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THE SINGULAR STRUCTURE AND REGULARITY
OF STATIONARY VARIFOLDS

AARON NABER AND DANIELE VALTORTA

ABSTRACT. If one considers an integral varifold I C M with bounded mean curvature, and if S¥(I) = {x €
M : no tangent cone at x is k + 1-symmetric} is the standard stratification of the singular set, then it is well
known that dimS* < k. In complete generality nothing else is known about the singular sets S*(7). In this
paper we prove for a general integral varifold with bounded mean curvature, in particular a stationary varifold,
that every stratum S*(I) is k-rectifiable. In fact, we prove for k-a.e. point x € S* that there exists a unique
k-plane V* such that every tangent cone at x is of the form V x C for some cone C.

In the case of minimizing hypersurfaces I"~! € M" we can go further. Indeed, we can show that the singular

set S (1), which is known to satisfy dim S (/) < n—8, is in fact n—8 rectifiable with uniformly finite n—8 measure.

7
‘weak

An effective version of this allows us to prove that the second fundamental form A has apriori estimates in L

on I, an estimate which is sharp as |A| is not in L’ for the Simons cone. In fact, we prove the much stronger

7

. -estimates.
weak

estimate that the regularity scale r; has L

The above results are in fact just applications of a new class of estimates we prove on the quantitative
stratifications S¥, and S* = S* |. Roughly, x € §¥ C I'if no ball B,(x) is e-close to being k + 1-symmetric. We
show that § é is k-rectifiable and satisfies the Minkowski estimate Vol(B, S é’) < C.r"*. The proof requires a new
L?-subspace approximation theorem for integral varifolds with bounded mean curvature, and a W'?-Reifenberg
type theorem proved by the authors in [N'Va].
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THE SINGULAR STRUCTURE AND REGULARITY OF STATIONARY VARIFOLDS 3

1. INTRODUCTION

In this paper we will study integral m-varifolds I with bounded mean curvature, and in particular sta-
tionary varifolds and area minimizing currents, see Section 2 for an introduction to the basics. In the case of
a varifold / with bounded mean curvature we can consider the stratification of I given by

s%nyc---cskayc---smuycl, (1.1)
where the singular sets are defined as
Sk(I) = {x € M : no tangent cone at x is k + 1-symmetric}, (1.2)

see Definition 1.2 for a precise definition and more detailed discussion. An important result of Almgren (see
[AImOO, sections 2.25, 2.26]) tells us that in the context of area minimizing currents we have the Hausdorff
dimension estimate

dim S*() < k. (1.3)

With some work, this estimate can be carried over to the context of integral varifolds. Unfortunately, essen-
tially nothing else is understood about the structure of the singular sets in any generality. In the case where
I is a codimension 1 area minimizing current more is understood, at least for the top stratum of the singular
set. Namely, if I"~! is an area minimizing hypersurface it has been shown in [Sim95] that S (I) = S"~8(I)
is rectifiable. This result relies on Simons’ work [Sim68], where the author proves that all tangent cones to
hypersurfaces in R” are hyperplanes if n < 7.

Moreover, for a minimizing hypersurface, i.e., a minimizing current of codimension 1, one can use the
e-regularity theorem of [DG61], (see also [Fed69],[CN13b] and theorem 2.11) to show that the whole sin-
gular set S (/) coincides with § "=8(J). As it is well-known, this is not the case for minimizing currents of
codimension higher than one, as singular points in this context may also arise as branching points on the top
stratum S™(1) \ $™1(D).

The first goal of this paper is to give improved regularity results for stratification and associated quanti-
tative stratification for varifolds under only a bounded mean curvature assumption. Indeed, we will show
for such a varifold that the strata S¥(I) are k-rectifiable for every k. In fact, we will show that for k-a.e.
x € SK(I) there exists a unique k-dimensional subspace V C T,.M such that every tangent cone at x is of the
form V* x C for some cone C. Note that we are not claiming that the cone factor C is necessarily unique,
just that the Euclidean factor V* of the cone is. It is a good question as to whether tangent cones need to be
unique in general under only the assumption of bounded mean curvature.

For a varifold " = I"~! which is an area minimizing hypersurface these results can be improved. To
begin with, we have that the top stratum of the singular set S (/) = § "=8(]) is n — 8 rectifiable, and that there
are a priori bounds on its n — 8 Hausdorff measure. That is, if the mass y;(B;) < A is bounded, then we
have the estimate H"8(S (I) N By) < C(A, B). In fact, we have the stronger Minkowski estimate

Vol (B/(S (D) N By), rus(BA(S (D) n By) < Cr%, (1.4)

where B,(S ¢ )) is the tube of radius r around the singular set. Indeed, we can prove much more effective
versions of these estimates. That is, in theorem 1.8 we show that the second fundamental form A of 7, and
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in fact the regularity scale r;, have a priori bounds in L’

weak- More precisely, we have that

i ({IA1> 7"y By) < i (B 1A > 7'} 0 By) < C(A By (1.5)

Let us observe that these estimates are sharp, in that the Simons’ cone satisfies |A| ¢ LZOC(I). Let us also
point out that this sharpens estimates of [CN13b], where it was proven that for minimizing hypersurfaces
that |A| € L? for all p < 7. We refer the reader to Section 1.2 for the precise and most general statements.

Now the techniques of this paper all center around the notion of the guantitative stratification. In fact,
it is for the quantitative stratification that the most important results of the paper hold, everything else can
be seen to be corollaries of these statements. The quantitative stratification was first introduced in [CN13a],
and later used in [CN13b] with the goal of giving effective and L” estimates on stationary and minimizing
currents. It has since been used in [CHN13b], [CHN13a], [CNV15], [FMS15], [BL15] to prove similar
results in the areas of mean curvature flow, critical sets of elliptic equations, harmonic map flow. More
recently, in [NVa] the authors have used ideas similar to those in this paper to prove structural theorems for
the singular sets of stationary harmonic maps.

Before describing the results in this paper on the quantitative stratification, let us give more precise
definitions of everything. To begin with, to describe the stratification and quantitative stratification we
need to discuss the notion of symmetry associated to an integral varifold with bounded mean curvature.
Specifically:

Definition 1.1. Fory € R" and 4 > 0, let 5,2 : R" — R" and 7, : R" — R" be the functions

x—
nya(x) =y+ Ty , () =x+y, (1.6)

and let iy, # and 7,4 be their pushforwards. We define the following:

(1) An integral varifold I € R" is called k-symmetric if 914/ = I V A > 0 (which means that / is
a cone at the origin), and if there exists a k-plane V¥ C R” such that for each y € V¥ we have that
T y#l =1.

(2) Given an integral varifold I C M and € > 0, we say a ball B,(x) € M with r <inj(x) and x € I" is
(k, €)-symmetric if there exists a k-symmetric integral varifold /”* C T, M such that
dmo,#+I™ N B1(0), 1" n B1(0)) < €, where we have used the exponential map to identify 7 as a
varifold on T M.

Remark 1.1. The distance d may be taken to be the weak distance induced by the Frechet structure of
varifold convergence. In the case of minimizing currents, it is equivalent to take d to be the flat distance.

Thus, an integral varifold I is k-symmetric if I = V¥ x C for some cone C. A varifold is (k, €)-symmetric
on a ball B,(x) if it is weakly close to a k-symmetric varifold on this ball.

With the notion of symmetry in hand, we can define precisely the quantitative stratification associated to
a solution. The idea is to group points together based on the amount of symmetry that balls centered at those
points contain. In fact, there are several variants which will play a role for us. Let us introduce them all and
briefly discuss them:
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Definition 1.2. For an integral varifold I”* with bounded mean curvature and finite density we make the
following definitions:

(1) For €, r > 0 we define the k™ (e, r)-stratification S ’;,(1 ) by
S';,(I) ={xelInB;: fornor<s<1isBsx)a(k+1,e)-symmetric ball}. (1.7)
(2) For € > 0 we define the k' e-stratification SX(I) by

Sk = ﬂ Sk ={xelnBy: forno0<r<1isB.(x)a(k+1,e)-symmetric ball}.  (1.8)

r>0

(3) We define the k*-stratification S*(I) by

Sk(I) = U Slé(l) = {x € I N By : no tangent cone at x is k + 1-symmetric}. (1.9)
e>0

Remark 1.2. It is a small but important exercise to check that the standard stratification S k(I as defined in
(1.1) agrees with the set | ¢ S’g(l).

Let us discuss in words the meaning of the quantitative stratification, and how it relates to the standard
stratification. As discussed at the beginning of the section, the stratification S*() of I is built by separating
points of I based on the infinitesimal symmetries of 7 at those points. The quantitative stratifications S (1)
and S ’;r(l ) are, on the other hand, instead built by separating points of / based on how many symmetries
exist on balls of definite size around the points. In practice, the quantitative stratification has two advantages
over the standard stratification. First, on minimizing hypersurfaces the quantitative stratification allows to
prove effective estimates. In particular, in [CN13b] the L estimates

f A% <Cs¥6>0, (1.10)
Binl

on minimizing hypersurfaces were proved by exploiting this fact. The second advantage is that the estimates
on the quantitative stratification are much stronger than those on the standard stratification. Namely, in
[CN13b] the Hausdorff dimension estimate (1.3) on S¥(I) was improved to the Minkowski content estimate

Vol (B, (S£,)) < Cea Y5> 0. (1.11)

One of the key technical estimates of this paper is that in theorem 1.3 we drop the ¢ from this estimate and
obtain an estimate of the form

Vol (B, (S£,)) < ca™*. (1.12)
From this we are able to conclude in theorem 1.4 an estimate on S of the form
Vol (B, ($¥)) < Co™*. (1.13)

In particular, this estimate allows us to conclude that S¥ has uniformly finite k-dimensional measure. In fact,
the techniques will prove much more for us. They will show us that S¥ is k-rectifiable, and that for k-a.e.
point x € S¥ there is a unique k-plane V¥ C T, M such that every tangent cone at x is k-symmetric with
respect to V. By observing that S¥(I) = |J SX(I), this is what allows us to prove in theorem 1.5 our main
results on the classical stratification. This decomposition of S into the pieces S¥ is crucial for the proof.
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On the other hand, (1.13), combined with the e-regularity theorems of [Fed69],[CN13b], allow us to con-
clude in the minimizing hypersurface case both the weak L’ estimate on |A|, and the m — 7-finiteness of the
singular set of /. Thus we will see that theorems 1.6 and 1.8 are fairly quick consequences of (1.13).

Thus we have seen that (1.12) and (1.13), and more generally theorem 1.3 and theorem 1.4, are the main
challenges of the paper. We will give a more complete outline of the proof in Section 1.3, however let us
mention for the moment that two of the new ingredients to the proof are a new L>-subspace approximation
theorem for integral varifolds with bounded mean curvature, proved in Section 6, and a W'-Reifenberg
theorem described in Section 3. The L’-approximation result roughly tells us that the L>-distance of a
measure from being contained in a k-dimensional subspace may be estimated by integrating the volume
drop of the integral varifold over the measure. To exploit the estimate we prove a new W'”-Reifenberg type
theorem. The classical Reifenberg theorem states that if we have a set § which is L*-approximated by an
affine k-dimensional subspace at every point and scale, then S is bi-Holder to a k-dimensional manifold,
see theorem 2.18 for a precise statement. It is important for us to improve on this bi-Holder estimate, at
least enough that we are able to control the k”’-dimensional measure of the set and prove rectifiability. In
particular, we want to improve the C*-maps to W'P-maps for p > k, and we will want to do it using
a condition which is integral in nature. More precisely, we will only require a form of summable L’-
closeness of the subset S to the approximating subspaces. We will see in theorem 6.1 that by using the
L?-subspace approximation theorem that the conditions of this new W!-”-Reifenberg are in fact controllable
for the quantitative stratifications S.

1.1. Results for Varifolds with Bounded Mean Curvature. We now turn our attention to giving precise
statements of the main results of this paper. In this subsection we focus on those concerning the singu-
lar structure of integral varifolds with bounded mean curvature. Precisely, let (M", g, p) be a Riemannian
manifold satisfying

|secp,(p | < K, inj(Ba(p)) = K71, (1.14)

and let /"™ be an integral varifold on M with mean curvature bounded by H on B;(p). That is, for every
smooth vector field X on M with compact support in B>(p) we have the estimate

|61, (X0)| < HfI|X|d1, (1.15)

see Section 2.1 for more on this. Let us begin by discussing our main theorem for the quantitative stratifica-
tions S 1;,(1 ):

Theorem 1.3 ((e, r)-Stratification of Integral Varifolds with BMC). Let I be an integral varifold on M"
satisfying the curvature bound (1.14), the mean curvature bound (1.15), and the mass bound u(B>(p)) < A.
Then for each € > 0 there exists C(n, K, H, \, €) such that

Vol(B,(S% (D) N By (p)) < Ca ™. (1.16)



THE SINGULAR STRUCTURE AND REGULARITY OF STATIONARY VARIFOLDS 7

When we study the quantitative stratification S¥(I) we can refine the above to prove structure theorems
on the set itself:

Theorem 1.4 (e-Stratification of Integral Varifolds with BMC). Let I be an integral varifold on M" sat-
isfying the curvature bound (1.14), the mean curvature bound (1.15), and the mass bound u;(B2(p)) < A.
Then for each € > 0O there exists Cc(n, K, H, A, €) such that

Vol(B.(SE(1) N By (p)) < Cer"™*. (1.17)

In particular, we have the k" -dimensional Hausdorff measure estimate Ak ’;(I)) < C.. Further, S ’;(1) is
k-rectifiable, and for k-a.e. x € S* there exists a unique k-plane V¥ C T M such that every tangent cone of
X is k-symmetric with respect to vk,

Finally, we end this subsection by stating our main results when it comes to the classical stratification
Sk(I). The following may be proved from the previous theorem in only a few lines given the formula
Sk = USE):

Theorem 1.5 (Stratification of Integral Varifolds with BMC). Let I'" be an integral varifold on M" satisfying
the curvature bound (1.14), the mean curvature bound (1.15), and the mass bound u;(By(p)) < oo. Then
for each k we have that S*(I) is countably k-rectifiable. Further, for k-a.e. x € S*(I) there exists a unique
k-plane V* C T, M such that every tangent cone of x is k-symmetric with respect to V¥,

1.2. Results for Minimizing Hypersurfaces. In this section we restrict ourselves to studying codimen-
sion one integral currents "' which minimize the area functional on B,(p) with respect to compact vari-
ations. That is, if I’ is another integral current with 9 = dI’ in By(p) and supp(I —I’) € B, (p) , then
ui(B2) < uj(Bs). One could easily restrict to local minimizers to obtain similar results. Most of the results
of this section follow quickly by combining the quantitative stratification results of Section 1.1 with the
e-regularity of [Fed69],[CN13b], see Section 2.5 for a review of these points.

Our first estimate is on the singular set Sing(/) of a minimizing hypersurface. Recall that Sing(/) is the
set of points where / is not smooth.

Theorem 1.6 (Structure of Singular Set). Let I = I""! be a minimizing integral current on M" with
ol N B, (0) = 0 satisfying the curvature bound (1.14) and the mass bound pu;(B2(p)) < A. Then Sing(I) is
m — T-rectifiable and there exists C(n, K, A) such that

Vol (B,(Sing(D) N By(p)) < Cr®,
wi(B(Sing(D) N By(p)) < Cr . (1.18)
In particular, 7"~ (Sing(I)) < C.
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The above can be extended to effective regularity estimates on /. To state the results in full strength let us
recall the notion of the regularity scale associated to a function. Namely:

Definition 1.7. Let I be an integral varifold. For x € I N B1(p) we define the regularity scale r;(x) by

rl(x)zmaX{OSrS 1: sup IAISr_l}. (1.19)
B, (x)

By definition, r;(x) = 0 if  is not C? in a neighborhood of x.

Remark 1.3. The regularity scale is scale invariant. That is, if r = r;(x) and we rescale B,(x) — Bj(x), then
on the rescaled ball we will have |A| < 1 on By(x).

Remark 1.4. We have the easy estimate |A|(x) < r;(x)~'. However, a lower bound on r;(x) at a point is in
principle much stronger than an upper bound on |A|(x).

Remark 1.5. Notice that the regularity scale is a Lipschitz function with [Vr;| < 1, and it is an upper
semicontinuous function.

Remark 1.6. If I satisfies an elliptic equation, e.g. is a stationary varifold, then we have estimates of the
form

sup |VFA| < Cp rp(x)~*+D (1.20)
By 2(x)

In particular, control on r; gives control on all higher order derivatives.
Now let us state our main estimates for minimizing hypersurfaces:

Theorem 1.8 (Estimates on Minimizing Hypersurfaces). Let I'"* = I""! be a minimizing integral current on
M" with 01 N B, (0) = 0 satisfying the curvature bound (1.14) and the mass bound u;(B2(p)) < A. Then
there exists C(n, K, A) such that

Vol({x € Bi(p) : |Al > ™'} N By (p)) < Cr*,
Vol({x € Bi(p) : ri(x) <r}N B (p)) <cr,

w(lx € Bi(p) : ri(x) < i N By (p)) < Cr. (1.21)

In particular, both |A| and rI_1 have bounds in L’ (I N Bl(p)), the space of weakly L’ functions on I wrt

weak
the measure jj.
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1.3. Outline of Proofs and Techniques. In this subsection we give a brief outline of the proof of the main
theorems. To describe the new ingredients involved it will be helpful to give a comparison to the proofs of
previous results in the area, in particular the dimension estimate (1.3) of Federer and the Minkowski and L”
estimates (1.10) of [CN13b].

Indeed, the starting point for the study of singular sets for solutions of geometric equations typically looks
the same, that is, one needs a monotone quantity. In the case of integral varifolds I”* with bounded mean
curvature, we consider the volume density

0r(x) = r " u(B(x)). (1.22)

For simplicity sake let us take M = R" and ™ to be stationary in this discussion, which is really of no loss
except for some small technical work. Then %Or > 0, so 6,(x) is precisely a monotone quantity, and it is
independent of r if and only if / is O-symmetric, see Section 2.3 for more on this. Interestingly, this is the
only information one requires to prove the dimension estimate (1.3). Namely, since 6,(x) is monotone and
bounded, it must converge as r tends to zero. Therefore, if we consider the sequence of scales r, = 27 then
we have for each x that

lim (6, (x) — 6., ()| > 0. (1.23)
a—>00

From this one can conclude that every tangent cone of / is O-symmetric. This fact combined with some very
general dimension reduction arguments originating with Federer from geometric measure theory [Sim83],
yield the dimension estimate (1.3).

The improvement in [CN13b] of the Hausdorff dimension estimate (1.3) to the Minkowski content esti-
mate (1.11), and from there the L? estimate of (1.10), requires exploiting more about the monotone quantity
6,(x) than just that it limits as r tends to zero. Indeed, an effective version of (1.23) says that for each 6 > 0
there exists N(A, ) > 0 such that

O, (X) — 6, (x)| < 6 (1.24)

holds for all except for at most N scales @ € {ay,...,ay} € IN. These bad scales where (1.24) fails may
differ from point to point, but the number of such scales is uniformly bounded. This allows one to con-
clude that, for all but at most N(A, €)-scales, B
information, a new technique other than dimension reduction was required in [CN13b]. Indeed, in [CN13b]

tapna(X) 18 (0, €)-symmetric, see Section 2.4. To exploit this
the quantitative 0-symmetry of (1.24) was instead combined with the notion of cone splitting and an energy
decomposition in order to conclude the estimates (1.10),(1.11). Since we will use them in this paper, the
quantitative O-symmetry and cone splitting will be reviewed further in Section 2.4.

Now let us begin to discuss the results of this paper. The most challenging aspect of this paper is the proof
of the estimates on the quantitative stratifications of theorems 1.3 and 1.4, and so we will focus on these in
our outline. Let us first observe that it might be advantageous to replace (1.24) with a version that forces
an actual rate of convergence, see for instance [Sim93], [Sim95]. More generally, if one is in a context
where an effective version of tangent cone uniqueness can be proved then this may be exploited. In fact, in
the context of critical sets of elliptic equations one can follow exactly this approach, see the authors’ work
[NVD] where versions of theorems 1.3 and 1.4 were first proved in this context. However, in the general
context of this paper such an approach fails, as tangent cone uniqueness is not available, and potentially not
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correct.

Instead, we will first replace (1.24) with the following relatively simple observation. Namely, for each x

there exists N(A, ¢) and a finite number of scales {«,...,ay} C IN such that
> @ -6, | <6, (1.25)
@ ;<a<aji|

That is, not only does the mass density drop by less than § between these scales, but the sum of the all the
mass density drops is less than ¢ between these scales.

Unfortunately, exploiting (1.25) in order to prove estimates on the singular set turns out to be substan-
tially harder to use than exploiting either (1.23) or even (1.24). In essence, this is because it is not a local
assumption in terms of scale, and one needs estimates which can see many scales simultaneously, but which
do not require any form of tangent cone uniqueness statements. Accomplishing this requires four new ideas,
two of which have been introduced in the last few years in [CN13b],[NVb], and two of which are new to this
paper. The first point is to replace the study of the singular set with the study of the quantitative singular set,
as introduced in [CN13b] for integral varifolds. It will be clear from the proofs that there is no direct way to
apply the ideas of this paper to the singular set itself without decomposing it into these quantitative pieces.
The sharp estimates themselves also depend on a new covering argument, first introduced by the authors in
[N'Vb]. We will only briefly discuss the covering in the outline, but this covering argument has the advantage
of giving very sharp packing estimates on sets and exploits well the condition (1.25), see Section 7 for more
on this in the context of this paper. The disadvantage of the strategy of this covering is that it requires com-
paring balls of arbitrarily different sizes. In [NVb] this was accomplished by proving an effective tangent
cone uniqueness statement in the context of critical sets of elliptic equations. Unfortunately, in the context
of this paper it is not clear such a statement exists.

