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Abstract: We explore the capability of measuring lensing signals in LiteBIRD full-sky
polarization maps. With a 30 arcmin beam width and an impressively low polarization
noise of 2.16 µK-arcmin, LiteBIRD will be able to measure the full-sky polarization of the
cosmic microwave background (CMB) very precisely. This unique sensitivity also enables the
reconstruction of a nearly full-sky lensing map using only polarization data, even considering
its limited capability to capture small-scale CMB anisotropies. In this paper, we investigate
the ability to construct a full-sky lensing measurement in the presence of Galactic foregrounds,
finding that several possible biases from Galactic foregrounds should be negligible after
component separation by harmonic-space internal linear combination. We find that the
signal-to-noise ratio of the lensing is approximately 40 using only polarization data measured
over 80% of the sky. This achievement is comparable to Planck’s recent lensing measurement
with both temperature and polarization and represents a four-fold improvement over Planck’s
polarization-only lensing measurement. The LiteBIRD lensing map will complement the
Planck lensing map and provide several opportunities for cross-correlation science, especially
in the northern hemisphere.

Keywords: CMBR polarisation, gravitational lensing, Inflation and CMBR theory
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1 Introduction

Cosmic microwave background (CMB) polarization has been measured by multiple CMB
experiments to improve constraints on cosmology. A CMB linear polarization map contains
two spatial patterns: parity-even E-modes and parity-odd B-modes [1, 2]. In linear theory,
density perturbations are the dominant source of the temperature anisotropies and E-mode
polarization. The density perturbations do not produce the B-mode polarization without
non-linear effects [3]. However, inflationary gravitational waves could generate the B-mode
polarization [4, 5]. The main goal of the LiteBIRD experiment is the measurement of B-
mode polarization produced by inflationary gravitational waves, which would be considered
conclusive evidence for inflation in the early Universe [6].

Another effect that induces B-mode polarization is the weak gravitational lensing of the
CMB. The mass distribution in the late Universe disturbs the trajectory of CMB photons,
which distorts the spatial pattern of the observed polarization maps and converts part of the
E-mode polarization into B-mode polarization [7]. The gravitational lensing distortion is a
nonlinear effect on the CMB. A measurement of CMB lensing allows us to learn about the
matter distribution in the late Universe. The lensing mass distribution correlates with tracers
of the large-scale structure. Such correlations have been measured using, e.g., the galaxy

– 1 –
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number density [8–27], cosmic shear [12, 23, 28–37], the late-time integrated Sachs-Wolfe
(ISW) effect in the CMB temperature fluctuations [38–41], the thermal Sunyaev-Zel’dovich
effect [42, 43], and the cosmic infrared background [40, 44–49]. These cross-correlations have
been used to constrain cosmology. In addition, the lensing map helps to improve the statistical
uncertainty of the inflationary gravitational waves with so-called “delensing” [50–52].

The lensed CMB polarization data has off-diagonal correlations between angular mul-
tipoles, which can be utilized to reconstruct the gravitational lensing potential [53, 54].
Multiple CMB experiments have reconstructed the CMB lensing mass map. Its angular power
spectrum has been measured, by the Atacama Cosmology Telescope [55–60], BICEP [61, 62],
Planck [40, 63–65], POLARBEAR [66, 67], and the South Pole Telescope [68–72]. Upcom-
ing and future ground-based CMB experiments, including the Simons Observatory [73],
CMB-S4 [74] and Ali CMB Polarization Telescope (AliCPT) [75], are planning to make
high-sensitivity measurements of CMB polarization. Their target sensitivities are enough
to measure the small-scale B-mode signal caused by lensing and significantly improve the
precision of lensing measurements. After Planck however, only LiteBIRD can reconstruct
a full-sky lensing mass map including both the northern and southern hemispheres, which
is impossible to achieve with a single ground-based experiment. Therefore, the LiteBIRD
lensing mass map provides an exciting opportunity to cross-correlate the CMB lensing with
galaxies on the sky. The LiteBIRD lensing map in the northern hemisphere would also be
complementary with the AliCPT lensing map [75].

This work is part of a series of papers that present the science achievable by the LiteBIRD
space mission, expanding on the overview of the mission published in ref. [6] (hereafter, LB23).
In particular, this work focuses on the initial investigation of the capability of measuring lensing
signals with LiteBIRD. Multiple studies have explored the practical issues and developed
mitigation techniques for these issues, such as survey boundary and source masking [76–
80], inhomogeneous noise [78, 81], extragalactic foregrounds [79, 82–89], and instrumental
systematics on lensing measurements [90, 91]. Among practical concerns on lensing analysis,
the Galactic foregrounds are one of the most important issues for LiteBIRD. Reference [92]
shows that the residual Galactic foregrounds should be negligible in CMB-S4-like experiments
that utilize small-scale CMB anisotropies. However, we use large-scale CMB polarization data
in the LiteBIRD lensing measurement, where the Galactic foregrounds could be impactful [92].
This paper addresses this question by simulating the lensing reconstruction from a nearly
full-sky LiteBIRD polarization map, including the component-separation procedure. We
further investigate some applications of the LiteBIRD lensing map, including the primordial
non-Gaussianity, the late-time ISW effect, and inflationary gravitational waves.

