / Aup H' (u})op dx. (4.2)
Q Q Q
We apply this latter with H(r) = H_(t) = (t + V1> + £)/2. First, we let n — oco. Using the dominated convergence theorem we get

‘/(Hg(u,'é) — H, (u)Ap dx
Q

SIIHéllellﬂ(ﬂlle/ |ty —u ] dx — 0,
Q

and

‘/Q AuZHE'(uZ)qodx—/QAukHe’(uk)(pdx

< ‘/ (Au — Auk)Hé(uZ)(p dx
Q

+ |,/g Auy (H(u}) — H.(u))op dx
£

SIIHéIILoo [loll ;e / |Auf — Auy | dx +/ AuleE’(uZ) - Hg’(uk)| |p| dx — 0.
Q Q

Therefore, (4.1), (4.2) and the fact that H E/ ,p >0, yield

/Hg(uk)A(pde/Hé’(uk)Auktpde/Hg’(uk)f(pdx. (4.3)
Q Q Q

Next we recall that f € L! and, by (4.1) (ii), u;, — u in L' (). Thus, repeating the above estimates we can take the limit as k — +co
in (4.3) and get

/HE(M)A(pdxz/ H](u)fgdx.
Q Q

Finally, we note that H (1) — ¢, uniformly on R. Moreover the H!(t) are uniformly bounded both in & and in ¢, and converge
pointwise a.e. as ¢ — 0 to the characteristic function 1 ,,(#). Letting ¢ — 0 and applying again the dominated convergence
theorem gives

/“+A(de2/ Liusoy fodx,
e 1)

ie.
Au > 1,0, f distributionally in Q.

In order to conclude the proof, take a covering of M by coordinate domains £2; € M where the monotone approximation exists and
consider a subordinated partition of unity {5} such that ; € C*(£2;) and > =1 Given y € CX(M), one has

/u+Ay/dV:Z/ M+A('I/W)dVZZ/ 1[u>0}f71jy/dv:/ Liusop fw dv.
M J M J QJ M

A direct application of Theorem 3.1 and Proposition 4.1 gives the following

Corollary 4.3. Let (M,g) be a Riemannian manifold. If u € L' (M) satisfies Lu = Au — Au > 0, with A > 0, then u, € L}OC(M) isa

loc

non-negative subharmonic distribution, i.e., Au, > 0. In particular, u, € Ly (M) and, for any p € (1, +), uﬂ’r/ e Wli’cz(M ).

10
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Remark 4.4. It is also possible to prove Corollary 4.3 by adapting the proof in [11, Lemma A.1] and [46, Proposition 6.9] to the
Riemannian setting, up to replacing the approximation by convolution used therein with the monotone approximation provided by
Theorem 2.1. However, this latter strategy seems not to work for general f € L}oc (i.e. not of the form Au), as in Proposition 4.1.
Although the special case f = iu would be enough for what needed in this article, we decided to state and prove the general form
of the Brezis—Kato inequality as we feel that it can be useful to study more general PDEs on manifolds.

Once we have a Brezis—Kato inequality, the L?-PP property enters in the realm of Liouville-type theorems for LP-subharmonic
distributions. This is explained in the next

Lemma 4.5. Let (M,g) be any Riemannian manifold. Consider the following LP-Liouville property for subharmonic distributions, with
p € (1,):
Au>0on M
u>0ae on M => u=constae on M. (L - Subp)
ue LP(M),
Then

(L - Sub,) = (L -PP).

Proof. Suppose u € LP(M) satisfies Au < u. By Proposition 4.1,
A(—u), > (—u), >0 on M,

i.e. (~u); > 0 is a subharmonic distribution. Obviously, (-u), € L?(M). It follows from (L — Sub,) that (-u), = 0 a.e. on M. This
means precisely that u > 0 a.e. on M, thus proving the validity of (L? — PP).

