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ABSTRACT. We prove a radial maximal function characterisation of the local
atomic Hardy space bl(M) on a Riemannian manifold M with positive in-
jectivity radius and Ricci curvature bounded from below. As a consequence,
we show that an integrable function belongs to h'(M) if and only if either
its local heat maximal function or its local Poisson maximal function is inte-
grable. A key ingredient is a decomposition of Hélder cut-offs in terms of an
appropriate class of approximations of the identity, which we obtain on arbi-
trary Ahlfors-regular metric measure spaces and generalises a previous result
of A. Uchiyama.

1. INTRODUCTION

D. Goldberg [Go] introduced a “local” Hardy space h!(R™), which may be defined
in several equivalent ways:

b'(R") = {f € L'R"): [V(s -~ &) 21| e I'®R™)}

- {f € L'(R") : sup, | f| € Ll(R")} (1.1)

0

- {f eL'(R"): sup |2.f] € len)},
<t<1

0
where . denotes the identity map, A the standard Laplacian, ¢ the heat semi-
group e*® and 2, the Poisson semigroup e VA, Furthermore, h!(R™) admits
both an atomic and an ionic decomposition, and can be characterised in terms of
a suitable “grand maximal function”.

The main advantage of working with h!(R™) rather than with the classical Hardy
space H'(R™) [ES] is that h!(R™) is preserved by multiplication by smooth functions
with compact support. This makes h*(R™) very effective in many situations in which
localisation arguments are involved.

Analogues of h!(R"™) may be defined in a variety of settings. In particular, all the
definitions mentioned above in the Euclidean case make sense on any (complete)
Riemannian manifold M, the role of A being played by the Laplace—Beltrami op-
erator on M. It is then natural to speculate whether all such definitions give rise
to the same space. Even a bare knowledge of the theory of h*(R™) suggests that
the key properties of this space depend mainly on the local structure of the Eu-
clidean space. This leads to conjecture that a theory parallel to that in R™ should
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hold on any Riemannian manifold where the local geometry is somewhat uniformly
controlled.

A number of results in this direction are available in the case where the man-
ifold is doubling. Indeed, an extensive theory of local Hardy spaces has been
developed in the general context of doubling metric measure spaces (see, e.g.,
IDY, [HMY], HYY] YZI] and references therein), and includes both atomic and
maximal characterisations. This theory is somewhat parallel to that of the “global”
Hardy space H' & la Coifman-Weiss [CW] on spaces of homogeneous type. How-
ever, due to the aforementioned local nature of h!, a global assumption such as
the doubling condition does not appear entirely natural for its study, and one may
expect that a richer theory could be developed, also encompassing non-doubling
manifolds.

This problem has been considered by M. Taylor [T], who introduced a local
Hardy space h'(M) on Riemannian n-manifolds M with strongly bounded geometry
(positive injectivity radius and uniform control of all the derivatives of the met-
ric tensor) via a grand maximal function characterisation; more precisely, Taylor
defines

b' (M) = {f € Li,.(M): 4°f € L'(M)}, (1.2)
where
(@)= s sw || o, (1.3)
re(0,1] peL(z,r) |J M

w is the Riemannian measure and, for every x € M and r € (0,1], L(x,r) is
the collection of all C' functions on M with Lipschitz constant at most r—(**1
supported in the ball of centre x and radius r. Further extensions of the theory are
due to S. Volpi and the second-named author [Vol IMVo], who studied an atomic
local Hardy space in the more general context of locally doubling metric measure
spaces (see Section [2| below for additional details). The atomic space of [MVo]
coincides with the space of [T] in the case of manifolds with strongly bounded
geometry (see Remark below), and also with that of [DY] [HYY] YZI] in the
case of doubling spaces. These works, however, do not address the issue of whether
the local Hardy space admits characterisations analogous to in a non-doubling
setting.

Our research was motivated by the following simple question. Suppose that M
is a Riemannian manifold of dimension n, denote by £ the (positive) Laplace-
Beltrami operator on M, consider the associated heat and Poisson semigroups,
namely 5% := e~ and &, := e 'V and the spaces

bl (M) := {f e LNM): suwp |Af] e Ll(M)},
0<t<1

00 = {00 s s (2261 € L)}

0

What geometric assumptions are needed in order that

b (M) = bl (M) = b (M), (1.4)
where h!(M) denotes the atomic local Hardy space of [MVa, [T]?

Despite our efforts, we have not been able to find in the literature a proof of the
equivalence of h* (M), b, (M) and b, (M) on a general class of noncompact mani-
folds extending beyond the doubling ones. As suggested above, some “uniformity”
of the local geometry should be the essential feature of M in order that the desired
equivalence hold. One of our main results states that, if M has bounded geometry,

viz. positive injectivity radius and Ricci curvature bounded from below (a weaker
assumption than that of [T]), then indeed (1.4)) holds true.
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As a matter of fact, for the same class of manifolds M, we prove a much more
general characterisation of h'(M) in terms of an arbitrary “radial maximal func-
tion”, associated to a family of integral operators

() = /M K(to9) fy) duly), ¢ € (0,1,

whose integral kernel K satisfies suitable assumptions. Roughly speaking (see Sec-
tion H4| below for details), we require K to decompose as the sum K° + K>, where
the local part K° is supported in a t-independent neighbourhood of the diagonal
and satisfies bounds of the form

0< K%t,z,y) < Ct (1 +d(z,y)/t) "7, KOt x,2) > ct™" (1.5)

and a y-Holder condition for some v € (0, 1], while the global part K satisfies the
“uniform integrability” condition

sup [ sup [K™(t,2,y)| duly) < oo. (1.6)
zeM J M 0<t<1

Here d and p denote the Riemannian distance and measure on M respectively.

Under these assumptions on K, we prove the maximal characterisation

oon) = { e Lian) s sup tifl < L) | (1.7
0<t<1
for all manifolds M with bounded geometry.

Bounds similar to are considered in many places in the literature, including
the aforementioned works [HMY], [HYY] [YZ1] on local Hardy spaces in a doubling
context, where various classes of kernels (dubbed “approximations of the identity”)
are considered. It should be pointed out that [HMY] HYY] [YZI] do not require
nonnegativity or on-diagonal lower bounds as in ; however, they impose, inter
alia, a normalisation condition of the form

/ K(t,z,z)du(z)=1= [ K(t,z,2)du(z) Vee M Vte(0,1]. (1.8)
M M

Such a condition is quite delicate, in the sense that it is not generally preserved
by localisation procedures, such as multiplication by cutoff functions, or changes
of variables (involving a change of measure). Indeed, the very construction of
“approximations of the identity” satisfying on arbitrary doubling spaces is
itself not a trivial matter (see, e.g., [HMY], Theorem 2.6]). In these respects, our
assumptions on the kernel, which do not include , appear to be more robust
in nature, and this feature actually turns out to be essential for our proof.

Indeed, in order to prove the maximal characterisation of h*(M) in terms of a
given kernel K, we reduce through a localisation argument (partly inspired by ideas
in [T]) to proving the analogous characterisation of h*(R"™) in terms of localised
versions of K. However, even if we start with a particularly well-behaved kernel
K on M (such as the heat or Poisson kernels), which satisfies the normalisation
condition , there is no reason why the resulting localised kernels on R™ would
have the same property. Hence, maximal characterisations such as those in [HYY],
YZ1] do not appear to directly apply to the problem at hand.

Instead, here we resort to a different approach, based on a deep result of A.
Uchiyama [U] (see also [CWI, pp. 641-642] for an antecedent of the result). In [U],
among other things, a maximal characterisation for the Coifman—Weiss Hardy space
H*' is proved in the context of Ahlfors-regular metric measure spaces (a subclass
of doubling spaces including R™), in terms of arbitrary kernels K satisfying point-
wise bounds analogous to , without any normalisation assumptions. Roughly
speaking, the approach in [U] goes by showing that any y-Holder cutoff can be
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written as an infinite linear combination ) ;G K (tj,z;,-) for appropriate choices
of coeflicients c;, times ¢; and points x;; this decomposition in turn yields a ma-
jorisation of the grand maximal function defined via y-Ho6lder cutoffs in terms of
the radial maximal function associated to K.

Actually Uchiyama’s result does not directly apply to our setting, since he works
with H' instead of h!, and correspondingly he considers “global” kernels K (¢, z, )
defined for all ¢t € (0,00); as a matter of fact, the decomposition given in [U] of
a given ~-Hoélder cutoff may include terms K (t;,z;,-) with ¢; arbitrarily large. A
contribution of the present paper, which may be of independent interest, is the
adaptation of Uchiyama’s argument to the case of local Hardy spaces and kernels,
which is presented in Section [3] below in the generality of Ahlfors-regular metric
spaces. Differently from [U], here we provide a decomposition of v-Holder cutoffs
at scale s that only employs terms K (t;,xz;,-) with t; < s; this allows us to work
with kernels K (¢,z,y) only defined for ¢ € (0, 1], since in the case of local Hardy
spaces we are only interested in small scales. This variant of Uchiyama’s result is
the crucial ingredient that allows us to close the localisation argument and prove in
Section [4] the maximal characterisation on manifolds with bounded geometry.

By using well-known Gaussian-type heat kernel bounds for small times, one can
readily check that the heat and Poisson kernels on a manifold M with bounded
geometry satisfy the assumptions and (L.6). Indeed, in Section [5] we show
that this is the case more generally for the semigroups e *4" with o € (0, 1], thus
obtaining the characterisation

b (M) = {f eLNM): sup et | Ll(M)},
0<t<1

which includes (1.4)) as a special case.

The present paper does not address the problem whether h(M) also admits a
local Riesz transform characterisation, analogous to the first identity in for
the case of h*(R™). This deceptively simple question turns out to require a much
more sophisticated analysis, and is solved in the affirmative in a recent work of
G. Veronelli and the second-named author [MVe]. One of the ingredients used in
[MVe] is the Poisson maximal characterisation h* (M) = h%, (M) that we prove here.

