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Abstract

In order to match the increasing precision of modern particle colliders, it is essential
to have accurate theoretical predictions for the cross sections of physical processes
and their associated distributions. These predictions are often obtained via Monte
Carlo event generators which combine the fixed-order calculation, computed as a
perturbative expansion in the coupling constants, with a parton shower and further
hadronization. Due to the presence of soft and collinear emissions, in fact, there are
some regions of the phase space in which the fixed-order computation is unreliable.
In such regions, the presence of two or more widely separated scales leads to the
dependence of those observables on large logarithms of the ratios between these
scales that completely spoils the accuracy of the fixed-order computation. Using
the Multi-Scale Improved NLO (MiNLQO’) prescription, it is possible to resum to
all orders the logarithms arising from kinematic configurations that involve different
scales in such a way that the resulting distribution is NLO accurate both for fully
inclusive and 1-jet predictions. The MiNLO" method was introduced specifically for
QCD radiation and it has already provided remarkable results. The extension to
QED radiation, and its subsequent extension to full electroweak corrections, is still
missing in the literature.

In this work we discuss the abelianization of the MiNLO’ method and its imple-
mentation in the context of QED radiation for the production of a lepton pair plus
a photon, via a neutral vector boson. We discuss the behaviour of the Sudakov form
factor when we switch from QCD to QED and the challenges that such Sudakov
form factor poses in its actual computation. In order to circumvent some of the
problems that would arise in the direct calculation of the Sudakov form factor, we
propose a different solution and we discuss its implementation. Finally, we present
a few distributions of physical interest and we study them both in a modified QED
theory, with a “large” coupling constant, so that all the effects of MiNLO’ are clearly
displayed, and with the physical value of the electromagnetic coupling constant.
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Chapter 1

Introduction

Our knowledge of the fundamental elementary particles and their interactions can be
described within a single theoretical framework, known as the Standard Model (SM)
of Particle Physics, whose success has been established and confirmed in a number
of experiments spanning over half a century.

Despite being a mathematically complete theory accommodating almost all known
experimental data available to date, there is strong evidence that the SM is not the ul-
timate theory but a mere effective theory, valid only at the present accessible energies.
Indeed, it fails to explain a number of experimental observations such as, among the
others, the neutrino masses, the matter-antimatter asymmetry and the astrophysical
evidence of dark matter and dark energy. Within the SM alone, even the presence
of an elementary scalar particle, the Higgs boson, is unpleasant because when com-
puting the radiative corrections to its mass, one encounters quadratically divergent
contributions coming from self-energy corrections. This means that in order to ac-
commodate for the relatively small value of the Higgs mass that was experimentally
observed, an extreme fine tuning of the parameters is required. Moreover, the SM
describes only three of the four fundamental forces of the universe, the gravitational
interaction being left out.

Central to validating the predictions of the SM are hadron colliders, powerful
machines that accelerate protons beams to near-light speed and collide them allow-
ing experimental measurements at unprecedented high energies. At such energies
the strong force responsible for the confinement of partons inside hadrons becomes
less relevant and the accelerated protons start behaving as superpositions of free par-
tons. When two partons from different beams interact in what is referred to as hard
scattering, a large amount of particles is produced. Studying the mass distributions
of the subsets of particles produced in the collisions offers a direct way to discover
new massive particles by looking for peaks in differential distributions. Currently,
the world’s most high-energetic collider is the Large Hadron Collider (LHC), located
at the CERN laboratory in Geneva, Switzerland. The crowning achievement of the



LHC is the discovery of the Higgs boson [1, 2], whose existence was crucial to con-
firming the mechanism that gives mass to other particles. The discovery, in 2012,
marked a milestone in our quest to unravel the fundamental structure of the universe
and started the precision era of hadron colliders.

The fact that, so far, experiments at the LHC have not yet found any sign of new
physics beyond the SM, has exposed the clear necessity to consider complementary
exploration strategies to the direct searches at the energy frontier. The High Lumi-
nosity phase of the Large Hadron Collider (HL-LHC) is due to start operations in
the late 2020s. With this upgrade, the ATLAS and CMS experiments are expected
to collect ten times more data than they will have recorded during the first three
LHC runs. This dataset will unveil a new landscape for particle physicists to explore
and offer unparalleled opportunities for understanding the forces of nature at their
most basic level. This represents the beginning of a new rich experimental program
set up to pursue the precise measurement of many fundamental SM parameters with
an incredible percent or sub-percent target accuracy.

In order to make the most out of the data that will be collected, present and
future LHC experiments demand theoretical simulations with increasingly better
accuracy as many experimental analyses are (or will be) limited by theoretical un-
certainties. In fact, high-precision predictions play a fundamental role in the quest
for new physics when searching for small deviations from the SM. These predictions
are formulated within the theoretical framework offered by Perturbation Theory in
which the cross section is expressed in terms of a power series of the coupling con-
stant truncated at some fixed order. Most low multiplicity processes at LHC are
known up to next-to-next-to-leading order (NNLO) QCD corrections and in some
cases even beyond that. For some processes also next-to-leading order (NLO) EW
corrections need to be taken into account, as the QCD coupling constant squared is
of the same order of magnitude as the electroweak one!. Moreover the matching of
these fixed-order computations with increasingly accurate parton showers is crucial
to fully exploit the vast amount of data coming from the experiments. In fact, not
only it allows for a direct comparison between the theoretical computation and the
measurements, but also it provides physical predictions in the regions of the phase
space in which the fixed-order computation would be unreliable for observables sen-
sitive to soft/collinear radiation. In such regions, the presence of two or more widely
separated scales leads to the dependence of those observables on large logarithms of
the ratios between these scales that completely spoils the accuracy of a fixed-order
computation. By including soft/collinear emissions to all orders via a parton shower,
one effectively resums the large logarithmic corrections at leading-logarithmic accu-
racy for generic observables, thus obtaining physical results.

Tools to achieve this goal for generic observables are Monte Carlo event gener-

1See Ref. [3] for a recent comprehensive review.



ators, which incorporates the effects described above. Their purpose is to simulate
events, namely the production of sets of particles and their kinematical distribu-
tion. Event generators have evolved significantly over the decades, incorporating
more sophisticated algorithms throughout the years. The first generators ever to be
implemented provided an accurate description of QCD emission only in the collinear
and/or soft limit via parton showers. Later on, these predictions were improved
by matching the shower to the leading-order (LO) matrix element of the scattering
process. In this way one obtains an accurate description of the scattering also far
from the soft and collinear regions of the phase space. This is achieved by match-
ing the LO matrix elements to general purpose Monte Carlo event generators like
Pythia [4, 5], Herwig [6] or Sherpa [7-9]. A direct improvement to this approach
relies on the matching of the shower to a NLO prediction (NLO+PS). This is done,
for example, through the POWHEG [10-12] and MCQ@QNLO [13, 14] methods, which
are able to produce both NLO accurate distributions for radiation-inclusive observ-
ables and LO accurate ones for observables sensitive to the real radiation. A further
extension of these methods can be obtained by merging two NLO computations with
different multiplicity, namely one with one more resolved parton than the other, and
matching them with parton showers. This is done by many different methods, such
as MiNLO/MINLO' [15, 16], MEPS@QNLO [17], UNLOPS [18, 19] and FxFx [20]. In
recent years, a significant leap in this direction has been made by extending par-
tonic event generators to NNLO in QCD matched to a parton shower (NNLO+PS),
such as in GENEVA [21-23] and MiNNLOpg [24, 25]>. Alongside these efforts, the
extension of the NLO matching algorithms to the inclusion of EW effects is also an
important goal, as it allows for a fully consistent simulation of higher order QED
and EW corrections.

The topic of this thesis is the implementation of the Multi-Scale Improved NLO
(MiNLO’) method in QED through an abelianization procedure. In this context
we study the production of a lepton pair via neutral current Drell-Yan, i.e. the
production of a Z boson [32], at the LHC. This process plays a central role in the
precision physics program at the LHC both for calibration purposes as well as, in
general, to measure SM parameters at very high accuracy [33-37]. It is also important
for the extraction of PDFs (see e.g. Ref. [38]) and it is one of the main irreducible
backgrounds to the searches for new physics [39, 40].

The outline of the work is the following. The first part consists of the review of
the fundamental theoretical tools needed to describe the process under consideration
and the methods employed. More specifically, in Chapter 2 the MiNLO’ method is
introduced, together with the POWHEG framework and a brief description of the
main ingredients needed for a fixed-order computation. In Chapter 3 we introduce

20Other less developed approaches exist, such as UNNLOPS [26-28] or the one presented in
Ref. [29]. Matching to N3LO QCD corrections have also been discussed in Ref. [30] and [31].



the electroweak theory and the subtleties related to the different renormalization
schemes. In Chapter 4 we discuss inclusion of final-state massive emitters within the
framework of resummation and the modifications needed to implement them in the
MiNLO’ method. Then, in Chapter 5, we introduce the abelianization prescription
for the transition of the formalism from QCD to QED. Here we discuss the differences
between the QCD and QED case and in particular the numerical issues that are ex-
posed by said differences. In Chapter 6, we describe a way to overcome the numerical
issues introduced in the previous chapter and we discuss the validity region of this
formulation of the abelianized MiNLO’ method. Finally, in Chapter 7 we describe
the implementation of the method in QED and we present our phenomenological
results.



Chapter 2

Theoretical framework

2.1 Fixed-order computation

The starting point for the description of any hard scattering process in hadron col-
lisions is given by the collinear factorization theorem [41]. Within this framework,
colliding protons can be viewed as a collection of free massless particles, that are
referred to as partons, each carrying a fraction of the total hadron energy. The prob-
ability of finding a parton ¢ with some energy fraction z; is given by a function f;(x;),
called the parton distribution function (PDF). These objects are universal, i.e. they
do not depend on the process under investigation, which means that they can be
determined in some processes and used to describe many others. We can write

o = Z/dl’ldﬂfz fil (.1'1) fi2<$2) &(%1,1‘2,0(3) -+ @) (%) . (211)

11,82

The last term represents non-perturbative effects that are suppressed by powers of
Aqep/@Q where Agep =~ 300 MeV is the hadronization scale and @ is the hard scale
of the process.
The partonic cross section dé can be perturbatively expanded in powers of the
strong coupling constant as
Qs

61, 22,0, =Y <%) 5 (21, ), (2.1.2)

n

At the lowest order (the Born order), the differential cross section can be written as
d&(xl, .Z'Q) = B(pl,pQ, k?l, ceey kn) dq)n(kl, ceey kn)7 (213)

where the dependence on the energy fraction of the incoming partons is implicit in
their momenta p; and p;. We denoted with B the matrix elements squared at tree
(Born) level, including the appropriate sums and averages over spin and colour as
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well as the flux factor!. The usual n-body phase space d®,, is given by

A0, (ky, ..., ky) = [H%] (27)" 54<q—Zkl->. (2.1.4)

=1

Schematically we can write the LO cross section as
OLo0 = /d@]\[B(q)N) (215)

where B =}, . fi, fi,B is now the sum over all the relevant partonic contributions
multiplied by the parton luminosity, namely the corresponding PDFs. As for the
phase space we introduced the notation d®y = dxdxs d®,,.

In order to obtain meaningful predictions to be compared with experimental
data, the computation must be performed at higher accuracy and higher-order con-
tributions must be taken into account. The calculation of the NLO cross section
requires the inclusion of new diagrams with extra vertices and it takes contributions
from

e the interference between the one-loop virtual amplitudes and the LO ones,
called virtual contributions;

e real emission amplitudes with a phase space including one extra parton with
respect to the basic process, which are effectively the tree-level squared ampli-
tudes for the process with n + 1 final state particles.

It is assumed that the amplitudes have already been renormalized so that there are
no more divergences of ultraviolet origin. That being said, singular contributions
can still arise in the regions in which the extra particle is either soft or collinear to
one of the other particles. Thus eq. (2.1.5) becomes

ONLO _/d(bN[B((DN)—l-‘/b((DN)]+/d(I)N+1R((I)N+1), (216)

where the subscript in V;, means that there are infrared divergences explicit in the
amplitude. The computation of the virtual contributions is typically performed using
dimensional regularisation in d = 4 — 2¢ dimensions: in this way the singularities
are expressed analytically yielding 1/¢ and 1/¢* poles. Upon the full integration
these divergences are exactly cancelled by the one arising in the evaluation of the
real emission matrix element? in the soft/collinear regions, namely the regions of the

ITo fix the idea and the notation, we limit the discussion to QCD corrections only, and, for
simplicity, we do not specify that 6 and B depend on i; and io, i.e. the flavours of the incoming
partons. A more precise notation will be introduced in Section 2.2.

2In hadronic collisions, the complete cancellation of the initial-state collinear singularities re-
quires also the inclusion of two additional counterterms known as the collinear remnants. To keep
the discussion as simple as possible, we will not review them and we refer to [11] for the details on
the topic.



2.1. Fixed-order computation

n + 1 phase space in which the real kinematics becomes indistinguishable from the
Born one. This result is known as the Kinoshita-Lee-Nauenberg theorem [42, 43].

The explicit cancellation of the infrared poles between virtual and real contri-
butions is often not a trivial task to achieve in an analytical computation due to
the two terms belonging to different phase spaces and to the constraints on the
phase-space integration present when computing a differential quantity. Moreover,
because the divergences of the real emissions arise only upon the integration over
d® .1, such integration cannot be perfomed numerically. To address these issues,
one can subtract the singularities at the integrand level via the so-called subtraction
methods [44]. The two most widespread NLO subtraction methods are the dipole
subtraction, introduced by Catani and Seymour [45], and the Frixione-Kunszt-Signer
method [46, 47]. Both those methods rely on the introduction of counterterms, that
we can collectively denote as C', in such a way that they reproduce the singular be-
haviour of the real term R in the soft and collinear regions and, once integrated over
the extra radiation phase space, they yield the exact single and double poles of the
virtual amplitude with opposite sign. Formally we have

oNLO = / dDy [B(Dy) + V(Oy)] + / ADyi1 [R(®ny1) — C(@yi)],  (2.1.7)

where V' is the infrared subtracted virtual amplitude given by

V(dy) = {%@NH / dg’g;l C(<I>N+1)} . (2.1.8)

d=4—2¢

For the subtraction to take place, it must be possible to define a mapping between
the real emission phase space ® 1 and its underlying n-body configuration, that we
denote by ®y. This mapping is tailored specifically for each singular region in such
a way that:

e for soft configurations, ®y is obtained by removing the soft parton;

e for final-state collinear configurations, ®y is obtained by replacing the mo-
menta of the two collinear partons by a single momentum given by their sum;

e for initial-state collinear configurations, ® is obtained by removing the radi-
ated collinear parton and by replacing the momentum fraction of the initial-
state radiating parton with its momentum fraction after radiation.

For this reason, it is convenient to define a list of singular regions each identified
uniquely by the superscript «,.. In this way for each singular region we have a map-
ping M (@) that defines a one-to-one correspondence between ® .1 and its underlying
n-body phase space configuration <I>§§“*) plus three more variables that describe the
radiation process. We have

MO Dy — {30 )Y, (2.1.9)

» Frad
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such that the corresponding phase space element is given by

APy 4y = dD) da°r) (2.1.10)

rad °

The term C|, representing the subtraction counterterms in eq. (2.1.7), can then be
written as the sum over all the singular regions of distinct counterterms C®*), namely

C(®ns) =y CI(@F, 027). (2.1.11)

To avoid unnecessary complications, in the following section we will adopt the short
notation

e (2.1.12)

meaning that all the quantities appearing inside the square bracket that are affected
by the superscript of the singular region must be evaluated in the region .

2.2 The POWHEG method

The POWHEG method is a technique to perform the matching of the NLO fixed-
order computations to parton shower generators. The procedure was first introduced
in Ref. [10], discussed in detail in Ref. [11] and then implemented in the POWHEG-
BOX framework, described in Ref. [12]. The core idea in POWHEG is the generation
of the hardest radiation using the exact NLO matrix element before the event is
passed to the shower generator, which in turn will provide any subsequent softer
radiation. The main issue is avoiding double counting, as the emission generated
by POWHEG is, in principle, already accounted for in an approximate way by the
shower. For shower algorithms that are ordered in transverse momentum the solution
is simple, since each radiation is generated with smaller p; than the previous one,
meaning the hardest emission is always the first. In this case POWHEG replaces the
hardest emission with its own NLO accurate one. Angular ordered shower generators
may instead generate soft radiation before generating the emission with the largest p.
This requires the implementation of the so-called vetoed-truncated shower, described
in details in Ref. [10], which consists in a shower algorithm that is fully equivalent
to the angular ordered shower, but in which the hardest emission is generated first.

Before discussing the implementation of the method, we need to define some
quantities related to the separations of the singular regions and the different flavour
structure of the tree level process. We can introduce a label f, to keep track of the
flavours of the n-body process, ignoring any permutation of the final state particles.
For any given flavour structure we then have a born and a virtual contribution, B/
and V't respectively. As for the real emission terms, we can use the superscript o,
introduced in the previous section, to isolate the contribution to the real cross section
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that is singular in only one singular region of integration and has a specific flavour
structure:

R=> R (2.2.1)

Now for each flavour structure we can define
B (®y) = B (dy) + VI(Dy)

+ Z / [d@rad {R(®n11) — C(Pn11)} 7 (2:2.2)

ar€{ar|fo} o
where the sum is performed over all the singular regions that are mapped to an
underlying n-body configuration characterized by the flavour structure f,. In short,
B/» and B' are the LO and NLO differential cross sections for the process identified

) w in the last term means that the

by the flavour structure f,. The notation CTDE\?T
arguments between the brackets, which depend on the kinematics obtained via the
mapping in eq. (2.1.9), are evaluated for values of the barred phase-space variables
® equal to . This identification only makes sense if the flavour structure of the
underlying n-body process for the region corresponding to «. is equal to f,, which is
guaranteed by the criterion specified via the sum.

Then we can introduce the following Sudakov form factor

Al (@, pr) =expd — Y d® Me(k (Pni1) — pr) e
pwg N?pT - p rad be((bN) T N+1 pT
ar€{ar|fs} ar

(2.2.3)

Here kéo”) is a quantity used to measure the hardness of the emission. It is a function

of the kinematics of the region «, and becomes equal to the transverse momentum

of the radiated parton as it approaches the singular limit. More specifically:

e for initial-state collinear singularities, in the collinear limit k. is proportional
to the transverse momentum of the emitted parton with respect to the beam
axis;

o for final-state collinear singularities involving two momenta k; and k; becoming
collinear, k; is taken as the spatial component of one of the two momenta
orthogonal to their sum.

With these ingredients, the POWHEG cross section for the generation of the
hardest emission is defined as

do = Z be(q)]v) d@N Afb ((I)Nap?in)

pwg
fo

) (2.2.4)
R(®n1) NN

S| Ak kot ) G

or€{or|fp}

Qo



2.3. The MiNLO’ method

This result has the following properties:
e it is NLO accurate for inclusive observables;
e it correctly reproduces the NLO cross section for large values of k.?;

e the structure of the shower is left untouched, as only the first emission, which
is the hardest, is replaced by the NLO accurate one.

2.3 The MiNLO’ method

In the previous section we discussed how POWHEG performs the matching of the
NLO fixed-order computation to the parton shower without spoiling the leading
logarithmic structure of the shower itself. This means that, if we consider for example
the process in which a colour singlet F is produced, using POWHEG we obtain
NLO accuracy for distributions inclusive in F, LO accuracy for observables that
rely on the presence of one jet and leading-logarithmic (LL) accuracy (LL is the
accuracy of standard parton showers?) from the second jet onwards. We can also
construct a FJ generator, in which at lowest order the diagrams already contain one
coloured final state parton. In this case we would have NLO accuracy for distributions
inclusive in FJ, only LO accuracy for distributions with two jets and shower accuracy
for subsequent emissions. This logic can be applied to processes with any number
of jets at Born level. Moreover, all these processes achieve predictions that are
complementary in accuracy and they overlap in some regions of the phase space.
Thus it is desirable to merge them within a single framework in which for each
jet multiplicity the highest accuracy is retained. For merging inclusive and 1-jet
predictions® at NLO, this process can be realized via the MiNLO’ method [16], which
provides a modification of the NLO cross-section formula for the production of a
colour singlet plus one jet, such that it gives NLO accurate results also in the region
in which the transverse momentum of the jet vanishes. More specifically we will
briefly discuss the application of the method within a the POWHEG framework.
The merging problem was already addressed through multiple different solu-
tions [17-20, 53-56], that typically share the same fundamental issue: they require
the introduction of an arbitrary, therefore unphysical, scale. This scale is used for
partitioning the phase space according to the jet multiplicity: in this way each gen-
erator contributes only to the jet bin for which it is NLO accurate. The results are

3There is an argument to be made for the accuracy of non-inclusive observable being spoiled by
the ratio B/B encoded in the Sudakov form factor in eq. (2.2.4). To remedy, this one can introduce
a damping procedure via the splitting of the real contribution into a singular part and a finite part.
Additional details on the topic can be found in Refs. [12, 48]

4Much progress has been made in recent years as far as the accuracy of parton showers is
concerned, see for example Refs [49-51].

