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1 Introduction

The typical cross section relevant to eTe™ collisions is in principle entirely computable
as a perturbative series in the QED coupling constant «. In practice, however, this is
hardly useful, since the coefficients of such a series are very large, thus compensating the
suppression due to a — in other words, all terms of the series might be of the same order
numerically, which leads to a complete loss of predictive power. The problem stems from
the fact that the incoming e* particles tend to copiously radiate photons (which in turn may



convert into eTe™ pairs, and so forth) at small angles w.r.t. the beamline. In perturbation
theory, any zero-angle emission would induce a divergent cross section, were it not for the
screening effect provided by the mass of the emitter and/or the emitted particle. Thus,
when integrating over all possible emissions, the cross section will contain logarithms of
the ratio m?/E?, where E is a scale of the order of the hardness of the process, and m is
the screening mass (i.e. that of the electron in the case we are interested in). It is these
logarithms that, by growing large when m?/E? < 1, give the dominant contributions to
the perturbative coefficients, and ultimately prevent the series from being well behaved.
Fortunately, such log(m?/E?) terms are universal, and because of this they can be
taken into account to all orders in « by a process-independent resummation procedure.
In the so-called structure-function approach, the physical cross section is then written by

means of a factorisation formula such as the following one:!

d56+e—(pe+7pe—am2) = Z /dZ+dZ Fi/e""(ZJranvmz) Fj/e—('z*a/’F’mQ)
ij=et y

X d&ij(z+pe+7 Z—Pe—> /1’2) . (11)

The quantities I; .+ are called the Parton Distribution Functions (PDFs) of the electron or
the positron, a name that originates from the analogy of eq. (1.1) with its QCD counterpart.
PDFs collect and resum all of the log(m?/E?) terms; conversely, the short-distance cross
sections do;; do not contain any such logarithms, and are expected to be well-behaved order
by order in perturbation theory. Neither I .+ nor dg;; are physical quantities; their defini-
tions always involve some degree of arbitrariness, which is parametrised by the mass scale p,
that is only constrained by the requirement u ~ E, and by the chosen factorisation scheme.

Fuller details on the usage of the factorisation formula (1.1) in calculations relevant
to eTe™ colliders and on its physical meaning can be found e.g. in ref. [1]. In particular,
we shall adopt the notation of ref. [1], whereby the incoming e* are called particles (with
do.+.~ thus being a particle-level cross section, defined so as to retain only terms that do
not vanish in the m/E — 0 limit), and the objects ¢ and j are called partons (so that dé;
is a parton-level cross section). This allows one to distinguish easily between an electron
that stems from one of the collider beams, and an electron that initiates the hard collisions,
and that stems from the PDF I,- /..

We point out that it is somehow customary in QED to call T,- Je— (Tor /€+) the elec-
tron (positron) structure function. This is motivated by the fact that, by ignoring the
contributions of partons whose species is not the same as that of the incoming particle,
and by working at the first order in perturbation theory, a structure function (which is
an observable) can be made to coincide with the PDF relevant to the case where particle
and parton have the same identity, by means of a suitable definition of such a PDF. This
position is not tenable at higher perturbative orders, and when more parton species are

Throughout this paper we sum over lepton and photon polarisations. However, the techniques we shall
employ can be extended to deal with polarised particles.



allowed in any given particle. Therefore, “structure functions” will not be used in this
paper, and we shall only refer to PDF's.

The crucial point that we need to stress here is that in QED e* PDFs, at variance
with hadronic PDF's, are entirely calculable with perturbative techniques. Presently they
are known in close analytical forms [2—4] which are leading-logarithmic (LL) accurate, and
that include all-order in « contributions in the region zi+ ~ 1 (which is responsible for the
bulk of the cross section), matched with up to O(a?) terms for any values of z4; both of
these forms exploit leading-order (LO) initial conditions. The goal of the present work is
to improve on the results of refs. [2-4] by extending them to the next-to-leading logarithm
accuracy (NLL) starting from the next-to-leading order (NLO) initial conditions computed
in ref. [1]. In keeping with what was done in the literature, we shall present predictions
both for all-order PDFs in the z4 ~ 1 region, and for up to O(a?) NLL terms valid for
any z+. By working at the NLL+NLO accuracy, the mixing between the electron/positron
and the photon PDF's is taken into proper account, as are running-« effects. Our results
are obtained with both analytical and numerical methods, which are compared and used
to validate each other.

This paper is organised as follows. For those readers who are not interested in the tech-
nical procedures which underpin this work but only in their final outcomes, we summarise
our final results in section 2. The details of the derivations of such results are then given in
the remainder of the paper. In section 3 we introduce the evolution equations for the PDFs
that we are going to solve, and report the associated initial conditions. Section 4 briefly
describes the evolution-operator formalism. Analytical solutions are computed in section 5,
for any z1 values in section 5.1 (the resulting lengthy expressions are partly collected in
appendix A), and for z4 ~ 1 in section 5.2 (with additional details reported in appendix B),
while a description of the codes employed to obtain numerical results is given in section 6.
The solutions of sects. 5.1 and 5.2 are combined (“matched”) in section 7. Our analytical
and numerical predictions are extensively compared in section 8. Finally, we conclude and
give a short outlook in section 9. Additional material is collected in the appendices.

2 Synopsis of results

The et PDFs that we shall compute in this paper result from solving the evolution equa-
tions of egs. (3.7)—(3.8), with the initial conditions given in egs. (3.18)—(3.21). The all-order,
large-z solutions and one of the numerical codes we shall employ require the use of an evo-
lution operator, whose RGE is presented in eq. (4.15). The latter can be solved in a closed
form in the case of a one-dimensional flavour space; such a closed form is reported either
in eq. (4.17) or in eq. (4.21), the two differing by terms of O(a?®) and with the latter form
suitable to take the fixed-a limit. The two-dimensional flavour space case is discussed in
appendix B. The PDF solutions valid for any z and including up to O(a?) contributions
are represented in terms of sets of basis functions, which are obtained by solving recursive
equations; these are given in egs. (5.30) and (5.31), and their explicit solutions partly in ap-
pendix A, and partly in a supplementary file (see below). Conversely, the all-order, large-z
solutions for the PDFs are reported in eq. (5.46) (LL accurate for singlet and non-singlet),



eq. (B.88) (LL accurate for photon), eq. (5.63) (NLL accurate with running « for singlet
and non-singlet), eq. (B.74) (NLL accurate with running « for photon), and eq. (5.68)
(NLL accurate with fixed « for singlet and non-singlet; the corresponding result for the
photon is obtained from eq. (B.74), but is not reported explicitly). The all-z and large-z
solutions are then matched in an additive manner, as is shown in eq. (7.4). The present
work will be accompanied by two supplementary files, that will contain the main results
for the PDFs as Mathematica formulae, and some analytical results too long to fit in this
paper. Furthermore, a numerical code that returns the PDFs will be made public, to be
downloaded at:
https : //github.com/gstagnit/ePDF.

3 Evolution equations and initial conditions

By working in QED the cases of the electron and of the positron PDFs are identical. Thus,
in order to be definite in this paper we shall only consider the PDF's of the electron, which
allows us to simplify the notation of ref. [1] in the following way:

D(z,pﬂ)[this paper| = ije— (z,,uQ)[ref. [1]] . (3.1)
The evolution equations are therefore [5-8]:

(~ 2 ~
agﬁf)g’ffﬁ - 2(::) [Py ®T] (2,1). (3.2)

Henceforth, we shall omit to write the explicit z and/or u dependences when no confusion
can possibly arise. By working with a single fermion family, eq. (3.2) becomes:

ol — o

o = 2 (Pt OTh- + Py ®T,e 4 ey @13, 3)
or, o

810;;2 = 27'(' (Pe+e_ ® Fe_ + Pe+e+ & F€+ + P€+’Y ® FV) ’ (34)
oI’ o

ﬁlogw,u? T o (PWS’ Ol + Pyer @Ler + 1y ® F7> ' (35)

This system of equations can be simplified by introducing the singlet and non-singlet com-
binations:
Is=T-+T,+, Ihws=T,- —T.+. (3.6)

Equations (3.3)—(3.5) are then re-written as follows:

0 Iy Q@ Iy
_2p .
dlog 2 (1“7) o ° @ (FW) ’ (37)

Ol'xs «
=—RP I 3.8
a log /,[/2 27_(_ NS ® NS » ( )

which show, as is customary, that the non-singlet component decouples (i.e. evolves inde-
pendently) from the singlet-photon system. The evolution kernels in egs. (3.7) and (3.8)
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are defined by starting from the elementary Altarelli-Parisi kernels. One uses the following

decomposition:
Py =P+ P, Pis =PL+P. (3.9)
Furthermore, in QED:
Pz = Pery, P+ = Pye. (3.10)
Thus, by introducing the quantities:?
Psy = Potot + Posyx = P+ Pl + 2np P, ngp=1, (3.11)
Py, =2np Py, (3.12)
Pys, =P, (3.13)

one finally defines the evolution kernels:

Py = Pox Poy , (3.14)
Pys Pyy

Py =Pyt —Piys =PV —PY. (3.15)

After solving the evolution equations for the singlet and non-singlet components, one re-
covers the solutions for the electron and the positron by inverting eq. (3.6):

1 1

F (FS + FNS) 5 F€+ - 5 (FS - FNS) . (316)

(&
2
The electron PDF's can be expanded perturbatively. We denote the first two coefficients of
such an expansion in the same way as in ref. [1], namely:

L=1"+ 21+ 0e?). (3.17)

The evolution equations are supplemented by the initial conditions computed up to O(«)
in ref. [1]. These read as follows:

FZ[O](ZHLL(?)) — 5i6_5(1 _ Z) , (318)
1+ 22 2
Tz 2y = [ T (log % —2log(1 —2) — 1)] . + Keo(2), (3.19)
14 (1—2)? 2
Lz, 2) = +(ZZ) <]0g 2 2105 - 1) +Kou(2), (3.20)
T (2, u3) =0, (3.21)

where g ~ m, and m is the electron mass. The rightmost terms on the r.h.s. of egs. (3.19)
and (3.20) are associated with, and fully determined by, the scheme used to subtract the
initial-state collinear singularities. In this paper, we work in the MS scheme, which implies:

Kee(2) = Koo(2) =0 <= MS. (3.22)

2As is indicated in eq. (3.11), we work here with a single fermion family. However, we find it useful to
keep a parametrical dependence on ny in view of future work involving more than one flavour family.



We conclude this section with a general remark on evolution. Throughout this paper, by
“evolution” we understand the one governed by RGE’s. This implies, in particular, that
the contributions of ete™ low-energy data to the running of « are locally neglected (i.e. for
scales of the order of the masses of light hadronic resonances). However, nothing prevents
one from taking into account such contributions in an inclusive way. Namely, by starting
from a precise determination of &« = ap that does include low-energy contributions, and
that can be associated with a scale pg (just) larger than the mass of the heaviest hadronic
resonance, one can backward-evolve ay = a(ug) from py down to g, thus determining
the value of a(pp) that is employed in this work. By doing so, the possible local effects of
the resonances on the evolution of the PDF's are still neglected, but this is not important:
in the factorisation formulae such as eq. (1.1) where the PDFs are used, the scales are
meant to be hard and therefore never assume values comparable to the masses of the light
hadronic resonances.

4 Evolution operator

As far as the evolution in p is concerned, egs. (3.7) and (3.8) are identical. We shall
thus start dealing with the former one, which has a more involved flavour structure; the
results will then be applied to the non-singlet case as well, by simply considering a one-
dimensional flavour space. We re-write eq. (3.7) by means of a simpler notation, where all
of the irrelevant indices are dropped:

O (z,4%) _ o)

Flog 2 — 2 EOT](0), (41)

and T' is a column vector. We define the Mellin transform of any function f(z) whose
domain is [0, 1] as follows:

1
MIf = = [ de¥ ). (42)
0
If f(z) is the convolution of two functions g(z) and h(z):
1
f:) =g @ = [ dedyb(z—sp)alahiy), (43)
then:
Mlg©h] = Mlg]M[h] < [g@h]ny=gnhn. (4.4)

The evolution kernels are expanded in a perturbative series whose coeflicients follow the
same conventions as those in eq. (3.17), namely:

00 k
Pz, )= <O‘(“)) P (). (4.5)

k=0

Equation (4.1) is, in Mellin space:

2 o > /o k+1
8;15;/;2) = 2(::) Py (p) T (p?) = Z (W) IP’K‘}} T (p?). (4.6)



By denoting by I'o xy = ['n(pd) the PDF initial conditions at the reference scale pg, and
by introducing the evolution operator Ey(u?, u3) such that:

Un(p?) =En(®, 1) Ton s En(ug,ug) =1, (4.7)
eq. (4.6) becomes:
8EN(/~L27N?)) - a(p) FH (k] 2 2
——————Ton= —_— Py E TCon- 4.8
Dlog 2 OV 3:0 5 N En (1, pg) Ton (4.8)

Since eq. (4.8) must be true regardless of the specific choice for I'g y, it is equivalent to:

OFE 2’ 2 e Oé k+1
N (17 1) _ Z( (M)) IP’E@ En (12, 12)

2
Olog 1 — 2
alpw) [0 alw) 1
=5 {PEVH% P En (12, 42) + O(a?). (4.9)

Following ref. [9], it is appropriate to introduce the variable:

P TN D) (4.10)

21bg (o)

We use the following definition of the QED [ function:

dor(p)

2 3
— = = 4.11
810g,u2 B(Oé) boa” + bra” + 5 ( )
with
Np Np
by — F - 4.12
07 357 VT gn2 (4.12)
and np the number of active charged fermion families. Equation (4.10) implies that:
1
dlogpu?  2mwby «a(p) Ot
and thus:

da(p) =2rhpo(p) = o(p) = a(,ug)e%bot. (4.14)

With eq. (4.13), eq. (4.9) becomes:*

OEN(t) _ boo() & (a(u)

k
) PR EN(1)

or  Blaw) 2\ om
- [}P’ES} 0‘27’:) <IP%] - 22(?”@5?))] En(t) + O(a?). (4.15)

3This differs by a minus sign w.r.t. that of QCD, since it is convenient to still have ¢ > 0 for p > po.

4As the argument of the evolution operator, we shall use t interchangeably with the pair (s, uo): the
physical meaning is identical, and one is quickly reminded of the variable in which the actual evolution is
carried out.



Note that, from eq. (4.7), Ex(t = 0) = 1.