5. Parabolicity, capacity and (L? — PP) property

Recall that, given 2 C M a connected domain in M and D C 2 a compact set, for 1 < p < oo, the p-capacity of D in £ is defined
by Cap,(D, ) :=inf [, |dg|?, where the infimum is among all Lipschitz functions compactly supported in £ such that ¢ > 1 on D.
Moreover, D is said to be p-polar if Cap,(D, 2) = 0 for every £ 5 D. Finally, M is p-parabolic if there exists a compact set D ¢ M
with non empty interior such that Cap,(D, M) = 0. In case M has nonempty compact boundary oM # @, we call M p-parabolic if
its Riemannian double D(M) is p-parabolic. This, in particular, applies to the ends of a manifold with respect to a given smooth
compact domain. These are understood in the wide sense of non-compact components obtained by removing the smooth compact
set. Note also that any compact manifold with (or without) boundary is p-parabolic for every 1 < g < +oo.

Theorem 5.1. Let p € (1,00). Let M be an open connected (not necessarily complete) manifold with a finite number of ends E,, ..., Ey.
If each end E; is q; parabolic for some :T"l < g; < oo, then (L — Sub,) holds on M, so that in particular M is LP-PP.

Proof. Let U be a compact set disconnecting M, so that M = U U (u’.\; Ep and let u € LP(M) be a non-negative subharmonic
function. Since u € Ly, we have that [lu|| ;o) < co. Fix an end E; and define the new function

- = lull poy)4> 10 Ey,
J =
0, elsewhere.

Note that also u; is non-negative, subharmonic and in L?(M). Let { M, } be an exhaustion of M, i.e. M; € M, ., are compact and
M = u,M,, and assume wlog that M, D U. By definition of g,-parabolicity of the end E;, we can find a sequence of smooth
compactly supported cut-offs {¢,} = {(pjk} such that ¢, = 1 on M, and IVorll Lo g,) = 0 as k — co. Applying (3.1) to u; with

¢=¢,and 2p/(p—s)=gqy, ie s= —p, we get that for all &:

s/p 2
o2
/ |Vu°/2| <C / ') </ IV(pquJ)‘” ) (5.1)
{p21} supp(Vepy) M

7
Taking the limit as k — oo, we deduce that u; is constant, hence null, on E;. In particular, u is bounded on E;, so thatu € L% 2 (E}).

Now, by (3.1) we get

(=17 vub/?)? P 2 _ P 2 P 2
— V< | wiVel = | u|v(p|+2 u|v(p|

p {p=1)

for any @ € C2°(M). Insert in this latter ¢ = @, where {¢,} is a famlly of cut-offs such that ¢, =1 on M, and, forany j=1,...,N,
IIV(kaIqu(EI) — 0 as k — oo. Thus,

qu (Qj*Z)/qj’ 2/‘7/
Va2 / / Vo0 5.2)
/{wzn 1)2 Z g

11
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goes to 0 as k — co. Hence u is constant, and Lemma 4.5 concludes the proof.

Here we point out some immediate consequences of the previous theorem. First, we can interpret the co-parabolicity of the whole
manifold as the geodesic completeness; see e.g. [44] and also [3]. This implies the following

Corollary 5.2. Let p € (1,00). Let (M, g) be a complete Riemannian manifold. Then (L — Sub,) holds, so that in particular M is L?-PP.

Remark 5.3. As it is clear from the proof of Corollary 5.2, on any given complete Riemannian manifold and for any p € (1, »), the
Liouville property (L — Sub,,) holds in the stronger form:

Au>0on M
u>0ae on M — u=cae.onM.
ue L’ (M) and ||u| = o(k?),

p
loc LP(Byy (0)\ By (0))

Accordingly, also the Positivity Preserving property holds in this class of functions larger than LP(M).

Remark 5.4. The endpoint cases p = 1 and p = +oco must be excluded. The failure of (L — Sub,) for these values of p is well known.
Namely, the hyperbolic space supports infinitely many bounded (hence positive) harmonic functions whereas, on the opposite side,
positive, non-constant, L'-harmonic functions on complete Riemann surfaces with (finite volume and) super-quadratic curvature
decay to —co were constructed by P. Li and R. Schoen in [32]. While the existence of these functions tells us nothing about the
failure of the LP-PP property, counterexamples also to this latter have been provided in [8].