Thus, we arrive at discussing the new ideas supplied in this paper. As discussed, in order to apply the
strategy of the covering argument of [NVb] we need to be able to estimate collections of balls of potentially
arbitrarily different radii. Accomplishing this requires two ingredients, a rectifiable-Reifenberg type theo-
rem, and a new L>-best subspace approximation theorem for integral varifolds with bounded mean curvature,
which will allow us to apply the rectifiable-Reifenberg. Let us discuss these two ingredients separately.

We begin by briefly discussing the W!-”-Reifenberg and rectifiable-Reifenberg theorems, which are stated
in Section 3. Recall that the classical Reifenberg theorem, reviewed in Section 2.7, gives criteria under
which a set becomes C?-Holder equivalent to a ball B;(0F) in the Euclidean space R¥. In the context of this
paper, it is important to improve on this result so that we have gradient and volume control of our set. Let
us remark that there have been many generalizations of the classical Reifenberg theorem in the literature,
see for instance [Tor95] [DT12], however those results have hypotheses which are much too strong for the
purposes of this paper. Instead, we will follow the approach introduced by the authors in [NVa] to prove
rectifiability and Minkowski-type bounds on the singular sets of harmonic maps. In particular, we need to
improve the C?-equivalence to a W'”-equivalence. This is strictly stronger by Sobolev embedding, and if
p > k then this results in volume estimates and a rectifiable structure for the set. More generally, we will
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require a version of the theorem which allows for more degenerate structural behavior, namely a rectifiable-
Reifenberg theorem. In this case, the assumptions will conclude that a set S is rectifiable with volume
estimates. Of course, what is key about this result is that the criteria will be checkable for our quantitative
stratifications, thus let us discuss this criteria briefly. Roughly, if S € B1(0") is a subset equipped with the
k-dimensional Hausdorff measure A¥, then let us define the k-dimensional distortion of S by

Di(y, ) = 572 inf sk f d*(y, LX) dA¥(y), (1.26)
L SNBy(x)

where the inf is over all k-dimensional affine subspaces of R”. That is, D¥ measures how far S is from being

contained in a k-dimensional subspace. Our rectifiable-Reifenberg then requires this be small on S in an

integral sense, more precisely that

rk f Z Dy, tp)d Ak (x) < 6% (1.27)
SNB(x) to<r

For ¢ sufficiently small, the conclusions of the rectifiable-Reifenberg theorem 3.4 are that the set S is recti-
fiable with effective bounds on the k-dimensional measure. Let us remark that one cannot possibly conclude
better than rectifiable under this assumption, see for instance the Examples of Section 3.3.

Thus, in order to prove the quantitative stratification estimates of theorems 1.3 and 1.4, we will need to
verify that the integral conditions (1.27) hold for the quantitative stratifications S ’;(1), S ’;,(I) on all balls
B, (x). In actuality the proof is more complicated. We will need to apply a discrete version of the rectifiable-
Reifenberg, which will allow us to build an iterative covering in Section 7 of the quantitative stratifications,
and each of these will satisfy (1.27). This will allow us to keep effective track of all the estimates involved.
However, let us for the moment just focus on the main estimates which allows us to turn (1.27) into infor-
mation about our integral varifolds, without worrying about such details.

Namely, in Section 6 we prove a new and very general approximation theorem for integral varifolds with
bounded mean curvature. As always in this outline, let us assume M = R" and that I is stationary, the
general case is no harder. Thus we consider an arbitrary measure u which is supported on B;(0"). We would
like to study how closely the support of y can be approximated by a k-dimensional affine subspace L* C R”,
in the appropriate sense, and we would like to estimate this distance by using properties of /. Indeed, if
we assume that Bg(0") is not (k + 1, €)-symmetric with respect to /, then for an arbitrary u we will prove in
theorem 6.1 that

inf f d*(x, LMdu<cC f 03 (x) — 01(x)| dut , (1.28)
LR J B, (0) B(0)

where C will depend on €, the mass of /, and the geometry of M. That is, if I does not have k + 1 degrees of
symmetry, then how closely the support of an arbitrary measure y can be approximated by a k-dimensional
subspace can be estimated by looking at the mass drop of I along . In applications, u will be the restriction
to By of some discrete approximation of the k-dimensional Hausdorff measure on S¥, and thus the symmetry
assumption on / will hold for all balls centered on the support of y. Notice that if the ambient space is not
R’ but a smooth manifold, (1.28) has an extra term on the rhs as in (6.1), but this term is easily seen to be
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not a problem for the estimates given its exponential decay.

In practice, applying (1.28) to (1.27) is subtle and must be done inductively on scale. Additionally, in
order to prove the effective Hausdorff estimates A*(S% N B,) < Cr* we will need to use the Covering lemma
7.1 to break up the quantitative stratification into appropriate pieces, and we will apply the estimates to
these. This decomposition is based on a covering scheme first introduced by the authors in [NVb]. Thus for
the purposes of our outline, let us assume we have already proved the Hausdorff estimate (SN B,) < Cr*,
and use this to be able to apply the rectifiable-Reifenberg in order to conclude the rectifiability of the sin-
gular set. This may feel like a cheat, however it turns out the proof of the Hausdorff estimate will itself be
proved by a very similar tactic, though will also require an inductive argument on scale and use the discrete
rectifiable-Reifenberg of theorem 3.3 in replace of the rectifiable-Reifenberg of theorem 3.4.

Thus let us choose a ball B, and let E = supg 6,(y). Let us consider the subset Sk c %N B, defined by

Sk={yeStnB, :6)(y) > E-n}, (1.29)

where 17 = 1(n, K, H, A, €) will be chosen appropriately later. We will show now that §¥ is rectifiable. Since
1 is fixed and the ball B, is arbitrary, the rectifiability of all of S¥ will follow quickly by an easy covering
argument. Thus, let us estimate (1.27) by plugging in (1.28) and the Hausdorff estimate to conclude:

f Z DF(x, 1) dAF

e rn<r
=k f Z(lnfr 2k f d(y, Lda¥(y))d 2 (x)
5k Lk SkAB., (x)

(" f 165, () = 6, I () )d 2 (x)
SkNBy, (x)

kg f A4S0 B, (3))l6s:, () — 6, )] A ()

1o <r

<cr j; > 105, () = b, ) dA*()

EnB,() 2

et [ 1) =012
<Cr*aShHn
<6, (1.30)

where in the last line we have chosen = n(n, K, H, A, €) so that the estimate is less than the required ¢ from
the rectifiable-Reifenberg. Notice also that the bound Y, ,163:,(y) — 6:, ()| < C (816,(y) — 6o(»)) follows
from the monotonicity of 6 and the fact that the sum on the lhs can be bounded with telescopic sums. Indeed,

> 105, 0) - My»—Z D 105,00 = 6,001 < 3016 () — B0 - (1.31)

1o <1 i=1 @mod3)=I, Ta<r
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Thus, if r is small enough, we can apply the rectifiable-Reifenberg of theorem 3.4 in order to conclude
the rectifiability of the set S ’;, which in particular proves that S¥ is itself rectifiable, as claimed.

2. PRELIMINARIES

2.1. Integral Varifolds and Mean Curvature. Let us begin by giving a very brief introduction to inte-
gral varifolds, the first variation, and their relationship to mean curvature. See [DL12, Sim83] for a more
complete and nice introduction. We begin with the definition of an integral varifold:

Definition 2.1. Given a smooth Riemannian manifold (M", g), consider the set of pairs (S, 8), where S is
a countably m-dimensional rectifiable set in M" and 6 is a positive function locally integrable wrt A¢. We
define the equivalence relation (S, 8) ~ (S’,8’) by asking that (S \ §”) +A"(S’\S)=0and 6 = & A"-a.e.
on S NS’. An m-dimensional rectifiable varifold I in (M", g) is the equivalence class of pairs (S, ). We
say that [ is an integral m-rectifiable varifold, or simply integral m-varifold, if the function 6 takes values in
the positive integers Ag'-a.e.

Remark 2.1. From now on, with an abuse of notation, we will denote the varifold / simply by one represen-
tative in its equivalence class (S, ).

We associate to I the measure y; = 0dAg, where A¢ is the m-dimensional Hausdorff measure restricted
to S. Then the total mass of I can be denoted

y,(M):fdm:fedﬂ’S". 2.1)
M M

To define the mean curvature of an integral varifold we begin by recalling the notion of the first variation.
Given a smooth vector field X on M with compact support, let ¢X be the family of diffeomorphisms generated
by X, then we can define the first variation of / as the distribution

d .
our(X) = d_t’tzolqj’#” = f;[leIX duy , (2.2)

where div;(X) is the divergence of / on the tangent space of Ig, which is well defined a.e. We can now say
that / has mean curvature bounded by H (or first variation bounded by H) on an open set U C M if for every
smooth vector field whose support is in U we have that

o] < # [ Widu. 23)

We say that [ is a stationary integral varifold on U if the mean curvature is bounded by 0, and in particular
we have that [ is then a critical point of the area functional, with respect to variations in U.

An important compactness theorem for integral m-varifolds due to Allard states that given a sequence of
integral varifolds with uniformly bounded mass and mean curvature has a converging subsequence in the
same class. Here we state the theorem for the reader’s convenience, and refer to [All72] or [Sim83, chapter
8] for the proof and more details on the subject.
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Theorem 2.2 (Allard compactness theorem). Let I; be a sequence of integral m-varifolds in (M", g) with
mass bound p, (M) < A and mean curvature uniformly bounded by H. Then, up to passing to a subsequence,
I; converges in the sense of varifolds to some integral m-varifold I with u;(M) < A and mean curvature
bounded by H.

2.2. Minimizing integral currents. Next, let us consider the class of integral currents. These objects arise
naturally in the study of minimal surfaces, here we briefly recall their definition and main properties. We
refer the reader to [Fed69, Mor(00, DL15] for a more complete introduction on currents.

Integral currents arise naturally in the study of the Plateau’s problem. The lack of compactness in the
family of classical manifolds with respect to their volume makes it natural to introduce a sort of “weak
version” of these objects in order to apply classical variational methods to prove the existence of minimizers.
In this spirit, De Rham defines the currents as duals of smooth forms in a domain.

Definition 2.3. Let m < n. Given a domain Q C M", let A™(€2) be the space of smooth compactly supported
m-forms on Q with the strong topology. We denote by ||1|| the comass of the form 4, i.e.

|4l = max {{A(p),vi A---Avy)| with peQ and |[vi A---vy| =1}, 2.4)

where |v A - - v, is the m-dimensional Hausdorff measure in 7,(M) of the parallelogram determined by
the tangent vectors vy, -+ , V.
An m-dimensional current / is a continuous linear functional 7 : A" — R.

By integration, it is evident that any smooth m-dimensional orientable submanifold can be viewed as a
current. The boundary 9/ is defined (when it exists) as the only m — 1 dimensional current such that for all
A € A" ! the integration by parts holds:

1(dA) = 0I(A). (2.5)

It is natural to associate to each current / and open set A C € a mass ||I|| (A) by setting

()]
llAll

| (A) = sup{ sit. A€ A", A #0, supp(Q) C A} , (2.6)

where ||4]|. is the comass of A.

Definition 2.4. We say that an m-dimensional current / on Q C R™*" is an integer current if ||I|| () < oo
and there exists a sequence of C! oriented m-dimensional submanifolds M; c R™*", a sequence of pairwise
disjoint closed sets K; € M; and a sequence of integers k; such that

I(/l)=Zk,- fK 2 2.7)

The current / is said to be an integral current if both I and 91 are integer currents.

It is clear that we can naturally associate a varifold V; to each integral current /. Note that the mass of the
current ||/|| (A) coincides with the mass in the varifold sense uy,(A).

We say that an integral current [ is minimizing if it minimizes the mass among all other integral currents
with the same boundary, in particular
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Definition 2.5. Given an integral current / on , we say that / is area-minimizing in Q if ||/|| (A) < ||J]| (A)
for all integral currents J such that 9 = dJ in Q and A = supp (I — J) is a compact subset of Q.

It is worth mentioning that integral currents enjoy an important compactness property with respect to
their mass. Indeed, given a sequence /; of integral currents with ||7;]| (Q) + ||01;]] (Q) < C < oo, there exists a
converging subsequence, where the convergence is intended in the weak-* topology with respect to A™().
This compactness property, proved by Federer and Flemming in [FF60], immediately implies the existence
of minimizers of the generalized Plateau problem, in the sense that

Theorem 2.6. Given an m — 1 integer rectifiable currents J such that there exists an integral current I with
Ol = J and ||I|| < oo, there exists an integral current I’ minimizing the norm ||\I'|| of all currents with oI’ = J.

2.3. Bounded Mean Curvature and Monotonicity. For the purposes of this paper, the most important
property of an integral varifold with bounded mean curvature is the existence of a monotone quantity at
each point. For simplicity let us first consider the case of a stationary integral varifold /™ in R”. Then for
x € I and r > 0 we can consider the density function

0r(x) = r " ui(By(x)) . (2.8)

Then we have that 6,(x) is monotone increasing and for 0 < s < r

6,(0) - 0,() = f &N L) diag(y) 2.9)
Br(x)\Bs(x)

where N, I is the orthogonal complement of the tangent space of I at y, which is defined y;-a.e., dy(y) = [x—y|
y—x
[y—x]

that 6,(x) is independent of r iff I is O-symmetric, see [All72, section 5] or [Alm66]. More generally,

is the distance function to x, and n,(y) = is the normal vector field from x. From this it is easy to check
if 6,(x) = 64(x) then I is O-symmetric on the annulus A ,(x). In Section 2.4 we will recall a quantitative
version of this statement introduced in [CN13b]. Motivated by this, we see that what we are really interested
in is the amount the density drops from one scale to the next, and thus we define for0 < s < r

Wi (x) = 0(x) — 05(x) 2 0. (2.10)

Often times we will want to enumerate our choice of scale, so let us define the scales v, = 27 for a > 0,
and the corresponding mass density drop:

Wa(x) = We, 105 (X) = 6,5 (X) = 6, (x) 2 0. 2.11)

From this one can prove that at every point, every tangent cone is O-symmetric, which is the starting
point for the dimension estimate (1.3) of Federer. In Section 2.4 we discuss quantitative versions of this
point, first introduced in [CN13b] and used in this paper as well, and also generalizations which involve
higher degrees of symmetry. These points were first used in [CN13b] to prove Minkowski estimates on the
quantitative stratification of a stationary varifold. They will also play a role in our arguments, though in a
different manner.

In the general case when M # IRR" and/or the mean curvature is only bounded, essentially the same
statements may be made, however 6,(x) is now only almost monotone, meaning that ¢€76,(x) is monotone
for some constant C = C(n, K, H) which depends only on the geometry of M and the mean curvature bound
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H, see for example [DL12, CM11]. In particular, for the almost monotonicity of the normalized volume
see [CM11, pag 234], where the authors carry out the computations using the Hessian comparison theorem.
Notice also that in the general case the equality in (2.9) still holds up to an error proportional to r

0,(x) — Oy(x) — f d™(NyI, n Y dur(y)| < Cr. (2.12)
B (x)\Bs(x)

2.4. Quantitative O-Symmetry and Cone Splitting. In this subsection we review some of the quantitative
symmetry and splitting results of [CN13b], in particular those which will play a role in this paper.

The first result we will discuss acts as an effective formulation of the fact that every tangent cone is 0-
symmetric. Namely, the quantitative O-symmetry of [CN13b] says that for each € > 0 and point, that away
from a finite number of scales every ball looks (0, €)-symmetric. To be precise, let us consider the radii
T = 27%, and then the statement is the following:

Theorem 2.7 (Quantitative 0-Symmetry [CN13b]). Let I be an integral varifold on M" satisfying the
curvature bound (1.14), the mean curvature bound (1.15), and the mass bound u;(By(p)) < A. Then for
each € > 0 the following hold:
(1) There exists 6(n, A, K, H, €) > 0 such that for each x € Bi(p) and 0 < r < r(n, A\, K, H, €), if we have
|60,(x) — Os-(x)| < 6, then B,(x) is (0, €)-symmetric.
(2) For each x € Bi(p) there exists a finite number of scales {a1,...,any} CINwithN < N(n,A, K, H, €)
such that for r ¢ (r(,j/ 2, 2raj) we have that B,(x) is (0, €)-symmetric.

Remark 2.2. In [CN13b] the result is stated for a stationary varifold, however the verbatim (quick) proof
holds just as well for integral varifolds with bounded mean curvature. For the reader’s convenience, here we
give a sketch of it.

Sketch of the proof. Assume for simplicity that the ambient space is Euclidean, i.e., K = 0, and p = 0. Con-
sider by contradiction a sequence of varifolds /; in B, (0) with uniformly bounded mass and mean curvature,
and consider a sequence of balls B,, (x;) with x; € By (0) such that r; < i~V and 0(x;, i) — 0(x;, i) < i}
but B,, (x;) is not (0, €)-symmetric, for some € > 0 fixed.

After rescaling B,, (x;) — Bj (0), we obtain a sequence I; of varifolds of bounded mass with mean curva-
ture H; — 0 and such that (0, 1) — 6(0,i™") < i~!. Allard compactness theorem ensures that I; converges
weakly to some I with bounded mass. Given the pinching condition on 6, we obtain that for all » > 0:

lim d;" Ny ny)* dpp (y) = 0, (2.13)
170 JB1(0)\B-(0)
thus 7 is a O-symmetric varifold. Since I; converges weakly to I, we arrived at a contradiction.

A mildly more technical but morally verbatim argument works when the ambient space is not Euclidean

but has sectional curvature bounds.

As for the second part, we can assume wlog that the constant & from the first part is § = 274 for some
A € N. Consider the sequence a = (0, A, 24, 3A4, ...). Since

D 031 (x) = Oy-a (x) = 61(x) = o () (2.14)
k=0
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and by monotonicity, we have that at most N (n, A, K, H, €) values of k fail to satisfy 6,-x (x) —6,-a+1a(X) < &,
and thus at most Ny(n, A, K, H, €) balls in the collection B,-« (x) are not (0, €)-symmetric.

By repeating the same argument for the sequences @ = (i,A +i,2A +i,3A +i,..) withi =0, --- ,A -1,
we obtain the desired estimate with N(n, A, K, H, €) = AN;. O

Another technical tool that played an important role in [CN13b] was that of cone splitting. This will be
used in this paper when proving the existence of unique tangent planes of symmetry for the singular set, so
we will discuss it here. In short, cone splitting is the idea that multiple O-symmetries add up to give rise to a
k-symmetry. To state it precisely let us give a careful definition of the notion of independence of a collection
of points:

Definition 2.8. We say a collection of points {xj,...,x,} € R" is independent if they are linearly in-
dependent. We say the collection is 7-independent at x if d(xg41,span{xy,...,xx}) > 7 for each k. If
{x1,...,x¢} C M then we say the collection is 7-independent with respect to x if d(x, x;) < inj(x) and the
collection is T-independent when written in exponential coordinates at x.

Now we are in a position to state the effective cone splitting of [CN13b]:

Theorem 2.9 (Cone Splitting [CN13b]). Let I'"* be an integral varifold on M" satisfying the curvature bound
(1.14), the mean curvature bound (1.15), the mass bound u;(B3(p)) < A, and let €,7 > 0 be fixed. Then
there exists 6(n, A\, €,7) > 0 such that if K + H < 6 and xy, ..., xx € B1(p) are such that

(1) Ba(x)) are (0,06)-symmetric, and B, (p) is (0, 6)-symmetric

(2) {x1,...,x;} are T-independent at p,

then Bi(p) is (k, €)-symmetric.

Remark 2.3. The assumption K + H < ¢ is of little consequence, since this just means focusing the estimates
on balls of sufficiently small radius after rescaling.

Proof. The proof can be carried out with a simple compactness argument similar to the one used in the proof
of theorem 2.7. O

We end with the following, which one can view as a quantitative form of dimension reduction.

Theorem 2.10 (Quantitative Dimension Reduction). Let I be an integral varifold on M" satisfying the
curvature bound (1.14), the mean curvature bound (1.15), and the mass bound u;(By(p)) < A. Then for
each € > 0 there exists 6(n, A, €),r(n, A, €) > 0 such that if K + H < ¢ and By(p) is (k,d)-symmetric with
respect to some k-plane VK, then for each x € B1(p) \ Bo(V*) we have that B,(x) is (k + 1, €)-symmetric.

The proof of this theorem is standard and it follows from theorem 2.7 and a contradiction argument.

2.5. e-regularity for Minimizing Hypersurfaces. In this subsection we quickly review the e-regularity
theorem of [CN13b], which itself follows quickly from the difficult work of [Sim68],[Fed69] after an easy
contradiction argument. This will be our primary technical tool in upgrading the structural results on var-
ifolds with bounded mean curvature to the regularity results for area minimizing hypersurfaces. The main
theorem of this subsection is the following:
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Theorem 2.11 (e-Regularity [Sim68],[Fed69],[CN13b]). Let I""! C B, be a minimizing hypersurface with
0IN B, (0) = 0 satisfying the bounds (1.14), and the mass bound u;(By(p)) < A. Then there exists e(n, A) > 0
such that if K < € and By(p) is (n — 7, €)-symmetric, then

ri(p) = 1.

Remark 2.4. The assumption K < € is of little consequence, since this just means focusing the estimates on
balls of sufficiently small radius after rescaling. Note that since / is a minimizing hypersurface, we know
that H = 0 in this case.