If the flavour space is one-dimensional (as for the non-singlet evolution), eq. (4.15)
can be solved analytically. Notation-wise, we deal with this case by performing the formal
replacements:

Ey — Ey, P¥ — pl (4.16)

By exploiting eq. (4.14), one readily obtains:

log En = PJ[\(,)} t+

%, (@) — aluo)) <P}V” - 27;:1 P}é”) +0(a?). (4.17)

By construction, the O(a?) terms neglected in eq. (4.17) stem from the truncation of the
series that gives the evolution kernels in eq. (4.5); conversely, the relationship between
a(p) and a(up) is treated exactly thanks to the usage of the variable ¢. If one wants to
expose explicitly the large logarithms that originate from having u > g, one can use the
following series expansions:

a(ji0) = a(i) — a2(u)boLL + 03 () (BBL? — by L) + O(a), (4.18)
o), P(p) s 2D 3
t= o L pp bo L b L|+0(”)), (4.19)
having defined:
12
L =1log—;. (4.20)
Ho

By employing these results, eq. (4.17) becomes:

2
log Ey = O‘Z(;f)PJ@L + (‘g?) (P};]L - waP}S]ﬁ) +0(%). (4.21)

This result is useful because, at variance with that of eq. (4.17), it allows one to consider
the case of a non-running «, which can simply be obtained from eq. (4.21) in the limit
bo — 0. As a consistency check, it is immediate to verify that, by taking such a limit, one
arrives at a form for log Fy which could have been directly obtained from eq. (4.9), by
working in a one-dimensional flavour space and by freezing a(u) there.

5 Analytical solutions for the PDF's

In this section we obtain the NLL-accurate PDF's of the electron in closed analytical forms
in two different ways: by solving the evolution equations order by order in perturbation
theory (section 5.1), and by using the properties of the evolution operator to obtain the
asymptotic behaviour in the z — 1 region to all orders in « (section 5.2). These two results
can then be combined in order to obtain predictions which are numerically well-behaved
in the whole of the z range (section 7).



5.1 Recursive solutions

Following ref. [2], perturbative solutions for the evolution equations can conveniently be
obtained by re-writing eq. (4.1) in an integral form:
OF (z,4*) _ alp)

dlogp?  2m [PEF)(zn), (5-1)

with:®

1 0
Flop?) = /0 WOy~ )Ty, iw?) = T(aw)=— 2 Fled),  (52)

and the modified convolution operator defined as follows:

1
9T h = /0 Q2O — ) gle)h(z/a) =g @i h,  gla)=wglz),  (53)

which is a valid definition regardless of whether g(x) is a distribution or an ordinary
function. Note that F is a column vector, and that eq. (5.1) has a matrix structure, in
the flavour space. As was the case for eq. (4.1), this implies that all of the results to be
obtained in the following can be applied to the limiting situation of a one-dimensional
flavour space as well.

The procedure of ref. [2] is LL-accurate. In order to generalise it to the NLL accuracy
we are interested in in this work, it is best to first consider the case of non-running «. With
this assumption, the solution of eq. (5.1) can formally be written as follows:

o [losr _
F(z,1%) = Flz, 1) +27T/1 . dlog yi”" [P@F] (z,1") . (5.4)
og p§

From this equation, F can be obtained by representing it by means of a power series:

0 k
2\ _ o LL g NLL
Fent) = 3 g (ZH() + =T (2)) (5.5)
where: )
=20, L=logk, (5.6)
s i

and with Z}* and ZN** two sets of unknown functions.® By replacing eq. (5.5) into eq. (5.4),
the two sides of the latter equation become two series in 7y: one then equates the coef-
ficients relevant to the same power of 71y on the two sides, thereby obtaining equations

®The use of a © function in eq. (5.2) guarantees its validity also when T is a distribution, and thus allows
one to take into account its possible endpoint contributions. Conversely, while F should also be treated as
a distribution, we shall regard it as an ordinary function, because in the large-z region we shall in any case
employ the asymptotic solutions whose results, given in section 5.2, are more accurate there.

5More precisely, eq. (5.5) implies that for any k, Zp* and Zy“ are two-dimensional column vectors in the
singlet-photon flavour space, whose elements are functions of z, and c-number functions in the non-singlet
flavour space. An extra flavour index will be included in the notation when distinguishing the flavour
components will be important (see appendix A).



that can be solved for Z;" and Z;*" (recursively in k). The r.h.s. of eq. (5.5) is simply an
expansion in terms of aL, and thus 79 is a convenient expansion parameter, irrespective of
the logarithmic accuracy one is working at. Indeed, eq. (5.5) can be extended by adding
further contributions to its r.h.s., that are suppressed by higher powers of a. Conversely,
by keeping only the Z;* contributions, one recovers what was done in ref. [2]. The recursive
solutions for Z;™ and Z;/"" stemming from eq. (5.5) read as follows:

b = Pl @I, (5.7)
with:
I(I)JL _ ]__[0] (27 ,U«g) ’ I(l)\ILL _ ]:[l}(z’ M%) . (5.9)

The quantities in eq. (5.9) must be obtained by direct computation by using the definition
in eq. (5.2), with the perturbative expansion of eq. (3.17) and the initial conditions of
egs. (3.18)—(3.21). By doing so, we obtain:

sio=Ins0=1, (5.10)
7o =0, (5.11)
Mo =T =224 (1 — 22— 2°) log(1 — 2) — 21og*(1 — 2)
2
+ [z+z2/2 + 2log(1 — z)} log’u—%, (5.12)
m
IE/I,LOL:—2(1—z)+(2—4z—|—z2)logz—|—210g2z
L (3= 4z 4 22) + 21og 2] log 10 5.13
- 5( —4z+2%) +2log 2 0g 5 (5.13)

The key to the simplicity of the solutions in egs. (5.7) and (5.8) is the fact that the
dependence on p on the r.h.s. of eq. (5.5) is entirely parametrised by L, which in turn
allows one to compute the integral on the r.h.s. of eq. (5.4) in a trivial manner:

log pi? ) an —1 k+1
dlog ' ’f’ _ (f) o 5.14
/logug er o L =5) wad (5.14)

Unfortunately, things are not so simple when « is running. In this case, as was already
done in section 4, it is convenient to use the variable ¢ introduced in eq. (4.10). Owing to
eq. (4.13), the analogue of eq. (5.4) reads as follows:

boa® (u)

Ble(u))

As a consequence of this, we shall use the representation:

Flz,t) = F(2,0) + /O " P®F] (2, u). (5.15)

(o] k o
Flz,t) = Z% (J;L(z) + 2(7? jkNLL(z)) , (5.16)
k=0

~10 -



boaQ(t) PRF = i ﬁ 0] QT+ ( ) P[O] @jkNLL + ]P;[l} @j’:L
Bla(t)) 225
~ 2mb _
=L plol i g (a2)}. (5.17)
0
The r.h.s. of eq. (5.15) therefore features two independent classes of integrals, namely:
t % tk+1
= [ d = 5.18
o= [ duit = (515)
t
b, :/ duuFa(u). (5.19)
0

In order to evaluate eq. (5.19), we make repeated use of eq. (4.14). Then:
' k 2mb 2mb 2TFbO k.,
bkza(O)/ duu”e”™" = o _’Totz / duu®u’ . (5.20)
0
j=0

By direct computation:

(2mbo) thtl 2
o~ 2mbot 0 thtlti — 5.21
Zk+1+] k+1z’“’ ’ (5.21)
with: Ik 4 2)
+
di, = (—)P(27bg)P ————. 5.22
We have thus:
e tk—l—l ( ) e tk+1+p
O — — d 5.23
Flzt) = F(z, :k FEr1 on kp:Ok-i-l ko | (5.23)
where:
g =POE 7" (5.24)
_ _ 2
hy =P 7 4 pll g 7 — Zbl PO ® 71 (5.25)
0

The r.h.s. of eq. (5.23) can be simplified by means of algebraic manipulations of the sum-
mation indices:

& 1 tk—i—l > tk
— =N g 5.26
2 T T 2 (5.26)
k=0 k=1
and: .
0 1 > tk‘+1+p o tk; -1
— P — _ _\P p
Zk! hi Y P drp =Y 5 2 ()P @mbo) hieap, (5.27)
k=0 p=0 k=1 " p=0



since from eq. (5.22):

di1-—pp _ (=)"(27bo)”

= 5.28
(k —p)! k! (5.28)
The initial conditions must then be written as follows:
t —2mbot
Fl.0) = FOe ) + 00T R )
o k k
_ o] 2 @ [1] 2 (—)"(@2mbo)"
= FOz ) + == Fl(z, 1) kZO gt (5.29)

By replacing the results of egs. (5.26), (5.27), and (5.29) into eq. (5.23), and by using the
representation of eq. (5.16) for F(z,t), we obtain the sought recursion relations:

Jit=plg gt (5.30)
T = (=) (2mbo) *FH (415) (5.31)
k—1
+ ) (=)P(2mbo)” (IP[O] RN, +PUB I,
p=0
27by _
~ PO® jkLLlp> :

with:
Tt =FO ), B =FU (). (5.32)

These results generalise those obtained in the case of non-running «, which can be obtained
from them. Indeed, in the limit of fixed «, which at the NLL can be achieved by letting
bp — 0 and by — 0 (with b1 /by — 0), we have t — 19/2, whence eq. (5.16) coincides
with eq. (5.5), if one identifies J“* with Z'" and J~“* with Z¥“*. This is justified, since
egs. (5.7) and (5.30) are identical, and the recursive relation of eq. (5.31) coincides with
that of eq. (5.8) when « is not running.

After solving egs. (5.7) and (5.8) for Z;* and Z;**, with the definition in eq. (5.2) one
arrives at the following representation of the PDF in the case of fixed a:

2\ _ 0 LL " JNLL
') =3 5y (1) + 5= (=) (5.33)
where p p
B = - S TE), ) = R (531)
Analogously, in the case of running «:
o alt
M) =3 4 () + G2 6. (5.35)
k=0 """
with J J
B =~ TG, R = - ). (5.36)
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We point out that with, for example, a(p) = 1/128 and (o) = 1/137 we have t ~ 0.1/n.

Furthermore, since:
2 21hy 3

2mhy = 3 o 2 (5.37)
the numerical coefficients in front of the convolution products and of the initial conditions
in eq. (5.31) are of order one. Therefore, the series of eq. (5.16) is expected to be poorly
convergent only for z — 1 and z — 0, owing to the possible presence of logf(1 — z) and
log? z terms in the J™ and J“"" functions.

Part of the explicit results for the functions J;" (with 0 <k <3) and J™ (with

0 < k < 2) are reported in appendix A, and part in one of the supplementary files.

5.2 Asymptotic large-z solutions

The electron PDF is equal to §(1 — z) at the LO (see eq. (3.18)); while the LL evolution of
such an initial condition does smooth its behaviour, resulting in a tail that extends down
to z = 0 [2—4], the PDF remains very peaked towards z = 1, where it has an integrable sin-
gularity. This implies that the perturbative expansion of the LL-accurate solution features
log(1 — z) terms at each order: if one truncates such a perturbative series, one exposes a
non-integrable divergence at z = 1, regardless of the order at which the truncation occurs.
The same is true when NLO initial conditions and NLL-accurate evolution are considered,
as is explicitly shown by the results in appendix C.

In order to address this issue, the log(l — z) terms must be resummed. This can
conveniently be done by exploiting the evolution-operator formalism presented in section 4,
whose usage is simplified by the observation that the large-z region corresponds to the
large-N region in Mellin space:

z = 1 — N — 0. (5.38)

Thus in this section, when dealing with Mellin transforms and their inverse, we shall often
implicitly assume eq. (5.38).

A second crucial observation is that the z — 1 asymptotic behaviours of the singlet and
non-singlet components are actually identical. This implies that also in the former case one
can effectively work as if the evolution operator were a c-number and not a matrix, thereby
allowing one to exploit the closed-form solutions of eqs. (4.17) and (4.21). Therefore, we
shall start by understanding the non-singlet notation in sects. 5.2.1 and 5.2.2 in order to
derive the main results relevant to the asymptotic z — 1 region; we shall return to and
comment on the singlet-photon case in section 5.2.3 and in appendix B.

5.2.1 LL solution for non-singlet

Given that the LL-accurate result has been available for a long while [6], this case is
presented here only to show how the evolution-operator formalism helps find the asymptotic
solution in a straightforward manner. At the LL we are entitled to neglect the running” of

"Whenever the coupling constant is not running, we simply denote its fixed value by ¢, i.e. we remove
its argument p from the notation.
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«. Thus, the appropriate form for the evolution operator is obtained by keeping only the
O(a) term of eq. (4.21), with a(u) — « there, supplemented by the LO initial condition:

Ty =1. (5.39)
From egs. (4.7) and (5.39) we obtain:
[(z,p%) = M~ [exp (log En)] . (5.40)
A direct calculation in the large-N region leads to:
PO _2log N 4 22, (5.41)

where all terms suppressed by at least one inverse power of N have been neglected, and we
have defined: 5
N=Ne*, Ao = 1 (5.42)

We point out that N is a quantity that routinely appears in the computation of Mellin
transforms, and which helps retain some universal subleading terms. Therefore:

Q@
27
with 7o defined in eq. (5.6). Equation (5.43), when substituted into eq. (5.40), implies:

log Ex = ~— P L M2 g (log N — o) (5.43)

M [D(z, )] = N0~ mmehom (5.44)

The inverse Mellin transform can now be evaluted by using the following result, valid for

any K > 0: (5T (V)
_ K_FKJFN N—o0
)H]—F(f@—i-N) —

The comparison of eq. (5.45) with eq. (5.44) allows one to arrive at the final result [6]:

MI[(1-=z I(k)N—". (5.45)

—YEN0 pA070
— ; no(1 — 2)~HHm (5.46)

D(z,p%) =

This is identical to what is nowadays a rather standard form, except for an exponentiated
term of pure-soft origin (stemming from the use of B¢z, = B, rather than of fey, = 1, as
defined e.g. in eq. (67) of ref. [10]). Such a term clearly cannot be obtained by means of
the collinear resummation carried out here.