This paper is organized as follows. In section 2, we explain our method for lensing
reconstruction for LiteBIRD. In section 3, we describe our setup for simulation. In section 4,
we show our main results for the lensing reconstruction for LiteBIRD. In section 5, we
investigate potential applications of the LiteBIRD lensing map for cosmology. Finally,
section 6 is devoted to a summary and discussion. Throughout this paper, we use the
cosmological parameters for the flat ΛCDM model adopted in LB23. In a companion
paper [93] (hereafter LB-Delensing), we explore the feasibility of delensing for LiteBIRD. We
choose the cosmological parameters obtained from [94].

– 2 –
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2 Methodology

This section describes our methodology for the lensing reconstruction from LiteBIRD polariza-
tion data. After briefly reviewing the principal impacts of weak gravitational lensing on CMB
anisotropies, we summarize the quadratic estimator for the lensing reconstruction [53, 54],
the internal-linear combination (ILC) in harmonic space (hereafter HILC) [95] for component
separation, and filtering of the polarization map. The temperature map obtained from
LiteBIRD will not offer significant improvement over the results already obtained by the
Planck mission due to its restricted angular resolution. However, LiteBIRD will be able to
precisely measure CMB polarization over the entire sky, providing a complementary full-sky
lensing map that will have better accuracy at large angular scales (L < 10) since the EB

quadratic estimator will be much less sensitive to several potential mean fields [79]. Our study
focuses on the polarization measurements of LiteBIRD, where the polarization quadratic
estimators yield the highest signal-to-noise ratio (SNR). The rest of this article will thus
concentrate on polarization analysis.

2.1 Gravitational lensing of CMB

The trajectories of CMB photons passing through a mass distribution are deflected by the
gravitational potential which is referred to as gravitational lensing. The gravitational potential
of the large-scale structure in the late-time Universe causes the gravitational lensing effect
on the CMB, and the lensing effect distorts the observed CMB anisotropies. The lensed
polarization anisotropies described by the Stokes Q and U parameters that we measure today
are approximated as (e.g., refs. [96–98])[

Q̃ ± iŨ
]

(n̂) = [Q ± iU ] (n̂ + d) , (2.1)

where n̂ is the line-of-sight unit vector and d is the deflection vector. We define the lensing
potential, ϕ, as d = ∇ϕ, where ∇ is the covariant derivative on the sphere. The lensing
potential is related to the line-of-sight projection of the three-dimensional gravitational
potential (the so-called Weyl potential [97]), Ψ, sourced by the matter distribution, as

ϕ(n̂) = −2
∫ χ∗

0
dχ

χ∗ − χ

χ∗χ
Ψ(χn̂, η0 − χ) . (2.2)

Here, χ is the conformal distance, η0 is the conformal time today, and χ∗ is the conformal
distance to the last-scattering surface.1 The gravitational potential, Ψ(χn̂, η0 − χ), is
evaluated along the unperturbed trajectory χn̂, the so-called Born approximation [100–
102], with conformal time η0 − χ. We ignore the curl mode, which vanishes in the linear
theory of perturbations having only scalar density perturbations (see, e.g., ref. [103] and
reference therein).

Furthermore, the lensing converts part of the E-mode polarization into B-mode polariza-
tion [7]. The lensing-induced B-mode polarization is roughly comparable to a 5 µK-arcmin

1The temperature and polarization anisotropies are generated at slightly different epochs and durations.
Since the lensing kernel is almost insensitive to a slight change in χ∗ [99], we assume χ∗ is the same for the
temperature and polarization.

– 3 –
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white noise up to half-degree angular scale and has been detected by ground-based CMB
experiments (e.g., ref. [46]). This lensing B-mode polarization impedes the detection of
inflationary gravitational waves [51]. LB-Delensing focuses on overcoming this issue with
delensing techniques, which we will also mention in section 5.

2.2 Reconstruction of lensing potential

The lensing potential can be reconstructed using the fact that averaging over CMB realizations,
while keeping the lensing potential unchanged, violates the statistical isotropy of the CMB,
thereby introducing correlations between different CMB polarization multipoles. The off-
diagonal elements of the CMB polarization covariance generated by lensing up to linear
order in ϕ are given as [53, 104]2

⟨XℓmYℓ′m′⟩(ℓm) ̸=(ℓ′,−m′) =
∑
LM

(−1)M

(
ℓ ℓ′ L

m m′ −M

)
fXY

ℓℓ′Lϕ∗
LM , (2.3)

where X, Y ∈ {E, B} and the quantity in parentheses is the Wigner 3j symbol that represents
the angular momentum coupling. The function fXY

ℓℓ′L quantifies the response of the off-diagonal
correlations to lensing whose explicit form is given by table 1 in ref. [53] and ∗ denotes the
complex conjugate. Thus, the lensing potential can be estimated as a quadratic combination
of the CMB anisotropies at different angular scales.