Similarly, restating Theorem 5.1 in the simplest case, we have:

Corollary 5.5. Let p € (1,). Let M be an open (possibly incomplete) g-parabolic manifold for some [% < q < 0. Then M is LP-PP.

The third corollary deals with manifolds of the form (N \ K, h), where (N, h) is a complete Riemannian manifold and K is a
compact set. Indeed, p-parabolicity of N \ K is naturally related to the capacity of K in N.

Corollary 5.6. Let p € (1,00). Let N be a complete Riemannian manifold and K C N a compact set. Suppose that K is g-polar for some
q> I% Then M = N \ K is L"-PP.

Proof. Take a smooth relatively compact domain U € N, with K c U. Note that U is g-parabolic as a compact manifold with
smooth boundary. Removing interior g-polar sets does not affect the g-parabolicity of the space. Therefore, the end E, = U \ K of
the open Riemannian manifold M = N \ K is still g-parabolic. On the other hand, since N is complete, N \ U has a finite number
of unbounded connected components E|, ..., E,. Each of them is a complete, hence co-parabolic, end of M. A direct application of
Theorem 5.1 yields that M is LP-PP.

Suppose now that dim;,(K) < g <n-— 1%' Hence H9(K) = 0. By standard potential theory this implies that K is (n — ¢g)-polar; see
for instance [25] or [50, Theorem 3.5]. Accordingly, we have the following straightforward consequence of Corollary 5.6.

Corollary 5.7. Let p € (1,), let N be an n-dimensional complete Riemannian manifold and let K be compact set of N such that

dimy, (K) < n — ,% Then N \ K is LP-PP.

A natural question arising from Corollary 5.7 is what happens in the threshold case 1% = ¢ and below the threshold. In this
case Hausdorff co-dimension 1% is not enough to preserve the (L” — PP) property, but uniform Minkowski control is. We start by
proving the latter statement, and give an example of failure for Hausdorff co-dimension in Example 5.12.

Proposition 5.8. Let (N, h) be a complete Riemannian manifold, and let E satisfy a uniform Minkowski-type estimate of the form
2
vol (B, (E)) < Crr-1 for some p> 1. (5.3)

The N \ E is an open manifold that satisfies the (L — Sub,) property, and hence also the (L” — PP) property.

Remark 5.9. In the assumptions of Proposition 1.6 we have in particular that all L2 harmonic functions on N \ E are necessarily
constant. In the very special case where E is a point, this result has been recently proved in [29, Theorem 8].

Remark 5.10. For several significant examples of sets with non-integer Hausdorff dimension the Minkowski content is controlled at
the right dimensional scale (this is the case for instance for auto-similar fractal sets). Accordingly, in all these cases Proposition 5.8
gives also a simpler and more direct proof of Corollary 5.7. Moreover, a recursive application of (the proof of) Proposition 5.8 permits
also to deal with sets K whose Minkowski content is not finite at the right dimension, yet suitably controlled. For instance, this
occurs whenever K = U;_V= oK can be decomposed as the union of a finite increasing family of compact sets K; C K, such that K,

and K; \K;, j =0,..., N-1, have finite (n—l%)—dimensional Minkowski content, as in the toy example K = {0}u{1/j};5; CR CR".

12
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However, there exist compact sets for which the local Minkowski dimension is larger than the Hausdorff dimension around any point
of K, so that they satisfy the L?-PP property, but this latter cannot be deduced through the technique introduced in Proposition 5.8.
Examples presenting this feature are auto-affine sets, [5,6,39], i.e., roughly speaking auto-similar type fractal sets of R” whose
auto-similarity factor changes according to the direction.

The proof of Proposition 5.8 is a direct consequence of the following possibly standard removable singularity lemma for L?

functions.

Lemma 5.11. Let (N, h) be a complete Riemannian manifold, and let E satisfy a uniform Minkowski-type estimate of the form
2
vol (B, (E)) < €rvT for some p>1 and all re (0,1]. (5.4)

Ifue LP(N \ E) = LP(N) and the distributional Laplacian of u on N \ E is non-negative, then the distributional Laplacian of u on N is
non-negative.
Proof. Notice that the uniform volume estimates imply that E is a bounded set, and the estimates are stable under closure, meaning
that vol (B, (E)) = vol (B, (E))

Let y, be a sequence of cutoff functions with supp (Wk) C B,,-1 (E) and

*y,=1on B, (E)

Vil < ck
. ‘V21//k‘oo < ck?.