5.2.2 MS NLL solution for non-singlet

At the NLL, the PDF initial conditions must be set as given in egs. (3.18) and (3.19), with
K¢ = 0 in the latter equation (see eq. (3.22)). By exploiting the property of the Mellin
transform of eq. (4.4), we have:

27 11—z
®, M_l[exp (logEN)] , (5.47)
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with log Ey given in eq. (4.17) (where running-« effects are also included). With eq. (5.41)
and its NLO analogue:

P][\}} N=go ?nF log N + A1, (5.48)
where:
A\ = 3_m +6Cs — “E(3+4r2), (5.49)
8§ 2 18
we can cast the logarithm of the evolution operator in the same form as in eq. (5.43),
namely:
log Ex 2% —¢log N + &, (5.50)

having defined:

_ . O[(H) _—2mbot @ 47Tb]-
R (1—em2mr) (Fne + 5 (5.51)
=2 [1 _alw) <5nF+ Wbl)] t
T 9 0
+ O‘Ef %monF + 2b17r2) 2+ 0%, (5.52)
;3 a(p) —2bot 3mby
f=51+ o (1 e ) =T (5.53)
3 a(u) Al Wbl
= — 1 _— _— = —
(5 -0
b 3
— O‘Er“) <7T2° M- 7r2b1> 2+ O3, (5.54)

Equation (5.50) implies that we can follow the same steps that have led us to eq. (5.46),

and therefore: A
M~ [exp (log Ex)] I (1 g (5.55)
exp(logEN)| = =—= & (1 — . .
° Pate) Y
We must now replace this result into eq. (5.47). In this way, two independent convolution
integrals emerge:

11+ 22 -
Ii(2) == 2 (1— e .
(o =5 |75 e amn (5.56)
11+ 22
I(z) = = [ e log(1 — ;1:)} ®. (1 —y) 1", (5.57)
2(1—-2 n
A tedious but otherwise relatively straightforward procedure leads to the following results:
—14+kK 3
Ii(2)=(1-2) A(k) +log(l —2) + nE (5.58)
—1+x L. 7
I(z) =(1-2) B(k) + A(k)log(1 — z) + 5 log“(1 —2) — 3| (5.59)
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where, inside the square brackets, we have neglected terms that vanish at z — 1. We have
introduced the two functions:

1 T(l—-k+k
AW =Y 1 e = e~ (), (560
k=1 )
w1 TA-k+k)
B(k) B2k T(1-r)
1 2 1 1
= 37+ 73 e v0(R) + 5 v(R)” = 5 (k). (5.61)
where:
d*llogT
b;(z) = dz‘jﬁl(z). (5.62)

By putting everything back together, we arrive at the final result:

e~ VES1 61

L1+ &)
X {1 + a(j:()) [ <log::;2]2 — 1> <A(§1) + i) —2B(&) + Z

+ <log 1 —1- 2A(§1)> log(1 — z) — log?(1 — z)] } ,

m2

(2, p%) = &(L—2)" 0 (5.63)

which is therefore the NLL-accurate counterpart of eq. (5.46).

A couple of observations about eq. (5.63) are in order. Firstly, owing to egs. (5.51)
and (4.19), we have & ~n9. With po and p of the order of the electron mass and of a
few hundred GeV’s, respectively, one obtains 79 ~ 0.05. Therefore, both the LL and the
NLL solutions are still very peaked towards z = 1, where they diverge with an integrable
singularity. Furthermore, the z — 1 behavior of eq. (5.63) is worse than that of eq. (5.46)
because of the presence of the explicit log?(1 — z) terms in the former equation.® Secondly,
the small numerical value of & just mentioned implies that the following expansions:

Alr) = % +O®), (5.64)

2
B(k) = —% + 203k + O(K2) (5.65)

are rather accurate approximations of the complete results of egs. (5.60) and (5.61). Equa-
tion (5.64), in particular, implies that numerically the log(1 — z) term is much larger than
the (formally dominant) log?(1 — z) one, even for z values that are extremely close to one.
This fact might be significant when performing the integral of the convolution between
electron PDFs and short-distance cross sections.

80ne can show that such terms are in part an artifact of the MS scheme; we shall return to this point
in a forthcoming paper [11].
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From eq. (5.63) one can also readily obtain a LL-accurate solution, where at variance
with that of eq. (5.46) the effects due to the running of « are included. Explicitly:

—VEfoeéo
T(z,02) = &% gy(1 — 2)" 1+ 5.66
where 5
=2, f=3t; (5.67)

this is again consistent with the findings of ref. [6]. Finally, the running of a can formally be
switched off in the NLL-accurate solution. In order to do so, one must repeat the procedure
that leads to eq. (5.63); however, rather than using the expression of the evolution operator
given in eq. (4.17), one must use that of eq. (4.21). By doing so, one arrives at:

e~ YEM g1

T(1+m) m(l =) (5:6%)

o oeth o) (o 5) -

+ <log ::;2)2 —1- 2A(171)) log(1 — 2z) — log?(1 — z)] }

I'(z, /1’2) =

where
da
M = 1o <1 - %nF> ) (5.69)
A s
m ="mno (Ao t )\1) : (5.70)

5.2.3 The singlet and photon cases

The key result relevant to the evolution of the singlet and photon sector in the z — 1
region is the following:

N—oo —2log]\7 +2X O a [ DOy, logN +X O
P L —°
SN ( T 0 —n

0 2n, ) +0(a?), (5.71)
that is obtained by means of a direct computation starting from the definitions given in
section 3. Equation (5.71) implies that the singlet and the photon evolve independently
from each other in this limit. Since the kernel evolution is a diagonal matrix, so is the
evolution operator, and therefore the solutions for its elements on the diagonal are given
by either eq. (4.17) or eq. (4.21).

Let us start by considering the singlet. The singlet-singlet elements of the O(a") and
O(a) matrices in eq. (5.71) are identical to egs. (5.41) and (5.48) respectively. Thus, the
solutions of eqgs. (5.63), (5.66), and (5.68) are also valid for the singlet.

As far as the photon is concerned, eq. (4.12) and the photon-photon elements in
eq. (5.71) imply that the second term on the r.h.s. of eq. (4.17) is equal to zero. Therefore:

M Y[E,N] = O;[(&))) 5(1—z), (5.72)
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having used eq. (4.10). The convolution with the initial conditions of egs. (3.18) and (3.20)
is thus trivial, and the final result reads as follows:

1a(uo)? 1+ (1-22 (42
Ly (z,p%) = — log —5
’Y(Z):u ) 27T CY(,U) > 0og m2

—2logz — 1> : (5.73)

We can observe the presence of an a(u) term in the denominator of eq. (5.73) which,
typically, will cancel an analogous factor in the short-distance cross sections (given that
these, for consistency with the present results, will have to be computed in the MS scheme).
Thus, one sees the natural emergence of quantities that are employed in the so-called «(0)
scheme (see e.g. ref. [12]) — this is the same mechanism that has been anticipated in ref. [13]
in the case of photon fragmentation functions. We stress that this properties stems from
the computation of both the PDFs and the cross sections in the same collinear subtraction
scheme, and from the solution of the evolution equations for the PDFs.

Unfortunately, eq. (5.73) does not give a good description of the true large-z behaviour
of the photon PDF. This is because the off-diagonal terms of the evolution kernel imply
that such a PDF receives a contribution that primarily stems from the initial conditions
of the electron PDF. As we have seen previously, these are much more peaked towards
z = 1 than their photon counterparts, so much so that this behaviour compensates the fact
that the off-diagonal elements of the evolution kernel are suppressed w.r.t. the diagonal
ones, which are the only ones that have been taken into account in eq. (5.71). It then
follows that, in order to improve on the solution in eq. (5.73), one needs to solve the
evolution equations of the singlet-photon system by including those off-diagonal elements.
In turn, this entails a significant increase in complexity, and for this reason we refrain from
discussing the relevant procedure here — all of the results are reported in appendix B.

6 Numerical solutions for the PDFs

The numerical evolution for the PDF's is achieved by first solving the evolution equation
for the evolution operator in Mellin space. More specifically, we solve the equation given in
the first line of eq. (4.15) without expanding the 8 function in the denominator. As is dis-
cussed in section 3, the introduction of the singlet and non-singlet combinations, eq. (3.6),
allows for a decoupling of the evolution equations that is well-suited for a numerical im-
plementation. As has been done thus far, in the following we shall implicitly refer to the
two-dimensional singlet-photon case, keeping in mind that the non-singlet case is obtained
by considering a one-dimensional flavour space.

The numerical solution of eq. (4.15) for the evolution operator E is obtained by means
of a discretised path-ordered product [14]. The evolution range [0, ¢] is partitioned into n
intervals [t;, ;1 1], with ¢y = 0 and t,, = t, and the evolution operator is written as follows:?

0
Enx(t)= [] En(tis1,ti). (6.1)

i=n—1

9The product on the r.h.s. of eq. (6.1) must be understood as a product among matrices. Thus, by
reading the product from left to right one finds decreasing values of the index i.
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If the interval At; = t;11 — t; is small enough, the evolution operator Ey (t;+1,t;) relevant
to it can be evaluated by using the trapezoidal approximation:

k
Z b()CE 47Tb0tl i Oé(/io)eQﬂ-botl P[k] (6 2)
/’LO e?ﬂ'botl) 2 N> '

k=0

En(tis1,ti) ~ I +

where we have used eq. (4.14). We have found that a number of intervals n = 20 is
appropriate for giving stable results for ¢ values relevant to applications to TeV-range
colliders. At the perturbative order at which we are working, the sum over k£ on the
r.h.s. of eq. (6.2) is restricted to k < 1. After having obtained the evolution operator, the
PDFs at the hard scale p are computed in the Mellin space according to eq. (4.7). Finally,
in order to invert the PDFs from the Mellin to the z space, we employ a numerical algorithm
based on the so-called Talbot path. Details on the implementation of this method can be
found in ref. [15]. The computer program that implements what has been described thus
far was used to obtain all of the numerical results presented in section 8 and appendix A.

In the non-singlet case one can devise an alternative procedure. Namely, one can ex-
ploit the analytical N-space solution for the evolution operator, given in eq. (4.17), multiply
it by the Mellin-transformed initial conditions, and then invert the result thus obtained
back to the z space by means of a numerical contour integration. We have implemented
this strategy in a computer program'® fully independent from the one described above,
and verified that the two are in perfect agreement.

7 Matching

The best analytical prediction is obtained by matching the recursive solution of eq. (5.35),
that is valid for all z values but in practice can be computed only up to a certain O(a')
(here, n = 3), with the solutions of egs. (5.63) (for singlet and non-singlet) and (B.74)
(for photon), that retain all orders in « but are sensible only when z ~ 1. In order to

distinguish these two classes of solutions, we now denote them as follows:!!
[rec(2) =T(2)[eq. (5.35)], (7.1)
Fasy(2) =T'(2)[eq. (5.63)] non—singlet , (7.2)
I'(z)[eq. (5.63)] .
lay(2) = singlet —photon . 7.3
v(2) (I‘V(z) leq. (B.74)] (7.3)

We remind the reader that eq. (5.35) implicitly encompasses the non-singlet, singlet, and
photon cases by means of the J;" and J;*" functions (see section 5.1).
We define the matched PDFs with the additive formula:!?

Ponte(2) = Tree(2) + (Fasy(z) _ Fsubt(z)> G(2), (7.4)

10This builds upon the code originally written by the authors of ref. [16].

1YWe shall henceforth consider the case of NLL solutions with running «, which constitutes our most
accurate scenario. However, the procedure is unchanged in the case of NLL solutions with fixed «, or in
the case of LL solutions.

12 Additive matching has been considered in refs. [2, 17, 18]; refs. [3, 4] adopt a multiplicative one.
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where G(z) is a largely arbitrary function that must obey the following condition

;1_% G(z)=1, (7.5)
and that might optionally be used to power-suppress at small z the difference in round
brackets in eq. (7.4) — we shall give more details on this point later. The quantity I'supt(2)
(that we call “subtraction term”) is responsible for removing the double counting, i.e. the
contributions which are present both in the recursive and in the asymptotic solutions. We
shall eventually construct it explicitly, but we anticipate the obvious fact that it must
feature the dominant z — 1 contributions to the PDF (which, in turn, are present in both
the recursive and the asymptotic solutions, as is discussed in appendix C).

Before proceeding we stress that, although general, the arguments that follow from
eq. (7.4) are best understood if the PDF's are strongly peaked at z — 1, which is indeed
what happens for the singlet and non-singlet components, but not for the photon (at least
to a certain extent). Thus, we shall first understand the two former cases, and return to
the latter one only towards the end of this section.

We want the matched PDF to coincide with the asymptotic or the recursive solution
for those z values appropriate for either of the latter two quantities. This is equivalent to
requiring:

asy(z) z~1, (76)

T r
Pinte(2) ~ Drec(2) z elsewhere.

Given eq. (7.5), eq. (7.6) is satisfied when:

Irec(2) — Taunt (2)| € [Tasy(2)] z~1. (7.8)

Conversely, there are two ways in which the behaviour in eq. (7.7) can be achieved.

(a) G(z) can be expanded in series around z = 0, and is such that:

lim G(z) =0, (7.9)

z—0
in addition to satisfying eq. (7.5).

(b) One has:

Daey (2) — Fsubt(z)’ < rm(z)], (7.10)

for small and intermediate z values. When eq. (7.10) holds, one can set:

Gz)=1. (7.11)

The option of item (a) stems from the observation that both I'asy(2) and T'gune(z) are
only sensible when the logP(1 — z) terms they contain are large. When this is not the
case, i.e. at small- and intermediate-z values, one can suppress them (in fact, one must,
if eq. (7.7) is to be fulfilled) by means of power-suppressed terms, here parametrised by
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G(z), without affecting the formal accuracy of the matched PDF. However, this has the
potential drawback of introducing in I'nc(2) a dependence on the arbitrary quantity G(z),
which must remain small in order not to lose predictive power. This issue is avoided if
the option of item (b) is viable. This has the drawback that it relies on the condition in
eq. (7.10), that might be problematic since it constrains I'yypt(2) in a 2z region which is not
the natural domain of such a function.