In the LiteBIRD case, the EB estimator dominates the SNR of lensing. The improvement
of the SNR using the maximum-likelihood estimator [107] is negligible for the LiteBIRD
case3 when the residual foregrounds are included. Therefore, this paper only focuses on the
EB quadratic estimator. In an idealistic case, the estimator is given as [53]

ϕ̂LM = Aϕ
L(ϕ̄LM − ⟨ϕ̄LM ⟩) , (2.4)

where we define

ϕ̄∗
LM =

∑
ℓℓ′

(
ℓ ℓ′ L

m m′ M

)
(fEB

ℓℓ′L)∗ĒℓmB̄ℓ′m′ . (2.5)

In an idealistic case, the filtered multipoles, Ēℓm and B̄ℓm, are obtained by multiplying their
inverse variance for each multipole, X̄ℓm = Xℓm/CXX

ℓ , with X = E or B. In this study, we
employ Wiener filtering, including the pixel-space noise covariance, the details of which are
described in section 2.4. The normalization in the idealistic full-sky case is given by

Aϕ
L =

{
1

2L + 1
∑
ℓℓ′

|fEB
ℓℓ′L|2

CEE
ℓ CBB

ℓ′

}−1

. (2.6)

In the following, we describe how to implement the estimator for LiteBIRD.
2Cosmic birefringence — a rotation of the CMB linear polarization plane as they travel through space (see

ref. [105] and references therein) can also lead to a nonzero off-diagonal element. However, the additional
contributions do not bias the lensing estimate due to the difference in the parity symmetry [106].

3We estimate the improvement with the analytic formula of ref. [52] and find that the improvement is only
a few percent for our baseline setup of the lensing reconstruction.

– 4 –
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2.3 Galactic foreground cleaning

We perform lensing reconstruction on the foreground-cleaned polarization map. Our simulation
includes both Galactic dust and synchrotron emission, with spatially varying spectral indices.
Point sources and free-free emission are excluded, since their impact on large angular CMB
multipoles is insignificant [108, 109]. The harmonic coefficients of our frequency maps at
each observed frequency ν are modeled as

Mν
ℓm = SCMB

ℓm + SFG,ν
ℓm + Nν

ℓm , (2.7)

where SCMB
ℓm is the CMB component, SFG,ν

ℓm is the total foreground contribution at the
observing frequency ν, and Nν

ℓm is the noise at the frequency ν. The assumption of a known
frequency scaling permits the utilization of ILC in harmonic space for the cleaning. An
additional critical assumption underlying the ILC method is the Gaussianity of the CMB.
In HILC, we define the foreground-cleaned map as [95]

Scleaned
ℓm = wℓ · Mℓm , (2.8)

where wℓ contains the weights for each frequency map, and the bold letters indicate the vectors
containing all observed frequency maps. We can derive the HILC weights by minimizing the
variance from the foregrounds and noise contributions under the constraint for an unbiased
estimate, wT

ℓ · a = 1, with a = (1, 1, . . . , 1)T. The weights are then given by

wℓ = C−1
ℓ a

aTC−1
ℓ a

, (2.9)

where the covariance of frequency maps in harmonic space is given by

Cℓ = 1
2ℓ + 1

∑
m

MℓmM †
ℓm . (2.10)

The HILC method requires the total power spectrum, which includes contributions from the
CMB, Galactic foregrounds, and noise, to compute the covariance of the frequency maps. In
practice, this total power spectrum is estimated from observed data. On the other hand,
the method does not include the non-Gaussianity of the Galactic foregrounds. Unlike other
component-separation methods, the HILC method focuses on minimizing the variance in the
foreground cleaned map while preserving the signal power, rather than globally suppressing
the statistical noise. HILC assumes isotropy to derive the weights, in contrast to, for example,
Needlet ILC [110]. This isotropic assumption limits the ability of HILC to optimally account
for spatial variations in foreground morphology and spectral energy distribution (SED),
potentially introducing bias in the lensing measurements due to the spatial variation of
Galactic foregrounds. This paper tests whether the HILC method works even if the Galactic
foregrounds have some spatial variation.

2.4 Filtering of CMB anisotropies

We compute the Wiener-filtered E- and B-mode polarization starting from the above
component-separated polarization map as inputs. Specifically, we solve the following equa-
tion [111, 112]:[

1 + C1/2
s BY†

2N−1
pixY2BC1/2

s

]
(C−1/2

s p̂WF) = C1/2
s BY†

2N−1
pixp̂obs . (2.11)
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Here, we solve for the vector p̂WF, which has the harmonic coefficients of the Wiener-filtered
E- and B-mode polarization, Cs is the diagonal signal covariance of the lensed E- and
B-mode polarization in spherical-harmonic space, and B is a diagonal matrix to include the
beam smearing. The matrix C1/2

s is defined so that its square is equal to Cs. The real-space
vector p̂obs contains the observed Stokes Q and U maps after adopting HILC. The matrix
Y2 is defined to transform the multipoles of the E- and B-modes into real-space maps of
the Stokes parameters Q and U . Finally, Npix is the pixel-space covariance matrix of the
instrumental noise in these maps.