Another question that we do not address here is the investigation of spaces
defined in terms of “global” maximal functions, such as

i) = {fe L0 sw 14fl e 0n],

HL (M) = {f cLIM): suwp |Pif € Ll(M)},
0<t<oo
in the context of a nondoubling manifold M. Nevertheless, the results in the present
paper turn out to be instrumental in the analysis of such spaces and their relation to
the Hardy-type spaces X7 (M) introduced in [Vol [MMYV], which we plan to develop
in a future work [MMVV].

It is an interesting question whether the maximal characterisation extends
to larger classes of Riemannian manifolds, or even more general spaces. A partic-
ularly natural setting for this investigation would be that of the locally doubling
metric measure spaces considered in [MVo]. Given that our core ingredient (the
local variant of Uchiyama’s result) is proved for general Ahlfors-regular spaces, it
would seem natural to conjecture that a maximal characterisation of h' in terms
of a single kernel holds at least on metric measure spaces satisfying a suitable
“local Ahlfors” condition. Extensions to even broader classes of spaces may also
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be possible; however, even in the case of globally doubling spaces, radial maxi-
mal characterisations of H' and h' appear to be available only under additional
assumptions, such as a reverse doubling condition on the underlying space or a nor-
malisation condition on the kernel (see, e.g., [GLY] HYY] [YZ1l, [YZ2]), so tackling
the general case of locally doubling spaces may be a nontrivial problem.

We shall use the “variable constant convention”, and denote by C' a constant that
may vary from place to place and may depend on any factor quantified (implicitly
or explicitly) before its occurrence, but not on factors quantified afterwards.

Acknowledgments. We would like to thank the anonymous referee for a number
of useful remarks and references to the literature, which have improved the final
version of the paper.

2. BACKGROUND ON HARDY-TYPE SPACES

Let M denote a connected, complete n-dimensional Riemannian manifold with
Riemannian measure p and Riemannian distance d. Throughout this paper we
assume that M has bounded geometry, that is,

(A) the injectivity radius tps of M is positive;
(B) the Ricci tensor of M is bounded from below.

For p in [1,00], || f|l, denotes the LP(M) norm of f (with respect to the Rie-
mannian measure).

We denote by # the family of all geodesic balls on M. For each B in & we
denote by cp and rp the centre and the radius of B respectively. Furthermore, we
denote by ¢ B the ball with centre cg and radius crg. For each scale parameter s
in RT, we denote by %, the family of all balls B in % such that rg < s. We also
write B, (z) for the geodesic ball of centre x € M and radius r > 0.

For manifolds satisfying [(A)H(B)| above, the Bishop—Gromov theorem (see, e.g.,
[Chl, Theorem I11.4.4] or [SC|, Section 5.6.3]) and results by Anderson—Cheeger on
harmonic coordinates (see, for instance, [He, Theorem 1.2]) imply the following
properties.

(a) M is uniformly locally n-Ahlfors, i.e. for every s > 0 there exists a positive
constant D, such that
D7t < u(B) < Dyrly VB € Be; (2.1)
in particular, M satisfies the local doubling property, i.e. for every s > 0 there
exists a positive constant D’ such that
w(2B) < D% u(B) VB € ABs. (2.2)

(b) M has at most exponential growth, i.e. there exist positive constants a and J
such that
w(B) < aexp(frp) VB € A. (2.3)
(c) For all @ > 1 and a € (0,1), the (Q?,0, a)-harmonic radius rg of M is strictly
positive. In particular, to each point x in M we can associate a harmonic co-
ordinate system 7, centred at z and defined on B, (x) such that, in these
coordinates, the metric tensor (g;;) satisfies the estimate

(6:5)/Q* < (gi) < Q* (d45) as quadratic forms (2.4)
at every point of B, (z). In particular, as a consequence,

where Y = 1, (y) and Z = n,(z). Moreover (2.4)) implies that
Q"<Vg<Q", (2:6)
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where g denotes the determinant of the metric tensor.

We point out that the key aspect of the estimates [(a){(c)|is their uniformity with
respect to the centre of the ball B or the point z. Indeed, if one does not care about
uniformity, then estimates similar to those in @ and are easy consequences of
the properties of normal coordinates (see, e.g., [Lee, Proposition 5.11]), and do
not require the assumptions [(A){(B)} This includes, for all x € M, the volume
asymptotics

(B (z)) = wor™(1+0(1)) asr— 07, (2.7)

where w,, is the volume of the unit ball in Euclidean n-space.

We now recall the definition of the atomic local Hardy space h'(M). This is a
particular instance of the local Hardy space introduced by Volpi [Va], who extended
previous work of Taylor [T], and then further generalised in [MVo].

Definition 2.1. Fix s > 0. Suppose that p is in (1,00] and let p’ be the index
conjugate to p. A standard p-atom at scale s is a function a in L'(M) supported
in a ball B in %, satisfying the following conditions:

(i) size condition: ||a|l, < u(B)~/*¥;

(ii) cancellation condition: [padu = 0.
A global p-atom at scale s is a function a in L'(M) supported in a ball B of
radius ezactly equal to s satisfying the size condition above (but possibly not the
cancellation condition). Standard and global p-atoms at scale s will be referred to
simply as p-atoms at scale s.

Definition 2.2. The local atomic Hardy space h1P(M) is the space of all func-
tions f in L'(M) that admit a decomposition of the form

f = Z)\] aj, (28)
j=1

where the a;’s are p-atoms at scale s and 372, [A;| < oco. The norm || f[|y1.» of f
is the infimum of 377, |A;| over all decompositions (2.8) of f.

One can prove (see, for instance, [MVo]) that h1? is independent of both s in
(0,00) and p in (1,00] (in the sense that different choices of the parameters define
equivalent norms); henceforth it will be denoted simply by h*(M), and || f||y: will
denote the norm ”f”h}'z' We will also say “h'(M)-atom at scale s” instead of
“2-atom at scale s”.

The following statement will be useful in proving boundedness properties of
sublinear operators defined on h!(M).

Lemma 2.3. Let 7 : LY(M) — LY*°(M) be a bounded sublinear operator. Let
p € (1,00] and s > 0. If

sup{||ZallL1(ar) : @ p-atom at scale s on M} < oo,
then T maps h*(M) into L*(M) boundedly.
Proof. Suppose that f is in h*(M), and write f = Zjoil Aj aj, where a; are p-atoms
at scale s, and Y777 [A;] < oo

For each positive integer NV, write fn = Zjvzl Aj a; and note that fy tends to f
in h1(M). Since h'(M) is continuously contained in L(M), 7 f is a well defined
element of the Lorentz space L1 (M), and 7 fx tends to 7 f in L1>°(M).
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On the other hand, by sublinearity, if N’ > N, then
NI
Tty = T < 1T v = IS DY IILTa,
J=N+1

so from the uniform boundedness of 7 on atoms and the convergence of the series
>_; |Ajl we deduce that 7 fy is a Cauchy sequence in L'(M). By the uniqueness
of limits, we conclude that .7 fx converges to .7 f in L*(M), and

174 = Jim 17 fn0h <> 17 el <03l

j=1 j=1

By taking the infimum of both sides with respect to all the representations of f as
sum of p-atoms, we obtain that |7 f|lv < C||f[lgrs 5y, as required. O

The space h'(M) can also be characterised in terms of ions as follows.

Definition 2.4. Suppose that s > 0, pis in (1, c0] and let p’ be the index conjugate
to p. A p-ion at scale s is a function g in L'(M) supported in a ball B in %,
satisfying the following conditions:

(@) llglly < p(B)H/7';

(11) ‘fBgdU’ <rg.

Definition 2.5. The local ionic Hardy space hi?(M) is the space of all functions f
in L'(M) that admit a decomposition of the form

F= X9 (2.9)
j=1

where the g;’s are p-ions at scale s and Z;il |A;] < co. The norm ||f||h¥,§, of fis
the infimum of 372, |A;] over all decompositions (2.9) of f.

It was proved in [MVol Theorem 1] that for every s > 0 and p in (1,00] the
spaces h? (M) coincide with h'(M). Moreover, for each s > 0 and p € (1, 00| there
exists a positive constant C' such that

CM N llyry < Mfllgr < Cllfllyry  VF € B (M). (2.10)

The cancellation condition that standard atoms must satisfy is in general not
preserved by changes of variables and localisations; however, as shown in the follow-
ing lemma, performing such operations on an atom produces an ion (or a multiple
thereof). This observation, together with the equivalence , confirms that
hl(M) is amenable to localisations and changes of variables.

The following statement involves two Riemannian manifolds M and M’, both
satisfying the assumptions (B)| above; correspondingly, we denote by d and d’
the respective Riemannian distances, and by p and p' the Riemannian measures.
The result is certainly known to experts, and implicit in the work of Taylor [T],
under more restrictive assumptions on M and M’.

Lemma 2.6. Letp € (1,00], s,L >0, and A > 1. Let ¢ : M — C satisfy

l¢(@)| <L, |o(z) —o(y)| < Ld(x,y)

forallz,y € M. Let Q and ) be open subsets of M and M', and let ¥ : Q' — Q be
a bi-Lipschitz map such that the Lipschitz constants of ¥ and ¥~ are both bounded
by A. Let p: 2 — (0,00) be the density of the push-forward of p via =1 with
respect to p'. Then there exists a constant H, only depending on M, M’, p, s, L
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and A, such that, for every p-atom a at scale s on M, supported in a ball B C €,
if g: M’ — C is defined by

g@’) = {P($')¢(‘I’($'))a(\ll(a:’))/H if o €Y,

0 otherwise,

then g is a p-ion on M’ at scale As.

Proof. Let a be a p-atom at scale s on M, supported in a ball B C Q. Let H >0
be a positive constant and define g as above. In the course of the proof, we will
determine what conditions H must satisfy in order for the above statement to hold.

