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establish some connections between the location of the hole
and the sign of the eigenvalue variation.
© 2025 The Authors. Published by Elsevier Inc. This is an
open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

In the present paper, we investigate the stability of the spectrum of the Neumann
Laplacian under singular perturbations, consisting in the removal of small holes from a
bounded domain.

Eigenvalues and eigenfunctions of differential operators are ubiquitous in the theory
of partial differential equations. Understanding how these are sensitive to small per-
turbations, such as variations in the domain, is of interest in several fields of physical
applications, e.g. quantum mechanics, material sciences, heat conduction, climate mod-
eling and acoustics. See, in particular, [37] for perturbation theory in acoustics, [13,
Chapter V] for eigenvalue problems in connection with vibrating systems and heat con-
duction and [17] (see also [42]) for links to climate analysis. We also quote [22] for a
thorough survey on the dependence of eigenvalues and eigenfunctions on smooth and
nonsmooth perturbations of the domain. Furthermore, a comprehensive understanding
of the shape of eigenfunctions holds great significance in many numerical analysis prob-
lems. Nonetheless, the computational cost of determining eigenelements in domains with
minute cavities is considerably high: indeed, to ensure precision in such cases, i.e. to
discern even small variations, dense mesh structures are needed around these cavities.
Consequently, theoretical approximation results in this specific context assume a piv-
otal role. We refer to [7] and references therein for a wide discussion of the topic. We
also mention [32] for some recent applications to machine learning of spectral stability
of the Neumann Laplacian under domain deformations. Finally, as pointed out in [24,
Section 1.4], asymptotic expansions of eigenvalues in domains with small holes might
find applications in shape optimization, e.g. in the proof of non-existence of minimizers.
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The problem of spectral stability for differential operators in perforated domains has
a long history, and presents intrinsically different features depending on which kind of
boundary conditions are taken into account. Let us consider a bounded open set Q@ C RY,
which we call unperturbed domain, and a compact subset K C €, which we call hole;
we refer to the set O\ K as the perturbed domain. In order for Q \ K to be regarded
as a perturbation of €, the hole K needs to be sufficiently small, in a suitable sense
depending on the operator under investigation. In this regard, a key role is played by the
conditions prescribed on the boundaries of both the unperturbed domain and the hole;
among the most studied cases, we find homogeneous Dirichlet and Neumann boundary
conditions, as well as Robin-type ones. Under each of the boundary conditions mentioned
above and under suitable regularity assumptions on the sets, the eigenvalue problem for
the Laplace operator on the perturbed domain Q \ K typically admits a sequence of
diverging eigenvalues

M@\ K) < AR\ K) € Ag(Q\K) < - S Au(Q\ K) < -

by classical spectral theory. Analogously, the unpertubed problem (corresponding to the
case K = ()) typically admits a sequence of diverging eigenvalues

In this setting, the stability of the spectrum is a main object of investigation. More
precisely, a major question is the following:

Question 1. Under which conditions on the hole K, are the perturbed eigenvalues
AL (Q\ K) arbitrarily close to the corresponding unperturbed ones A, (2)?

Once conditions on K that ensure spectral stability are found, the further following
question naturally arises:

Question 2. Is it possible to quantify the difference A, (2\ K) — A, (Q) in terms of some
measurement of K7

In the case of homogeneous Neumann boundary conditions on both the external
boundary 9Q and the hole’s boundary OK, question 1 has been answered in [38]. In
the present paper we focus on question 2.

We precede the presentation of our results with a brief overview of the literature
dealing with the spectral stability for the Laplacian in perforated domains. This problem
is widely investigated. In particular, the case of Dirichlet boundary conditions is one of
the most studied and, being the literature on the topic so vast, we cite here just some of
the most relevant papers. In the Dirichlet case, it is well known that a key quantity in the
study of spectral stability is the capacity of the hole. Some first estimates of the variation
of the Dirichlet eigenvalues in terms of the capacity of the removed set date back to [39].
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The paper [38], published in 1975, still stands as a pivotal reference in this research
field; it contains a more systematic study of spectral stability in domains with small
holes, taking also into account more general boundary conditions. Subsequent studies
are carried out in a series of papers by Ozawa in the 80s, deriving sharp asymptotic
expansions of perturbed eigenvalues, especially in small dimensions, see e.g. [33]. Another
relevant result is contained in [16] (recently revisited in [1]), which provides an asymptotic
expansion for any perturbed (possibly multiple) eigenvalue; in particular, if A, () is a
simple Dirichlet eigenvalue and u,, is a corresponding L2-normalized eigenfunction, then

Ap(Q\ K2) = A (Q) + cap (Ko, un) + o(capg (Ke, uy)) ase — 0, (1.1)

where {K_}.~¢ is a family of compact sets concentrating to a zero-capacity set as € — 0,
and

capq (K, uy) := inf / IVul® dz: v € HY(Q), u—u, € HY(Q\ K.)
Q

We also cite [3], treating the case of multiple limit eigenvalues. For simple eigenvalues,
an analogue of (1.1) is derived in [2] in a fractional setting and in [20] for polyharmonic
operators. The results of [18] seem to suggest that only the boundary conditions pre-
scribed on the hole essentially play a role in the asymptotics of eigenvalues when the
hole disappears: indeed, in [18], in the case of Neumann conditions prescribed on the
outer boundary and Dirichlet conditions on the hole, an asymptotic expansion similar
to (1.1) is proved. Again a suitable notion of capacity of the hole comes into play.

As for Neumann boundary conditions prescribed on the hole, less is known, and a
richer phenomenology can be observed. After the work of Rauch and Taylor [38], where
sufficient conditions for stability of the Neumann spectrum are provided, several papers
investigate the asymptotic behavior of perturbed eigenvalues. In dimension 2 and in the
case of a disk-shaped hole, Ozawa [34] proves that, if A, (£2) is a simple eigenvalue of the
Dirichlet Laplacian in €2, and A,, . is the n-th eigenvalue of

~Au = Au, in Q. :=0Q\X,,
u=0, on9dQ, (1.2)
Opu =0, on 0%,

with ¥, = {z € R? : |z — 2| < &} for some z¢ € 2, then
Ao = An(Q) = 722 (2 |Vun (o) = A ()i (w0) ) + O(* logel?) s & =0,

where u,, € H}(Q) is a L2-normalized Dirichlet eigenfunction corresponding to A, (£2).
See also [35] for asymptotic properties of eigenfunctions of (1.2) in dimension 2. For
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N = 3, asymptotic expansions for the perturbed Neumann eigenvalues p,(Q2.) are ob-
tained in [31] in the case of a hole shrinking to a point: more precisely, the expansion

pn () = pn(Q) + Cre® +0(e3) ase — 0,

is proved, where C,, € R is explicitly characterized in [31, (2.46)]. A more general frame-
work is taken into account in [26]: here, the removed holes are tubular neighborhoods of
d-dimensional manifolds M C Q, i.e.

Y. ={z € Q: dist(z, M) < e}, (1.3)

and both Neumann and Robin conditions on 9%, are considered. Denoting ¢ := N—d > 2,
if A, (Q) is a simple eigenvalue of the Dirichlet Laplacian in  (with a L?-normalized
eigenfunction u,,) and A, . is the n-th eigenvalue of (1.2) with X. as in (1.3), then [20]
proves the expansion

Ape = An(9) —w, gq/ [q% IV tnl? 4 [Vactn]? = An(Q)u2 + un Huy] | dHE + 0(9)

as € — 0, where

o ug(z A+ tH(2)) — un ()
Hluy,)(z) := }1_% ;

and H(z) denotes the mean curvature vector field on M. For Neumann conditions pre-
scribed on both 9 and the hole’s boundary 0%, full asymptotic expansions in terms
of analytic functions are obtained in [29], in the case of a hole shrinking to a point.
We also cite [27], where Neumann eigenvalues are studied for a zonal subdomain of the
N-sphere, which converges to the whole sphere itself. Finally, it is worth mentioning
[6,9,30] for other quantitative spectral stability results for the Neumann Laplacian and
[5,10,11,14,23,28] for qualitative studies for more general types of holes.

As emerged from the previous discussion, the stability of Neumann eigenvalues in
domains with small holes is not understood as well as in the Dirichlet case and presents
different and peculiar features. For instance, stability of the spectrum of the Neumann
Laplacian is not guaranteed under assumptions that would otherwise ensure stability in
the Dirichlet case, see e.g. [13, p. 420] or [40]. In [38] (see also [5]) it is proved that, by
removing sets . whose measure tends to zero as ¢ — 0, a sufficient condition for stability
is a uniform extension property (in the Sobolev sense) inside the hole, which rules out
too wild behaviors of the disappearing hole itself; see assumption (H) in section 2. The
main novelty of the present paper lies in the identification of a geometric quantity,
related to the shape of the hole 3. and to the limit eigenfunction ¢,,, that plays in the
Neumann context the same role as the capacity does for the Dirichlet case, concerning
quantitative spectral stability. This quantity, denoted as 7'5\25 (03¢, Oupn), is introduced
in Definition 2.1 and resembles a notion of torsional rigidity.
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Now, we provide a description of the most significant contents of the present paper,
referring to section 2 for the rigorous statements. Our first main result Theorem 2.4
contains an asymptotic expansion for an eigenvalue \,, (Q2\3.) of the perturbed Neumann
problem (2.3), in case it converges to a simple eigenvalue A, (Q2) of the unperturbed one
(2.1). In the asymptotic expansion of the variation A\, (2 \ X.) — A, (£2), the sum of two
contributions appears: the geometric quantity

_75\25 (625, augpn) <0 (14)

which always has a negative sign, and the additional term

_/ (196nl? = (n(@) - 1)¢2) d, (1.5)

3e

whose sign depends on where the hole is located, with respect to the nodal, regular and
singular sets of ¢,,. The presence of this additional term causes the eigenvalue variation
not to have a fixed sign, in stark contrast to what happens in the Dirichlet setting,
where the monotonicity of the eigenvalues with respect to the inclusion of domains
always results in positive differences A, (Q\ X.) — A, (Q).

Next, we focus on holes shrinking to a point by maintaining the same fixed shape,
that is of the form

Yei=xo+eX={axg+ex:x €} (1.6)

for some zo € Q and ¥ C RY. In this case, if N > 3, we succeed in performing a
blow-up analysis, which provides the explicit rate of convergence of the quantity (1.4).
Moreover, by analyzing the behavior of the limit eigenfunction ,, near the point xg, we
determine the explicit rate of convergence of the additional term (1.5). Combining these
two sharp expansions, we obtain our second and third main results, namely Theorem 2.8
and Theorem 2.9, which provide, for N > 3 and the hole being as in (1.6), a precise
description of the asymptotic behavior of eigenvalues and eigenfunctions, respectively.

From Theorem 2.8 we can deduce some interesting information about the sign of the
eigenvalue variation and the sharpness of the derived expansion. Notably, these aspects
appear to depend on whether xg is or is not located on the singular set of the limit
eigenfunction, and, in the latter case, on its specific positioning relative to the interface
I' introduced in (2.22). See Remark 2.10 for details.

Finally, in Theorems 2.11 and 2.12 we derive more explicit expansions in the case of
spherical holes, in dimensions N > 3 and N = 2 respectively.

2. Statement of the main results

For any open, bounded, connected, Lipschitz set Q@ C RN, N > 2, we consider the
following eigenvalue problem:
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—Ap+p=Ap, inQ,
{ p+o=Ap 21

Opp =0, on 01,

where v denotes the outer unit normal vector to 9. Problem (2.1) is meant in a weak
sense; i.e., A € R is an eigenvalue if there exists u € H'(Q2) \ {0}, called eigenfunction,
such that

/(Vu Vo +up)de = )\/ucpdx, for all o € H*(Q). (2.2)
Q Q

In view of the compact embedding H'(Q) < L?(Q), classical spectral theory ensures
the existence of a diverging sequence of eigenvalues

It is evident that the eigenvalues {p,(2)} of the standard Neumann Laplacian can be
obtained from those of (2.1) with a translation, i.e.

n () == A () — 1,
the eigenfunctions being exactly the same. Moreover, since A\g(f2) is equal to 1 for any
choice of the set 2, in the following we only consider eigenvalues with index 1 or higher.