To compute the noise covariance, we assign infinite noise for pixels not used in the
analysis. We assume isotropic noise in observed pixels, following a model of E- and B-mode
noise power spectra. Explicitly, we assume that the inverse noise covariance is given by

N−1
pix = WY2N−1Y†

2W , (2.12)

where W is a matrix that takes the value 1 for pixels used in the analysis and zeroes otherwise,
and N is the noise covariance of E and B modes. We assume that the noise covariance of
E- and B- modes is diagonal in harmonic space, with elements given by a model of the E-
and B- mode noise power spectra, NEE

ℓ and NBB
ℓ . Our simulation pipeline uses the noise

spectra obtained from the HILC weights during component separation with the reference noise
spectra of 15 frequency channels, while explicitly not considering the foreground residuals in
this process. We do not include any extra masks besides the Galactic mask.

3 Simulations

This section overviews the simulation sets used in this analysis and in LB-Delensing to
produce the results. We use the experimental specifications described in table 13 of LB23 to
generate multiple frequency maps with frequency coverage ranging from 40 GHz to 402 GHz
in 15 frequency channels. Note that while table 13 of LB23 provides 22 frequency channels,
we exclusively consider the combined values for each frequency. However, our investigation
finds that the changes in the noise properties remain negligible in the foreground-cleaned
map, even when utilizing the full 22-frequency configuration.

We generate realizations of the frequency maps and the post-component-separation map
through the following steps.

1. We create a lensed CMB polarization map of the full sky. We first generate unlensed
CMB polarization maps and a lensing potential map on the full sky as random Gaussian
fields drawn from the input fiducial angular power spectra. We then remap the unlensed
CMB maps with the lensing potential map using lenspyx,4 where the algorithm utilizes
bicubic interpolation in an oversampled equidistant-cylindrical-projection grid.

2. We produce 15 frequency maps of synchrotron and dust emission using pysm3.5 For
our baseline simulation set we use s1 and d1 models for synchrotron and dust, respec-
tively. In the s1 model, a power law scaling is applied to the synchrotron emission

4https://github.com/carronj/lenspyx.
5https://github.com/galsci/pysm.
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templates [113, 114] with a spatially varying spectral index [115]. The thermal dust,
d1, is modeled as a single-component modified blackbody. The Planck dust template
is scaled to different frequencies with a modified-blackbody spectrum using spatially
varying temperature and spectral index [116]. In our analysis, we also consider the d0
model for dust and the s0 model for synchrotron radiation, both sourced from PySM.
Here, the d0 model corresponds to a simplified version of the d1 model, characterized
by a fixed spectral index of 1.54 and a blackbody temperature of 20 K. On the other
hand, the s0 has a constant spectral index of −3. Hereafter, the combinations of these
foreground models are referred to as s0d0 and s1d1, denoting the total contributions
of synchrotron and dust in their respective configurations.

3. Each frequency map containing the CMB signal and the foreground components is
convolved with the associated Gaussian beam, and then the corresponding white noise
is added to each frequency map.

4. We deconvolve the aforementioned beam-convolved frequency maps and perform com-
ponent separation using the HILC algorithm with fgbuster6 to obtain the full-sky
component-separated map. HILC uses an evenly binned covariance, with bin size,
∆ℓ = 10.

We repeat this process for each realization and generate 500 realizations (hereafter SET1).
These maps are defined on a Healpix [117] grid with Nside = 512. In addition, we generate a
simulation set to specifically compute the so-called N (1) bias in the lensing measurement [118],
where the input lensing map is kept fixed for all realizations. This fixed-lensing simulation
is generated for 100 realizations (hereafter SET2).

Figure 1 shows the E- and B-mode angular power spectra of the component-separated
CMB maps on the full sky. The green line represents the sum of s1d1 foreground residual
and noise after filtering with HILC weights derived from simulations of CMB, LiteBIRD
noise, and the s1d1 model. The red line is the equivalent for the s0d0 model. At large
angular scales (ℓ ≲ 100), the residual foregrounds become non-negligible, especially for the
B-mode power spectrum, which is dominated by residual foregrounds at ℓ ≲ 100. At smaller
angular scales (ℓ ≳ 600), the instrumental noise becomes dominant.

4 Lensing reconstruction

In this section, we present the results of the reconstruction of lensing potential from our
simulation set. For the forecast, we consider the s1d1 foreground model as our baseline
simulation. We also highlight the biases in our estimates of the lensing power spectrum.