Let B’ be the ball on M’ of centre ¥~1(cg) and radius Arg. Then clearly
U—1(B) C B'NQ and g is supported in B’. Moreover

/ gdi =B [ $((a)a(W()p(’) dyl(2') = HY / gady.
/ Q'NB’ B

If a is a standard atom, then

‘/ ¢adu‘ - ‘/ <¢—c/>(cB))adu’ < Lrglaly < Lrs,
B B

so the condition in Definition is satisfied provided H > L/A. If instead a is
a global atom, then rp = s and

’/ ¢adu’ < L|al: <L,
B

so the condition is satisfied provided H > L/(As).
As for the condition |(i)| of Definition let us first notice that, for all =’ € €,

) AL L Ba ) _
R Tz T e T A

the latter equality is a consequence of (2.7). Hence the size condition on the p-atom
a implies that

gl o(ary < HLA™P pu(B)=/7,

where p’ is the conjugate exponent to p. On the other hand, since M and M’ are
both uniformly locally n-Ahlfors, there exists a constant x > 1, only depending on
M, M’ and s, such that

W (B') < kriy = kA" < k2 A" u(B),

whence
gl Lo vy < HLLAPMY 212/ (BN =Y

So the condition of Definition is satisfied provided H > LA/ 27 O

Remark 2.7. As mentioned in the introduction, on a manifold M which has strongly
bounded geometry in the sense of [T}, Conditions (1.21)-(1.23)] Taylor defined a local
Hardy space by means of the grand maximal function (L.3), which turns out to be
equivalent to the atomic space h!(M) defined above (cf. [T, Section 5] and [MVo,
Theorem 1]). The results of this paper (see Corollary below) can actually be
used to show that the grand maximal Characterisatio of h1(M) extends to
the generality of the manifolds M considered here.
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3. INTERLUDE: A RESULT ON METRIC MEASURE SPACES

In this section we prove a variation of a result of Uchiyama [U], which plays
a fundamental role in our proof of the radial maximal characterisation for local
Hardy spaces. Differently from the rest of the paper, here we do not work on a
Riemannian manifold M, but on a metric measure space X. Due to the different
setting, part of the notation used here differs from that used in other sections.

Let D € (0,00). Let (X,d,m) be a metric measure space which is D-Ahlfors
regular, i.e. there exists a constant A > 1 such that, for all x € X and r € [0, 00),

AP <m(B(z,r)) < ArP; (3.1)

here B(x,r) denotes the ball of centre z and radius r in X. Lebesgue spaces LP(X)
on X are meant with respect to the measure m, and || f||, will denote the L”(X)
norm (or quasinorm, if p < 1) of f.

The next definition closely follows [Ul eqs. (40)-(43)].

Definition 3.1. Let v € (0,1]. An approzimation of the identity (Al in the sequel)
of exponent v on a D-Ahlfors regular space X is a measurable function K : (0, 1] x
X x X — [0,00) such that for some ¢ € (0,1), for all t € (0,1] and z,y,z € X such
that 4d(y, z) <t + d(z,y),

) < (1 +d(z,y)/t) P (3.2)
< Pt P, o
Remark 3.2. The bounds and can be equivalently rewritten as
K(t,,y) <t (t+d(z,y) P77,
K (t,2,y) — K(t,z,2)] < (td(y, 2))” (t +d(@,y) "7~

K(t,z,y
K(t,z,xz) >

|K(t,x,y) — K(t, z,z2)

in the case v = 1 and X = R, these bounds are clearly satisfied by K(t,z,y) =
t(t? + |x — y|?)~(P+Y/2 which is a constant multiple of the Poisson kernel.

In the course of this section the exponent v € (0, 1] will be thought of as fixed.

Remark 3.3. If K is an Al then there exist ¢1,¢o € (0,1) such that, for all ¢ € (0, 1]
and z,y € X,

K(t,xz,y) > cit™ P whenever d(z,y) < cot (3.5)
(more precisely, we can take c; = min{(¢/2)/7,1/4} and ¢; = ¢/2).

To a measurable kernel K : (0,1] x X x X — C, we associate the corresponding
integral operators % for t € (0, 1] and the (local) maximal operator J#; defined by

- /X K(toy) f(g)dm(y),  Haf(z) = sup |Hf(z).

te(0,1]

We also denote by .# the (global) centred Hardy—Littlewood mazimal function:

5@ = s [ |f) dm(y)
re(0,00)J B(z,r)
(here 5 f dm = m(B)~" [ f dm). As is well known, ./ is of weak type (1,1)
and bounded on LP(X) for all p € (1, c0].
Finally, for all z € X, r € (0,00), let .Z,(x,r) be the family of y-Hélder cutoffs
on the ball B(z,r), that is, the collection of all functions ¢ : X — R such that, for
all y,z € X,

supp € B(z,7), o) <r ™, |o(2) = o(y)| < r~P(d(z,y)/r)



10 A. MARTINI, S. MEDA, AND M. VALLARINO

Then we define the (y-Hélder) local grand mazimal function 4, by

9, f(x) = sup sup
7€(0,1] pEF (2,7)

/X o(1) 1 () dm(y)| . (3.6)

The aim of the present section is the proof of the following result, which is a
variation of [U, Theorem 1’] for local maximal functions.

Theorem 3.4. Let K be an Al on X. Then, there exist E € (1,00) and p € (0,1)
such that, for all f € L (X)),

loc
G, < E(H((Af)P)P (3.7)

pointwisely. In particular, for all g € (p,o0], there exists E4 € (0,00) such that, for
all f € L (X),

loc

1% fllq < Eqll S g (3-8)

Remark 3.5. As will be clear from the proof, the constants E and p in Theorem
only depend on the parameters A, D,~, c in and Definition while F, only
depends on those parameters and ¢. This fact will be crucial in the application of
the above result in the following Section

As in [U], the key ingredient in the proof of this result is the following decom-
position of an arbitrary y-Hoélder cutoff ¢ supported in a ball of radius 1 as a
superposition of kernels K (t,x,-) at different times ¢ and basepoints x. The main
difference with respect to the decomposition obtained in [Ul proof of Lemma 3'] is
that here we only use times ¢ < 1.

Proposition 3.6. Let K be an AI on X. There exist 6,n € (0,1) and k, L € (0,00)
such that

n? <1-94 (3.9)
and the following hold. Let o € X, and set d(z) = 1+ d(o,z) for all x € X.
Let f € LL.(X) be such that #.f € L{ (X). Then, for all i € N, there exist
a finite index set J(i) and, for all j € J(i), there exist x;; € X such that, if
Bij = B(wj, n' ' d(xi;)), then

n'd(ziy) <1, (3.10)
(o) 2 < L ][ (A F ()2 dm(y), (3.11)
Bij
sup Z 1p,,(x) < L. (3.12)
rzeX FET()

Moreover, for all ¢ € F(0,1), there exist €;; € {—1,0,1} for alli € N and j € J(i)
such that, for all x € X,

dx) =k _(1=08)" > ejdlwy) PP K@ P d(2yy), 2, 2). (3.13)
ieN eI ()

We postpone the proof of this decomposition to Section[3.1} Let us first show how
to derive the main result from this decomposition. To this purpose the following
lemma, which is a simple adaptation of [U, Lemma 1], will be useful.

Lemma 3.7. Let p € [0,00) and q € (1,00). There exists Cy, € (0,00) such that
the following hold. Let v be a nonnegative measure on X X (0,00) such that, for all
z € X andr € (0,00),

v(B(z,r) x (0,7)) < rP0+e),
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Then, for all f € L1(X),

/XX (0,00) ]i(z,r) 1(y) dm(y)

By combining Proposition [3.6] and Lemma [3.7} we obtain the following crucial
majorisation.

a(1+p) 1/(q(1+p))
dv(z,r) < Oq,p”qu-

Corollary 3.8. Let K be an AI on X. There exist E € (1,00) and p € (0,1) such
that the following hold. Let o € X and ¢ € F.,(0,1). Then, for all f € L] (X),

loc

‘/cb(z)f(l’)dm(w) < B(A((Hf)P) ()7, (3.14)

Proof. By Proposition we can decompose ¢ as in (3.13)). Consequently, by
(3-11),

Vwmmmmm
<K

S (- 8)id(eiy) PO (A f) ()

1€N, j€J (1)

< I€L2 1-4§ id Ti: —7/2,'7D(1+i)
J

iEN, jeJ (i) Bi;

> (3.15)
(Af)(y)'? dm(.u))

2
KkL? B
<ilsomi [ (L (an@) am) ) dnten),
1- keN X x(0,00) B(z,r)
where, for all k € N, the measure v on X x (0,00) is defined by

= > (=" PS5 i)
€N, jeJ(7)
2k <d(x,5)<2F+?

and §(, ) denotes the Dirac measure at (x,7) € X x (0,00).
Note now that, for all z € X and r € (0, 00),

vp(B(z,7) x (0,7)) = Z (1 — §)1+ipP+)
ieN, jeJ (i)
2 <d(w;;) <2k
xi;€B(x,r), n Tid(z;)<r

D
<0 % (i) (oo
€N N
7]1+i2k<r

< C(kar)D(ler),

where p = log(1 — §)/log(n”) € (0,1) by (3.9); in the middle inequality, we used
the Ahlfors condition and the finite overlapping property to control, for
every i € N, the number of j € J(i) such that 2% < d(z;;) < 2%, z;; € B(z,7),
n**tid(x;;) < r by a multiple of (r/(n'*12k))P.

Note also that, if (z,7) € supp vk, then x € B(0,2%*1) and r < 1, so B(x,r) C
B(0,22). We can then apply Lemma with ¢ = 2/(1 + p) and to obtain
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that
2
/ (f (P ) dm<y>> (e, )
X x(0,00) B(z,r)
2
-/ (f ((«/"iif)(y))mls(o,zw)(y)dm@)) v (a,7)
X x(0,00) B(z,r)
< C27MPURO||(A )L o v
1+p
_ C9—kD(1+p) / ()M (140)
B(0,25+2)
1+p
<0 ][ (o )M 40)
- B(0,2++2)
< O (A f) ) (0) 17,
which, together with (3.15)), gives the desired estimate with p = 1/(1 + p). O

We can now prove the main result of this section.