Let us now perturb €2, by removing a small hole from the interior. More precisely, we
consider a family {¥.}.c(o,c,) of subsets of RY satisfying the following assumption.

Assumption (H). We assume that, for some gy > 0,

for every € € (0,e0), . is an open, Lipschitz set such that ¥, C €; (H1)
for every e € (0, ), there exists E.: H'(Q\ £.) — H'(Q) such that
(H2)
(EEU)|Q\E_E =u and |Ecull o) S Cllull sy forallue HY (Q\ X)),
where € > 0 is a constant independent of € € (0, &);
|¥c] = 0 as € = 0 (where |- | denotes the N-dimensional Lebesgue measure). (H3)

For every € € (0,£¢), we denote the perturbed domain by
Q. :=Q \E_s,

and consider the perturbed problem
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—Ap+p=Ap, in Q.
{ p+o=Ap 23)

Opp =0, on 09,
meant in a weak sense as in (2.2). This produces the perturbed spectrum, which consists

of an increasing diverging sequence {\;(2:)} en. In [38, Theorem 3.1] Rauch and Taylor
prove that, under assumption (H),

Aj(Qe) = A(Q) ase—0, foralljeN. (2.4)
Moreover, by classical spectral theory, there exist

{oi}jz0 CH'(Q) and {¢5};>0 C H' () (2.5)

orthonormal bases of L?(Q), respectively L?(f2.), such that, for every j, ¢; and @5 are
eigenfunctions associated to A;(£2) and A;(€2.), respectively.
Hereafter, we fix n € N \ {0} such that

An () is simple. (2.6)

A key role in our asymptotic expansion is played by the geometric quantity defined
below, which provides a measurement of the hole Y. and resembles the notion of torsional
rigidity of a set; see e.g. [25,36] for the classical notion of torsional rigidity and [8] for
the boundary torsional rigidity.

Definition 2.1. Let E C RY be an open Lipschitz set such that £ C Q and f € L?(0E).
Let

— 1
Jo,gf: HI(Q\E) =R, Jogiu) = 3 /(|Vu|2 +u2)dx— /ude.

Q\E OF

We define the Sobolev f-torsional rigidity of OF relative to Q\ E (briefly, the f-torsional
rigidity of OF) as

7'§\E(8E, f):= —2inf{Jg]7E,f(U)Z u e Hl(Q\E)} )

By standard minimization arguments, there exists a unique Uq s € H'(Q\ E)
achieving the infimum defining Tﬁ\ g(0FE, f), i.e. such that

Toe(OF, ) = =2Ja.p,;(Ua,e.r), (2.7)

see Proposition 3.4. We also recall the definition of Sobolev capacity of a set.
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Definition 2.2. Let K C RY be a compact set. The Sobolev capacity of K is defined as

Cap (K) := inf{ /(|Vu\2 +u?) dz:ue H'(RY), u=1

RN
a.e. in an open neighborhood of K}.

If the family {¥.}.c(0,,) satisfies (H) and

lim Cap (.) = 0, (2.8)

e—0

under assumption (2.6) it is possible to uniquely choose the n-th eigenfunction of the
orthonormal basis {(5};>0 in (2.5) in such a way that

/ ¢S pp,dz >0 for e sufficiently small. (2.9)
QE

If ¢ is chosen as above, one can prove that

65, = enll oy =0 ase—0, (2.10)

see Lemma 3.7. Furthermore, assumption (H) implies that

T5.(0%c,0upn) — 0 ase—0,
see Corollary 3.3.

Remark 2.3. It could happen that (2.4) holds true while (2.8) fails (in contrast to what
happens in the Dirichlet case). An example of this phenomenon can be found in [38,
Section 4]. More precisely, for every j € N\ {0}, let E; be the union of j disjoint open
balls of radius r; > 0, evenly spaced inside a bounded region & C R¥. Let us choose the
radii r; in such a way that lim;_, jrj»v =0 (so that |E;| — 0) and
{hmj%o g7 =400, if N >3, 2.11)

= too, IfN=2.

o
limyjo0 15577

In [38, Section 4] it is observed that, under condition (2.11), K; = E; becomes solid in
U as j — oo, ie.

) {fu\EVUde
aj :=inf § ———5——

: H! E;),v=0on 0F; .
fu\E_jUde ve H (U\ Ej),v on J} — 400

j—o0
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This implies that it cannot happen that lim;_,., Cap (E) = 0. Indeed, let us argue
by contradiction and assume that lim;_,o, Cap (E;) = 0. Then, for every j € N \ {0}
there exists u; € H'(RY) such that u; = 1 a.e. in an open neighborhood of E; and
lim; o0 [|ujl| g1 ryy = 0. Let n € Cg°(RY) be such that n =1 in ¢. Then

Ju IVt = m2 e gy IV =P de
Ju(uj —n)? da fu\*Ej (uj —n)2de J

and a contradiction arises letting j — o0, since the left hand side converges to
‘71‘ o IV|? da.

On the other hand, the sequence of sets {E}}; satisfies assumption (H), so that [38,
Theorem 3.1] ensures spectral stability as j — oo for the Neumann problem under
removal of the sets F;.

Our first result provides an asymptotic expansion of a perturbed eigenvalue (and its
corresponding eigenfunction) in the case it converges to a simple eigenvalue of the limit

problem.

Theorem 2.4. Let n > 1 be such that (2.6) is satisfied. Let {3:}.c(0,e,) Salisfy assump-
tions (H) and (2.8). Then

M) = M) = T (02, Do) = [ (I9al® = @) = D2 o

3e
+ 0 (Tg. (0%, 8upn)) + 0 (D/ (|V<Pn|2 — (An(2) — 1)@%) dx ase— 0. (2.12)

In addition, if U. := Uq s o, 4, € H'(S2) denotes the function achieving Ta. (03¢, Ouipn)
as in (2.7) and ¢S is chosen as in (2.9), then

195, = (90 = U1,y = 0 (Ter. (0%, 0uon)) + O(ll¢nllf2(sy) ase—0  (2.13)

and

o7 — ‘PnH%l(QE) =Ta. (0%c, Opipn) + 0 (Tﬁs (0%, auSOn))

+O(ealle) + O (I¢aliem) | T (05, 0upn))  ase 0. (2.14)

Let us briefly describe the basic idea behind the proof of Theorem 2.4. We consider
the function

fe = on — Uk.
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It turns out that f. is a good approximation of the perturbed eigenfunction ¢, while
encoding information from given quantities (the unperturbed eigenfunction ¢,, and the
hole ¥.). Indeed, since by assumption

Uell3r e, = Tar. (0%, Ouipn) — 0 as e — 0,

see Remark 3.5, then f. is close to ¢, for small €. Moreover, it satisfies an equation
rather similar to that of ¢, i.e.

_Afe + fa = )\n(Q>SOn7 in Qaa
8vfa = 0, on 625.

By estimating the difference ¢f, — fe, through an abstract result known in the literature
as Lemma on small eigenvalues (originally proved in [15]), see Lemma A.1, we obtain
the expansion of the eigenvalue variation stated in Theorem 2.4.

Theorem 2.4 applies to a fairly general framework and provides an expansion in terms
of Tg_ (0%, Ovpn) and fgs(\Vgonf — (A(Q) — 1)92) dz. We now direct our attention
towards the asymptotic behavior of these quantities, with the aim of deriving an explicit
expansion of the eigenvalue variation in some relevant examples: the case of a hole
shrinking to an interior point in dimension N > 3 and the case of a disk-shaped hole in
dimension N = 2.

Let us fix o €  and an open, bounded, Lipschitz set 3 C RY, and consider a hole
Y. =xp+eX as in (1.6). In this case, the family {3.} is concentrating to the point zy by
shrinking and maintaining the same shape Y. Since €2 is open and ¥ is bounded, there
exist rg > 0 and ¢g > 0 such that

zo+ By, CQ and x9+¢eX C a9+ By, foralle e (0,¢), (2.15)

where B,, := {x € RY : |z| < ro} is the ball in RY with center at 0 and radius r.
The family {¥:}.c(0,c,) turns out to satisfy assumptions (H) and (2.8), see Lemma A.2;
therefore, Theorem 2.4 applies. Hence, if A, (Q2) is simple, the problem of finding explicit
asymptotic expansions for the perturbed eigenvalue A, (€2.) boils down to the analysis
of the behavior of the quantities

T (05, 0up) and [ (Il = (@) = D} ) do
3

€

as € — 0. Similarly to what happens in other singularly perturbed spectral problems
(see e.g. [1,2,4,18,19]), the local behavior of the normalized eigenfunction ¢,, (which is
unique, up to a sign) near the point z( plays a crucial role, as described below.
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For every u € C*(Q2), y € Q and ¢ € N, we consider the polynomial

1
Pyi):= > =D%u(y)a’, zeRY, (2.16)
BeNN
|B|=i
where |3| = 81+ ...+ Bn and B! = B! - ... By! for all B = (B1,...,8n) € NV, with

the tacit convention that
Plo(z) :=u(y) forallze RY. (2.17)
In the case y = 0, we drop the index and write
P =P, (2.18)
Definition 2.5. Let u € C*°(Q2). We say that u vanishes of order k € N at y if
k() Z0 and  PJ(z) =0 foralli<k.

We observe that every nontrivial solution to problem (2.1) is analytic in 2, hence, at

any point y € €, it vanishes with some finite order £ € N (which is 0 if u(y) # 0) in

the sense of Definition 2.5. For every analytic function w : £ — R, the nodal set of u is
defined as

Z(u) = U Zi(u),
k=1

where, for every k € N\ {0},
Zi(u) := {z € Q: u vanishes of order k at z}.
We define the regular part of the nodal set as
Reg (u) :== Z1(u) = {z € Q: u(x) = 0 and Vu(z) # 0}
and the singular part as
Sing (u) = Z(u) \ Reg (u).

Our second main result establishes that, in the case of a shrinking hole, the rate of
convergence of the perturbed eigenvalue to the unperturbed one depends on whether the
hole is made on the singular part or not. In order to state the result, we need a notion
of limit boundary torsional rigidity, to introduce which we recall the definition of Beppo
Levi spaces.
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Definition 2.6. Let N > 3 and E C RY be an open Lipschitz set. The space D12(RY \ E)
is defined as the completion of C°(R¥ \ E) with respect to the norm

1

2

l[ullpr.2 @y gy 1=< / Vaul|® dx) :
RN\E

By classical Sobolev’s inequality,

2N
-2

DU2(RN\ E) = {u c LFT(RN\E): Vu e L?(RN\E)}.

Definition 2.7. Let N > 3, E C R¥ be a bounded open Lipschitz set, and f € L?(9F).
Let

N . 1
Jep : DY2RN\E) =R, Jg(u):= 3 / Vul” do — /uf ds.
RN\E OE

We define the f-torsional rigidity of OF relative to RY \ E as
o\ (0F, f) = —2inf {Jg s (u): u € D*(RV\ E)}.

By standard minimization arguments, there exists a unique U gf € DV2(RN \ E)
achieving the infimum defining g v\ g (OF, f), i.e.

TRN\E(aE,f) = —QjE,f(UE,f), (219)

see Proposition 3.4.

We are now ready to state our second main result, which is based on a blow-up analysis
for the quantities appearing in the asymptotic expansion in Theorem 2.4. This provides
the explicit rate of convergence of the perturbed eigenvalues, in terms of the behavior of
the limit eigenfunction near the point where the hole is excised.

Theorem 2.8. Let N > 3, o € Q, ¥ C RY be an open, bounded, Lipschitz set, eg > 0 be
as in (2.15) and, for every e € (0,ep), Xe 1= xo + €X. Let n > 1 be such that A\, () is
simple.

(i) If zo € Q\ Sing (pn), then, as e — 0,

An(Qe) = An(9)

— eV (TRw\2 (0%, Vg (20) - ¥) + [E|(IVen(20)|* = (An(Q) = 1)@} (20))) + o(e™).



14 V. Felli et al. / Journal of Functional Analysis 288 (2025) 110817

(ii) If zo € Sing (vy,), then, as e — 0,

Zo,

A () = /\n(Q)_EN+2k—2 TRN\Z((?Z,&,P;’(:,C)+/|VPwnk|2 dz +O(5N+2k—2),
>

where k > 2 is the vanishing order of ¢, at xo and PL", is as in (2.16).