4.1 Reconstructed lensing map

We reconstruct the lensing potential from the component-separated maps using the public
Planck Galactic mask7 that keeps 80% of the sky for our baseline analysis. We also consider
the case which keeps 90% of the sky. Before this reconstruction, we apply the filtering as

6https://github.com/fgbuster/fgbuster.
7HFI_Mask_GalPlaneapo0_2048_R2.00.fits.
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Figure 1. Foreground residuals and noise presented in our component-separated polarization maps.
The solid black line represents the signal. The left and right panels display the E- and B-mode residuals,
respectively. We illustrate the residuals for two foreground models, s0d0 (red) and s1d1 (green). The
s1d1 case has notable deviations due to spatial variations in the foreground which cannot be fully
addressed by the standard ILC method. Both spectra are computed from 500 full-sky simulations.

described in eq. (2.11) of section 2.4 to the component-separated maps. The HILC-weighted
noise spectra averaged over the SET1 simulation are used for the noise covariance, N. We
employed the EB quadratic estimator with cmblensplus8 [119] for reconstructing the lensing
deflection field. For the analysis of this paper, CMB multipoles 2 < ℓ < 600 were used.
The maximum multipole is determined so that the SNR of the lensing signals is saturated.9

Figure 2 shows one realization of the reconstructed lensing-convergence map. We can see
a clear correlation between the input and reconstructed lensing maps.

4.2 Biases in the lensing power spectrum estimate

The estimation of the angular power spectrum of the lensing potential requires the subtraction
of several biases because the estimates of the lensing potential are quadratic in CMB
polarization anisotropies, and the power spectrum of the lensing estimator is the four-
point correlation of the CMB anisotropies. The CMB four-point correlation consists of
contributions from disconnected and connected parts, and the latter contains the lensing
potential power spectrum. The remaining terms emerge as a bias in estimating the lensing
power spectrum [118, 120–122]. The power spectrum of the quadratic estimator, C ϕ̂ϕ̂

L , is
described by

C ϕ̂ϕ̂
L = RLCϕϕ

L + N
(0)
L + N

(1)
L + ∆Cϕϕ

L . (4.1)
8https://github.com/toshiyan/cmblensplus.
9For LB-Delensing, we also compute the lensing reconstruction with CMB multipoles at 190 < ℓ < 600 to

eliminate potential delensing biases on the delensed power spectrum [51].
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Figure 2. Lensing convergence map, which is defined in harmonic space as κLM ≡ L(L + 1)ϕLM /2,
obtained from one realization of the SET1 s1d1 simulation. The map contains multipole of 2 < L < 100
and has the size of 17 × 17 deg2. Left: the input map used to remap the primary CMB. Right: the
Wiener-filtered reconstructed map. The map resolution is 5 arcmin-pixel−1.

The first term is the lensing potential power spectrum, Cϕϕ
L , multiplied by a factor, RL, due

to a mismatch between the analytic and true normalizations. The second term, N
(0)
L , arises

from the disconnected part of the four-point correlation, the so-called N0 bias, which receives
contributions from the CMB, foreground, and noise. The third term, N

(1)
L , is the so-called

N1 bias that arises from the secondary contraction of the connected parts by lensing at first
order in Cϕϕ

L [118], and the last term, ∆Cϕϕ
L , contains the other remaining biases of Cϕϕ

L

due to, e.g., possible issues of the estimation of normalization, mixing of power between
different multipoles, and biases at O((Cϕϕ

L )2).
We estimate the mean-field bias, ⟨ϕ̂LM ⟩, which arises primarily due to the mask and

foreground residuals, using 100 realizations of the SET1 simulation. The mean-field bias is
subtracted at the map level as shown in eq. (2.4), and these realizations are not included
in computing other bias terms. To check the level of the mean-field bias, we also compute
the power spectrum of the mean-field bias, CMF

L .
The N0 bias approximately corresponds to the noise power spectrum of the reconstructed

lensing map. We compute the N0 bias with a Monte Carlo simulation (hereafter MCN0).
Specifically, we compute the lensing estimator using the SET1 simulation in the following way:

N
(0),MC
L ≡

〈
C ϕ̂ϕ̂

L

[
Ei, Bj , Ei, Bj

]
+ C ϕ̂ϕ̂

L

[
Ei, Bj , Ej , Bi

] 〉
SET1

, (4.2)
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where i and j are simulation indices, and we define

C ϕ̂ϕ̂
L

[
X, Y, X ′, Y ′] ≡ C ϕ̂XY ϕ̂X′Y ′

L . (4.3)

The ensemble average is over 500 realizations from SET1 with i and j = i+1 changing cyclically.
Since the MCN0 estimate is not optimal [123, 124], we also compute the realization-dependent
N0 (hereafter RDN0) bias [64, 79] for each realization in SET2, which is given by

N
(0),RD
L,i ≡ ⟨C ϕ̂ϕ̂

L

[
Ei, Bj , Ei, Bj

]
+ C ϕ̂ϕ̂

L

[
Ej , Bi, Ei, Bj

]
+ C ϕ̂ϕ̂

L

[
Ei, Bj , Ej , Bi

]
+ C ϕ̂ϕ̂

L

[
Ej , Bi, Ej , Bi

]
⟩j

− N
(0),MC
L .