Proof of Theorem[3.] Let us first observe that the estimate actually holds
(with the same constants) for all ¢ € %, (o,7) and r € (0, 1]. Indeed, it is sufficient
to apply Corollary to the rescaled metric d,., measure m, and kernel K, given
by
d,. =d/r, m, =m/r?, K (t,z,y) =P K(rt,z,y),

which satisfy the same assumptions as d, m, K (with the same constants). The
pointwise estimate then follows by taking the supremum for r € (0,1] and
¢ € F,(o,r), for arbitrary o € X. This estimate, together with the boundedness of
the Hardy-Littlewood maximal function .# on L*(X) for s € (1, c0], immediately

gives (3.8). O

3.1. Proof of the decomposition. Here we prove the crucial Proposition [3.6
From now on we think of the AI K and the point 0 € X as fixed. As in the
statement of Proposition we define d(z) =1+ d(o,z) for all z € X.

Lemma 3.9. For all x,y € X, if d(x,y) < d(y)/2, then d(y)/2 < d(z) < 2d(y).
Moreover, if d(z,y) < d(y)/2, then d(y)/2 < d(x) < 2d(y).

Proof. Immediate from the triangle inequality. O

Lemma 3.10. For all a € (0,1], there exists Cy € (0,00) such that the following
hold. Lett € (0,1/2] and let g € L], .(X) be nonnegative. Then there exists a finite
collection {z;}; of points of X such that

td(z;) <1, (3.16)
Z lB(xj’td(xj))(x) < C, forallz € X, (3.17)
J
Z 1B(a; atd(e;)) (T) > 1 whenever td(z) < 1/2, (3.18)
J
g9(z;) < C, 9(y) dm(y). (3.19)

B(zj,td(z;))

Proof. Let {y;}; be a collection of points of X; = {y € X : td(y) < 1/2} maximal
with respect to the condition

d(y;,yx) > atmin{d(y;), d(yx)}/4 for all distinct j, k. (3.20)
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Finiteness of the collection is an immediate consequence of (3.1]). Moreover, by
maximality,

for all € X, there exists j such that d(z,y;) < at min{d(z),d(y;)}/4. (3.21)

For each j, choose now z; € B(y;,atd(y;)/4) such that
ooy <2 o(y) dmy). (322
Bl(yj,atd(y;)/4)
By Lemma [3.9]
d(z;)/2 < d(y;) < 2d(x;); (3.23)

consequently (3.16]) holds, and moreover B(y;, atd(y;)/4) C B(xj,td(z;)), so (3.19)

follows by (3.22)) and (3.1)).
Similarly, for all z € X;, by (3.21]) there exists j such that

d(z,z;) < atd(y;)/4+ atd(y;)/4 < atd(x;),

which implies (3.18).
Finally, for all x € X, if & € B(x;,td(x;)), then, again by Lemmaand (13.23)),

d(y;)/4 < d(x) < 4d(y;),

whence y; € B(z, 3td(x)); moreover, by (3.20) such points y; are at least at distance
atd(x)/16 from each other, and therefore (3.17) follows from (3.1)). O

Lemma 3.11. Let L € (0,00) and a,b € [0,00) be such that b > a. Then there
ezists Cop 1, € (0,00) such that the following hold. Lett € (0,1) and let {z;}; be a
collection of points of X such that

Sup > 15(e, tae) (@) < L. (3.24)
re -
J

Then, for all x € X and h € [0, 00),

> d(a;)™ P (1 + d(aj, @)/ (td(5))) "

J d(zj,@)>htd(z;)
< Cuprd(x) P~ max{t’, (1 +h)~"}. (3.25)

In addition, if td(x) > 2, then

> d(ay) P+ d(wg, @) /(td ()P0 < Coppd(@) P70 (3.26)
Jo td(z;)<1

Proof. Note that, by the triangle inequality,

(14 d(ay,2)/ () P EC L nf (L d(y.) ()P

<cf (1 d(y, 2)/(td(z;))) "2~ dm(y),
B(z;,td(z;))
where C may depend on b. Let k € N. If 2% < d(x;) < 2¥*1 then, by (3.1,

()" P71+ d(xj, @) /(td(x;)) P70

< co kP e | (14 d(y, 2)/(225)) P~ dm(y).
B(x;,td(z;))
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Hence, if h = (h —1)4, then, by and ,
> d(x;) P71+ d(xj, ) /(td ()P0

J ¢ d(zj,x)>htd(z;)
2k <d(z;) <2kt

< Cr PR | (1l ) (29) P (Al )02 dma) (397,

< Cz—k(D-‘rCL) Z 2D[2—[(D+b)
0>0: 2¢>h
S CQ_k(D+a)(1 =+ h)—b7

where C' may depend on b and L.

Let us also remark that, by and , the number of j such that 2F <
d(z;) < 2**! is bounded by a multiple of 2. Hence, if d(z) < 2F~!, then
d(z;,x) > d(z;)/2 by Lemma [3.9 and

> d(zj) " P (1 + d(zj, @)/ (td())) P70 < C27MPHO; - (3.28)

g 2k<d(zy)<2kt?
if instead 282 < d(z), then d(z;,z) > d(x)/2 and

> d(x;) P71 + d(xj, )/ (td(2;))) P70 < 02FO= Db ()P0,
3 2¢<d(z) <2t
(3.29)
Summing over k € N by exploiting the estimates , and im-

mediately gives (3.25). On the other hand, if td(z) > 2 and td(z;) < 1, then

2d(z;) < d(z) and d(z,x;) > d(x)/2 by Lemma [3.9] so (3.29) applies; however in
this case the sum is restricted to 2% < ¢=!, which leads to (3.26]. O

Proof of Proposition[3.6f Let §,n € (0,1) and k € (1,00) be constants to be fixed
later. We will see throughout the proof what constraints are needed on 4,7, .
Assume that

n<1/2. (3.30)
Let ¢y be the constant in (3.5). For all ¢ € N, by applying Lemma with

t =n'T a = ¢y, and g = (Hf)Y/?, we construct a finite family {z;;}jc ¢ of
points of X satisfying

sup Z 1B, i +id(,) (T) < L, for all x € X, (3.31)
zeX . .
JEJ (i)
Z XB(wij,ean+id(es;)) (T) > 1 whenever ' Td(x) < 1/2, (3.32)
JEJ ()
ni+1d(xij) S 1, (333)
Gt P <Lf ) dmy), (3:34)
B(zj,mttid(xij))

for all j € J(i), where L € (0,00) is independent of f, n and i. In particular, (3.10]),
(3.11)) and (3.12) are certainly satisfied.

Let ¢ € %,(0,1). Up to rescaling it is not restrictive to assume that

lloc < 27P7772. (3.35)
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Let us now define recursively, for all ¢ € N, the function ¢; : X — R by setting
$o = ¢ and ¢;11 = ¢; — w;, where
wi(z) = k6(1 = 0)" > eijd(wiy) PP K (' T d(wiy), 21, )
JEJ()
and €;; = sgn ¢;(x;;). We now want to prove, for all ¢ € N, that
|gi(z)] < (1= 8)id(x)"P~/2  forall z € X. (3.36)

Clearly this implies that ¢; — 0 locally uniformly as ¢ — oo, and consequently the
representation (3.13]) holds, provided we relabel kd as k.

We will provg@ by induction on 7. Note that, because of , the estimate
trivially holds for i = 0. Before entering the proof of the induction step, we
discuss a number of useful estimates.

Let us first obtain a few “a priori” estimates for the functions w; (that do not
depend on the choices of the signs ¢;;). Let i € N. By (3.2), (3.31) and Lemma
for all x € X,

wi(@)] < KS(1—=6)" Y d(wyy) PpPUTIR (' (i), @iy, @)
jeJ (@)
<RIL=8)" Y d(ay) P21+ d(y @)/ (' () TP
jeJ(@)
< Cyomn 60(1 = 8)id(z) P~/
moreover, if n*1d(x) > 2, then
[wi ()] < Cy a1 w0(1 = 8)'d(a) =P ()72,
Hence, if we assume that
C’y/2,’y,L KO S 1/4, (337)
then
1(1 - 0)id(z)~P/? for all z € X
TS Fi R
"2 ((L = 6)n"/=) d(x) if n'*d(z) > 2.
Similarly, for all z,y € X such that d(z,y) < n'Tid(z)/4, by the triangle in-
equality we deduce that, for all j € J(i),
d(z,y) < (' Td(wi) + d(z, 245)) /4,
hence, by (3.4) and Lemma
lwi(z) — wi(y)|
< K6(1 —4)’ Z d(xz’j)ﬂ/an(Hi)|K(771Hd(xij)7xz‘j:l’) - K(W1+id(xij)7$ij,y)|
jeJ (@)
< R6(1=8) (d(w,y) /™) D dlwi)”PTIE(+ d iy, ) /(! () TP
JeJ (@)
) ; D
< 037/2,27,L17_5((1 —0)/n") " d(z, y)d(x) P 2,
Hence, if we assume that
037/272%[/ KO < 1/4, 1-9 > 3/4, (339)
then, provided d(x,y) < n**id(x)/4,

(3.38)

< L= o)),y d@) P (3.40)

wi(e) = wily) < 5
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By summing the estimates , we can immediately obtain the validity of a
stronger estimate than for « in a suitable region (depending on 7).
Indeed, note that, if d(x) > 2, then d(z,0) > 1 and therefore ¢(z) = 0. Conse-
quently, if we assume that
/2 <1/2, (3.41)
then, for all i € N, by ,

6i(2)] < 3 ()

/2 -D— /2ys
< 477”/ d(z ’YZ 0

1
577W2d(50)7Dﬂ
1

21+v/2

1 .
< (1= 8)d@) P2,

where we used that 17/2 < 1 —§ by (3.39) and (3.41). This shows that (3.36) is
trivially satisfied whenever n'd(z) > 2.

(3.42)

IA

<

(nw/2)1+id(x)7Df’Y/2

By summing the estimates 7 we can also derive, for all ¢ € N, an useful
estimate for the difference of the values of ¢; at different points.