2.6. Hausdorff, Minkowski, and packing Content. In this subsection we give a brief review of the notions
of Hausdorff, Minkowski, and packing content. We will also use this to recall the definition of Hausdorff
measure. The results of this subsection are completely standard, but this gives us an opportunity to introduce
some notation for the paper. For a more detailed reference, we refer the reader to [Mat95, Fed69]. Let us
begin with the notions of content:

Definition 2.12. Given aset S € R” and r > 0 we define the following:
(1) The k-dimensional Hausdorff r-content of S is given by
A$) = inf{z wr¥ 1S ¢ U E; and diam(E;) < 2r; < 2r}. (2.15)
(2) The k-dimensional Minkowski r-content of S is given by
mk(S) = 2 Vol (B, (S)) . (2.16)
(3) The k-dimensional packing r-content of S is given by
plr‘(S) = sup{z a)krf.‘ : x; € S and {B,,(x;)} are disjoint and r; < r}. 2.17)

These definitions make sense for any k € [0, c0), though in this paper we will be particularly interested in
integer valued k. Notice that if S is a compact set then AX(S), m*(S) < oo for any r > 0, and that we always
have the relations

(8) s mi(S) 5 pi(s). (2.18)

In particular, bounding the Hausdorff content is less powerful than bounding the Minkowski content, which
is itself less powerful than bounding the packing content.

Primarily in this paper we will be mostly interested in content estimates, because these are the most
effective estimates. However, since it is classical, let us go ahead and use the Hausdorff content to define a
measure. To accomplish this, let us more generally observe that if » < " then A%(S) > /1/;, (). In particular,
we can define the limit

A5(8) = lim AK(S) = sup A;(S).

r>0

It turns out that /1]6 is a genuine measure.

Definition 2.13. Given a set S C R" we define its k-dimensional Hausdorff measure by AKS) = /l’(‘)(S ).
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Similar constructions can be carried out for the Minkowski and packing content. In particular, we can
define

mg(S) = limsupmi(S), mk(S) = lim inf mk(S), (2.19)
r—0 r—
pE(S) = lim p¥(S) = inf pA(S). (2.20)
r—0 r>0

Definition 2.14. Given a set S C IR” we define its Hausdorff and Minkowski dimension (or box-dimension)
by

dimy § = inf {k > 0: 2§(S) = 0},
dimy $ = inf {k > 0 : Ag(S) = 0}. (2.21)
Remark 2.5. Note that we could define an upper and lower Minkowski dimension by
dimy$ = inf {k > 0 : 7g(S) =0}, dim,,S = inf {k > 0: mf(S) = 0}. (2.22)

In general, dim,§ < dimy,S, where the inequality may be strict. However, for the purposes of this paper
we will only be interested in the upper Minkowski dimension.

As an easy example consider the rationals Q" C R". Then it is a worthwhile exercise to check that
dimy Q" = 0, while dimy; Q" = n.

A very important notion related to measures is the density at a point. Although this is standard, for
completeness we briefly recall the definition of Hausdorff density, and refer the reader to [Mat95, chapter 6]
for more on this subject.

Definition 2.15. GivenasetS c R” which is A*-measurable, and x € R”, we define the k-dimensional upper
and lower density of § at x by

(S N B, (x))

XS N B,
6*(5. ) = limsup =& N Br () -
Wil

r—0 wirk

, 658, x) =lim inf (2.23)
r—

In the following, we will use the fact that for almost any point in a set with finite A*-measure, the density
is bounded from above and below.

Proposition 2.16 ( [Mat95]). Let S C R”" be a set with AX(S) < co. Then for k-a.e. x€ S :
27k <o, <1, (2.24)
while for k-a.e. x e R"\ §

0*%(S,x) = 0. (2.25)
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2.7. The Classical Reifenberg theorem. In this Section we recall the classical Reifenberg theorem, as well
as some more recent generalizations. The Reifenberg theorem gives criteria on a closed subset S € B, € R”
which determine when S N B; is bi-Holder to a ball B;(0%) in a smaller dimensional Euclidean space. The
criteria itself is based on the existence of good best approximating subspaces at each scale. We start by
recalling the Hausdorff distance.

Definition 2.17. Given two sets A, B C R", we define the Hausdorff distance between these two by
dy(A,B) =inf{r>0 s.t. ACB,(B) and BC B,(A)} . (2.26)

Recall that dy is a distance on closed sets, meaning that dy(A, B) = 0 implies A=B.
The classical Reifenberg theorem says the following:

Theorem 2.18 (Reifenberg theorem [Rei60, Sim]). For each O < a < 1 and € > 0 there exists 6(n,a,€) > 0
such that the following holds. Assume 0" € S C By C R" is a closed subset, and that for each x € S N B (0)
and r € (0, 1] we have

inf dpr(S N B(x), LFNB(x)<6r, (2.27)
n

where the inf is taken over all k-dimensional affine subspaces L*¥ C R". Then there exists ¢ : B{(0) — S
which is a C* bi-Holder homeomorphism onto its image with [¢]ce, [¢‘1]Ca <l+eandSNB; C ¢(Bl(0k)).

Remark 2.6. In fact, one can prove a little more. In particular, under the hypothesis of the previous theorem,
there exists a closed subset S’ C R” such that S’ N B; (0) = S N By (0) and which is homeomorphic to
a k-dimensional subspace 0" € Ty C R” via the C® bi-Holder homeomorphism ¢ : Ty — S’. Moreover,
|p(x) — x| < C(n)d for all x € Ty and ¢(x) = x for all x € Ty \ By (0).

One can paraphrase the above to say that if S can be well approximated on every ball by a subspace in
the L™-sense, then § must be bi-Holder to a ball in Euclidean space.

Let us also mention that there are several more recent generalizations of the classic Reifenberg theo-
rem. In [Tor95], the author proves a strengthened version of (2.27) that allows one to improve bi-Holder to
bi-Lipschitz. Unfortunately, for the applications of this paper the hypotheses of [Tor95] are much too re-
strictive. We will require a weaker condition than in [Tor95], which is more integral in nature, see theorem
3.2. In exchange, we will improve the bi-Holder of the classical Reifenberg to W7,

We will also need a version of the classical Reifenberg which only assumes that the subset S is contained
near a subspace, not conversely that the subspace is also contained near S. In exchange, we will only con-
clude the set is rectifiable. A result in this direction was first proved in [DT12], but again the hypotheses are
too restrictive for the applications of this paper, and additionally there is a topological assumption necessary
for the results of [DT12], which is not reasonable in the context in this paper. We will see how to appropri-
ately drop this assumption in theorem 3.4.
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3. THE W'P-REIFENBERG THEOREM

In this Section we recall some Reifenberg-type theorems first introduced in [NVa]. In [NVa] we focused
our attention on proving the rectifiable-Reifenberg of theorem 3.4, and in this section we will focus our
attention on proving the discrete Reifenberg of theorem 3.3. The proofs of the two results are very similar.

Some interesting generalizations of Reifenberg’s theorem regarding rectifiability are present in literature.
Generalizations similar to the ones studied here are obtained in [Tor95] and [DT12]. However, the require-
ments of the theorems proved in these papers are too stringent to be applicable in our situation. Recently, and
using techniques independent from this work, [AT15],[Tol15] proved necessary and sufficient conditions for
the rectifiability of a set or of a measure that are closely related to the results of this section. However, these
results don’t provide any apriori control over the volume of the sets in question, which is a key estimate of
this section and it is essential in the application to the singular strata of currents.

3.1. Statement of Main W'”-Reifenberg and rectifiable-Reifenberg Results. Before turning to the state-
ments of the theorems, let us introduce some definitions in order to keep the statements as clean and intuitive
as possible.

Definition 3.1. Let u be a measure on B, with » > 0 and £k € IN. Then we define the k-dimensional
displacement by

Di(x,r) = inf r~*+? f d*(y, LM du(y), (3.1)

5 B,(x)
if u(By(x)) > er* (1000n)‘7”2rk, and Dﬁ(x, r) = 0 otherwise, where the inf’s are taken over all k-
dimensional affine subspaces [¥ ¢ R If S C B,, then we can define its k-displacement D’g (x,r) by
associating to S the k-dimensional Hausdorff measure /l’§ restricted to S and setting

Di(x,r) = D’;kls (x, 7). (3.2)

Sometimes, we will omit the index k and the subscript ¢z or § when there can be no risk of confusion from
the context. In particular, we will often write D(x, r) for D/'j (x,7).

Remark 3.1. One can replace €, by any smaller lower bound, and the proofs and statements will all continue
to hold.

Remark 3.2. Notice that the definitions are scale invariant. In particular, if we rescale B, — B; and let § be
the induced set, then D’; (x,r) > D’; (x,1).

Remark 3.3. Notice the monotonicity given by the following: If 4/ < u, then Dfl/(x, r) < Di(x, 7).

Remark 3.4. Itis immediate to see from the definition that, up to dimensional constants, Dfl (x, r)is controlled
on both sides by Djy(x, 7/2) and Dfj(x, 2r). In particular, if u(B,(x)) > yir* = w407 % >> €,r%, then for all
y € B, (x), Djj(x, r) < 2k+2DZ(y, 2r). As a corollary we have the estimate

Di(x,r) <22 JC

B, (x

) Di(y,2r)du(y) . (3.3)
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Before introducing the results which are really needed for the paper, it is worth mentioning the W'-7-
Reifenberg theorem obtained in [NVa]. This is a natural generalization of the Reifenberg and gives intuition
and motivation for the rest of the statements, which are essentially more complicated versions of it. We do
not prove the theorem in this paper, instead we refer the reader to [NVa, theorem 3.2].

Theorem 3.2 (W!P-Reifenberg). [NVa, theorem 3.2] For each € > 0 and p € [1, o) there exists 5(n, €, p) >
0 such that the following holds. Let S C By C R" be a closed subset with 0" € S, and assume for each
x € S N By and B,(x) C By that

inf dpr(S N By(x), LF N B,(x)) < 6, (3.4)
L

" d
f ( f D (y, 5) —s) A (y) < 62 (3.5)
SnB,(x) \Jo S
Then the following hold:

(1) there exists a mapping ¢ : R¥ — R" which is a 1 + € bi-W'“P map onto its image and such that
S N By (0" = ¢(B1(0) N By (07).

(2) S N B{(0") is countably k-rectifiable.

(3) For each ball B,(x) C By with x € S we have

(1 = O)wpr* < XS N B.(x) < (1 + i . (3.6)

Remark 3.5. Results (2) and (3) both follow from (1). We get (3) by applying the result of (1) to all smaller
balls B,(x) C By, since the assumptions of the theorem hold on these balls as well.

Remark 3.6. Note that, for p > k, a bi-W!” map is a bi-C® map, in particular we see that ¢(B;(0")) is
homeomorphic to the ball B; (05).

Remark 3.7. As it is easily seen, the requirement that S is closed is essential for this theorem, and in
particular for the lower bound on the Hausdorff measure. As an example, consider any set S C R* which
is dense but has zero Hausdorff measure. In the following theorems, we will not be concerned with lower
bounds on the measure, and we will be able to drop the closed assumption.

We are going to state another generalization of Reifenberg’s theorem, more discrete in nature, which will
be particularly important in the proof of the main theorems of this paper:

Theorem 3.3 (Discrete Reifenberg). [NVa, theorem 3.4] There exists 6(n) > 0 and D(n) such that the
following holds. Let {B, (xs)}ses € Bz be a collection of disjoint balls with x; € B1(0), and let u =
Dses wkrf.é x, be the associated measure. Assume that for each B,(x) C By with (B, (x)) > ykrk = wi(r/40)¢

we have
' Dk di d 2 k
(s 1)7 u(y) <o°rt. (3.7
B, (x) 0

Dk <Dm). (3.8)

seS

Then we have the estimate
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Remark 3.8. Instead of (3.7) we may assume the estimate
Z f Dh(y,vo) du(y) < 84 (3.9)
to<r/2 ¥ Br(X)
In the applications, this will be the more convenient phrasing.
In order to prove rectifiability of the strata, we will also need the following version of Reifenberg’s the-

orem. The proof of this theorem relies on the same ideas as the discrete-Reifenberg, for this reason we do
not report it here and we refer the interested reader to [N'Va, theorem 3.3].

Theorem 3.4 (Rectifiable-Reifenberg). [NVa, theorem 3.3] For every € > 0, there exists 6(n,€) > 0 such
that the following holds. Let S C By C R" be a A-measurable subset, and assume for each B,(x) C By with

AK(S N BL(x)) = ypr* that
"ok ds k 2 k
D (y, s) — | dA%(y) <o67r" . (3.10)
SNB,(x) \Jo S
Then the following holds:

(1) For each ball B,(x) C B| with x € S we have
XS N B(x)) < (1 +ayr”. (3.11)
(2) S N B{(0") is countably k-rectifiable.

Remark 3.9. Notice that for the statement of the theorem we do not need control over balls which already
have small measure. This will be quite convenient for the applications.

Remark 3.10. Instead of (3.10) we may assume the essentially equivalent estimate

Z f DE(y,10) dA*(y) < 6%7% . (3.12)
SNB,(x)

1,<r/2

In the applications, this will be the more convenient phrasing.

3.2. Explanatory example. In order to understand better the idea behind the improvement of the Reifen-
berg theorem, we use the famous snow-flake as a test case.

The construction of a snowflake of parameter > 0 is well known (see for
example [Mat95, section 4.13]). Take the unit segment [0, 1] x {0} C R?,
and replace the middle part [1/3,2/3] x {0} with the top part of the isosceles
triangle with base [1/3,2/3] x {0} and of height n; - lenght([1/3,2/3] x {0}).

In other words, you are replacing the segment [1/3,2/3] x {0} with the two
segments joining (1/3,0) to (1/2,n/3), and (1/2,1/3) to (2/3,0). Then

m repeat this construction inductively on each of the 4 straight segments in

the new set. Here on the left hand side you can see the very classical picture
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of the first three steps in the construction of the standard snowflake, with
n= V3/2.

It is clear that the length of the curve at step i is equal to the length at step i — 1 times 2/3 + +/1 + %/3,
so the length of the snowflake will be infinity for any > 0. This is a simple application of the Pythagorean
theorem, and the extra square power on 17 comes from the fact that at each step we are adding some length
to the curve, but in a direction perpendicular to it.

However, if we replace the fixed parameter n with a variable parameter 77;, we see immediately that the
length of the limit curve will be finite if and only if ), 77,-2 < o0,

This suggests that the finiteness of the Hausdorff measure of the set S is related to the summability
properties of D’§ (x, 14) over scales.

Indeed, if we introduce the following L™ analogue of the distortion D:

Bi(er = r2inf[d (S 0 B, (0. L B, )|’ (3.13)

and require that the sum over scales of D(x, r) is small in the sense that

[Se]

sup  DE(x,1) <67, (3.14)
£=0 x€SNB;(0)

then we obtain that S is a bi-Lipschitz image of a k-dimensional disk. This result was proved by Toro in
[Tor95].

However, one can also lower these requirements and replace the L* norms with more flexible L? norms
and integrals, and still obtain finiteness of the k-dimensional Hausdorff measure and rectifiability under the
less restrictive assumptions of theorem 3.4. Moreover, by a simple covering argument, it is not necessary
to ask control over dy (S N B, (x),L* N B, (x)), but just on d(x, L¥) for x € S. In other words, it is only
important to have control over how close S is to some k-dimensional subspace, and not vice-versa. Thus it
is not a problem to have “holes” in the set S'.

As mentioned above, similar results to the ones stated in this section were proved in [DT12], but still the
theorems proved there have slightly stronger assumptions than the ones used here, and on the other hand
obtain stronger topological results than the ones needed for this paper.

3.3. Examples. In this subsection we present a few examples which motivate the sharpness of our results.

3.3.1. The Simons Cone and Sharp Estimates. In order to study the sharpness of the estimates of theorem
1.8 we study some examples. One may use either the Simons cone or the Lawson cone for this analysis.
The Simons cone C C R? is a cone over the surface

1 1
S3(—=)x83(—=)cs’. (3.15)
(s
It has been shown [BDGG69] that C is an area minimizing cone. It is easy to check that for x € C we have
that |A|(x) = \/glxl‘l, where A is the second fundamental form (see [Sim83, remark B.3]). In particular, we

get that |A| € L but|A| ¢ L’ showing that the estimates of theorem 1.8 are sharp.

weak’ loc’
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3.3.2. Rectifiable-Reifenberg Example 1. Let us begin with an easy example, which shows that the recti-
fiable conclusions of theorem 3.4 is sharp. That is, one cannot hope for better structural results under the
hypothesis. Indeed, consider any k-dimensional subspace V¥ € R”, and let S € V¥ N B,(0") be an arbitrary
measurable subset. Then clearly D(x,r) = 0 for each x and » > 0, and thus the hypotheses of theorem 3.4
are satisfied, however S clearly need not be better than rectifiable. In the next example we shall see that S
need not even come from a single rectifiable chart, as it does in this example.

3.3.3. Rectifiable-Reifenberg Example 1. With respect to the conclusions of theorem 3.4 there are two nat-
ural questions regarding how sharp they are. First, is it possible to obtain more structure from the set S
than rectifiable? In particular, in theorem 3.2 there are topological conclusions about the set, is it possible to
make such conclusions in the context of theorem 3.4? In the last example we saw this is not the case. Then
a second question is to ask whether we can at least find a single rectifiable chart which covers the whole set
S. This example taken from [DT12, counterexample 12.4] shows that the answer to this question is negative
as well.

To build our examples let us first consider a unit circle S' € R3. Let M? > S! be a smooth Mébius strip
around this circle, and let S, € M>NB(S1) = Mz be an arbitrary A2-measurable subset of the Mdbius strip,
contained in a small neighborhood of the S'!. In particular, Area(S.) < Ce — 0 as € — 0. It is not hard,
though potentially a little tedious, to check that assumptions of theorem 3.4 hold for 6 — 0 as € — 0.

However, we have learned two points from these example. First, since S, was an arbitrary measurable
subset of a two dimensional manifold, we have that it is 2-rectifiable, however that is the most which may
be said of S.. That is, structurally speaking we cannot hope to say better than 2-rectifiable about the set S.
More than that, since S ¢ is a subset of the Mobius strip, we see that even though S ¢ is rectifiable, we cannot
even cover S ¢ by a single chart from B (0%), as a Mobius strip is not orientable. See [DT12] for more on this.

4. TECHNICAL CONSTRUCTIONS TOWARD NEW REIFENBERG RESULTS
In this section, we prove some technical lemmas needed for dealing with the relation between best L2

subspaces. These elementary results will be used in many of the estimates of subsequent sections.

4.1. Hausdorff distance and subspaces. We start by recalling some standard facts about affine subspaces
in R" and Hausdorff distance.

Definition 4.1. Given two linear subspaces L, V € R", we define the Grassmannian distance between these
two as

dg(L,V)=dy(LN B;(0),VNB;(0) =dy (L N B1(0),VNB (O)) . 4.1

Note that if dim(L) # dim(V), then dg(L, V) = 1.
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For general subsets in R”, it is evident that A C By (B) does not imply B C B.s (A). However, if A and
B are affine spaces with the same dimension, then it is not difficult to see that this property holds. More
precisely:

Lemma 4.2. Let V, W be two k-dimensional affine subspaces in R", and suppose that V N By, (0) # 0.
There exists a constant c(k, n) such that if VN By (0) € Bs (W N By (0)), then W N By (0) C B.s (V N By (0)).
Thus in particular dg(V N By (0), W N By (0)) < ¢é.

Proof. The proof relies on the fact that V and W have the same dimension. Let xp € V be the point of
minimal distance from the origin. By assumption, we have that ||xg|| < 1/2. Let x1,--- ,x¢ € V.N B; (0) be
a sequence of points such that

llx;i — xoll =1/2 andfor i # j, <x,~ — X0, Xj — xo> =0. 4.2)
In other words, {x; — xo}{.‘:] is an affine base for V. Let {y,-}fzo C W n By (0) be such that d(x;,y;) < 6. Then
i = yoll > 1/2-26  andfor i # j,  [(vi = y0.y; - yo)| < 45 + 48 4.3)
This implies that for 6 < dg(n), {y; — yo}f.‘:1 is an affine base for W and for ally ¢ W
k
y=yo+ ) ai(yi—yo), lail <10]y—yoll. 4.4)

i=1
Now let y € W N By (0) be the point of maximum distance from V, and let 7 be the projection onto V and 7+
the projection onto V*, which is the linear subspace orthogonal to V. Then
k

d(y, V) = dy, 7)) = 7 = x0)|| < 7 0o = x0)]| + ) lail [t i = yo)l| < (k)5 (45)

i=1
Since y € B (0) and ||xo|| < 1/2, by a simple geometric argument 71(y) € V N B14+5(0), and thus d(y, V N
B1(0)) < 2¢’6 = ¢6. This proves the claim. O

Next we will see that the Grassmannian distance between two subspaces is enough to control the projec-
tions with respect to these planes. In order to do so, we recall a standard estimate.

Lemma 4.3. Let V, W be linear subspaces of a Hilbert space. Then dg(V, W) = dg (V*, W™).

Proof. We will prove that dg (V+, W) < dg (V, W). By symmetry, this is sufficient.

