
ASIDE:

SPATIAL ANTIDERIV ATIVES OF DISTRIBUTIONS

Let R E L2(T; l11(D)) a distribution

then {R[-11}C L\T; Ll~cCD)) s.t., the antiderivative

(R[-1] IW) = - (R I We) + (C1 Iw) , V W E W
where

W 2 1 2 1:= { ltV I tV E L (T; Ho(D)); ltVt E L (T; n (D));
tv( ., t1 ) = 0 } the space of test functions

x
tVE(·,t) := f [w(o, t) - WECo - (0) f lV(Lµ, t)dLµ ]do

Xo D

W E W , We(X) = ceexp[ 2 e!?] a bell-function
x

Rem.: anti differentiation, 0[-1], is set valued

Notation
<11>:= spatial average of 11E CJ (T; L1(D)) ,

(=> <11>E CJ(f) )
R[-1] := antiderivative, which vanishes @ Xoo

(requires ~ lim + R[-1] )
x->xo [JJtOltOleca

2ttaa~(eIIt:
@vsla
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UNIQUENESS CONDITIONS:
2 - REGULAR CAUCHY PBM.

Notation:
r := -Vt + (aVx)x
R '=..L, v

x

(the defect)
(provided .., )

Def, Bad:= {B I BE Lffi(D); ~ lim+ B /\ lim + B = 0 }
x-;>xo· x->x 0

Prop, (uniqueness)

f E CJ(T;H-1(D)) ; u, VEX
- -

~ TET·3·Vx =1= 0, 'VXE D·

~a(u,j)Elad; a, b·3·B Elad

[iJttttoleca
2aadcefj;
@vsta'

-
IF {V(, ,T)= 0 'VxED} /\ {Vt(, ,T)=a.e. 0 in D}
THEN B =a.e. 0 in D ,

Applications:
a(xo) known

Regular Cauchy data from ~ {u,f}, {v, g} independent

a '(x 0) = 0 (zoning)
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UNIQUENESS CONDITIONS:
3 - SINGULAR CAUCHY PBM.

Def. (set of points where u stationary = critical points)

Eu(t) := clos { ~ (t)1 ~ (t) ED,
ux(~ (r), t) = 0 V lim + ux(~ (t), t) = 0 }

x->y-

~ a EAad ·3· u(a, j) =a.e. u(a, j) in Q.

Prop. (uniqueness)
f E L2(T ; l11(D))

~ a Elad ·3·u(a, j) E Dad

~aElad ·3.U( a,j)E Uad
IF EITHER

{iJi6!m /eca
2aad(clli
6Ivcfta·

~-rET.3.{Eu(-r) =I=(/) /\ meaS[Eu(T)] = O} (*)

OR . Eu(t) =1= (/), 'V t E T /\ meas[ n Eu(t) ] = O} (**)
t

THEN a =a.e.a in D .

Rem.:
Uniqueness relies on set Eu of critical points.
Kitamura & Nakagiri' s (1977) uniqueness conditions apply

to more regular data.

Data @ t = 'r only.
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UNIQUENESS CONDITIONS:
4 - SELF-IDENTIFIABILITY

Def . (admissible data pairs with least possible regularity)

Pad:= {{ u,f} I uE Uad .] E CJ(T; l11(D)) ;

(Ut + j)[-1j := g[-1jc cP(D\Slt)) n L2(D) \ltE T}

where

Sget) n {xo ; Xl} = 0 'V t E T aJi6!tO /ec«
2aad,c!!/
(J/vstaThm. (self-identifiability)

IF {U,f}EPad ;meas[Eu(T)]=0
THEN the following are equivalent

i) ~aEAad, ~TEf.3.<aux>(-r)=0
[-lJ [-lJg - (g ).') ." /\ /\ /\ (0 O)()II :::to a a = . T

Ux

Rem.
non-local condition

~ link with singular Cauchy if g[-1j E CJ(p)o
counterexample
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UNIQUENESS CONDITIONS:
5 - COUNTEREXAMPLE

Features:
t = T , fixed
self-identifiable solution s.t., singular Cauchy

uniqueness Hp. do not apply.
Let

§- 1 -x, - 1 + E < x < 0
D = ( -1 + e , 1- e ) ; Ux = ~ ~_q , 0 < x< 1 _ e

a = 1+ Sex) (unit step function)
Note

r!lJi6!tO reca
2aad(eIIt:
@YJ6'ta,

<a u,> = 0 ,~ lim + a Ux ( = - E )
x-;>xo

g[o 1] = 2 e(x) - 1 - x + e (e CO (D)) ; <g[o 1l>. e

hence

Since both (~ )("r-) and (g[-1lKr) E L4(D) , then the
x 0

stability estimate applies

II B 111< const. [llv - U "14 +" (Vt - u, )[-1]"04](T), 0 '
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STABILITY ESTIMATES:
1 - REGULAR CAUCHY - UNIQUE SOLN.

(Regularization conditions denoted by u)

Thm.
IF U, VEX

- 1 1~TET·3·lul(T) , Iv-I(T) < Cvx x

llvxxllo2(T) < Cs,

~ a E Ie := { a I aE lad;
co co

a' . ,J c, ~ (x - ~ i) + .J LjJi X ('it y )
l=l l=l si,si+l

CD

Y i =1= Xo , Xl; ~ i < ~ i+1 , 'V i ; J lei I < 00
i =1

1
Lµi EL ((~i'~i+l)) } /.15./1.

wtotwteca
B E Bad ; ~ lim+ R[-11(-r) 2aa@,efj;

x-;>x 0 @'Osta'

THEN

IIBIIO,m < cv[l + Iia IIO,m+ Ilia xl[~1]llo,m].
.llVllx-rexp[cvcs vmeas[D]]

where
IIVIIX-r:= m~x { IVI(-r), IVtl(T) } +

+ vmeas[D] [llVtllo 2 + IlVxxllo 2](-r), ,
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