Thanks to the estimates for the norm convergence of perturbed eigenfunctions, see
(2.13), we are able to obtain the explicit rate of convergence in the case of a shrinking
hole.

Theorem 2.9. Let N > 3, o € Q, ¥ C RY be an open, bounded, Lipschitz set, eg > 0 be
as in (2.15), and, for every ¢ € (0,e0), Xc := xg +eX. Let n > 1 be such that A\, () is
simple and k > 1 be the vanishing order of wn, — pn(x0) at xg. Let

(I)e(ir) = @n(&jl’ + x;,g — (pn(xO)a

where ¢f, is chosen as in (2.9). Then, for all R > 0 such that ¥ C Bg,

®. — PP — Uwupfo% in HY(Br \ Z) as e — 0, (2.20)
where Us, 5 pen, € DL2(RN \ X)) is the function achieving ’R\2 (0%, 0, Pf") as in
v gk s

(2.19). Moreover

(N+2k72)||<pi _ ‘an%ﬂ(Qe) - TRN\E((?E,@UP‘F% ) (2.21)

lim e~ xg,k

e—0

We observe that, in Theorem 2.8-(ii), k is actually equal to the vanishing order of
©n — pn(x0), since p,(x0) = 0 when zg € Sing (¢, ), consistently with the notation used
in Theorem 2.9. We refer to Remark 5.2 for further discussion on vanishing orders of
eigenfunctions.

From Theorem 2.8, one can see that the sign of the leading term in the asymp-
totic expansion of A,(Q:) — An(£2) might change depending on the position of the
hole. Indeed, the function f — Tra\x (9%, f) is continuous from L?(9%) into R; hence
RN\ 5 (0%, Vo (xg) - v) is small if [V, (z0)| is small. It follows that, if zo is close to
critical points of ¢,, which are not zeroes, then the coefficient of the leading term in the
expansion is strictly positive (since, for n > 1, we have A, (Q2) > 1), while close to the
nodal set Z(¢,,) the coefficient is negative. A more detailed discussion is contained in
the following remark.

Remark 2.10. In the case of holes of type (1.6) shrinking to a point zg, the vanishing
order of A\, () — A\ () is strongly influenced by the position of the point g € Q. If z
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lies on the singular part of the nodal set of ¢, which is known to be at most (N — 2)-

dimensional (see [12]), the eigenvalue variation vanishes with the same order as eV +2+F=2,

being k > 2 the vanishing order of ¢, at xg, and the coefficient of the term ¢V+2¥=2 in

the expansion of A, (Q:) — A, () is strictly negative; this implies that the expansion is
sharp and
An(Qe) < An(Q), for € sufficiently small.
On the other hand, if x( is outside the singular set of ¢,, and outside the set
I=rsg,:= {:r €Q: i\ 5 (9%, Vo, (7) - v)
+[S[(IVen (@) = (An(Q) = Dep(x)) = 0} \ Sing (¢n), (2.22)
the rate of convergence is e/V. If o € I', Theorem 2.8 just lets us know that

M) = A (Q) = 0(eV) ase — 0,

without further information about the next non-zero term in the expansion or about the
sign. The complement of the set I' in  is the disjoint union of the two regions

Qt .= {:L' € Q: rn\5 (0%, Voo (1) - v) + |E|(|V<pn(x)|2 — (An(QQ) — 1)g0i(x)) < 0}
and

Q7 ={z € Q: gm\5(0%, Vo (z) - v) + 12|(|Vion ()2
— (A(9) = )i (2)) > 0} U Sing (#n),

in each of which the mutual position of the perturbed eigenvalue and the limit one is
different. Indeed, recalling that A, (Q2) > 1, if zg € QF, then

An () > A (2), for € sufficiently small,
while, if zg € Q~, then
An(Qe) < An(Q), for € sufficiently small.
In particular, Z(¢,) C Q~, while Crit(¢,) C QF, where
Crit(pn) == {x € Q: v, (z) # 0 and Ve, (z) = 0}

denotes the set of critical points outside Z(¢y,).
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The asymptotic expansion obtained in (2.12) can be made completely explicit in the
case of a spherical hole. In dimension N > 3 this can be done by calculating the limit
quantity g v\ 5 (9%, &,Pfo”k) that appears in Theorem 2.8.

Theorem 2.11. Let N > 3, 29 € Q, and ¥, := xg+¢eB;. Let n > 1 be such that A\, () is
simple.

(i) If xo € Q\ Sing (¢n), then

M(00) = Ml = o™ (7 [Finlao)l® = (a6 = D)) + ofe™)

as € — 0, where wy = |By|.
(ii) If xo € Sing (pn), then

k(N + 2k — 2) SN+2k—2

)\n(Qe):An(Q)* N+Fk—2

/1Y2d54fmsN+%F2) as e — 0,

OBy

where k > 2 is the vanishing order of v, at xg and Y is the spherical harmonic of

P?". being as in (2.16).

. _ pPn
degree k given by Y = Prr |, 0 Py,

.’L‘(),k‘

In the case N = 2, the blow-up argument is not helpful due to the unavailability of
Hardy-type inequalities, which prevents us from identifying a concrete functional space
to which the blow-up limits belong. In this case, direct computations, carried out by
expanding the torsion function for the perturbed problem in Fourier series, allow us to
prove the following result.

Theorem 2.12. Let N =2, 29 € Q, and ¥. := xg+¢eB;. Let n > 1 be such that A\, () is
simple.

(i) If zo € Q\ Sing (¢n), then
M(Qe) = An(Q) — 7e® (2 Vion(wo)* = (Aa(€) - 1)%21(960)) +o(?) ase—0.

(ii) If zo € Sing (vn), then

2
+

1
k2

o
8xlf718x2

An(Qe) = A\ (Q) — 2kme® <’ O n (xo) (o)

3
oxy

> + o(e%%)

as € — 0, where k > 2 is the vanishing order of ¢, — vn(xo) at xg.
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Theorem 2.11 and Theorem 2.12 provide a more explicit expression for the interface I"
introduced in Remark 2.10 and its 2-dimensional counterpart, in the case of a spherical
hole: if ¥ = By, we have

r— {x € 0: U V(@) — () ~ Dgi(a) = o} \ Sing ().

Some examples of interfaces I' are described in Section 6, for 2 being a 3-dimensional
box or a 2-dimensional disk.

Notation. In what follows, for any family {¥.}.c(c,) satisfying assumption (H), we
denote

)\i = )\,(Q) and )\f = AZ(QE)

for all i € N, where Q. := Q\ .. Moreover, we fix an index n € N, n > 1, such that (2.6)
is satisfied; we recall that ¢,, is a corresponding eigenfunction such that fQ o2 dr = 1.
We may also denote by

Te :=Tg, (0%, Ouipn) (2.23)
the Sobolev 0, p,-torsional rigidity of 9%, relative to €., and by
U. :=Uqas. 0,0, € H () (2.24)
the function achieving it, see (2.7) and Proposition 3.4.
3. Preliminaries

The first part of this section is devoted to some basic properties of the f-torsional
rigidity of a set.

Lemma 3.1. Let E C RY be an open Lipschitz set such that E C Q and let f € L?(OF).

Then
/ ufdS

Tone(OF, f) = sup 6E2 cue HY(Q\E)\ {0} ¢. (3.1)
/ (IVul|” +v?) dx

O\E

Proof. By the substitution u — tu, the characterization of Tg ;(0F, f) as in Defini-
tion 2.1 is equivalent to
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To\e(9E, f)

= —2inf g/(|Vu|2+u2)dx—t/ufd5:ueHl(Q\E)\{O},tER

o\E EYo)
t2
=-2 inf inf ¢ — /(|Vu|2+u2)dx—t/ufd5:t€R . (3.2)
ue HL(Q\E)\{0} 2
Q\E OF

Minimizing in ¢ for a fixed v # 0, we find that

2
infd o 2 2 _ /
tlgR{2 /(|Vu| +u)dr —t ude}
OF

o\E
is attained for
/uf ds
t= 9F .
/ (|IVul® + v?) dz
O\E

Thus, substituting this into (3.2) we complete the proof. O

The characterization of Tﬁ\ z(OF, f) given in (3.1) easily implies the following mono-
tonicity property with respect to domain inclusion.

Corollary 3.2. Let Q1,5 C RY be two connected open bounded Lipschitz sets and E C
RN be an open Lipschitz set such that E C Qy C Q. Then, for any f € L*(0E),

Tane (O, f) < Tap g (9F, f).

Proof. If u € H'(Q \ E) \ {0}, then its restriction, still denoted as u, belongs to
HY(Q\ E). Ifu=01in  \ E then u has null trace on JF so that

(Jox “fd5)2 _
Jomp(IVul* +u?) dz

Ifu#0in Q; \ E, then u € HY(Q1 \ E) \ {0} and, by (3.1),

(ol d8)*  _ (fopusds)’
fQ2\E(‘VU‘2+U2)d$ B fgl\E(|Vu|2+u2)dac
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In both cases, we have

(Jor uf dS)2
Jonp(IVul* +u?) dz

< Tan\p(9E, f) forallu e H'(Q,\ E)\ {0},

which yields the conclusion by taking the supremum over H!(Q \ E)\ {0}. O

Another relevant consequence of the characterization (3.1) is the vanishing of the 9, ¢-
torsional rigidity of 9%, as e — 0, whenever the family {¥.}.c(0,c,) satisfies assumption
(H) and ¢ is any eigenfunction of problem (2.1).

Corollary 3.3. Let {X.}.c(0,c,) be a family of sets satisfying assumptions (H) and ¢ be
an eigenfunction of problem (2.1). Then

T5.(0%c,0up) =0 ase — 0. (3.3)

Proof. For every u € H'(f.), the Divergence Theorem, Holder’s inequality, and assump-
tion (H2) yield

’ / u@,,cpdS‘ = ’/div((Esu)Vgo) dz| = ‘/((A@)(Esu) + V(Ecu) - ch) dx
a5, 2. S

< (lA¢l2s.y + IVellp2s.ry)) |Ecull o)
< Cllull g ((IX = 1lellzsy + Vel 2. ry)),

where A is the eigenvalue corresponding to the eigenfunction .
The characterization of Tq_(0%., 9y ) given in (3.1) then implies

2
(Jos, udupas) ,
Tq.(0%c,0p0) = sup 2 < ¢2(|/\ —1llellz2sy + HVSOHLZ(EE;RN)) )
vermt@.)  ullz o,
u#0

so that the conclusion follows from assumption (H3) and the absolute continuity of
Lebesgue integral. O

The following proposition states that the infimum appearing in the definition of the
torsional rigidity of a set is actually achieved.

Proposition 3.4.

(i) Let E C RYN be an open Lipschitz set such that E C Q and let f € L*(OF). Then,
there exists a unique U = Uq p,; € H'(Q\ E) such that
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To\e(OF, ) = =2Jo,p,s(U),

with Jo.p,t being as in Definition 2.1. In addition, U € H*(Q\ E) is the unique
function weakly satisfying

~AU+U=0, inQ\E,
o,U =0, on 09,
o,U=f, ondFE,

that is

/(VU-VU+Uv)da:=/vde, for allv e H'(Q\ E). (3.4)
O\E oF

(ii) Let N >3, E CRY be an open bounded Lipschitz set and f € L?(OF). Then, there
exists a unique U = Ug ; € DY2(RN \ E) such that

R\E(OF, f) = —2Jp, 1 (U),

where Jg s is as in Definition 2.7. In addition, U € DY2(RN \ E) is the unique
function weakly satisfying
~AU =0, inRV\E,
0,U = f, on dE,

that is

/ VU - Vudx = /vde for allv e DV*(RN \ E).
RN\E OF
Proof. The proof is a direct application of the Lax-Milgram lemma. In particular, con-
cerning the proof of point (ii), we observe that the functional v — faE vfdS is linear
and continuous on DV2(RY \ E). Indeed, since F is bounded, E C B for some ball B,

hence the restriction map DV2(RN \ E) — H'(B\ E) is continuous and there exists a
continuous trace operator from DV2(RVN \ E) to L?(0FE). O

Remark 3.5. We observe that

Toe(OF, f) = /(|VUQ,E,f|2 + U3 g p)da = /fUQ,E,f ds,
o\E OE

as one easily obtains by choosing v = Uq g,f in (3.4). Similarly,
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TRN\E(aE7f) = / |V[7E,f\2dx = /fUE,f ds.
RN\E oE

The following lemma provides a comparison between the L%-norm of the torsion func-
tion and the torsional rigidity as e — 0.