For instance, the y,’s can be obtained by smoothing out the (Lip) distance function from E. Let also ¢ € C°(N) be any non-negative
test function. We have the distributional identity

/(pAu:/(p(l—y/k)Au+/(pv/kAu. (5.5)
N N N

Since @(1 — ;) € CX(N \ E) and it is non-negative, by hypothesis fN @(1 — w)4u > 0. Moreover, we can estimate (here
Ay = Byo1 (E)\ Bio1 (E)):

/ oy Au
N

<c [ullval 19w+ [aw] < [

u+ c/ ku + k*u <
B, —1(E) Ag

» 1
Sc/ u+c</ u”) (kzqvol(Ak)ﬁS
By, —1(E) Ak N——— ——

<%

s/u[|wk||A¢|w+2|wk||v(p|w+|Awk||(p|w] < (5.6)

1

»
SC/ u+e€ /up
B, —1(E) Ay

where g is the Holder exponent g = ﬁ. Since u € L?, | [y @w 4u| — 0 as k — oo, and this concludes the proof.

Example 5.12. We note that a control on the Hausdorff dimension in the threshold case is not enough. Namely, there exists a
compact K c R* such that dimy,(K) = 0 but R* \ K is not L?-PP.

Such a K can be constructed as a generalized Cantor set. Let {a j }011 be a sequence bounded between 0 and 1, and consider the
generalized Cantor set C, constructed by starting with K, = [0, 1] and removing open middle a,-th of K, to produce K, and so on.

Define C, = N2 K; and K = C, x {O}gs C R* We choose a; = “:/T’z.g Clearly, the dimy(C,) = 0 as it is smaller than
log,0; 2 = j~'log, 2 for every j € N. Now, let u be a Borel measure supported on K such that u(R*) = u(K) = 1 and U x{0}gs) =274
for every connected component I of K;. The measure u can be constructed as follow. Let F'°%5 be the normalized log; 2-dimensional
Hausdorff measure restricted to the standard mid-third Cantor set C, 3, so that ﬂlogg(cl s3) = 1. Namely, Cy /3 = C, with a; =1/3
for all j, and we name K’ the iterative steps in the construction of C,,;. Consider a continuous increasing bijective function
f 1 10,1] - [0, 1] constructed recursively as follows: for every j € N, f maps K /,'+1 \ K J/ to K;,; \ K;. Define u|c_ as the push-forward
measure of 7'°8 through f and extend it as zero to obtain a measure u on the whole R*.

) W
An easy computation shows that diam(I) = 2:1 107% = 1072 for every connected component I of K;, while any two such

2.,
. _ i
components have distance at least 8 times larger. Thus, for every x € R*, one has u(B.(x)) < 27/ assoonas e < 4-1072 ,

3 The resulting set is a perfect set formed by all the numbers x in [0, 1] such that in the decimal development of x the digits between the 2/-th and the
(2/*! — 1)-th are either all 0 or all 9.

13



S. Pigola et al. Nonlinear Analysis 245 (2024) 113570
i.e. 2logo(1/€) > j% +j —2log,o(4) > j2, so that
p(B(x)) < 27 VIe(/e) < (log(1 /e))

for ¢ small enough. Applying a modified version of Lemma 6.3 (see Remark 6.4) we deduce that R* \ K is not L2-PP.
Note that, in this example, H°(K) = c. We do not know if there exists examples of compact sets of R” of finite (n — 2p/(p —
1))-dimensional Hausdorff measure which are not L?-PP.