Observe first that, since ¢ € %, (0,1), for all z,y € X such that d(z,y) < d(z)/2,
by Lemmal3.9)and the support condition, the difference [¢(z)—¢(y)| vanishes unless
d(z) <4, so

16(2) — ()] < 4P 2d(z, ) d(x) D72,

Hence, by (3.40), if d(z,y) < n'd(z)/4, then
|9i(2) — di(y)] < lo(x) — ¢(y)| + d(ﬂf y) ()P ‘sz 8) /)

< (4PF2 4 2/3)(1 - 8) ()P ”/Q(d(x, y)/(n'd(x)))”,
provided
1-5> 2. (3.43)
Consequently, if we define
o = min{1/4, (2(4P+37/2 1 2/3))71/7},
then, for all z,y € X such that d(x,y) < on'd(x),

|6i(2) = $i(y)| < 5(1 = 8)'d(z) P~/ (3.44)

[\3\'—‘

We now proceed with the proof of the inductive step; i.e., for a given ¢ € N, we
assume the validity of (3.36]) for ¢; and prove the same estimate for ¢;;.
Let z € X. Consider first the case where

01(a)] < (1~ 8)id(x) P,
In this case, since 3/4 < 1— ¢ by , from we deduce that
|Git1(2)] < [i(2)] + |wi(2)]
< (3/4)(1 = 0)d(x) P77
< (1 - 8)Hld(z)~P=/2,
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and we are done.
Hence, to prove (3.36) for ¢;11, it remains to consider the case where

1
2

On the other hand, if we assume that n**1d(z) > 1/2, then

S =8)'d(@)" P72 < |gi(w)] < (1 = 6)'d(x)" P/ (3.45)

n'd(z) >n~"'/2 > 2,
provided
n<1/4, (3.46)

whence, by ([3:42)), |¢;(z)| < (1 — 6)%d(x)~P~7/2. So, being in the regime (3.45)
implies that

N ld(z) < 1/2. (3.47)
From (3.44) and (3.45)) we deduce that, for all y € X, if d(z,y) < on'd(z), then
sgn ¢;(y) = sgn ¢;(). (3.48)

Set € = sgn ¢;(x); then
ewi(z) = k6(1—0)" > dlay) PpPUTIK () d(2y), 2, 2)

J: €epi(xij)>0

— ko(1 — 5)1' > d(:cz»j)—”/QnD“*“K(nl“d(wij>,wij, z)

j o edi(zig)<
> k(1 — Z d(x /277D(1+i)K(771+id($¢j)»xz‘j7w)

JEJ(Z)

— 2k5(1 — 6)’ Z d(zi;) PO K () Fid(ay5), 345, ).

J: epi(wi;)<0

Note now that, by (3.48)), (3.2) and Lemma
S dlwy) PyPUT R (Y d(aiy), 25, 7)
j: epi(xi;)<0

< > d(2iy) PR (U4 d(wig, x) /(' (i) P
j: d(z,xzi;)>onid(x)

< Cyjoqn o Td(z) P2

On the other hand, since K is nonnegative, by (3.5)), Lemma (13.47), and (3.32)),

> d(wiy) PP K (' d(wy), g, @)

JEJ (i)

> 3 d(wiy) PP K (0 d (), 34, 2) 1B (0 cant+id(o,) (2)
JEJ (i)

> 27 P72 d(ac)*D*V/?

Hence, if we assume that

0127D7’Y/2 _1-D— _
Y s — (12 v/2y—1 4
"= 4C, /2,4, 077 r=la ) (3.49)

then
ew; () > 0(1 — 8)’d(x)~P/?
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and consequently, by (3.38) and (3.45]),
|pi+1(2)| = €div1(x)
< (1= 8)ld(z)~ P72 — 5(1 — 8)id(x)"P /2
— (1 _ (S)z'—s-ld(x)—D—fy/27
which concludes the proof of the inductive step.
By looking at all the above conditions, one sees that they are satisfied if we first
fix the value of x as in (3.49)), then we choose § sufficiently small that (3.37) and

(13.39) are satisfied, and finally we choose the value of 7 sufficiently small that all
conditions (3.30)), (3.41)), (3.43)), (3.46), (3.49) and (3.9) are satisfied. O

4. MAXIMAL CHARACTERISATION OF h!(M) VIA APPROXIMATIONS OF THE
IDENTITY

We now return to the setting of a Riemannian manifold M satisfying the assump-
tions|(A)H(B)|of Section 2} In this section we shall prove a maximal characterisation
of the atomic local Hardy space h!(M) in terms of a local maximal function asso-
ciated to a single “approximation of the identity”, in the sense defined below.

Definition 4.1. Let v € (0,1] and A > 0. A A-local approzimation of the identity
(A-LAT in the sequel) of exponent v on M is a measurable function K : (0, 1] x M x
M — [0,00) for which there exist positive constants Cq, Cy and C3 such that for
every t € (0,1], z,y,z € M, with
4d(y, 2) <t +d(z,y), (4.1)
the following hold:
(i) K(t,z,y) =0if d(z,y) > X;

(ii) K(t,2z,y) < Crt7"(1+d(z,y) /1)

(i) K(t,z,z) > Cot™™;

(iv) |K(t,z,y) — K(t,2,2)| < C3t™" (d(y,2)/t)" (1 + d(z,y)/t)""~2.
We denote by 7, the collection of all LAI of exponent v on M.

Definition 4.2. Let v € (0,1]. An approzimation of the identity on M (Al on M
in the sequel) of exponent 7 is a measurable function K : (0,1] x M x M — C
which can be written as K = K; + Ky, where K; is in ¥, and

esssup/ sup |Ka(t,z,y)|du(x) < oo. (4.2)
yeM JM te(0,1]

We denote by 72, the collection of all AI of exponent « on M.

Remark 4.3. Definition is analogous to Definition but includes the addi-
tional constraint for K (¢,-,-) to be supported in a ¢t-independent neighbourhood of
the diagonal. Definition |4.2] provides a relaxation of the support constraint, which
is very convenient in applications. As a matter or fact, in the case M is globally
n-Ahlfors, one can show that any kernel K satisfying the bounds ((ii)| to [(iv)| of
Definition is actually an Al in the sense of Definition In these respects,
Definition [£.2] can be considered as an appropriate extension of Definition [3.1] that
applies also to spaces that are locally, but not globally Ahlfors.

In this section, the exponent v € (0, 1] will be thought of as fixed, and we will
simply write “A-LAI” in place of “A-LAI of exponent 7. We will also write ¥" and
¥ in place of ¥, and 7.

Remark 4.4. In case K(t,x,y) is continuously differentiable in y, condition in
Definition [£.1] is implied by the differential condition
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(iv)) [VyK(t,z,y) < Cat™" 11+ d(w,y)/t) "7

Indeed, by the fundamental theorem of calculus,

|K(t,$,y) —K(t,$,2)| < d(y,Z) sup IVyK(t7$7w)|
wel(y,z)

where I'(y, z) is a length-minimising arc on M joining y to z; since d(x,w) >
d(z,y) —d(y,w) > d(z,y) — d(y, z) for all w € I'(y, z), in the range (4.1]) we deduce
that 1+ d(z,w)/t > (3/4)(1 + d(z,y)/t) and

K (t,2,y) — K(t,2,2)| < Ca(4/3)" 7" (d(y, 2)/)(1 + d(z,y) /t) "1 77
< Cst™"(d(y, 2) /1) (L + d(z,y) /) ">
where C3 = (4/3)" 17 (1/4)1=7C,.
Clearly the restriction to the range in Definition is only relevant for
condition As a matter of fact, the constant 4 in the range (4.1) could be

replaced with any other constant greater than 1 without changing the class of \-
LAI as shown by the following lemma and its proof.

Lemma 4.5. Let k > 0. Let K : (0,1] x M x M — [0,00) satisfy the conditions

and ()] of Definition[{.1] for some constants C1,C3 > 0 and all t € (0,1] and
x,y,z € M in the range

rd(y, 2) < ¢+ min{d(z,y), d(z, 2)}.

Then K also satisfies condition in the range (4.1)), with a constant C% (in place
of C3) only depending on k,C1,Cs3.

Proof. We only need to check condition in the range
(t + min{d(z,y),d(z,2)})/c < d(y, z) < (t + d(x,y))/4.

However in this range, by the triangle inequality,

d2d s 2 Aoy A, B (G A

S0 conditionfollows fromwith C% = max{Cs5,C1(1+(4/3)" ") (4k/3)7}. O

A simple example of \-LAI on M is

K(ta Z, y) = t_nd](d(x’ y)/t)a (43)

where ¢ : [0,00) — R is y-Holder, #(0) > 0 and suppt C [0,A]. Moreover, the
following lemma shows how one can construct new LAI by localising existing ones
via suitable Holder cutoffs.

Lemma 4.6. Let K : (0,1] x M x M — [0,00) satisfy[(it)] and [(iv)] of Definition
for some constants Cy,Cs > 0. Let ® : M x M — [0,00) be such that

[®(z,y)| <L,  |®(z,y) — (z,2)| < Ld(y, 2)"
for some L > 0 and all x,y,z € M. Let A > 0 and assume further that either K
satisfies of Deﬁm‘tion or
O(z,y) =0 if d(z,y) > A.
Then K':(0,1] x M x M — [0,00) defined by
K'(t,z,y) = ®(z,y)K(t, z,y)

satisfies[(i)} and|(iv) of Definition[{.1}, with constants C{,C% (in place of Cy,Cs)
that only depend on \,C1,C3, L.
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Proof. Under our assumptions, it is immediately seen that K’ satisfies and
of Definition by taking C{ = CiL. As for note that, if z,y,2z € M and
t € (0,1] satisfy 4d(y, z) < ¢+ d(x,y), then
K (t,2,y) — K'(t, 2, 2)]
< |0(2,y) — B(x, 2)|K (L, x,y) + @(x,2)| K (L, z,y) — K(t, @, 2)|
< C1Ld(y, )"t (1 +d(z,y)/t) "' + C3Lt " (d(y, 2)/t)" (1 4+ d(z,y)/t) "1,
(4.4)
Now, if d(z,y) < 14 2A, then
t(l+d(z,y)/t) =t +d(z,y) <24+ 2X
and from (4.4) we deduce that
[K' (8,2, y) = K'(t, 2, 2)] < L(C1(242X)7 +Ca)t ™" (d(y, 2) /t)" (1 +d(z,y) /) "1,
(4.5)
If instead d(z,y) > 142X, then d(z, z) > d(z,y)—d(y, z) > d(z,y)—(t+d(z,y)/4) >
(Bd(z,y) — 1)/4 > (1 +3X)/2 > A, so the left-hand side of (4.4) vanishes and
(4.4) is trivially true. Consequently K’ satisfies of Definition by taking
CL=L(C1(2+2X) + C3). O

We now show that, in the decomposition of any given AI, the LAI part can be
chosen so to be supported arbitrarily close to the diagonal.