Lemma 3.6. Let {¥:}.c(0,c,) satisfy assumptions (H) and (2.8). If T. — 0 ase — 0, then

/UE2 dz =0o(T:), ase—0,
Qe

with Tz and U being as in (2.23) and (2.24) respectively.

Proof. Let us assume by contradiction that there exist a constant C' > 0 and a sequence
{6j}j21 such that limj_wo g5 = O, Uaj $_£ 0 and

/U;m: ‘/u;m

.

j €5

=— >C forallj>1,
Te; HUEJ' Hip(ﬂej)

see Remark 3.5. For any ¢, let us consider the extension to the whole 2 of U,, i.e.
U.:=E.U. € HY(Q),

being E. as in (H2). Letting W; := U, /||U., || 12(0), we have ||Wj||L2(Q) =1and

L i Vel e
PO 0 ) Ve lle,, — VC

Therefore, there exists W € H'(Q) such that, along a subsequence (still denoted by

(W5},
W; =W weakly in H'(Q) and W; - W strongly in L*(Q)

as j — 0o. From the strong L?(§))-convergence we immediately infer that W2 =1,
which in turn tells us that W # 0.

Let v € C*°(2). By assumption (2.8), there exists {uc}ee(o,1) C C2°(RY) such that
ue = 1 in a neighborhood of ¥ and [[uel| g1 g~y — 0 as e — 0. Letting v; = v(1—u, |Q),
we observe that v; € C*°(Q), v; = 0 in a neighborhood of ¥, and v; — v strongly in
H'(9Q), as j — oo. Then, from the weak convergence W; — W in H'(€) it follows that
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/(VWj -Vu; + Wjv;)de — /(VW Vo +Wu)dz, asj— oo.
Q Q

On the other hand, equation (3.4) and the fact that v; = 0 in a neighborhood of %,
imply that

1
/(VWJ- Vo + W) de = /(VUEJ. Vv, + Ue,v;) da
1Ue; 20
) a.,
1
= / v;Oppn dS =0,
||Uaj||L2(Q)62€_

J

for all j € N. Therefore, we conclude that

/(VW-VU—i—Wv)dw:O
Q

for every v € C*(Q), and, by density, for every v € H'(2). This implies that W = 0,
thus giving rise to a contradiction. 0O

We conclude this section by proving (2.10).

Lemma 3.7. Let {X.}.c(0,c,) satisfy (H) and (2.8) and n > 1 be such that (2.6) holds.
If, for every € € (0,e0), @5 is an eigenfunction of (2.3) associated to the eigen-
value X, and chosen in such a way that an |p2)?dx = 1 and (2.9) is satisfied, then

lim. o |7, — <PnHHl(QE) = 0.

Proof. Since ¢ solve (2.3) with A = X, from (2.4) and (H2) it follows that (possibly
choosing eg smaller) {E-¢f }oe(0,e) is bounded in H*(2). Therefore, for every sequence
e; — 0T, there exist a subsequence (still denoted as ¢;) and ¢ € H'(Q) such that
E.,on’ — @ weakly in H'(Q) as j — oo.

Let v € C>(Q). Arguing as in the proof of Lemma 3.6, thanks to assumption (2.8)
we can find a sequence {v;} such that v; € C*°(2), v; = 0 in a neighborhood of %,
and v; — v strongly in HY(Q), as j — co. From the equation satisfied by ¢¢ we have

[ (VL) Foy o+ (Eeypintug) do =2 [ (Eeeiv)oy o,
Q Q
passing to the limit in which we obtain, taking into account (2.4),

/(V@ -Vu+ ¢v) do = A, / pude, (3.5)
Q Q
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for every v € C*°(Q) and hence, by density, for every v € H' ().
Since, for any p > 2,

2/p

[Eiran< | [lEwgipan) (mfo-am,
3e Q

by assumption (H3), Sobolev embeddings and boundedness of {E.¢5 }ec(0,c0) in H'()
we deduce that

. |2 _
g%/|E6¢n| dz = 0. (3.6)
e

Hence

/\@\de: lim /|E€j<pfg|2dx
j—o0
Q Q

= lim /|gpfg’|2dx+ / E.,¢5|°dz | = lim (1+0(1)) =1 (3.7)
j—oo j—oo
e, e,
and, in view of (2.9),
/g?xpn dz = lim /(Eejgpfg')gpn dz = lim / iopdr+o(l) | >0. (3.8)
j—oo j—o0
Q Q

Qe

In view of assumption (2.6), (3.5), (3.7), and (3.8) imply that ¢ = ¢,. In view of
Urysohn’s subsequence principle, we conclude that

Ecof, — ¢ ase — 0 weakly in Hl(Q) (3.9)

By (3.9) and compactness of the embedding H'(Q) C L?(2) we have lim._,q ||Ec¢f, —
¢nllL2(@) = 0, hence

65 — enllrz.) =0 ase—0. (3.10)

Testing the equation satisfied by % with ¢% — ¢, and taking into account (3.6) and
(3.9) we obtain

/ Vet - V(e — ) da = (X5 — 1) / 5. (65— o) da
Qe

QE
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— (x5 1) 1—/<Pi<pndx

QE

e -1 f1- /(Esso;xondm /(Es@i)wndx —o(1) (311
Q Ye

as € — 0. Furthermore,

/V% V(Eepy, — on) dz| < [[Ecf, — onllm @ IVenllLes,) = o(1) ase —0,
so that, in view of (3.9),

/W)n V(g5 — n)dr
QE

= /V(pn -V (Eep$, — pn) do — /Vg@n -V (Eep;, — pn)dx =0(1) (3.12)
Q 5.

as € — 0. Combining (3.11) and (3.12) we obtain

/|V(L,0::l —p))Pdz =0 ase—0 (3.13)

Qc
The conclusion follows from (3.10) and (3.13). O
4. Asymptotics of simple eigenvalues
The aim of this section is to prove Theorem 2.4. To this end, we apply the “Lemma
on small eigenvalues” due to Colin de Verdiére [15], which is stated in the Appendix, see

Lemma A.1. The underlying idea is that good approximations of perturbed eigenfunc-
tions induce good approximations of perturbed eigenvalues.

Proof of Theorem 2.4. We first observe that, in view of (3.3) and Remark 3.5,
i [lon — Uelaqa,) = lenliam = 1 (11)
hence, possibly choosing ¢y smaller from the beginning, ¢, — U # 0 in €2 and

(4.2)

N =

22> |lon = Uell2a) >
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for all € € (0,ep). In order to apply Lemma A.1 in our setting, we fix € € (0,&9) and
define:

M= L*(Q:), with () == () r2(0.) and || = [l p2(q.) 3

D= H'(Q.);

q(u,v) = /(Vu Vv +wv)de — )\n/uv dx, for every u,v € D;
Q. Q.
San - UE

fo=tn e
lln — Ue

We observe that Af, —\,, is an eigenvalue of ¢ and an associated normalized eigenfunction
is given by ¢f; hence assumption (i) in Lemma A.1 is satisfied with

A= =\, o=

n

Letting Hy = span{¢j, : 0 < k < n} and Hy = span{y5 : k > n}, we observe that H;, Hy

are mutually orthogonal in L%(Q.), {¢}+ = H; @ Hs, and condition (A.1) is satisfied.
We are going to estimate the corresponding values 0, 1, and 2 defined in (A.4),

(A.2), and (A.3), respectively. For what concerns the former, for any v € D\ {0} we have

1
q(f,v) = ———— q(pn — U0
) = o= « )

N m / (v((Pn B UE) Vot <1 - )\n)((,on - UF,)U) dz
Qe

1
= Mﬁ/ (Vipn-Vv—Hpnv) dx_/(VUe'VU—&-UEv) dz

—A\n /(gon —U:)v dx)

Q.
An /
=——— [ U.vdx,
llon — Ue”ﬂ :

where the last equality follows from the equations satisfied by ¢, and U, respectively,
see (2.2) and (3.4). Combining this with (4.2) and the Cauchy-Schwarz inequality, we
obtain that

§ <20, |U.||  for every € € (0,2).

Since A, is simple and lim._,o A] = A; for all ¢ € N, if € is sufficiently small we have
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. v,V €
fyl:lnf{%lveHl\{O}}:)\n—An1>0,

. v,V e
Yo = 1nf{|Q(|v”2>| cv € (HaND)\ {0}} =X — A >0,

so that, if € is sufficiently small,
v = min{v1,72} > Y0,
where

1
Yo = 5 min {)\nJrl - )\'ru )\n - >\n71}

is a positive number independent of . Hence, with these estimates for é and ~+ and
denoting as II. the orthogonal projection onto span{¢5 }, i.e.

1. : L2(QE) - L2(Q€)7 HE(U) = (@fmv)LQ(QE) Lpiu (43)
from Lemma A.1 and (4.2) we obtain

42\,

llon = Ue = He(on = Ue)ll = |If = e fll llon — Ue|l < - U] (4.4)
and
SA2 U1 [1XS = A
IAn = An — & < n U] <| K |+1)7 (4.5)
o Yo
for € sufficiently small, where
q - U. ) -U.
& = (s, ) = Lo _Toon U0
llon — Ue||

At this point, we analyze what happens asymptotically as € — 0. Bearing in mind that
Lemma 3.6 ensures that ||U.||> = ||U€||ig(Qs) = 0o(7:) as € — 0, estimates (4.4) and (4.5)
yield

lon = Ue =Tle(pn = Uo) 1720, ) = o(T2) (4.6)

and

as € — 0. We are now ready to establish expansions (2.12) and (2.13)—(2.14).
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Proof of (2.12). We begin by expanding & as ¢ — 0. By (4.1) we have
ga = Q(@n - Uea $Pn — UE)(l + 0(1)) ase — 0. (48)

Furthermore
on = Ueson = Us) = [ (96al? + 92 do = A [ Gha
QE Qa
+ /(|VU€|2 +U2)dz — An/Uf da
QE Qa
-2 /(VUEVgan + Ucpn)da — A, / Ucopdx | . (4.9)
Q. Qe
Since ¢, is an eigenfunction associated to A,, we have

J¥enl 4 @ydz =, [ 2o == [ (IVenl = O - D62) d.

B Q. e
In view of Remark 3.5 and Lemma 3.6, the term on the second line of (4.9) satisfies
/(|VU5|2+U52)dac—)\n/U€2dx =T.4+0o(T:) ase—0.
QE Qz

Finally, an integration by parts and Remark 3.5 allow us to rewrite the term on the last
line of (4.9) as

/(VU6 Von +Uspn)dax — A, / U.ppdx = / U.0pp,dS = T..
Q QE 625

€

Plugging these identities into (4.8) and (4.7), we conclude the proof of (2.12).
Proof of (2.13). Let II. be as in (4.3). We claim that
2
lhe = Hehellpp(q.) = o(T:) ase—0, (4.10)
where h. = ¢,, — U.. We observe that

“A(he — TLA) + (he — TLhe) = X (he — The) + AUs + (An — A )he,  in Q.
Oy (he —Tche) =0, on 0f),

in a weak sense. By testing the above equation with h. — Il h. itself, we obtain
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”hs - HshSHi{l(QE) = )‘; Hhs - HshEHQLZ’(QE) + )\n(Ue, he — HshS)LQ(QE)
+ (A = A (hey he —Tohe)p2 oy (4.11)

We are going to estimate each of the three terms on the right-hand side. Concerning the
first one, thanks to (4.6) and (2.4), we have

A [he — HathZLQ(QE) =0o(T:) ase—0.

To estimate the second term on the right hand side of (4.11), we use the Cauchy-Schwarz
inequality, Lemma 3.6 and (4.6). This leads to

A (Ue,he =che) 20y = o(Tz) ase — 0.