Although there is significant freedom in the construction of the subtraction term, the
recursive and asymptotic solutions provide us with two obvious candidates. Namely, we
can set either

Tsubt (2) = Thpi(2) = T'(2) [eq. (A.15)] (7.12)

Tount (2) = T (2) = T(2) [eq. (C.6)] . (7.13)

In other words: with eq. (7.12) we use all of the contributions to the recursive solution which
are non-vanishing when z — 1, while with eq. (7.13) we employ the O(a?) expansion of the
asymptotic solution. Therefore, as it follows from the discussion in appendix C, F?ubt(z)
essentially contains a subset of the terms present in TR, (2). More precisely:

M) {6@a@} = {5 -2}, (714)

TA (2) {Zi(z)} = {k’gl(l_;z)} . (7.15)

By construction (see eq. (A.7)), we have

lim (Trec(2) = Thye(2)) =0, (7.16)

z—r

and therefore eq. (7.8) automatically holds when the subtraction term is defined by means
of the recursive solution. Conversely,

z—1

Tree(2) —Th1(2) ~ ag(z) &5 . (7.17)
However, in spite of this, eq. (7.8) holds also in this case, since:

Tree(2) = Toni(2) _ @(2)+... 21
Tasy (2) A O P 0. (7.18)

The conclusion is that eq. (7.8) is satisfied with both choices of the subtraction term.
The difference between adopting TR () or T2, (2) is that with the former function the
matched PDF will converge towards the asymptotic solution at z values relatively smaller
than those relevant to the latter function. This can be seen in figure 1, where the ratio of
the L.h.s. over the r.h.s. of eq. (7.8) (without the absolute values) is plotted as a function
of —logy(1 — z) for the two choices of the subtraction term considered here, and for three
different hard scales pu. Note that the scale on the y axis of the plots in figure 1 is in units
of 1074, The curves in figure 1 are relevant to the non-singlet component. We point out
that their analogues for the singlet component are qualitatively and quantitatively very
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Figure 1. Ratio of the Lh.s. of eq. (7.8) over its r.h.s. (without the absolute values), for the two
choices of the subtraction term (eq. (7.12), left panel; eq. (7.13), right panel), and for three different
hard-scale values: p = 0.01 GeV (dot-dashed green), p = 1GeV (dashed blue), and p = 100 GeV
(solid red). As is indicated, the scale on the y axis of these plots is in units of 107%.

similar to those shown here. Apart from being in keeping with the expectations emerging
from eqs. (7.16)—(7.18), figure 1 shows that, even in the case of eq. (7.12), the matched
PDF will attain its asymptotic form only for values of z which are extremely close to one;

in other words, non-logarithmic contributions are almost always important. This being

R
subt

anticipated, “delays” the onset of the asymptotic regime in the matched PDF) one renders

the case, by choosing I'2, (z) as a subtraction term rather than 'R, (z) (which, as was
the transition between the asymptotic and recursive solutions less abrupt; this turns out
to be beneficial in order to reproduce the results of the numerical evolution.

As far as the small- and intermediate-z region is concerned, we observe that:

r , (7.19)
r ). (7.20)
Equation (7.19) implies that it is unlikely that, if the subtraction term is defined by means
of the recursive solution, one can avoid the use of the G(z) function. Conversely, eq. (7.20)
implies that the definition by means of the asymptotic solution has a better chance of
satisfying eq. (7.10), thus bypassing the need to introduce G(z). Note that the difference
in eq. (7.20) is of O(a?) as a direct consequence of the fact that we have computed I'2, ()
to O(a?) (see eq. (C.6)). In figure 2 we plot the ratio of the Lh.s. over the r.h.s. of eq. (7.10)
(without the absolute values), by using the same layout as in figure 1. In order to be definite,
we have considered again the non-singlet component in figure 2, and have verified that the
singlet one gives results which are extremely similar to those of the non-singlet. Figure 2
confirms our expectation based on egs. (7.19) and (7.20).

We now turn to discussing the case of the photon PDF, which is quite different from
that of the singlet and the non-singlet. The starting point is the same as for the latter
PDFs, namely the definition of the subtraction term with either eq. (7.12) or (7.13), since
those formulae are the general parametrisations of the perturbative expansion of the recur-
sive or the asymptotic solutions, respectively, whose actual values are determined by the
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Figure 2. Same as in figure 1, for eq. (7.10).
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Figure 3. Plots assessing the validity of eq. (7.10) (left panel) and eq. (7.8) (right panel), in the
case of the photon PDF. See the text for details.

parameters (given in appendices A.1, A.2, C.1, C.2) specific to the particle which is being
considered. Indeed, in the case of the photon, the analogues of eqs. (7.14) and (7.15) are:

Dhine(2) {Qi(z)} , (7.21)

Tame(2) {Qi(z)} : (7.22)

Actually, because of egs. (C.25) and (C.26), one can make a stronger statement, namely:

it (2) = Tt (2) - (7.23)
We stress that eq. (7.23) is not a property inherent to the photon PDF, but a consequence
of having been able to keep the relevant subleading terms in the computation of its large-z
form as carried out in appendix B. In order to be definite, for consistency with the case of
the singlet /non-singlet we shall label the subtraction term with “A” here.

The analogues of the right-hand side panels of figure 1 and of figure 2 are presented in
the right and left panels of figure 3, respectively. We start from the right-hand side one,
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in order to assess the validity of eq. (7.8). Unfortunately, it turns out that at large z’s
the NLL photon PDF becomes negative in a certain range, and it crosses twice the zero.
For this reason, we cannot consider the ratio of the two sides of eq. (7.8) as was done in
figure 1, but only plot separately I'vec(2z) — I'subt(2) and Iasy(2); these two quantities are
displayed in figure 3 by adopting identical patterns (each associated with a different hard
scale 1), with the curves relevant to I'ysy(2) overlaid by full circles. Furthermore, in order
for the latter curves to fit into the layout, they have been multiplied by a constant factor
equal to 1073. The plot clearly shows how eq. (7.8) is safely fulfilled.'?

We now consider the left panel of figure 3, in order to assess the validity of eq. (7.10);
given that for all of the z values employed in the plot the photon PDFs is positive, we can
compute the ratio of the two sides of eq. (7.10) (without the absolute values) as was done
previously in figure 2. It is immediate to see that the conclusions are the opposite of those
valid in the cases of the singlet and non-singlet — namely, in a very large range in z the
subtraction term and the asymptotic solution do not agree with each other.!* Thus, in the
case of the photon the use of a damping function G(z) is unavoidable. In order to define
it, it is useful to introduce the function:

2(z) = —logp(1 — 2), (7.24)
by means of which we set:
1 2 < %(2), :
2(z)—2 A o ~ v
G(z) = p( §1> ZOO) 20 < 2(2) < 21, Gp(v) = e (7.25)
0 2(z) < 2o,

This is a smooth function that obeys egs. (7.5) and (7.9), and where 2y, 21, and p are
free parameters. The physical meaning of the parameters Zy and 27 is that, for z such
that 2(z) < 20 (2(z) > 21), the matched PDF coincides with the recursive (the asymptotic)
solution. As a matter of fact, eqs. (7.24) and (7.25) stem from the observation that it is
2(z), and not z, the natural variable to carry out the matching, and this is because the
large-z behaviour of the PDFs is achieved when logarithmic terms grow much larger than
non-logarithmic ones.

In principle, the parameters 2y, 21, and p are unconstrained. In order to choose them
sensibly, we plot in figure 4 the asymptotic and recursive solutions as solid black and red
curves, respectively (both are multiplied by a factor of 1072, for reasons that will soon
become clear). For the matching to work reasonably well, the transition between the
recursive and the asymptotic solutions must occur in a region where these two predictions
are as close as possible to each other (which we interpret as the signal that both give a
reasonable description of the “true” photon PDF). From figure 4, we gather that such a

13Strictly speaking, no such conclusion is possible in an extremely narrow neighbourhood of the points at
which the PDF crosses zero, where it is however not relevant, since all quantities of interest are vanishingly
small there.

'4See appendix B, in particular the comments after eq. (B.45), for a discussion on the origin of this be-
haviour.
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Photon at NLL, pgg = mg, 4 = 100 GeV
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Figure 4. Study of the dependence of the matched photon PDF upon the parameters of the
matching function G(z), defined in eq. (7.25). We have set p = 100 GeV.

region is 2 < 2 < 6; this suggests to set Zg = 2 and 2; = 6. However, it is clear that there
is (and there must be) a certain flexibility in these choices. The agreement between the
asymptotic and recursive solutions quickly worsens in the range z € (1,2), which implies
that Zp = 1 must be considered as an extreme choice. On the other hand, for 2 > 6 the
asymptotic and recursive solutions do tend to stay relatively close to each other, to the
extent that even 27 = 10 appears to be an acceptable choice. As far as p is concerned, the
larger this parameter the more abrupt is the transition between the two regimes. We have
therefore opted to employ p = 2, which essentially corresponds to the slowest transition
compatible with the derivatives of G(z) being continuous. In order to assess the impact
of the choices of Zy and 2Z; on the matched PDF, we have computed the latter for several
values of these parameters. In figure 4 we display as dashed curves the differences between
any of the matched predictions (relevant to (29, 21) = (1,5), (3,5), (1,7), (3,7), and (1, 10))
minus the one obtained with (29, 21) = (2,6). For comparison, we also show the differences
between the asymptotic and recursive solutions minus the (29, 21) = (2,6) matched PDF
as black and red dot-dashed curves, respectively. We see that the differences between any
two pairs of matched predictions are roughly in the range (—2,3)-107%, i.e. at least a
factor 25 smaller than the recursive and the asymptotic solutions. While this statement
progressively loses validity when moving towards Z = 8 (where the asymptotic solution,
which is the appropriate one in this region, crosses zero), it also becomes less relevant,
since indeed all quantities of interest tend to become negligible in absolute value. Having
said that, it is important to bear in mind that the dependence on the matching-function
parameters is a genuine uncertainty that affects the matched predictions; plots such as those
in figure 4 help assess its size, and should be re-produced whenever new conditions become
relevant (specifically, for hard-scale values significantly different w.r.t. those considered in
figure 4). We finally point out that we have repeated the exercise by using p = 3 and p = 4;
the overall uncertainties are similar to those obtained with p = 2.
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Figure 5. Electron (solid red), photon (dashed blue), and positron PDFs (dot-dashed green) PDF's
at pr = 100 GeV. The electron PDF is multiplied by a factor (1 — z) in the plot on the right panel.

In summary, our best analytical results are obtained with the matching formula of
eq. (7.4). In the case of the singlet and the non-singlet, we employ eq. (7.13) for the
definition of the subtraction term, and a constant G(z) function as in eq. (7.11). In the case
of the photon, the definition of the subtraction term is still given by eq. (7.13) — however,
there are more limited possibilities here, owing to eq. (7.23). The matched photon PDF
does need a non-trivial matching function: we adopt that of eq. (7.25), with 2g = 2, 2 = 6,
and p = 2.

8 Numerical and analytical predictions

In this section we present our predictions for the PDFs, by computing them both with the
numerical code described in the first part of section 6, and by evaluating the analytical
formulae; these are always the matched ones. We compare these two classes of predictions,
mutually validating them in the process. Unless explicitly indicated, all results are NLL-
accurate with running «, and all have been obtained by setting pg = m.

We begin by plotting in figure 5 the electron, photon, and positron PDFs, computed
at u = 100 GeV with the numerical code. The left panel shows these quantities in the full
z € (0,1) range, while the right panel is a zoom to the large-z region, where we consider
z € (1,15) (see eq. (7.24) for the definition of Z). Owing to the much faster growth of
the electron PDFs in this region w.r.t. that of the other two partons, we have multiplied
this PDF by a factor equal to (1 — z), in order for all of the three curves to fit into
the same layout. Figure 5 renders it manifest that the production of heavy (relative to
the collider c.m. energy) objects is dominated by the partonic lepton whose charge is
the same as that of the particle lepton it stems from' (in eq. (1.1), one has the implicit
constraint zyz_ > M?/S, with M and /'S the mass of the object produced and the collider
c.m. energy, respectively). Note that from the right panel of figure 5, given that the solid-
red and dashed-blue curves are roughly of the same order, and that the former includes the

15The reader must bear in mind that all our results are obtained by assuming an electron particle. In
the case of a positron particle, the roles of the electron and positron partons are simply reversed.
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Figure 6. Comparison between the numerical and analytical predictions for the non-singlet, for
three different hard-scale choices.
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Figure 7. As in figure 6, for the singlet.

(1 — z) factor, one can immediately see that the photon PDF is smaller than the electron
PDF by a number of orders of magnitude equal to the value of 2. Conversely, by producing
lighter objects and/or by increasing the collider energy, the contribution(s) of the incoming
photon(s) become(s) important.

In view of the smallness of the positron PDF as is documented in figure 5, it is more
convenient to present our findings in terms of the singlet and the non-singlet PDF's rather
than by means of the electron and positron ones. This is what we shall do in the remainder
of this section.

In order to establish the level of agreement between our numerical and analytical
predictions, we plot in figures 6, 7, and 8 the ratios of the latter over the former, minus
one, in the cases of the non-singlet, singlet, and photon, respectively. In each plot, there
are three curves, corresponding to three different choices of hard scales: p = 0.01 GeV (dot-
dashed green curves), 1 = 1 GeV (dashed blue curves), and g = 100 GeV (solid red curves).
An overarching observation is that, in all of the cases bar for the photon at large 2’s (an
exception to which we shall return later), the p = 100 GeV results are those which display
the largest analytical-numerical disagreements. However, even in this worst-case scenario,
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Figure 8. As in figure 6, for the photon.

the level of agreement is excellent, being typically of the order of 107°-10~* (relative); the
largest disagreements are to be found at small 2’s in the case of the singlet (because of
the presence of un-resummed log z terms'®). In keeping with the previous remark relevant
to the hard-scale dependence, the case of the photon at z ~ 1 constitutes an exception:
from the right panel of figure 8 we see that the analytical and numerical predictions agree
at the level of 1073 (1072) at pu = 100 GeV (u = 0.01 GeV) for 2 < 2 < 6; furthermore,
the behaviour at Z > 6 might seem to suggest that the z — 1 limits of the analytical and
numerical computations are different. We shall show in the following (see figure 12) that
this is in fact not the case. For the time being, the crucial thing to bear in mind is that, in
the z region we are discussing, the photon PDF is very small in absolute value and, more
importantly, smaller than the electron PDF by several orders of magnitude. Thus, even a
relatively large discrepancy of 0.1-1% between the numerical and analytical photon PDFs
will be quite irrelevant. The general conclusion, which applies to all partons, is therefore
that the analytical formulae appear to be perfectly adequate, and can be employed in
calculations of cross sections for phenomenological purposes.

We now turn to assessing the effects on the PDFs of the NLL corrections, by comparing
the NLL results with their LL counterparts. While this will fully account for the predictions
obtained here for the first time, it is important to bear in mind that the PDFs are unphysical
quantities, and that beyond LL cancellations do occur (in particular, in MS) between them
and the short-distance cross sections. Thus, an increase or decrease by a factor X of an
NLL PDF w.r.t. an LL one will most definitely not translate into a corresponding increase
or decrease of the NLO physical cross section w.r.t. its LO counterpart.

In the main frames of figures 9, 10, and 11, we plot the ratios of the NLL PDFs over
the LL ones, both computed with the numerical code. As was done previously, all figures
feature three curves, that correspond to different choices of hard scales; the same scale
values, and the same graphical patterns, are used here as in figures 6-8. All the figures
have an inset, which displays the double ratio (minus one):

../ PDF

PDF,,
16 Techniques to resum such logarithms exist, see e.g. refs. [19, 20].