5An extension of the method which includes higher jet multiplicities can be found in Ref. [52]

10



2.3. The MiNLO’ method

then assembled together to obtain inclusive predictions. The choice of the value of
the arbitrary scale is very delicate, as it can spoil the reliability of the computation,
leading for example to the hard jets being described with low accuracy. Moreover,
within reasonable limits, the choice of the scale must not affect the final result as the
latter cannot depend on the value of unphysical parameters.

The MiNLO’ approach was proposed to perform the merging of different gener-
ators without the need for the introduction of any additional scale. It was developed
from the MiNLO method [15], which stands for Multi-scale Improved NLO, that was
introduced to define an a priori criterion for the selection of central scales in NLO
computation. It can be seen as the NLO extension of the reweighting method used
in tree-level matrix element and parton shower (ME+PS) merging algorithms, such
as the CKKW approach [57].

Consider the POWHEG implementation of the FJ process mentioned above,
namely the production of a generic color singlet F plus one jet at tree-level. The
NLO inclusive cross section for the computation of the underlying Born kinematics,
denoted by B in the POWHEG formalism, is given by the sum over all the flavour
structure f, of eq. (2.2.2). In the original MiNLO method, a modification of the
POWHEG B function is introduced via the inclusion of a Sudakov form factor and

with the use of appropriate scales for the couplings, according to the formula

B = ulp) 84Qupe) [ B (1= 280Qupn)) +V + [avuar ], (23)

Here () is the hard scale of the process, that can be identified with the virtuality of
the color singlet F, while the transverse momentum of F is represented by p. Note
that in eq. (2.3.1), one power of the coupling constant was stripped away from the
Born, virtual and real contribution, and it was factorized in front with its explicit
scale dependence. The Sudakov form factor A is given by

T

Q? dq2 ) Q2 )
a@p=ew i~ [ aaos L+ B | b 232
p
and by expanding it in powers of a, we get
A(QapT) =1+ A<1)(Q7pT) + O(O‘z) (2'3'3)
The functions A and B admit a perturbative expansion in the strong coupling con-

Alay) = i (%)”AW, B(ay) = i (;—;)"BW, (2.3.4)

stant

so that at order a; the expansion of the Sudakov form factor in eq. (2.3.3) can be

written as 1 Q2 02
AQ 2402 Y L B ge | 2.3.5

- 11 -



2.3. The MiNLO’ method

The inclusion of a Sudakov form factor in the calculation described by eq. (2.3.1)
introduces NLO corrections to the FJ cross section, leading to double counting and
spoiling the overall accuracy of the computation. The subtraction of the A® term
is a crucial ingredient of the method, as it compensates for the double counting thus
restoring the NLO accuracy.

In the original MiNLO approach only A®M, A®) and BM are taken into account
and they are known in the literature (see Ref. [58] and references therein, in particular

Refs. [59] and [60]). The A coefficients read

Al(;l) = Oca
67 w? 10 (2.3.6)
A® =, ——— | - =T
e R ST A
where T, = 1/2 and ny is the number of active flavours. Note that previously

we dropped the flavour index for ease of notation. Now we reintroduced the sub-
script ¢ = q,q, g to distinguish between quark and gluon lines respectively, with

C,=Cyz=Cy and C, = C,. As for B we have

3
1
Béq—) = _§CF7 Bs(il) = —2mfo, (2.3.7)
where [ is the customary first order QCD beta function, given by
= — = 2.3.8
e (238)

The improved MiNLO method, presented in Ref. [15] is based on the fact that
the singular part of the NLO cross section for the FJ generator must yield the same
result of the O(a?) expansion of the NNLL resummation formula for the transverse
momentum of the color singlet. This can be achieved by introducing two upgrades
to the original formalism:

e together with the coefficients A1), A® and BM, one must also include B® in

the computation;

e the additional power of a, entering the NLO contributions, namely V', R and
the expansion of the Sudakov form factor A, is evaluated at the transverse
momentum of the color singlet F. The same scale choice is applied also to the
factorization scale entering the PDFs.

Unlike the results described in eqgs. (2.3.6) and (2.3.7), which are universal, the
explicit expression for B® is process dependent. In the case of Drell-Yan production
it was computed in Ref. [61] and it reads

2 2
@ _|({7 3 9 m., 17 1
By ov) = [(3 -3 GCS) Cr + <—1—87r — 51 736 ) G+ (5 + 5 ) Oy
+ 7P G Cre + 7B Hipy,
(2.3.9)

12



2.3. The MiNLO’ method

where

7
Higyy = Cs [EWZ - 8} (2.3.10)

is the hard virtual coefficient. By putting all terms together, along with the explicit
expression for the one-loop beta function in eq. (2.3.8), we get

2
(2) - e 3 2 11 9 193 17 1 2
Bq,(DY) = |:<7 - g - 6C3> CF + (1—87T — _24 + 363 CACF + E — 57’(’ CFTLf
(2.3.11)

Note that these results come from the framework of resummation, which is often
performed in b-space, where b is the impact parameter that is Fourier conjugate to
the vector boson transverse momentum®. As shown by Ellis and Veseli [63], exact
agreement at order o can be achieved between the two formalisms by means of the
following additional replacement

B® — B® 4 2¢;(AD)2. (2.3.12)

In fact, at each order n in perturbation theory, one gets different logarithmic con-
tributions of the type o”L™ with 0 < m < 2n — 1, where L = log(Q?/p2). At order
a? we have perfect correspondence between the coefficients in b-space and the ones
in pr-space only if we drop NNNL contributions. That is, if we consider terms only
up to NNL accuracy, meaning up to O(a?L). By including the term in eq. (2.3.12),
we absorb the first term in the NNNL tower of logarithms thus restoring the agree-
ment between pr-space and b-space formalisms (see also Appendix A of the MiNLO’
paper [16]).

Finally we stress that, because of the non perturbative behaviour of the strong
coupling constant in the low energy regime, a minimum cut on the color singlet trans-
verse momentum, say p® = 1 GeV, must be necessarily introduced in eq. (2.3.1).
Other than the physical motivation, a cutoff is also needed for practical reasons,
mainly as a consequence of the numerical instabilities introduced by the computa-
tion of the matrix elements. However, due to the vanishing behaviour of the Sudakov
form factor in the limit p; — 0, the prediction is independent of the specific choice

min

of the cutoff for sufficiently small pi™ values.

6Tn this context, b-space is the more natural space to use as it allows an exact all-orders fac-
torization of the constraint (5(2)(]5'T — > i ki), where p is the transverse momentum of the vector
boson and ky; are the transverse momenta of the emitted gluons [62].
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Chapter 3

Electroweak radiative corrections

Because of its large cross section and clean experimental signature, the production of
a lepton pair via a Z boson, known as neutral current Drell-Yan (NC DY) process,
plays a central role in the precision physics program at the LHC and therefore requires
a very high theoretical accuracy. Given the high-precision measurement of the 7
mass at LEP, in fact, the investigation of the Z resonance is of great importance for
detector calibration at LHC and it represents a standard candle that can be used to
constrain the PDF's. It also allows performing precise tests of the SM and it plays a
fundamental role in the measurements of EW parameters, such as in the calibration
of p from pZ used in popular strategies for the determination of the mass of the W
boson in hadronic collisions. Moreover, in the high tail of the transverse momentum
and invariant mass distributions of the produced lepton pair, the NC DY represents
one of the main irreducible backgrounds to the searches for new physics at the LHC.

Thus, on the theoretical side, all these tasks require precise predictions with an
inclusion of both strong and electroweak radiative corrections and, simultaneously,
careful control over the remaining theoretical uncertainties. The largest contribu-
tions to the differential cross section come from the strong interaction and were
computed at NLO [64] and at NNLO [65-69] in perturbative QCD. Alongside the
NNLO QCD corrections, the NLO EW corrections have been calculated long ago for
NC DY in Refs. [70-76]. As far as N3LO QCD corrections are concerned, studies
on the threshold effects have appeared in Refs. [77, 78] and, more recently, inclusive
N3LO corrections have been calculated for the production of a lepton pair via photon
exchange [79] and for the fully inclusive NC DY [80, 81], while N3LO correction to
single-differential distributions can be found in Ref. [82]. The resummation of large
logarithms arising from soft gluon emission at small transverse momentum has been
studied in Ref. [83-94] and the combined effect of both QED and QCD transverse
momentum resummation has been discussed in Ref. [95, 96]. The mixed NNLO con-
tributions at order O(asa) have been addressed both in the pole approximation [97—

99] and in the narrow width approximation for QCDxQED [100], QCDxEW in
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3.1. Input parameter schemes

inclusive Z production [101-103] and fully exclusive Z production [104-106]. More-
over, the complete mixed O(asa) NNLO corrections to the NC DY process have
been reported for the first time in Refs. [107-110]. In the context of fully exclusive
event generators, the state of the art for DY calculations is represented by matched
computations which include a combination of factorisable effects of both QCD and
EW origin in a unique simulation framework [111-115]. Very recently, the resumma-
tion of EW and mixed QCD-EW effects up to next-to-leading logarithmic accuracy
has been presented in Ref. [116] for both charged and neutral current DY.

In order to perform higher-order computations in the electroweak sector of the
Standard Model, one has to specify the choice of a set of input parameters and
their numerical values. These parameters must be independent to guarantee gauge
independence, well-defined and precisely measured. The electromagnetic coupling
and many of the masses satisfy these conditions and are often considered the op-
timal choice. Such input parameters are well-suited for on-shell (OS) renormaliza-
tion scheme. However, to make contact with QCD, sometimes MS renormalization
schemes are preferred. The input parameter schemes described in the following
section are formally equivalent, at a given perturbative order. Nonetheless the nu-
merical results they provide can be different due to the truncation of the expansion.
Although in principle the choice of the input-parameter scheme should be arbitrary,
there can be phenomenological motivation to prefer one scheme with respect to the
others, depending on the process or the observable under consideration.

3.1 Input parameter schemes

The most intuitive choice for the input parameters consists of the electromagnetic
coupling a = €?/(4m), the weak boson masses My and My, together with the Higgs
boson mass My, the fermion masses my and, in general, the Cabibbo-Kobayashi-
Maskawa matrix.

In the EW sector, the masses of the particles are defined as pole masses, which
means that the value of the mass of a particle is determined by the position of the pole
in its propagator. This is perfectly fine for massive bosons and leptons but not for
light quarks, because, as soon as QCD corrections are involved, the non-perturbative
behaviour of the strong interaction at the scale of the quark masses poses problems
in the definition of the pole masses. By all means, properly defined observables are
expected to be insensitive to the perturbatively problematic light quark masses, as
will be discussed later.

The discussions on the Higgs sector falls outside the scope of this work. However
it is worth mentioning that the Yukawa couplings between the Higgs and the fermions
are not independent parameters and they are indeed fixed by the choice of the fermion
masses and other parameters. As a consequence, tampering with the relation between
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3.1. Input parameter schemes

the masses and the Yukawa couplings introduces a violation of gauge invariance and
can lead to inconsistencies in the results. In the same way we will not address the
CKM matrix, as it can only become relevant in charged-current processes that involve
the mixing between quark flavours.

For the boson masses, My, My, and My, the simplest choice is to use the real
on-shell masses. This approach fails, however, when the instability of the bosons is
taken into account via the inclusion of their finite decay widths. We can write the
propagator function of a massive boson V' with momentum ¢ as

2

Fy(q?) (3.1.1)

@k

where the complex quantity puf = MZ — iMyTy specifies the location of the pole
of the propagator in the complex plane. The width of the boson I'y enters the
denominator of the propagator only after performing the Dyson summation of all
the self-energies insertions, which leads to a mixing of the perturbative orders. Thus
the proper introduction of finite-width effects is non trivial and, if done carelessly,
can easily compromise gauge invariance. We briefly discuss two of the most popular
solutions to this problem®:

e The pole scheme [118] is based on the observation that both the location of the
pole of the propagator ui- and its residue in the amplitudes are gauge indepen-
dent [119]. So one can first isolate the residue of the resonance under consid-
eration and then introduce a finite decay width only in the gauge-independent
resonant part. If higher-order corrections are taken into account, due to the dif-
ficulties posed by full off-shell calculations, a pole approximation is employed.
The idea is to use the resonant amplitude defined in the pole scheme upon ne-
glecting non-resonant parts. This procedure provides a gauge-invariant answer,
but restricts the validity of the result to the resonance region only and is not
reliable in the threshold regions.

e In the complex-mass scheme (CMS) [120, 121], the masses of each unstable
particle V' is consistently identified with u?, i.e. with the location of the poles
of the propagator in the complex plane. This scheme fully respects all relations
that follow from gauge invariance as long as the complex masses are introduced
everywhere, meaning that also the couplings can become complex. This is the
case, for example, for the couplings involving the weak mixing angle which, in
CMS, is defined via the ratio of the complex mass squared of the gauge bosons,
namely cos? Oy = 3, /p%. Additional details can be found in Ref. [122].

LA more detailed analysis on the topic can be found in Ref. [117].
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3.1. Input parameter schemes

Note that our choice? of the input-parameter scheme employs the coupling constant
a and the two vector-boson masses M, and My, on top of My and my. This
means that, in this context, the weak mixing angle, #y, is not an independent input
parameter. Indeed, taking it as an independent parameter in addition to My and
My, like setting sin Ay, to the sine of the effective weak mixing angle at the Z pole,
can, in general, break gauge invariance, leading to wrong results even at LO.

For the electromagnetic coupling v = e?/(4r), the standard definition is a = «(0)
which means that it employs an on-shell renormalization condition in the Thompson
limit3, i.e. photon momentum transfer Q* = 0. When the typical EW scales are
involved, such as the masses of the gauge bosons, this choice leads to large loga-
rithms of the ratios between the fermion masses and the gauge-boson masses. These
logarithms are related to the running of the coupling itself from Q2 = 0 to the high
scale Q* &~ M2. Therefore they can be reabsorbed by choosing a suitable scheme for
.

We report here the definition of three different input schemes. The various
choices differ by 2-6% and the most appropriate scheme depends on the nature of
the process. The possibilities are:

e «(0) scheme: the fine-structure constant is defined by the Thompson value,
a ~ 1/137. As mentioned above, in this scheme, the higher-order corrections
depend on the light-quark masses via a factor of alogm, that enters the charge
renormalization.

e a(My) scheme: the value of the coupling constant is given by the effective elec-
tromagnetic coupling a(My) ~ 1/129, where «(0) is evolved via renormalization-
group equations from the Thompson limit Q% = 0 to the Z pole. In this scheme
the terms alogm, are cancelled by a quantity that is typically denoted by
A« (Mz), which accounts for the running of the coupling from 0 to M.

e G, scheme: an effective value derived from the Fermi constant G, is used,
namely ag, = v2G, M (1 — M2, /M2)/7. At higher orders it receives con-
tributions from Ar, which describes the radiative corrections to muon decay.
Again, the light-quark mass effects are cancelled, due to a compensation be-
tween Ar and Aa(Myz).

Note that this does not imply that there is only one value of «, but it is crucial that
a common coupling factor is used in complete subsets of diagrams that are gauge-
invariant in order not to spoil consistency relations. Corrections to LO contributions

2There are other possible choices for the input-parameter scheme, such as for example the
(v, sin? Oy, Mz) scheme or the (o, G, Mz) scheme, that are described in details in Ref. [115].

3Note that, in literature, the Thompson limit can also be denoted as a(m.), due to the electron
being the lightest charged object whose quantum loops can contribute to the running
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3.2. Renormalization in the OS scheme

scaling with different numbers of powers of the coupling can be treated independently
as they belong to disjoint gauge-invariant sets.

3.2 Renormalization in the OS scheme

Canonically, the discussion on renormalization requires the distinction between bare
quantities, denoted here with the subscript 0, renormalized ones and counterterms.
This procedure must be repeated for all the parameters, such as masses and coupling
constants, as well as the fields that correspond to physical particle states and those
that contribute to the unphysical sector, such as the ghost fields or the would-be
Goldstone fields. In this section we are mainly interested in the charge renormaliza-
tion, usually written as

eo = (146Z.)en, (3.2.1)

and the changes that need to be introduced with the different definitions of a.

3.2.1 The a(0) scheme

We can proceed by steps, starting from a simplified case by considering a process
without any external photon in the initial or final state. In QED each vertex gives
a contribution 67, + %(52 A, where 07, is the counterterm introduced for the photon
field renormalization. For each internal photon propagator we get a contribution
proportional to 674 that cancels with the two corresponding vertices. This means
that for each power of the coupling «, we get a relative correction 207, to the cross
section. The charge renormalization factor in the «(0) scheme is given then by
5Z€OS _ EHAA(()) . S_WE?ZSO)
a(0) 2 cw M3

(3.2.2)

where we introduced the shorthand notation for the trigonometric functions of the
weak mixing angle

sy = sin Oy, cw = cos Oy . (3.2.3)

In eq. (3.2.2) we denoted the transverse part of the photon-Z two-point function
as ¥4Z, while the vacuum polarization is related to the photon self-energy via the

relation
m4(q*) = —Eézng), (3.2.4)
that, since lim,_,0X44(¢?) = 0, at vanishing photon momentum transfer, can be
written as
1144(0) = %:2((]2) (3.2.5)

7°=0
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3.2. Renormalization in the OS scheme

We can isolate the fermionic contributions from the terms related to the W boson in
the two-point functions

S =) 5@ + S (d),
7
S22 = ) 5@ + S5 ()

f

(3.2.6)

For the photon self-energy we have

a |2
S ) = —7{§ch 207 [ — (¢ +2m7) Bo(q®, my,my)

2
+2m3 By(0,my,my) + %} } (3.2.7)

«
29%(&) — —E{(SqQ +4M3,) Bo(q?, My, Myy) — 4M3, Bo(0, My, MW)}, (3.2.8)

where By is the scalar two-point function which is uniquely specified by the momen-
tum ¢? and the masses of the legs. If we take the derivatives with respect to ¢* we

get
82??‘ « 2 2 2 2 8 9 1
o | in 3Nf2Qf{ Bo(q”,myg,my)—(q +2mf)3_q230<q 7mf7mf)+§} 7
(3.2.9)
aEAA a 5
—agéw _ _E{SBO(CF,MV%MW) +(3¢° +4MW)WBO( MW,MW)}. (3.2.10)

We can now evaluate the equations above in the limit ¢*> = 0 using

0 1
¢ o
so that eq. (3.2.5) becomes
a )2
T44(0) = — E{ﬁ > N/ 2Q3=Bo(0,my, my)] + {330(0 My, My) + }
!
a2 7 M7 2
=——¢ 2 Y NI2@3| - A 1 Ayy — -
4ﬂ{3; c Qf|: uv + OgMD}‘H’){ uv P ] 3}

v
fermions Wboson

(3.2.12)
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3.2. Renormalization in the OS scheme

where we introduced the following notation to match the literature

I'(1+e)

Ayy = (47)° . (3.2.13)

Note that, in the on-shell scheme, Ayy and pp always come in the combination

X2

D

where X is a generic scale of the problem. This introduces a dependence of the
vacuum polarization on the logarithm of the masses of all the particles running in the
loop, including the masses of the light quarks which are perturbatively ill-defined®*.
The issue with hadronic vacuum polarization will be discussed in details later.

We can proceed in the same way for the photon-Z two-point function. The
fermionic part is given by

AP = —%{2 N (-Qp)(g} +g7) [ (¢ + 2m2) Bo(g®, my,m))

3
] } (3.2.15)

1 1
S (@) = a { — [((90% + §>q2 + (123 + 4)M5V) Bo(¢?, My, M)

_E 3SWCW
}. (3.2.16)

—(q* +2m3) Bo(q®, my, my) + 2m3 Bo(0,my,mys) =0 (3.2.17)

W[,

+ Qm? By(0,mys,myg) +

while the contribution coming from the W boson is

2
—(12¢%, — 2)M2, Bo(0, My, M) + %

We note that for ¢*> = 0

which means that, in the vanishing transfer momentum limit, all contributions to
Y42 originate from the W-boson loop, namely

o 1 M?2
227(0) = £74,(0) = {— 6M;, (AUV —log MgV ) } : (3.2.18)

_E 3SWCW D
1
3 .