As far as the third term is concerned, we preliminarily observe that, by Lemma 3.1,

2 2
/ udy pn dS / OnOppn dS
7; _ sup ()N > )N 5 :
ueH(Q:)\{0} /(|VU|2 + u2) dz n
Qe

which, by an integration by parts, implies that

/(|wn|2—(xn—1)<p;i) dz| = /%au%ds =0(WT.) ase—0. (412

3 )38

Combining (2.12) and (4.12) we obtain the rough estimate
A=A =0(/T:) ase—0. (4.13)

The last term in (4.11) can be estimated using (4.13), the Cauchy-Schwarz inequality,
(4.1) and (4.6), thus obtaining

(/\n — )\i)(ha, h/(._‘ — HEhE)L2(QE) = 0(7;) as e — 0.
This concludes the proof of (4.10).
By the triangle inequality, Lemma 3.6, and (4.10), we have

Mehe = nll 2. < 1he = @nllL2q.y + [Mehe = hell L2 (g ) = o(V/T2) (4.14)

as € — 0, which implies that
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1/2
bl = (1= Ienl3em,) + ov/T)
1
=1- §||<Pn||%2(25) +o(VTo) +o(llnlzs.y) ase—0.

From (4.14) and the fact that lim.0 [[¢n 1 (5;.) = 0 we also deduce that

/cpnﬂghadx =1+40(1l) ase—0,
Q.

which, combined with (4.15), implies that

. h.
p —=———dx >0
Q/ " ”Hsh8HL2(QE)

€

29

(4.15)

for  sufficiently small. Hence, since ¢¢, € H'(€2.) is uniquely determined by the condition

above, see (2.9), then necessarily

=

I h.
P =T 7 2
Mee| 2o,

for € sufficiently small. We finally observe that

%5, — n + Uelfnq,)

1 2
= e ke = il o el O
eltellL2(Q,) €

_ 1
=
IMhel| 72 g,

HHEhE — he + (1 - HHEhEHLQ(QE)> Pn

2
+ (el =1) U],

By the previous identity, (4.10) and (4.15) we obtain (2.13). To prove (2.14) we observe

that, since ”Uf”ill(ﬂg) = T¢, see Remark 3.5,

(Ue, 05, — on +Uc) ()
1

||H6hE|L2(QE)< € elve s+ || € E||L2(Qs) gp

+ (IMehe | 2o, — 1) U:)

 Mehell o gy —1 (Ue,Mehe — he) o,y 1 — [Hehell 2,

) |

H(Q:)

[P [Mehell 2. IMehell .

(Usv ‘pn)Hl(QE)v
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hence, in view of (4.15) and (4.10),

(Uer 5 = on + Uiy = o(T2) + O (Inl3e ) V) (4.16)
as € — 0. Writing ||¢% — 90"”?‘11(95) as
5 — nllir .y = Uz any + 1195 — on + Uellng,) — 2(Ue, @5 — on + Ui 0,)
estimate (2.14) follows from (2.13), (4.16), and the fact that ||U€||§11(QE) =T.. O
5. Blow-up analysis

In the present section, we focus on a particular choice of holes X.. More precisely, let
N >3, z90€€, and X bea bounded open Lipschitz set, (5.1)

so that (2.15) is satisfied for some &g, 79 > 0. Then, for every € € (0, &), we consider the
hole 3. := zg + ¥ as in (1.6) and the corresponding perforated domain

Q. =Q\ 3. = Q\ (zo +X). (5.2)

Without loss of generality, we can assume that g = 0. We observe that the family
{Xc}ec(0,e) defined as above satisfies assumption (H). Indeed, (H1) and (H3) follow
directly from the definition of X, and (2.15). Condition (H2) is, instead, a consequence
of Lemma A.2 in the Appendix.

The local behavior of the eigenfunction ¢, near 0 is described in the following propo-
sition.

Proposition 5.1. If ¢, vanishes of order k > 0 at 0, then, for every R > 0,

on(rz)
7«]{:

— PP (z) uniformly in Br and in H'(Bg)

as v — 0; furthermore, P is a harmonic polynomial, homogeneous of degree k.
If o, — n(0) vanishes of order k > 1 at 0, then, for every R > 0,

¢ (rz) — ¢n(0)

e — Pf™(z)  uniformly in Bg and in H'(BR)

and

Vo, (rz)

=i VP{(x)  uniformly in Br and in H' (Br;R"Y)

asr — 0.
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Proof. The proof of the convergences follows from the analyticity of ¢,,. Moreover, the
fact that P?™ is harmonic follows from standard scaling arguments, together with the
fact that ¢, is an eigenfunction. 0O

Remark 5.2. It is obvious that ¢,, vanishes at 0 of order k > 1 if and only if ¢, (0) = 0;
in such a case, ¢,, — ¢, (0) vanishes of the same order k. On the other hand, if ¢, (0) # 0,
the vanishing order of ¢,, — ¢, (0) is necessarily equal to either K = 1 or k = 2; this
can be easily verified by taking into account that ¢,, is a solution to (2.1) (which is not
constant since n > 1) and comparing the Taylor expansions of —Ag,, + ¢, and A,@y,.
In the case ¢,(0) # 0 and k = 2, 0 is a critical point for the function ¢,, whereas, if
©n(0) £ 0 and k =1, 0 is a regular point outside the nodal set.

The following Hardy-type inequality on perforated balls will be crucial to identify the
limit blow-up profiles.

Lemma 5.3 (Hardy-type inequality). Let N > 3 and X C RY be an open, Lipschitz set
such that ¥ C Bg, for some Ry > 0. There exists Cy > 0, depending only on N and %,
such that

2 1
/T%m<% /ﬁMﬁmﬁg/ﬁm (5.3)
x

Br\S Br\S Br\S

for allu € HY(Br \ ¥) and R > 2Ry. Moreover,

U2 2
—dr < Cg |Vul” dz (5.4)

J ]
RN\Z RN\Z

for allu € C* (RN \ %0).

Inequality (5.4) allows us to characterize the space DV'2(RY \ ¥) introduced in Defi-
nition 2.6 as

2
DM2RV\Y) = ue L, (RV\X): / <Wm2+ﬁg>¢p<m . (5.5)
. ||

Furthermore,
2 3
U ( / (|Vu|2+ u_2> dx)
RA 5 |

is an equivalent norm on DL2(RY \ X2).
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Proof of Lemma 5.3. Let R > 2R, and u € H!(Bgr \ ¥). We define the scaled function
ug(z) = u(Rz) € H' (B, \ £),
as well as its extension to the whole By
vp=Eiup € H'(By).

Lemma A.2 ensures that the norm of the extension operator E 1 does not depend on R.
Moreover

2
/::Tde <Cn /|WR|2 dz+/v%dz , (5.6)
Bl Bl

By

for some constant Cy > 0 depending only on N. The above Hardy-type inequality is
classical, see, for instance, [18, Lemma 6.7] for a proof in half-balls. In view of (5.6), we
have

2
/ U_deangNQfQ / |VUR|2 dz + / v%dx ,

]

1 1
B\ g BI\pZ B\ X

1
R

with € being as in Lemma A.2 with Q = Bj, g9 = ﬁ,
extension of ug, the above inequality holds for ugr as well. Scaling back the inequality

and rg = % Being vgr the
to Bp yields
2—-N u?(z) 2p—N 2 2 2
R~ / ﬁdxﬁcNC R~ / R* |Vu(z)|” dz + / u“(x)dex |,

X
Bgr\Z | Br\X BRr\%

which, after a straightforward simplification, is precisely (5.3). Inequality (5.4) follows
from (5.3) by letting R — co. O

The following result provides a first rough estimate of Tg_(9(eX), Oy on).

Lemma 5.4. Under assumptions (5.1)—(5.2) with xg =0, let k > 1 be the vanishing order
of n — pn(0) at 0. Then

Ta. (0(eX), Ovpn) = O@EN*272) ase = 0.

Proof. For every u € H'(f.), by the Divergence Theorem, Hélder’s inequality, and
Lemma A.2 we have
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‘ / uau%ds‘ _ ’/div((Egu)chn)da: _ ’/((A@n)(EEu)+V(EEu)-V<pn) dz
a(=x) > ey

< ||AS0n||L2(sE)||EsU||L2*(az)|5E|1/N
+ [[Vonll L2 [ V(Ecw) | L2 (coir ™)
< [[Ecullm () (SN,Q||A<Pn|\L2(e§:)E|E\1/N + ||v90nHL2(sE;RN))

< Clullgr(a.) <5N,sz||A<Pn|\L2(az)€|E\1/N + ||V90n\|L2(sz;RN))

where 2* = J\%—JL is the critical Sobolev exponent (remember that in the present section we

are assuming N > 3) and Sy ¢ is the operator norm of the embedding H' () — L?"(Q).
In view of the characterization of Tg_(9(eX), upn) given in (3.1), the above estimate

yields

2
fa( ) Uy, dS
Tﬁg (0(eX), Ovipn) = Sup ( - 2 )
ue ' (2:)\{0} el .y

< @ (SvallApullcaeoel= Y + [ Voulengm) - (6:7)
Since ¢, — ¢, (0) vanishes at 0 with order & > 1, we have
Ap,(z) = O(|z)*"%) and |V (z) =O(|z|*") asz —0,

which implies that

1A¢uliees) =0 (€72 8) and [Vealpzesms) = 0 (F74F)  (5.8)
as € — 0. The conclusion follows by combining (5.7) and (5.8). O
Remark 5.5. Arguing as in the proof of Lemma 5.4, we can prove that, if N = 2,

Tq. (0(eX), Ovpn) = 02k as e — 0,
for every § € (0,1). To prove this, it is sufficient to retrace the steps of the previous
proof, using the Sobolev embedding H'(Q) — LP(Q) with p = 2/§. In particular, we
have, even in dimension N = 2, lim._,¢ Tg_(9(eX), O o) = 0.
We are now in position to state and prove the main result of this section.

Theorem 5.6 (Blow-up). Under assumptions (5.1)—~(5.2) with zg = 0, let k > 1 be the
vanishing order of v, — ¢n(0) at 0 and P be as in (2.16)—(2.18). Then
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lim e ™V (9(eX), Ouon) = TR\ (05, 0, PF™).

e—0

Furthermore, if Uz := Uq cx.0, 4, € H'(Q:) is the function achieving Ta. (0(e%), Ouon),
see (2.7), and

U.(z) = "U.(ex), z€ (2Q)\3, (5.9)
then
[75 — 02,8;/3:’" mn Hl(BR\i), as € — 0,

for all R > 0 such that ¥ C B, where ﬁE,B,,PIf" € DV2(RN\X) is the function achieving
R \x (08,0, P") as in (2.19).