(4.4)

The average is over random 100 realizations from SET1 with j ≠ i, which is independent
of that used for evaluating N

(0),MC
L . The N1 bias is estimated with the SET2 simulation

as (e.g., ref. [69], hereafter MCN1)

N
(1),MC
L ≡

〈
C ϕ̂ϕ̂

L

[
Ei, Bj , Ei, Bj

]
+ C ϕ̂ϕ̂

L

[
Ei, Bj , Ej , Bi

]〉
SET2

− N
(0),MC
L . (4.5)

Here, we use 100 realizations of the SET2 simulations to evaluate the ensemble average.
Figure 3 shows the significance of each bias term compared to the theoretical lensing

power spectrum. We also show the debiased angular power spectrum of lensing potential:

Ĉϕϕ
L = 1

RMC
L

(
C ϕ̂ϕ̂

L − N
(0),RD
L − N

(1),MC
L

)
, (4.6)

where RMC
L is the normalization correction obtained from

RMC
L =

 Cϕinϕ̂
L

Cϕinϕin

L

2

. (4.7)

Here, ϕin is the full sky input lensing map. We use 400 realizations of the SET1 simulations
to obtain the mean and standard deviation of Ĉϕϕ

L . After correcting for the N0 bias, N1 bias,
and normalization, the power spectrum is in good agreement with the input power spectrum
within the measurement uncertainty. The result also shows that the foreground-induced
trispectrum and mean-field bias are negligible. Note that the power spectrum at the first
and second bins are deviated from the input by 0.3σ and 0.1σ, respectively, compared to
the measurement uncertainty. Although the bias is negligible compared to the measurement
uncertainty, these discrepancies are not negligible compared to the simulation error (6σ and
2σ). Possible reasons for this small bias include the sky cut effect since the bias reduces by
increasing the sky coverage from 80% to 90%. The discrepancy has negligible impact on
LiteBIRD lensing analysis in practice since the observational errors are much larger, but we
leave a further understanding of the discrepancy in our future work.

In figure 4, we compare the N0 and mean field biases of the lensing reconstruction in
the presence and absence of Galactic foregrounds. Without Galactic foregrounds, the only
non-idealistic effect is the Galactic mask, which primarily causes the mean-field bias and a
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Figure 3. Binned angular power spectrum of the lensing potential shown in the black and orange data
points for fsky = 0.8 and 0.9, respectively, with error bars indicating the measurement uncertainty.
These mean values and uncertainties are estimated from 400 realizations of the SET1 simulation with
s1d1 model. The solid and dashed lines in various colors represent the quantities for fsky = 0.9 and
0.8, respectively. The red and green lines correspond to the MCN0 and MCN1 biases. The mean field
is illustrated with a blue line. We show the power spectrum up to L = 600 since the power spectrum
at L > 600 is significantly noise-dominant. To enhance clarity, the orange data points are slightly
shifted rightward to L + 0.2.

small error in the term ∆Cϕϕ
L in eq. (4.1), leading to a slight bias in the first two bins of the

angular power spectra. With the foreground cleaning, the noise level of the cleaned CMB
polarization map increases, leading to an increase in the N0 bias. The power spectrum of the
mean-field bias is more than an order of magnitude lower than the signal power spectrum.
The mean field does not increase even in the presence of the residual Galactic foregrounds.

4.3 The signal-to-noise ratio

We here show a simulation-based estimate of the SNR of the lensing signal. We first measure
the amplitude of the lensing spectrum from a weighted mean over multipole bins:

Âlens =
∑

b abÂb∑
b ab

. (4.8)
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Figure 4. Top: comparison plot of the N0 (upper, colored solid) and mean-field biases (lower,
colored dash-dotted), with and without the Galactic foregrounds. For the N0 bias, we show two
foreground cases, s0d0 and s1d1, in addition to the no foreground case (‘No FG’). These evaluations
were performed using a mask corresponding to an fsky = 0.8. We also show the Monte Carlo error
(dotted) in estimating the mean-field bias, CMC

L = (Cϕϕ
L + N

(0),MC
L )/100, where the denominator ‘100’

represents the number of realizations used for estimating the mean-field, following the methodology
outlined in ref. [78]. The lensing power spectrum signal is shown in grey solid line. Bottom: the ratio
of the measured lensing power spectrum to the input lensing power spectrum with (red) and without
(green) the Galactic foregrounds. The errorbar represents the measurement uncertainty. Note that
the power spectrum shown in red is slightly shifted to the right as L → L + 0.2 for clarity.

The quantity Âb is the relative amplitude of the power spectrum compared with a fiducial
power spectrum for the Planck ΛCDM cosmology, Cϕϕ

b , i.e., Âb ≡ Ĉϕϕ
b /Cϕϕ

b . The weights,
ab, are taken from the band-power covariance as

ab =
∑
b′

Cϕϕ
b Cov−1

bb′ C
ϕϕ
b′ . (4.9)

The fiducial band-power values and their covariances, including off-diagonal correlations
between different multipole bins, are evaluated from the simulations. The SNR is then given by

SNR = 1
σA

, (4.10)

where σA is the 1 σ constraint on Alens computed from SET1 simulations.
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Figure 5. SNR of the lensing power spectrum. The yellow bar shows the case with no foregrounds,
while the light green and blue bars represent the cases with the s0d0 and s1d1 foreground models,
respectively. The red bar shows the case with the s1d1 foreground model but with a wider sky
coverage, fsky = 0.9. The pink bar is the SNR from the Planck polarization-based lensing analysis [65].