(3.2.19)

Putting all terms back together, eq. (3.2.2) becomes

2

2 m 7 M?2
5798 = “LUESNTNIO2] — Apy +log —L | + L Agy — log 2T
N e 3; Q) vv T log 2 +2 uv — log 2 +

D D

4Quark masses can be estimated from mesons masses. However, being ¢§ bound states, the
values that can be extracted include also effects coming from the bounding energy.
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3.2. Renormalization in the OS scheme

This result explicitly includes mass-singular terms of the form a log mfe for each light
fermion f which practically speaking are contained in a new term that quantify the
evolution of « induced by vacuum-polarization effects, coming from light fermions.
More specifically we define

Ac(M}) = T144,(0) — Re 174, (M3), (3.2.20)
where, excluding the top quark, all other fermions f contribute.

In order to compute Aa(M32), we can separate the contribution from fermions
with well-defined masses, i.e. the leptonic contribution, from the hadronic one

Aa(M3) = Aap(M2) + Aag(M3). (3.2.21)

In the case of leptons we already have an expression for H’;‘A(O) that can be taken
from eq. (3.2.12), so we just need to compute the second term in eq. (3.2.20). From
eq. (3.2.4) we have

i) = Sz o 120 [ (M2 — m2)Bo(MZmy.my)

E%’;‘f(Mg) a 1 |2
M% 47TM% 3

M2
+2m2 By (0, mymy) + TZ} } (3.2.22)

Assuming Mz > my we can take the m; — 0 limit

m M2
Bo(MZ,mys,my) f—_>)OAUV+2—i7r—log—22 (3.2.23)
D
so that
Adrrgoy )2 f o2 5 M%
Rer (MZ)__E{g CQQf[—AUv—§+1OgT% . (3224)

Thus for a generic fermion f we would have

a |2 5 M?2 m5
Aap(My) = 0 {chf 207 [5 - 1ogm—§ } + 0 (Mé) : (3.2.25)

Note that there are contributions coming from H?A(Mg) that introduce a non-
logarithmic dependence on the fermion mass and are power suppressed. Moreover,
the result presented in eq. (3.2.25) is perfectly defined for leptons, but it still poses
severe problems for light quarks, as they do not exist as free particles and they
hadronize.
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3.2. Renormalization in the OS scheme

3.2.2 Hadronic vacuum polarization

The simplest and most straightforward way to solve the issue of hadronic vacuum
polarization is just to define the light quark masses as non-physical parameters and
enforce the constraint given by

a(0)

TR0~ a®™P(M3) (3.2.26)

where a®™P-(M2) is the experimentally measured value of the coupling constant at the
scale of the Z boson mass and Aa(M%) is computed as a function of m,. In practice
this means using the same formal expression for Aay(M32) given for f € {leptons}
in eq. (3.2.25) also for light quarks, while adjusting the values of the quark masses
such that the resulting value equals the one obtained from experimental data.

Another option is to exploit the hadronic ete™ annihilation data by using an
approach [123, 124] based on a dispersion relation and the optical theorem. In order
to do so, let us slightly change the notation to match the literature

0x7%(¢%) Re (577(¢)
Aay(q®) = g—@ — # = T1;(0) — TT4(¢?) (3.2.27)
? |, q
q*=0
and
Aap(q®) = Aag(g®) = —Rell(g?). (3.2.28)
feH
We will show that
5 @ * Ryaa(s)
Rell(¢®) = — ¢* R / ds —5—=—— 3.2.29
e(g’) 37 e{m% Ss(q2—s+ie) ( )
where
Ryt — o(ete” — 4* — hadrons) (3.2.30)

olete” =y = ptp~)
is the ratio between the hadronic experimental cross section and the muon pair
production cross section in ete™ annihilation.

We can start by briefly recalling the optical theorem, starting from the unitarity
property of the S matrix

S=1+iT, S’S =1, —i(T — T =TT, (3.2.31)

where S and T are the customary scattering matrix and transition matrix respec-
tively. Now if we write the generic matrix element between two states as

(fIT iy = 2m)* 6 (py — pi) T, (3.2.32)
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3.2. Renormalization in the OS scheme

via the insertion of a complete set of states written as 1 =Y |n) (n|, we get

2m)* 6D (py —pi) (Tpi = Tjp) =i Y _ (fITT|n) (n| T|i) (3.2.33)

n

so that
(Tpi = T5p) =i > (2m)* 69 (pi = pn) Ty T - (3.2.34)

If we consider an elastic scattering, that is |i) = |f), then the real part on the left
hand side cancels, namely

2Im(Ty;) = Y (2m)* W (pi — pa) [ Twil* = > 25 0(i — n). (3.2.35)

This means that we can relate the imaginary part of the amplitude associated with
the process, where the initial state goes into itself, to the total cross section with the
same initial state, times a flux factor. Graphically we have

P1 n

P1
2Im :2320
n P2

P2 P2

a | (3.2.36)

Going back to the fermionic contribution to the photon self energy we have that

| real for ¢* < 4m?
4 (¢?) is ) )
complex for ¢° > 4m?

where m, corresponds to the lightest mass for producing a final-state pair of particles.
In this context, it is given by the lightest hadron, i.e. the pion. It is possible to
uniquely define an analytic continuation, ¢*> — z € C, such that

4 (z) = I (2%) (3.2.37)
where

if Re(z) < 4mZ then I1#4(2) is continuous,
if Re(z) > 4m? then we need a branch cut on the real axis.
In order to compute H;‘A(qQ) we can employ Cauchy’s integral theorem that states

that the value of a generic complex function f in a point 2y in the complex plane
can be obtained from the following integration

1

provided that zy is found within the region of the complex plane bounded by the
contour I". We refer to Fig. 3.1 for the depiction of a convenient contour for this
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3.2. Renormalization in the OS scheme

Figure 3.1: Integration contour for a function defined with a branch cut on the real axis, starting
from 4m?.

integration. In the limit R — oo, the external circular contour denoted as I'g
stretches to infinity in all directions on the complex plane. Assuming that f(z) — 0
as |z| — oo faster than 1/|z|?, the integral over 'y gives zero contribution. Similarly,
in the limit 6 — 0 the internal contour I's shrinks to a point and the integral over it
vanishes. Thus if we take zg = ¢ + ie with € > §, namely we move slightly away in
the complex plane from the branch cut, we can compute the integral in eq. (3.2.38)
as the sum of the two linear integrals over [; and [,. We have

F( +ie) = — /OO gp LB = fe=io) g (3.2.39)

2mi T — g% —ie

mz

Using the property in eq. (3.2.37) and taking the § — 0 limit, we get

Rell(¢*) = Re F /OO dsw} : (3.2.40)

— 2 —
T Jam2 S —q° — i€

Now if we consider the scattering process ete™ — ete™ in the forward limit we have

e e
P Jz

iM = &
o e (3.2.41)

_ (—ie)T(p )y v(po) [—q%(—H(qQ»] S(p2)pu(pn)

where ¢ = p; + ps is the momentum of the virtual photon. Taking the trace

Tr (v*0(p2)0(p2)vuu(p1)u(pr)) = —44> (3.2.42)
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3.2. Renormalization in the OS scheme

we end up with (M), = €I1(¢*) where we use the notation (... )sin to denote the
appropriate sum and average over the spin of the external states. Thus, using the
optical theorem given by eq. (3.2.35), we can write

2
q ete” adrons
Im (%) = 75 (o(a*) G ™ (3.2.43)

where ¢? is the flux factor for this process. Moreover, if we use the definition R}.q
in eq. (3.2.30) and the well known result for the ete™ — ptpu~ cross section

ovvete——utu— Ao
<U(q >>spin ro - 3(]2 ) (3244)
we end up with
2 ¢ 2 ovwete-—putu- O 2
ImH(q ) = ? Rhad(Q ) <U(q ))spin - g Rhad(q ) (3.2.45)

which, together with eq. (3.2.40), gives us

(6% & Rhad(s)
ReTl(¢’) = —R ds—————| . 3.2.46

eM(g’) 3 e{/4mgr Sq2—s+z’e ( )
In order to arrive to the final result in eq. (3.2.29) we need to discuss two remaining
issues:

e In general the photon self-energy is not a finite quantity as it contains 1/e poles
of ultraviolet origin. This means that IT(¢*) does not meet the requirements
for the use of Cauchy’s integral formula, as its analytic continuation is not a
holomorphic function.

e Unlike TI(¢2), the quantity IT(¢%) does not comply with the condition f(z) — 0
for |z] — oo since, as can be seen from the definition in eq. (3.2.27), it contains
I1(0) which is constant in ¢>.

To overcome these issues we can first take the non-divergent part of I1(¢?) by remov-
ing the term containing the ultraviolet pole, namely

1(¢*) — Pyv. (3.2.47)

Since the poles are purely real, that is Im Pyy = 0, we have that

Rell(¢*) — Puv = Re [l /400 ds w} (3.2.48)

— g2 —
T Jam2 S —q° — €

and for ¢ — 0 we get

T S — 1€

11(0) — Pyy = F /:o ds ImH(S)} . (3.2.49)

2
M
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Finally, putting all terms together, gives us

ReTl(¢®) = Rell(¢%) — T1(0)

el o (e
" Re {l e /4°° s ﬂ} (3.2.50)

T m2  S(s—q* —ie)

— = Re {/400 dSM}

3 m2  S(q% —s+ie)
3.2.3 The a(My) scheme

In order to remove the problematic dependence on the light-quark masses, which is
explicit in the result presented in eq. (3.2.19), it is convenient to move to a different
scheme for the definition of the coupling constant. By including the evolution via
renormalization group equation from Q% = 0 to Q* = M2 in the input value for a,
in fact, one effectively resums the problematic contribution in the definition of the
coupling. Therefore we have
a(0)

1 — Aa(M3)
where Aa(M3) is defined as in eq. (3.2.20). The introduction of this correction
amounts to a difference of roughly 6% in the input value of the coupling. Moving to
the a(My) scheme, that is removing «(0) in favour of a(My) at LO, means that at
loop order the Aa(M32) terms are subtracted, resulting in the cancellation of light-

a(M3) = (3.2.51)

fermion mass logarithms from the charge renormalization for the EW corrections.
In practice, the implementation of the scheme, requires a replacement of 07, in
eq.(3.2.2) with

sw 277(0)
Cw M%

This is the appropriate scheme choice for processes with only internal photons, as

1
02 a(Mz) 2 4(0) -

— %Aa(]\/@). (3.2.52)
it guarantees the complete cancellations of the unpleasant fermion mass logarithms.
If external photons are present, however, the EW corrections naturally include the
photon wave-function renormalization constant, 074, that already contains the terms
needed to cancel the aforementioned logarithms. This is a consequence of the QED
Ward identity which can be written as

1
6795 = —552535. (3.2.53)

This relation is tied to the fact that external photons couple with the scale Q% = 0,

5

which corresponds to the pure «(0) scheme’. As a consequence, if we consider a

5This is valid only if the photon acts as a proper external state and not, for example, in the
case of photon-induced processes in hadronic collisions where the photon is considered as part of
the content of the proton.
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3.2. Renormalization in the OS scheme

process with m external photons, the coupling factor o™ in the LO cross section
should be parametrized as a(0)™a(M2)"~™. This defines a mixed scheme in which
these large logarithms originating from light fermion masses can be avoided.

3.2.4 The G, scheme

In this scheme the input value ag, for the electromagnetic coupling is defined from

the Fermi constant G, which is known with high precision from muon decay. Nu-

o
merically we have

_ V2G, M, (MF — M)
r TM?2

This scheme provides the opportunity to absorb some universal corrections related

ag ~ 1/132. (3.2.54)

to the renormalization of the weak mixing angle in the LO contributions. More
specifically we can define the following relation

ag, = a(0) (1 — ArY) + 0(a?), (3.2.55)

where the factor Ar(") represents the full one-loop electroweak corrections to the
muon decay which, following the notation of Refs. [117, 125], can be written as

2
AT(I) = AO((M%) - ETWAp(I) + A"”rern? (3256)
w

with Ap(M) being the universal correction to the p-parameter, which is defined as
W TH0) TH()

A

(3.2.57)

and a small remainder given by

2 (ME)  jew X27(0) iy RFA(M7) — X77(0)

A rem — Ri
" ¢ M2 sw M3 Siy M3
5 SW (A2 — 2 (0 0 7 — 452
_ (CTW B > 7 ( W)2 7 (0) n o 2) (6+#10g03‘/) . (3.2.58)

As far as the running of the electromagnetic coupling is concerned, the G, scheme
is similar to the a(My) scheme, as in both schemes the input value of « is given at
some electroweak scale. This makes both schemes preferable over the a/(0) scheme as
long as external photons are not involved. In particular, since the definition of Ar()
contains Aa(M3), the G, scheme naturally reabsorbs the mass logarithmic terms
that appear in the charge renormalization factor. Indeed we have

1 Sw EAZ(O)
(SZOS — HAA 0) — 22 T
N Gu 2 ( ) Cw M%

1
— Emm. (3.2.59)

Moreover due to the presence of the factor Ap™), which originates from the OS
renormalization of the weak mixing angle, this scheme is the most appropriate choice
when describing processes in which the W boson is involved, while it is actually not
well suited for photonic couplings.
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3.3. Renormalization in the MS scheme

3.3 Renormalization in the MS scheme

Sometimes the MS scheme is preferred over the OS scheme for the renormalization of
the EW gauge couplings. While one could, in principle, employ the MS scheme also in
the renormalization of the masses, typically a hybrid scheme is chosen. Usually this
translates in the masses being defined on shell and so is the external photon wave-
function renormalization counterterm, while the electric charge and the weak mixing
angle are renormalized in the MS scheme. The MS counterterms are obtained by
taking their OS counterparts and by keeping only the Ayy term with the replacement

2
Apy = Ay — log 22 (3.3.1)
D
Although the choice of both scales in the previous equation is in principle arbitrary,
we must stress an important difference between them. If the value of the renormal-
ization scale py does not affect the result of the computation once all terms in the
perturbative expansion are taken into account, the truncation of the series intro-
duces a dependence on ug, typically be estimated via a scale-variation procedure.
The choice of the dimensional regularization scale up, instead, has no effect at all
on the result of the computation, provided that the same choice is applied in the
computation of the amplitudes. Practically speaking, the logarithms resulting from
the € — 0 expansion of Ayy cancel the dependence of the amplitude on pp, trading
it for a dependence on the renormalization scale.
For the charge renormalization factor we then would have

15 1 sy B4Z(0)
02552) = |yt - 22D
! 2 v MZ Juy

a(pq) ) 2 o2 pel 7 T
= I ESTNIQE] - Auy +log B2 | 4 LAy —log P2
Ar 3 g Q7 uv + log 2 + 5 |~uv —log 2|

—_

(3.3.2)

where a(p2) = e?(u2)/4m is the value of the renormalized fine structure constant in
the MS scheme evaluated at the renormalization scale y2. Note that in eq. (3.3.2) all
particles contributing to the self energy are considered light particles, i.e. with a mass
m < jig, thus the equation is only valid for the degrees of freedom that are lighter than
p2. In order to avoid spurious logarithms, we then have to account for the decoupling
of the heavier degrees of freedom by subtracting their contribution. In general this
decoupling procedure can be defined for any particle, as the renormalization scale can,
in principle, be taken small. For fermions the decoupling is given by the replacement

5755(i2)  6752) - U8 1257 Nz o(mt — st 1og L | (333
e (Mg e \Hg 47 3fcf f”RgM%’ "
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3.3. Renormalization in the MS scheme

while for the W boson the procedure is a bit more delicate as it depends on whether
a(p?) is defined with a threshold shift® at u2 = M3, or not. We have

7 M3 1
i

7l —3 + —} O(Mz, — p2). (3.3.4)

2
- - oy
028 () = 62 (i) — alin) 2
R

47
It is important to note that the decoupling term contains exactly the contribution
needed to go back to the OS scheme. For example, for every decoupled fermion
(m% > pi3) we have

o 2 92 M2 m2
52752y = — W) [2noop T Ay p1og ™ 10g 0| Y 25208 (335
e, f (MR) A7 3 c Qf uv + 0g /J/QD + og /,le:{ e, f ( )
and for the decoupling of the W boson

7

6ZMT§/<M2):_O‘<:U%) {_ i

2 M2l
{AUV “logR _1og =W 4 —]} — 670, (33.6)

13 pr o3

4 2

For processes involving external photons it is customary to define a hybrid scheme, as
mentioned before, where the wave-function renormalization factor for each external
photon is computed in the on-shell scheme, that is

« 2 m?
029 =23 SNIQ? | -Ayy +log —L 3.3.7
A . Zf: 3've Q@ f uv g 2| ( )
where, for simplicity, we are only considering the fermionic contributions. Note that
for each external photon vertex we then have

(i) (1 +207M5(12) + 5228) (3.3.8)
and taking 2 = 0, which is the prescription for external photons, we get
a2 = 0) (1 + 207812 = 0) + 52538) = ag (14262°% +6295) = ap.  (3.3.9)

For vertices with internal photons we can instead write the well-known relation be-
tween the bare parameters and renormalized ones both for the OS and MS couplings

eo = (1+0295) % = (1 + 52378(@;;)) MS(12), (3.3.10)

to introduce a prescription to go from the on-shell scheme to MS. Note that the
previous identity is well defined for all the OS-scheme choices related to the input
value of the coupling constant presented in this section. If we take the a(0) scheme,
for example, eq. (3.3.10) yields the following solution for the conversion of a®® in
MS

a(0)

1 — AaMS(p2)’

aluy) = (3.3.11)

6 Additional details on this can be found in Ref. [126] and references therein.
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3.3. Renormalization in the MS scheme

with the definition o o
AaMS(p2) =210295 — 6 ZM5(12)] . (3.3.12)

The charge renormalization factors 6295 and 6ZMS(42) have, by construction, the
same Ayy terms but paired with different logarithms, as can be seen in eqgs. (3.2.14)
and (3.3.1). This means that, in eq. (3.3.12), the two Ayy cancel each other leaving
behind a term proportional to log(X?/u2), X being the generic scale in eq. (3.2.14).
In addition we have the non-logarithmic finite contributions in §Z9% and the terms
related to the decoupling,

_ a (2 m?
Ao (pp) = =2 E{g > NZQjlog M—JQ(/L?{ —mj)
f R

(3.3.13)
7 Mv2v 1 2 2
where we used
M? M2, M2 2
log — - log M—Q (9(]\/[ — NR) = log — G(MR - M ) (3.3.14)
R R R

In this work, in order to avoid the complications introduced by the light quark masses,
we first perform the computation in the OS scheme and then move to the MS scheme
with the masses of all light quarks set to 0.

As a result, the decoupling described by eq. (3.3.3) needs to be implemented
only for the top quark and the leptons, while the contribution coming from the light
quarks is authomatically included in the input value of the coupling constant, as well
as in its running.
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Chapter 4

The MiNLO method for massive
final state emitters

In this chapter we discuss the modifications of the MiNLO formalism needed to
properly describe the production of massive final-state emitting particles. We start
by presenting the resummation formalism for the case of heavy-quark pair production
following the notation introduced in Ref. [127] and [128]. To this purpose we consider
the production process of a heavy-quark pair

hi(Py) + ha(Py) — Q(ps) + Q(pa) + X (4.0.1)

where X is to be intended as an arbitrary undetected final state. In the center-
of-mass frame of the collision, the kinematics of the final state is fully specified by
the invariant mass M of the heavy quark pair, M? = ¢* with ¢* = p§ + p}, the

B Analogously, the

transverse-momentum vector ¢;' and the rapidity y = log
individual momenta p§ (pf) of the heavy quarks are spemﬁed by the heavy-quark

mass mg, the rapidity ys (y4) and the transverse-momentum vector prg (Pry).

The fully-differential cross section for this process is given by

d0h1h2—>QQ+X(3 qr,y, M, (DQQ Z/ d21 dzg
dqu sz dy d@QQ s o
T T2 o do a1a2—>QQ+X(QTazl,227Ma q’QQ;%(N%%M%Mi)
X fal/hl _7 faQ/hQ 7,up qu_,szl dz2d®QQ 5

(4.0.2)

where ®,5 is just a place-holder for an independent set of kinematical variables
needed to specify the distribution of the two final-state quarks with respect to the

ITo make contact with the literature, in this chapter we will use g, instead of p; to denote the
transverse momentum.
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momentum ¢ of the QQ pair. The hadronic scaling variables x; and z are defined
as

M M
r) = ——=e’ Tog = —=e Y 4.0.3
1 s 2 \/g ( )
so that M? = z122s and y = 1 log(z1/22). In the same way, the partonic scaling
variables z; and 2, are used to express the energy fractions carried by the parton

entering the hard process

eV (4.0.4)

so that of course M? = 21258 and § = 3 log(z1/22).