Proof. Let 79, Ry > 0 be such that B,, C Q and ¥ C Bg,, so that (2.15) is satisfied

with g = 0 and g9 = 79/Rp. Let R > Ry and ¢ < 3% Since R < 22 and 2 > 2Ry, by
Lemma 5.3 and a change of variable, we have

B ] N 72
/ <|VUE|2 + UTQ) dz < / (VUEIQ + |U|€2> dz
T X

Br\X Brg\Z
~ ~ 52~
< / VU, |? dz + Cy / (VU8|2+T—2U82> da

1
— o~ N-2k+2 / |VU.|*dz + Cy / <|VU5|2 + _2U§> dx
To

Bro \e2 By \eX

Hence, by Lemma 5.4 we have

. U2
/ <|VU5|2 + z|€2> do < C1e™VT2ETG (0(eX), Ouipn) < Co, (5.10)
BR\S

where C7,C5 > 0 are constants independent of R and e. Therefore, by a diagonal argu-
ment, for every sequence ¢; — 0% there exists a subsequence (still denoted as {¢,}) and

a limit profile U € LL (RN \ ¥) such that, for all R > Ry, U € H'(Br \ ¥) and

loc

U., = U asj— oo weakly in H'(Bg \ X). (5.11)

Furthermore, by compactness of the embedding H'(Bg \ ¥) — L?(Bg \ ¥) and of the
trace map from H'(Bg \ ¥) into L?(9X), we also have, as j — oo,
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ffsj — U strongly in L>(Bg \ ¥) for all R > Ry, (5.12)
U., » U strongly in L?(9%). (5.13)

From (5.10) and the weak lower semicontinuity of the norm we deduce that

_ 72
/ <|VU|2 + U—l2> dz < C, forall R > Ry,
X

BRr\Z

which implies that

B 72
/ <|VU|2+ U—|2> dz < 400
x

RN\X
and, consequently, that U € DM2(RN \ ), see (5.5).
For any v € C°(R¥Y \ ¥) fixed, let j be sufficiently large in order to ensure that

suppv C Bp, \ X C %Q\E,

for some R, > Ry. From the equation satisfied by U., see (3.4), and a change of variable
it follows that

[ 90T 0y an - [oPR)

= ds =0. (5.14)
Br,\X % J

In view of (5.11), (5.12), and Proposition 5.1, we can pass to the limit as j — oo in
(5.14). Hence, by density, we obtain

/ VU - Vudz — /va,,P,j’" dS =0 forallve D3RV \Y),
RN\ %

which, together with Proposition 3.4, implies that U= [727511 pen On the other hand,
by (5.13) and Proposition 5.1 we have

_N— ~ Oupn(ejx
eV %“Tﬁaj (0(;%), Ouipn) = / Ugj%ds
% J

- /Uz,aup,fn O PP = TRN\E(aZ,&,P,‘f")
%

as j — o0o. Being the limit profile uniquely determined, by Urysohn’s subsequence prin-

ciple we conclude that the convergence statements above hold as € — 0, independently
of the sequence {¢;} and of the subsequence.
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In order to prove the strong H'-convergence, we observe that, in view of the equations
satisfied by U. and [72761, pgn, for B> Ry we have

- - 2 - -
| [0~ Osapp0)| do= [~ O e )@ - 0,27 dS
Br\Z )

+ / (UE — Ugvaupgn)(auﬁa - &JUE,ang’")dS

9Bg
—¢? / (02 - Usﬁz,ayp,fn)dxa (5.15)
Br\S
where
~ n(ex) — pn(0
Ge(z) == % (5.16)
Since U. weakly solves the equation —AU. = —£2U. in Bap \ Bp, and the fam-

ily {e2U.}pcee o is bounded in L?*(Bapr \ B, ), by classical elliptic regularity theory
{05}0<E<2% is bounded in HQ(B%R\B(RU+R)/2), so that, by continuity of the trace opera-
tor, {8,,UE}O<E<% is bounded in L?(0Bg). This, combined with Proposition 5.1, conver-
gences (5.12)—(5.13), and the compactness of the embedding H*(Br\ X) < L*(Bg\X),
allows us to pass to the limit in (5.15), proving that vU. — VUE78VPI:’71 strongly in
L?(Bg \ ¥) and completing the proof in view of (5.12). O

We finally have all the necessary ingredients for the proofs of Theorem 2.8 and The-
orem 2.9.

Proof of Theorem 2.8. By translation, it is not restrictive to assume ¢y = 0. We first
observe that the family {X.}.c(0,c) = {eX}ce€(0,c,) satisfies the assumptions of The-
orem 2.4. Indeed, by scaling arguments, one can easily verify that [¢X| — 0 and
Cap (¢X) — 0 as ¢ — 0. Moreover, (H2) follows from Lemma A.2. In view of Theo-
rem 2.4 and Theorem 5.6, to obtain an explicit expansion for the perturbed eigenvalue
we only have to analyze the asymptotic behavior, as € — 0, of the term

[ (190 = 0 = 1)2) da.

e

To start, let us consider the case 0 € Q \ Sing (¢,,). Since ¢, is smooth, we have
pn(r) = ¢n(0) + O(Jz[) and Ve (z) = Ven(0) + O(lz])  as |z[ =0,

which directly yields
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[ (190l = O = 1062) do =¥ [5] (96000 = (0 = D)) + oY) (.17

as € — 0. On the other hand, to identify the order of the term Tg_(9(eX), du¢n) appear-
ing in the expansion (2.12), we distinguish two cases: V¢, (0) # 0 and V¢, (0) = 0. If
V¢, (0) # 0, we can apply Theorem 5.6 with k& = 1 and, since P/ (z) = Vg, (0) - x, we
obtain

Tq.(0(eX), Ovpn) = SNTRN\Z(BE7 Vn(0)-v) +o(eN) ase—0. (5.18)
If, instead, Vi, (0) = 0, then Theorem 5.6 applies with some k > 2, thus implying that
Tq.(0(eX), Ovpn) = o(eN) ase—0. (5.19)

Moreover, trivially,
TRV\5 (0%, Ve, (0) - v) = v\ (0%,0) = 0. (5.20)

Combining (5.18), (5.19), and (5.20) with (5.17) we obtain (i).
If 0 € Sing (¢,,) and k > 2 is the vanishing order of ¢,, at 0, then

on(z) = O(|z[F) and Vg, (z) = VP (z) + O(|z|*) as |z| = 0,

thus implying that, as ¢ — 0,

/|V<pn(x)|2dx=/\VP,f”Fdx—&—O(er_HN):8N+2k_2 /|VP,f”\2dx+0(l) ,

[ o5 J
/ |on(2)[? dar = O(2FHN) = o(eN+26-2),

exl

and hence

/ (|V<,0n|2 —(A\n — 1)@%) dx = eNT2h=2 /|VP,f"|2dx +o(l) | ase—0.
s

ey

Combining this and Theorem 5.6 with Theorem 2.4 we obtain (ii). O

Proof of Theorem 2.9. By translation, it is not restrictive to assume zg = 0.
Let u. := ®, — @. + U., where @, and U, are defined in (5.16) and (5.9), respectively.
From (2.13) and the change of variable = — ez it follows that, as e — 0,
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/ [Vue|? dz 4 ¢ / uZdz = O(E_N_%JFZTQ (0(%), Dpon))
1O\n 10\n

+ O(E*N72k+2||<ﬁn\\i2(az))~

If 0, (0) = 0, v, (z) = O(|z|*) as |z| — 0, hence ||‘Pn||i2(gz:) = O(e2VH4F) = o(eV+2k-2)
as € = 0. If ¢,(0) # 0, either k =1 or k = 2 by Remark 5.2, so that

||90n||%2(52) = 0(521\’) = 0(€N+2k—2)

as € — 0. In both cases we have

||80n\|4i2(52) =o0(eNt?72) ase — 0. (5.21)

From this and Theorem 5.6 we deduce that

/ |Vue|* dz + &2 / u?dz —0 ase— 0. (5.22)

1 1
Lo\x Lo\x

Let 79, Rp > 0 be such that B,, C Q and ¥ C Bpg,; let R > Ry and ¢ < 5% By

Lemma 5.3 we have

2 2
/ (|m|2 + “|2> dz < / (|w5|2 + |“|€2> dz
X X

Br\Z Brg \Z
52
2 g2 2
<(Cu+1) / [Vue| da:—l—r—2 / uz dz
1o\n O%Q\Z

From this estimate and (5.22) we deduce that

2
/ (VUEQ + |u|82) dz -0 ase—0
T

Br\Z

for any R > 0 such that ¥ C B, which implies that u. — 0 strongly in H*(Bgr \ ¥) as
e — 0. Combining this with Proposition 5.1 and Theorem 5.6 we obtain (2.20).
Finally, (2.21) follows from (2.14), Theorem 5.6, and (5.21). O
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6. The case of a spherical hole

In this section, we focus on spherical holes, deriving in this specific situation more
explicit expressions for the coefficients of the asymptotic expansions obtained above. We
distinguish between the cases N > 3 and N = 2.

6.1. The case N > 3

As proved in Theorem 2.8, different behaviors occur depending on the vanishing
order or ¢, at zg. The most interesting and diverse phenomena are observed when
xo € Q\ Sing(¢yn), as in this situation the sign of the leading term in the asymptotic
expansion is not always the same regardless of where the domain is perforated. In view
of Theorem 2.8-(i), the interface I' defined in (2.22) divides the points of € where a hole
produces a positive sign of the eigenvalue variation A7 — \,, from those where there would
be a negative sign, see Remark 2.10. Here we focus on the specific case

Z:Bla

providing the proof of Theorem 2.11, to which we precede the following preliminary
lemma.

Lemma 6.1. If N > 3 and P : RN — R is a harmonic polynomial homogeneous of degree
k € N\ {0}, then

k?
T]RN\Bl(aBl,al,P) = m / Y2 dS,
0B1

where Y is the spherical harmonic of degree k given by Y = P|aBl'

Proof. To determine the torsion function U := Ug, s, p, we recall that U € D2(RV\ By)
is the unique weak solution to

(6.1)
d,U =8, P, on 0B.

{—AU:O, in RN\ By,
We work in spherical coordinates (r, @) and look for solutions to (6.1) of the form

U(r,0) = u(r)Y(0),

where YV = P{ 2B, We observe that, since P is harmonic and k-homogeneous, Y is a
spherical harmonic of degree k& and solves

—AaBIY = ]{J(N + k— Q)Y, on 8317
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where App, is the Laplace-Beltrami operator. Then, we can rewrite (6.1) as

N1y MN+E=2)

u”(r) +
u'(1) = k.

u(r) =0, in (1,400),

r2 (6.2)

The solutions to the equation in the first line of (6.2) are of the form
u(r) = e + cor~ (NHE=2)

for some cy, c2. The fact that U(r, 0) = u(r)Y () € DV2(RV\ B;) implies that necessarily

¢ = 0, whereas the condition «/(1) = k yields ¢3 = Hence, by uniqueness of

___k
N+k—2"
the torsion function,

k
- v L —(N+k-2)
U(r,0) Nir o Y (6).
We conclude that
(0By,0,P) = / U(d,P)dS = L / Y?(0)dsS
TRN\ B, 1,0uF) = v “NikE_2 )
OBy 0B1

thus completing the proof. O

Proof of Theorem 2.11. We observe that P(x) = Ve, (o) - « is a harmonic polynomial
of degree k = 1. Then Lemma 6.1 applies and yields

1
RN\ B, (0B1, Vo (20) - v) = N_1 / |Von (o) - 0] dS.
0By

Exploiting the symmetry of the domain of integration, a simple computation yields

HN-1(OB WN
e (081, Vion(an) ) = "o O 90 (a0 = 2 V(e
where wy := |B;| denotes the N-dimensional measure of B;. Substituting the above

expression for Trz\ g, (081, Vi, (20) - v) in the expansion of Theorem 2.8-(i), we obtain
(i)

If 2 € Sing(wn), pn vanishes at zp with order k& > 2. Then, as observed in Proposi-
tion 5.1, P;; ") Is a harmonic polynomial homogeneous of degree k. From Lemma 6.1 it
follows that

k2 9
OB
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where Y = P%k|aB
AP;"O " = 0 and the Divergence Theorem, we have

is a spherical harmonic of degree k. Furthermore, by the fact that

/ |VP?" (x)]? dr = / div(P7r, VPr,) dz

xo, k: xo, k)
B,
= /P;kaP;;k-adS:k / Y?ds. (6.4)
OB, 0B1

Substituting (6.3)—(6.4) in the expansion of Theorem 2.8-(ii), we obtain (ii). O

Thanks to Lemma 6.1 and Theorem 2.11, the interface I' defined in (2.22) can be
described quite explicitly in the case of spherical holes. More precisely, if ¥ = By we
have

I'={x € Q\Sing (p,): h(z) =0},

where

h(w) = g 1Ven (@) = O~ D).

We present below the example of spherical holes excised from 3-dimensional boxes.
Example 6.2. Let us consider the 3-dimensional open box
Q= (0,1) x (0, V2) x (0, V/3).

It is a well-known fact (see e.g. [21]) that the eigenvalues of problem (2.1) on § are
simple and of the form

+17 n17n27n26Na
and the associated eigenfunctions are, up to a normalization constant,

N9 m™ns
Ony nans (X, Y, 2) = cos (Tn12) cos 4—\/§y cos %z .

Then the interface I' associated to ¢p, n, n, is characterized by the equation

2 2 9 2 2
n? tan?(mn ) + % tan? (W;%y) + % tan? (%) —3 (n? + 12 E) =0.

Let us consider two specific cases. The first situation of interest is the one corresponding

to the smallest nontrivial eigenvalue, namely,
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Fig. 1. The case Xg,0,1. (For interpretation of the colors in the figure(s), the reader is referred to the web
version of this article.)

2
T
X001 = —= + L.

V3

Here, I turns out to be the union of two planes

y 2
I’:{(m,y,z)eR?’ : z:ﬁarctan\/i}
0 3
V3 \/5
3., _ _ z
U{(x,y,z)eR PE= (7r arctan 3) .