—1. (8.1)

num
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Figure 9. Main frames: ratios of NLL over LL. PDF, as computed with the numerical code, for
the non-singlet, and for three different hard-scale choices. Insets: ratio of the ratio shown in the
main frame, over the same quantity computed analytically, minus one.
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Figure 11. As in figure 9, for the photon.
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The agreement between the numerical and analytical predictions is again extremely good,
especially at large z’s; once more, the photon in this region is the (relative) exception to
that general rule, on which we shall comment later. The agreement becomes marginally
worse with increasing u, but this effect is less evident w.r.t. that in the case of the absolute
predictions of figures 6-8. Interestingly, the size of the NLL effects decreases with the hard
scale. This is particularly easy to understand in the large-z region in the case of the singlet
(or non-singlet), since it can be directly read from eq. (5.63). As was already remarked
there, this behaviour is driven by eq. (5.64), which implies that: (a) the coefficient of the
log(1 — 2) term is much larger than that of the log?(1 — z) term up to extremely large
values of z; (b) such a coefficient, being proportional to 1/a(u), decreases with p. These
two effects can clearly be seen in the main frames of the right panels of figures 9 and 10,
where the various lines are almost straight ones, but relatively less so at larger values of
the hard scales. Keeping in mind the general observation made above on the unphysical
nature of the PDFs, we point out that the natural applications of the quantities computed
here involve scales that are large.

We now go back to commenting on the large-z behaviour of the photon PDF. We have
already remarked in figure 8 that such a PDF in this region is close to zero in absolute
value, and orders of magnitude smaller than its electron counterpart. On top of that, for
the specific issue of the NLL vs LL results, the comparison between eqgs. (B.74) and (B.88)
(or between their over-simplified forms of eqs. (B.87) and (B.91)) shows that, at variance
with the case of the electron (egs. (5.63) and (5.66)), the NLL asymptotic photon PDF
does not factorise the functional form relevant to its LL version. Hence, larger differences
in the matching region have to be expected between the NLL and LL photon PDF, which
are larger than those for the electron.

At the right end of the z range in figure 11 we see again the kind of pattern as in the
same region of figure 8, which might cast doubts on the agreement between the z — 1 limits
of the analytical and numerical predictions. In order to address this concern, in figure 12
we plot the photon PDF in a much more extended z range w.r.t. what was done so far. The
blue and red solid curves are the differences between the analytical and numerical results
computed at the LL and NLL, respectively; the dashed curves of the same colours are the
corresponding PDFs, multiplied by an overall constant factor equal to 1072; finally, the
blue dot-dashed curve is the rescaled ratio of the analytical over the numerical LL results,
minus one, which can be sensibly computed owing to the fact that the LL. PDF does not
vanish for values of z # 1. Apart from the similarity between the LI and NLL differences,
the key message of figure 12 is that at z — 1 the analytical and numerical predictions do
tend to the same value, but in a much slower way w.r.t. the case of the singlet /non-singlet.
In other words, the onset of the true asymptotic regime occurs at much larger z values for
the photon than for the singlet or non-singlet. This needs not be surprising, owing to the
mechanism that governs the asymptotic photon behaviour, as is documented in appendix B.
An improvement of the analytical large-z PDF computed here would require keeping all
terms suppressed by powers of N2 in Mellin space, an extremely involved computation
which is not justified in view of the smallness of the photon PDF in this region.
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Figure 12. Behaviour of the photon PDF at very large z values, where the analytical and numerical
predictions are compared. We have set p = 100 GeV.

9 Conclusions

In this paper we have computed the electron, positron, and photon PDFs relevant to
an incoming unpolarised electron; the case of an incoming positron is trivially obtained by
charge conjugation. Our predictions include up to next-to-leading logarithmic (NLL) terms,
and are obtained by evolving the initial conditions that have recently been calculated [1]
at the next-to-leading order (NLO). We thus improve upon the long-standing leading-
logarithmic (LL) PDFs of refs. [2—4]; this is crucial to help achieve the high-precision
results needed at future ete™ colliders. All of the calculations are perturbative in the
QED coupling constant «, which by default we take as running.

The PDFs have been obtained by means of both numerical and analytical methods,
which are shown to agree extremely well with each other (typically, at the 10™* level or
better for those z values where the relevant PDFs are not vanishingly small). As far as the
analytical results are concerned, they stem from an additive matching formula (eq. (7.4)),
which combines a prediction that is accurate to all orders in o but only at z — 1, with
a prediction that is accurate up to O(a?) in the whole z range; these are referred to as
the asymptotic and the recursive solutions, respectively. The latter are thus called because
they stem from recursive equations (derived here for the first time at the NLL accuracy),
whereby the O(a*) contributions are obtained from the O(aP) ones (with p < k), the NLO
initial conditions, and the Altarelli-Parisi kernels. Although we have limited ourselves to
considering k < 3 in this work, nothing prevents one from employing the recursive equations
to achieve an even higher precision if need be.

The electron LL PDF is extremely peaked towards z — 1, where it features an in-
tegrable singularity. The NLL result has the same qualitative behaviour, and in fact the
z — 1 singularity is even more pronounced than at the LL because of the presence of addi-
tional log(1 — z) terms. While the photon LL PDF vanishes at z — 1, its NLL counterpart
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grows logarithmically there, thus exhibiting the same enhanced growth at higher orders as
the electron. However, one must bear in mind that PDF's are unphysical quantities: in par-
ticular, beyond LL they become dependent on the adopted collinear subtraction scheme.
In this paper we have worked in MS, and some of the logarithms mentioned above stem
directly from this scheme choice; as such, they will cancel against their counterparts in
the short-distance cross sections, so as to have scheme-independent predictions for physical
observables.

The analytical knowledge of the PDF's is important to better understand the details
of QED collinear dynamics. However, in view of the rapidity of the growth of the electron
PDF at z — 1, such a knowledge is also crucial in the context of numerical computations,
because it gives one the possibility to adapt in a very tailored manner the integration
procedure, which would otherwise be hardly converging.

We finally point out that the PDFs of the photon (understood as an incoming particle),
and/or those of any polarised particle, can be dealt with similar techniques as those we
have employed here.
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A Results for the recursive solutions

In this appendix we report the results for the Ji and J;"" basis functions that appear in
eq. (5.35), which we have computed for 0 < k£ < 3 and 0 < k < 2, respectively, i.e. up to
O(a?). We write the actual recursive solution that constitutes one of the main results of
this paper, and which we have used in our numerical studies, as follows:

Kiax & kmex ok
D) = Y Cape) + S5 L), (A1)
k=0 k=0
with
Hho=3,  Kik=2. (A2)

We also remind the reader that from eq. (A.1) one can obtain the solution in the case of

non-running «, by replacing J;* with I;* and J™" with I}/, where:

I (2) = Ji™(2)
I]I:LL(Z):JII;LL(Z)[bQ%O,bl—)0,1)1/1)0—)0]. (A4)
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It is convenient, also in view of the matching with the large-z solution, to present the
results for the basis functions by writing them as follows:

Tit(2) = T (2) + Tt (2) (A.5)
R () = T (2) + M) (A.6)

By definition, j}%L and jlﬁjLL collect all of the terms of Ji* and J;™", respectively, that
vanish at z = 1:
lim JE*(2) = lim JY(2) = 0. (A7)

z—1 z—1
It then follows that Ji* and Jy™* include all contributions that are either divergent (which

then feature all the logP(1 — z) terms) or equal to a non-null constant at z = 1. Because of
this, it is useful to introduce the following auxiliary functions:

o =el=2 oy (A.8)
1-=2
gi(2) =log'(1 — 2), >0, (A.9)
and write:
iBL ()
THE = Y [ + dhal)], k=1, (A.10)
=0
NEL(R)
T (z) = [ 6i(2) + A =), k>0, (A.11)
=0
with:
(k) =k—1, (A.12)
i (k) =k +1. (A.13)

In addition to this, one must take into account that, at O(a’):
JE(2) = T (2) = Ji(2) = 0. (A.14)

The contribution to I'(z) that does not vanish at z — 1 is then written as follows:

kLL NLL

il 2 G tk TLL a(t) - tk TNLL
F(ZaM)ZZE k (2)4'%2@% (2)- (A.15)
k=0 k=0

The expressions of the kai)LL and C;CNZ.)LL coefficients for the non-singlet, singlet, and photon

PDFs will be presented in appendix A.1 (LL results), and in appendix A.2 (NLL results).
The expressions of the functions .J (MLL(2) are lengthy (with some of them receiving con-
tributions that we have not computed analytically, as detailed below), and not relevant to
the matching; for these reasons, they are only reported in a supplementary file attached to
this paper. We remind the reader that the recursive solutions are obtained by following the
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Ins(z, 1) at NLL, pp = mg, p = 100 GeV I's(z, p) at NLL, gg = Mg, 4 = 100 GeV
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Figure 13. Agreement between recursive solutions of various accuracies, and the numerical pre-
dictions, for the non-singlet (top left panel), singlet (top right panel), and photon (bottom panel),
for p = 100 GeV. See the text for details.

procedure outlined in section 5.1. Namely, one first computes the 7" and J;""" functions,
by employing egs. (5.30) and (5.31). These equations must be applied recursively, by work-
ing one’s own way up in k from the known & = 0 results (given in egs. (5.10)-(5.13)). The
expressions for the Altarelli-Parisi kernels are taken from ref. [21]. Finally, the J;* and
J" functions are obtained by derivation, according to eq. (5.36). In order to document
the effect of increasing the number of terms included in the recursive solutions, we plot
in figure 13 the ratio of the result of eq. (A.1) over the numerical predictions minus one;
eq. (A.1) is computed by setting:

Ko = Frax =15 e = 1,2,3. (A.16)

The ratios are displayed as green dot-dashed lines (k};;, = 1), blue dashed lines (k1 = 2),
and red solid lines (kL. = 3). In order for the results to fit into the layout of the figures,
the green and blue curves are multiplied by a constant factor equal to 1072 and 1071,
respectively. In keeping with what has been discussed in section 8, we see that our most
accurate recursive predictions (kL. = 3) agree with the numerical results at the level of a
few 10~* at the worst. Note that since here we are dealing only with the recursive solutions
we have limited ourselves to plotting the PDFs in the range z € (0,0.9) — at the upper

end of the range, the absence of the contribution from the asymptotic solution starts to
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be felt. The new information stemming from figure 13 is that, if we had only computed
either the first term or the first two terms in the sums of eq. (A.1), the O(10~*) agreement
remarked above would actually have been roughly equal to, but generally worse than, 102
and 1073, respectively. The figure also shows that, for any given accuracy of the recursive
solution, the agreement with the numerical prediction marginally worsens towards z — 0
in the case of the singlet, owing to the presence of log z terms which are not resummed.

In the course of the recursive procedure, we have found that some integrals relevant
to Jo (i.e. the function associated with the O(at?) term in the representation of the
PDFs) are not easily computable analytically. We have therefore opted to limit ourselves
to obtaining their z — 1 leading terms analytically, while evaluating all of the remaining
terms numerically, so that the latter contribute only to ngL (we point out that an analogous
strategy has already been adopted in ref. [2]). More precisely, let us consider the generic
modified-convolution integral of eq. (5.3). We distinguish two possibilities: either g(z) is a
plus distribution, or it is an ordinary function. Notation-wise, these two cases are written
as follows:

plus distribution : g(x) = [g(:c)] , (A.17)
ordinary function : g(x). (A.18)
In the case of eq. (A.17), we have:

(A.19)

(9], ®:h=[g],®:h +[9] ®:h

end bulk

where we have defined the endpoint and bulk contributions, respectively, as follows:

ot —h(z)/o dz §(z), (A.20)

= [ 0@ [ (5) 100

z

= [(aya-2)5(1- - 2) e R

These equations can also be used in the simpler case of eq. (A.18): one simply sets the

[9] . ®h

[9] . @

endpoint contribution equal to zero, and computes eq. (A.21) by removing the subtraction
term h(z) and with the formal replacement § — g there.

The endpoint contribution of eq. (A.20) is always computed analytically, and its results
are included in JY*“(z) and/or j}:LL(z), according to the behaviour of h(z) at z — 1. As
far as eq. (A.21) is concerned, for the sake of the forthcoming discussion let us re-write it
more compactly as follows:

1
F(z) = /0 dy f(y,2). (A.22)

If the integral in eq. (A.22) were strongly convergent, then we might obtain its contribution
to the PDF (see eq. (5.2)) by means of a derivation under the integral sign, namely:

z 1 z
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Unfortunately, the strong convergence of the integral is not guaranteed, given that F'(z)
in general is logarithmically divergent at z — 1. However, the contributions that are non
vanishing at z = 1 are also easy to compute analytically; such computation can be carried
out directly at the differential level of eq. (A.23), and stems from expanding the integrand
on the r.h.s. of that equation in a series of z around 1. The latter must include all terms
that result in either a logarithmically-divergent or a constant non-null term at z — 1, which
typically implies up to (1 — 2)° contributions. In this way we arrive at the following identity:

_OF(z) _ |0F(2) OF(2) _ OF(7)
0z 0z 0z |,y 0z |,y ’ (A.24)
with: ) . 4.2)
OF (z B of(y, z
P - —/0 dy 9. - , (A.25)

having denoted by 0f/0z|exp the aforementioned series expansion. The integral in

eq. (A.25) is computed analytically, and its result added to J3™" (thus, given eq. (A.11),
it contributes to cy;" for some i, depending on h(z); there are no contributions to by%"):

OF(z)
0z

— Sy (2). (A.26)

asy

Conversely, the quantity in square brackets in eq. (A.24), where the rightmost term is re-
garded as a regularising factor, is computed numerically,!” and eventually included in JE““L:

! Of(y,z) 0f(y,z)
= (Mo

We list here the pairs § (or g) and h that we handle in the way we have just described:

0F(z) 0F(z)
9z 0z

) — JYM(z). (A.27)

exp

02
al) = 50 ha(v) = log?(1 — v) log v, (A.28)
. 1+ v? .
gp(v) = T hy(v) =log(1 — v) Lia(v), (A.29)
. 1+ v? 2
del0) = T, o) = log2(v) Tog(1 + v). (A.30)
R 1+ v? 2
al) = 12 ha(v) = log() log*(1 +v), (A31)
. 1402 .
ge(v) = 1—v ' he(”) = log(v) ng(—’l}) ) (A32)
. 1+ v? .
gr(v) = T2 hy(v) =log(1 + v) Lia(—v), (A.33)
v2
Gg(v) = 11+_U ’ hg(v) = log(1 + v) Lig (plrv) : (A.34)

1"These are one-dimensional integrations of regularised integrals: the routine gsl_integration_gag of
the GSL library is employed, which guarantees a fast and reliable convergence.
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1402

gn(v) =1——, hp(v) = Lig(1 —v), (A.35)
2

Gilw) = hi(v) = Lis(—v), (A.36)
2

4;(0) = 11+_ a5 hi(v) = Lis (1 Jlr U) , (A.37)
R 1402

gk (v) = Ty log(1 —v) logv, hi(v) =log(1 —v), (A.38)

L g hi(v) =1 A

g(v) = 5o los™v, 1(v) =log(l —v), (A.39)
1+ 02

gm(v) = o logv log(1 +v), hm(v) =log(l —v), (A.40)

_ ey o (v) =1 A4

gn(v) = T+ ip(—v), n(v) =log(l —v), (A.41)

go(v) = % , ho(v) = logv log?(1 + v), (A.42)

gp(v) = % , hp(v) = log(1 + v) Liz(—v) , (A.43)

CEES ha(v) = log(1 +v) Liz (1 i) (A

gr(v) =1, hr(’u) = Li3(1 - U) > (A'45)

go(0) = ha(v) = Lis(1 - v), (A.46)

gr(v) =1, hi(v) = Lis (1 j_ v> ; (A.A4T7)

gulv) =, hu(v) = Lis (1 - v) , (A48)

ol(v) = %log2(1 _ ), ho(v) = log(1 —v). (A.49)

We stress again that each of these pairs will contribute to both eq. (A.26) and (A.27). We
denote generically either of these contributions as follows:

" (z) < (gpahp) or (gp,hp), p=a,...v. (A.50)

These will enter J)“(z) and Jy"“(z) as linear combinations with identical coefficients
(owing to eq. (A.24)), which however do depend on the flavour structure. Explicitly:

non — singlet : Z Wys,p " (2) = (A.51)
p

4 J;ul’l’] _"_ 4 Jélum + 4 Jgum + 2 Jé}llln _"_ 4 Jé}ul’l’] _"_ 4 Jgum + 4 J;um
QI A ST 4 R 2 TP 8 T 8
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singlet : Z ws,pJ,""(2) = (A.52)

QTR e 4L TR I 4 T T g T
AT g Jn g g g Joem g Jowm g o
—8J“m—24nF£Pm,

photon : Z Wy p Jp"(2) = (A.53)

_ 8 Jgunl _ 8 J;urn + 8 J;uln + 8 J;lurn + 16 J;lurn _ 16 J’qr;urn _ 4 J’[l)lurn .