In the large transverse-momentum region, namely ¢, ~ M, the perturbative
expansion of the cross section is controlled by the usual expansion parameter, namely
the coupling constant ay, and the fixed-order computation is well suited to describe
the scattering process. In the small-¢; region, however, logarithmic contributions
of the type log"(M?/q%) contained in the cross section become large and spoil the
perturbative expansion. To separate the two regions, we can split the hadronic cross
section into singular and finite components:

(sing.) (fin.)
d0h1h2—>QQ+X . do_h1h2—>QQ+X d0h1h2—>QQ+X (4 0 5)

Bgr dM? dy dDos B, dM? dy ddoy G dM? dy d®og’

This decomposition of the hadronic cross section implies a corresponding decompo-
sition of the partonic cross section
~ (sing.) ~ (fin.)

d&a1a2—>QQ+X — a1a2—>QC_2+X Ua1a2—>QC_2+X (4 0 6)
dZQ_)T le dZQ dq)QQ dQJT le dZQ d(I)QQ d2§T le dZQ d(I)QQ ) o

The first term on the right-hand side dé®™) contains all the contributions that
are singular in the small transverse-momentum limit. This includes both the usual
logarithmically-enhanced terms and also the contributions proportional to §(gr). The
second term, instead, is finite in this limit and can be obtained by fixed-order trun-
cation of the perturbative series. More precisely we define the finite component such

that
Q? de @) (2
im [ a2 |9l (4.0.7)
Q—0 J, dqz fo
order-by-order in perturbation theory. In the equation above the notation [Fl¢,,
means that the quantity F' is computed by truncating its perturbative expansion at

a given fixed order in aj.
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4.1. Structure of the cross section at small g

4.1 Structure of the cross section at small ¢,

For the purpose of this section we shall focus on the singular part of the cross section
which can be written as an inverse two-dimensional Fourier transformation with
respect to the impact parameter b

~ (sing.)

do . M2 d2b
a1a2—QQ+X i ,
d*qr dlzfdza d® g s / (2m)2 b Wa?t?z(s’b’ 21,22, R@s s (), L, i)

(4.1.1)

This expression embodies the all-order resummation of the large logarithms log M 2b?
at large b [127]. For processes mediated by ¢g annihilation at tree level, the depen-

dence of the partonic resummation factor Wa?(% on the impact parameter relies only
on the modulus b and not on the azimuthal angle ¢,. Thus it is customary in litera-

ture to perform the angular integral

2m
@ezgqryf b2 / bdb/ deb zqucosquf(bQ)

Am (4.1.2)
=3 / dbb Jo(bar) f(0%)
0
where the 0-th order Bessel function Jy(z) is defined as
1 " iz cos 6
Jo(z) == e do. (4.1.3)
T Jo

Therefore, the two-dimensional Fourier transform is often replaced by a one-dimensional
Bessel transform, allowing eq. (4.1.1) to be written as

~ (sing.)

. M2 [ b i
@a2QOYX QQ (4 ey 22
= db = Jo(b b d 5 12,
dg} dzy dzp dPoq 3 /  Jo(bax) Waie, (8,0, 21, 22, Dqs i), i )

(4.1.4)
where we used the fact that the integrand depends on ¢ only via its modulus to
write

~ (sing.) B A (sing.) B
a102—QQ+X - 1 a102—QQ+X (4 1 5)

d2q_:1« le dZQ d(I)QQ a ™ dq% d21 dZQ dq)QQ '

This expression in eq. (4.1.4) contains, in the process-dependent term Wa?ffz? the
all-order dependence on the large logarithms, which upon the Bessel integration
correspond to the g-space terms log(M?/q2).

There is some arbitrariness in the factorization between constant and logarithmic
terms [129, 130] which results in an intrinsic ambiguity in the choice of the logarithm
taken to be resummed. Indeed, the argument of the b-space logarithms that appear
in Wa?% can be rescaled as log M?b? = log Q%b* + log M?/Q?* as long as Q? does

not depend on the impact parameter b and provided that log M?/Q* = O(1) if
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4.1. Structure of the cross section at small g

bM > 1. Thus an auxiliary scale @), such that () ~ M, can be introduced to define
the logarithmic expansion parameter L, as

272

Ly, = log Q—f (4.1.6)
b5

where by = 2¢772 (yg = 0.5772... is the Euler-Mascheroni constant).

Note that the role played by the auxiliary scale @) is similar to the one attributed
to the renormalization (factorization) scale ug (pr) in the context of renormalization
(factorization). The all-order resummed cross section is independent of @) and the
explicit dependence only appears when it is truncated at some level of logarithmic
accuracy. As it is the case for py and uy, one can estimate the uncertainties associated
with the choice of the value of the scale () by taking variations around its central

value () = M. These estimations are, however, beyond the purpose of this work.

The singular component of the hadronic cross section can be written as

(sing.)
d0h1h2—>QQ+X o %2 / dzb Zb qT W QQ
(

(57 b7 Y, M7 (I)QQJ 05801%)7 :u?w Mf“)

PG dM2dydPog s 27)2 hha
) (4.1.7)
The factor Wh?,% is given by
dz1 dZQ 1 b2 T2 b3
Wh?}% Z / / fa1/h1 ( fa2/h2 ]
(o _

x Z 00 5o [ HQchc*Q] s (418)
where Jig)QQ is the lowest-order cross section for the c+¢ — QQ partonic subprocess.

The exponential term e~ is the b-space Sudakov form factor, analogous to the one
given in eq. (2.3.2), namely
M? 5 9 2
g dq M
e~ % = exp {— ﬁ% ? {Ac(as(qQ)) log ? + Bc(as(qz))} } (4.1.9)
b2
which encodes the resummation of the logarithms of the impact parameter originat-
ing from collinear and soft-collinear (meaning both single and double logarithms)
radiation coming from the initial-state partons. We recall that the functions A.(cv)
and B.(a) can be written as power series in the coupling constant

Alay) = i (52) Av (4.1.10)

n=1
B.(a,) = (g‘—;)nt"). (4.1.11)
n=1
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4.1. Structure of the cross section at small g

The term [HQQCng] tala
the parton distribution functions with the coefficient functions, has a different form

> which includes the hard function and the convolution of

for the ¢¢ annihilation and the gluon fusion channels. Here we can restrict the discus-
sion to qg-initiated processes without the need to include the rich Lorentz structure
that comes with the three gluon vertex, as once we go through the abelianization
procedure, such terms will no longer contribute. We have

[HQQ0102] — [(HA) 99 = (HA)L O, (21, 04) Cony (20, 00)  (4.1.12)

_ cc,a1a
cé,a1a2 14162

where the operators in colour space are denoted in bold letters. The coefficient
functions Cyp(z, a5) are process-independent functions defined via the choice of the
resummation scheme, as it is explained in Section 4.3. In eq. (4.1.12), the operator
A, which is specific of heavy-quarks pair production, encodes the resummation of
the single-logarithmic corrections due to the large-angle soft radiations from the QQ
pair and from interferences between the initial and final state. We can rewrite it in
the following form

A(b) = V) D(¢) V(b), (4.1.13)
where the operator V is the exponentiation of the soft anomalous dimension matrix
for heavy-quark pair production I';, namely

M? dq2 )
V() = Prewp = [ G Tu®agian(d?) p- (11.14)
52

The symbol P, means that the exponential matrix is path-ordered with respect to the
integration variable ¢. A convenient choice for the parametrization of the final-state
kinematic variables encoded in ® is given by the rapidity difference ysa = y3 — va
and one of the azimuthal angles ¢3 = ¢4. The explicit form of T'; is discussed in
details in Ref. [127] and will be recalled later on in this chapter. The operator
D encodes the azimuthal dependence of the heavy-quark pair system in the small
transverse-momentum limit due to wide-angle soft radiations. It exhibits an impor-
tant feature [127]: it is always possible to define it in such a way that (D),, =1, in
other words its average over the azimuthal angle ¢, results in a trivial contribution
at all orders.

It is important to note that for processes without final-state radiation, such as
the production of a color singlet F' in QCD, the factor A assumes a trivial form and
the color-space operator in eq. (4.1.12) becomes

(HA) = HE1 (4.1.15)

where HE is the usual process-dependent hard-virtual coefficient.
We can write the color-space operator in eq. (4.1.12) in terms of the scattering

amplitudes as . .

<MCE—>QQ’ A ’Mcé—>Qc§>

: .
’Mﬁé)—m)Q ’2

(HA)9? =

(4.1.16)
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4.1. Structure of the cross section at small g

All the amplitudes here are considered to be renormalized. The dependence on
the colour indices of the scattering amplitudes M for heavy-quark pair production
is represented by a vector |[M) in colour space. The all-orders infrared-subtracted
amplitudes ]/\A/l/ ) can be obtained from the un-subtracted ones | M), which are infrared
divergent, via the application of the appropriate subtraction operator

The operator I;_,o5(€) contains both a divergent part, uniquely defined in order to
cancel the infrared poles that appear at each order in the amplitude, and a finite part
which is, in principle, arbitrary. The exact definition of the latter depends on the
choice of the resummation scheme (see Section 4.3). Both the scattering amplitudes
and the subtraction operator can be expanded perturbatively

L. 0o(c) = Z (5) 0 (4.1.18)

Meaa) =3 (52) MY 40 (4.1.19)

where the additional powers of ay already present at leading order are included in
the definition of |M ). Using eq. (4.1.17) we can obtain ./\/l( 00 &t each order

c—QQ
as a function of ./\/l(, 00 and I(If 00 with £ < n. For instance, up to NLO we have
that
MO =MD ) (4.1.20)
CE—}QQ ca—}QQ ..
D 1) 1)
‘MCE*)QQ> ‘MCC*)QQ> ICC‘)QQ< ) |MCC‘)QQ> <4121)

We can write the first-order contribution of the subtraction operator as the sum of
two terms separating the final-state dependent part from the independent one

1) o(6) = I () + 1) (e). (4.1.22)

The first term contains the soft and collinear poles coming from the initial-state
radiation in the following form

1 I 1 7r2 2
IP(e) = I 4= — T? + T2 ’ 4.1.23
where (T;)® is the colour charge of the parton i. These colour charges are matrices
in either the fundamental or the adjoint representation of SU(V,), and their square,
defined via the product T; - T; = (T;)*(T,)%, is the corresponding Casimir factor
(Cy or Cy). The coefficients 7. (¢ = ¢, g) are given by

g = §CF» Vg = 6 (4.1.24)
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4.1. Structure of the cross section at small g

Note that these coefficients match precisely, modulus a minus sign, the Bgl) coeffi-

cients in eq. (2.3.7), as they both originate from hard-collinear radiation off the initial
state. The second term in eq. (4.1.22) contains the poles that originate from soft
radiation at large angles from the final-state heavy particles and from initial-final
state interference and it is given by

L2\ [ 4
I(Q%(E) =3 <VR2) {—g T3 (ys4) + FY (yaa) | - (4.1.25)

In eq. (4.1.25), I'" is the first-order term of the expansion in powers of (avs/2m) of

the aforementioned soft anomalous dimension matrix. It can be written as

1 21 - 2
T = —Z{(Tg + T —im) + > T;- Ty log (223 - Pr)”

2,72
j=12 M mq
k=3,4
1 1 1
42Ty Ty | o log 0 —ir [~ 41 (4.1.26)
2v 1—v v

where v is the relative velocity of  and Q

( Zmz2 >2
v=a 1o [T ) (4.1.27)
M?2 — 2mg2

The prefactor in eq. (4.1.26) might differ by a factor of 2 with respect to the one

found in literature due to the choice of the expansion parameter, as explained in
Appendix A. The dependence on the angular distribution of the heavy-quark pair can
be expressed in terms of their rapidity difference y34. Additionally we can introduce
the transverse momentum of the heavy quarks pr3 = pry = prq and the transverse

mass my = 1/77”% + pTZ). These kinematical quantities satisfy the relation M =

2my cosh(ys4/2), where M is the invariant mass of the QQ pair. Now we can write
the IR finite part Fgl) as

m2 ' D 2 1
FY = (T2 + T?) log (—;) + (T + T4)? Liy (—%Q + Ty Ty~ Ly, (4.1.28)

where the function Ls, is

14w m?2 20 1 14w
Ly =1 — ] 1 —ZL ) —2Li — Zlog?
i Og(l—v) Og(mé) 12(1—1—1}) 18 <1—v>
1—w 1—w 1
Lig| 1 — 4/ —— e Li,[ 1 — ~Ys4 —y? 4.1.29
12( 1+v€ >+ 12( 1+U€ >+2y34]7 ( )

+2
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4.2. MiNLO' formalism for heavy-quark pair production

with Lis representing the dilogarithm function defined by

Liy(2) = —/Oz%log(l —4). (4.1.30)

These first-order coefficients, namely I‘gl), Fgl) and D specify completely the pro-
cess dependent contributions to eq. (4.1.8) at NLL. Moreover, at NNLL the second-
order coefficients, I‘EQ), D® and the equivalent of F?) that would be the IR finite
contribution to the two-loop subtraction operator, are also needed. We report in

Appendix B the explicit expression for FgZ), computed in Ref. [127].

4.2 MIiINLO’ formalism for heavy-quark pair production

We can start by isolating the NLL contributions in eq. (4.1.14) by expanding the

M dg? a2(q) )
L= f, — 2Ft
b q (27‘(‘)

b2

second-order term. We have

V(b) = ViiL + O(a?), (4.2.1)

where

M?2 2
dg” o
Vi = P, exp {—/ e <Q)I‘§1)} . (4.2.2)

¥ g2 2w
b2

This procedure gives rise to several different corrections to the MiNLO’ formalism
that we presented in Section 2.3. Such corrections are described in details in Ref. [131]
and we will briefly discuss them. First of all, since it is no longer in exponential form,
the contribution to eq. (4.1.16) coming from the two-loop anomalous dimension can
be written as

MOp i e

where we shortened the subscript of the amplitudes for ease of notation. Such term
)

O p@1t , p@ ©) M2 g2 2
(M TP+ M) / dg” o (q) (4.2.3)

has the same functional form of the contributions stemming from the Bg coefficient
upon expanding the exponential e=%¢, so we can absorb it into a redefinition of the

Sudakov form factor via the replacement

0 2 2 0
MO TPT 4 T | MD)

B — B +
M|

(4.2.4)

Then we consider the terms coming from Vypp: by plugging it back in eq. (4.1.16)
we obtain

(M| Vi Ve [Mes)
M2

plus terms that vanish upon azimuthal integration and can therefore be safely ne-

(HA)X® = (HD)2? + O(a?) (4.2.5)

glected. The first term in eq. (4.2.5) produces contributions that are purely NLL,
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4.2. MiNLO' formalism for heavy-quark pair production

when Vypp, hits the LO amplitudes, and higher-order ones when the interference
with NLO amplitudes is involved. We can obtain both contributions via the follow-
ing replacement

(M vLLLvNLL Mee) (M| Vi Vs M) (Mee Mee)
ML M M

(4.2.6)

which, in addition, requires the adjustment of the B(f) coefficient via the inclusion

of two new terms needed to restore the MiNLO' accuracy?, namely

B2, g® _9pe (M IME) | ME T+ T |ME)
R | IMEP MEP
U T (4.2.7)
©pe | MEIEYT T |Mcc>].
M)

cc

As for the azimuthally-dependent term (HD)QQ it gives trivial contributions once
the average over the azimuthal angle is taken. This is true at NLO, but it would be
spoiled at higher orders in gluon-initiated channels, due to the interference between
D® and the coefficient functions. We can ignore this complication as it is needed
only when going beyond MiNLO’ accuracy. We have

_ Aq |2 _
@D)e2 = Mel” _ 500, (4.2.8)

M2

where the quantity ’HCC , representing the infrared-subtracted hard-virtual contribu-
tions, can be perturbatively expanded as

199 (a,) = f: (%)nHQQ ), (4.2.9)

n=
To summarize, with all the modifications introduced above, eq. (4.1.8) becomes

2 1 0 0
Wik = e S ) (M| VL Vi, IMY)

[

X Z [HQQ C’CCLl ® fal/h1) (Céag ® faz/hg)] , (4210)

a1,a2

where the symbol ® denotes the usual convolution

Uegw - [ () g0o) (42.11)

2A detailed explanation of this procedure can be found in Ref. [131]
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The effective Sudakov form factor is obtained from the one written in eq. (2.3.2) via
the following replacement Bg) — BE? with

0 2 0
B® _ @ | (M| T+ T M)
cC cc |MCE |2
M, T T 7(0
|M£2>|2 |M£2>|2 -
4 9Re < B LN VRNV VI
L |Mcé |2

Finally, in order to evaluate explicitly the exponential factor encoded in the term
(M © |VNLLVNLL |M£g)), it is possible to perform a rotation in colour space such
that the one-loop soft anomalous dimension is written in diagonal form. We have

e (MO VI Ve IMO) = | MO)2 Ze-sz @40) (4.2.13)

where n. depends on the SU(3) representation of the initial-state configuration,
precisely n. = 4 for quarks and n. = 9 for gluons. In this way the contribution from
I‘gl) can be included in the Bg? coefficients of the Sudakov exponent as

BY = BY + 4% (®00) (4.2.14)

where the functions 7{° are obtained from the eigenvalues of I‘El) and the coefficients
CC[Z I of the linear combination, satisfy the normalization »".°, (JQ ]((DQQ) =1.

4.3 Resummation scheme dependence

As mentioned before, the definition of some terms discussed in this chapter depends
on the choice of the so-called resummation scheme. It is the case, for example, for the
hard-virtual function H. and the coefficient functions C,; introduced in eq. (4.1.12)
as well as the B, coefficients in the Sudakov exponent. More specifically, it can be
shown [132] that the resummed component of the differential cross section for colour
singlet production, usually written in the form of eq. (4.1.8), is invariant under the
transformation

Hcé(as) — Hcé(as) [f(as)]_l )

dlog f(a,)
dlog o

Cab(Z, 045) — Cab(za as) [f(@s)]l/Q’

Bue — Bue — B(a) , (4.3.1)

where f(as) = 1+ O(as) is an arbitrary perturbative function. This ambiguity
in the definition of the factors in the set of equations above is a consequence of
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4.3. Resummation scheme dependence

the fact that the transverse-momentum cross section is a divergent quantity. The
arbitrariness involved in the regularization procedure is reflected in the way the
coefficient functions are defined and it is then propagated to the Sudakov form factor
and the hard-virtual function due to the collinear radiation. Therefore these factors
must be computed via the choice of a resummation scheme, which amounts to the
definition of H.: or C,, for both a qg-initiated and a gg-initiated process. Based on
the choice of the scheme, the process dependence of the factor [HCC].; in eq. (4.1.8)
is distributed between H.: and C,;3.

A simple choice for the resummation scheme for Drell-Yan processes consists of a
trivial definition of the hard-virtual factor, namely H2Y(«,) = 1, which corresponds
to f(as) = Hez(as). In this way, one fixes completely the process-independent form
factor e=%< and coefficients functions Cy;, as those determined from the DY process.
This prescription is widespread in literature due to its simplicity, because the Drell-
Yan transverse-momentum distribution is very well known.

One of the most popular choices is given by the so-called hard scheme, that is
the scheme in which order-by-order in perturbation theory the coefficients CC(LZ)(Z)
with n > 1 do not contain any (1 — z) terms. This definition entails that the process
dependence of the term [HCC|; is all contained in the hard-virtual coefficient H.z,
while the collinear functions Cy;, are completely process independent. The first-order
perturbative coefficients of the collinear functions in this scheme are given by

C(g)(z) = Cp(1 —2),
C(l)(z) =Cpz
gq )
(4.3.2)
C’é;)(z) =z(1—2),
Ol () = O3 (2) = Ol (2) = Oyl (2) = 0,

where ¢ and ¢’ denote quarks of different flavours.

In this work we employ the following definition for the first-order terms of the
expansion of the collinear coefficient functions

71.2

O (2) = =Py (2) — Crdapd(1 — s (4.3.3)

In this scheme, the first-order hard-virtual coefficient for the DY production of a Z

boson is given by

7
HY) = ¢, (67r2 - 8) . (4.3.4)

3Details on the discussion about the appropriate choice of the resummation scheme for the
production process of a heavy-quark pair can be found in Ref. [127]
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4.3. Resummation scheme dependence

The functions Pa(g)’E are defined as the O(e) part of the leading-order regularized

Altarelli-Parisi splitting functions Pa(l())) and they are given by

PO<(2) = -Ce(1—2),  PW(z) = —Ciz,

qq 9q
0),e _ 0),e _
Pg(g) (z) =0, Pq(g) (z2) = —2(1—2).