In conclusion of this section we would like to point out how the proof of Lemma 5.11 can be adapted to get straightforwardly
an extension of [49, Theorem 4.3] to the case where a set of small size is removed.
Proposition 5.13. Let (N, h) be a complete Riemannian manifold. Fix p > 1 and let E satisfy a uniform Minkowski-type estimate of the
form
vol (B, (E)) < €rf for some q>p and all r € (0;1]. (5.7)
Then the space C®°(N \ E) is dense in the space
W2X(N\E) :={ue LP(N\ E) : Aue L’(N\ E)}

. . . P _ p )4
with respect to its canonical norm ||f”WZvP(N\E) = ||f||Lp(N\E) + ||Af||LP<N\E).

Proof. Let f € WZ'”(N \ E). Then f € LP(N), and by the proof of Lemma 5.11 it is clear that the distributional Laplacian of f on
N, denoted again by Af is in LP(N). By a result due to R. Strichartz [49, Theorem 4.3], there exists a sequence of functions ; in
C&(N) which converges to f in W2P(N) as Jj — oo. Fix j and let y, be the cut-off functions introduced in the proof of Lemma 5.11.
To conclude the proof, it suffices to show that v, #; converges to #; in W2r(N \ E) as k — oo. To this end, compute

||"Ij - Wkﬂj“Wz.p(N\E) = ||’1j(1 - Wk)“LP(N\E) + (1 = Wk)A"Ij”Lp(N\E)
+ lln; 4wl Lovv iy + 2I1VA VYl Loev )
The first two terms on the RHS vanish by the dominated convergence theorem. Moreover,
17 Awicll Loy < 111l Loo 1AW Nl o By < C||’1j||ka27zq/p -0,
VA 1V o gy < VA s VW oy < ellTVA e k172977 = 0,

as k — oo.
6. Removing sets of large size

As one might expect, Corollary 5.7 does not hold if the set K is too big. Counterexamples can be easily built by looking at
solutions of Af = u, where y is the right dimensional Hausdorff measure restricted to K.

Example 6.1. As a model example, consider R" with n > 3 and a subset K of the form K = P n B, (0), where P is a k-dimensional

plane passing through the origin. If we focus on the manifold R" \ K, by Proposition 5.8 the (L” — PP) and (L — Sub,) properties

hold as long as k < n— ple_

In the other cases, we can consider the measure uy = H*|; and consider the fundamental solutions of
Auy = —pg, —Auy +uy = —pig . (6.1)

These solutions u; and u, can be easily written in terms of the Green’s function |x — y|*>™" and the Bessel potential J,(x — y):

up(x) = /R” dug) |x =y, uy(x) = /Rn dug(y) JH(x—y) (6.2)

By the estimates in [1] (see also [46, Lemma 10.12]), the functions u; and u, belong to L?(R"\ K) = LP(R"), and they are clearly
solutions of

Au; =0 on R"\ K (6.3)
Auy —u, =0 on R"\ K 6.4

However, u; is not a constant, and u, is not non-negative (for example u,(x) - —oo as x — 0). Thus u; is a counterexample to
property (L — Sub,) on R" \ K, and similarly u, is a counterexample to property (L” — PP) on R" \ K.

In general, we have the following.

Proposition 6.2. Let (N, h) be a complete Riemannian manifold of dimension n > 2, and § # K € N have Hausdorff dimension k. If
k>n— 1% for some p € (1, o), then the open manifold (N \ K, h) does not enjoy either the (L — Sub,) or the (L” — PP) property.

14
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Proof. The proof of this proposition is fairly standard, and follows the ideas laid out in the previous example.

First, we remark that the result is trivial if » = 2, as in this case for a fixed y, € K the Bessel potential J,(x,y,) is in L? and
thus gives a counterexample to the (L? — PP) property. Similarly, the Green’s function of a 2 dimensional manifold is in L? for all
p € (1,0), and can be used to produce a counterexample to the (L — Sub,) property.

Moreover, if k > n — 2, then we can replace K with a subset K’ ¢ K of Hausdorff dimension k' € (n — %,n —2). If N\ K’ does
not enjoy the L?-PP property, than a fortiori also N \ K does not enjoy it. Hence, in the following we can thus assume that

2
n>3 and n—2>k>n——pl. (6.5)
p—

Since all the ideas involved in the proof are local, it is convenient to assume that K € Q' € 2, where @ is a relatively compact
coordinate neighborhood and has smooth boundary. Thus we have at our disposal the fundamental solutions of 4 and 4 — 1 that
are the Green’s function G(x, y) (with Dirichlet boundary conditions) on £ and the Bessel potential J,(x, y) (with Dirichlet boundary
conditions) on . For convenience, we choose the signs such that G(x, y) ~ +cd(x, y)*™", and similarly J,(x, y) ~ +cd(x, y)*7", i.e.