Take x € V* such that ||x|| = 1, and consider that d(x, W) = ||mw(x)||. Let z = mrw(x) and y = 7y (z). We
want to show that if dg(V, W) < € < 1, then ||z]| < €. We can limit our study to the space spanned by x,y, z,
and assume wlog that x = (1,0,0), y = (0,5, 0) and z = (a, b, c). By orthogonality between z and z — x, we
have

P+ +E+(1-a?+ P +PF=1 = a=d+b+c, (4.6)

and since z € W, we also have ||z — y|| < €]lz]|, which implies

2
€
aA+ct<é (a2 +b%+ cz) = d+?< 1—2192. 4.7
—€
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Since the function f(x) = x?/(1 — x?) is monotone increasing for 0 < x < I, we can define 0 < & < 1 in
such a way that

at+c? = ad b, a=d*+b*+c* = b*. 4.8)
1 - a? 1-a?
Note that necessarily we will have @ < €. Now we have
1 2
— bpr=d’< a—b2 = < a/2(1 —a/2) = |zZdP=d+bP+*<a’ <. (49
(1—a?)? 1 —a?
This proves that V+ N By (0) € B (W*). In a similar way, one proves the opposite direction. O

As a corollary, we prove that the Grassmannian distance dg(V, W) is equivalent to the distance given by

iy — 7wll.
Lemma 4.4. Let V, W be linear subspaces of R". Then for every x € R",
iy (x) — aw (Ol < 2da(V, W) lIx| (4.10)

In particular, if x € W+, then ||ny(x)|| < 2dg(V, W) ||x]|.
Conversely, we have

@.11)

1]

dc(V,W) < sup {
xeR?\(0}

Iy (x) — ﬂw(X)II} '

Proof. The proof is just a corollary of the previous lemma. Assume wlog that ||x|]| = 1, and let x = y + z
where y = my(x) and z = my.(x). Then

v (x) = 2wl = lly = 7w () = 7w @Il < lly = 7wl + llz = 7w (DIl = d(p, W) +d(z, WH). (4.12)

Since ||y||2 + Iz = Ik = 1, by the previous lemma we get the first estimate.
The reverse estimate is an immediate consequence of the definition. O

4.2. Distance between L? best planes. Here we study the distance between best approximating subspaces
for our measure u on different balls. Let us begin by fixing our notation for this subsection, and pointing
out the interdependencies of the constants chosen here. Throughout this subsection, our choice of scale
p = p(n, M) > 0 is a constant which will eventually be fixed according to lemma 4.7. For applications to
future sections, it is sufficient to know that we can take p(n, M) = 10719(100n)"M~"'. We also point out
that in Section 5, we will fix M = 40", and so p will be a constant depending only on n. In particular, we
can use the very coarse estimate

p = 1071°(100n)73" . (4.13)

We will also introduce a threshold value y; = w407, The dimensional constant vk is chosen simply to be
much smaller than any covering errors which will appear.

We will consider a positive Radon measure y supported on S € By (0), and use D(x, r) = D/’j (x, r) to bound
the distances between best L? planes at different points and scales. By definition let us denote by V(x, ) a
best k-dimensional plane on B, (x), i.e., a k-dimensional affine subspace minimizing fBr ) d(x, V)>du. Note
that, in general, this subspace may not be unique. We want to prove that, under reasonable hypothesis, the
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distance between V(x, r) and V(y, r’) is small if d(x,y) ~ rand ' ~ r.

In order to achieve this, we will need to understand some minimal properties of u. First, we need to
understand how concentrated u is on any given ball. For this reason, for some p > 0 and all x € By (0) we
will want to consider the upper mass bound

(B, (x)) < Mp* Vx € By(0). (4.14)

However, an upper bound on the measure is not enough to guarantee best L2-planes are close, as the
following example shows:

Example 4.1. Let V, V' be k-dimensional subspaces, 0 € VN V', and set S = (VN B; (0) \ By/10(0)) U S’,
where S € V' N By/10(0) and u = A¥|s. Then evidently D(0, 1) < A*(S") and D(0, 1/10) = 0, independently
of V and V’. However, V(0, 1) will be close to V, while V(0, 1/10) = V’. Thus, in general, we cannot expect
V(0, 1) and V(0, 1/10) to be close if u(Bj,10 (0)) is too small.

Thus, in order to prove that the best planes are close, we need to have some definite amount of measure
on the set, in such a way that §' “effectively spans” a k-dimensional subspace, where by effectively span we
mean the following:

Definition 4.5. Given a sequence of points p; € R”, we say that { p,-}f.‘:0 a—effectively span a k-dimensional
affine subspace if foralli =1,--- ,k

lpi = poll < @', pi ¢ By (po +span{p; — po,--- , pi_1 — po}) - (4.15)

Note that this definition is basically an affine version of Definition 2.8. The definition implies that the
vectors p; — po are linearly independent in a quantitative way. In particular, we obtain immediately that

Lemma 4.6. If {p;}f o @-effectively span the k-dimensional affine subspace

l:
V = po +span{p; — po,- -+, px — po} »

then for all x € V there exists a unique set {a/,-}f.‘:1 such that
k
x=po+ Z @i(pi = po), lail < c(n, @)llx = poll . (4.16)
i=0

Proof. The proof is quite straightforward. Since {p; — po}f: , are linearly independent, we can apply the
Gram-Schmidt orthonormalization process to obtain an orthonormal basis ey, - - - , e, for the linear space
span{p; — po}f: |- By induction and (4.15), it is easy to check that for all i

i
ei= ) ajpi—po), |aj] <cna). (4.17)
j=1

Now the estimate follows from the fact that for all x € V

k
X=po+2<x—po,e,~>ei. (4.18)
i=1
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With these definitions, we are ready to prove that in case u is not too small, then its support must effec-
tively span something k-dimensional.

Lemma 4.7. Let y; = w407, There exists a po(n, yr, M) = po(n, M) such that if (4.14) holds for some
o < po and if u(By (0)) = vy, then for every affine subspace V C R" of dimension < k — 1, there exists an
x € S N By (0) such that Bio, (x) NV =0 and p (Bp (x) N By (0)) > c(n,p) = c(n)p" > 0.

Proof. Let V be any k — 1-dimensional subspace, and consider the set By, (V). Let B; = B, (x;) be a
sequence of balls that cover the set By, (V) N By (0) and such that B;/2 = B, (x;) are disjoint and x; €
B11p (V) N By (0). If N is the number of these balls, then a standard covering argument gives

Nwwp" /2" < w1 (1 + o) wnges1 (120" < 24" w0 wpgsr ™!

— N <4gn kel ik (4.19)
Wy
By (4.14), the measure of the set By, (V) is bounded by
u(Bry (V) < 3" u(B) < MNph < 48" X2 by < 103(50m)" Mp = c(m)Mp. (4.20)
S n
l
where the next-to-last estimate is an extremely rough bound on the constants involved. Thus if
p < 1072(50n) "y /(4M), 4.21)

then u(B11, (V) < yi/4. In particular, we get that there must be some point of S not in By, (V). More
effectively, let us consider the set S N By (0) \ By, (V). This set can be covered by at most c(n, p) = 4"p™"
balls of radius p centered in x € S N By (0) \ By, (V), and we also see that

3
1 (B1©\ Bu, () = 2. (4.22)
Thus, there must exist at least one ball of radius p centered in x and disjoint from B, (V) such that
3
u(B, ()N By (0) 2 %4‘",0” > ey (4.23)
O

Now if at two consecutive scales there are some balls on which the measure u effectively spans k-
dimensional subspaces, we show that these subspaces have to be close together.

Lemma 4.8. Let u be a positive Radon measure and assume (B (0)) > yi. Additionally, let B,(x) C B; (0)
be a ball such that u(B, (x)) > yio* and for each y € By, (x) we have u(B, (y)) < Mp?*, where p < pg. Then
ifA=V(0,1)NB, (x) and B = V(x,p)NB, (x) are L?-best subspace approximations of u with d(x, A) < p/2,
then

du(A, B < c(n,p, M) (D}(x,p) + D}(0,1)) . (4.24)

Proof. Let us begin by observing that if c(n, p, M) > 4p26‘1(n, p, M), which will be chosen later, then we
may assume without loss of generality that

k k —
Dh(x,p) + DE(0, 1) < 6 = 8(n, p, M), (4.25)
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since otherwise (4.24) is trivially satisfied. Moreover, note that y; >> ¢,, so equation (3.1) is valid on B, (x)
and on B (0).

We will estimate the distance dy (A, B) by finding k + 1 balls B, (v;) which have enough mass and effec-
tively span in the appropriate sense V(x, p). Given the upper bounds on DX, we will then be in a position to
prove our estimate.

Consider any B, (y) € By (0) with u (sz (y)) > 0 and let p(y) € B, (v) be the center of mass of u
restricted to By, (x) N By (y). Let also 7(p) be the orthogonal projection of p onto V(x,p). By Jensen’s
inequality:

2
1
zdu(z), V(x, p)} < — d(z, V(x,p))*du(z).

d(p(y). V(x,p) = d(p(y), t=d f =
(p(), V(x,p))" = d(p(y), m(p(y))) ( f KB () JB 1)

P

2(y)
(4.26)

Using this estimate and lemma 4.7 (or better its rescaled version applied to B, (x)), we want to prove that
there exists a sequence of k + 1 balls B, (yi) with y; € B, (x) such that

(i) 1 (Bo (¥) N Bz (o) 2 (. p, M) > 0
(i1) {7r(p(y,-))}i.‘:0 = {ni}f.‘zo effectively spans V(x, p). In other words foralli = 1,--- ,k, m; € V(x, p) and

¢ B5p2 (7‘[0 + span (1] — g, -+ + , Wi—] — 7T0)) . 4.27)
We prove this statement by induction on i = 0,--- ,k. For i = 0, the statement is trivially true since
(B, (x)) > yip*. In order to find y;.1, consider the subspace V® = mg + span () — 7o, -+ , 7 — 7).

By lemma 4.7 applied to the ball B, (x), there exists some B, (¥i+1) such that u (Bp (x)N B, (yi+1)) >
c(n,p, M) > 0, yir1 € By (x) and

i1 & Byop2 (o + span (7 — 7o, -+, 7 = 7)) - (4.28)

By definition of center of mass, it is clear that d(yi;1, p(yis1)) < pz. Moreover, by item (i) and equation
(4.26), we get

d(pGir), V(x,p)* < ¢ f d(z, V(x,p))’du(z) < cDj(x,p) < c6. (4.29)
By(0)NB 2 (yis1)

Thus by the triangle inequality we have d(y;1, 7is1) < 207 if 6 < 8o(n, p, M) is small enough. This implies

(4.27). Using similar estimates, we also prove d(p(yi+1), V(O, 1))? < c’Dﬁ(O, 1) foralli =-1,0,--- ,k—1.
Thus by the triangle inequality

d(wis1, V(O, 1) < (i1, pOyis1)) + d(pia1), VO, D) < eln,p, M) (Dh(x, )+ DEO, D) (4.30)

k
i=1

Now consider any y € V(x, p). By item (ii) and lemma 4.6, there exists a unique set {3;};_, such that

k
y=mo+ ) Bilmi—mo), Bl <cn,p)lly—moll . (4.3
i=1
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Hence for all y € V(x, p) N B, (x), we have
d(y,V(0,1)) < d(my, V(0,1)) + Z 1B [d(m;, V(0, 1)) + d(m9, V(0, 1))] < c(n, p, M) (Dl]j(x,p) + D/’j(O, 1))1/2 .

4.32)
By lemma 4.2, this completes the proof of (4.24). O

4.3. Comparison between L> and L™ planes. Given B, (x), we denote as before by V(x,r) one of the
k-dimensional subspace minimizing fB ® d(y, V)*>du. Suppose that the support of u satisfies a uniform one-
sided Reifenberg condition, i.e. suppose that there exists a k-dimensional plane L(x, r) such that x € L(x, r)
and

supp (1) N By (x) € B, (L(x,71)) . (4.33)

Then, by the same technique used in lemma 4.8, we can prove that

Lemma 4.9. Let u be a positive Radon measure with p (B (0)) > vy and such that for all B, (y) € B (0) we
have u(B, (y)) < MpF and (4.33). Then

du(L(0, 1) N By (0), V(0, 1) N By (0))* < c(n, p, M) (6” + DA(0, 1)) . (4.34)

4.4. bi-Lipschitz equivalences. In this subsection, we study a particular class of maps with nice local
properties. These maps are a slightly modified version of the maps which are usually exploited to prove
Reifenberg’s theorem, see for example [Rei60, Tor95, DT12], [Mor66, section 10.5] or [Sim]. The estimates
in this section are standard in literature.

We start by defining the functions o. For some 0 < r < 1, let {x;} be an r/10-separated subset of R", i.e.,

(i) d(x;,x;) > r/10.
Let also p; be a points in R" with
(i) p; € Bior (x1)
and let V; be a sequence of k-dimensional linear subspaces.
By standard theory, it is easy to find a locally finite smooth partition of unity 4; : R"” — [0, 1] such that
(iii) supp (4;) € Bs, (x;) for all i,
(iv) for all x € J; Bay (x), >,; Ai(x) = 1 and }; ;(x") < 1 forall X’ € R",
(v) sup; [IVAille < c(m)/r,
(vi) if we set 1 — y(x) = 3; A;(x), then ¢ is a nonnegative smooth function with ||V, < c(n)/r .
Note that by (iii), and since x; is r-separated, there exists a constant c(n) such that for all x, 4;(x) > 0 for at
most ¢(n) different indexes.

For convenience of notation, set my(v) to be the orthogonal projection onto the linear subspace V of the
free vector v, and set

Tpvi(X) = pi + 7wy, (x — pi). (4.35)
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In other words, 7, v, is the affine projection onto the affine subspace p; + V;. Recall that 7y, is a linear map,
and so the gradients of 7y, and of 7, v, at every point are equal to my,.

Definition 4.10. Given {x;, p;, 4;} satisfying (i) to (vi), and given a family of linear k-dimensional spaces V;,
we define a smooth function o : R" — R" by

T(0) = x+ ) A(0mys (pi = X) = YOx+ D AWy, () . (4.36)

By local finiteness, it is evident that o is smooth. Moreover, if (x) = 1, then o(x) = x. It is clear
that philosophically o is a form of “smooth interpolation” between the identity and the projections onto
the subspaces V;. It stands to reason that if V; are all close together, then this map o is close to being an
orthogonal projection in the region | J; By, (x;).

Lemma 4.11. Suppose that there exists a k-dimensional linear subspace V C R" and a point p € R" such
that for all i

dg(Vi,V) <6, dpi,p+V)<6. 4.37)
Then the map o restricted to the set U = y~(0) = Z; /li)_l (1) can be written as
o(x) =mpy(x) +e(x), (4.38)
and e(x) is a smooth function with
llelleo + 7 Vel < c(n)d . (4.39)
Remark 4.1. Thus, on U we have that o is the affine projection onto V plus an error which is small in C'.
Proof. On the set U, we can define
e(x) = 0(X) = Tp(X) = =M v(X) + > 4(x) - (7,1, (0))
i

= Z Ai(x) - (pi = p— ny(pi — p) + wy(pi) — wy,(pi) + my,(x) — 7wy (X)) . (4.40)

By (4.37) and lemma 4.4, we have the estimates
lpi = p=7v(pi= Pl <8, |avx=pi) —ay,(x = pp|| < 261k~ pill < 2067 (4.41)
This implies
llell Ly < c(r)(1 +13r)6 < c(n)d . (4.42)
As for Ve, we have
Ve = > VA0 - (pi = p = 7v(pi = p) + 7v(p) = v, (pi) + 7v,(6) = v (0) + D AV (v, (x) = v (1))
i i

(4.43)

The first sum is easily estimated, and since (V(mw)|x, w) = mw(w), we can still apply lemma 4.4 and con-
clude:

c(n)

O
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As we have seen, o is in some sense close to the affine projection to p + V. In the next lemma, which
is similar in spirit to [Sim, squash lemma], we prove that the image through o of a graph over V is again a
graph over V with nice bounds.

Lemma 4.12 (squash lemma). Fix p < 1 and some B,;, (y) C R", let I = {x;}N\Bs,, (y) be an r/10-separated
set and define o as in Definition 4.10. Let also p; be point such that p; € Byo, (x;). Suppose that there exists
a k-dimensional subspace V and some p € R" such that d(y, p + V) < 6r and for all i:

dlpi,p+V)<oér and dg(Vy,V)<$6. (4.45)
Suppose also that there exists a C' function g : V. — V* such that G C R" is the graph
G={p+x+gx) for xeViNnB,,(y),

and r V|glle + IVglle, < 8. There exists a 5o(n) > 0 sufficiently small such that if 6 < 8gp and &' < 1, then

() Vze€ G, r' o) =z < c(n)(8 + 8)p~!, and o is a C' diffeomorphism from G to its image,
(i) the set o(G) is contained in a C' graph {p + x + g(x), x € V} with

r Bl + VBl < cm)(6 +6")p" (4.46)

(iii) moreover, if U’ is such that B,s,5),-1 (U’) C w~1(0), then the previous bound is independent of &,
in the sense that

Bl wravy + IVBliswray) < cmdp™ . (4.47)

For example, if 8 < So(n)p~", we can take U’ = | J; By 5, (x;).
(iv) the map o is a bi-Lipschitz equivalence between G and o (G) with bi-Lipschitz
constant < 1 + c(n)(d + 8" )*p~>.

Proof. For convenience, we fix r = 1 and p = 0. By notation, given any map f : R” - R™, p € R" and
w € T,(R") = R", we will denote by V|, f[w] the gradient of f evaluated at p and applied to the vector w.
Recall that

o(x+g(0) = Y@ + g + O (D) (mpv(x+ (), T=p() = D A(x),  (448)

x;€l x;€l

where we have set for convenience z = z(x) = x + g(x). Define h(x) by

(1= @)+ h(x) = 3 (@) (mp,y, (x + g(1))) - (4.49)

i
Set also i’ (x) = my(h(x)) and h*(x) = my, (h(x)). By projecting the function o-(x + g(x)) onto V and its
orthogonal complement we obtain
o(x+g) = ol (1) + o),
ol () =x+h"(x), oHx) =Ygk +ht(x). (4.50)
We claim that if 8’ < 1, then

5
|7 || + [|VAT ()| < %, (4.51)
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where this bound is independent of &’ as long as ¢’ < 1. Indeed, for all x € V we have
W' (x) = ny {Z Ai(2) (v, (x + g(x) = x)l = > 4@y (w0 - 1v() + v ()| (4.52)
i i

Given (4.45) and lemma 4.4, with computations similar to (4.41), we get ||hT(x)|| <es(l+p ) <ceopl. As
for the gradient, we get for any vector w € V

Vil | [w] =y [Z Vi, [w+ Vgl [wl] (ﬂpi,vl.(x +g(x)) - x) + Z i) (wy, (w + VglwD) —w)|, (4.53)

In particular, we obtain

VAT Lelwl]] < DIV + 18I il [, v, e + gCe) = x| + > 4ic2) ([, ) = w] + v, (TglwD]) -

(4.54)
For the first term, we can estimate
VAl <), Vel <6 <1, [|mpv(x + g(0) = x| < [lpv,(0) = x| + ||y (e - (4.55)
Since x € V with ||x|| < p~!, and g(x) € V*, by (4.45) and lemma 4.4 we obtain
|[70 v, (x + g(x)) = x|| < cop™". (4.56)
As for the second term, we have
llrv, ) = w| < csliwll |y, (VgIwD)|| < co6” IIwll < cd lIwl] - (4.57)

Summing all the contributions, we obtain (4.51) as wanted.

Thus we can apply the inverse function theorem on the function o7 (x) : V — V and obtain a C! inverse
O such that forall x € V, ||Q(x) — x|| +||[VQ — id|| < c(n)ép‘1 ,and if Yy(x + g(x)) = 1, then Q(x) = x. So we
can write that for all x e V

o(x+g(0) =" (x) + g (1)  where  F(x) = 0 (Q(x)) = I (Q) + ¢ (2(Q(x))) Q). (4.58)

Arguing as above, we see that 4*(x) is a C! function with
0
[ o] + ||Vt (0| < %, (4.59)

and this bound is independent of §’ (as long as &’ < 1).
Thus the function g : V — V* satisfies for all x in its domain

IZCOll + IVEIl < c(m)(S + 8 )p", (4.60)

Moreover, for those x such that /(Q(x) + g(Q(x))) = 0, the estimates on g are independent of §’, in the sense
that ||g(x)|| + IV2(x)|| < c(n)dp~" . Note that by the previous bounds we have

10(x) + g(Q(x)) = xl| < c(6+ 6")p ™", (4.61)

and s0 if B (5.1 (U") € ~1(0), then for all x € U’ NV, y(Q(x) + g(Q(x))) = 0. This proves items (ii),
(iii). As for item (i), it is an easy consequence of the estimates in (4.51), (4.59).

Now since both G and o(G) are Lipschitz graphs over V, it is clear that the bi-Lipschitz map induced by
my would have the right bi-Lipschitz estimate. Since o is close to my, it stands to reason that this property
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remains true. In order to check the estimates, we need to be a bit careful about the horizontal displacement
of 0.

bi-Lipschitz estimates In order to prove the estimate in (iv), we show that for all z = x + g(x) € G and for
all unit vectors w € T,(G) c R", we have

IVl [wllI* = 1] < (6 + ). (4.62)

First of all, note that if /(z) = 1, then o is the identity, and there’s nothing to prove.
In general, we have that

Vorlw] = (w@w £ Ay, [w]] ' (sz[wJ £ 7@V AW (4.63)

=A =B

Since Y¥(z) + ); 4i(z) = 1 everywhere by definition, we have

1Bl = || D (1@ = D)V Ailw]

1

< csup{|lp,v@) - 2|} < c6+ ). (4.64)

This last estimate comes from the fact that G is the graph of g over V with ||g||., < ¢’. Moreover, we can
easily improve the estimate for B in the horizontal direction using lemma 4.4. Indeed, since 7, y(z) — z =
—ny.(z — pi), we have

Iy BIl = HZ 1y (7p,,(2) — 2) VATw]|| < ¢ sup {”nv (v @ - z)”} (4.65)

< csup {an (s O + g)) nvii(p,-))H} < (8 +56).

As for A, by adapting the proof of lemma 4.11, we get ||A — y[w]]| < ¢ (6 + §”). Moreover, also in this case
we get better estimates for A in the horizontal direction. Indeed, we have

llmy(A) — my[wlll = ‘

p@mviwl + D (A@my iy, wll) = avwl| = | > () vy, [w] = v wl])

(4.66)

Now let w = my[w] + my+[w] = wy + wye. Then we have

v (A) = v iwlll < D i) ([[vi, wy] = wyll| + ey ey, Dwv 1)) (4.67)

_ Z 1(2) (Hﬂv[ﬂvf [Wv]]” + ||7l'v[7TV,»[WVJ.]]”) )

Since G is the Lipschitz graph of g over V with ||[Vg|| < ¢¢’, then ||myL[w]]| < ¢d’. Then, by lemma 4.4, we
have

Iy (A) = my[wlll < ¢ Z Ai(2) (8% +667) . (4.68)
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Summing up, since ||y [w]|| < [[w]| = 1, we obtain that
Vol [wlI? = 1] = [y Vol Wl + ey Vol Iw] = aviw]) + v [wll* - 1|

<@+ ) + |yl = 1) = e + ') + Iy WP < c(6 + 8')*. (4.69)

4.5. Pointwise Estimates on D. We wish to see in this subsection how (3.7) implies pointwise estimates
on D, which will be convenient in the proof of the generalized Reifenberg results. Indeed, the following is
an almost immediate consequence of Remark 3.4:

Lemma 4.13. Assume By.(x) C B4(0) satisfies u(B.(x)) > yir* >> €,/* and fBz o D} (v, 2r) du(y) < 6*(2r).
Then there exists c¢(n) such that DZ(x, r) < ¢8> In particular, if (3.7) holds then for every B,(x) C B1(0)
such that u(B,(x)) > 4kykrk we have that Dﬁ(x, r) < c62.