For completeness we report also the regularized splitting functions:

PO) = C, l% 81~ z)] ,

PO() = Cer [14+(1 - 207,

PO(z) = % [22+ (1 - 2)%],

PO(2) = 20, [(1 _Zz)+ 41 . “i(1- z)] 4 2mBod(1 — 2).
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Chapter 5

Abelianization of the MiNLOQO/’
method

So far, the MiNLO’ method, described in Section 2.3, has only been used to describe
QCD radiation, as the method is tailored for its application to the physics of hadron
colliders, where the processes are dominated by the strong interactions. As already
pointed out before, however, with the increase in the precision of the experimental
data, the relevance of the EW corrections is becoming more and more clear for the
precision physics program of the LHC and the future colliders. In general, handling
EW corrections is known to be a much harder task than dealing with QCD ones,
however, as long as we consider only IR divergences, EW processes are much simpler.
That is because they are either associated to the propagation of a virtual photon or
the emission of a real one, while the electroweak corrections, where massive boson
are involved, do not suffer from the presence of IR divergences due to the mass of
the boson acting as a natural regulator. As a consequence, the structure of the
IR counterterms required for EW corrections is in one-to-one correspondence with
the abelian subset of the QCD ones. As a result, for the purpose of this work we
can focus on the description of NLO QED corrections without having to add to the
diagrams any massive electroweak boson other than the one already present at the
lowest order.

In this chapter we want to describe the abelianization process needed to translate
QCD corrections to QED ones. We will give a general prescription for the abelian-
ization procedure as well as the results for the description of the MiNLO’ method
applied to the production of a massive lepton pair in neutral Drell-Yan production.

5.1 Abelianization prescription

We want to describe the abelianization procedure for the production process of a
colour singlet plus one jet starting at Born level. Clearly the first step consists of
removing any diagram where non-abelian vertices are involved, that is three-gluon
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5.1. Abelianization prescription

and four-gluon vertices. Note that in this context, photons are considered as partons,
i.e. constituents of the protons, to which we must associate the corresponding parton
density function, namely the photon PDF. This requires the use of a PDF set com-
patible with the determination of the photon content of the proton, as described in
Ref. [133, 134]. Then the abelianized processes can be obtained by simply replacing
the gluon with the photon. At NLO the strategy is the same, but keeping in mind
that unlike gluons, photons can be also radiated off charged leptons. In this work we
only consider QED corrections, so we will ignore the diagrams where the photon is
emitted from the massive electroweak bosons.

We introduce the following prescription to translate the equations discussed in
the previous chapters into QED formalism. For each particle we substitute the colour
operator T; with

T, = Q,0; (5.1.1)

where @); is the charge of the i-th particle. We introduced the sign factor o; for the
charge flow related to each fermion: specifically we have o; = +1 or 0; = —1 when
the particle is incoming or outgoing respectively. With this prescription the equation
for charge conservation becomes

Y=Y 0  — ) Qoy=0 (5.1.2)

i=initial j=final

where the last sum k£ runs over both initial and final-state fermions. Note that in
this way the equation for charge conservation becomes very similar to the one used
for colour conservation in Appendix A, namely

d Ti=0. (5.1.3)

To complete the abelianization process we can then use the prescription we just
presented to determine the QED equivalent of the resummation coefficients, A
and B((f), as well as the Altarelli-Parisi splitting functions Péz)(z) and the collinear
coefficient functions C’C(LZ)(Z) From the definition of the Casimir operators in QCD
we easily obtain their corresponding factors in QED as

Ce — Q7F, Cy, — 0. (5.1.4)
Additionally we have the replacement
ny — N (5.1.5)

where we defined

Ng n
NO=Ne) eh+ ) e (5.1.6)
q=1 =1
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5.1. Abelianization prescription

with n, and n; denoting the number of active quarks and leptons respectively. This
is a subtlety related to the difference between the presence of quark loops in pure
QCD results and charged-fermion loops in QED. In the former case, the coupling of
the gluon is the same for all quark flavours, resulting in a factor ny being produced.
Once we replace gluons with photons, we have to allow for the presence of virtual
charged leptons inside the loop and the coupling of each fermion is different as it is
proportional to its electromagnetic charge.

With the rules written above we get the resummation coefficients in QED: from
eqs. (2.3.6) and (2.3.7) we have the process-independent terms

(1),QED _ 2
Aj = Q7

(2),QED __ 5 9 a2
AP = —SQEN®, (5.1.7)

(1)QED 3 9

while the process-dependent coefficient in eq. (2.3.9) becomes

B@-QED _ 7T_2 3 6Cs ) (Q2)% + 1 + 7T_2 Q:N®@
1:DY 2 8 7)Y 12 d (5.1.8)
+ 7B QY + 265(AV ) 4 BQED HES,

where the hard-virtual coefficient is

HEP = Q3 { “n? - 8} (5.1.9)
and )
N
QED 5 (5.1.10)

is the lowest-order QED beta function. Then we report the leading-order regularized
splitting functions [135, 136]

—— + 01 —2)

1 ERas 22 3
P(O),QED

,QED 5.1.11
PR () = Q- [14 (127, (5:1.11)
QED
and the coefficient functions at the first non-trivial order
2
,QED ™
CHFP () =G5 (1= 2) - ot - 2)
Os;),QED(Z> _ Q? . (5.1.12)

O () = Q2 2(1 - 2).

Note that the equations reported in this section match the results of Ref. [95].
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5.2. Heavy-lepton pair production

5.2 Heavy-lepton pair production

Now we can apply these abelianization rules to the quantities introduced in the
previous chapter. In doing so, the colour structure is completely trivialized as the
QED equivalent of the colour matrices are just complex numbers. Starting with the
colour operator A in eq. (4.1.13) we can write it as

A¥P(h) = D(gy)[V ()", (5.2.1)

where

|V B2 = M dq2 QED 2
( )| =eXpq — b2 ?2Rert (y34,04(q )) : (522)

(0]

b2

Note that the path ordering with respect to ¢? in the definition of the exponentiation
of the soft anomalous dimension operator in eq. (4.1.14) is no longer required. By
inserting AQFP in eq. (4.1.16) we get

(HA)g = [V(0)?D() He- (5.2.3)

In this expression, the term D(¢;,) can be safely dropped once again, as the abelian-
ization does not spoil the fact that, as soon as the average over the angle ¢, is taken,
it gives a trivial contribution. In a similar way to what we already discussed for the
QCD case, the exponential term in |V(b)|? can be absorbed in the Sudakov expo-
nent. Indeed, from eq. (5.2.2) it is explicitly manifest that the contribution coming
from the QED soft anomalous dimension has the same functional form of the B-type
coefficients in the Sudakov form factor at all orders. We have the replacement

BOEDD) _, BAED() — BAED(D) 4 9 Re D), (5.2.4)

Note that this is the exact same result that one would get by abelianizing directly
the expression for EE? in eq. (4.2.12). That is because in QED the two contribu-
tions coming from the interplay of the one-loop soft anomalous dimension with the
interference between the LO and NLO matrix elements, namely the second and third
lines in eq. (4.2.12), cancel each other entirely.

Finally, the last term can be written as

gt = Moo Mezw) 3 <%>’H§é<i>_ (5.2.5)
ce ‘M(O) 2 2T
cc—ll =0

and from egs. (4.1.17), (4.1.20) and (4.1.21) we have

0 1
a (2Re(MP I MY
21

cC > 1
Hie =1+ — MO =l _9fW ()] + O(a?). (5.2.6)
cc—
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5.2. Heavy-lepton pair production

1)

The first-order subtraction operator [ not only removes the double and single

cc—ll
poles of both initial-state and final-state radiation origin, but also contains a finite

part, FQED (1), obtained via the abelianization of eq. (4.1.28). For a heavy-lepton
pair in the final state Q3 = —(Q)4, so if we apply the abelianization rules we have

T3 — 0'3@3, T4 — 0'4Q4 = —O'3Q3 (527)
thus

(T5 + T3) — 207,
(T3 + T4)* = 0, (5.2.8)
(T5-Ty) — Q.

where Q? is the squared electromagnetic charge of the final-state lepton. The IR
finite part of the abelianized subtraction operator then reads

2

mor
FRED) — 9(p2 log( ) Q7 - L L (5.2.9)
m v

l

with m; being the mass of the final-state heavy leptons. We can then write the
order o contribution to H/. as the sum of the one-loop infrared subtracted hard-

virtual coefficient for heavy-lepton pair production, H, Clé(l), and the finite part of the

first-order subtraction operator, FtQED’(l).

Now we can write the abelianized counterpart of eq. (4.1.8) as

dz dz T b2 T b2
= 2 [ 5, S (5 2o (20)

X Z e~ See() 02 [HE Ceay (21, 0) Cray(22,0) ], (5.2.10)

where the hard-virtual factor is given by
HEL =1+ 23 (Hjé(” + FtQED’“)) +0(a?) (5.2.11)
™

and the effective Sudakov radiator S’Cg is obtained from the usual colour-singlet case
by replacing at all orders the coefficient BEP (o) — BEP (), with

BgED<a) _ Z (ﬁ) B?ED,(n) N BSED(Q) _ Z (ﬁ) (BSED(n) 1 9Re I’?;ED’(n)> .
n=1 n=1

27 27
(5.2.12)

The computation of the first and second-order anomalous dimensions and their rela-
tive abelianizations can be found in Appendices A and B. We summarize the results
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here for completeness

1 1. 1+v i (p1 - p3)(p2 - pa )
peepw _ L1 T 5.2.13
9 20 BTy " qug(pl 1) (P2 - p3) ( )
5 (p1 - p3)(p2 - pa) 1 14w 1”
rRED@ _ _ 2 Ny@ [Q lo — Q2 —|— — lo - o
ta 36 4108 (p1 - pa)(p2 - p3) s I—w
e I

(5.2.14)

where (), is the charge of the initial-state parton with momentum p; and f; is the
first-order coefficient of the QED beta function. Note that depending on the choice of
the resummation scheme, as discussed at the end of Chapter 4, the B coefficient in
the Sudakov form factor might contain the first-order coefficient of the perturbative
expansion of the hard-virtual function. If this is the case, such as in eq. (5.1.8), one
must include the finite part of the subtraction operator, that is FtQED’(l), as well.

With the prescription discussed in the previous sections we managed to com-
pletely define the abelianization procedure needed to describe the constituents of
the MiNLO’ formula in QED. Despite the trivialization of the colour structures in-
troduced with the QED equivalent of the heavy-quark pair production terms, the
similarities between the two descriptions, the non-abelian and the abelian ones, are
evident.

Indeed the modifications of the resummation coefficients in the Sudakov form
factor introduced via the exponentialization of the soft anomalous dimension matrix
are almost equivalent in the two cases. More specifically, as one might expect, the
one-loop soft anomalous dimension contributes at lowest order to the first term of
the perturbative expansion of the B, coefficient, then the two-loop soft anomalous
dimension introduces at the lowest order a modification to the second term of the
expansion and so on. The main differences between the two descriptions are embodied
in the interference terms that express the contributions coming from the one-loop
soft anomalous dimension to the two-loop coefficient Bf) and in the fact that in
QCD a diagonalization in colour space is needed to extract the eigenvalues of I‘El).
Where possible, the results presented in this section have been compared to the one
discussed in Refs. [116, 137, 138].

5.3 Computational aspects

It is well known that QED and QCD are very different theories. Indeed, despite using
the same underlying framework, namely the one provided by quantum field theory,
the interactions that they describe arise from different symmetry groups, U(1) and
SU(3) respectively. This is reflected in the non-abelian nature of the QCD operator,
resulting in the rich colour structure that needs to be addressed when computing
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the amplitudes. Moreover, since the vector of the strong interaction carries a colour
charge itself, it is affected by self-interactions. As a consequence, amplitudes in QCD
can contain pure bosonic vertices, such as the three-gluon and four-gluon vertices.
This leads to the presence of bosonic loops in the virtual diagrams and it affects the
flow of the renormalization group. In this section we want to focus on the numerical
differences between the two theories and on the way in which such effects will affect
our results. We stress that these differences should not be underestimated, as even
small changes in the Sudakov exponent can strongly affect the suppression of the cross
section in the small transverse-momentum limit spoiling, in principle, the method
described in Section 2.3.

The first and most obvious difference is related to the coupling constant and its
running. We can take as a starting point the value of both o, and « at the Z boson
resonance, namely

ay(My) ~ 0.118, a(My) ~ ~ 0.00775 (5.3.1)

128.95

where, for the sake of simplicity, we can ignore the differences between the different
schemes in the definition of the QED coupling constant discussed in Chapter 3. These
values already suggest a clear picture, with the QCD coupling constant being more
than ten times larger than the electroweak one, which is the reason why typically
the NLO EW corrections are taken into consideration together with the NNLO QCD
ones. The main difference, however, is not just in the value at the scale of the Z
boson mass, but also in the beta function and consequently in the running of the two
coupling constants. Indeed, due to the presence of the gluons running in the loops,
the QCD beta function has opposite sign with respect to the QED one. This is true
also at the lowest order, as it can be seen from the relative sign between eq. (2.3.8)
and eq. (5.1.10). As a consequence, the value of a,(u?) decreases as the scale py at
which it is evaluated increases (asymptotic freedom), while at low energies it becomes
very large, making perturbative computation completely unreliable. On the other
hand, the value of a(u?) increases logarithmically with the scale py but it remains
relatively small over a wide range of energies. This behaviour, despite being very
useful for the perturbative approach, turned out to be an issue from the point of
view of implementing the various terms arising from resummation. That is because
the natural cutoff given by QCD ensures that the Sudakov form factor goes very fast
to zero when it is evaluated at smaller and smaller transverse momenta, due to the
rapid increase of the value of the coupling constant. This is definitely not the case
in QED, where the value of o at low energies can be basically considered constant,
meaning that the suppression provided by the Sudakov form factor is not enhanced
in the pr — 0 limit, with p; being the transverse momentum of the Z boson. Despite
not being an issue per se, since everything is still well defined in that region, this
peculiarity of QED represents a problem in the numerical sense.
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We recall that our goal is to upgrade the Z + v QED computation with the
MiNLO’ procedure. In order to understand why the small transverse-momentum
region might be problematic in the context of pure QED, we shall briefly summarize
what happens in our computation when we approach such region:

e The differential cross section do/dpy for the production of a Z boson plus a jet
(or a photon in QED) is divergent in the p; — 0 region.

e The Sudakov form factor A(Q, p2) approaches zero in such region and it guar-
antees that the divergence of the cross section is suppressed. Because of this
behaviour, eq. (2.3.1) yields a finite result for vanishing transverse momentum
and more specifically the MiNLO’ differential cross section has a peak in the
small transverse-momentum region. It is important to note that this remains
true also in QED, despite the suppression of the differential cross section hap-
pens much more slowly.

e Since the MiNLO' B function is finite in the p, — 0 limit, the integration can in
principle be performed over all the possible values of the transverse momentum,
from 0 to the kinematical limit. However, as will be explained shortly, this is
not the case and a cutoff, say p™™ must be introduced in the region close to 0.

The motivations behind the need for a transverse momentum cutoff are both of
theoretical and practical nature. First of all, as it was already mentioned, in QCD
we have a natural cutoff represented by the hadronization scale Aqcp ~ 300 MeV.
This is a pure theoretical limit and it marks the energy scale at which the perturbative
approach is no longer valid. Obviously this restriction is no longer present if we are
only considering QED, as the intrinsic limit of the theory is located at the Landau
pole, namely at values of the energy many orders of magnitude higher that what is
accessible at present colliders. Then we are left with the practical reasons for the
introduction of a transverse momentum cutoff:

e As far as the amplitudes are concerned, the computation of the virtual cor-
rections is typically one of the delicate parts and pushing the calculation deep
into difficult regions can results in numerical instabilities.

e As it was discussed in Section 2.1, the contribution coming from the real emis-
sion amplitudes is made finite via the subtraction procedure. However both
the real amplitude and the subtraction counterterms are computed separately
and the cancellations happen point-by-point in the phase space. As a result,
although the sum of the two contributions must yield finite results for each
kinematical configuration, going too close to the p; — 0 limit causes numerical
instabilities in the cancellation between real matrix elements and counterterms.
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In general, the minimum value of the cutoff depends on the process under consider-
ation and the way the computation is carried out. For our computation we found
out that the value of the cutoff should not be taken smaller than pi* ~ 1072 GeV,
since below this threshold the integration grids, produced by the adaptive integration
algorithm employed by POWHEG-RES framework that we are using, start showing
signs of numerical instabilities. It is important to note that the value chosen for the
cutoff has to be smaller than the value of the transverse momentum at which the
MiNLQO’ differential cross section has its maximum. In other words, p™® should be
in the region where the Sudakov form factor is small enough to strongly suppress the
divergences of the fixed-order computation. In this way we ensure that the missing
portion of the integral, i.e. the one between 0 and p™®, is small and can therefore
be safely neglected.

The numerical issue at the core of this computation lies in the fact that the
transverse-momentum distribution for the abelianized MiNLO’ cross section has a
maximum at a value of p; which is completely inaccessible with the numerical inte-
gration, many orders of magnitude smaller than the 1073 GeV threshold that was
mentioned above. If we look at QCD, in Ref. [16] for example, the peak of the trans-
verse momentum differential cross-section for neutral Drell-Yan plus one jet is in the
GeV region. In order to roughly estimate the position of the peak for the QED case
we can use the following approximations:

e Due to the slow logarithmic scaling, the value of @ can be taken fixed at the
Thompson limit, namely

a(q¢*) = a(0) ~ 1/137. (5.3.2)

e We can restrict the computation at the lowest order, both for what concerns
the amplitude and the resummation coefficients in the Sudakov form factor.
Of course doing so will not yield an accurate result, however it will be suffi-
cient to understand the numerical problem underlying the computation and to
appreciate the difference between the standard QCD case and the abelianized
one.

e Moreover we can just take into account a single partonic subprocess for the pro-
duction of a Z boson plus the emission of a photon from initial state radiation,
ie. u+u— Z+y with Z — viv. Variations in the initial state partons, such
as the process d + d — Z + ~, and the inclusion of massive final-state leptons,
for example Z — p*p~, will be briefly addressed later on.

In the small transverse-momentum limit, using the collinear approximation, we can
schematically write the amplitude as

By, ~ By dPy(z, px), (5.3.3)
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where dP, is the probability for the emission of a collinear photon, namely

« dp.
dPy(z,pr) = o > p—TP[ﬁqv(z)dz (5.3.4)
T

and P,_,4,(z) is the splitting kernel. The Sudakov form factor can then be written
in terms of the splitting function as

Q dq Zmax
A*(Q, pr) = e 59P1) = exp{ Z 27r/ — / Py gy (7)dz } . (5.3.5)
pr z

min

so that at the lowest order the MiNLO'’ differential cross section in the transverse
momentum and in the Born phase space &g becomes

MiNLO
doro™ " 4Bz _s@pr) ., Bz 4,

—S(@Qpr), 5.3.6
dedq)B dq)B d(I)B de ( )

Note that this discussion is only schematic, a more rigorous derivation comprehensive
also of the full NLO case can be found in Chapter 6 and references therein. For our
purpose we want to focus on the fact that p. dependence of the transverse-momentum
distribution at leading order is completely driven by the MiNLO-improved derivative
of the Sudakov form factor. This means that the value at which the differential cross
section peaks can be found by computing the second derivative of the Sudakov form
factor with respect to the transverse momentum and taking its root. In other words
we want to find the value p2* such that

2
& 5@

o = 0. (5.3.7)

k
pr _p%ed

The numerical evaluation of the above equation for the pure QED Sudakov form
factor can be problematic even with the use of dedicated tools such as Wolfram
Mathematica, so we opted for a graphical solution. With the approximations that
we discussed above we can rewrite the Sudakov form factor as

2
e 5(@P1) — exp {—; (A(l) log” = i +2B" log < ) } - (5.3.8)
m

T T

We consider two different cases:

e “Standard QED” which corresponds to the following value for the coupling

constant
a=«a(0) =~ 1/137 (5.3.9)
and the Sudakov coeflicients
3
AWQED — 02 ~ 0444,  BDQED — —§Q§ ~ —0.666. (5.3.10)
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e “Inflated QED”, where we use the standard QED coefficients of the form factor
but the QED coupling constant is inflated to a non-physical value, that is

a = a(0) = 0.04, (5.3.11)

which is roughly 5 times larger than the standard value. This value represents
an approximation of the maximum value that o can assume at the Thompson
limit if we require that the QED Landau pole is not within the reach of the
LHC, as explained in Appendix C.

By taking the derivative with respect to the transverse momentum of the Sudakov
form factor as written in eq. (5.3.8), we get

Dle=5](ps) = e~ 50zpm) 2 L ( 1) 1og M2 (1))
pr) =€ A% log + B (5.3.12)
27 Py 2

where we set () = My as the hard scale of the process. In Fig. 5.1 we show the plot
of D[e=%](p:) for both cases on a logarithmic scale in p;. The huge difference in the
position of the peak between the two curves is only caused by the choice of the value
of a which must be compensated by the logarithm. Note that these curves should
not be considered as proper approximations of their relative differential cross sections
and they are only used to estimate the position of the maximum of the distribution.
Indeed the difference in the height between the two curves, enhanced by the 1/py in
eq. (5.3.12), is not of physical interest.