AG(x.y) = =5,y AD(x.y) = hx.y) = —b,.,. (6.6)
Recall that the Bessel potential can be defined for example with the Heat Kernel (see [49, eq 4.2]) by:
Jy(x,y) = /000 dt e"H,(x,y). 6.7)
We recall the comparison with the Green’s function:
G(x,y) = /00o ditH(x,y). (6.8

J, converges absolutely for almost all x, y to a positive function, symmetric in x, y, and it is easy to see that, similarly to the Green’s
function, we have for all x,y € Q'

cd(x, y)*™ < Jp(x,y) < Cd(x, y)* ™. (6.9)

Notice that the second inequality is valid also globally on N, see e.g. [34, theorem 7.1].
Measure estimates. If dim(K) > k, then the k-dimensional Hausdorff measure 7* of K is infinity. We want to show that there
is a subset .S C K and a (potentially big) constant C > 1 such that

Vr, x : Hk(B, x)NnS) < crk, (6.10)
Ix st limsupr*H*B, (x)nS) > C!

r—0

By the standard [38, theorem 8.19] applied to K, there exists a compact subset S; C K with positive and finite k-dimensional
Hausdorff measure. If we consider the upper density of the measure H*| s,» L-e. the limit

H*(S| N B, (x))

0**(x) = lim sup - , (6.11)
=0 Wy r

we have by [38, theorem 6.2] that for #*-almost all x € .S,

27k <orkx) <1 (6.12)
and 6%*(x) = 0 for H*-almost all x & S,.

Let S, C .S, be the subset where (6.12) holds, and let r, : S, — (0, ) be defined by

r,(x) = sup {r >0 st Vs<r: HNSNB,(x)< 7a)ks"} . (6.13)
Since r,(x) > 0 for all x € S,, then the measurable subsets S; C .S, defined by

S;={xes8, st rx> i_l} (6.14)
constitute a monotone sequence converging to .S,, and thus there exists some i such that

H5 (S > HE(S)/2> 0. (6.15)
Now if we consider the subset S = S;, we have that for all x € By (S):

H (B, ()N S) < {mk(zr)k i r<i/2, (6.16)

HK(S) <00 if r>i71/2.

Thus we can conclude that there exists a constant C (depending on 7) such that #*(B, (x) n .S) < Cr* for all x, r. Moreover, since
H¥(S) > 0, by [38, theorem 6.2], ©*K(S,x) > 2% for H*-almost all x € S, and thus there exists a point ¥ € S such that

lim sup r*H*(B, (x) n S) > 27%. (6.17)

r—=0
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Thus we have proved all the desired properties in (6.10). For convenience, from now on we will use the notation
ug(E) == HYS N E) (6.18)

to indicate a measure satisfying (6.10).
Counterexamples to the (L — Sub,,) and (L” — PP) properties. We will prove that the fundamental solutions of

Auyp = —pg , —Auy +uy = —pg . (6.19)

with Dirichlet boundary conditions satisfy u;,u, € L?, u,(x) is positive but not constant and u,(x) is not bounded from below.
Lower bounds. First of all, we notice that if x is a point of density for ug, i.e. if limsup,_, r*ug (B, (x)) > ¢ > 0, then

limsupu;(y) = lim sup/ G(z,y)dug(z) > lim sup/ G(z,y)dug(z). (6.20)
x B.(x)

y=x y— y—=x
Given that there are infinitely many radii r, — 0 such that g (B,, (x)) > crk, we have that if d(x, y) ~ r;:
u(x) > criz"’rf.‘ - 40, (6.21)
where we used (6.5). In a similar way, we obtain that around a density point x we have

limsupu,(x) = —o0. (6.22)

y=Xx

The most complicated part of the proof are the L? estimates, but, up to trivial adaptation to the Riemannian setting, these are
contained in [1] (see also [46, Lemma 10.12]). For the reader’s convenience, we report a proof in the following lemma, which will
conclude the proof of this proposition.