Proof. First of all, note that in all of our theorems we just investigate properties of ul|p, (), thus the first
assumption is not too restrictive.
Moreover, it is easy to see that for all y € B, (0) and s € [2r, 4r], we have

D(y,2r) < 167%72D(y, 5) = c(k)D(y, s) . (4.70)
Moreover, notice that if (3.7) holds, then
" dt
f D(y, 2r)du(y) < f ( f Dy, z>—) du(y) < 8°r*. 4.71)
Ba (%) Bay(x) \J2r !
O

5. PROOF OF THEOREM 3.3: THE DISCRETE-REIFENBERG
First of all, note that, by definition of y, the statement of this theorem is equivalent to
u(B1(0)) < D(n)/ wy. . (5.1)

In the proof, we will fix the constant C;(k) < 40*wy, and therefore the positive scale p(n, C1(k)) = p(n) < 1
according to lemma 4.7. For convenience, we will assume that p = 29, g € N, so that we will be able to use
the sum bounds (3.12) more easily.

Reduction to a quantized measure Given a general measure of the form u = ¥ g wpr*d,,, it will be
convenient for us to consider a similar measure but with
ry € p(n) = {p" s.t. neN}. 5.2)

In order to do so, we define 7; = max {t € p(n)N s.t. t < rs} and

fi= ) ooy, . (5.3)

seS§
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It is clear that i < u < p(n)ji, and given the monotonicity of Dﬁ wrt u explained in remark 3.3, the bound
(3.7) is still valid with i in place of u.
We will prove the theorem for i, and in particular we will prove that

A(B; (0)) < Cy(k). (5.4)
With this bound, it is evident that
w(B1 (0)) < p(m)*i(B1 (0)) < C1(k)p(n)* = D(n)/wy . (5.5)

In other words, we can assume without essential loss of generality that r, € p(n)".
For convenience of notation, we will still denote i simply by .

Bottom scale In the proof, it will be convenient to assume that »;, > 7 > 0. It is clear that, by means of a
simple limiting argument, this assumption is not restrictive. In particular, fix any positive radius 7 = r, = p
for some A € N, and consider the measure 7 < u defined by

Ur = Z wkrféxs . (5.6)

s St rg>1

Note that this is a finite sum if 7 is positive. By Remark 3.3, we see that u; satisfies all the hypothesis of this
theorem, and since u; ' y, if we prove uniform bounds on uz(B; (0)) which are independent of ¥, we can
conclude the theorem.

For this reason, in the rest of the proof we will assume for simplicity that 7, > 7 = p* > 0 for all s.

5.1. First induction: upwards. We are going to prove inductively on j = A, --- ,0 that for all x € B; (0) C

R"and r; = pl <1, either By, (x) is contained in one of the balls {B, (x;)} or we have the bound

s€S”?
1 (Br, () < Cr(ht. (5.7)

Note that, for j = A, this bound follows from the definition of the measure u and the assumption that rg > 7.
Note also that this implies r; < 2r for all s € S and x; € m

Clearly, we can assume wlog that u (Brj (x)) > ykr’j‘. , otherwise there is nothing to prove. This observation
will be essential in order to apply lemma 4.8.

Moreover, as long as we are trying to prove (5.7), we can replace wlog u with y| B, (x)- Indeed, by Remark
3.3, all the hypotheses of theorem 3.3 hold also for any restriction of y, in particular equation (3.7). Thus,
from now on, « will indicate ulp, (v and S = supp () By, (x).

Remark 5.1. Note that if v = y| Be;(x)» then all the D’j on balls B (y) D By, (x) are controlled. Indeed, we have

sk+2

Vi DAV 2 5 DL0.9).
J

Dii(x,1)) = Dy(x,1j) = ;"7 f
Brj(x)

d(z, V(x,r j))zd,u(z) = rj_.k_z f

(5.8)
In particular, this implies that if By, (x) C By (y), then
r; I‘j

Dy, s) < (f)k+2 Di(x,1)) = (?)k+2 Di(xx)). (5.9)
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In turn, as long as u(By; (x)) < c(n)r’;, we also have the bound

f (fm DXz, 1) ?) dv(z) < c6*s~. (5.10)
n 0

5.2. Rough estimate. Fix some j, and suppose that (5.7) holds on all scales below t;, i.e., for all y € B; (0)
and 7 < v; <1, u(By, () < Cy(kyek.

Let us first observe that we can easily obtain a bad upper bound on ,u( vt (x)) for any fixed y > 1.
Consider the points in {x;},cg N By:; (x), and divide them into two groups: the ones with ry < r; and the ones
with ry > t;. Note that by (5.2), r; > v; is equivalent to rg > v;_.

For the first group, cover them by balls By, (z;) such that By, (z;) are disjoint. Since there can be at most
c(n, y) balls of this form, and for all of these balls the upper bound (5.7) holds, we have an induced upper
bound on the measure of this set.

As for the points with rg > v, by construction there can be only c(n, ) many of them, and we also have

the bound r; < 2yr;. Summing up the two contributions, we get the very rough estimate

#(By, (0) < Can 0, (5.11)

where C; >> C;. Note that, as long as the inductive hypothesis holds, C, is independent of j. However, it
is clear that successive repetitions of the above estimate will not lead to (5.7).

5.3. Second induction: downwards. Outline of the proof. Suppose that (5.7) is true for all x € B; (0)
andi = j+1,---,A. Fix x € R", and consider the set B = Brj (x). Recall that we always assume that B
is not contained in one of the balls B, (x,), otherwise the bound (5.7) might fail for trivial reasons. We are
going to build by induction on i > j a sequence of smooth maps o; : R* — R" and smooth k-dimensional
manifolds 7; which will serve as approximations for the support of i at scale r;. Let us outline the inductive
procedure now, and introduce all the relevant terminology. Everything described in the remainder of this
subsection will be discussed more precisely over the coming pages. To begin with, we will have at the first
step that

oj=1id,
T;=V(x,1;) CR", (5.12)

where V(x,1;) is one of the k-dimensional affine subspaces which minimizes fB_ ) d*(y, V)du. Thus, the
first manifold 7'; is a k-dimensional affine subspace which best approximates By, (x). At future steps we can
recover Ty from T; and o741 from the simple relation

Tiv1 =01 (Th) . (5.13)

We will see that o4 is a diffeomorphism when restricted to 7, and thus each additional submanifold 7’| is
also diffeomorphic to R¥. As part of our inductive construction we will build at each stage a Vitali covering
of T; given by

By, (T) N By, (x) ~ U B ou | B, |ul B, (5.14)

t= ] }Elt XAGI _yE['
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where I, I, and I represent the good, bad, and final balls in the covering. Final balls are balls belonging
to the original covering B, (x,) such that ry € [r;,1;_1) (equivalently, by (5.2), r; = 1;), and the other balls
in the covering are characterized as good or bad according to how much measure they carry. Good balls are
those with large measure, bad balls the ones with small measure. More precisely, we have

u(By, ) =y, if yel,
u(B, ) <wixf, if yel. (5.15)

We will see that, over each good ball By, (y) in this covering, T; can be written as a graph over the best
approximating subspace V(y, r;) with good estimates.

Our goal in these constructions is the proof of (5.7) for the ball B = By, (x), and thus we will need to
relate the submanifolds 7, and more importantly the covering (5.14), to the set B. Indeed, this covering of
T; almost covers the set B, at least up to an excess set E;_;. That is,

supp() N B E Ul | B u | B ) |ul B ). (5.16)
1=j \yel, xxel} yelfi',

We will see that the set E;_; consists of those points of B which do not satisfy a uniform Reifenberg condi-
tion. Thus in order to prove (5.7) we will need to estimate the covering (5.14), as well as the excess set E;_;.

Let us now outline the main properties used in the inductive construction of the mapping o4 : R" —» R",
and hence T, = 01(T;). Asis suggested in (5.14), it is the good balls and not the bad and final balls which
are subdivided at further steps of the induction procedure. In order to better understand this construction
let us begin by analyzing the good balls B,, (y) more carefully. On each such ball we may consider the
best approximating k-dimensional subspace V(y,r;). Since By, (y) is a good ball, one can check that most
of supp(u) N By, (y) must satisfy a uniform Reifenberg and reside in a small neighborhood of V(y,r;). We
denote those points which don’t by E(y, 1;), see (5.36) for the precise definition. Then we can define the next
step of the excess set by

Ei=Ei Ul JEG,v). (5.17)

yel,

Thus our excess set represents all those points which do not lie in an appropriately small neighborhood of
the submanifolds 7;. With this in hand we can then find a submanifold 7/ C T;, which is roughly defined by

i+1 i+1
T] ~ T;\ [)UBW (U U L Brs 0| (5.18)
tjye 1= jxsel

see (5.50) for the precise inductive definition, such that

supp (/J) NBCE;U U U Brx CY) U U Br_v ()7) ) Br,’+|/4(Ti/) =RV U BT;+1/4(Ti,) s (5'19)

1=j \yel, xsel?
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where R; represents our remainder term, and consists of those balls and sets which will not be further
subdivided at the next stage of the induction.

The basic idea is that if in our induction we find a bad ball or a final ball B, (x), we know that the measure
carried by this ball is bounded by Cr*. Because of this upper bound, in order to get the final estimate on u
we do not need to further analyze the measure inside any of these balls. However, we do need to keep track
of the measure carried by these balls in successive induction steps. This is why every time we find a bad or
final ball, we create a corresponding “hole” in the manifold 7;, and obtain as a result 77. By construction,
the k-dimensional measure of these holes is comparable to u(B; (x)), and thus the k-dimensional measure of
T; (without holes) already “includes” the u-measure of the final and bad balls at all bigger scales.

Now in order to finish the inductive step of the construction, we can cover By, ;4(T}) by some Vitali set

Buya(T) € ) Bey ), (5.20)

yel

where y € I C T;. We may then decompose the ball centers

i+1 i+1 i+1 i+1
r=ptortunt, (5.21)

based on (5.15). Now we will use Definition 4.10 and the best approximating subspaces V(y, r;+1) to build
oiz1 - R" — R” such that

suppleic = 1d) € ] Ba., ) - (5.22)

IH—]

In order to prove the final bounds, we need to track the measure of the approximating manifolds 7; as i
goes to infinity. We can use the local bi-Lipschitz estimates for o; at scale r; and integrate them along
each manifold 7; to obtain uniform bounds on A*(T}) as i goes to infinity. This completes the outline of the
inductive construction.

5.4. First steps in the induction. In order to make the proof more understandable, we give in detail the
proof of the first steps in the downwards induction, which contains most of the necessary ideas to carry out
the whole construction.

Fix any By, (x). Without loss of generality, we assume that

p(By; (1)) 2 2y (5.23)

otherwise we clearly have the measure estimate we want to prove.

With this condition, it makes sense to talk about a best L> approximating subspace for the support of u
on By, (x). Denote this subspace by V(x,r;) = T;

Now, we want to cover the support of u with balls of radius 91;,1/10 (roughly one scale smaller) in such
a way to have good k-dimensional packing estimates on these balls. The idea is that condition (3.7) will
force the measure u to be almost supported in a small tubular neighborhood of T';, up to small measure. So
we split our ball in

By, (x) = (B, (x) N By, 11 (Vix. 1)) U (Bl.j () 0 Bey i (Vi x j))C) : (5.24)



THE SINGULAR STRUCTURE AND REGULARITY OF STATIONARY VARIFOLDS 41

The second part in this splitting is in some sense preventing the measure u to satisfy an L™ Reifenberg
condition. We call this part excess set, in particular

E(x,x)) = By, () 0 Byt (Vi) (5.25)

Although u(E) can be positive, it cannot be too big. Indeed, we have the trivial estimate

fB o )d(y, V() duy) + p (EGex)) (a1 /11)* < f A0 Ve du(y) = 2Dh(x, ) < e ).

¢ (X
T

(5.26)

Now, almost all of the measure ¢ must be concentrated in By, )N By, 1 (V(x, r j)). In order to estimate
this part, we build a covering with good overlapping properties of this set by balls of radius > 9r;,;/10
centered on V(x,1;) N By, (x).

This covering is built in the following way. First of all, we consider separately all the balls {B,, (x,)},¢
with rg > vj;1. Recall that by construction r; < 2v; for all s € § with x; € By, (x), otherwise there’s nothing
to prove since By, (x) would be contained in B, (xy) for some s. Note that, all of these balls are pairwise
disjoint. We will call these balls final balls, and set I{ to be the set of centers of these balls.

In most cases, or at least in the most interesting cases, the set of final balls will be empty or very small.
We complete this partial covering of By, (x)N By, m (V(x, r j)) with other balls centered on V(x, r;) of radius
9r;41/10 in such a way that this covering have a Vitali property.

Thus we obtain

By, (x) 0 By, m (V(x.x)) © U By, (x) U Borsuy /10 (%) (5.27)
xAEI qeQ

Now, we split the set Q according to how much measure is contained in B, (xq). In particular, if
u (Btj+1 (xq)) > ykr’]‘. 1> We say that this is a good ball, otherwise we say that this is a bad ball.

Now we want to build a new best approximating manifold 7', at this scale. On good balls, we have a
best approximating subspace V(x4,1;11), and since these balls carry enough measure, we can apply lemma
4.8 and obtain a quantitative estimate on the distance between V(x, r;) and V(x,, tj;1). In turn, this will allow
us to apply the construction in the squash lemma 4.12. In particular, we have a smooth map o defined on R"”,
and moreover o(T'j) = T4 is a diffeomorphism onto its image when restricted to 7'; with good quantitative
bi-Lipschitz estimates. The details of this construction are carried out in subsection 5.8.

As for bad balls, we don’t have to worry too much about those, since they carry really small measure. In
particular,

1 (Beys, (xg)) < A (Tje1 0 Beyyyy6 (%)) - (5.28)

Thus, in order to keep track of the measure carried by bad balls, we can simply keep track of the k-
dimensional measure of the approximating manifolds 7;. In some sense, every time we hit a bad ball,
we can compare its measure u to the k-dimensional Hausdorff measure of the “hole” 711 N By, /6 (xq).
Since, as we will prove, for i > j+ 1, T; N By, /6 (xq) and T N By, /6 (xq) are substantially equal, by
estimating the measure of 7; we also estimate the total measure of all the bad balls.



42 AARON NABER AND DANIELE VALTORTA

Moreover, since this estimate covers the measure of the whole bad ball, from this step forward we do
not have to worry about y| By, () A0Y longer in the induction. We can use a similar argument to track the
measure of final balls.

This construction is carried out in Subsection 5.9

Evidently, we cannot hope to apply these considerations also to good balls in order to get the estimates
we want, because the measure of good balls is not small (a priori it could be anything). Instead, on the
new good balls, we start over the same construction we outlined here (excess set, construction of the new
best approximating manifold, and so on) and keep going by induction. The inductive estimates on the
k-dimensional measure are carried out in Subsection 5.10.

5.5. Second induction: details of the construction. Let us now describe precisely the proof of this in-
ductive construction which will lead to (5.7). For j < i < A, we will define a sequence of approximating
manifolds 7; for the support of 4 and a sequence of smooth maps o; such that
() oj=id,Tj = V(x,xj) CR",
(i) T = oi(Ti-1),
(iii) fori > j+ landye T;_y,

d(oi(y),y) < cov;, (5.29)

and o|7, , is a diffeomorphism onto 7},
(iv) for every y € Ty, T; N By, (y) is the graph over some k-dimensional affine subspace of a smooth
function f satisfying

% IV llw < 6. (5.30)

4
As outlined before, the manifolds 7; will be good approximations of the set S up to some “excess” set of
small measure. Moreover, we will also introduce the concept of good, bad and final balls (whose centers
will be in the sets Ié, I 1’? and I}), a remainder set R;, and the manifolds 7/ C T;. Before giving the precise
definitions (which are in equations (5.47), (5.41), (5.38) and (5.50) respectively), let us group here all the
properties that we will need (and prove) for these objects, so that the reader can always come back to this
page to have a clear picture of what are the objectives of the proof.

(v) foreveryi > j+ 1landy e I', d(y, V(y,1;)) < cér;, the set T; N B 5y, (y) is the graph over V(y,1;)
of a smooth function f satisfying (5.30), where V(y, r) is one of the k-dimensional affine subspaces
minimizing [, - d*(y,V)da,

(vi) for all i, we have the inclusion

supp () N B C By, 10 (T7) U R, (5.31)

The last two properties needed are the key for the final volume estimates:

(vii) we can estimate
AT (T] 0 B, () + (#(1) + #(17)) wiei/ 10 < (T 0 Bay, (1)), (5.32)
(viii) we can estimate the excess set by

H(E(y, )7,y < C(nfDl(y, 2r7) . (5.33)
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At the first step of our induction, we can assume wlog that H(By; (x)) = Zykr We set IJ =0, IJ = {x},
where x is the center of mass of M|Brj(x), T; = V(x,xj)and o = zd We set E(x rj) to be the excess set
defined by (5.25), and R; = E(x, ).

Moreover, we also set

; 5.2
1) ={x e S\R)NB,©) st roel, D} 2 {x, e S\R)NB,O) st ro=1;}.  (534)
where we used the fact that By, (x) is not contained in any of the balls {B,, (x,)}. ¢ to show the equivalence,
and we set
;=T\ | ) Beye(xo) . (5.35)
xselﬂ

It is clear from these definitions that all the properties (i)-(viii) are satisfied.

Now we proceed by induction assuming that we have defined for all £ € {j,--- ,i} Ié,, I, I}, the maps o
and the manifolds 7}, T;. Moreover, we assume that we also have defined for all t € {j,--- ,i — 1} the excess
sets {E(y, r,)}y€ I and the remainder R;_;.

In the induction step, we will first build {E(y, r,~)}ye I and R;, and then move on to the construction of

i+1 i+l ji+l
I}g 71;7 ’I} > Oivl and Tl+19Tl,+1

5.6. Excess set. Let us begin by describing the construction of the excess set. We will only be interested
here in a ball B, (x) which is a good ball, in the sense that u(B,(x)) > ykri.‘ .

Thus define V(x, r) to be (one of) the k-dimensional plane minimizing fB‘(x) d(y, V)?du, and define also
the excess set to be the set of points which are some definite amount away from the best plane V. Precisely,

E(x,%;) = (Be, (x)\ Be,yyn (V)) NS (5.36)

The points in supp (u) N E are in some sense what prevents the set S from satisfying a uniform one-sided
Reifenberg condition at this scale. By construction, all points in E have a uniform lower bound on the
distance from V, so that if we assume u(B,,(x)) > ykrf, i.e. By, (x) is a good ball, then we can estimate

fB o 0V 10)? du(y) + p(ECx )it /1) < f d(y, V(x,1)* du(y) = 2 Dy, vo).

Bri (x)

(5.37)

5.7. Good, bad and final balls. Inductively, let us define the remainder set to be the union of all the
previous bad balls, final balls, and the excess sets:

R = U Beoyu [ B oul JEG. | (5.38)

t=j ye]‘ xvell )EI’

The set R; represents everything we want to throw out at the inductive stage of the proof. We will see later
in the proof how to estimate this remainder set itself. Note that R; = E(x, ;) U (UX o Br; (xs)).
s j
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Now consider the points x; € S outside the remainder set, and separate the balls B, (x,) with radius
rs = 141 from the others. Notice that by construction all the points x; € S outside the remainder set have
rs S I'l'+1.

Define for y € I, the sets

(2){

I}-H(Y) = {xs €EW\R)N B, () st rg € [vip1, 1 )} xs €S \R)N B, () st rg= ri+1} ,  (5.39)

and

T = x, € S\R)N By, (3) st 1y <tia1) 2 {x, € S \R)N By, (0) st 1y <tipa) .  (5.40)

From this we can construct the sets

=0 o) and  J* =0 0T 0). (5.41)

Note that by construction and inductive item (v), we have

S\R; =17 uJ* By o (T7) - (5.42)

Recall that, as long as we are trying to prove the estimate (5.7), we can assume wlog that u = y| Be;(x) and
S = supp (u) C By, (x).
Let us now consider a covering of (5.42) given by

S\Ri €I U Boj10 @) (5.43)

zel
where I C T/, and for any p # q € I}” Ul By, s(p) N Bys(q) = (0. Here we denote for convenience
rp =t if pelu I}“. Note that this second property is true by definition for p,q € Ij;.” , we only need to

complete this partial Vitali covering with other balls of the same size. To be precise, note that by (5.38) and
(5.36)

i+1

S\RI\ | Bsrys @ € || Bryiya (VG10) 0 Borjio 6D | [ U Barss @ U U | Bauss @)
zel;” yeli 1=j zelt 1=] zel}
(5.44)
Take a finite covering of this last set by balls {Ba..,, /10 (y)}yey. Note that we can pick
i+1
nJUBss@u U | Bass @ = (5.45)
r=j ZGI’ 1=] zel}

By item (iv), 7; is locally a Lipschitz graph over some k-dimensional subspace with (5.30), and thus we can
choose Y C T;.