The results of these linear combinations when the J;* contributions are computed
analytically as in eq. (A.26) are the following:

2 4
g wys,pJ,"" (2 :—5772log(l—z)+§ﬂ2+lolog(2)2, (A.54)
2
E ws p J;"" (2) §w210g(1—z)+47r2—1010g(2)2, (A.55)
4 4
g Wy, J " (2 ——4log3(1—z)+§7T210g(1—z)+§77210g(2)—4log(2)3—8C3. (A.56)

As was anticipated, the results on the r.h.s. of egs. (A.54)—(A.56) do not contribute to

NLL

any of the by%" coefficients, while they enter the coefficients 3" and cyg” (singlet and

non-singlet), and cy’s", c3", and ¢y (photon).

A.1 LL coefficients

In this appendix we report the results for the coefficients that enter eq. (A.10); all of the
coefficients that do not appear below are understood to be equal to zero.

e Non-singlet:

NS, 10 = 2, (A.57)
CELSJ’O = -2, (A.58)
Ne, 21 =8, (A.59)
05272’1 = -8, (A.60)
§1é,2,0 =6, (A-Gl)
Cﬁé 20 = —2, (A.62)
NS 30 =24, (A.63)
(:NS’372 =24, (A.64)
§I§73’1 =36, (A.65)
011(11573,1 =—12, (A.66)
gé,z,o 227 Ar? (A.67)
¢h0:9+m? (A.68)

2
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e Singlet:

LL __ jLL .
S, kg bNS,k,i Vkv’L?
LL __ LL .
Cs, k,i — Cns, ki Vk,i.
e Photon:
LL
¢y10 =1
LL
Cy,21 = 2,
LL __§ 2
€y,2,0 = 9 3
LL
&32 =4,
4
LL
Cy,31 = 6= 3mr,
9 2 4
LL _ 2 2
Cy30 = 1 §7r —nNp+ §nF

A.2 NLL coefficients

In this appendix we report the results for the coefficients that enter eq. (A.11). Note that
these do already include the r.h.s. of egs. (A.54)—(A.56); all of the coefficients that do not
appear below are understood to be equal to zero. We employ the following shorthand

notation:

2
Lo = log LOZ .
m
e Non-singlet:

NLL
ns, 0,1 = —4,

NLL
CN&QI__4>

NLL

Ns, 00 = 2(Lo — 1),

cnsoo = —2(Lo—1),

NLL
Ns, 12 = —12,
NLL  __

Cns, 1,2 = 12,

- 20 Arby 4

NS, 1,0 = 1 — o " +4mby — oo +gm Lo(6 — 4mby) ,
32 47h 4
NS0 = —2+ o "F dmbo + Wl — §7T2 + Lo(—2 + 4mhy) ,
Ns2,3 = —32,

Cxs,23 = 32,
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327by 40
L LS00 16728 — ALo(—9 + 8mbo),  (A.92)

160

bo 3
208 327h 40
247b 16
N0 =9 7(: L 4rby 4 672 + 8m2by — 8723 — §W3b0 — 403

407h 2
Og 0 _ 533+ 47r2)> . (A.94)

2
+ Lo (27 — 247by — A7? + 87r2bg) 4+ ng <

87Tb1

10
CEISJ’LZO =—4— §7T2 + 87r268 + b

1
— 87%by + 14mhg + §67r3bo

22 64 8 9
+np ( — — by + 7r2> + Lo (2 + 87bg 4 472 — 87r2b3> +40¢3. (A.95)

9 9 9
e Singlet:
S ki = ON6ik Vk,i, (A.96)
Ca ki = Cnoki Vik,i. (A.97)
e Photon:
& = (L= 1), (A.95)
Y2 =3, (A.99)
4
1 =—T+2Lo — 3 (A.100)
26 2 27by 3
C,I\YI’L{"O =4 -+ Ng <_9 - 3L0> + 27Tb0 - W + LQ <2 - 27Tb0> s (A].Ol)
23 =6, (A.102)
T 1 AL 2 10 N
077272—_?"' 0_§nF+ Om 0 ( X 03)
37 8 87hy
A= —5 + §ni + 18mbo — = = + 27
4
+ Lo(ﬁ — 871'60) — g?”LF (5 + Lo — 27I'b0) , (A.104)
45 52 4 11 67b
NLL 2 Ja o= 2 L2 4272 1 2
€y, 2.0 = 3 +<27+9L0> ny + 4mwbg + 67T 47 b(] b + 474by
23  40mby  8mbr 2 8mby
- —— + -7 — Lo+ Log——
+"F< 6 "9 T3y gr ot
9 2
+ Lo <4 — 6mby — §7T2 + 47r2b3> —6C3. (A.105)

B Asymptotic large-z solution for photon PDF beyond leading N

In this appendix we consider the problem that has been anticipated in section 5.2.3, namely
the improvement of the asymptotic behaviour of the photon PDF given in eq. (5.73) stem-
ming from the inclusion of the off-diagonal elements in the evolution kernels. In order to
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do this, we start from writing the O(«) expressions of the Altarelli-Parisi kernels as follows
(see eq. (4.5)):

Py y = PQ]N+QP[”N+O( 2) (B.1)
= (B0 + g2l o (v
+2)<P“°]+ ~PU + O (NT ))+(’)(a2), (B.2)

having introduced, at each order in «, the leading- and subleading-N contributions. They
read as follows:

pOY (—2log](\;7+2)\o _gonp> | (B.3)

PN = (_i 2?) : (B.4)

]P’E]?,] _ (%Onp IO%NJr M _?%) 7 (B.5)

P = ( AL | 2ne (log? N + 15?2)) . (B9)
—log? N + 15tine 15g [y — Sdnrd306Em) 0

Note that, by considering only egs. (B.3) and (B.5), one recovers eq. (5.71). According to
eq. (4.15), the Altarelli-Parisi kernels define the evolution kernel as follows:

0 a(pw) 1 27h1 1o
o = B+ 2 (ol - T el ) 1)

whence one can write the evolution equation and its formal solution as follows:

ng,N(t)] : (B.8)
k=1

The solution in eq. (B.8) is based on the so-called Magnus expansion [22] (see also ref. [23]),

OEN(t)
ot

= Mpy(t)En(t) =  En(t) =exp

which is constructed solely in terms of the evolution kernel:

QlN / dt1Mp (t1) , (B.9)
Qo (t / an | ! dt2 I\\/I[N(tl) I\\/JIN(tg)] (B.10)
Qsn(t) =.... (B.11)

with Q y(t) featuring k instances of My, all appearing in commutators. Thus, in the case
of a one-dimensional flavour space or of a diagonal evolution kernels, eq. (B.8) is identical
to the solutions given in eq. (4.17) and in section 5.2.3. As far as the singlet-photon sector
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is concerned, we can indeed recover the solutions we have found previously in terms of the
quantity introduced in this appendix. We define the leading-N evolution kernel:

2mb
)~ o)+ 5 () 2 i) 12
9 b 0 b

(0)

and denote by E}’(¢) the corresponding evolution operator. Thus:

SEQ(¢) EY 0
N -MPOEY () = EQ@=( TN o ], (B.13)
ot 0o EO,
Y
where:
By = exp [—51 log N + 51] : (B.14)
o 2np, ap) — alpo) by
E. N =exp [ 3 t 17%h, npe (1 £ ) (B.15)
nF
a(po) \ 3% a(p) — a(po) Ambi\] QED a(po)
_ _ 1- . B.1
(am)) eXp[ w0 g)| a (k) (B.16)

Equation (B.14) coincides with eq. (5.50), while eq. (B.15) coincides with eq. (5.72), as they
should. This is not immediately apparent in the case of eq. (B.15) since there, at variance
with what has been done in eq. (5.72), we have not used the simplifications induced by the
explicit expressions of the QED S-function coefficients (see eq. (4.12)). This is useful when
one considers the limit of non-running « of the formulae presented here. An expression
equivalent to eq. (B.15), as well as the QED “limit” of both, is given in eq. (B.16).

We stress that the case of non-running « is problematic, as it might lead to inconsisten-
cies. By switching off the running, one effectively neglects bubble-diagram contributions
which are exactly the same as those that lead to the v entries in egs. (B.3) and (B.5). In
this paper we ignore such potential inconsistencies, but then we need to carefully distin-
guish the ¥ contributions to the Altarelli-Parisi kernels (which we always parametrise by
means of ny) from those to the QED f function (which we parametrise by means of the
B-function coefficients b;). We shall return to this point with one explicit example later in
this appendix (see egs. (B.75) and (B.76)).

In order to improve on the leading-N results, we shall introduce the subleading- N
contributions to the evolution kernel, and treat them as a perturbation to the solution of
eq. (B.13). This entails writing:

1
MN:M§3)+NM%) —  Ex(t)=EQ®HEV @), (B.17)
having defined:
1 0,1 . o) 11 271 o1
My =Pgy + 21 (P[S,N]_ bo POV ) (B-18)

By replacing eq. (B.17) into eq. (B.8), one arrives at the evolution equation for the operator
EY (1):
N

oEW @) R ! )
gt() — Mg\lf) (t)IEg\l[) (), Mg\lf) (t) = ~ (Eg\?) (t)) M%) (t)Eg\?) (t). (B.19)
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Equation (B.19) can be solved as is written in eq. (B.8), by constructing the Qj n(t) terms
according to egs. (B.9)—(B.11) with My — Mg\l,) there. We then observe that v o< 1/N¥,
and thus for consistency with eq. (B.2) we are allowed to discard all contributions with
k > 2. Therefore:

EY (£) = exp [QLN(t)} +O(1/N?) =1+ /0 t At MY (1) + O (1/N?) . (B.20)

In spite of these simplifications, the integral on the r.h.s. of eq. (B.20) features contributions
of the type exp(aty)exp(exp(bt)) for certain a and b, where the functional dependence
exp(exp(bt1)) stems for the dependence on ¢; of a(u) in Eg\?). Apart from rendering the
t1 integral in eq. (B.20) non trivial, this will also induce functional forms in the N-space
whose analytical inverse Mellin transforms will be extremely hard to compute. We shall
therefore resort to simplifying the expression of Eg\?), by linearising the dependence on t;
of a(u) there. This implies that, as an evolution kernel, we shall use what follows:

< (1,L = 0 0,L
MGP () = MQ @) |[EP () — EY ><t>], (B.21)
where: 0.L)
Egy 0
ES\?’L)U) = ( Eg’N E(o,L)) ; (B.22)
¥Y>N

whose expression can be obtained from egs. (B.14) and (B.15) after the linearisation intro-
duced above. Thus:

E(zoz’z)v = exp [<—§1,0 log N + 51,0) t} , (B.23)
2n
08 o (22 )] oo

In equation (B.23) we have introduced the quantities &; o and él,o which we have defined
as follows:

&G=C&ot+ O, & =Eot+ O, (B.25)

with & and & given in egs. (5.51) and (5.53). By means of an explicit computations from
the latter two equations we obtain:

5 b
§lo=2|1- (i) Zne+ 2, (B.26)
2 9 bo
» 3 Ol(,LLo) )\1 7Tbl
=1 — —— . B.2
S10=3 [ 3 " (B:27)
As far as eq. (B.24) is concerned, its expression stems from that of eq. (B.15); in particular:
a(p) — o) ( 47751) 2
- 1l———)=-— t t B.2
47T2b0 nr 3b0 X1,0 + O( ) ) ( 8)
from whence: (10) rh
_ ko ( m 1) QED
= 1—— . B.2
X1,0 o np 300 — 0 (B.29)
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In summary, the evolution operator we shall use is the following:

En(t) = E0P (1) (I + / t dty MY (t)) . (B.30)
0

Having established that the asymptotic solutions presented in section 5.2 are perfectly
adequate for the case of the singlet, we shall now focus on the implications of eq. (B.30)

on the photon PDF. We obtain:
L, (z) =M1 [(EN(t))WE FS,QN] + Mt [(EN(t))W F%O,N}, (B.31)

with I's o,y and I', oy the N-space expressions of the singlet and photon initial conditions,
respectively. These can be obtained from egs. (3.18)—(3.21):

Tson =1+ O‘é‘:’) (Fo+ Filog N + Fylog? N) + O (N1, (B.32)
Loon=0(NT1), (B.33)
where:
w2 3

Fp=2—-—+-L B.34

0 3 + 2 0> ( )

Fi=2(1- L), (B.35)

Fy=-2. (B.36)

Let us start by considering the contribution of the first term on the r.h.s. of eq. (B.31).
With a straightforward, if tedious, computation we obtain what follows:

4 4 (gt N
N—ooo (0,0) 1 o, 2uizo i log' N

(EN(t)) EFS,O,N — K N N E N i = - —, (B37)
! o szl y(()j)+y§]) log N

with {x((]j ), . ..xij ),y(()j ),ygj )} four sets of N-independent quantities, whose specific forms
are unimportant here. For any given j, the five terms in the numerators on the r.h.s. of
eq. (B.37) can be re-expressed algebraically (i.e. without any approximations) in terms of
the corresponding denominators. In this way, one arrives at the following forms (note that
E'%5) ig independent of N):

77N
1 4 2Dt N
Ly(z) = M [NN”J‘Z(;)—O%U) B =123
Yo +yy log N
5
= ZRi (Cl,j, Ca,5,Cs,5, Daj/ Dy, Dl,j) m; (Z; ki, D1, D2,j> : (B.38)

i=1
Here, we have introduced the inverse Mellin transforms relevant to eq. (B.37) which are
linearly independent from each other, namely:'®

L[N 1 1
1[ N M2+M110gN] =5 (2, My, Ma), (B-39)
N—F -
Vi [ngpzv] 22 Myya(z; ke, My, M) p=0,1,2,3.  (B.40)

8Here and elsewhere, some quantities are denoted to depend on parameters which do not actually enter
their functional forms. This allows one to write eq. (B.38) in a compact, and formally correct, way.
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Explicit computations give:

My (5 5, M, My) = © d-2) ( s — Gats )M

T(1+k) \My—Mlog(l—2z) 6(My— M log(l— z))2

(3072 — 360(3k + mK2) M? (B.41)
180(Ms — My log(l —2))3 |’ '

eTER(]1 — )<

mg(z;ﬁ, Ml,MQ) = F(l—{—/ﬁ‘,) s (B42)
“VER(]1 — )R 2

M (2; 1, My, M) = W <— log(1 — 2) + % - C3m2> : (B.43)
TVER(] — )R 2 2

My (z; 1, M1, Ma) = w <log(1 ) — % + K(— 7Tglog(l —z)+ 2C3>

2 mt
+K (2{3 log(l —z) — 18()> , (B.44)

TVER(1 — )k 2

M (2; 5, My, M) = ‘W < —log(1 — 2)3 + % log(1 — 2) — 2(3 (B.45)

w2 9 m
+K 5 log(1 — z)° — 6(3log(l — z) — 50

4
+ K’ ( —3C3log(1 — 2)* + 76% log(1 — z) + ;WQCS - 12<5)) ,

where, consistently with egs. (B.39) and (B.40), in egs. (B.41)—(B.45) some terms that
vanish at z — 1 have not been included. This is of course arbitrary to some extent, and the
logic we have followed is that of keeping those terms which, when expanded in series, either
contribute to the same monomials ¢"* and at™ as the recursive solutions considered in this
paper, or have the same power of x as the former ones. On top of this, one has the special
case of eq. (B.41) which has the structure of a series in MF~!(My — M log(1 — 2))~*. When
z — 1, these terms are progressively more suppressed with increasing k. Unfortunately,
this hierarchy is not valid at intermediate z’s; in fact, for the values of M7 and M, relevant
to our computation there is a singularity at z ~ 0.65 which is dominated by increasingly
large values of k. This is what prevents the asymptotic solution of the photon PDF from
being well-behaved in all of the z range, at variance with its electron counterpart. This
has significant implications for the matching, which are discussed in section 7. A solution
to this problem would be that of resumming the series on the r.h.s. of eq. (B.41); we have
computed its first seven coefficients, but have not been able to identify the corresponding
generating function. Numerically, the use of all of these seven contributions instead of
the three reported in eq. (B.41) does not change the behaviour at large z’s, and does not
improve that at intermediate z’s.
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The R; functions that appear in eq. (B.38) are:

Rl(Cl, CQ, 03, 04, 05) = (Cg - 0402 + Czcl>

a{Ho
X [1 + (27T)<F0 — CyIy + 042F2):| s

R3(C1,C2,C5,Cy,Cs5) = 61’5(02 — C4Ch)
N a(;ro)és
+ CF (C1Fy + CoFy) — 04301F2),
R3(C1,C2,C3,Cy4,Cs) = g; + O[(;;O) Cl,5<C'1F0 + CoFy + C3F%
— Ci(C1F + o F) + C3C1Fy ),
R4(C1,C5,C5,C4,Cs) = 04(2/;0) 5,5 (01F1 + CoFy — C4C'1F2>,
R5(C1,C2,C3,Cy,C5) = a(;f)g;l’z,

(B.46)

<CQFO + C3F; — Cy (C1F0 + CoFy + C3F2)

(B.47)

(B.48)
(B.49)

(B.50)

where the F; constants are given in eqs. (B.34)—(B.36). Equations (B.46)—(B.50) must be

evaluated as indicated in eq. (B.38), with parameters:
D1y =&,
2n y
Doy = — <3F +2mbo + 1,0 + X1,0> :

Ci1= a(;;o) exp (—Daqt) ,

4
Co1 = _ o) <5 + nF) exp (—Dait) ,

’ 2 3

alpo) ™ 32np  2mhy
C31 = 6+ — —_— — Do 1t
51 =5 (+6+ 0 T o exp (—Da,it),
Di2=2D11,
Dyo=Do1,
(6%
Cra— — (Mo)’
2T
apo) (. 4ns
Coo = 5
’ 2 ( * 3 >7
a(po) ™ 32np  27h
O = — 6+ =
52 27r<+6+9+b0
Di3= D11,
2nF o
Dy3=— T+§1,0+X1,0 ;
C13=0,
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(B.51)

(B.52)

(B.53)

(B.54)

(B.55)

(B.56)
(B.57)

(B.58)

(B.59)

(B.60)
(B.61)
(B.62)

(B.63)



Co3 =0, (B.64)
C33 = —exp (—D273t) , (B.65)
Diy= D13, (B.66)
Dy 4= Do3, (B.67)
Cia=0, (B.68)
Coy=0, (B.69)
C3a=1, (B.70)
and:
ki =¢&0t, j=13, (B.71)
k; =0, j=2,4. (B.72)

We next consider the contribution of the second term on the r.h.s. of eq. (B.31). Owing

to eq. (B.30), to the 1/N suppression implicit in M%’L)

, and to eq. (B.33), it is immediate
to see that this contribution, up to terms vanishing in the z — 1 limit, is identical to that
of eq. (5.73), bar for an «(ug)/a(p) prefactor that here needs to be written according to

eq. (B.24). Thus, by introducing the quantity:

T,5(2) = aluo) 1+ (1 - 2)° <1 og L0 “0 —2logz — 1) , (B.73)

2T z

we can write the sought large-z expression of the photon PDFs in a compact form:

L, (2) = exp [— (2 + X1 0> } Z T, (2 (B.74)

with I’y j(z) given in eq. (B.38) for j < 4 and in eq. (B.73) for j = 5.
The results presented above allow one to obtain their counterparts in the case of non-
running «, by means of the following formal replacements (see eq. (4.19)):

t — @, XlOt — g@np, (B.75)
2 2w 2

bp — 0, by — 0, bl/bo — 0, (B.76)

with 7y defined in eq. (5.6). This procedure is consistent with its analogue relevant to the
recursive solutions (see section 5.1 and appendix A). We can also see that, by using the
replacements above in the expression for E! 7) N given in eq. (B.15), one obtains the same
result as one would have directly read from the solution for the evolution operator relevant
to the case of non-running « (eq. (4.21), with a(u) — « and by — 0 there). We observe
that this would not have happened if one had used eq. (B.16) instead of eq. (B.15), in
spite of these two equations being identical in QED. In other words, the replacements in
egs. (B.75) and (B.76) might lead to an incorrect result in the limit of non-running « if
applied to an expression that contains two values of a computed at different scales; when
this is the case, one must first express one of such « values in terms of the other one, and of
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t. That being said, we point out again that the limit of non-running o must be interpreted
with some care (see the comments that follow eq. (B.16)).

When not considering the case of non-running «, one can re-expressed the exponential
prefactors in eq. (B.74) and in egs. (B.51)—(B.70), and their combinations, in simpler ways,

namely:
([ 2ns | alp) ¢ alp) ¢
— Dot - =E t| = C1.0t & B.7

exp( 2.1 ) exp _ ( 3 +X1,0> | ato) e — (i) est, (B.77)
/o - ) )

exp (—D2’3t) exp |— <Z)F + X1,0> t| = efrot 5 e (B.78)
i 2n ] o

exp | — (3F + X1,o> t) = a((/jf)) : (B.79)

Two observations are in order. Firstly, the expressions on the r.h.s.’s of eqgs. (B.77)
and (B.78) factorise in the functions R;, owing to the linearity of the latter w.r.t. Cy,
(5,5, and C3 j. Secondly, the replacements on the rightmost sides of egs. (B.77) and (B.78)
stem from eq. (B.25); they are not mandatory, but are consistent with the linearisation
simplifications made when solving the evolution equations. For scales of the order of up to
a few hundred GeV’s, in practice they do not induce any significant numerical differences.
With the same arguments, in eq. (B.38) one can also perform the replacements:

ki=%&o0t — & j=13, (B.80)

again from eq. (B.25).

Equation (B.74) is the asymptotic solution that emerges from solving the evolution
equation by keeping the dominant off-diagonal terms in the Altarelli-Parisi kernels. As
we shall discuss in appendix C, it shares with its singlet and non-singlet counterparts the
nice property that its perturbative expansion lead to the same coefficients as those of the
recursive solutions (for certain classes of basis functions in the z space). However, its
functional form is rather involved, but it is fortunately possible to simplify it, by keeping
only the truly dominant terms in the z — 1 limit at each order in . In order to do so one
starts by observing that, in such a limit, one has:

My (25, My, My) 30, (B.81)
My (20, My, My) =3 0, (B.82)
My (2,0, My, My) =3 1, (B.83)
M (2,0, My, My) =3 —log(l—2), (B.84)
My (2;0, My, Ma) = log?(1 — 2), (B.85)
M5 (2;0, My, Ma) = ﬂ;log(l—z)—logg(l—z), (B.86)

for any values of M; and M. Because of egs. (B.71) and (B.72), eq. (B.81) implies that
only the 7 = 2 and j = 4 contributions to eq. (B.74) govern the divergent behaviour of
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I,(z) at z — 1. A simple computation then leads to the following result:
2 3
F’y(z) Z_*ﬂ> Oé(/io) 3 lo (1 . Z) . a(,uo) -
ap) 2m&0 alp) 2m&10

There is a certain similarity between eq. (B.87) and eq. (5.63) which is worth stressing.

log®(1 — 2). (B.87)

In particular, the dominant term at z — 1 in both equations (proportional to log(1 — 2)3
and log(1 — 2)2, respectively) is suppressed w.r.t. the subdominant one (log(1 — z) in both
cases) by a factor proportional to o (owing to eq. (5.64) for eq. (5.63)). This implies that
numerically the onset of the behaviour driven by the most divergent terms occurs only at
z values which are exceedingly large, and in fact hardly relevant to any phenomenological
applications — we have commented further on this point in section 8.

Equation (B.74) simplifies considerably when one retains only the LL terms. A direct
calculation leads to the following result:

_ e pO HO) (ko) .0 PO A0
L (2) = —¢ zml(z,go,Dl , DS )+ ) Sﬁl(z,O,Dl , DS ) (B.88)

with & and & defined in eq. (5.67), and:

D\ =2, (B.89)
2ng 3

pW=_=r 2 B.

We point out that, consistently with the results of appendix A.1, the LL photon PDF is
of O(t) (i.e. it does vanish with & — 0): the two terms on the r.h.s. of eq. (B.88) cancel
each other at ¢ = 0. From eq. (B.41), we also see that the LL-accurate photon PDF of
eq. (B.88) vanishes in the z — 1 limit:

I, (z) 223 0. (B.91)
By comparing eqs. (B.87) and (B.91) we observe that the photon PDF has a behaviour
analogous to that of the electron PDF, namely that its NLL form grows faster than its LL
counterpart at z — 1; to a good extent, this is an artifact of the MS scheme.
We finally point out that eq. (B.88) can be directly obtained from solving the evolution
equation of eq. (B.8), by using there:

1
My =Py + PO - (B.92)
Since the kernel of eq. (B.92) is independent of ¢, eq. (B.8) can be simply solved by diago-
nalisation. After that, one multiplies the results by the LO initial conditions, and performs
the inverse Mellin transform. The fact that by doing so one recovers eq. (B.88) is a rather
powerful check on the procedure adopted in this appendix.

C Expansion of large-z solutions

In view of the matching between the asymptotic large-z solutions and the recursive solu-
tions, it is useful to consider the expansion of the former ones in a series of «; this will also
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allow us to perform some consistency checks on them. We can formally write the result of
such an expansion for the NLL-accurate, running-« solutions of egs. (5.63) and (B.74) in
the same way as in eqs. (A.1) and (A.15), namely:'?

k. NLL
max 4k mdx

T(z,p?) = i Z ICNLL (C.1)
k:O

As the notation with an overline suggests, we only take into account contributions that do
no vanish at z — 1. We point out that we consider the expansion up to O(a?), i.e. we use
the values in eq. (A.2), for the sole reason of consistency with what has been done for the
recursive solutions in appendix A. The flavour structure of eq. (C.1) is the same as that
in egs. (7.2) and (7.3), and can therefore be accounted for by K and K", precisely as
is the case of the J;* and J;'™" functions for the recursive solutions; in practice we shall
omit flavour indices here, in order to simplify the notation, since no confusion is possible.
In fact, one must bear in mind that the large-z solutions of the singlet and non-singlet
PDFs coincide, and that the one of the photon has a functional behaviour significantly
different from the former two. Therefore we shall first deal with the singlet non-singlet
cases together, and with that of the photon afterwards.

C.1 Singlet and non-singlet

When expanding eq. (5.63) to obtain Kp"(z) and KC;"(z), one can simply use the explicit
expressions of & and & in egs. (5.51) and (5.53), respectively, and then consider the Taylor
series in ¢t and «. However, this procedure cannot possibly give a correct answer at z =1,
since I'(z) diverges there order by order, with non-integrable singularities. In order to
properly take such an endpoint contribution into account, all z-dependent terms in I'(z)
must be regarded as distributions, rather than as regular functions. By doing so, one can
exploit the following identities:

logf(1—2) (—=1)PI'(1 +p By Kl
Q-2 b )+ 2; Figg b P20 (€2
for any x, and where:
log'(1 — 2) _
() — |p. _ g\l —2) S '
£ =[] [ . L, >0, ©3)

having introduced #;(z) in eq. (A.8). By using eq. (C.2) in eq. (5.63) with x = &;, and by
subsequently expanding in ¢ and o, one determines K;"(z) and K/*"(2). Because of the
structure of eq. (C.2), it is clear that the latter two quantities can be expressed as linear
combinations of the £;(z) distributions and of Dirac delta’s, namely:

lmax(k)
KE(2) = AYS(1 — 2) + (1 — o) BE: Li(z) k>0, (C.4)
=0
iNLL (k)
KN (2) = AVEG(1 — 2) + By £i(2), k>0. (C.5)
=0

19See footnote 11 for what concerns the cases of solutions of different accuracy.