8x 1050t —_ D[e’SQED](pT) 8107l D[e‘SOEDfmﬂated](pT)
6)(1050’ 6><107'
4x10%} 4x107}
2x10%¢ 2% 107}
10—‘110 10—‘100 10‘—90 10‘—20 10‘—15 10’—10
priGeV] priGeV]

Figure 5.1: Derivative of the Sudakov form factor with respect to pr for pure QED (left) and
inflated QED (right).

Now if we were to consider the dd-initiated process instead, the effect would just
amount to a factor of 4 in both the first order resummation coefficients, namely

1 1
ASLQED =3 AW.QED Bg)vQED =1 B-QED (5.3.13)

In practical terms, this would only shift the plot further towards the problematic
region similarly to what happens when we go from the inflated value of a to the
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physical one. If instead we consider a different final state, where the Z boson decays
into massive charged leptons, things get slightly more complicated. The coefficient
AWM is left completely untouched, while BM is modified according to eq. (5.2.12)
in order to take into account the large-angle soft radiation from final-state heavy
particles. It is important to note that the term coming from the first-order soft
anomalous dimension, 2 Re F?;E D’(l), is kinematic dependent. As a result, B is
not a constant anymore, which means that the approximations we used to write
eq. (5.3.8) are no longer valid. However we can simplify the expression in eq. (5.2.13)
to try to estimate its contribution for the pu*p~ final state. First we note that the
last term in the expression can be neglected as it is much smaller than the rest. Then

we can write the parameter v as

4m? 2mi

where 7 ~ 10712 and we get 2 Re FSED’(I) ~ 13.8.

BMQED_1q 50; BMQED_15
20007 a0l
1500 30;
1000¢ 20;
500} 10;
0 10‘_15 10‘_10 16-5 of 10‘,15 10‘710 1675
prlGeV] pr[GeV]

Figure 5.2: Comparison between D[e—SS.gftcd](pT) with two different values for B(*)

In Fig. 5.2 we present the plot for the derivative of the Sudakov form factor with
a = a(0) and two different values of the BM) coefficient that mimic the effect of
the p™p~ final state. Note that despite using the unphysical value for the coupling
constant, the position of the peak is still deep in the region of phase space that
cannot be probed by the integration.

Finally, as a reference, in Fig. 5.3, we compare the first two QED curves to the
QCD case which corresponds to the following values for the Sudakov coefficients

ADQCD — 0 1333, BDQOP — —;CF = -2. (5.3.15)

q

Despite only being a rough approximation, it is clear that the QCD Sudakov is
perfectly compatible with the numerical restriction given by the introduction of a
cutoff in transverse momentum, while the same is not true for QED even in the
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5.3. Computational aspects

unphysical inflated case. We shall keep in mind that the need for some sort of cutoff
in the integration cannot be overlooked, thus in order to be able to implement the
MiNLO’ method correctly in QED without accuracy loss we need to find a way to
include, or at least estimate, the contribution given by the terms below the cutoff.

0.207
7 — Die ®](pr)
0.15 , D[e*SQEDfinflated](pT)
— Die"=|(py)
0.10r
0.05f /\
0 2 4 6 8 10

prlGeV]

Figure 5.3: Comparison between the derivative of the Sudakov form factor with respect to pr
for three different cases. The orange and green curves are the same that appear in Fig. 5.1 while
the blue one corresponds to an approximation of the QCD case. The latter was obtained by fixing
as = 0.4 which is roughly the value of the strong coupling constant in the GeV region. This of
course is not a good approximation due to the low energy behaviour of a, discussed previously in
this section, however it is helpful to show the enormous difference between QCD and QED.
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Chapter 6

The cross section below the
transverse momentum cut

We can divide the full MiNLO' cross section into two contributions, above and below
some value of the transverse momentum p’, so that we can write

do
rron = [ Gdps = o<(0h) + 02 6h) (6.0.1)
Dr

where we have defined, depending on the value of p.,

max

5
Pr do P do

0\ — 6\ —
g = —d y g = —d > 6.0.2
>(pT) /p§F l - Pr <(pT) /0 l - Pr ( )

and where pP®* is the kinematic boundary for py, i.e. p®* ~ /s/2. In the expression

for o+, the role of p. is precisely the same played by the transverse momentum cutoff
mentioned in the previous section. This opens up three different possible scenarios:

1. The missing contribution coming from the terms below the cutoff, o, is much
larger than the part above, o, for any reasonable value of pS. This is the
most unfortunate scenario and it would mean that it is not possible to ob-
tain a detailed description of the QED radiation pattern below p’. and, as a
consequence, to exploit the MiNLO’ method to its fullness.

2. The missing piece, o, is much smaller than the contribution above the cutoft,
o~. In other words, the increase of the differential cross section do/dpy in the
region at pr < p’. is somewhat negligible due to the width of the corresponding
integration interval, namely the value of pS. Note that it always exists, in
principle, some value of pd for which this is true: it is just a question of whether
such value is accessible via the numerical integration. If so, this would be the
ideal case, as it would mean that the method can be extended straightforwardly

in QED.
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6.1. Approximation of the MiNLO’ master formula

3. The two contributions, o~ and o, are comparable in size for all sensible values
of pS. In this case it is important to estimate the contribution coming from o
with the highest accuracy achievable, as the full result must be obtained by the
sum of both terms. Note that the full computation is by definition independent
of the choice of pS, which means that, if the eventual approximations used to
compute o are reasonable, the dependence on the value of pd between the two
contributions should cancel out, or at least be fairly suppressed.

A priori we do not know which one of these three scenarios will be realized in our
computation, so we need a reliable way to estimate o_.

6.1 Approximation of the MiNLO’' master formula

In eq. (5.3.6) it was schematically shown that it is possible to approximate the
singular part of the differential cross section at LO, in the small transverse momentum
region, in such a way that the dependence on p; is encoded in a total derivative. As a
consequence, the integral over some transverse-momentum interval can be obtained
by integrating out the total derivative, which amounts to evaluating the integrand
at the boundaries. In this way it is possible to estimate the contribution of the o
part without the need of a numerical integration which, as we saw in the previous
chapter, is unfeasable. In order to avoid accuracy loss in the process, we need to be
able to write the full NLO differential cross section as a total derivative in pr, plus
some terms that can be neglected as the transverse momentum approaches zero. To
do so we exploit some of the ideas first introduced in Ref. [16] and then matured
in the context of MiNNLOpg [24, 25], which is an NNLO accurate extension of the
MiNLO’ method.
We want to write the differential cross section in the following form

do B d
d®pdpr  dpr

e_S(Q’pT)E(pT)] + Ry (pr), (6.1.1)

where Iy is the sum of all the terms that are non-singular in the vanishing transverse
momentum limit. The luminosity factor £ contains the parton luminosities, the hard-
virtual coefficient for the underlying process, namely the full inclusive production of
a Z boson, and the collinear coefficient functions. It is defined as

(o) = X Il S (0 (0 0 ) (Con Fums) ) (612)

aiaz

where MS;L » is the LO matrix element for the production of a Z boson, the hard-
virtual coefficient H' is the one defined in eq. (5.2.6), that, if final-state massive
charged leptons are present, must contain also the finite part of the subtraction
operator, as in eq. (5.2.11).
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6.1. Approximation of the MiNLO’ master formula

Up to NLO we can write the non-singular contribution Ry as

W80 0 ao\? 3
Rylp) = o= 00 - (A2 5000 + 0 (@0n) . (613

where ¥ is a shorthand notation for the perturbative coefficient of the i-th term of
the singular component of the expnsion in /27 of the cross section, i.e

sing. (1) (sin ) (2)
da(Z &) do 8

Additionally, we can write the expansion of the full NLO differential cross section
that appears as the first term of eq. (6.1.3) as

NLO
dU(Zq, ) _ a(pr) [ doz, @ N a(pr) 2 doz @ (6.1.5)
dPpdpr 21 | d®pdp- 27 dPpdpr ' o

We can perform the derivative in the first term on the right hand side of eq. (6.1.1)
and factorize the Sudakov form factor so that we get

do__ _  _s@wr) R (pr)
0D pdp =e ™1 D(py) + —sQrn |’ (6.1.6)
where we defined aC(ps) 15(ps)
Dr Dr
D = —L —_—. 6.1.7
(pT) dpy (pT) dpy ( )

We want to perturbatively expand eq. (6.1.6) up to order a?(p;) so that the NLO
accuracy is not spoiled. In order to do so, we introduce the following perturbative

expansions
L(pr) = L9(ps) + %f)c(l)(m) + 0 (aP(py)), (6.1.8)
dL(pr)  alpr) [dLp)]Y  (alpe)\* [dL(pe)]® ,
b 2n { e } +< %) { o } + O (a*(pr)) (6.1.9)
a\Pr T W (P 2 T @ 3
dféf) = (2];) [digi)] +( g;)) [diz)} +0 (&’(pr)).  (6.1.10)

Thus we have

do — ¢ 5(Qpr) a(pr) % (1)_ £©) ﬁ W
d(I)deT N 2m de de
2 (2) (2) (1)
L ((er) ALY o [ 9S] T s [ 48
27 dpr dpr dpr

+ Ry(pr) (1 + M5”(@%)) +0 (a’(pr)) }

21
(6.1.11)

o8



6.1. Approximation of the MiNLO’ master formula

Plugging in eqs. (6.1.3) and (6.1.5) and collecting the terms with the same power of
the coupling constant, we have

1) (1)
do _ sopn | oton) ([4€]Y o) [dS]Y | T doz, 2 0(p,)
d®pdpr 2m dpr dp d@deT
L (o) 2 1dc]® ds1? . [dS
27 de de de

d (2) d (1)
+ [ ki :| - Z(2)(Z7T) + [ 7%, :| S(l)(QapT)

d® pdpr
— S (pr)SM(Q, pT)> + O (a*(pr)) }
(6.1.12)

From eq. (5.2.10) we can extract, using the definition of £(pr) in eq. (6.1.2), the
expressions for the singular part of the differential cross section at LO and NLO,
namely

1) 1)
Spn) = D) = | TG - 20 [ 6.113)
2@ (pr) = D (pr) — DV (p2)SM(Q, 1) (6.1.14)
dL(p~) @ 1 dS(pr) M 0 dS(pr) @
N |: dp+ :| a E( )<pT) |: dpr :| a E( )<pT) |: dp+ :|
-z ( ) (Q pT)

Once we substitute the expressions for 1) and ©(?) back into eq. (6.1.12) we obtain

Ao siom a<pT>{ doy ]“( a(pr) o) )

ADpdpe ¢ {27r d@degT L= = 9@
- 2 d (2)

() ] rotwn |

which is perfectly equivalent, up to NLO, to the abelianized MiNLO’ master formula.

(6.1.15)

Now if we assume that there is some value of p’. that guarantees that the second
term on the right hand side of eq. (6.1.1), namely the sum of the non-singular terms,
can be safely ignored with respect to the first term, we can write

do- (pES[‘) /pTé d —-S(Q.pr)
= B 7 E T d T 6116
ddp 0 dp+ [6 (p+) | dp ( )
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6.1. Approximation of the MiNLO’ master formula

The integration is now trivial due to the presence of the total derivative. Moreover
given the suppression provided by the Sudakov form factor,

lim e~ ¥@Pr)L(p,) =0, (6.1.17)
pT%O
so we have that 5
d0<(pT) -S(Q.pr)
49<\Pr) _ [-5@wpr) g ] . 6.1.18
ddp (pr) pr=p% ( )

This is an important result, as it allows us to reshape the challenging task represented
by the integration within a region which is not numerically accessible to a much
manageable job that consists in the evaluation of a function, as complex as it may
be, in a single point.

The first two terms of the expansion of the luminosity factor, introduced in
eq. (6.1.2), are given by

o) 3 dME, 5

LY (pr) = ch/hlfé/hza (6.1.19)
) M2 0 o)

LY (pr) = ~do, {(Hca + F, )fc/hlfa/hg (6.1.20)

+)° |:fc/h1 <Cc£i) ® fa/h2> + (Cc(olb) ® f“/m)fé/m} }

Note that the sum over the indices a; and ay in eq. (6.1.2) was removed because the
underlying process, i.e. the inclusive production of a Z boson without any additional
radiation, is described at leading order only by ¢g-initiated processes.

It is important to study the origin of the transverse momentum dependence in the
square brackets in eq. (6.1.16) in order to understand possible residual criticalities in
this computation. More specifically, we want to expand on the transverse-momentum
dependence of the luminosity factor £(pr). The LO matrix element for the subprocess
c¢ — Z is determined by the inclusive underlying Born phase space ®p: therefore
it is completely independent of the Z boson transverse momentum. Similarly both
Hclé(l) and Ft(l), despite being dependent on the kinematics in general, are uniquely
determined by the phase-space configuration of the underlying Born and, as a con-
sequence, cannot be pr-dependent. The same can be said for the first-order collinear
coefficient functions which can vary at most by some universal factor, depending on
the choice of the resummation scheme. The dependence on the transverse momentum
in the luminosity factor is carried by py and pg, both of which must be evaluated at
lr = fir = Pr, according to the MiNLO’ prescription!. In particular, if we consider
the factorization-scale dependence, this means that we have to evaluate the parton

'For a detailed discussion on the topic, see the original MiNLO [15] and MiNLO’ [16] papers.
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distribution functions at p; = p, which, as we already mentioned, is likely to be
much smaller than the natural cutoff of QCD, of the order of a few hudreds MeV.
As a consequence, many of the numerical packages that are used to handle the evo-
lutions of the parton distribution functions might not be able to reach such values.
Possible solutions are, if the code allows it, to turn off completely the QCD DGLAP
evolution and perform the standard evolution only with QED towards p = pS, or to
introduce a freezing of the PDFs at the minimum possible value of the factorization
scale. This aspect of the computation will be addressed again in Chapter 7, when
we discuss the implementation of the formulae and the results.

6.2 Numerical validation

In order for the computation to work, we need to check if the assumption that was
made in the previous section is solid. More specifically, in order to be able to use
eq. (6.1.16) we need to determine, if it exists, a value of p such that:

e [t is within the numerically accessible region for the computation of o, that
is pS > 1072 GeV. Preferably closer to the GeV region, where we know from
QCD that the standard integration can be performed without issues.

e The non singular terms can be neglected, which means that the differential
cross section doz,/d®pdpy is approximated reasonably by its pr — 0 limit.

We first rewrite eqs. (4.1.7) and (4.1.8) for the QED case in the following form

d0h1h2—>Zw /dzl/d22f L1 f T2 o
dp2 M2 dy d®y afhi\ G Hr ) Jaafha 7 e

d2b
X/47T 1bPTWalia2(b,21,ZQ,CI)B;CK,M?{7H§’Q2>, (621)

where

W (b, 21, 20, B v, i, 12, Q) = 2022?” {6 Soay (1 — 21) (1 — 25)

n M? M? M?
+Z< ) |: cca1a2 (Z17227Lb7 ) 2 ) Q2)

n ]\42 ]\42 M?
I:HCC]Clial)QQ <Zlu 22—~ R ) Q2 ):| }
(6.2.2)

For ease of notation, we drop the superscript [/ in the following. To perform the
limit check we want to simplify the expressions as much as possible, so we will set
the values of the renormalization and factorization scales to pr = pur = M. This is
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perfectly reasonable as in this manuscript in general, and in particular for what we
discuss here, we are not interested in the effect of the scale variation logarithms that
would appear by changing the value of those two scales. In the same way we can
take Q = M, where @) is the arbitrary auxiliary scale that was introduced to define
the b-space logarithm used for the expansion in eq. (4.1.6). Furthermore we will
consider for simplicity only the uu-initiated processes and a charge-neutral massless
final state, that is Z — vv. Finally, we set the electromagnetic constant to a non-
physical value, i.e. & = @(0) = 0.04. This is done in order to enhances the impact of
the NLO corrections over the LO, allowing us to probe the limit at order O(a?).

We focus on the second line of eq. (6.2.2) which contains the logarithmically
divergent terms expressed in powers of L, = log(Q%V?/b3) up to the 2n-th power,
that is

Egrcl)alag Zla 22, Lb Z Ecrclc]fl)az Zh ZQ) L(’f (623)

More specifically, the first two orders are given by

ch)awz(zla 22, Lb) ES: 21a2 (21, 22) L2 =+ Eci 2@ (217 22) Lb , (624)
Sttwan (71,72, Lo) = Satan (21, 22) Ly + St (21, 22) L (6.2.5)

+ Eg 2)1@(2’1, z) Ly + Zg (11)1(12(217 22) Ly .
These coefficients are usually expressed in literature in terms of their (Ny, Na)-
moments with respect to the variables z; and z,. For this purpose, we define the
double Mellin transform f(n, n,) of the function f(z1, 22) with respect to 2z; and z,
as

1 1
f(Nl,Nz) = / le Z{Vlil / ng Zé\bil f(Zl, Zg). (626)
0 0

Note that the dependence on the impact parameter b rests entirely on the powers of
Ly, while the coefficients of the expansion are left untouched by the Bessel integration.
With some simplifications in the notation, we can rewrite the singular part of the
differential cross section in eq. (6.2.1) as

_Z/dzle fa1/h1fa2/hQZUcc [Z( > Zgrcb)(zlaz('zl?ZZypT)] (627)

a1a2 n=1

smg

de
with
it(:c)alag 217227pT chcalaz 217'22) In(pT7Q)7 (628)

where the function I, (pr, @) is the Bessel transformation of the n-th power of L,

b
L(pr, Q) :/E e, (6.2.9)
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It can be shown that [139, 140]

b i b S k1, (=L pm—k-1) (n)
1 b n __ _ n — n (2) —
[ et = e (M) R @) + R0
(6.2.10)
where the coefficient Ré") is given by
d" I'l+a)
R = 21 . 6.2.11
2 da" 1—a)|,_o ( )

The logarithm £4(pr, @) can be defined through a two dimensional plus distribution
according to the convention used in Ref. [139] and, for p2/Q? > 0, it can be written

as
1 2\ 1
L1(pr, Q) = — (log =5 ) = — (=2)" L* 6.2.12
k(pT>Q) Wp% (Og QZ) Wp% ( ) ( )
where L is a shorthand notation for the p-space logarithm
L =log Q (6.2.13)
Pr

In particular for n < 4 and p, > 0 we have?:

. 1
Li(pr, Q) = —mLo(Pr, Q) = el (6.2.14)
T
. 4
L(pr, Q) = 2L (pr, Q) = —— (6.2.15)
- 12
I3(pr, Q) = =37La(pr, Q) = _p_L2 (6.2.16)
T
~ L 32 3 16
Li(pr, Q) = 47 L3(pr, Q) + 167(3L0(Pr, Q) = _p_L —2C3 (6.2.17)
T T
In order to remove the 1/p2 factors we can take
1o _ g 10 (6.2.18)

p p
Ydp, de * de
so that at LO we have
smg )

de Z/ledZQ fal/h1fa2/h220'cc <_>

ai1a2

T

cc,a1a2 cc,aiaz

X4[4LEO)(AJﬂ—E@U(mJﬂ} (6.2.19)

2 Analogous results can be found in Appendix B of Ref. [130].
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The double Mellin moments of the S, coefficients for Z — v are given by

cC. alag

(12) _ 1a
Zcé,alag,(Nl,NQ) - ——A£ )5ca156a27 (6220)

1,1 1 1
2((:c aiag (N1, Ng [6&11 60(123 + 60(11/72@1’]\[2 + ’VEGLNI (55(12]7 (6221)

where the parton anomalous dimensions %(LZ)N are defined as the coefficients of the
expansions in a/m of the N-moments of the Altarelli-Parisi regularized splitting
functions,

1 o0
Yab,n () =/ dz 2" Po(a, 2) Z( ) 1h (6.2.22)
0 n=1
Thus at LO we can easily write a complete expression for the p. — 0 limit of the
differential cross section as

de Z/d21d22 et Fohs 00 ( 7T)

1
+ 2 m Z <fc/h1 (Pé(g) & fa/hz) + (Pc(g) & fa/hl)fc/h2>] , (6-2.23)

(8L AM +4BM)

where, given the approximations discussed above, the sum over the index ¢ contains
only the up quark.
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Figure 6.1: Comparison between the LO differential cross section and its analytical limit for small
values of the transverse momentum of the Z boson.
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In Fig. 6.1 we present the comparison between the full differential cross section
at LO for the wu-initiated subprocess and the result of the computation described
in eq. (6.2.23). Despite its label, it is important to note that the computation is not
fully analytical, in the sense that the term containing the convolutions between the
splitting functions Pa(l())) and the PDFs was estimated through a numerical integration.
We want to highlight that eq. (6.2.23) is written exactly in the way in which it
is implemented in the code, where the result is automatically multiplied by the
PDF's associated to the indices c¢ that specify the cross section aég). Hence why
there is the compensating factor 1/ f. s, fz/n,. Moreover the LO cross section for the
inclusive process, aég), was obtained with the same scale choices discussed earlier
in this section. The plot shows a very good agreement between the LO differential
cross section and its limit in a wide range of transverse momentum. Furthermore,
the LO curve, in green, is very stable up to pr ~ 1073 GeV with an increase of the
uncertainty associated to the numerical integration for smaller values. The numerical
estimation of the convolution term is shown in pink and the band corresponds to a
variation around its central value obtained by adding and subtracting the uncertainty
given by the numerical integration. The uncertainty associated with the value of 0(0)
is completely negligible.

