ASIDE:
SPATIAL ANTIDERIVATIVES OF DISTRIBUTIONS

Let R & LZ(T; H 1(D)) a distribution
then { T C IX(T; L;, (D)) s.t.,  the antiderivative

R w) == R we) + et [w) . ¥w e W
where

Wi={w | w & LT Ho(D)); wi € L(T; H/(D));
w(.,t1)=0} the space of test functions

we(.,0) :=J;x[w(0', f) — We(o—0) fD w(y, Hdy |do

0

U)E(x) = ceexp[xz 282] a bell-function

Rem.: antidifferentiation, () - , | is set valued

Notation
<h> = spatial average of h& ! (T; ! (D)) ,
= <> c’ (T) )

R = antiderivative, which vanishes @ X0

0
[-1]
(requires 3 lim : R Biblioeca
Snaarelli
Crosta
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UNIQUENESS CONDITIONS:
2 — REGULAR CAUCHY PBM.

Notation:
ro= —Vt + (aV,), (the defect)
R = (provided ... )

.X

Def. Bo0:={B|B=L®D);3 tim, BA lim, B=0}

X—>X 0 X=X 0
Prop. (uniqueness) |
Bibtioteca

red (T;Hml(D)) U,V E oy
3tel-5v,#0,¥YxeD Crosta
da(u, e .

RI-1]
= Xhl;}c 6

Foo V(. T)=0¥x&eD}A{V,(.,T)=ae 0in D}
THEN B =a3e. 01In D .

Applications:

[ a(x) known
Regular Cauchy data from ¢ {u,f}, {v, g} independent

L a ’(xo) =0 (zoning)
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UNIQUENESS CONDITIONS:
3 — SINGULAR CAUCHY PBM.

Def. (set of points where u stationary = critical points)

E. ) =clos{2()| ¢()eD,
u, (2@, =0 V,}iﬁ“yt u (@, 1) =0}%
dacA-2-u@, f) =, u@,f) in Q.

Prop. (uniqueness)
f €T H'(D)

ad Bittioteca
Luadel
ad 63 vsla

IF EITHER

dteT.2.{E,/(T) #0 A meas[E,(T)] =0}
OR  E, () #0,¥ t € T A\ meas| f] E,)]=0} k%

THEN a=,.d1nD.

Rem.:

Uniqueness relies on set £, of critical points.

Kitamura & Nakagiri’ s (1977) uniqueness conditions apply
to more regular data.

Data @ t = T only.
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UNIQUENESS CONDITIONS:

4 — SELF-IDENTIFIABILITY
Def. (admissible data pairs with least possible regularity)

e OF 2 D)

(uy +J‘)‘ =¢ CO(D\Sg(z)) nr? DyWeT)
where
Sg(t> 1 { X0 5 xl} =0v:eT Bibtiotec
Luadells
Thm. (Self—idenlifiabilil‘y) Crosta

P {u,f1E Ry ;s meas[Eu(T)] =
THEN the following are equivalent

) Jachy, 3teT .2.<au>(T)=0

g[~l]_ <g[-1]>
i) JaNa= (L) (D)

non—local condition |
3 link with singular Cauchy if g le (D)

counterexample

ACC92 S!1 10



UNIQUENESS CONDITIONS:

5 — COUNTEREXAMPLE
Features:

t =T, fixed
self-identifiable solution s.t., singular Cauchy

uniqueness Hp. do not apply.
Let

-1-x, —1+€g<x<0
D=(-1+¢,1-¢); = -
( ’. ) 5ty -5, 0<x<1-¢
a =1+ 6(x) (unit step function) Biblioteca
Note el
6/‘06’(‘(!'

«%h>=0,3£g%&ux(=—e)

[-1]

&0

hence
[-1] [-1]
5o So "<80 >
ux

Since both (Tlx)(‘r) and (g[;”)(‘r) = L4(D) , then the

stability estimate applies

=28(x)-1-x+e (& ®)); <g[81]> =€

| B ll,< const. [1v=uly +1 0 —u )y )0

ACC92 SI 11



STABILITY ESTIMATES:
1 - REGULAR CAUCHY - UNIQUE SOLN.

(Regularization conditions denoted by =)

Thm.

IF uveEK
Itel 3 [#|(v), 5T <a -
Hvxx“(),z(_t) < Cs gl

Y =

i'7i+1

' Q0
yi#x()axl;§i<§i+1avi;:—$_—1(ci\<00
| =

veLl'(x. )}

l

1 @M/z'oz‘eca
Bel,;3 lim, R™ ](T) Luadrel
XX

| 0 Crosta:
THEN
1B, < el +lall, o+ I
AIVIly_expleves {meas[D] ]
where
[Vily=max {VICD), Vel(E) } +

+{measD] [ [[Villy, + Vil )P
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