— 50 —



Equations (C.4) and (C.5) are by construction valid for any z, including z = 1, and so
is eq. (C.1). The z = 1 contribution will be used in the following, but is not relevant
for the matching procedure. For the latter, T'(z) will be considered only with z < 1, and
thus becomes an ordinary function. Its form can be read directly from eq. (C.1), and is as

follows:
krE]Iéx t (t) krl\rIAIc;}: tk
el 2\ LL « NLL
D(z,p%) = Z HKk (2) + o HKk (2), (C.6)
k=0 k=0
where:
KU (2) = KEE(2) [AgL 50, Li(2) > &(z)], (C.7)
KR (2) = KY™H(2) [ = 0, £i(2) > 4(2). (C.8)

Note the strict similarity between egs. (C.6) and (A.15). This has to be expected, since
both of these expressions are O(a?) approximations of the PDF, that retain either some
(eq. (C.6)) or all (eq. (A.15)) of the terms that are singular for z — 1.

We have determined the coefficients A;" and B,I;LZ for k < 3, and AF"" and B,Ing for
k < 2, by means of a direct computation. The results for k£ = 0 are particularly interesting
since, in view of eq. (C.1), they must be related to the initial conditions of egs. (3.18)
and (3.19). We have obtained:

i =1, (C.9)
ANUE = 9 SLO : (C.10)
BYs =2(Ly—1), (C.11)
By = —4, (C.12)

where Lo has been defined in eq. (A.77). With the result of eq. (C.9), K}"(z) is indeed
identical to eq. (3.18). However, by replacing the results of egs. (C.10)—(C.12) into eq. (C.5),
K{§""(z) turns out not to coincide with I‘E,} (z) of eq. (3.19). This is hardly surprising: when
working in the large-z region, one is entitled to set z = 1 in all of the polynomial terms
that appear in the numerators. Therefore, while K{""(z) should not necessarily be equal
to I‘e[l,](z), it must be equal to the z — 1 asymptotic form of the latter — if that were
not the case, the large-z solution would not be compatible with the initial conditions from
which it supposedly originates. In order to obtain the asymptotic expression of the initial
condition, one cannot set z = 1 in all of the numerators of the latter right away, since
Fe[l_] (z) is not an ordinary function, but a distribution. Before doing so, one must first
pull out the 1 + 22 factors from the plus distributions in eq. (3.19). This can be done by
exploiting the following identities:

22 22
(111_2’)+:<11tz>+_25(1_z)’ (C.13)

(0] —Z 22
(1+22) <1g1(1_z)>+ _ <11tz log(1 —2)>++Z5(1—z). (C.14)
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After having done this, one can finally let 1 4+ 22 — 2 in the numerators. It is a matter of
simple algebra to show that this procedure leads to the expected result:

) 23 K3(2). (C.15)

In summary, we have thus proven that the solution of eq. (5.63) embeds the initial condi-
tions of egs. (3.18) and (3.19).

We conclude this appendix by reporting the results for the coefficients with & > 0. We
have obtained what follows:

3
AP = 3 (C.16)
27 w2 3mby  np
AV = 2 4 T 9¢s —4mhg — —— — = 472
1 + 6 (3 7bg bo 13 (3 + 41 )
9 9272
- —37be | L C.ar7
" <4 3 o7 0) 0 (C.17)
9 g2
ARt =2 C.18
45 5 2t 51 52
AN = = 4b2 S A pmicamy | =
2 16+< bo—i-gbl 12>7T + 15 ( 07Tb0)€3 <8 + 6 >7Tb0
(9 472\ 7y . 1 1172 _wby 273bg
2 3 ) b \a 21 6 9
27 372 97b 473
(2L 2T 0 L g2 0 el I, (C.19)
16 2 2
9 w2 83
At — © T 39 2
5596 2 T30 (C-20)
and:
By = bt = 08 ki (C.21)
Byt = b5 = Wsi i (C.22)

with b‘s“}m and b;g ki given in appendix A.1, and bIS\I’LkL,i and bgéL,” in appendix A.2. We
point out that egs. (C.21) and (C.22) hold for all values of k& and ¢ we have considered
here. This is remarkable, because it tells one that with the expressions obtained in this
paper all of the logP(1 — 2)/(1 — 2) terms in the PDF are the same regardless of whether
one obtains them from the recursive solution, or by expanding the asymptotic solution. In
general, one expects the logarithms from the latter to coincide with those of the former
only for the larger values of p at any given k. The result obtained here ultimately stems
from keeping some formally subleading contributions in the procedure of section 5.2.2; in
particular, it is important that the numerators in eqs. (5.56) and (5.57) be 1 + z? rather

than 2 (which would be a perfectly fine choice in the asymptotic region).?’

20Tt turns out that the use of 1+ z? is essential in the determination of the endpoint contributions in
the plus distributions of egs. (5.56) and (5.57), which in turn induce (some of) the z-independent terms
in egs. (5.58) and (5.59). Conversely, away from the endpoints the replacement of 1 + z? with 2 leads to
power-suppressed terms at z — 1.
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C.2 Photon

In the case of the photon one needs to employ eq. (B.74). We start by observing that the
Taylor series in ¢t and « of such a quantity leads order by order to integrable singularities;
as expected, there is therefore no endpoint contribution, and the expansion of the large-z
solution can be expressed in terms of ordinary functions. Before turning to the explicit
form of the latter, we point out that the t° term in the expansion of eq. (B.74) is equal
to I’y 5(2), since the contributions of the I, ;(2) with j < 4 terms mutually cancel (that of
j =1 (j = 3) against that of j = 2 (5 = 4)). One thus recovers the initial conditions of
egs. (3.18) and (3.20), which is a first consistency check on eq. (B.74). We now write the
expansion of the large-z photon PDF in the same way as was done in eq. (C.6), but with
the K}, functions defined as follows:

iLL (k)
Kt (2) = (1= 0ro) Criai(2), k>0, (C.23)
=0
iNLL (k)
Kt (2) = Oy ai(z), k>0, (C.24)
1=0

having introduced the ¢;(z) functions in eq. (A.9). It is a matter of algebra to arrive at the
final results:

i = Coi (C.25)
oy = ok, (.26
with cﬁLk , given in appendix A.1, and ch,? , in appendix A.2. As was the case for their

singlet and non-singlet counterparts (egs. (C.21) and (C.22)), egs. (C.25) and (C.26) have
the property of holding for all of the k£ and 7 values considered here. Thus, the same
remarks done previously are valid here as well (with the obvious exception that they apply
to the logP(1 — z) terms rather than to the logP(1 — z)/(1 — z) ones relevant to the singlet
and non-singlet cases).

D Alternative z-space derivation of asymptotic large-z solutions

In this appendix we show how some of the asymptotic results of section 5.2 can be obtained
directly in configuration space, that is without resorting to Mellin-space techniques, and
thus providing one with a cross-check on the results of the latter. We have considered this

alternative procedure starting from a couple of simplifying assumptions:?!

namely, we only
deal with the non-singlet case, and we neglect the running of a. We point out that this
method has already been used to obtain the LL solution of eq. (5.46) — see e.g. ref. [24].
Here, we extend it to the NLL accuracy.

In essence, the procedure works as follows. One makes an ansatz for the z-space

functional form of I'(z, u?), where the 2 dependence is parametrised by unknown functions.

21'We do not make any claims as to whether this z-space approach remains viable if either of these
assumptions is relaxed.
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The PDF evolution equations, simplified in the z — 1 limit, are then turned into differential
equations for such unknown functions, where the independent variable is 2. By solving
these equations, one is left with arbitrary integration constants, whose values are finally
determined by matching the solutions to the known PDF initial conditions.

In order to proceed, we start by observing that the assumption of non-running o
implies that the dependence on p? can be entirely parametrised by means of the quantity
o, introduced in eq. (5.6); thus, we shall use the latter as our independent variable. At
the LL, this implies that the evolution equation of eq. (3.8) reads as follows:

d 1
el 227 = - PO & T (n,). D.1
an (2,m0) 5 @ (n0) (D.1)

For the computation of the convolution integral on the r.h.s. of eq. (D.1) we approximate
the first-order non-singlet Altarelli-Parisi kernel in the large-z region as follows:

1

—z

POz 223 2 <1 > +2X00(1 — 2), (D.2)
+

which is the analogue of eq. (5.41). The parameter Ao has been defined in eq. (5.42), and

its value stems from the exact form of the denominator of the splitting kernels, 1 + 22;

thus, eq. (D.2) is fully consistent with what is observed in footnote 20. We now make the

following ansatz for the functional form of the LL. PDF that appear in eq. (D.1):

™ (2,m0) = b(no) (1 — 2)*). (D.3)

By replacing eq. (D.3) into eq. (D.1), and by using eq. (D.2), the convolution integral
has two trivial contributions, induced by the §(1 — z) and by the subtraction term of the
plus distribution (integrated in the (0, z) range) in eq. (D.2). The non-trivial part of the
convolution integral can also be easily computed in the z — 1 limit, to read:

Vde 1 2\ o) a(no)
/Z 1—x[a:(1_a:> -(1-2) ]

2 (1 = 270 [yo(a(no) +1) + 7] (D.4)

Thus, both sides of eq. (D.1) are linear combinations of two terms, whose dependence
on z is equal to (1 — 2)%™) and to (1 — 2)%) log(1 — z), respectively. By equating the
coefficients of such terms one finally arrives at the sought differential equations:

d
Tma(no) =1, (D.5)
dib(ﬂo) = b(no) [ — (Yola(no) + 1) + ) + /\0] . (D.6)
1o

The solutions of these are:
a(mo) = 1o + ao (D.7)

e(Ao—7E)M0
b(mo) = bo

L(no+ao+1)" (D)
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The quantities ag and by are arbitrary integration constants, which can be determined by
observing that, in the limit ny — 0, I'**(z,70) must be equal to the initial condition of
eq. (3.18). By imposing such an equality we obtain:

ag = —1, bo =1. (Dg)

It then becomes appartent that eq. (D.3), supplemented with egs. (D.7), (D.8), and (D.9),
coincides with eq. (5.46).

The procedure outlined so far can now be extended to the NLL. We write the analogue
of eq. (D.1) as follows:

d 1
T (2, 0) = 5 (P4 P @, T (i) (D.10)
d770 2 2w
with the second-order non-singlet Altarelli-Parisi kernel approximated in the large-z as
follows:
[1] z—1 20 1
PH(z) = ——np +A0(1—2). (D.11)
9 l—2z/,

Equation (D.11) is the z-space analogue of eq. (5.48), with A\; defined in eq. (5.49). We also
need to replace our LL ansatz of eq. (D.3) with one that is appropriate at the NLL, namely:
TN (z,m0) = (1 — 2)*00)
o

x {bm0) + = [e(m) + d(no) log(1 = 2) +e(mo) log?(1 = )| .~ (D.12)
The physical motivation of eq. (D.12) is the following. Firstly, one observes that P% and
P have the same functional large-z behaviours. Secondly, we have seen that at the LL the
convolution of the evolution kernel with the r.h.s. of eq. (D.3) either leaves the functional
form of the latter unchanged, or it multiplies it by a log(1l — z) term. Therefore, since
the O(«) contribution to the PDF initial condition in the MS scheme, eq. (3.19), contains
logarithmic terms up to the first power, its convolution with the evolution kernel either

leave those unchanged, or it increases their powers by one unity.
As was the case at the LL, the convolution of the r.h.s. of eq. (D.12) with the Altarelli-
Parisi kernels features a few trivial contributions, due to the endpoints, and some non-

trivial ones, which can nevertheless be readily computed. Among the latter, we find again
eq. (D.4), and:

/: dx [1 <1 B ;)a(no) log (1 _ g) C (1= ) Jog (1 — z)]

l—z |2
21 = 27 {10g(1 - 2)o(a(no) +1) + el + Y (al) + 1)}, (D.13)
[ [ -2) o (1= 2) - oot 1)
z—1

~ —(1- Z)“("O){ log(1 — Z){ log(1 = 2)[Yo(a(no) + 1) + el

+ 241 (a(no) + 1)} + 12(a(no) + 1)} - (D.14)
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Upon using these results, the two sides of eq. (D.10) become linear combinations of terms
proportional to logP(1 — z), with p = 0,1, 2,3. By equating the coefficients of such terms,
one finds a system of differential equations:

ddma(no) =1- g—jnF, (D.15)
ngﬁwmﬂmwwwlwvd@§m>+0m;pq}, (D.16)
etm) = elm) {~lonalm) + 0 +2e] (1= 52 )+ (ot fon) o (@)
) = dlm) {~Ton(atm) + 1)+ (1= 200 ) + (20 + £201) |

+ <1 - ginp> { —2e(no) ¥1(alno) + 1)} ; (D.18)
clm) = clm) { ~[oo(atm) + 1)+ (1= 3200 ) + (ot gon) |

+ (1 - gf:nF> { — d(no) 1(a(no) + 1) — e(mo) va(alno) + 1)} ,  (D19)

with solutions:

da

a(no) = 10 (1 - %np> +ao=m+ao, (D.20)
. ) eM—1EM Dot
(10) = Om ) (D.21)
en e D.22
e(no) = €0ma (D.22)

[ %Y !

d(10) = (o) |do + | 1 = g—nr dt 24y (a(t) + 1)

L o

= e(no) [do — 2¢o(m +ao + 1)] (D.23)

r 1
ctm) = e(m) oo+ (1= 32ne ) [ dtd(e)va(alt) + 1)+ vafa(t) + 1)

10
=e(no) [co — doto(m + ao + 1) + o(m + a0 + 1) —p1(m + a0+ 1)],  (D.24)

where 1, and 7); have been defined in egs. (5.69) and (5.70), respectively.

The arbitrary integration constants ag, . .. ey can be found by matching with the initial
condition. We observe that at u = pg the & — 0 NLL result for the PDF must coincide
with the LL one; this implies that eq. (D.9) must still hold true. Because of this, one
can expand eq. (D.12) by using the techniques employed in appendix C (see in particular
eq. (C.2)), to obtain at O(«) the same functional form as in eq. (3.19), which leads to the
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following results:

T, a7 3 115
C()——Z—F’YE"FF"' <'YE_4> <log7n2_ ) (D25)
112
do=1— 2y —log =2, (D.26)
m
€y — —-1. (D27)

By putting everything back together, one sees that eq. (D.12) coincides with eq. (5.68).
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