Lemma 6.3. Let 0 < s <n—2 and u be a positive measure with support in B (P) for some P, and suppose that
u(B, (x)) <Cr*, Vx,r. (6.23)

Suppose also that Vol(B, (x)) < Cr" for all x € &' and r < 2. Then

/G(x,y)d,u(y)EL”, pe (#%) , (6.24)

/Jz(xJ’)dM(J/) eL’, pe (# %) ‘ (6.25)

Proof. We consider the Green’s function case, since the Bessel potential estimates are completely analogous. We have that

/ G(x,»)du(y) < C / d(x, ) "du(y) = (6.26)
=c/mdt,4{d2—">r}=c/wdry{d<rﬁ}=
0 0

=C(n—2)/ dF?]_”y{d<?}=C/ Q%M(Br(x)),
0 o rr-

rl’l

Let 1 < g < o and ¢’ be its conjugate exponent. By (the continuous version of) Minkowski inequality

H/G(x,y)dﬂ(y)‘ < C/ r:j_rl || #(B, (x))||Lq/(X)- (6.27)
q 0
We estimate very simply
a4 L .
(# (B, ()T = (1 (B, ()T p (B, (x) <min(Cr', (M) u (B, (x)) . (6.28)
Notice also that
/ dx u(B, (x)) =/ dx / du(y) = / du(y) dy <Cr'u(M). (6.29)
M M B,.(x) M B,.(y)
Putting these two together we get
lal?, = / dx (B, ()T < min(Cr, u(M)T / # (B, () < Cmin(cmM)rﬁl*", u(M)q’r") . (6.30)
M M

. q-1 3_*_"(11*1) n(g—1)
llully < Cmin | Cu(M) ¢ ra” ¢, u(M)r « .
Thus, if
2q—n<0, s+2q—-n>0, (6.31)
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we get Vk > 0:

H/ G(x, y)du(y)

gzl [K son ® g
<Cu(M) 7 / rat! +C;4(M)/ P = (6.32)
q 0 K
gq-1 K s+q-n ©  g-n g=1  s+2q-n 2q-n
=Cu(M) ¢ / roa +C,u(M)/ ra =Cu(M) ¢ +Cu(M)xk 1 .
0 K

1
By choosing the “best” k, the one which minimizes this last expression, which is k = cu(M)~, we get

g=1  s+2g-n n-2q

<CuM)'T kT CuMK T =CuM) (6.33)
q/

‘ / G(x, y)du(y)

Choosing ¢’ = p, we get the result. Notice that since ¢ must satisfy (6.31), i.e., g € (”_s, g) we have that p € (L 1S )

2 n=2" n—s=2
Notice also that the exponent 1 — % >0if ¢> 2.

n—s

Remark 6.4. Note that Lemma 6.3 remains true also for p = if one assume instead of (6.23) the strongest condition

n—2—s
u(B, (x)) < Cri(l + |log(r)~2, Vx,r, 0<s<n-2. (6.34)

Indeed, under this assumption one can choose x = o in (6.32).
7. Essential self-adjointness and LP-operator cores for Schrédinger operators

The LP-PP property first appeared, in a somewhat implicit form, in the seminal paper [30] where T. Kato addressed the problem
of the self-adjointness of Schodinger operators with singular potentials in Euclidean spaces. Its validity on Riemannian manifolds was
later systematically investigated with the aim of extending Kato’s results to covariant Schodinger operators with singular potentials
on vector bundles; see e.g. [10,19] and references therein. More generally, a basic problem in the L? spectral theory of Schrédinger
operators is to understand under which conditions on the potential and on the underlying manifold, the space of smooth compactly
supported functions is an L? core of the operator, namely, it is dense in the domain of its maximal realization. Again, in Euclidean
space this is a classical result of Kato (see [31]), in the Riemannian case (under bounded geometry hypothesis) see [40], and in the
case of geodesically complete manifolds with lower bounded Ricci curvature see [22, Appendix A].