Figure 5 shows a summary of the SNR for three cases: the baseline, s0d0, and no-
foreground cases. We find that the SNR of the LiteBIRD lensing reconstruction is comparable
to that of the latest full-sky lensing measurement from Planck [40]. In the presence of the
s0d0 foregrounds, the SNR decreases by 10% compared to the no-foreground case. If we
consider the foregrounds with the spatially varying spectral index, the SNR decreases by 3%
compared to the s0d0 case. It is worth noting that LiteBIRD uses polarization alone, and
the reconstructed map from LiteBIRD is complementary to the Planck lensing map, which is
mostly based on temperature anisotropies. If we increase the sky fraction to fsky = 0.9, the
SNR increases by 6.8%, a factor of 4 improvements compared to the Planck polarization-only
reconstruction (referred to as Pol hereafter).

Figure 6 shows a comparison between N
(0),MC
L of the Planck polarization-only recon-

struction and of LiteBIRD. The lensing maps from Planck full-data and LiteBIRD are
reconstructed mostly from temperature and from polarization, respectively, and are almost
statistically independent. Thus, the combined lensing map from Planck and LiteBIRD will
have an SNR of approximately 60. We will show a more accurate estimate of the SNR for
the combined lensing map in our future work.

4.4 Impact of foregrounds in lensing estimate

In this section, we quantify the impact of foregrounds on the estimate of the lensing amplitude,
denoted as Alens. We measure the lensing power spectrum across 400 realizations from the
s1d1 simulation, employing eq. (4.6). For each realization, we estimate Alens by sampling the
likelihood as outlined in appendix A. Furthermore, our extended analysis involves calculating
C ϕ̂ϕ̂

L in eq. (4.6) from the s1d1, while the rest of the factors, particularly the lensing bias
factors such as RDN0, MCN1, and mean-field, are computed from a different foreground
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models. This approach enables us to assess potential biases in Alens that may arise due to
inaccuracies in the estimation of lensing power spectrum bias factors and the measurement
error resulting from erroneous covariance estimation.

Figure 7 presents the probability distributions of Alens assuming s1d1 as the real data.
The distribution function is determined using a Gaussian kernel density estimate (KDE)
implemented in the Python package SciPy,10 with a bandwidth set to 0.5. The red histogram
corresponds to the estimation of Alens when assuming no foregrounds, resulting in a bias
of 30%. This bias reduces to 12% when we utilize the s0d0 model (green histogram), but
is larger than the 1σ statistical error. The measurement error increases as 12% and 16%
compared to our baseline analysis when we employ s0d0 and no foreground cases respectively.
This is because the two models, s0d0 and s1d1, have significant discrepancies already in the
EE and BB power spectra, as we show in figure 1. This discrepancy leads to a significant
mismatch between the true and simulation disconnected bias. In practice, however, we would
not use no-foreground or s0d0 for our model since it does not fit the data of EE and BB

power spectra. Thus, the bias shown here is more enhanced than what would be obtained in
an analysis of real data. Finally, we mention when we correctly use the simulation from the
s1d1 model. For Alens, the bias is observed to be 0.4σ in comparison to the measurement
error. Although the bias is not negligible compared to the simulation error, the bias is
negligible compared to the measurement error. Note that this small bias is mainly due to
the first two bins of the angular power spectra.

To investigate the agreement of the estimated lensing potential angular power spec-
tra between our simulation sets and detect potential biases in our analysis, we apply the

10https://scipy.org.
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Figure 7. Probability distribution of the bias, Alens − 1, for the three different foreground cases
using 400 realizations. The blue histogram illustrates the measurement bias when considering terms
in the lensing power spectrum bias (such as RDN0, MCN1, and mean-field) and covariance, as derived
directly from the s1d1 simulation. The green (red) histogram shows the results for the case where
the same power spectrum is used but with the subtraction of the lensing power spectrum bias and
covariance estimated using the incorrect model s0d0 (No FG). The solid curves are the Gaussian
distribution function fitted to each histogram. The dashed vertical line indicates the mean value of
these distributions.