The study of the pr — 0 limit for the NLO corrections is more delicate, from a
numerical point of view. Thus it is convenient to isolate the pure NLO contributions
from the LO by defining

d&NLO - — [dUNLO - dO'Lo] R (6224)

so that we can write

d (sing.)

NLO Z/ [dz1d2s] fa, by fas e Z oy (—) [32 D e ‘dras

aiaz

1127253 +4LZ(22) (2@” 16 2)} (6.2.25)

cc,aiaz cc,aiaz cc,a1a2

The double Mellin moments of the ECC afaz coefficients are

(2,4) L a2

cearon(NiN2) = 3 (AM)” 60, Gy (6.2.26)

(2,3) _ 1 1 1 (1) (1)
2067a1a27(N17N2) - _Agl) [(350 - §B( )) 5(:(1155!12 - 2(66111’7ca2 N + ’yca1,N155‘12) ’

(6.2.27)

— 65 —



6.2. Numerical validation

1
2,2
Et(:c a)1a2 (Nl,Ng) A(l cc 60(11 6&12 - —A((f)(scal (55112

1
- §A£1 (50(11 Ccag Ny + Ccal 50{12)

1

+ §(B£1) - 6_0) (B(1)5ca15éa2 + 56(11’7(227N2 + %EiiVNlaéag)
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where both 7® and C'¥ are expanded in powers of a/m and we introduced the
notation 3y = 7f,. We can now write the contributions to the differential cross
section for the NLO corrections in the same form used for the LO and, for ease of
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notation, we can separate them in the following way

d&NLO 4 d&7NLO

Pr = Pr
n=1

: (6.2.30)

de (2,71)

where each contribution contains only terms proportional to L™ 1. The first two
terms are very similar to the LO ones
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For the two subleading ones we have
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These equations have been compared with the results presented in Ref. [141]. The
result for the NLO correction, defined as in eq. (6.2.24), is shown in Fig. 6.2. We
display the differential cross section from p; = 1072 GeV, since the differential cross
section becomes completely unreliable below such value, mainly due to the instability
of the numerical computation of the virtual corrections.

It is important to mention that, to simplify the computation, all the contributions
associated with the photon distribution function f,,,, which is much smaller than
its quark counterparts, have been neglected. Moreover the value of 3, was assumed
to be constant, without taking into account any mass threshold of the fermions con-
tributing to the photon self energy and excluding contributions from the top quark.
Because of all of these small approximations and due to the intrinsic complexity of
the computation, with respect to its LO counterpart, the agreement between the
two curves is slightly worse than the one achieved at leading order, while still being
satisfactory within a wide region of values of pr.

The pink band is obtained as in Fig. 6.1 by taking the variation of the estimated
value of the convolution terms equal to the corresponding numerical uncertainty.
Note that, as mentioned before, the value of the factorization scale was taken equal to
the high scale M, given by the Z boson mass, thus the evaluation of the convolution
terms is not affected by the issues caused by the use of the freezing scale for the
PDFs.

68



6.2. Numerical validation

analytical
Zy@QNLO =

30
= B
e 20 - el
e e
oF L ==
= ~_
o= e
'U ]_O [ ‘==::;
H
Q( L
1.2 L T T T LI
1.1
- | S
S S
1072 1071

pr|GeV]

Figure 6.2: Comparison between the NLO correction to the differential cross section and its
analytical limit for small values of the transverse momentum of the Z boson.

The plot in Fig. 6.2 shows a good agreement between the fixed order computation

and its small transverse-momentum limit from p; ~ 3 x 1072 GeV up to pr ~ 1 GeV.

Considering this result, both for the LO case and the NLO corrections, we can take
the value of p to be roughly between 107! GeV and 1 GeV for the process with

a = «(0). It is now important to determine whether the contributions coming from

o+ (pS) and o (pS) are somewhat comparable in size for these values of p. and, if that

is the case, study the dependence of the total result on this unphysical parameter.
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Chapter 7

Implementation and results

In this chapter, we will discuss the implementation of the concepts presented in the
previous chapters and subsequently their phenomenological implications. As already
anticipated, most of the results discussed in this thesis are non-physical due to the
use of a value of the QED coupling constant which is inflated with respect to the
physical one. The reason behind this is that it will be possible to appreciate both
the NLO accuracy resulting from the extension to QED of the MiNLO’ method and
the dependence of the result on the arbitrary parameter p’. that was introduced to
overcome the numerical challenges discussed in Chapter 5. Hence why the results
presented in this work are to be understood as a proof of concept for the abelianiza-
tion of the MiNLO’ method and as a first step towards the subsequent extension to
include mixed QED and QCD corrections rather than actual physical descriptions
of the processes at the LHC. In the last part of this chapter we will also present a
physical result.

Moreover we will focus on the simpler process where the final state is obtained
from the decay of the Z boson into v, in other words without final-state massive
charged particles. This greatly reduces the complexity of the computation. In addi-
tion, the main reason for this choice is the consistency of the calculation. Indeed it is
well known that, when studying the neutral Drell-Yan process with charged leptons
in the final state, one must take into account both the diagrams with a Z boson and
a photon in s channel. This is perfectly well defined for LO processes and full NLO
EW ones. However, if only NLO QED corrections are considered, the computation
becomes inconsistent: this is because the so-called photonic corrections, i.e. the loop
diagrams that can be obtained by just adding one photon line, are a gauge invariant
subset of the EW corrections but diagrams involving fermion loops are not. This
means that one cannot separate the photon self-energy from the mixed Z/v loop
diagrams and ultimately from pure weak corrections. As a consequence, it is not
possible to perform the computation with all three of the following requests satisfied
at once:
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1. only NLO QED corrections;
2. the Z boson in the s channel;
3. final state charged leptons at LO.
Let us briefly discuss what renouncing to each of these features would entail.

1. For the first one there are two possibilities: either one considers the full EW
corrections or only the photonic ones. The former is definitely the best option,
as taking the full EW theory would mean that the computation is both com-
plete and fully consistent, however it would increase the number of diagrams
and in turn the complexity of the calculation. For this reason it would be best
to include the full EW theory only after the feasibility of the method has been
established. As for the latter, namely including only the photonic corrections,
if would mean that fermion loops are not allowed anywhere in the computation
and as a consequence the photon self-energy would receive no corrections at
higher orders. This directly translates to the trivialization of the charge renor-
malization process and would imply that the running of the coupling constant
is turned off. For this reason this is not an appealing option, as the behaviour
of the coupling constant is one of the main differences between QED and QCD.
Since one of the aims of this work is to test the abelianization of the MiNLO’
method in all its aspects, one of which is the running of the coupling constant,
we have decided not to pursue this path.

2. As for the second one, giving up on the Z boson in the s channel would mean
to effectively perform the computation in pure QED, without any term coming
from the weak sector. This would allow to have charged leptons in the final
state, keeping the full genuine QED corrections to the photon self energies.
On the other hand, removing the Z boson contribution drastically changes the
invariant mass distribution of the process which would be now only driven by
the photon propagator which, due to its singularity, would require a cut exactly
where the invariant mass is peaked. Moreover, removing the Z boson would
also imply the lack of a hard scale: both the reference scale for the invariant
mass of the process even at LO and the scale associated to the radiation would
be in principle very small. It is important to note that the invariant mass cut
needed to protect the computation from the photon singularity is not specific
of this scenario. However the role of the cut itself is slightly different depending
on the presence of a resonance, such as the Z boson peak. Indeed the issue with
the absence of a resonance lies in the loss of an hard scale that drives the cross
section away from the photon singularity. Without it, the value of the invariant
mass cut would assume the role of a hard scale. This it is unpleasant due to
the arbitrariness involved in the choice of the value for the cut, however it does
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not represent a conceptual problem per se and is left as a future improvement
of this work.

3. At last we have the simplest option, namely renouncing to final-state charged
leptons. In this way one only has to take into account the radiation from initial-
state particles, while some of the terms discussed in the previous chapters,
which are related to large-angle soft-radiation from final-state particles, become
zero. This is the most obvious choice as it has no actual drawbacks aside for the
fact that the process becomes less interesting from a phenomenological point
of view.

7.1 Implementation

We consider proton-proton collisions at the LHC with a hadronic center-of-mass
energy of /s =13 TeV. The process we are interested in is pp — Z(— vv) + 7.
The decay of the Z boson into a neutrino pair is understood in the following. We
include NLO QED corrections and we do not require any photon or quark in the
final state to be resolved. When upgraded according to the MiNLO’ procedure, such
computation should reproduce the NLO QED corrections to the pp — Z process. At
LO we include the processes

qq— Z+~ gy — Z+q (7.1.1)

where ¢ = u,d, i.e. we limit ourselves to have only v and d quarks in the initial
state, both for the pp — Z NLO QED computation and the pp — Z + v MiNLO’
one. The input parameters that we used are

My = 91.1876 GeV, T = 2.4952 GeV,
me = 0.51099892 x 107 GeV,  m,, = 0.105 GeV, (7.1.2)
m, = 1.77699 GeV, a(me) = 0.04,

and the 5 light quarks are taken to be massless. The evaluation of the matrix ele-
ments, both at tree level and one-loop, is performed using RECOLA [142, 143] with the
COLLIER package [144-147]'. The computation is carried out in the complex mass
scheme. In order to only include QED corrections we use the set_pure_QED_rcl
option in RECOLA to turn off all the one-loop corrections that are related to the
weak sector. Moreover, since the LO and the real emission amplitudes are computed
as tree level amplitudes and thus are not affected by such option, we need to turn
off the coupling of the W boson with the fermions and remove the real emission dia-
grams in which a final state pair of quarks is produced via the decay of an additional
Z boson.

1Other tools have been developed to handle the automated computation of processes involving
NLO EW corrections, such as MADGRAPH [148, 149], GoSAM [150, 151] and OPENLOOPS [152].
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We use the NNPDF31_nlo_as_0118_luxqed PDF set [153] which is provided by
LHAPDF 6 [154]. The evolution is handled using APFEL [155], an evolution pack-
age that with the EnableNLOQEDCorrections option allows performing the DGLAP
evolution of the PDFs up to NLO in QED. Since in APFEL it is not possible to
completely turn off the QCD evolution, we heavily suppress it by decreasing the
input value of ay,(My) by several orders of magnitude to make the QED evolution
dominant. In principle we wanted to be able to evaluate the PDFs at a scale given
by pe = pS, which can be as small as 1072 GeV, however even with this suppres-
sion the evolution towards such small scales becomes unreliable so we introduced a
freezing scale ™. In this way the PDFs are evaluated with the NLO QED DGLAP

evolution above p™® while below such scale their value is frozen and the evolution
is turned off>. The natural choice for the value of the freezing scale is the smallest
scale specific of each PDF set which, in this case, corresponds to u™" = 1.65 GeV.

The running of the coupling constant is implemented via the use of mass thresh-
olds, so that each fermion f contributes only for pz > my. Moreover, due to the
electron mass being used in the definition of the Thompson limit and the light quarks
being considered massless, their contribution to the running is always taken into ac-
count, independently of the value of uy.

As mentioned before, the computation is divided in two parts, o~ and o. re-
spectively, so we shall discuss the two implementations separately.

7.1.1 Computation of o-

This is the standard MiNLO’ approach, described by the abelianization of eq. (2.3.1).
We work in a mixed renormalization scheme, more specifically:

e The two powers of a of the underlying process, namely the two powers associ-
ated with the Z boson in the s channel, are evaluated in the a(My) scheme at
the hard scale pur = M.

e The subsequent powers of the coupling, namely the one associated with the
radiation at LO and the one introduced with the NLO corrections, are evaluated
at jig = pr in the MS scheme, according to the MiNLO’ method.

In order to do so we first initialize RECOLA in the a(My) scheme using as input a
value of the coupling constant that is consistent with the one presented in eq. (7.1.2).
Then for the terms that are computed as tree level amplitudes, namely the LO and the
real emission contributions, it is sufficient to replace the coupling constant provided
by RECOLA with the one evaluated at the transverse momentum. As mentioned
before, this amounts to one power of the coupling constant for the LO amplitude and
to two powers for the real emission terms. As for the one-loop virtual contributions,

2We performed some tests relative to the evaluation of the PDFs below p™" with a LO QED
evolution which yielded negligible effects.
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instead, the replacement of two powers of « is not sufficient and one also needs to
take care of the finite terms coming from the renormalization. Indeed in order to
transition from the OS scheme used in RECOLA to MS we need to replace §Z°% with
(5Z£TS as described by eq. (3.3.12). This corresponds the introduction of a shift in
the one-loop virtual amplitude as

VMS(u2) = VOS(1i2) — Bp A (1), (7.1.3)

where p = 1 is the number of powers of the coupling constant that were replaced in
the LO amplitude. We first set the value of pu2 = M2 in eq. (7.1.3) and then run

N+1 ynder

the result to pu2 = p2 by requiring the result to be invariant up to order «
variations of py where N is the number of powers of « in the LO. In practice this

amounts to the following replacement

VIRGR) = VIR) + 2 (alpe) folos 2 ). (7.1.4)
Z

as illustrated explicitely in egs. (3.10) and (3.11) of the original MiNLO’ paper [16].
As a final remark we want to discuss the value of 5, in the equation above. Typically,
in the other implementations of the MiNLO’ method, the number of flavours con-
tributing to the one-loop QCD S function is kept fixed throughout the computation,
resulting in [y being constant. In this formulation of the MiNLO’ method, however,
the values of the lepton mass thresholds in the fermionic contributions to the pho-
ton self-energy are close to the possible values of p’.. For this reason we employ a
non-constant value for the one-loop f function in eq. (7.1.4), namely By = Bo(pr),
obtained by only including only the contributions of the fermions whose masses are
smaller than p.

7.1.2 Computation of o_

The computation of this term is much simpler and it only requires the implemen-
tation of eq. (6.1.18). In order to do so we generate an independent phase space
corresponding to the ¢ ¢ — Z inclusive subprocess without the extra radiation. This
process only requires the computation of the LO amplitude and the one-loop virtual
term, which is encoded in the hard-virtual factor, denoted as HC(C}) in eq. (6.1.20),
without the need to calculate the real emission amplitude. As far as the renormal-
ization is concerned, in principle the same prescription illustrated in the previous
section would apply. In practice, however, there is no additional power of the cou-
pling constant at LO other than the two powers that are associated with the Z boson
propagator, meaning that the shift described by eq. (7.1.3) would be performed with
p=0.

74



7.2. Phenomenological results

7.2 Phenomenological results

In the previous chapter we discussed the existence of three possible scenarios con-
cerning the relative sizes of o~ and o. with respect to the total cross section. More
specifically we alluded to the fact that the abelianization of the MiNLO’ method can
be achieved consistently only if o< is at least somewhat comparable in size to its
counterpart below pS. In particular, it would be desirable to be able to appreciate
the compensation between o~ and o. when varying the value of pJ. Thus we can
start by looking at the two contributions to the total cross section for different values
of our arbitrary parameter pS.

In Tab 7.1 we collect the results of the total cross section contributions obtained
in the two regions for two values of the transverse momentum separator, together
with their sum, which corresponds to the MiNLO' total cross section for Z+. These
results show that the two parts of the MiNLO’ computation, o~ and o, contribute
almost equally to the total cross section. This means that the abelianization process
is numerically well posed but it cannot achieve the desired accuracy without taking
into account the approximation of the missing terms represented by o. as obtained
in eq. (6.1.18). Moreover, the dependence of the final result on the arbitrary scale is
roughly 5% of the total between pS = 1 GeV and pS = 107! GeV. For comparison,
the total cross section the fully inclusive process, computed at NLO in QED, with
the same input parameters and PDF set discussed in Section 7.1, is

oy 0 = 597.2(1)8272 pb. (7.2.1)

In eq. (7.2.1) the central value corresponds to pur = pr = Mz, while the other two
values represent the three-point scale variation® and were obtained by multiplying
both the renormalization scale and the factorization scale by a factor Ky and Ky
respectively, with (K, Ki) = {(2,2), (3, 3)}. Furthermore the total cross section for
ZQLO, i.e. the LO fully inclusive result, is 05° = 574.1(1) pb which means that,
with the value of the coupling constant that is being used, the NLO QED corrections
to the process pp — Z amount to approximately 5%.

We observe that the MiNLO’ result for the total cross section seems fairly com-
patible with the inclusive computation with NLO accuracy, as predicted by the
method, particularly so for values of p = 1 GeV and 107! GeV. Note that at
pS. = 1072 GeV we approach the region where the comparison between the fixed-
order computation is not in a good agreement with its limit (see Fig. 6.2). Indeed,
although unpleasant, it is not surprising that the result for the total MiNLO’ cross
section with pd = 1072 GeV, given by oror = 655.1(1), is further away from the one
presented in eq. (7.2.1) with respect to the other results listed in Tab. 7.1.

3 A fully consistent comparison would require the study of the scale variation also for the MiNLO’
result, both for o< and o., but this is left for a future work.

— 75 —



7.2. Phenomenological results

P [GeV] 1 1071

o> [pb] 115.2(1) | 226.7(2)
o< [pb] 484.1(1) | 401.3(1)
oror [pb] | 599.3(2) | 628.1(3)

Table 7.1: Contributions to the total cross section of the MiNLO’ result for two different values
of pd and their corresponding sum.
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Figure 7.1: Comparison between the Zv-MiNLO result and the Z@QNLO result for the Z boson
rapidity distribution. The blue band in the left plot is computed from the three values of pS of
Z~-MiNLO (p. = 1, 107! and 1072 GeV), while the right plot shows the seven-point scale variation
band of the ZQNLO result in red.
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Figure 7.2: Comparison between the Zv-MiNLO result and the Z@QNLO result for the Z boson
rapidity distribution. The bands are the same as in Fig. 7.1.

We present now the results for the differential distributions. We start from the
observables that are inclusive over the QED radiation. By virtue of the MiNLO’
method, the rapidity of the Z boson, in Fig. 7.1, and its invariant-mass distribution,
in Fig. 7.2, should reach NL.O accuracy. So we can compare them with the results for
the fully inclusive process ZQNLO. The agreement is expected up to higher-order
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terms. The meaning of the blue band is intrinsically different from the meaning of
the red band: the red band is the scale-variation band and was obtained by taking
the upper and lower envelope of the results of a seven-point scale variation for the
ZQNLO process. As mentioned before we do not have, at present time, the results
for the scale variation of the abelianized MiNLO’ code. As a consequence, the blue
band does not represent the scale variation and was instead obtained by taking the
results corresponding to three values of pd, namely 1072, 10~! and 1 GeV. As shown
by the results in Tab. 7.1, the p’-band represents a variation of roughly 5% of the
central value, given by pS = 107* GeV. Moreover it is important to note that the

lower bound of the blue band, which is the closest to the central value of the ZQNLO
process, corresponds to pS = 1 GeV.
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Figure 7.3: In the first row, comparison between Z~-MiNLO and Z@QNLO for the single-lepton
transverse-momentum distribution in the region around the peak at p¥ = Mz/2. In the second
row, the same distribution for a wider p¥ range. The blue and red bands are the same as in Fig 7.1.

In Fig. 7.3 we show the transverse-momentum distribution the final-state neu-
trino produced in the decay of the Z boson. This quantity is interesting because
it is clearly divided into two well defined regions by its peak, which is located at
ph = Myz/2 ~ 45 GeV. In Fig. 7.3 we can see that the Z-MiNLO results is compat-
ible with the inclusive result with NLO accuracy only up to the peak and the two
curves drift apart beyond such point. Indeed if we consider the inclusive process,
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Z@QNLO, we have that, above the M/2 threshold, only the real emission diagrams
fully contribute to the result while the Born-like terms, namely the LO and the one-
loop virtual contributions, can only contribute when the Z boson is off-shell, which
is suppressed given the relative small value of the Z-boson width. The blue and red
bands in the plot are the same as before. Note that we only show the plot for the p’.
band in the region below the peak where the result is compatible with the inclusive
process via MiNLO’ accuracy. In fact, beyond such value the band is not meaningful
any longer due to the result being dominated by the contribution coming from o-.
Moreover the region above the peak, in the third panel of Fig. 7.3, shows the fact
that the p; spectrum of the neutrino is harder for the MiNLO’ result with respect
to the Z@QNLO one. Indeed the MiNLO' prediction is NLO accurate for both Z and
Z + v production, while the Z@QNLO result is, effectively, a LO prediction, given
only by the tree-level contribution of Zy@QLO.
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Figure 7.4: Comparison between the Z boson transverse-momentum distribution for the Z~-
MiNLO result and the Zvy@QNLO result with pur = Mz and relative scale variation.