Lemma 4.7. Let K be an Al on M. Then, for all A > 0, there exists a decompo-
sition K = K1 + Ky where Ky is a A\-LAI on M and K satisfies (4.2]).

Proof. By definition, we can decompose K = K| + K/, where K/ is an r-LAIT for
some r > 0 and K} satisfies (4.2). If A > r, there is nothing to prove (we can take
K, = K| and K3 = K}). Suppose instead that A < r, and define

Kl (t7 xz, y) = ¢(d(x7 y))K{ (.’L’, y)7
where ¢ : R — [0, 1] is smooth, supp ¢ C [-A, A] and @|_x/2,a/2) = 1. By Lemma
K, is a A\-LAI so it only remains to check that
Ké/(t7 €, y) = (1 - ¢(d($, y)))K{(m, y)
satisfies (4.2)).

On the other hand, K4 (¢, z,y) vanishes whenever d(z,y) < A\/2 or d(x,y) > r.
If instead \/2 < d(z,y) < r,
Ky (t,z,y) < Ct " (L+d(x,y)/t) "
<CtY
where the last constant C' may depend on A and r. Since K} is nonnegative, this

proves that sup,c o 1) |55 (¢, 7,9)| < C1py/2,9(d(2,y)), and from the uniform local
n-Ahlfors property we immediately deduce that K% satisfies (4.2)). O

To each measurable K : (0,1] x M x M — C and ¢ in (0, 1], we associate the
integral operator J#; and the maximal operator J#, by the rules

Hif(e) = [ Kt f)duly) and Hf(w) = sup |Hif(@)
M te(0,1]
respectively.
Let .#r denotes the centred local Hardy—Littlewood maximal operator at scale
R > 0, defined by
Mf(@) = sup | I wlaa)
By (x

0<r<R
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It is well known (see, e.g., [LSW] Proposition 2.2]) that, under our assumptions on
M, Mg is of weak type (1,1) and bounded on LP(M) for all p € (1, c0].

Lemma 4.8. Let A\,Cy > 0. Then there exists C > 0 such that, if K : (0,1] x M x
M — [0,00) satisfies[(i)] and|(ii)] of Definition[4.1] then
Hof <CMf  VfeE L (M). (4.6)

Proof. By our assumptions on K,

t
HINSE ] T

t

< - d

=0 Jgo ‘/BQJ')\(I)\BQJ'IA(I) (t 42771 Aty (8} duw)
27t

< T ——

> C ;) (2]t T 1)n+’y %Rf(‘r)a

where we used the uniform local n-Ahlfors property of M. It is straightforward to
check that the series above is uniformly bounded with respect to ¢, and the required
estimate follows. O

|f ()] dp(y)

Proposition 4.9. For each K in ¥ the mazximal operator K, is of weak type (1,1),
bounded on LP(M) for p € (1,00], and bounded from (M) to L*(M).

Proof. Assume that K is a A-LAIL By Lemma [{.8 and the boundedness properties
of the local Hardy-Littlewood maximal operator, we immediately deduce that 7,
is of weak-type (1,1) and bounded on LP(M) for p € (1,00]. Hence, in light of
Lemma to conclude that J#; is bounded from h*(M) to L*(M), it is enough to
show that 7, is uniformly bounded on 2-atoms at scale .

Let a be a standard 2-atom supported in a ball B with centre ¢ and radius
rg < A. Then

| Hall L sm) < Cu(5B)Y? a2 < C, (4.7)

by the L?-boundedness of .%; and the local doubling property. Next, observe that
d(z,y) > 4d(y,cp) for every x in M \ (5B) and y in B. By using the cancellation
condition of the atom and Definition we see that

Ha(z)| < /M K (t2,y) — K(t, 7, ¢5)] |a(y)] du(y)

< Ct‘”/B (d(y’;w)7 (1 + d(i’ y)>_n_27|a(y)|du(y)

(t?‘B)’Y
= C T dm.en)) o

By optimizing with respect to ¢ in (0, 1], we find that

¥
r
sup |Ha(x)| < C S - E—
t€(0.1] [#ra(z)| d(z,cg)"t
Notice that, since K is a \-LAI, J#.a is supported in Bsoy(cg). Therefore
| Haall sy < C 7 / d(z, e5) ™" dp(z)
B(cp,20\)\58

2X

< CT%/ sl ds < O
2rp

Assume now that a is a global 2-atom, with support contained in a ball B of radius

A. Then J#a is supported in 5B, and arguing as in (4.7) concludes the proof. [
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An immediate consequence of Proposition[4.9]is the following boundedness result.

Corollary 4.10. For each K in ¥ the mazimal operator K, is of weak type (1,1)
and bounded from h*(M) to L*(M).

Proof. By Definition we can write K = Ky + Ko, where K1 € ¥, while Ko
satisfies . Since the latter bound implies the L'-boundedness of the maxi-
mal operator associated to Ks, the desired boundedness result follows by applying
Proposition [1.9] to K. O

For each A > 0, define the local Riesz-type potential I by the rule

_ Il )
niw = [l v eran,

From the uniform local n-Ahlfors condition, it readily follows that there exists a
positive constant C, depending on A, such that

Ll < Clflh - Vf e LN (M). (4.8)
Lemma 4.11. Let L,A > 0. Let ¢ : M — C be such that

[¢(z) — o(y)| < Ld(x,y)

for all z,y € M with d(z,y) < X. Let K : (0,1] x M x M — [0,00) satisfy[(i)] and
(11)| of Deﬁnitionfor some C1 > 0. Then

| (@) <1l Af + LCILNf  Yf e LY(M).
Proof. Take f in L*(M), z € M and t € (0,1]. Since ¢ is Lipschitz and K satisfies
the estimate in Definition

(A (0f)(@)| < |¢(@)] [ f ()] + ’/MK(t,x,y)[@S(y) — o) f(y) du(y)’
< |p(@)| [ f (2)|

+ LCy /Bm) d(z,y) sup ¢7" (1+ d(m’y)> i |f(y)| du(y)

t€(0,1] t

< |p(x)| Zif(x) + LC1 I\ f(2),

because sup,co,00) @/ (1+ a)"t7 < 1. By taking the supremum of both sides with
respect to t in (0, 1], we obtain the required estimate. O

We now show that, for any AI K on M, the local Hardy space h'(M) can be
characterised as the space of all f in L*(M) such that JZ f is in L*(M). Our proof
hinges on the fact that a similar characterisation is already known in the Euclidean
case [Go]. The main idea is to show that if ¢ is a suitable cutoff function in a
neighbourhood of a point p in M, then the composition of ¢f with an appropriate
harmonic co-ordinate map 7, ! belongs to h!(R™). The latter property is verified by
showing that the maximal function of (¢f)on, 1 with respect to an appropriate Al
on R™ is in L*(R™). Part of the localisation argument is modelled over the proof of
[Tl Proposition 2.2], where however a grand maximal function is considered instead
of an arbitrary Al, and much more restrictive conditions on M are assumed.

Let @ > 1 be fixed. Due to our assumptions on M, as discussed in Section [2]
we can find Ry € (0, 1] such that, for each p € M, there exists smooth coordinates
Mp : Bry(p) = R™ centred at p such that

X~ Y1/Q < d(a,y) < QIX ~ Y| (1.9)
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for all z,y € Bg,(p), where X =n,(z) and Y = n,(y), and moreover the Riemann-
ian volume element u,, in the coordinates n, satisfies

QT <p<Q" (4.10)
pointwise. Set U, := 1,(Br,(p)). A direct consequence of (4.9)) is that
B, 10(0) S U, € Bf, (0).
Let B := B%"/QQ( ). Let x : R™ — [0,1] be a smooth cutoff function on R™
supported in B that is equal to 1 on (1/2)B, and set Z(X,Y) = x(X) x(Y).
Let S be the Ry/Q-LATI on R™ defined (similarly to (4.3)) by
where ¢ € C°(R™) is nonnegative, supported in ng /Q(O) and satisfying
0<¢X) <1, [KX)=CY)[<[X=Y]",  ¢(0)>0. (4.11)
Given a kernel K : (0,1] x M x M — [0,00), for all p € M we define K} :
(0,1] x R™ x R™ — [0, 00) by the rule
Ki(t,X,Y) = 206, Y) K (6 (), (V) + [1 - 2(X,Y)] S(8,X,Y). (4.12)
Notice that Kﬁ S on ( 1] x (B x B)

Lemma 4.12. Suppose that K is a LAI on M. Then, for all p € M, the function
K! defined in (#12)) is a Ry/Q-LAI on R™, with constants Cy, Cy, Cs in Definition
independent of p € M.

Proof. For the sake of notational simplicity, in this proof we write x, y and z in
place of 1, 1 (X), n, ' (Y), n, '(Z) whenever X, Y and Z are in U,.