Consider a Vitali subcovering of this set, denote [ the set of centers in this subcovering. Such a sub-
covering will have the property that the balls {Bs,,,, /10 (y)}yE ; will be pairwise disjoint. These balls will
also be disjoint from [ . it B, /5 (z) by (5.45). The (finite version of) Vitali covering theorem ensures that
Uyer Bov,1 /10 (v) will cover the whole set in (5.44).
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Now by construction of /; and the remainder set, all the balls {B, (x,)}, ¢ With ry > r;;1 have already
been accounted for. This means that
S\RI\ | Br,, () < Bois100) 5 (5.46)
xﬁl}“ yel
as desired.

We split the balls with centers in / into two subsets, according to how much measure they carry. In
particular, let

I ={yerl stop(Bo, )2yl L ={yel stp(By, 0) <vaf) (547)

5.8. Map and manifold structure. Let {/lis“} = {4,} be a partition of unity such that for each y, € I;"'
b Supp (/lﬁ) g B3‘L‘,‘+1 (y&‘)

e forallz e nyelngzm, (ys)s 25 As(2) = 1
o max; |[VAllee < C(n)/1ig1.

Forevery y; € I é,“, let V(ys, vi+1) to be (one of) the k-dimensional subspace that minimizes fB 09) d(z, V)*du.
Yip] VS
By Remark 3.4 we have
—k=2 2 k
Livl f d(z, V(ys, tis1))"du(@) < Dy (ys, vis1) - (5.48)
Bri+1 s)
Let ps € B,,,, (y5) be the center of mass of,ulBrM(ys). It is worth observing that p; € V(ys, 1j31).
Define the smooth function o, : R" — R” as in Definition 4.10, i.e.,
Tt () = x+ > A Oy g (s = X) (5.49)
S
With this function, we can define inductively for i > j the sets
Tj=Vory), Ti=Ti\ | Bre(x) (5.50)
xseljf;
Tivt = 0T, Thy =it [T\ | Buae®U () Brys (0| | - (5.51)

7itl i+1
yer xself

Fix any y € I+ andletz € Ié, be such that Bo,,,,/10 () N Boy,/10 (z) # 0. By induction, T; N By, /10 (¥) €
T;N By 5y, (2) is the graph of a C ! function over V(z, r;). Consider the points {y,},eTy = Ié“ N Bey,,, (v). By
construction it is easy to see that d(y;, V(z,1;)) < 1;+1/9, and so for all € T\, we can apply the estimates in
lemma 4.8 to the couple B,,,, (y/) € By, (z) with M = C; by the first induction. Note that by (5.2) and by
construction of good and final balls, for # € T and x; € B,,,, (1), rs < vi42. Using condition (3.7) and lemma
4.13, we obtain that for all y;:

- 1/2
r[.:ldH (V(Z7 ri) N Bri+l (ys) ’ V(yS7 ri+1) N Bri+l (yS)) S c (D,]i()’s, I‘l'+1) + DZ(Za I‘l')) S C(n’p’ C1)6 . (552)

This implies that, if 6(n, p, C1) is small enough, T; N By, , (v) is a graph also over V(y, riy1) satisfying the
same estimates as in (5.30), up to a worse constant c. That is, if ¢ is sufficiently small, we can apply lemma
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4.12 and prove induction point (v).

Points (iii) and (iv) Points (iii) and (iv) are proved with similar methods. We briefly sketch the proofs of
these two points.

Let y € T;_1, and recall the function ;
there is nothing to prove.

1 — X As. If Yilp,, () 1s identically 1, then o7ilp,, () = id, and

Otherwise, there must exist some 7’ € Ié, N Bs,, (y), and thus there exists a z € Ié,‘l such that Bg,, (y) C
Bj 5y, , (z). By point (v) in the induction, T;—; N By 5y, , (2) is a Lipschitz graph over V(z, v;,_1). Proceeding as
before, by the estimates in lemma 4.8 and lemmas 4.12, 4.13, we obtain that 7; N By, () is also a Lipschitz
graph over V(z,r;_1) with small Lipschitz constant, and that ||o;(p) — pl| < cor; for all p € T;_;.

Moreover, 0|z, , is locally a diffeomorphism at scale r;. From this we see that o7 is a diffeomorphism on
the whole T;_;.

It is worth to remark a subtle point. In order to prove point (iv), we cannot use inductively (iv), we need
to use point (v). Indeed, as we have seen, given any z € I(f;,‘l, then T;_; N Bys,,, (z) is a Lipschitz graph of
a function f where ||Vf|| < ¢8, and this c is independent of the induction step we are considering by (iii)
in lemma 4.12. If we tried to iterate directly the bound given by (iv), the constant ¢ would depend on the
induction step i, and thus we could not conclude the estimate we want.

5.9. Properties of the manifolds 7;. Here we want to prove the measure estimate in (5.32). The basic
idea is that bad and final balls correspond to holes in the manifold 7;, and each of these holes carries a
k-dimensional measure which is proportionate to the measure inside the balls. In particular, let B, (y) be a
bad or a final ball. In the first case, r = r;;1, while in the second r € [r;,1,1;). In either case, we will see that
y must be ~ 1;,;-close to T;, which is a Lipschitz graph at scale ;. This implies that u(B, (y) N T;) ~ r*, and
thus we can bound the measure of a bad or final ball with the measure of the hole we have created on T;.

In detail, point (vi) is an immediate consequence of the definition of R;.

In order to prove the volume measure estimate, consider that

TN T €| | Buaie®U (] Brye(xo)] . (5.53)
ye]é*’1 xxel}*']

Note that the balls in the collection {Bx,,, /5 (y)}ye B are pairwise disjoint. Pick any y € 111'7+1’ andletz € 1;

be such that y € B, (z). By definition, y € T/ and u(B.,,, (¥)) < yxtt, | < 10%wir¥ . Since T; N By, (2) is a
graph over V(z,1;) with y € T}, and since By, ¢ (¥) N T} is disjoint from the “holes” of Tl.’ , then

(T N By, 6 ) = w75k (5.54)

i+l

A similar estimate holds for the final balls. The only difference is that if x; € I}“, then it is not true in
general that x; € T;. However, since Dﬁ(z, ;) < cd and u({xg}) = wkrf.‘ﬂ, we still have that d(x;, V(z,1;)) <
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coriy1 < 141/100. Given (5.30), we can conclude

A(T] N By, 7 (x9)) = w1075k (5.55)

i+1 -

Now it is evident from the definition of Tl.’ 1 that

Ao (T] ) 0 Bog () + # (I U I ) i /10)¢ < KT 0 By, (x)). (5.56)

i+1
5.10. Volume estimates on the manifold part. Here we want to prove that for every measurable Q C T;

H(oi1(Q) < Q) + c(n.p. Cy) " )D(p, 2vi1)du(p) - (5.57)
v X

The main applications will be with Q = 7; and Q = T/. In order to do that, we need to analyze in a
quantitative way the bi-Lipschitz correspondence between T; and T, given by 4.

As we already know, 01 = id on the complement of the set G = Use 1?135”+1 (), so we can concentrate
only on this set.

Using the same techniques as before, and in particular by lemmas 4.8 and 4.12, we can prove that for
eachy e Ié“, the set T; N Bs,,,, (v) is a Lipschitz graph over V(y, r;+1) with Lipschitz constant bounded by

1/2
cnp,CD| DOt + Y. DEw)| (5.58)
Z€liNBsy, ()
In a similar manner, we also have that T;,; N Bs,,,, (y) is a Lipschitz graph over V(y,r;+1) with Lipschitz
constant bounded by
1/2

cmp.CHl D D+ Y. Dew| (5.59)

€l NBioy, () Z€l4NBs, (y)

i

Moreover, by the bi-Lipschitz estimates of lemma 4.12, we also know that o7, restricted to T; N Bs,,,, () is
a bi-Lipschitz equivalence with bi-Lipschitz constant bounded by

LO,5t) < 1+c > Der+ Y D). (5.60)

€l NBgy;, | () Z€LLNBs, ()

In order to estimate this upper bound, we use (3.3) and the definition of good balls to write

D(z,r) < CJC D(p,2r)du(p) < c(n,p, Cl)r_kf D(p,2r)du(p) . (5.61)
B,(2) B

(2)
Since by construction any point x € R" can be covered by at most c(n) different good balls at different
scales, we can bound

p,C

c(n,k, 1) [D(p,2vi+1) + D(p, 21;)] du(p) . (5.62)
L Bsy; ()
i+1 S

L(y,5vip1) < 1+

We can also badly estimate

D(p, 2ti11) + D(p, 21) < c(n, p)D(p, 21;) . (5.63)
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Now let P be a measurable partition of Q N G such that for each s, P; C Bs,,,, (v5). By summing up the
volume contributions of P, and since evidently APy < 7kwkr§‘+1, we get

C
Ao @) = Y APy < Y 2P| 1+ — f D(p, 2t))dp(p)
3 S ri+1 Bsy; (ys)
< K@) +c f D(p. 2t)du(p)
U}'sell';rl Bsy;(vs)

< Q) + c(n, p, C1) D(p, 2v)du(p) . (5.64)
Brj(x)

5.11. Estimates on the excess set. In this paragraph, we estimate the total measure of the excess set, which
is defined by

A
Er = U U EG,1). (5.65)
i=j yeI;;,

At each y and at each scale, we have by (5.37) and (3.3)

H(E(y, 1)) < c(n, p)r Di(y, 1) < c(n, p)ry fB ( )Df,(p, 2v)du(p) . (5.66)

Since by definition of excess set By, (y) must be a good ball, then

H(EG, 1) < cln,p) fB Dk 200, (5.67)

Now by construction of the good balls, there exists a constant c(n) such that at each step i, each x € R"
belongs to at most c(n) good balls. Thus for each i > j, we have

Y uEC) < [ Dl 2eodup) < conp) [ Do 2. 668)
yelé U_\"Elé, Br,— ) Brj (x)
If we sum over all scales, we get
A
wED <cnp Y, [ Do 2du(p). (5.69)
=7 B;.(x)
Since p = 29, it is clear that
A
pED <cnp) Y [ D (p2 ) dutp) < et 1. (5.70)
i—: JB.(x)
=J J

since the sum in the middle is clearly bounded by (3.12).

This estimate is exactly what we want from the excess set.
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5.12. Volume estimates. By adding (5.57), with Q = o-l.jrl] (Tl.’ 1) N By (x), and (5.32), we prove that for all
i=j-,A+1,..

AK(T] 0 Boe, () + # (1) U T ) wilrisr /10)° < 24T 0 Bay, (1) + (. p, C1) D(p, 2vi.1)du(p) -

By;(x)

i+1
(5.71)

Adding the contributions from all scales, by (3.7) we get
i+1
AT, 0 By, (1) + Z #(17 U I w10
p
: i+1

< 24T} 0 Bayy (0) + clmp, C1) Y f D(p. 2r)du(p)

s=j+1 ¥ Br;()NB1(0)

< (T 0 By, (0))[1 + c(n p, €3] (5.72)

where in the last line we estimated A¥ (Tj N Bzrj (x)) ~ r’J‘., since T'; is a k-dimensional subspace, and we
bounded the sum using (3.12).
In the same way, we can also bound the measure of 7, by

AT 10y 0 Bor,y (0)) < 2 (T 0 By, () [1+ (. p. C1)5] - (5.73)

5.13. Upper estimates for y. Since we have assumed ry > 7 = r4 for all x; € S, we know that fori = A
our construction ends, and the whole support S is contained in final and bad balls and excess sets. In other
words, the sets I = I! = 0, and

supp (1) N B = supp (1) N By; (x) S R4 . (5.74)

This fact and the estimates in (5.70) and (5.72) imply

M:>

u(B) < kakf +Z It wkf +u(ET)
1=j 1=j
A
OF| 3" #(1p) wonlx /100" + Z D7 w100 | + p(Er) < C3 (k)1 + e(n, p, CIONE. (5.75)
t=j t=j xgel’

f

In this last estimate, we can fix C3(k) = 20fwy, and Ci(k) = 2C3(k) = 2 - 20%w; < 40%wy, and p(n,Cy)
according to lemma 4.7. Now, it is easy to see that if 6(n, p, C) is sufficiently small, then

u(B) < Ci(k)es, (5.76)

which finishes the proof of the downward induction, and hence the actual ball estimate (5.7).
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6. L>-BEST APPROXIMATION THEOREMS FOR STATIONARY VARIFOLDS

In this Section we prove the main estimate necessary for us to be able to apply the rectifiable-Reifenberg
of theorems 3.3 and 3.4 to the singular sets SX(I) of the stratification induced by integral varifolds with
bounded mean curvature.

Namely, we need to understand how to estimate on a ball B,(x) the L>-distance of S* from the best approx-
imating k-dimensional subspace. Here we carry out the computations in the Euclidean setting with mean
curvature H = 0. The generalization to the manifold case with bounded mean curvature is straightforward.

Theorem 6.1 (L>-Best Approximation theorem). Let I C By C R" be an integral varifold satisfying (1.14),
and the mass bound puy(Bo(p)) < A, and let € > 0. Then there exists 6(n, A, €), C(n, A, €) > 0 such that if
r < 1 and By,(p) is (0, §)-symmetric but not (k + 1, €)-symmetric, then for any finite measure p on I 0 B,(p)
we have that

D,(p,r) = 2 *in

f PO Y du) < O [ W (o) du(x). 6.1)
L5 JB,(p)

B, (p)

where the inf is taken over all k-dimensional affine subspaces L* C T,M.

6.1. Symmetry and Gradient Bounds. In this subsection we study integral varifolds /"™ with bounded
mean curvature which are not (k + 1, €)-symmetric on some ball. In particular, we show that this forces for
each k + 1-subspace V1 that |7rIL[V](x)| = [(N,I, V)| has some definite size in L?, where nIL[V](x) is the
projection of V to the N,/, the orthogonal complement of the tangent space T,/ of I at x. More precisely:

Lemma 6.2. Let I C By be an integral varifold satisfying (1.14), the mean curvature bound (1.15), and
the mass bound uj(By(p)) < A. Then for each € > 0 there exists 6(n,A,e€) > 0 such that if Bs(p) is
(0, 8)-symmetric but is not (k + 1, €)-symmetric, then for every k + 1-subspace vkl T,M we have

f I [VIPdus > 6, 6.2)
A3 4(p)

where niy [V1(x) is the projection of V to NI, the orthogonal compliment to the tangent space of I at x.

Proof. The proof is by contradiction. So with n, A, e > 0 fixed let us assume the result fails. Then there
exists a sequence /; of integral varifolds of By(p;), with B4(p;) being (0, ¢;)-symmetric but not (k + 1, €)-
symmetric, and such that for some subspaces V}"Jrl we have that

f I [VillPduy, < 6; > 0. (6.3)
Az4(pi)
After rotation we can assume Vf“ = V**1 and then after passing to a subsequence we have that

I; — I C By(0"), (6.4)

in the sense of varifolds (or in the sense of the flat distance if / is an integral current). In particular, we have
that / is a stationary varifold and

f In7 [VIPdur = 0. (6.5)
A3 4(pi)
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On the other hand, the (0, 6;)-symmetry of the I; tells us that / is O-symmetric. Combining these tells us
that

f I [V1du; = 0, (6.6)
B4(0™)

and hence we have that [ is k + 1-symmetric. Because the convergence I; — [ is in the varifold sense, this
contradicts that the /; are not (k + 1, €)-symmetric for i sufficiently large, which proves the lemma.
O

6.2. Best L>-Subspace Equations. In order to prove theorem 6.1 we need to identify which subspace min-
imizes the L?-energy, and the properties about this subspace that allow us to estimate the distance. We begin
in Section 6.2.1 by studying some very general properties of the second directional moments of a general
probability measure u C B;(p). We will then study in Section 6.2.2 a quantitative notion of almost-symmetry
for stationary varifolds.

6.2.1. Second Directional Moments of a Measure. Let us consider a probability measure u € B1(0"), and
let

=0 = [ duo, 6.7)

be the center of mass. Let us inductively consider the maximum of the second directional moments of u.
More precisely:

Definition 6.3. Let 4 = A;(u) = max;,p-, fl(x = Xems VY du(x) and let vi = vy(u) with |v;| = 1 be any

vector obtaining this maximum. Now let us define inductively the pair (A4, vi+1) from vy, ..., v; by
st = D1 () = max f (X = Xems VI du(x) (6.8)
[V[2=1,(v,v;)=0 Vi<k

where v is any vector obtaining this maximum.

Thus vy, ..., v, defines an orthonormal basis of R", ordered so that they maximize the second directional
moments of . Let us define the subspaces

VE = VE(u) = Xep + span{vy, ..., ). (6.9)
The following is a simple but important exercise:

Lemma 6.4. If u is a probability measure in B1(0"), then for each k the functional

min f d*(x, L% du(x), (6.10)
LFCRR"

where the min is taken over all k-dimensional affine subspaces, attains its minimum at VK. Further, we have
that

min f d*(x, L*) du(x) = f d*(x, VY du(x) = At (@) + -+ - + A, (u) - (6.11)

LFCR”
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Note that the best affine subspace V* will necessarily pass through the center of mass x.,.

Now let us record the following Euler-Lagrange formula, which is also an easy computation:

Lemma 6.5. If u is a probability measure in B1(0"), then we have that vi(u), ..., v,(u) satisfy the Euler-
Lagrange equations:

f (X = e VO)CE = Xem)' dt() = Ayl ©.12)
where

A = f (X = Xems vil? dua(x) . (6.13)

6.2.2. Projections on the tangent spaces. Our goal now is to study an integral varifold /" in the directions
spanned by vy(w), ..., v,(u), associated to a probability measure. The main result of this subsection is the
following, which holds for a general integral varifold with bounded mean curvature. We recall that by
definition

We(x) = Wra,ra,3 (x) = gra,3 (x) - gra(x) >0, (6.14)
where 1, = 27%.

Proposition 6.6. Let I C By be an integral varifold with mass bound uj(By(p)) < A. Let u be a probability
measure on By(p) with (), vi(u) defined as in Definition 6.3. Then there exists 6(n) > 0 such that

A f - vl dun(2) < 57 f Wo () du(), 6.15)
A3z4(p)

where nt[v](x) is the projection of v to N.I, the orthogonal compliment of the tangent space T,I, which
exists a.e.

Proof. Note first that there is no harm in assuming that x.,, = 0. If not we can easily translate to make this
so0, in which case we still have that supp(u) € B,. Additionally, we will simplify the technical aspect of the
proof by assuming that M = R" and H = 0. By working in normal coordinates the proof of the general case
is no different except up to some mild technical work.

Now let us fix any z € A3 4 in the support of I and such that N,/ is well defined (note that this second set
coincides with the support of I up to a set of y; measure zero). Observe that

f(x, Vi) dp(x) = (Xem, vi) = 0. (6.16)

Then combined with lemma 6.5 we can inner product both sides of (6.12) by NI, the normal to the tangent
space of [ at z, to obtain for each k and A3 4:

AN, vi) = f(x, VN1, x) du(x) = f(x, ViXN:L, x = 2) dp(x) - (6.17)
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We can then estimate
BN voP < 4 f KN, x = P du(). (6.18)

Integrating with respect to z on both sides we get the estimate
A [P du < [ [ - du duco. (6.19)
Az Az

Set for convenience n,(z) = (z — x)/ |z — x|, i.e., nx(z) is the radial vector from x to z. Now for x € supp(u)
we can estimate

f KNI, x — 2)[* duy(z) = f NI, no ()P 1x = 2 |x — 2™ duy(z)

A3y Azg

< c() fA (N @) — 27 duag(2)

<C(n) KNI, @) 1x — 2™ duy(z)
Ajg(x)
= C(n)Wy(x). (6.20)
Applying this to (6.19) we get the estimate
" f KNL v dur(2) <Cln) f Wolx) du(). 6.21)
Azg

6.3. Proof of theorem 6.1. Let us now combine the results of this Section in order to prove theorem 6.1.
Indeed, let 1 be a measure in By(p) € T, M. We can assume that u is a probability measure without any loss
of generality, since both sides of our estimate scale. Let (4;(w), vi(w)), ..., (4,(u), v,(1)) be the directional
second moments as defined in Definition 6.3, with V¥ the induced subspaces defined as in (6.9). Using
lemma 6.4 we have that

min [ due) = [ @V = i 4+ 00 S 0=k, (622

where we have used that 1; < 4; for j > i. Therefore our goal is to estimate A.;. To begin with, proposition
6.6 tells us that for each j

A f KL daa) < € f Wo(x) du(x) (6.23)
Aza(p

Let us sum the above for all j < k + 1 in order to obtain

k+1

Z /ljf KNI v )P dui(z) < (k + l)CfWO(X) du(x), (6.24)
=1 Az4(p)
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or by using that Ax41 < A fork+ 1> jwe get

k+1

A [ NL VP () = e
Az4(p) Jj=1

fA )|<N11,vj>|2du,(z)sc f Wox)du(x).  (6.25)
34(p

Now we use that Bg(p) is (0, §)-symmetric, but not (k + 1, €)-symmetric in order to apply lemma 6.2 and
conclude that

tf KNI VEDP dug(z) 2 6. (6.26)
A3z4(p)
Combining this with (6.25) we obtain
St < [ KNIV ) < € [ W duto, 627)

Aza(p)
or that

A < €000 [ Wolo) du. (6.28)
Combining this with (6.22) we have therefore proved the theorem. |

7. THE INDUCTIVE COVERING LEMMA

This Section is dedicated to the basic covering lemma needed for the proof of the main theorems of the
paper. The covering scheme is similar in nature to the one introduced by the authors in [NVb, NVa] in order
to prove structural theorems on critical and singular sets. Specifically, let us consider an integral varifold /"
with bounded mean curvature, then we will build a covering of the quantitative stratification

S . (hNBi(p) S U, VU, = U, U U B.(x), (7.1)

which satisfies several basic properties. To begin with, the set U, is a union of balls satisfying r; > r > 0,
and should satisfy the packing estimate wy rf‘ < C. Each ball B,,(x;) should have the additional property
that there is a definite mass drop of / when compared to B, (p). To describe the set U, we should distinguish
between the case r > 0 and r = 0. In the case r > 0 we will have that U, = | B,(x}) is a union of r-balls
and satisfies the Minkowski estimate Vol(U,) < Cr**. In the case when r = 0 we will have that Uy is
k-rectifiable with the Hausdorff estimate A%(Uy) < C. Let us be more precise:

Lemma 7.1 (Covering lemma). Let I C B, be an integral varifold satisfying the bounds (1.14), the
mean curvature bound (1.15), the mass bound u;(B2(p)) < A, and assume K + H < 6(n,A\,€). Let
E = sup,cp (p 01(x) withe > 0, r 2 0, and k € IN. Then for alln < n(n,A,e) and 0 < r < 1, there
,r/]OO(I) N Bi(p) U = U, U U, such that

(1) Uy = U By, (xp) with r; > rand ¥, 7% < C(n, A, €).