In Fig. 1 we can see the plot of T' (in blue), along with the nodal set of the eigenfunction
©0,0,1 (in green). By our analysis, if the hole is punctured between the green and a blue
plane, then X\, < A,,.

Finally, we describe I' for A,, = Aq1,1. In this case the situation is more complex,
but the general picture does not change. With the help of Mathematica™, we can plot
the set I' = {h = 0}, along with the nodal set of ;11 (once again in blue and green
respectively). The resulting image is presented in Fig. 2.
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Fig. 2. The case A1,1,1.

6.2. The case N = 2

In this subsection we consider the case N = 2 and X, being of the form (1.6) with
> = By and zg = 0, i.e. ¥, = B., proving the following asymptotic expansion for

7—ﬁ\Be (0B:, Ouipn).
Proposition 6.3. If N = 2 and the vanishing order of ¢, — ©n(0) at 0 is k > 1, then
(i) if ¥n(0) #0 and 0 is a critical point of @, (hence, necessarily, k = 2), then

(A — 1)%(0n(0))%e* loge| + o(e*|loge|)  as e — 0;

ol 3

ITQ\BE (0B:, 0uon) =
(ii) if either v, (0) =0 or Vi, (0) # (0,0), then

2
k2

k k
3x1 8x2

Tﬁ\BE (0Bc, Ovpn) = 7k <‘ dat (0)

2
) e 4o(e?*) ase— 0.

Let k£ > 1 be the vanishing order of ¢,, — ¢, (0) at 0. We observe that the polynomial
P#™ is harmonic in R? in all cases except when k = 2 and ¢,,(0) # 0. More precisely,
recalling that in all critical points outside the nodal set ¢,, — ¢, (0) necessarily vanishes

of order 2, we have
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APFe — 0, if either ¢,,(0) = 0 or V¢, (0) # (0,0), (6.5)
(1 = X)en(0), if v,(0) # 0 and 0 is a critical point of ¢,,.
By (2.16)-(2.17) we have, for all j > 1,
P7"(rcost,rsint) = £ (t),
where
50 =30 =2 (0)cost)' it~
i(t) = ————(0)(cost)"(sint)?".
! 5 0xt0xy "
Let us consider the Fourier coefficients of f;:
1 2
al = ;/f](t) cos(it)dz, >0, (6.6)
0
1 2m
p—l / () sin(it)da, i > 1. (6.7)
™
0
We observe that
al =bl =0 ifi>j (6.8)
and, by the Divergence Theorem,
LT 1 1
; x
== i(t)de = — vpPfr. —dS=— [ APf"dS.
“ w/fj()x m’/ 7 al m‘/ ﬂ
0 OB1 B:
Remark 6.4. In particular, for j = k we have
. 0, if either ¢,,(0) = 0 or V¢,,(0) # (0,0),
Gy =431-X\, (6.9)

’ ©n(0), if ©,(0) # 0 and 0 is a critical point of ¢,,.

Furthermore, if j = k and if either ¢, (0) = 0 or V¢, (0) # (0,0), then, by (6.5), P is
harmonic and, consequently, there exist ¢1,co € R such that (¢1,c¢2) # (0,0) and

P (reost,rsint) = r*(cy cos(kt) + cosin(kt)), >0, t € [0,27].

Since
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45
k : 9" on ' k—i
P?"(rcost,rsint) =7 ————(0)(cost)"(sint)"*,
£ =13 G Oeost i)
direct computations yield
8k¢n 1 8k@n
= 0 d =—-—""_(0). 6.10
C1 (933]16 ( ) an Co k8x§718$2( ) ( )
Therefore, if either ¢, (0) = 0 or Vi, (0) # (0,0), for i > 1 we have
0, it ik, 0, if i 4k,
aj = ok Ny . b = 19 T i (6.11)
af,f” (0), ifi=kF, % 525 T5ms (0), ifi=k.

For every j > 1, R > 0, and ¢ € (0, R), we define

. 1 —
T! p = —2inf 5 / |Vu\2d1:—/(8,,Pf”)udS:uEHl(BR\BE), / udz =0

Br\B: 9B. Br\B.

The above infimum is achieved by a unique function W, r ; € H'(Bg \ B:) satisfying

/ Ws,R,j dx = 0,
Bgr\B-:

and

1
VW, gV = B 2320 (R —
/ R,j - Vvdz 8B/8 ¢A I Br\ B.| / vde | dS

BR\BE BR\BE
_ n Jape
= /(6,,Pf YudS + TR / vdx (6.12)
835 BR\BE

for every v € HY(Bg \ B.), i.e. We r,; is the unique zero-average weak solution to

~AW.r; = $%. in Br\ B,
auWE,R,j =0, on 8BR, (613)
OWe R, = 5qu”’, on O0B..
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Lemma 6.5. For every 7 > 1 and R >0

%WjQ(aé)QEQH loge| + o(¢¥|logel), if al # 0,

T/, = i (i i (6.14)
. (v . . ;
S (Z = ) £ 4 oe¥), if =0,
i=1
as € — 0, with al b} being as in (6.6)~(6.7). Moreover,
/ WE%R,J» dz = O(Tej’R) as e — 0. (6.15)

BR\BE

Proof. For j > 1 and R > 0 fixed, let us expand W, g ; in Fourier series:

+ Z <50,L <(r) cos(it) + i (r )sin(it)),

We g,j(rcost,rsint) =
where

1
0ie(r) = —/WS’RJ(T‘ cost,rsint)cos(it)dz, >0,
T

1
Yie(r)=— /W&R’j(r cost,rsint)sin(it)dz, > 1.
77

From (6.13) and the fact that fBR\B We r,jdx = 0 it follows that the function ¢ .
solves the problem
1 2jaj€j .
—¢p,(r) = ;‘PB,E(T) = ]%24—052’ in (g, R),
©h.e(e) = je~1a],

(»06,5 (R) =0,
R

/rgoo,g(r) dr =0,

€

(6.16)

while the functions ¢; . and ; . with ¢ > 1 solve

1 72 .
) = L)+ geie(r) =0, in (< B),
@i (e) = je'tal,

%,5 (R) =0,
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and

1 ;2
() = L)+ Svie(r) =0, in (e R),
s r'® r
’2,6(5) = jsjilsz’
Lo(R) =0,

respectively. For ¢ > 1, direct computations yield

jal giti . o bl giti . o
_ Ja; € 7 21,,—1 _ Jo; € T 27, —1
ie(r) = _71‘(}22" — 622.)(7“ +Rr™"), ie(r) = —72,(1%21. — E21.)(7“ + R%r™"). (6.1

47

7)

In particular, by (6.8) we have ¢; . = ;. = 0 if i > j. Moreover, the unique solution to

(6.16) is

jaled 2 1 £2loge — R?logR 1
__Ja@E o b gloge g L op2 2
wo,e(T)—l_(%)Q (logr 2R2+2+ o +4R2(R +e )) (6.1

We conclude that the unique zero-average weak solution to (6.13) is given by

J
We r,j(rcost,rsint) = 4,00,;(7“) + Z (g@i,a(r) cos(it) + 1, «(r) sin(it))7
i=1

with ¢o . as in (6.18) and ¢; .,9; - as in (6.17). Furthermore, by Parseval’s Theorem,

T! = / (O P )We g,j dS
0B
27

:6/8,,Pf"(5cost,ssint)W&R,j(scost,ssint) dt
0

=e(—je’ m <M +) (alpic(e)+ bfzbi,a(e))) :

i=1

We observe that, by (6.18),

J 1 o
7%('002’8(6) ~ Ej(ajo)zaj loge ase— 0,

while (6.17) implies
J

, , (a2 72
Z(aﬁpi@(s) + bl (e)) ~ —je’ Z M as e — 0,
i=1

=1

8)
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thus proving (6.14).
By Parseval’s Theorem we have

B 2 J
/ WzR,j dzr = 7T/’I“ (cpo%(r) + Z ((pie(?“) + w;e(r)) dr) ) (6.19)

BR\BE €

By (6.14) and (6.18)

B ) 0, if ag =0,
[réma=3"
J O(e¥) = o(T! p), if ay # 0,

and, by (6.14) and (6.17),

R . . R
220425 ((,9\2 7\2
2 2 J°e ((a})” + (b))°) 2 4i —2i 2
[t vty ar = e R L

.2€2i+2j((aj)2 + (bj)z) R2i+2 _ o242
T 2(RY i) ( 2 + 2 2-2i

=0(e¥?) =0o(T? ;) ase—0,

if ¢ > 2, while, for i =1,

R . . R
222425 (72 7\2
[t vt ar = SR oy p2 o) ar

)

_PEP((a])’ + (6 (R
(4

= 0(e¥ 2| loge|) = O(TE{R) as e — 0.

+ R*(log R —loge) + R*(R? — 62)>

Therefore (6.15) follows from (6.19). O

Remark 6.6. In view of (6.9) and (6.11), in the case j = k Lemma 6.5 provides the
following information:

(i) if ¢, (0) # 0 and 0 is a critical point of ¢,, (hence, necessarily, k = 2), then

Thp = T2 5 = 5 = 1*(9a(0)%*|loge| + ofc*|loge]) as = = 0;



V. Felli et al. / Journal of Functional Analysis 288 (2025) 110817 49
(ii) if either ¢, (0) = 0 or Vi, (0) # (0,0), then

o, 1

2
*on

k—1
6‘:U1 81'2

(0)

2
) et o(e®) ase — 0.

Lemma 6.7. For every j > 1 and R > 0,
Tomp. (0B, 0, P7") =T g+ o(T! ) ase — 0.

Proof. By (3.4) we have

/ (VUBRvBsyaqu" . VW&R’]' + UBR,Bs,Bfo” WE,R,j) dx
Br\B-:

_ /(aupfn)wg,R,j s =17,
OB,

while (6.12) and Remark 3.5 yield

/ VWe ki VUpg p.0,pe do

Br\B.
o jade?
= /(&/Pj ")Usp,p.0,pen A5 + 25— / UBr,B..0, P A2
635 BR\Ba
Pn jaégj
= TB_R\BE (8Bs,aypj ) + R2 — 52 UBR7BE’8VP;PTL dl‘
Br\B.
From the above identities we deduce that
Tom\p. (0B, 0,Pf") = T
jaje
= / UBRvBmaqun WEvRa.j dl‘ - R2 0—52 / UBR,BE,(?VP;O" dm
BR\BE BR\BE

From Cauchy-Schwarz’s inequality, (6.15), and Lemma 3.6 (Remark 5.5 guaranteeing the
validity of assumption lim._, TBTA B. (0Be, 0, PJ%"") =0) it follows that

/ Ubp.peo,ppn Werg do =0 <\/Tsj7R Tea\5. (0B, &,Pf”))

BR\BE
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as ¢ — 0. Moreover, since %/ = O(T;R) as € — 0 in view of (6.14), from Cauchy-
Schwarz’s inequality and Lemma 3.6 we deduce that

J J 2 2 2
5 / Usp,B..0,P¢" dz| < &/y/m(R2 — &2) / Uz, 5.0, pen dx
R\BE BR\BE

(o ma)

— 0 <\/Tg7R T 5. (9B 8,,P;.P")>

as £ — 0. Hence T\ p_ (0B, 0, P{™) = T 1y + o(TZ ) + o( T\ . (0B, 0, PY™)), e
(14 0(1)) T p.(0B:, 0,Pf") = (14 0o(1))T? , as e — 0.
The lemma is thereby proved. O

Combining Lemmas 6.7 and (6.14) we derive the following asymptotic expansion as
e—0

%Wj2(a6)262j|10g5| +o(e¥|logel),  if aj #0,

Tom\p. (0B, 0,P]") = < (6.20)
mj

MQ

bJ . . ;
(b3)” ) g2 +o(e%), ifa) =0,

i=1

for all j > 1. If j = k, in view of Remark 6.6, we have, more precisely,

(i) if ¢, (0) # 0 and V¢, (0) = (0,0) (hence, necessarily, k = 2), then, as e — 0,
Tom\p.(0B:,0,P") = g(/\n — 1)*(pn(0))%*| log e[ + o(*| log ]); (6.21)

(ii) if either ¢, (0) = 0 or Vi, (0) # (0,0), then, as ¢ — 0,

2

k2

oo,
Oz 0x,

Pn ak@n
T\ (0B:,0,P") = Tk ot (0)

2
(0)‘ ) e?F ro(e?*). (6.22)
Lemma 6.8. For every R > 0

7—B_R\BE (0B, 0y )

0(59/2| 10g€\3/4), if ©n(0) # 0 and V¢, (0) = (0,0),

= T\, (0B, 0,P") + ,
o &) {0<e%+5>, if either ¢,(0) = 0 or Vip, (0) # (0,0),



V. Felli et al. / Journal of Functional Analysis 288 (2025) 110817 51

5(An —1)%(n(0))%e*| loge| + o(e*| log e]), if n(0) # 0 and
Vin (0) = (0,0),

wk(| 8;;?" (0)|2 + & %(0”2)5% +o(e?k), if either ¢, (0) =0 or
Vn(0) # (0,0),

as e — 0.