Let us first check that K ! satisfies condltlons . n m of Deﬁmtlon 1| for
all (¢, X,Y) € (0,1] x R™ x ]R" If (X,Y) € (BchthenK (t, X,Y) tXY)
and we are done because S is a Ry/Q-LAL If not, then X,Y € U, and we can use
that

together with (4.9)) to deduce conditions |(i)|and for Kg from the corresponding
conditions for K and S and the fact that |X — Y| < Ry/Q if both X,Y € B;
similarly, since both K and S satisfy we deduce that

KL, X, X) = E(X,Y)K(t, 2, 2) + (1 — E(X, X))S(t, X, X) > Cot ™"

where C3 > 0 is the minimum of the corresponding constants for K and S.
As for condition by Lemma [4.5|it is enough to check it for all ¢ € (0,1] and
XY, Z € R" such that

4Q2
|Y Z| <t+min{|X -Y|,|X - Z|}. (4.13)

If both (X,Y), (X, Z) gé B x B, then again we are done, since S satisfies condition
If not, then X and at least one of Y, Z belong to B, but then (4.13) implies

that
vz (1) <o
and consequently all of X, Y, Z € 2B C U,,. Hence we can write
KAt X,Y) — KAt X, Z)| < |E(X,Y)K(t,z,y) — E(X, Z2)K(t, 2, 2)|
+ 22X, Y)S(t, X,Y) - E(X,2)S(t, X, Z)|
+|S(t, X,Y) - S(t, X, Z)|
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and consider the three summands in the right-hand side separately. Since S is a LAI
on R™, by Lemma {4.6| both S and (¢, X,Y) — ZE(X,Y)S(t, X,Y) satisfy condition
((iv)l and the last two summands are dealt with. As for the first summand, in light
, the condition implies that

Riod(y’ z) S t+ mll’l{d(.’lf, y), d(l‘7 Z)}’

and we are reduced to checking that the function (¢, z,y) — Z(n,(z), n,(y)) K (¢, x,y)
satisfies condition on M. This however follows again from Lemma m since
K is a LAl on M and x — x(n,(z)) is bounded and Lipschitz on M (uniformly in

p € M) by (4.9). a

Lemma 4.13. Let k > 0. Then there exists a collection P of points of M with the
following properties.

(1) {Bw(p)}pep is a locally finite cover of M ; moreover, for all p € P, there exist
Lipschitz functions ¢, : M — [0, 1], with Lipschitz constant independent of
p, supported in By(p), such that ZpGP ¢p=1.

(i) For all p € P, there exist Lipschitz functions 5,, : M — [0, 1], with Lipschitz
constant independent of p, supported in Baw(p), such that ¢, =1 on B(p).

(iii) P can be partitioned into finitely many subsets P1,...,Pn such that, if p
and p’ are distinct points in Py for some £ in {1,..., N}, then d(p,p’) > 4k.

Proof. Take any set P which is maximal with respect to the property
min {d(p,p’) : p,p' €P, p#p'} > /3.
Then, by maximality,
irellf) d(z,p) < K/3 Vo e M. (4.14)

P
Moreover, a straightforward consequence of the uniform local Ahlfors condition
(see, for instance, [MVol Lemma 1)) is that

sup Card(P N Br(x)) < o0 VR > 0. (4.15)
reM

From and it follows that {B.(p)}pep is a locally finite cover of M.
Fix a smooth function ¢ : [0,00) — [0, 1] such that ¢y = 1 on [0,x/2] and ¢ = 0
on (3k/4,00). Then for every p € P define ¢, = w(d(~,p)) and ¢, = ¢p/ qup Pq.
From it is clear that the locally finite sum }  p %, is bounded above and
below by positive constants and is Lipschitz. This readily implies that the ¢, have
the desired properties, and part is proved.

As for part |(ii)| take a smooth function v : [0,00) — [0,1] such that ¢ = 1 on
[0, %] and ¢ = 0 on (3k/2,00). Then for every p € P define $p = (d(-, p)).

Finally, for part take as Py any subset P’ of P which is maximal with
respect to the property

min {d(p,p') : p,p’ €P’, p#p'} > 4k (4.16)

Recursively, define P11 as any subset P’ of P\ (P U---UPy) which is maximal
with respect to . In order to conclude, we need to show that this procedure
terminates after finitely many steps, that is, Py = 0 for some integer k& > 1.
Indeed, if Py # (), then, given any p € P}, by maximality of Py,...,Py_1, the
ball By, (p) intersects each of Py, ..., Pr_1, and therefore By, (p) contains k distinct
points of P (including p). However by the cardinality of the intersection
P N By (x) is bounded by a constant independent of z € M. Hence Py # () only
for finitely many integers k. O
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Theorem 4.14. Suppose that K is an Al on M. If f is in L*(M) and . f is in
LY(M), then f is in b1 (M) and

1fller < C Al + [ F ]
where the constant C' only depends on M and K.

Proof. Let k = Ry/(8Q?). In view of Lemma and the fact that the bound
implies boundedness on L!(M) of the maximal operator associated to K, it
is enough to prove the result when K is a x-LAL

Let the collection of points P, the sets Py,..., Py, and the families of Lipschitz
cutoffs {¢,}pep and {@,}pecp be defined as in Lemma corresponding to the
above choice of k. Recall that supp ¢, C B,(p), and moreover d(p,p’) > 4k for all
p,p € Ppand £ € {1,...,N}. For every £ € {1,...,N}, define vy = 3° p, &p;
note that the supports of the summands are pairwise disjoint, and in particular
each 1, is bounded and Lipschitz.

Let f € LY(M) with J#.f € L'(M). Then f = Y0, (¢ef). Since t is a
Lipschitz function, by Lemma [4.11

He(Puof) < he Hif + C L f.

Since f is in LY*(M), so is I, f, by (4.8). Furthermore J#; f is in L'(M) by assump-
tion, whence so is (Ve f).
Since K is a x-LAI and supp(¢,f) € Bk(p) for all p € P, we deduce that

supp H#(¢pf) C Bay(p). Consequently, for every ¢ € {1,..., N}, the supports of
the functions (¢, f), p € Py, are mutually disjoint. Therefore

S A Gp )l = Ao f)ln < 1A f 1+ ClE s
peP,

and

N
DA G NI =D Y 1HbpHlln < CUIAS 1+ I f 1] (4.17)

peP =1 peP,
In particular, % (¢, f) is in L' (M) for each p in P. Similarly we see that

N
S dpfle =D llveflls < C s (4.18)
=1

peP

Recall that p,, is the Riemannian volume element in the coordinates 7,, and set
p 1= L [(qspf) o n;l]. Notice that the support of g, is contained in 7, (BK (p)),
which by (4.9) is contained in BE% (0) = (1/4)B. Consequently

A Kj(t,X,Y)gy(Y)dY = x(X) /M K (t,n, (X), 9)(6pf)(y) duly)

+ [ 1= 2XY) 80X Y) g, (1) Y.
Since the function 1 — = vanishes in (1/2)B x (1/2)B, and S is a 8xQ-LAI on R",
we deduce that

tesszl] |(1 - E(X7 Y)) S(t7X7 Y) gp(y)l < Cl[nQ,SnQ](lX - Y|)‘gp(Y)|7

where k@ is the difference of the radii of (1/2)B and (1/4)B. Therefore, if %ﬁ*
denotes the maximal operator associated to Kf,, then from (4.10)) we deduce that

1 gpll L1y < C 1 Ha(dp Il ar) + gl )]
= C [I(bpN)lLrary + lbpfllLrany] -
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Recall that Kg is a LAI on R™ by Lemma with constants independent
of p € P. Consequently, there exists a constant A > 0 (independent of p € P)
such that AKZE satisfies Definition on the n-Ahlfors space R", with constant ¢
independent of p € P. Hence, by Theorem [3.4]

19, 9pl| 12y < Cll A gpllLr@ny < C [ H(DpH)llrany + I dpfllLran]
where ¢, is the grand maximal function on R™ defined in . On the other hand,
if .7, is the maximal operator associated to S, one clearly has the pointwise domina-
tion .7 h < %, hforall h € LL _(R™), since the functions S(¢, X,-) =t~ "¢((X —-)/t)
are in %, (X,t) by (411). Hence it follows from [Go, Theorem 1] that g, is in
h(R™), and

ol ey < C ANl + 65 ).

By the classical theory of h*(R™) (see, e.g., [Gd, Lemma 5]), the function g, admits
an atomic decomposition g, = >, )\’; ’;,, where a’; are hl-atoms in R™ at scale kQ,
and

YA < Cligpllyr < CTUA(Dp NI + p 1] (4.19)
k

Recall that <Zp is a Lipschitz function on M supported in Ba,(p) such that <Zp =1
on By (p). Then

Opf = ¢p (gp/ﬂp Onp = d)p Z >‘ p/:up Onp = Z )‘]; IZE? (4.20)

where I}’; = 517 (a’lj/,up) o 1p. Notice that if Il’f is not the null function, then the
supporting ball Bg of a]; must be contained in Bllf;Q(O) = B. Hence, from Lemma

we deduce that the I;f are constant multiples of hl-ions on M at scale kQ?,
where the constant does not depend on p or k.

Thus, in light of (2.10]), from (4.20) and (4.19)) we deduce that ¢, f € h'(M) and
65 fllprcan < C D XS] < C lldpsf s + 12 (@ )]
k

By summming over all p € P, and using (4.17)) and (4.18]), we conclude that
[ fllorary < C (111 + [1f12]
as required. O

The following maximal characterisation of h*(M) in terms of a single Al is a
direct consequence of Proposition and Theorem [4.14

Theorem 4.15. Suppose that K is an Al on M. Then
b'(M) = {feL'(M): JfeL' (M)}
and there ezists a positive constant C such that
CH fllor < Mf 1+ 1 f e < CllFlle-

To conclude this section, we briefly remark that the above result implies the
characterisation of the Hardy space h'(M) in terms of a -Hélder grand maximal
function. Indeed, as in Section [3| for all x € M and r > 0 let %, (z,r) be the
collection of all functions ¢ : X — R such that

supp ¢ C Br(z), [o() <r7", [d(2) — d(y)| < r " (d(z,y)/r)"
for all y,z € M. Then define the +-Holder local grand maximal function ¢, by

| o) duto)

9, f(x) = sup  sup
re(0,1] peF, (x,r)

for all f € L (M) and = € M.
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Corollary 4.16. For all v € (0,1],
' (M) = {f € Lige(M) : 4,f € L'(M)}
and there exists a positive constant C' such that

CH I g < 195 F 11 < Cll e

Proof. Tt is immediately seen that, if K is a LAI constructed as in (4.3]) with ¢
supported in [0, 1], bounded by 1, and satisfying |¢¥(u) — ¥(v)| < |u — v|? for all
u,v € [0,00), then K(t,z,-) € #,(x,t) for all t € (0, 1], and therefore

Hf <G f
1

pointwise for all f € L, .(M). Moreover, for all z € M, by using normal coordinates
centred at x, one easily deduces that lim;_,o+ [,, K(t,x,y)du(y) = ¢, where ¢ :=
Jan ®(Jyl) dy > 0. From this it readily follows that if f € C.(M), then 4 f — cf
pointwise as ¢ — 07; a density argument then shows that, if f € Llloc(M)7 then
Hif —cf in LL (M) ast — 0T, whence

loc
cfl < A f
pointwise a.e. for all f € LL _(M). This shows that, if f € LL (M) and ¥, f €

loc loc
LY (M), then f,#.f € L'(M) as well, and by Theorem we obtain that f €
hl(M) with control of the norm.