We want to briefly compare the Z boson transverse-momentum distribution of
the Zy-MiNLO result with the full NLO result for the pp — Z~ process without
the use of the MiNLO method. Due to the absence of a Sudakov form factor, the
latter requires the introduction of a generation cut that was set at p<"* = 10 GeV.
Moreover the central value for the renormalization scale for the Zy@QNLO computa-
tion was taken as pur = My. This comparison is to be understood as a sanity check
since, according to the MiNLO’ method, the Z+-MiNLO result should agree with
the nominal Zy@NLO prediction for large values of py, i.e. pr ~ My. In Fig. 7.4
we show the comparison between the two results, where the red band represents the
upper and lower envelope of the seven-point scale variation of the Zy@QNLO compu-
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tation obtained in the same way as in Fig. 7.1 for the ZQNLO result. The difference
between the values of p’. is not shown, because, outside the small-p; limit, this dis-
tribution is completely dominated by the contribution of o, while the contribution
coming from o would only be limited to the first bin.

100 - —— e -
=)
&
N
>
3 Z~-MiNLO (Bo = const.)
,8 - Z~y-MiNLO (Bo = Bo(pr)) 3 —
ZQNLO —
1.2 ¢ T T T T T T T 1
o :::i:::::—j::::***i::::_:i
= 1 —— — —
C6 L i
~ 08 L | | | | | | | ]
4

Yz

Figure 7.5: Difference in the Z+-MiNLO result between the use of a constant value for 5y (pink)
and By = Bo(pr) (blue) in eq. (7.1.4). As a reference, both are compared to the ZQNLO result
(red).

Given the importance in keeping under control the dependence of the result on
the choice of the value of p), we want to show the role of one expedient that we
discussed in the implementation of the formulae for the computation of o~. More
specifically, we are referring to the use of a non-constant value for the one-loop QED
S function in eq. (7.1.4), that is in the transition from the evaluation of the fixed-
order virtual contribution from a high scale p2 = M2 to u2 = p2 according to the
prescriptions of the MiNLO’ method. In Fig. 7.5 we show the difference between
the typical implementation with a constant value of 3y (pink) and the same result
obtained using Sy = 5o(pr) (blue) in eq. (7.1.4). The two curves, with their relative
pS-bands, are compared to the usual result for the Z@NLO process. Despite both
results being compatible with the inclusive process (red), it is possible to appreciate
an improvement in the dependence on pS of the full Z-MiNLO result when using
Bo = Bo(pr)-

Finally we want to show the results for the total cross section and the rapidity
distribution in the physical case. We consider the same process discussed above, with
Z — v and with o = a(m,), i.e. its physical value at the Thompson limit. The
result for the total cross section for the process ZQNLO is

oy 0 = 550.70(5)220% pb, (7.2.2)
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7.2. Phenomenological results

Results for a = a(m,)

P [GeV] 1 107!

o [pb] 10.822(3) 26.540(8)
o< [pb] 539.63(12) 524.08(12)
oror [pb] 550.46(12) 550.62(12)

Table 7.2: Contributions to the total cross section for different values of pS (top) and result for
the 3-point scale variation for the total cross section of the process ZQNLO (bottom).

where we used the same notation and the same values for py and pp as in eq. (7.2.1),
while the corresponding total cross section at LO is 05° = 548.90(5) pb. In Tab. 7.2
we list the contributions to the total cross section given by o and o. for two
values of pS (pS = {1,107} GeV) and their relative sum. First of all we can see an
improvement in the dependence of the full result on the choice of the value of pS
with respect to the a case. Moreover, we can also see a better agreement between
the total cross section of the Z~-MiNLO process and the fully inclusive one with
respect to the results discussed in Tab. 7.1. The same conclusions can be drawn also
from the plots in Fig. 7.6, where we compare the rapidity distribution for the two
processes and their relative bands, representing the pS. dependence in the Z~-MiNLO
case and the envelope of the three-point scale variation in the ZQNLO case. From
the plot we can see that the two results are compatible with each other within the
percent level, which is consistent with the value of the coupling constant in use.

100 100
o i 1 = i )
=) =)
N 50 + B N 50 + B
= =
E L 7Z~-MiNLO === i t L ZQNLO == i
© Z@QNLO —— © 77-MiNLO ——

1.05 E 1_{ T T T T T T T — 1.05 S T T T T T T T T
S gl ety P 4l 12 1 B NP -
“5 T TR +_E ~§ :__+ ++ - +1'+

O 95 L L L L L L L L L 095 C L L L L L L L L L

-4 -3 -2 -1 0 1 2 3 4 -4 -3 -2 -1 0 1 2 3 4
Yz Yz

Figure 7.6: Comparison between the Z7-MiNLO result and the ZQNLO result for the rapidity
distribution of the Z boson obtained with the physical value of & = a(m,). The blue band represents
a variation of the value of p’. as in Tab. 7.2, while the red band is the envelope of the three-point
scale variation.
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Chapter 8

Conclusions

Given the level of accuracy achieved by modern collider experiments, it is crucial
to provide theoretical prediction of very high accuracy, which, not only amounts to
taking higher-order QCD corrections into account, but also to the inclusion of EW
contributions and QCDxEW mixed effects. In this context, as a first step towards
a fully consistent simultaneous inclusion of EW and QCD higher-order effects in
(N)NLO computations matched to parton showers, we focused on QED corrections
in Drell-Yan production.

In this thesis we have presented the abelianization of the MiNLO’ method and
its implementation for the production of a Z boson decaying into a vv pair. In
particular, after presenting the general formalism, valid also for final-state massive
emitters, i.e. charged leptons, we discussed the numerical challenges that the abelian-
ization process entails in the small transverse-momentum region of the QED Sudakov
form factor with respect to its QCD counterpart. Indeed, we showed an estimate
of the position of the peak of the abelianized MiNLO’ differential cross section,
which is completely inaccessible. To overcome this issue we proposed a different
solution for the computation of the contribution to the cross section in the small
transverse-momentum region of the phase space, based on the analytical properties
of the MiNLO' master formula. As a result we introduced an arbitrary parameter,
P, acting as a separator between the two contributions, o+ and o, and we discussed
the dependence of the full result on the value of such parameter.

We mainly focused on the study of a non-physical case involving a value of the
QED coupling constant which was made fictitiously large in order to allow for a
deeper investigation of the effects of the abelianization. In this scenario, the depen-
dence of the results on the arbitrary scale is not as negligible as one would have
expected and it needs further study. Nonetheless we find results that are consistent
with the fact that the MiNLO’ method should reproduce the fully inclusive prediction
with NLO accuracy, particularly so when the physical value of the coupling constant
is used.
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This work represents a proof of concept for the abelianization of the MiNLO’
method and a first step towards its implementation within the POWHEG framework
for the matching with the parton shower. Alongside a practical implementation of
the massive final-state emitter case, for which the theoretical formalism has been
discussed in this work, the next development on the line is the matching of this
result with a QED parton shower via the POWHEG method. This must be done
consistently both for o~ and o.. The former would be treated in a standard manner,
i.e. by first generating the second emission according to the POWHEG prescription
and then letting the successive QED cascade to be handled by a parton shower. For
the latter, instead, as the contribution to the o_ cross section is defined through
a tight constraint on the QED emissions, it seems natural to match it directly to
a vetoed pr-ordered QED parton shower, without using the POWHEG matching.
On a longer timescale, the aim is to include also NLO QCD effects, and, eventually
NNLO QCD and mixed QCDxEW corrections.
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Appendix A

One-loop soft anomalous
dimension

A.1 One-loop soft anomalous dimension matrix in QCD

We can start from the expression for the subtraction operator I given by eq. (9) of
Ref. [156]:

g {o (- 5)

+iT'T /“L_QEV.(. . )+i LT O(s;1)
7 s e Al A BT WR Y

where we have defined sj;, = 2p; - pr, and

(A.1.2)

_ M _
v =41 — ——_ =

(pj - Pr)?

mam? v ifj,k=3,40rj,k=4,3
1 otherwise

The first term on the right-hand side of eq. (A.1.1) contains the ultraviolet diver-
gences, to be removed via renormalization. The second term depends on the following

functions

11 1—wvy; 1 m?2 2 2
Vie(sje,mj,my) = 5= — log =28 — = <10g2 —L 4 log” ﬂ) -7 (AL3)

2evy - l+up 4 |5l skl ) 6
1 1 m? 1 m? 7
Vir(sjk,m,0) = — + —log —— — ~log? —— — — Al4
jk‘(s_]k?m? ) 962 + % 0og lsjk| 4 og ‘Sjk’ 12 ( )
1
Vin(sjt:0.0) = . (A.1.5)
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A.1. One-loop soft anomalous dimension matrix in QCD

Finally the last term is given by

1 m? m? 1 1. m?
— M2 —
1
[g(1t,0) = =7y, + finite terms (A.1.7)
€
1
[y(p) = =74 + finite terms (A.1.8)
€

Let’s start with the Vj; term in eq. (A.1.1):

4
F= Z T Tk (|3 k|> V}k(sjk,mj,mk) = Z ij (A19)
J

jk=1 §k=1
k#j k#j

We have three different contributions:

2 €
Fir=Fio+ Fy =2T, - Ty (ﬁ) Via(s12,0,0) (A.1.10)
12
2 €
FFF = F34 + F43 = 2T3 T4 (|’u |) ‘/},4(334,m,m) (A.l.ll)
534
]k
k 34 k 34

By substituting Vj), and factorizing (u?/M?)¢ with s12 = M? we get

1\ 1

11 1—-v 5, m> 2

2 €

17 1 T
Frr=(-—) 2Ty - T4y (1+0O -—1 —1 - — Al.14
e = (472) 2T a1+ 000) (Fgotop pr - o - T ) (AL

2\° 11 1-—
_ <“_> 2T T, (——log "} finite terms>
€2

M? 1+wv
2 M2
FIF:(MZ) ZQT Tk <1—610g8]—k+0( ))
k 34

1 n 1 log m? 11 , m?
—_— R _— = 0 —_ —
22 T 2 Clsul 4% Jsul 12

2 € 1 1 2 1 M2
_ (%) Z 2T, - T, <§ + 2_10 m log + finite terms)

j=1,2 |Syk| |5
k=3.4
2\ ¢ 21 72
_ (M 1 1 m-M )
- (MQ) JEQ Tj - Ty, (6—2 + Z log S?k + finite terms | .
k=34

(A.1.15)
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A.1. One-loop soft anomalous dimension matrix in QCD

Putting all terms together we obtain

2 €
10 1

j=1,2
k=34

m2M?
2
52

1—
1+

1 1 v
+= [ 2T5 - Ta-log U+ZZTj-Tklog (A.1.16)

J=1,
k=34
where we can use colour conservation to rewrite the coefficient of the 1/¢? pole as

2T, To+ Y T, Tp=T; (Ty+Ts+Ty)+ Ty (T + T3+ Ty) = —(T7 + T3).

j=1,2
k=34

(A.1.17)

We can now focus on the last term of eq. (A.1.1) which is quite simple

4 2\ €
0 1 2
=D T(umy) = <W) {—2@; - 2%1

j=1 (A.1.18)

2\ €
_ ([~ 2 oyl 2
= (W) [—(Tg + T4)E - E%]

where ¢ = g, q refers to initial state partons.

The last thing we need to address are the imaginary terms in the second line of
eq. (A.1.1). If we factorize the usual (u*/M?)¢ and we consider only the 1/¢ pole, we

have .
2\ € .
o n 1 Z imO(sk)
Emaginary — (W) g ‘ Tj . TkT (A119)
J,k=1
k#j

Using eq. (A.1.2) and knowing that s;; > 0 only if j, & are both initial state or final
state partons (since all the momenta are outgoing) we have

12

€ 1 ‘ 1
Emaginary = (m) EZﬂ' |:2 T1 . T2 + ;2 Tg . T4:| . (A120)

We can now use colour conservation Zf T; = 0 to rewrite
2T, -To=2T;s Ty + (T5+T3) — (T] +T5) (A.1.21)
so we end up with

2 € 1 1
Fimaginary = (%) —im {—(Ti + T3+ (T2 +T2) +2T5- Ty <; + 1)1 :
(A.1.22)
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A.2. Abelianization

The final result is then given by

A€ 2\ ¢ 1 ) 2 4
(A.1.23)

L JUV S I Z T, T, log CP P
t 4 7/7T k108 2M2
=1,2

k 3

1 1 1
+2T5-Ty {2— log T U i ( + 1>] . (A1.24)
v

A.1.1 Comments

1. Note that all real terms in eq. (A.1.24) come from either initial-final or final-
final contributions. On the other hand, for what concerns imaginary parts
only the 1/v term comes from final-final interactions while the other terms
come from initial-initial contributions using eq. (A.1.21).

2. Eq. (A.1.1) is written using the formalism employed by Catani, Dittmaier and
Trocsanyi [156], in which the amplitude is expanded in powers of ag/4m. This
means that in order to adapt these results to the choice of the expansion pa-
rameter /27 used in this work we need to multiply eq. (A.1.23) by a factor
1/2.

A.2 Abelianization

We can now apply the abelianization techniques described in Section 5.1 to eq. (A.1.24):

[QED(1) _ (2p; - i)’
¢ =1 (@3 + QN1 —im) Z (—Q;Qx) log I
—12

k 3

+ 20504 [—log 1+Z — 4 <% + 1)] } (A.2.1)

1

We also have

Q1 =-0Q2 Q1] =[Q2] = Quu,

(A.2.2)
Q?) = _Q4a |Q3| = ’Q4| = Qﬁm
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A.2. Abelianization

which leads to

, 1 1 1+v  arm 2p; - i)’
PeEDM) -1 2Q%, {1 — %bg + 7] + Z (_QjQ’“)IOg%

o 1—w
7=1,2
k=34
1 1. 140 ir p1-p3) (D2 -m)}
= —— 2 2n l]. - ].O _:| - 2 ]~O
4 { Qs 20 81 @islog (p1 - pa)(p2 - p3)

Thus for a heavy lepton pair in the final state we have

1 1 1+wv 1T (p1 'p3)(p2 '194)
3 TR S e L Y s § SR G

20

where (), is the charge of the parton with momentum p;.
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Appendix B

Two-loop soft anomalous
dimension

B.1 Two-loop soft anomalous dimension matrix in QCD

From Ref. [127] we can extract the expression for the second order anomalous di-

mension matrix, namely

1
) — _ 4{[(T3+T4 —im)+ > T Tlog M2 )}%(?ép
1=1,2
j=3.4
— ) + 2Ty Tanl(0) 4 30 A T T T go)log - (BLY)
j=1,2 30

+ [FS),F( } + 718,F 1)}

where the coefficients ’yéulp, ’y ) and ”ycubp( ) are the second order coefficients of the
perturbative expansions of their respective anomalous dimension functions

Yeusp(@ts) = i (a—> Yoo (B.1.2)

™

Yolag) =Y (&—) 1S (B.1.3)

™

na(v,00) = 3 (22) 22 (0) (B.1.4)

For massless quarks and gluons, the two-loop cusp anomalous dimension was com-
puted in Ref. [157] and it reads

67 72 5
(2) Cy— “Tany. B.1.5
’Ycusp <36 12) A 9 R,nf ( )
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B.2. Abelianization

The second-order anomalous dimension for massive partons [158] is given by

1 2 98 40

and the two-loop cusp anomalous dimension for massive quarks [158] can be written
as

1/1
2 _ 2 .
Fyéulp(v) - ’y(gugp; <§LU - Z,/T)

477 6 2

1 1 2
+ —L2 — EW2L — (3 +im (— Liy, — = L2 + T )]

C 5 1 1
+ —A{ —L)— -7’ + (g —inL, + — [Li;gv +=L, Liy,
v

24" 12 4”6

1 s .1, 2 5,
—l—v[ 24Lv+L12v 4Lv Lvlog<1_v>+127er

O o . (1, 2v w2
+67T +am <4LU+LU+2log(1_v) E)]}

(B.1.7)

where v is the relative velocity given by eq. (4.1.27) and we introduced the shorthand
notations

| 1 1-
L, = log (1 +”)  Liy, = Li, (1 +”) . Lis, = Lis (1 +”) (B.1.8)
— U v v

with the usual polylogarithm functions

Lis(2) :—/0 B ros(1—1),  Lis() :—/Oz%log(t) log(1—2t).  (B.L9)

Finally the function g(v) is [159]

1 5 1 1 2
g(v) = —~L}+ —m* +inL, + ~ { L12v+4L + L, 108;(1 . )

47 6
! (B.1.10)
D 2 | 2lo 2v + L
——7* — o |-
6 S\1=v
B.2 Abelianization
By applying the abelianization rules to eq. (B.1.1) we get
ED, (2 1 (2pi - p))?
F? (2 _ _Z{ Z( Q,Qj)log e J 7%511337(2)
i=1,2
j=34 (B.2.1)

D D,
L 400 _ 2 0821y 4, P <l>},
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B.2. Abelianization

with
2 QD) — _1% N, (B.2.2)
AR % Q2N (B.2.3)
LQEDC) () = _1_58 N(2>% B log (14_”;) _ m} . (B.2.4)

Note that all the contributions left after the abelianization procedure in V%Er])) ’(2),
fy?ED’(Q) and 731];:}? 2 (v) are proportional to N, This is due to the fact that their
origin is tied to the splitting of a photon into a fermion-antifermion pair in the final
state.

We stress that the results discussed in this appendix stem from the formulas
presented in Ref. [127], where the perturbative expansion is performed in powers of
as/m. Since throughout this work we employ an expansion in «, /27 (or equivalently
a/2m in QED), we need to adjust these results accordingly.
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Appendix C

Increasing the value of «

Some of the computation in this work required us to change the reference value of
the QED coupling constant to increase the effect of the QED corrections and at the
same time alleviate the numerical complexity. One possible choice would be to use
a new value of a at the Thompson limit that is somewhat similar to the value of
the QCD coupling constant at the scale of the Z boson mass. In this way we would
be able to make a direct comparison between the QED results and the well known
QCD ones. However this is not possible, due to the shift in the position of the QED
Landau pole. Indeed, by changing the value of the coupling constant, the position
of the pole associated with its running also change and not by a small amount.

We want to determine what is the maximum value that we can use to define
the Thompson limit of @(g?) such that the position of the Landau pole does not fall
within the reach of the LHC. In order to do so we can just use the formula for the
LO evolution of the coupling constant, given by

a(my)

" 1+ Boa(m?)log(g?/m2)’

where we keep the first-order coefficient of the § function fixed, namely Sy = —20/97
which corresponds to all fermions but the top quark contributing to the photon self
energy loop. We need to find a(m?) such that

alq?) (C.0.1)

1+ a(m?) By log (%) =0 for Q=13TeV (C.0.2)

e

that gives us approximately a(m?) = 0.04.
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Appendix D

Explicit computation of the double
convolutions

We want to explicitly compute a couple of the terms that contain double convolutions
appearing in eqs. (6.2) and (6.2). In particular, we focus on the two most complicated
ones, namely

0 0 1 0
(PO (PP o) ad (CPo P o)) (D.0.1)
which involve the following splitting function and coefficient function
1+22 3
PY(2) = QF | m——— +50(1 - D.0.2
2
Gy (2) = @ {(1 —2) = 6(1— Z)E] : (D.0.3)
We can start by recalling the plus distribution, denoted as
9(2)
(1—2)+ ( )

whose integral with a smooth test function f(z) is defined as

1 1
g(2) / dz
dz————f(2) = g(z) —g(D)] f(2). D.0.5
| anZ2ro = [ {2l -l 1) (D.05)
The standard convolution between the splitting function Pq(g) and a generic function
f representing the parton distribution function is then given by

o= [ Er(2)e ][5+ Joa-9)

T

- [ B[ () 2] + i

. 1=z z

(D.0.6)
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So that the double convolutions in eq. (D.0.1) can be written as

1d:c[1+x2 3 }

(Pq(§> ® (PO @ f))(y) = Q;l/ (-2, 2

[ )] v o)
“arf ()
[ @)oo Ol

s [ 5 [ (9) -] + )
(D.0.7)

1+ 22

1 (D) -2 + 55w

(e en)m=6 [ ©[n-o- o)

AL a0 o)
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