Proof. We first observe that, if N = 2, by Lemma A.2 and Sobolev trace theorems, there
exists Cr > 0 (depending on R but independent of £) such that

C _
/ u?dS < 7R||U||§11<BR\E> for all u € H'(Bg \ B.). (6.23)
OB,

Let We = Upg,B.,0.0. — UBg,B..0,P¢" — Upp,B.,0, Py, - From (3.4) it follows that

/ (VU -Vuv+ Vv)dz = / v, (on — P — PCry)dS
BRr\B-: OB.
for every v € H'(Bg \ B:), so that (6.23) yields

/ (VT |? +¥2)dx = / V. 0y (pn — P — PEry)dS < const ehti / v2dS
Bgr\B-: 0B, OB.

< const €k+1 ||\I/g||H1(BR\E)
for some const > 0 independent of £ which varies from line to line. Hence
1l g1 pomsy = O(E" ™) ase—0. (6.24)

From (6.24), Remark 3.5, (6.20), (6.21), and (6.22) it follows that

1UBR,B..000. | 11 (Ba\BD)

<l sa\o) + 1Ubg,bo 0, e lm 8\B2) + 1UBR B0, Pep L (8a\B)
_ JO@?[1oge['/?), if ¢, (0) # 0 and Vi, (0) = (0,0), (6.25)
O(e¥), if either ¢, (0) = 0 or Vi, (0) # (0,0), '

as € — 0. Cauchy-Schwarz’s inequality and estimates (6.24)—(6.25), (6.20), (6.21), and
(6.22) imply
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2 2
”UBR,BE,GVW, - UBR,BE,SL,P,;"" ”Hl(BR\B_E) - ||UBR,BE,a,,P,f,’f1 HHl(BR\B_E)

= (Yo, UBg.B. 0000 = Ubg,B.,0,P¢" T UBn,B..0, Pgr, ) 01 (BR\B)

< MN¥ell g5 o\B0) (HUBR,BE,&,«MHHl(BR\Bi) + Uspg.B..0, pe | 11 (B\BD)

+1Us . 0,22, i 5,50
_ JO@Eoge['/?), if 0, (0) # 0 and Vo, (0) = (0,0),
O(e2k+1), if either ¢, (0) = 0 or V¢, (0) # (0,0),

as € — 0. Hence, in view of (6.20),

IUBg.B..0u0n — Ug.B..0, P | 1 (Br\BD)

_ {0<55/2| loge[l/4), if ¢, (0) # 0 and Vi, (0) = (0,0),

X (6.26)
O(eht2), if either ¢,,(0) = 0 or V¢, (0) # (0,0),

as ¢ — 0. From Remark 3.5, Cauchy-Schwarz’s inequality, (6.26), (6.25), (6.21), and
(6.22) it follows that

T?R\Ba (8357 81/9011) - T?R\Ba (aBm 81/P]fn)
= HUBR7BE;3u‘PnH§{1(BR\E) - HUBR,BE,B,,Plfn Hifl(BR\E)
= (UBg,B..00¢n — UBg.B..0,P¢"»UBr,B. .09 T Uy B..0, P ) i1 (BR\BY)

_ JO(2logel**), if 0, (0) # 0 and Vi, (0) = (0,0),
O(e2k+3), if either ¢, (0) = 0 or Vi, (0) # (0,0),

as € — 0, thus completing the proof in view of (6.21) and (6.22). O

Proof of Proposition 6.3. Since 0 € (2, there exist Ry, Ry > 0 such that Br, C {2 C Bp,.
From Corollary 3.2 it follows that

TBiRz\BE (335, auﬂon) < Tﬁ\BE (835,31,90”) < TBiRl\BE (aBavau@n)a
so that the conclusion follows from Lemma 6.8. O

Proposition 6.9. Let N = 2.

(i) If 0 € Q\ Sing (¢,,), then

J (190l = O = 102) do = 12 (IVn O = (= Dlenl0)F) + 0fe?)

BE



V. Felli et al. / Journal of Functional Analysis 288 (2025) 110817 53

as € — 0.
(ii) If 0 € Sing (¢,,), then

o, P01
R —

%
oxy

o,
Bx’fflaxg

(0)

) +o(e%*)

=

as € — 0, where k > 2 is the vanishing order at 0 of p, — ©,(0).
Proof. If 0 ¢ Sing (y,,), we can argue as in (5.17) to deduce (i).

Let 0 € Sing (). In this case P (rcost,rsint) = r*(cy cos(kt) + ¢y sin(kt)) with
c1,c2 as in (6.10), see Remark 6.4. Then

/ (|wn|2 (M — Wg) do = — / onOyipndS = — / Pfn0,Pf" dS + o(e2)

B. 9B. oB.
2m
= ke?* /(01 cos(kt) + cg sin(kt))? dt 4 o(e?*) = kne®* (2 + ¢2) + o(e?*) ase — 0,
0

thus proving (ii). O
We are now in position to prove Theorem 2.12.

Proof of Theorem 2.12. By translation, it is not restrictive to assume xg = 0. The con-
clusion follows from Theorem 2.4, expanding the torsional rigidity Tﬁ\ B. (0B:, Dp ) as

in Proposition 6.3 and [, (\V(pn|2 — (A — 1)(,0%) dz as in Proposition 6.9. O

Example 6.10. We conclude this section with an example, in which the hole is excised
from a disk. To this end, let us take Q = By C R2. Tt is well known (see, e.g., [21]) that
the eigenvalues of the unperturbed Neumann problem (2.1) are

2
(&3
A = —E 41,

ami being the positive roots, enumerated by k, of J)(z), where J,(z) is the Bessel
function of the first kind of order n. These eigenvalues are all simple for n = 0. In this
case, the eigenfunctions read

wr(r,0) = Jo (aokg) .

Therefore, the 2-dimensional analogue of the interface I' introduced in Remark 2.10 is
characterized by the equation
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2 ‘ 2

1 1

0 0

-1 1k

-2, ‘ ‘ ‘ 4 -2 ‘ ‘ ‘ g
-2 -1 0 1 2 -2 -1 0 1 2

Fig. 3. Interface I" and nodal lines of the eigenfunction for the cases ag1 (left) and ap2 (right).

2 r 2 r
2.2 (a0k§) . (ao,ﬁ) - 0.
Relying again on the computational software Mathematica™ we can plot the interface
(in blue), along with the nodal lines of ¢y (in green), for the cases

Qo1 ~ 3831, Qoo ~ 7.016.
The results can be seen in Fig. 3.
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Appendix A
We recall here a known result about approximation of small eigenvalues of linear op-

erators. This lemma, originally proved by Y. Colin de Verdiére in [15] and then revisited
in [16] and [3], also applies to multiple eigenvalues. We present here a simplified version
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applicable to the case of simple eigenvalues and provide a short proof for the readers’
convenience.

Lemma A.1 (Lemma on small eigenvalues). Let (H,(-,-)) be a real Hilbert space, D C H
a subspace, and q: D X D — R a bilinear symmetric form. Let

(i) A € R and ¢ € D be such that
loll=1 and q(p,v) = A(p,v) for allv e D,

where || - || = v/ (-, ) denotes the norm associated to the scalar product;
(ii) f € D be such that ||f] = 1.

Let us assume that {¢}+ = Hy ® Ho for some subspaces Hy, Hy mutually orthogonal
such that Hy C D,

q(v1,v2) =0 for allvy € Hy and vo € HyND, (A1)
" :—inf{%:vEHl\{O}}>0, (A.2)
~o = inf { |q|(Z’”;’)| cve (HonD)\ {0}} >0, (A.3)
and
d :=sup { |q(|];,|v)| cvEDN\ {0}} < +oo0. (A.4)
Then
If —TLf|| < @, (A.5)
Y
where v := min{vy1,v2} and II denotes the orthogonal projection onto span{g}, i.e.

IT: H — span{¢}
v (6,0) ¢

Finally, if £ :== q(f, f), then

52 52
|/\—§|§2\)\|?+27. (A.6)



56 V. Felli et al. / Journal of Functional Analysis 288 (2025) 110817

Proof. Let us denote
Nf:= f—1IIf.
We observe that Nf is orthogonal to ¢, i.e.
(¢,Nf) =0,
and, letting
Ni:H — Hy and Ny: H — H,
be the orthogonal projections on H; and Hs, respectively, we have
Nf =Nif+ Naof.
Moreover

(¢7 le) = (¢7 N2f) =0.

(A.8)

Since Hy C D by assumption, we have N1 f € D; moreover Nf € D, hence Nof € DN Ho

by (A.7). Therefore, taking into account (A.8),
q(¢,N1f) =X, N1 f) =0, q(é,Naf) = A(¢,N2f) =0,
so that
q(ILf, N1 f) = q(ILf, N2 f) = 0.
From (A.1), (A.7), and (A.9) it follows that

q(N1f7N1f) =4q
q valf)
q(N2f,Naf) = ¢q
q

Therefore, from the definition of 4, v1, and -2 we obtain

g(NLF NG )] = la(FNu )] < 8 [INu ]| < 3 M

((Naf, No )| = lg(f. Nof)| < 8 [Naf]| < 6 w

J=Tf =Naf,Nyf) = q(f, N1 f) — q(ITf,N1 f) — (N2 f, N1 f)

f—TIf =Ny f,Nof) = q(f,Naof) — q(ITLf,Naf) — q(N1 f, N2 f)

(A.9)
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which yields

52 82
lg(N1f,N1f)| < b lg(N1f,Nof)] < . (A.10)

Combining (A.10) with the definition of 71, 72,7, we obtain the estimates

N N 2 2 N N 2 2
INLFII? < la( 1J;,1 1f)] §5_§5_7 N I < la( 2J;72 2f)| Sé—gﬁ%. (A.11)
2

-2

From (A.7), the orthogonality of Hy and Hs and (A.11), we deduce that

262
INFI? = [INLFII + N2 £ < Pl

thus proving (A.5).
Now, the proof of (A.6) follows from direct estimates, making use of (A.5) and (A.10).
More precisely, if IIf # 0, we first write |A — £]| as

q(ILf, 1)~ q(f, f)

[ngls If1?

A—¢] =
A= [uril INF +Tf )|

qUIfILf)  g(Nf +11f,Nf +11f) ‘ |

Then, by this, the orthogonality condition (A.9), assumption (A.1), and the fact that
£l =1, we obtain

A= € = [NINFIP = a(Nu £ N1 ) = a(Na N2 ). (A.12)

On the other hand, (A.12) is trivially satisfied if IIf = 0, since, in this case, f = Nf.
Combining (A.12) with the triangle inequality, (A.5) and (A.10), we obtain (A.6). O

The following lemma provides an uniform extension property in domains with small
holes of the form (1.6), see [41] for the proof.

Lemma A.2 (Extension operators). For N > 2, let @ C RY and ¥ C RY be bounded,
open Lipschitz sets. Let eg > 0 and r9 > 0 be such that (2.15) is satisfied for some
zg € Q. For every € € (0,g9), let ¥ := 29 + ¥ and Q. = Q\ .. Then, for every
€ € (0,e9), there exists an (inner) extension operator

E.: HY(Q.) —» HY(Q)
such that, for all u € H*(Q.),

(Bcw)|, =u
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and

[Eull gri () < €llulla.y »

for some constant € > 0 independent of € € (0,¢).
Data availability
No data was used for the research described in the article.
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