Conversely, since M is uniformly locally n-Ahlfors, one can easily check that
gy < Cu,

and that (by arguing as in the proof of Proposition ¢, is uniformly L'-bounded
on h!(M)-atoms, hence ¥, is bounded from h*(M) to L' (M) by Lemma O

5. CHARACTERISATION OF h!(M) VIA HEAT AND POISSON MAXIMAL FUNCTIONS

In this section we prove that h'(M) can be characterised in terms of the maximal
operators associated either to the heat semigroup % or to the Poisson semigroup
Py, that is,

ble (M) = b (M) = bl (M).
In light of Theorem [I.15] it will be enough to show that the heat and Poisson
kernels on M are Al in the sense of Definition We will actually show that a
similar result holds for all semigroups e *¢" with a € (0, 1].

Denote by hi(z,y) the integral kernel of the heat semigroup .7#%. We call the
function (¢, z,y) — h¢(z,y) the heat kernel. It is well known (see, for instance, [SC|
Theorem 5.5.3 and Section 5.6.3]) that, under our assumptions on M, there exist
positive constants C'; and Cs such that

e—d(@.y)?/(C1t) e—d(x.y)?/(Cat)
< hi(w,y) < Cy 2

for every z and y in M and ¢ in (0,1]. Furthermore (see, e.g., [Dal Theorem 6]),

there exists positive constants C' and ¢ such that

ede(‘T’y)Q/t
t(n+1)/2

for every z and y in M and ¢ in (0, 1]; in the discussion below, we will actually use
the gradient bound (5.2)) only for d(x,y) small.

e (5.1)

Proposition 5.1. The function
(t,z,y) € (0,1] x M x M — hy2(z,y),
is an Al of exponent 1 in the sense of Definition [{.9
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Proof. Let r = min{tps, 1}, where ¢y is the injectivity radius of M. Let ¢ : R —
[0, 1] be smooth, equal to 1 on [—r/4,r/4] and supported in [—r/2,7/2], and define
®(z,y) = ¢(d(z,y)). Then ®(z,-) is smooth for all x € M, and |V, @(z,y)| < L
for all z,y € M and some L > 0.

Set now K'(t,x,y) = ®(z,y)he(z,y) and K2(t,z,y) = (1 — ®(x,y))he(2,7).
Then clearly K!(t,z,y) = 0 whenever d(x,y) > r/2, and moreover from we
deduce that

K'(t,z,y) < Ct e~ M@0Y/(CF) < 1 (1 4 d(, y) /1) ™"
and
K'(t,z,2) = hp2(x,2) > Ct™™,

so K! satisfies conditions and of Definition with A = r/2. In

addition
VK (t,2,y) = by (2,9)Vy@(2,y) + (2,y)Vyhe (2, 9)

and from (5.1]) and (5.2]) we deduce that
|VyK1(t,=T7y)‘ S Otinilefd(m7y)2/(0t2) S Ctinil(l + d(l’,y)/t)iniz,

Hence by Remark we deduce that K' also satisfies condition of Definition
and consequently is a r/2-LAT on M.
Note now that K?(t,z,y) = 0 whenever d(x,y) < r/4; hence, by (5.1)),
2(0,,4) < Orli gy, 9) 2
sup K°(t,z,y) < Colpr/a00 T,Y)) ————— Sup T
te(0,1] Ir/4,09) d(z,y)" >0

< Cedw)*/2Cs

n/2 ef'r/ZCQ

and from the volume bound ([2.3)) it readily follows that K? satisfies condition ([4.2)).
This proves that K = K' 4+ K? is an Al on M. O

Now we consider the semigroups e~ *4" with o € (0,1), and denote by pg their
integral kernels; the Poisson semigroup & corresponds to a = 1/2. As it is well
known (see, e.g., [Yo, Section IX.11]), these semigroups can be subordinated to the
heat semigroup.

Lemma 5.2. For a € (0,1), let F,, : (0,00) — C be defined by contour integration
as follows:

1 o+i00 N

F.(s) = —/ se¥77 dz (5.3)
2mi g —100
for any o > 0. Then there exists constants Cy,cq > 0 such that

0 < Fo(s) <Cus™® e cas ™7 (5.4)

Moreover - q
e = / Fo(s)e % & (5.5)

0 S

for all z € C with Rz > 0.

Proof. The construction of the nonnegative function F, satisfying through
the contour integration (5.3)) is given in [Yo, Section IX.11]. It only remains to
prove the upper bound i.
Let a = cos(am/2)/3; since Rz > 3alz|* whenever Rz > 0, from the represen-
tation we obtain that, for any o > (aa)t/ (=),
o0
Fa(s) < %86800’/ e—3ao”(1+t2)"‘/2 at

— 00

_ a
S CeZsa 2a0

)
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where the constant C' may depend on a but not on ¢; by choosing o = (ac/s)*/ (=),
we obtain the upper estimate in in the case s < 1. As for the remaining case,
by changing the contour of integration in to the concatenation of the two
half-lines z = re™% (—oo0 < —r < 0) and z = re’? (0 < r < o0) for any 6 € (7/2,7),
we obtain, as in [Yo, p. 263], the representation

1 [ a
F.(s) = - /o ses7cos0=r cos(@d) gin) (grsin ) — 1 sin(ad) + 0) dr;

by passing to the limit under the integral sign, we can also take 8 = 7 in the above
formula and obtain

1 [ «
Fu(s) = 7/ se~sT=r cos(am) gin (1% sin(ar)) dr

T Jo
< C/Oo se” T dr
< CsC?
for s > 1. O

Proposition 5.3. Let o € (0,1). The function
(t,z,y) € (0,1] x M x M — piha(z,y),
is an Al of exponent min{1,2a} in the sense of Definition ,

Proof. From Lemma we deduce the subordination formula

(oo}
d
P :/ Fo(s/t?) hy &2
0 S

It is convenient to write p%. as the sum of P and P7°, where
1 e}
d d
PO :/ Fo(s/t)hs & and P& :/ Fol(s/t?) hy &2
0 o 1 $
We observe that, by (5.4),

e d < h
sup P < C’/ sup (s/t%)™% hy & < C’/ f ds, (5.6)
te(0,1] 1 te(0,1] s 1 8T

and since ||hs(-,y)|[1 = 1 for all y € M and s > 0 we deduce that

sup
yeM

sup Pro(-,y)
t€(0,1]

< C/ 573/2ds < 0. (5.7)
L 1
Let r € (0,1] and the cutoff ® : M x M — [0,1] be defined as in the proof of
Proposition We further split P? = P>° + P>>, where P)"° = ®P?.
Note that, by (5.4), F, is a bounded function. This and the upper estimate ({5.1))
show that

1 —cd?/s 1 —ecr?/(16s)
e ds 2 € ds
RS- d 7f<0*0d/2/7f- 5.8
t:z}l’)l] t S [r/4,oo)( )/0 5n/2 s = S 0 sn/2 s ( )

The last integral is finite, hence from (2.3 we readily see that

< C sup eed@y)?/2 dp(z) < 0. (5.9)
yeM J M

sup P> (-, y)
t€(0,1]

sup
yeM

1
The estimates and (5.9) show that (¢, z,y) — P (x,y)+PY > (x,y) satisfies
condition in Deﬁnitio
To conclude, it remains to prove that P?° = P& fulfils conditions of
Definition Clearly condition |(i)|is satisfied with A = /2, due to the support of
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®. Observe that, if we set w = v/d? + t2, then (5.4]) and the upper estimate of h,
in (5.1)) imply that

Pt070 <P} 1j0,r/21(d)

1
< Ct2a / an/Qfa efc(tg/s)(’/(l_(’)efch/s %
0 8 (5.10)

S
S OtQa/wn+20¢ S Ct_n(l =+ d/t)—n—Qa

1
< CtQa / S—n/2—a e—c(w2/s)°‘ %
0

for all ¢ € (0,1], which yields the required estimate in Definition with
~v = min{1, 2a}. Moreover, since F,, is nonnegative and does not vanish identically
on (0,1] (see Lemmal[5.2)), the lower bound for h; in (5.1)) implies that

0.0 1 dS
PP (z,x) > c/ Fo(s/t?) s /2 =
0 S

=2
d
= Ct*”/ Fo(s)s™™/? < >Ctn,
0 S

for all ¢ € (0, 1], as required for condition Finally, by the Leibniz rule,
|VyPtO’O\ < Cptol[o,r/2] (d) + |<I)Vypt0|-

Since

1
d
v, PP — /0 Fuls/1%) Yy,

from (|5.2)) we deduce, arguing as in (5.10)), that

1
|(I)Vypto‘ < o / s~ (nt1)/2-a efc("ﬁ/s)(l % < CtQa/wn+1+2a.
0 S

Since w < y/7?/4 + 1 on the support of 1y ,./9)(d), by combining this estimate with
the one for PPy, /9 (d) in (5.10), we finally obtain that

|vyPtO,O| S Ct2a/wn+1+2a S Ct—n—l(l 4 d/t)—n—1—2a’

and by Remark [4.4] we deduce condition with v = min{1, 2a}. O

As a consequence of Propositions [5.1] and [5.3] and Theorem [£.15 we deduce the
following characterisation of h*(M).

Corollary 5.4. For all o € (0,1],

b (M) = {f eLNM): sup et | Ll(M)}
0<t<1

and there exists a positive constant C such that

B

CH Ny < N1£11 + < C[[fllyr-

1

sup e
0<t<1

In particular,

with equivalent norms.
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