2) SUPye, (x) Opr2(y) < E—n.
(3) If r> 0 then U, = Y BA(x}) with N < C(n)r™.

exists a covering S ];
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(4) If r = 0 then Uy is k-rectifiable and satisfies Vol(B; (Uyp)) < C(n)s"* for each s > 0.
In particular, 2*(Ug) < C(n).

Remark 7.1. The assumption K + H < ¢ is of little consequence, since given any K this just means focusing
the estimates on balls of sufficiently small radius after rescaling.

Remark 7.2. As in the previous section, throughout this section we will assume that the ambient manifold
M is actually Euclidean and 7 has zero mean curvature, that is K = H = (0. The generalization to the
general case is straightforward, but it would involve minor details that would anyway add another layer of
technicalities.

Remark 7.3. Note that, up to enlarging the constants in the covering by some C(n), the conclusions of this

k k

er er/100- Ve state this lemma

lemma clearly hold also for the set S¢ ,, not just for the slightly smaller set S

with the factor 1072 just for technical reasons.

To prove the result let us begin by outlining the construction of the covering, we will then spend the rest
of this section proving the constructed cover has all the desired properties.

Thus let us consider some 7 > 0 fixed, and then define the mass scale for x € B{(p) by

M=inf{r<tr<1l: sup Opp()=E-nforall t<s<l1y. (7.2)

k
Bs(x)NS &,r/100

E
Sy = Sy

Note that the mass scale implicitly depends on many constants. If » = O let us define the set Uy by

Uo = {x € SE(D) N Bi(p) : 5x =0}, (7.3)
while if 7 > 0 let us define
U, = U B/ (x}), (74)
where
Wy c{xesSt, @ NBi(p): sy =1}, (7.5)

is such that {B,/g(x7)} are a maximal pairwise disjoint collection of balls centered on S’;r /100(1) N B1(p).

In order to define the covering U, = {B,,(x;)} let us first consider the covering
(xest 1o NBi(p): s> r) €| ) Boo®, (7.6)
Sy>T
and choose from it a Vitali subcovering and set
U, =) Bux), (7.7)
iceJ
where r; = s5,,/2 and {B,,/5(x;)} are all disjoint. It is clear U, satisfies the version of (2) given by

@) sup Opp() <E-7. (7.8)
YEBy; (i)
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It is clear from the construction that we have built a covering
St 00D NBi(p) S U,V UL, (7.9)

so we need to study the properties of U, and U.,.
Once Lemma 7.1 is proved, since n(n, Ky, A, €) is fixed, we can re-cover in a trivial way all balls B, (x;)
with smaller balls of radius nr; and obtain for this new covering that

(1) PVI(B, U)) + o 5 < Cln. Ky, A, ) 5.
) supyegri(xi) er,-(.)’) <E-n,

as desired.

The outline of this Section is as follows. In Sections 7.1 and 7.2 we will deal with estimating the set
U,. In fact, from a technical standpoint U, is much easier than U, to deal with, and for the rectifiability
and local A*-finiteness of S’;r /100
to almost directly use the rectifiable-Reifenberg of theorems 3.4 and 3.3, at least when combined with an

this is the set which is most important. Indeed, for U, we will be able

additional induction argument. However, for the global Minkowski estimates and k-dimensional Hausdorff

measure bounds on S¥
e,r/10

of technical lemmas in Section 7.3, these will allow us to exchange U, for a more manageable collection of

o it is crucial to deal with the set U, as well. To do this we first prove a variety

balls without losing much content. Then in Section 7.4 we will be able argue as in the U, case by applying
the rectifiable Reifenberg of theorem 3.3, however we will apply it not to U, but to a more carefully chosen
covering obtained by exploiting the results of Section 7.3.

7.1. Estimating U, in lemma 7.1 for r > 0. Let us begin by altering the collection U, = |J B,(x]) slightly.
Indeed, by definition of U,, we have that for each ball B,(x]) there exists a point x; € B,(x]) such that
0,r(x7) 2 E — n. Then we have the covering

N
U, | Barx)), (7.10)
1

and let U, = Ullv ’ By,(x!) be a maximal disjoint subset of these balls. Let us first observe that by a standard
covering argument we have N < C(n)N’, and thus to estimate U, it is enough to estimate N’. Indeed, by
the maximality of U, we have that for every ball center x| € U, there exists a ball center x;. € U, such that
xl € B4r(x}) and Gn,(x;.) > E - n. Since the balls {B,g(x})} are disjoint, we have that

n N
N-w, (g) < Vol(U,) < Z Vol(Byy(x})) < N' - wn(4r)", (7.11)

which in particular gives us the desired estimate N < 32"N’.

Now let us proceed to estimate N’. Thus consider the measure associated to U, given by

U= Z w5y (7.12)
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Let us consider the sequence of radii v, = 27*. We now wish to prove that for each x € B; and all
r <1, <277 that

H(By, (X)) < D(n)tt (7.13)

where D(n) is from theorem 3.3. Let us first observe that once (7.13) has been proved then we have the
desired estimate on N’. Indeed, by a simple covering argument we obtain that y(B1(0)) < C(n) - D(n), which
in turn implies

N/

N w,r* = Z wir* = u(By) < C(n) - D(n), (7.14)
1

and this gives the claimed estimate N’ < C (n)r*.

Thus let us now concentrate on proving (7.13). We will prove it by induction on a. Let ag be such that
r <14, < 2r. Let us begin by observing that the result clearly holds for r,,. Therefore let us now assume we
have proved (7.13) for some 1,1, and then proceed to prove it for 1.

Let us first observe a rough estimate in this direction through a covering argument. Namely, let us consider
the radii 1,41 < s < 41,. We can cover Bg(x) by a collection of at most C(n) balls {B;,,, (y;)}, and thus by the
inductive assumption we have for all x € By and s < 4r, that

H(By(x)) < ) u(By,,, (3) < DINC(n), < D' (m)s*, (7.15)

where of course D’ (n) >> D(n).

Now let us consider a ball By(y) C B, with s < 2t,. If u(By(y)) < €,s* then D,(y, s) = 0 by definition,
while if s < r then we also have that D,,(y, s) = 0, since the support of ¢ in B,(x) contains at most one point
and thus is precisely contained in a k-dimensional subspace. Thus let us consider the case when s > r and
U(Bs(y)) > €,5". In this case notice by theorem 2.7 that for all the points y € supp (1) N B (y), the ball
B3o () is (0, 6)-symmetric, where 6 = 6(57ln, A) — 0 as 7 — 0. Thus for < n(n, A) we can apply theorem
6.1 to see that

D05 < Cn 0™ [ W@ duta). (7.16)
By(y)
By applying this to all » < t < s we have
[ o sest [ o [ W@ duoduo
Bs(x) Bs(x) Bi(y)
_ stk f  HBEIWE)
Bo(x

<Cs* Wi(2) du(z), (7.17)
BZ.Y(X)
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where we have used our rough estimate (7.15) in the last line and the fact that if |z — y| < fand |x — y| < s,
then |z — x| < £+ s < 2s. Let us now consider the case when 7 = 13 < s < 21,. Then we can sum to obtain:

Yot [ b e 3w

rﬁﬁzs VStﬁSZS Ba(x)
= Cs7* f > W) du(y)
Bay(x) r<ig<2s
<est [ a0 -a0)di) < Connon.  (118)
BZ.S(X)

where in the last line we have used both the rough estimate (7.15) on u(Bs(x)) and that in the support of u
we have that |Ggs(y) — 9,(y)| < n by the construction of U;. Now let us choose 1 < n(n, A, €) such that we
have

>t f Du(y,xp) du(y) < 8, (7.19)
B

15<2s 24(X)

where ¢ is taken from theorem 3.3. Since the estimate (7.19) holds for all B; C By, (x), we can therefore
apply theorem 3.3 to conclude the estimate

p(B, (x)) < D(m)x, . (7.20)

This finishes the proof of (7.13), and hence the proof of estimate of U, for r > 0 in lemma 7.1. |

7.2. Estimating Uj in lemma 7.1. Let us begin by proving the Minkowski estimates on Uy. Indeed, ob-
serve that for any r > 0 that Uy C U,, and thus we have the estimate

Vol(B, (Up)) < Vol(B, (U,)) < w,(2P)" - N < C(n, A, €)r"*, (7.21)

which proves the Minkowski claim. In particular, we have as a consequence the k-dimensional Hausdorff
measure estimate

X(Up) < C(n, A, €). (7.22)

In fact, let us conclude a slightly stronger estimate, since it will be a convenient technical tool in the remain-
der of the proof. If Bs(x) is any ball with x € By and s < %, then by applying the same proof to the rescaled
ball B;(x) — B1(0), we can obtain the Hausdorff measure estimate

XUy N By(x)) < Cs*. (7.23)

To finish the construction we need to see that U is rectifiable. We will in fact apply theorem 3.4 in order
to conclude this. To begin with, let yu = A |U0 be the k-dimensional Hausdorff measure, restricted to Uy. Let
B(y) be aball with y € By Nsupp (1) and s < %, now we will now argue in a manner similar to Section 7.1.
Thus, if u(Bs(y)) < €, s¥ then D,(y, s) = 0, and otherwise we then have by theorem 6.1 that for < n(n, A)

Dy(y,5) < C(n, A, €)s7* Wy(2) du(z) . (7.24)
B,()
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By applying this to all ¢ < s we have
s f D,(y,t)du(y) < Cs™* f r* Wi(2) du(z) du(y)
By(x) By(x) Bi(y)
- et [ Wi duta
BZA'(X)

<Csk Wi(2) du(z), (7.25)
BZ.Y(X)

where we have used our estimate (7.23) in the last line. Let us now consider the case when z = 1z = 278 <.
Then we can sum to obtain:

Y5t [ pewaun <Yt [ woduo
By(x) By(x)

rﬁ§s rBSS
—est [N Wm0
B 2
<Cs* f o -aolao < conen. 026
B(x)

where we have used two points in the last line. First, we have used our estimate u(Bg(x)) < Cs*. Second,
we have used that by the definition of U), for each point in the support of u we have that |9x(y) - 00(y)| <n.
Now let us choose 1 < n(n, A, €) such that we have

Y5 [ D due < 6, (7.27)
rﬁSS B.r(x)

where 0 is chosen from theorem 3.4. Thus, by applying theorem 3.4 we see that Uy is rectifiable, which
finishes the proof of lemma 7.1 in the context of Uj. O

7.3. Technical Constructions for Estimating U,. Estimating the set U, is in spirit similar to the estimates
obtained in the last subsections on U, and U,. However, the estimate on U, itself is a bit more delicate, and
we cannot directly apply the discrete Reifenberg of theorem 3.3 to this set. Instead, we will need to replace
U, with a different covering at each stage, which will be more adaptable to theorem 3.3. This subsection
is dedicated to proving a handful of technical results which are important in the construction of this new
covering.

Throughout this subsection we are always working under the assumptions of lemma 7.1. Let us begin
with the following point, which is essentially a consequence of the continuity of the mass:

Lemma 7.2. For each i’ > 0 there exists R(n, A,n") > 3 such that with n < n(n, A, 1) we have for each
7 € By, (x;) with Bygy, (z) € B> (0) the estimate

Oprr(2) > E =1’ (7.28)
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Proof. The proof relies on a straight forward comparison using the definition and monotonicity of the mass.
Namely, let x,y € By, with s < 1 and let us denote d = d(x,y). Then we have the estimate

_ _ s \7k
O,(y) = s kf dur <'s kf duy = (—) Osra(x) . (7.29)
B,(y) Byra(x) s+d

To apply this in our context, let us note for each x; in our covering, that by our construction of U, there must
exist y; € B, (x;) such that 6,2, (yi) = 0;,(yi) = E — 1. Let us now apply (7.29) to obtain

nRr; * -k
Ok (2) = | ———— 9_,.-2( ) E-1). 7.30
nkri (2) (n(R—2)r,-) nk-2r i) 2 | 5—= | (E—m) (7.30)
If R=R(n,A,n") > 0and n < n(n, A, '), then we obtain from this the claimed estimate. O

In words, the above lemma is telling us that even though we have no reasonable control over the size of
0,.(x;), after we go up a controlled number of scales we can again assume that the mass is again close to E.

In the last lemma the proof was based on continuity estimates on the mass 6. In the next lemma we wish
to show an improved version of this continuity under appearance of symmetry. Precisely:

Lemma 7.3 (Improved Continuity of 6). Let I C B, be an integral varifold satisfying the bounds (1.14),
the mean curvature bound (1.15), and the mass bound puy(B4(p)) < A. Then for 0 < 1,5,y < 1 there
exists 6(n, \,y,B,7) > 0 such that if there exists xi,...,xx € I N Bi(p) which are T-independent at xo with
63(x;) — O5(x))| < 6, and if VK is the k-dimensional affine subspace xy + span {x| — xo, . . ., Xy — Xo}, then for
all x,y e INn Bi(p)N Bs(V¥) and 10_4ﬁ < s < 1 we have that |0,(x) — 0,(y)| < .

Proof. The proof is by contradiction. Thus, imagine no such ¢ exists. Then there exists a sequence of
integral varifolds I; on B4(p;) satisfying I;(B4(p;)) < A and such that
(1) there exists x; 1, ..., X;x € B1(p;) which are T-independent at x; o with ’9(15‘;_ (xij) — 05" (x;, j)‘ <6; =0,

however we have that there exists x;,y; € INBi(p)N B(gi(Vi") and 10‘4,8 < 5; < 1 such that |9§';.(x,-) - 9§i.(y,~)| >
vy. Since dI N By(p) = 0, the masses are uniformly bounded and the bound on the mean curvature 9;
converges to zero, we may apply Allard’s compactness theorem and obtain a converging subsequence (where
for convenience we will not change indexes) I; — [ as well as the collection

xij — xj € Bi(0"),
Xi = Xx,y; >y €V =xy+span{x; — xg,...,Xx — X0},
S;i— S. (7.31)
In particular, we have in this limit that
632 = 63x7)| = 0,
ASRAGIES? (7.32)

However, we have by theorem 2.7 and the standard cone splitting of theorem 2.9 we have that [ is k-
symmetric with respect to the k-plane V on Bj. In particular, / is invariant under translation by elements of
V. However, this is a contradiction to (7.32), and therefore we have proved the result.
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Now the first goal is to partition U, into a finite collection, each of which will have a few more manage-
able properties than U, itself. More precisely:

Lemma 7.4. For each R > 5 there exists N(n, R) > 1 such that we can break up U as a union

N

N
U, = !1 vt =B, (7.33)

a=1ieJa
such that each U{ has the following property: ifi € J9, then for any other j € J* we have that if xj € B, (x;),
thenrj < R72r,.

Proof. Let us recall that the balls in the collection {B,,;s5(x;)} are pairwise disjoint. In particular, given
R > 5 if we fix a ball B,,(x;) then by the usual covering arguments there can be at most N(n, R) ball centers
{x j}zlv C U, N Bgs,,(x;) with the property that r; > r;. Indeed, if {x j}zlv is such a collection of balls then we
get

N
2R 1i)" = Vol(Bygs, (x) = " Vol(By,y5(x,)) = Newy(rif5)", (7.34)
1
which by rearranging gives the estimate N < N(n, R) as claimed.

Now we wish to build our decomposition U, = Ujlv U¢, where N is from the first paragraph. We shall do
this inductively, with the property that at each step of the inductive construction we will have that the sets
U¢ will satisfy the desired property. In particular, for every a and i € J¢, if j € J* is such that x; € Bg,,(x;),
then r; < R2r;.

Begin by letting each J* be empty. We are going to sort the points {x;},c; into the sets J¢ one at a time.
Ateach step leti € J\ U;V:I J“ be an index such that r; = max r;, where the max is taken over all indexes
inJ\ UQV:I J¢, i.e., over all indexes which haven’t been sorted out yet. Now let us consider the collection
of ball centers {y;} e, such that J* C J, x; € Brr;(v) andr; < rj < R2r;. Note that, by construction, either
y; has already been sorted out in some J“, or r; = r;. Now evidently y; € Bgs,, (x;) for all j € J’ and so
by the first paragraph the cardinality of J’ is at most N(n, R). In particular, there must be some J¢ such that
JeNJ" = 0. Let us assign the index i to this piece of the decomposition, so that i € J and x; € U, . Clearly
the decomposition | J U¢ still satisfies the inductive hypothesis after the addition of this point, and so this
finishes the inductive step of construction. Since at each stage we have chosen x; to have the maximum
radius, this process will continue indefinitely to give the desired decomposition of U.,.

O

Now with a decomposition fixed, let us consider for each 1 < a < N the measures

= ko, (1.35)

ieJe
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The following is a crucial point in our construction. It tells us that each ball By, (x;) either has small
u*-volume, or the point x; must have large mass at scale r;. Precisely:

Lemma 7.5. Let 7,3, D > 0 be fixed. There exists R = R(n, A, n/, D, B, €) > 0 such that if we consider the
decomposition (7.33), and if

(1) 7 <n(n, A, 17, B,€), r; < 1072,

(2) we have y*(Bio,,(x7)) = 2wpr%,

(3) for all ball centers y; € A;,/510r,(x;) NUS and for s = 1072"D~ ' w,r;, we have that MY (Bs(y))) < Ds,

then we have that 0g,,j10(x;) > E — 1.

Proof. Let us begin by choosing i’ sufficiently small, which will be fixed later in the proof, and let us also
define T = 107D~ 'w,. Let 6(n, A, 3,17, 7) be from lemma 7.3 so that the conclusions hold with 10717’
Now throughout we will assume 7" < §. We will also choose R = R(n, A, 5", D, €) > max{r~',67",6 '} so
that lemma 7.2 is satisfied with n”’.

Since it will be useful later, let us first observe that r; > R?r. Indeed, if not then for each ball center
vj € Arys0n(x) N US we would have r < r; < R7%r; < r. This tells us that there can be no ball centers in
Ay, 5105, (x) N US. However, by our volume assumption we have that

H(A5.10r(x0)) = A (Bror (X)) = 1 (Brys (X)) = 2ewirs — wprk = wprf (7.36)

which contradicts this. Therefore we must have that r; > R2r.

Now our first real claim is that under the assumptions of the lemma there exists ball centers yy, ...,V €
U¢ N Ay, 5.10,,(x;) which are tr;-independent in the sense of Definition 2.8. Indeed, assume this is not the
case, then we can find a k — 1-plane V*~! such that

ikicss N Aryss.0r,(x) € By, (V') (7.37)

In particular, by covering {y;};cj« N Bz, (V) N Bioy,(xi) by C (n)t' % < 10?"717* balls of radius 7r; centered
on {y;};cj«, and using our assumption that p4 (B, (y;)) < D7*r*, we are then able to conclude the estimate

i’

1 (5105, (x0)) < 1 (Ber, (V) 0 Bioy, () < 10"Drrk < wyr . (7.38)

i
On the other hand, our volume assumption guarantees that
K (Ary5.10r (60)) = 1 (Bor,(40)) = 1 (Br,ys(x) 2 2w} — wirf 2 wnry (7.39)

which leads to a contradiction. Therefore there must exist k + 1 ball centers yo, ..., yx € A,,/5,10-,(x;) which
are 7r;-independent points, as claimed.

Let us now remark on the main consequences of the existence of these k + 1 points. Note first that for
each y; we have that 6, -1,,(y;) > E — 1", since by the construction of Uf{ we have that r; < R7?r;, and
therefore we can apply lemma 7.2. Thus we have k + 1 points in Bjo,,(x;) which are tr;-independent, and
whose mass densities are 1" -pinched. To exploit this, let us first apply lemma 7.3 in order to conclude that
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for each x € Bs,,(V) we have
r,/10(%) = G510V ) = 185r/10(X) = G100l = E =1 =107y’ > E -1y . (7.40)

In particular, if we assume that x; is such that g,,/10(x;) < E — 7', then we must have that ri‘ld(xi, V)y>6-=
o(n, A, 17').

Therefore, let us now assume 6g,,;10(x;) < E — 1, and thus to prove the lemma we wish to find a contra-
diction. To accomplish this notice that we have our k + 1 points yo, ..., yx € Bjo,, Which are rr;-independent
and for which [020,,(y;) = O,r-1,, ()] < 1". Therefore by applying the cone splitting of theorem 2.9 we
have for each €’ > 0 that if n”” < n”’(n, A, €') then B, (x;) is (k, €’)-symmetric with respect to the k-plane
vk, However, since d(x;, V) > 6r;, we have by theorem 2.10 that if € < €'(n, A, €) then there exists some
v = 7/(n, A, €) such that B, (x;) is (k + 1, €)-symmetric. However, we can assume after a further increase
that R = R(n, A, D, €) > 47'~!, and thus we have that 7/r; > 4R"'r; > 4r. This contradicts that x; € S¥

€,r/100°
and thus we have contradicted that g,,/10(x;) < E — n’, which proves the lemma. O

7.4. Estimating U, in lemma 7.1. Now we proceed to finish the proof of lemma 7.1 by estimating the
set U,. First let us pick D’ = D'(n) = 2192 D(n), where D(n) is from theorem 3.3. For some 7,8 fixed
depending only on 1, A, €, we can choose R as in lemma 7.5. It is then enough to estimate each of the sets
U¢, as there are at most N = N(n, A, €,17',8) pieces to the decomposition. Thus we will fix a set U and
focus on estimating the content of this set. Let us begin by observing that if » > 0 then we have the lower
bound r; > r. Otherwise, let us fix any » > 0 and restrict ourselves to the collection of balls in U$ with

r; > r. The estimates we will prove in the end will be independent of r, and thus by letting » — 0 we will
obtain estimates on all of U¢.