When considered in this framework, the results in our paper can be exploited to prove L? spectral properties for a class of
Schrodinger operators on possibly incomplete manifolds. As we shall see in a moment, what we get looks relevant even for the
Laplace-Beltrami operator.

Assuming that V € Lfoc(M )yand V > 0, we define (4—V)
is defined as

min,p a5 the closure of (4—V)|ce(yy) in LP(M). Furthermore, (4—V )y,

(A= Vmaxptt == A —=V)u,

Vue{we (M) : Vwe L!

loc

(M)and (4—-V)w e LP(M)}.
Proposition 7.1. Assume that p € (1,4), V > 0and V € LfOC(M ). Let M satisfy the assumptions of either Proposition 1.5 or
Proposition 1.6. Then,

(a) the operator (A — V), , generates a contraction semigroup in L?(M).
(b) if p =2, then the operator A—V is essentially self-adjoint on C®(M).

Assume in addition that, when p > 2,
dimy(K) <n—-2p
or
vol (B, (K)) < Cr?
for some C independent of r. Then,
(©) (A= V)ninp = (A= V)ax, O in other words, C2®*(M) is an operator core for (A =V )y
Proof (b). Follows from [19, Proposition 2.9 (a)] together with the L2-PP property of Proposition 1.5 or Proposition 1.6 above.
(a) Follows from [19, Proposition 2.9 (b)] together with the LP-PP property of Proposition 1.5 or Proposition 1.6 above.
(c) Note that (a) with V' = 0 tells us that 4,, , generates a contraction semigroup in L/(M), where g is the Holder conjugate of

p- Now, we can repeat the argument in the proof of [22, Theorem 5] to show that 4, , = 4y, ,- Having established (a) and having

Aninp = Amax,, at our disposal, it remains to remember the L?-PP property of Proposition 1.5 or Proposition 1.6 and observe that

the argument of Sections 2 and 3 of [40] are applicable in our context. This proves property (b).
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A quick comparison with the current literature permits to put our result in perspective and highlight its novelties.

In [12], the essential self-adjointness of the Laplace-Beltrami operator is proved on a punctured manifold and in [37] the study
is extended to incomplete Riemannian manifolds of the form M = N \ K where the removed set K is a smooth closed submanifold
K of co-dimension greater than 3. In the very recent [28] (see also [27]) the case of singular removed sets K (in the general setting
of metric measure spaces) is considered. The authors show that for a closed (possibly non-compact) set K with dim(K) < n—2p,
the space C*(M) is an LP-operator core of the Laplacian on M (and, hence, when p = 2 the Laplacian is essentially self-adjoint),
provided that N satisfies the L? gradient bound

C
IVl < 7‘; Vi>0. G,)

Thus, in a rather precise sense, our result complements those in [28]. Indeed, we recover the conclusion of [28, Theorem 5] for
p 2 2 without assuming property (G,) which, in turn, is equivalent to a multiplicative L?-gradient estimate; see [14, Proposition
3.6] and [13, Section 4].

In a different but related direction, in [18,37] the authors investigate spectral properties of the Gaffney Laplacian 4
W12(M) - L?*(M) on incomplete manifolds, obtaining conditions for its self-adjointness in terms of probabilistic properties like
parabolicity and stochastic completeness and related to the Minkowski content of the removed part, somehow in the spirit of our
Proposition 1.6.

In the context of Schrédinger operators, under our assumptions on V' and for p # 2, Proposition 7.1 is new even in the case when
M 1is geodesically complete. Indeed, note that properties (a) and (b) for a geodesically complete manifold were also obtained in [41],
but under the more stringent hypothesis 0 < V' € L}® (M). When M is geodesically complete, Proposition 7.1 (iii) is contained in
(various) known self-adjointness results; see for instance the main result of [24], where the authors allow V' to have a negative part
belonging to the Kato class on M.

Schrodinger operators on geodesically incomplete manifolds were also considered in [42] where the authors require no
assumptions on the geometry of M, but ask for a controlled behavior of the potential ¥V near the Cauchy boundary of M.
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