Now let us make the precise statement we will prove in this subsection. Namely, consider any of ball

centers {x;};cj« and any radius 274 <1, < 27°, where r, = 27, Then we will show that
u®(By, (x) < 28"D(nnk . (7.41)

Let us observe that once we have proved (7.41) then we have finished the proof of the Covering lemma, as
a simple covering argument gives us the the estimate

D = u(Ba(xi) < C). (7.42)

We prove (7.41) inductively on a. To begin notice that for each x; if « is the largest integer such that
274r; < 1,, then the statement clearly holds, by the definition of the measure . In fact, we can go further
than this. For each x;, let rlf € [r;/5, 10r;] be the largest radius such that for all r;/5 < s < rlf we have

H(Bs(x7)) < 2wi(5s)" . (7.43)
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In particular, we certainly have the much weaker estimate u®(B;(x;)) < 28" D(n)s*, and hence (7.41) is also

satisfied for all 274, < 1, < rlf . Notice that we then also have the estimate
wirf < pf(Bys(x1)) < (B (x) < 2wn(51))". (7.44)

Now let us focus on proving the inductive step of (7.41). Namely, assume « is such that for all x; with
27%r; < 1441 < 2 we have that (7.41) holds. Then we want to prove that the same estimate holds for 1.
Let us begin by seeing that a weak version of (7.41) holds. Namely, for any index i € J* and any radius
T < s < 81y, by covering B,(x;) by at most 28" palls {B.,,,(y)} of radius r,+1 we have the weak estimate

H(By(x) < D (B, 07) < D' (s, (7.45)
where of course D’(n) >> 28" D(n).

To improve on this, let us fix an i € J% and the relative ball center x; € U¢ with 2747, < r,. Now let

(xjkjes = | il
the ball centers {x;}, then we can estimate

N By, (x;) be the collection of ball centers in B, (x;). Notice first that if r’,. > 21, for any of

(By, (1) < p(Bar, (x))) < 2u(105,)* < 28" Dyt (7.46)

so that we may fairly assume r;. < 2r, for every j € J. Now for each ball Br;_(x ;) let us define a new ball
By;(y;) which is roughly equivalent, but will have some additional useful properties needed to apply the
discrete Reifenberg. Namely, for a given ball B,; (x;), let us consider the two options r} < 10r; or r;. = 10r;.

If ;< 10r;, then we let y; = x; with 7; = /. In this case we must have that p*(B,(x;)) > 2wi(55)" for some
s arbitrarily close to 7;, and thus we can apply lemma 7.5 in order to conclude that 67, /2(y;) > E —n'. In the
case when r} = 10r; is maximal, let y; € B, (x;) be a point such that 6,,,(y;) = E — n, such a point exists by
the definition of r;, and let 7; = 9r;. In either case we then have the estimates

0r80v) 2 E-1,
w107 < 1 (Bry8(v)) < 1 (Br,(v)) < 20i(5r7)" < 10Fwy ),
x; € Brys (v)) - (7.47)
Since supp(us) N B, (x;) € U Br;/5(y;), we can choose a Vitali subcovering of the support such that
supp(ua) N Be, (xi) € |_) B0}, (7.48)

such that {B;,/5(y;)} are disjoint, where we are now being loose on notation and referring to {y;} jeJ as the
ball centers from this subcovering. Let us now consider the measure

U = Z wk(ﬁ)k(sy‘f . (7.49)

That is, we have associated to the disjoint collection {By;;10(y;)} the natural measure. Our goal is to prove
that

i (B, (x1) < D(nytk . (7.50)
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Let us observe that if we prove (7.50) then we are done. Indeed, using (7.47) we can estimate

KB, () < D (B, (5) < 10°wy Y 75 = 1020/ (By, (x) < 2" Dinyef (7.51)

which would finish the proof of (7.41) and therefore the lemma.

Thus let us concentrate on proving (7.50). We will want to apply the discrete Reifenberg in this case to
the measure u’. Let us begin by proving a weak version of (7.50). Namely, for any ball center y; from our
subcovering and radius 7; < s < 4, let us consider the set {z;} = {y;},c7N B,(y;) of ball centers inside By(y;).
Since the balls {By,/s5(z¢)} are disjoint we have that 7 < 8s. Using this, (7.45), and (7.47) we can estimate

KBON) = D, @l FH <C) Y, ' Brys() < Cop'(Bay(v)) < C)s”, (7.52)

2€Bs(y;) 2e€Bs(y)

where of course C(n) >> 28 D(n).

Now let us finish the proof of (7.50). Thus let us pick a ball center y; € B, (x;) and a radius s < 4r,. If
1 (Bs(y)) < €,s* then D,/(yj,s) = 0 by definition, and if s < 7;/5 then D,/(y;, s) = 0, since the support of
(" in By, /5(y;) contains at most one point and thus is precisely contained in a k-dimensional subspace. In the
case when s > 7;/5 and u(B(y;)) > €, sk, we want to apply the estimates in theorem 6.1. In order to do so,
we first remark that by picking 8 < Bo(n, A, §’) sufficiently small, since 6,(y;) — 6g7,(y;) < 1, we can apply
theorem 2.7 in order to prove that B4 (y) is (0, 8)-symmetric, with 8’ = 8’(n, A, €), and in turn we obtain by
theorem 6.1 that

Dy (yj,5) < C(n, A, €)s™* W(2) di'(2). (7.53)
Bs(y)

Note that B, (yj) is not (k + 1, €)-symmetric since y; € S];,r/IOO and s > 7;/5 > r/100.
By applying this to all 7;/5 <t < s we can estimate

[ pevnaim<est [t [ w@dd@ddo
By(x) B;(x) Bi(y)
= Cs7hrt f ' (BA)Wi(2) d' (2)
Bas(x)

<Cs* Wi(2) di(2), (7.54)
Bys(x)

where we have used our estimate on ' (B;(y)) from (7.52) in the last line. Let us now consider the case when
7j/5 <t =13 < s < 2r,. Then we can sum to obtain:

D5 L ()Dyf(y,rﬁ)du’(y)sC >t Wy, () d’ ()

18<S V;STﬁSS Bos(x)

_ Cs* fB 2 W)

<tg<s

scst | o -aoldm sconor, 05
2s(X
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where we are using (7.47) in the last line in order to see that |05(y) - 6;>,(y)| < n’. Now let us choose
n’ < 1n'(n, A, €) such that

Zs_k f Dy (v, 15) dil' () < 67, (7.56)
B

8 <s 2s (X)

where ¢ is chosen from the discrete rectifiable-Reifenberg of theorem 3.3. Since the estimate (7.56) holds
for all Bos € By, (x), we can therefore apply theorem 3.3 to conclude the estimate

H(B:, (x))) < D(m)rf, . (1.57)

This finishes the proof of (7.47) , and hence the proof of lemma 7.1. O

8. PROOF OF MAIN THEOREM’S FOR INTEGRAL VARIFOLDS WITH BOUNDED MEAN CURVATURE

In this section we prove the main theorems of the paper concerning integral varifolds with bounded mean
curvature. With the tools of Sections 3, 6, and 7 developed, we will at this stage mainly be applying the
covering of lemma 7.1 iteratively to arrive at the estimates. When this is done carefully, we can combine
the covering lemma with the cone splitting in order to check that for k-a.e. x € S¥ there exists a unique
k-dimensional subspace V¥ C T, M such that every tangent cone of I at x is k-symmetric with respect to V.

Remark 8.1. For the proofs of the theorems of this section let us make the following remark. For any § > 0
we can cover Bi(p) by a collection of balls

N
Bi(p) €| Busp), (8.1)
1

where N < C(n)M"¢6". Thus if 6 = 6(n, A, €), M = K + H, and we can analyze each such ball, we can con-
clude from this estimates on all of B;(p). In particular, by rescaling By,-15(p;) — Bi1(p;), we see that we can
assume in our analysis that K+ H < § without any loss of generality. We shall do this throughout this section.

8.1. Proof of theorem 1.3. Let /" C B, be an integral varifold satisfying the bounds (1.14), the mean
curvature bound (1.15), and the mass bound w;(B>(p)) < A. With €, r > 0 fixed, let us choose n(n, A, €) > 0
and 6(n, A, €) > 0 as in lemma 7.1. By Remark 8.1, we see that we can assume that K + H < §, which we
will do for the remainder of the proof.

Now let us begin by first considering an arbitrary ball By(x) with x € Bi(p) and r < s < 1, potentially
quite small. We will use lemma 7.1 in order to build a special covering of By(x). Let us define

E = sup 6,(y), (8.2)
YEB(x)

and thus if we apply lemma 7.1 with n(n, Ky, A, €) fixed to B,(x), then we can build a covering

sk, 0B cU, VU, = B U B, (8.3)
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with r; > r. Let us recall that this covering satisfies the following:
(@) *"Vol(B, U)) + wy Y ¥ < C(n, A, €) 5.
(b) SUPye, (x) Oy, (y) < E—1.
As remarked above, since n(n, Ky, A, €) is fixed, we can re-cover in a trivial way all balls B, (x;) with smaller
balls of radius nr; and obtain for this new covering that
@) *"Vol(B, Uy) + wi 3, ¥ < C(n, Ky, A, €) 5.
(b") supyep, (v 0 (V) < E = 1p.
Now that we have built our required covering on an arbitrary ball Bg(x), let us use this iteratively to build
our final covering of S IE‘J(I). First, let us apply it to Bj(p) is order to construct a covering

st,ancutuul =B (") ul JBa(+), (8.4)
such that
P Vol (B, (U1)) + wr Y (r})' < Cln Ky A, (8.5)
and with
sup 6.(y) < A-7. (8.6)
yeB,1 () ’

Now let us tackle the following claim, which is our main iterative step in the proof:

Claim: For each ¢ there exists a constant C¢(¢, n, A, €) (recall that K + H < ¢) and a covering
skmcutuul = U B, (x)u U By (xf) . (8.7)
with rf > r, such that the following two properties hold:

*"Vol (B, (Uf)) + Wi Z (rf)k < Ce(t,n, A€,
sup H,f(y) <A-(-7. (8.8)

| £
YEB g (x)

To prove the claim let us first observe that we have shown this holds for £ = 1. Thus let us assume we
have proved the claim for some ¢, and determine from this how to build the covering for ¢ + 1 with some
constant Cpy1(€ + 1,n, A, €), which we will estimate explicitly.

Thus with our covering determined at stage ¢, let us apply the covering of (8.3) to each ball {Br( (xf)} in
order to obtain a covering

&, 0B S UL VU =B (+,)ul B, (%)) » (8.9)
j ]
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such that
k—n . Y Nk
FNOL (B, (U;)) + wi ) (i) < Cn, A, €)',
j

sup gr,-./-(Y) <A-(+ 1. (8.10)
YEBy, (%ij)

rl'vj
Let us consider the sets
vt = vtul Jui,,
i
Uit =) By i) (8.11)
iJ

Notice that the second property of (8.8) holds for £ + 1 by the construction, hence we are left analyzing the
volume estimate of the first property. Indeed, for this we combine our inductive hypothesis (8.8) for U¢ and
(8.10) in order to estimate

*"Vol (B, (UF")) + wx Z(ri,j)k < 7*"Vol (B, (Uf)) + Z (#47"Vol (B, (Ui,)) + wi Z(Fi,j)k)
i,j i J
<Co+C YD

<C(n,ANe)-Cet,n, A\, €
= Cpy . (8.12)

Hence, we have proved that if the claim holds for some ¢ then the claim holds for £ + 1. Since we have
already shown the claim holds for £ = 1, we have therefore proved the claim for all £.

Now we can finish the proof. Indeed, let us take £ = ["'A] = €(, A). Then if we apply the Claim to
such an £, we must have by the second property of (8.8) that

ut =0, (8.13)
and therefore we have a covering
sk, cul={)Bx). (8.14)
But in this case we have by (8.8) that
Vol (B, (S%,(D)) < Vol (B, (Uf)) < C(n, A, e)r"™*, (8.15)

which proves the theorem. o
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8.2. Proof of theorem 1.4. There are several pieces to theorem 1.4. To begin with, the volume estimate
follows easily now that theorem 1.3 has been proved. That is, for each r > 0 we have that

sk c sk, (8.16)
and therefore we have the volume estimate
Vol (B, (SXD) N By (p)) < Vol (B (SX,(1)) N By (p)) < C(n. K. H. A, )" . (8.17)
In particular, this implies the much weaker Hausdorff measure estimate
A (sED n By (p)) < Cn. K. H. A, €), (8.18)

which proves the first part of the theorem.

Let us now focus on the rectifiability of S¥. We consider the following claim, which is the r = 0 version
of the main Claim of theorem 1.3. We will be applying lemma 7.1, which requires K + H < §. As in the
proof of theorem 1.3 we can just assume this without any loss, as we can cover B1(p) by a controlled number
of balls of radius M~!6, so that after rescaling we can analyze each of these balls with the desired curvature
assumption. Thus let us consider the following:

Claim: If K + H < ¢, then for each ¢ there exists a covering S Ie‘(I ) C Ug uuU ﬁ = Ug U Brg(xf) such that
(1) AU + wi X ()" < Cell,n, K, H, A, €).
(2) U} is k-rectifiable.
3) SUPyep /() Qrif(y) <A-{C-q

The proof of the Claim follows essentially the same steps as those for the main Claim of theorem 1.3. For
base step £ = 0, we consider the decomposition S* C U8 U U9 where Ug =@ and U? = Bi(p).

Now let us assume we have proved the claim for some ¢, then we wish to prove the claim for £ + 1. Thus,
let us consider the set U’ from the previous covering step given by

Ul =B (8.19)

Now let us apply lemma 7.1 to each of the balls B¢ (xf) in order to write

Skn B,f(xf) CUipU Uiy =UpU U B, (%)), (8.20)
J

with the following properties:
(@) A (Uio) +w Xjrf; < Cn, K, H, A, € p)(r)f,

(b) SUPyep, (x,))0ry () < A= (+ D,
(c) Uip is k-rectifiable.

Now let us define the sets
Uit = Juiov U§,

Ul = U By, (xi)- 8.21)
by
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Conditions (2) and (3) from the Claim are clearly satisfied. We need only check condition (1). Using (a)
and the inductive hypothesis we can estimate that

AUED + w Y ()t < AAUH + D (HWio) + i Y (1)),
i i 7
< Cr+Cn, K, H,A, e Z ()
i
<Cn,K,H,A\,¢e)-Cy

= C[.,.] . (822)

Thus, we have proved the inductive part of the claim, and thus the claim itself.

Let us now finish the proof that SX(I) is rectifiable. So let us take £ = [7'A] = £(5, A). Then if we apply
the above Claim to ¢, then by the third property of the Claim we must have that

vt =o, (8.23)
and therefore we have the covering
SkcUg, (8.24)
where Ug is k-rectifiable with the volume estimate /lk(Ug) < C, which proves that § ’; is itself rectifiable.
Finally, we prove that for k a.e. x € S¥ there exists a k-dimensional subspace V, C T M such that every

tangent cone at x is k-symmetric with respect to V. To see this we proceed as follows. For each 7 > 0 let us
consider the finite decomposition

' A7
sk= ) why, (8.25)
a=0
where by definition we have
Whe' = (x e $E: 60(x) € [am, (@ + D)} (8.26)

k@ is k-rectifiable, and thus there exists a full measure subset W5 ¢ Wi"’;f such that

Note then that each W, en

€n
for each x € Wi‘,‘]’ the tangent cone of Wé‘,‘,’ exists and is a subspace V, C T, M.

Now let us consider such an x € Wé‘ff , and let V¥ be the tangent cone of Wi‘ff at x. Forall r << 1
sufficiently small we of course have |6,(x) — 6p(x)| < . Thus, by the monotonicity and continuity of 6 we
have for all r << 1 sufficiently small and all y € Wf,(f N B,(x) that |8,(y) — 6p(y)| < 2n. In particular, by
theorem 2.7 we have for each y € Wé‘,‘f N B,(x) that B,(y) is (0, 6,;)-symmetric, with 6, —» 0 as  — 0. Now
let us recall the cone splitting of theorem 2.9. Since the tangent cone at x is V¥, for all r sufficiently small
we can find k£ + 1 points xgp,...,xx € B.(x) N Wf,‘; which are lO‘lr—independent, see Definition 2.8, and
for which By,(x;) are (0, 6,)-symmetric. Thus, by the cone splitting of theorem 2.9 we have that B,(x) is

(k, 6,)-symmetric with respect to V& for all r sufficiently small, where 0y — 0asn — 0. In particular, every
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tangent cone at x is (k, 6,)-symmetric with respect to V,, where 6, — 0 asn — 0.

Now let us consider the sets
wE, = whe (8.27)
a

So Wf n S8 ks a subset of full k-dimensional measure, and for every point x € Wé‘ , we have seen that every
tangent cone of is (k, 6,)-symmetric with respect to some V, C T M, where 6,, — 0 as n — 0. Finally let us

define the set

$k=( WE (8.28)
J

This is a countable intersection of full measure sets, and thus $¥ € S¥ is a full measure subset. Further, we
have for each x € S that every tangent cone must be (k, §)-symmetric with respect to some V,, for all § > 0.
In particular, every tangent cone at x must be (k,0) = k-symmetric with respect to some V,. This finishes
the proof of the theorem. m|

8.3. Proof of theorem 1.5. Let us begin by observing the equality
Sk = U sk = U Sk L. (8.29)

e>0 BeIN

Indeed, if x € S’g(l), then no tangent cone at x can be (k + 1, €/2)-symmetric, and in particular k + 1-
symmetric, and thus x € § k(I). This shows that S ’;(1 ) C SK(I). On the other hand, if x € S¥(I) then we claim
there is some € > 0 for which x € § ]g(I). Indeed, if this is not the case, then there exists ¢ — O and r; > 0
such that B,,(x) is (k + 1, €)-symmetric. If r; — 0 then we can pass to a subsequence to find a tangent cone
which is k + 1-symmetric, which is a contradiction. On the other hand, if r; > r > 0 then we see that B,(x) is
itself k + 1-symmetric, and in particular every tangent cone at x is k + 1-symmetric. In either case we obtain
a contradiction, and thus x € § ';(I ) for some € > 0. Therefore we have proved (8.29).

As a consequence, S k(I is a countable union of k-rectifiable sets, and therefore is itself k-rectifiable. On
the other hand, theorem 1.4 tells us that for each 8 € N there exists a set S /z‘_ﬂ(l) cSs ’g_ﬁ (1) of full measure
such that

S‘];,ﬁ C {x: AVF C T M s.t. every tangent cone at x is k-symmetric wrt V} . (8.30)

Hence, let us define

Sk = U Sk, (8.31)
Then we still have that S*(I) has k-full measure in S*(/), and if x € §¥(I) then for some 8 we have that
x € S’;_ﬁ, which proves that there exists a subspace V C T, M such that every tangent cone at x is k-

symmetric with respect to V. We have finished the proof of the theorem. O
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9. PROOF OF MAIN THEOREM’S FOR MINIMIZING HYPERSURFACES

In this section we prove the main theorems of the paper concerning minimizing hypersurfaces. That is,
we finish the proofs of theorem 1.6 and theorem 1.8. In fact, the proofs of these two results are almost
identical, though the first relies on theorem 1.4 and the later on theorem 1.3. However, for completeness
sake we will include the details of both.

9.1. Proof of theorem 1.6. We wish to understand better the size of the singular set Sing (I”‘l), where
"' ¢ M", of a minimizing hypersurface. Let us recall that the e-regularity of theorem 2.11 tells us that if /
is minimizing, then there exists e(n, K, H, A) > 0 with the property thatif x € Bj(p) and 0 < r < r(n, K, H, A)
is such that By,(x) is (n — 7, €)-symmetric, then r;(x) > r. In particular, x is a smooth point, and we have for
e(n, K, H,\) > 0 that

Sing(1) N Bi(p) € S"4(I). 9.1)

Thus by theorem 1.4 there exists C(n, K, H, A) > 0 such that for each 0 < r < 1 we have
Vol (B, (Sing(I)) N Bi(p)) < Vol (B, (S278(D) n Bi(p)) < Cr°. 9.2)
This of course immediately implies, though of course is much stronger than, the Hausdorff measure estimate
A"8(Sing(1) N By (p)) < C, 9.3)

which finishes the proof of the first estimate in (1.18). As a simple corollary of this and the uniform bound
0(x,r) < cAfor all x € By (p) and r < 1, we obtain also the second estimate in (1.18). ]

9.2. Proof of theorem 1.8. We begin again by considering the e-regularity of theorem 2.11. This tells us
that if / is a minimizing hypersurface, then there exists e(n, K, H, A) > 0 with the property that if x € B(p)
and 0 < r < r(n, K, H, A) are such that B,,(x) is (n — 7, €)-symmetric, then r;(x) > r. In particular, we have
for such €, r that

{xe Bi(p):ri(x) <r} C S’E';S(I). 9.4)
Thus by theorem 1.4 there exists C(n, K, H, A) > 0 such that for each 0 < r < 1 we have

Vol(B,{x € Bi(p) : ri(x) < r}) < Vol (B, (S©8(D) 0 Bi(p)) < Cr%, (9.5)

r

which proves the second estimate of (1.21). To prove the first we observe that |A|(x) < ri(x)~1, while the
third is a corollary of the bound 8(x, r) < cA for all x € By (p) and r < 1. This concludes the proof of the
theorem. =
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