Kolmogorov-Smirnov (KS) test to compute p-values within each multipole bin of the angular
power spectra. The p-values are calculated based on the null hypothesis, which assumes
that the power spectra in no-foreground and foreground cases follow identical distributions
after bias mitigation (see eq. (4.6)). For the foreground cases s0d0 and s1d1, analyzed
under an assumed no-foreground case, the corresponding p-values are shown in figure 8.
p-values exceeding 0.05 suggest statistical compatibility between the two distributions, while
those below this threshold indicate significant deviations. For both foreground cases, the
p-values for angular scales beyond L = 400 fell below 0.05, indicating a significant deviation.
Conversely, for L < 400, the p-values of the s0d0 and s1d1 models are predominantly
greater than 0.05, suggesting that at each multipole bin, the distribution does not statistically
deviate from that in the no-foreground case. However, the p-values from s0d0 and s1d1
cases do not follow a uniform distribution, as shown in the inset of the figure. The deviation
from the uniform distribution suggests underlying differences in the power spectrum affected
by foreground components, which are not statistically negligible when combining all mul-
tipoles. Recognising this complexity, our future efforts will investigate these distributional
characteristics in a more thorough way to gain a more comprehensive understanding of their
implications for cosmological analysis.
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Figure 8. The Kolmogorov-Smirnov test p-values obtained for each bin. The red and blue lines
represent the p-values when comparing s0d0 and s1d1 with the no-foreground case. Inset plot presents
the histogram of the p-values within the range of 0 < L < 400.

5 Applications of LiteBIRD lensing map

In this section, we discuss some of the potential applications of the LiteBIRD lensing map.

5.1 Cross-correlations

One potential application of the LiteBIRD CMB lensing map is to cross-correlate it with
other tracers of the large-scale structures in the Universe. The full-sky LiteBIRD lensing
map can be used to calibrate tracers of the large-scale structure through cross-correlation
and hence to constrain cosmology. Here, to estimate the SNR of the cross-correlation signal,
we use the following equation:

(SNR)2 =
Lmax∑

L=Lmin

fXY
sky (2L + 1)

(
CXY

L

)2

(
CXY

L

)2 +
(
CXX

L + NXX
L

) (
CY Y

L + NY Y
L

) , (5.1)

where X and Y represent the observables as specified below, NXX
L and NY Y

L are the associated
noise power spectra, and fXY

sky is the sky fraction of the overlapping patch of the two observables.
In this work, we use the baseline noise model, obtained with the s1d1 simulations (as described
in section 3). We do not consider potential biases arising from the bispectrum of the lensing
potential, which only leads to a sub-percent level of bias using the EB estimator, even for
high-resolution experiments, as shown in ref. [125].
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5.1.1 Galaxy-lensing cross-correlation as a probe of primordial non-Gaussianity

The fluctuations of the galaxy number density trace the underlying matter distribution of
the large-scale structure and efficiently correlate with the CMB lensing maps. We estimate
the SNR of the galaxy-CMB lensing cross-correlation signal (Cϕg

L ) for two different galaxy
surveys: the one provided by Euclid [126] and the one from the Vera C. Rubin Observatory’s
Legacy Survey of Space and Time (LSST, [127, 128]). To compute the total SNR, we consider
a range of multipoles L = [2, 1000]. For the Euclid survey, we consider ten equipopulated
tomographic galaxy bins and fϕg

sky = 0.36, obtaining SNR = 73. For the LSST survey, we
consider ten equispaced redshift bins and fϕg

sky = 0.35, obtaining SNR = 56. Through the
cross-correlation analysis between CMB lensing and galaxy distributions, we can constrain
the local primordial non-Gaussianity fNL, which induces a scale-dependent bias due to the
coupling between long and short wavelength modes (e.g., refs. [129–132]). To determine the
uncertainty of fNL using the cross-spectrum Cϕg

L alone, we perform a χ2 analysis in which we
let only fNL free to vary. When considering the cross-correlation between Euclid galaxies
and LiteBIRD CMB lensing, the resulting constraints on fNL are σ(fNL) = 44. Note that
in this analysis, we vary only fNL, and therefore, we do not explore potential degeneracies
with other cosmological parameters.

5.1.2 CIB-lensing cross-correlation

The cosmic infrared background (CIB) is the integrated emission from unresolved dusty
star-forming galaxies. Produced by the stellar-heated dust within galaxies, the CIB carries
a wealth of information about the star formation process. The CIB traces the matter
distribution at a relatively high redshift compared to galaxies in typical optical redshift
surveys and is strongly correlated with CMB lensing. This cross-correlation can be used
to constrain CIB models [133] and cosmology [134]. Planck has measured the CIB-lensing
cross-correlations with an SNR of 40 (statistical uncertainties only) [45]. We estimate the
SNR of the CIB-lensing cross-correlation, assuming the CIB anisotropies measured by Planck
which utilizes the model of CIB described in appendix D of ref. [64]. We choose Lmin = 100
due to a contaminant from residual foregrounds in the CIB map. We find that the SNR of
the cross-correlation is 79 with fϕI

sky = 0.60, which is roughly a factor of two improvement
compared with obtained by Planck.

5.1.3 ISW-lensing cross-correlation

The ISW effect provides information on large-scale structure through large-scale temperature
fluctuations [135]. As the same structure generates both the CMB lensing potential and
the ISW effect, a substantial cross-correlation between the two observables is expected [136].
The cross-correlation between ISW and CMB lensing is only significant at low multipoles
(see, e.g., ref. [97]). Thus, to measure the cross-correlation with the ISW effect, we need a
nearly full-sky observation of the lensing map from space, such as Planck and LiteBIRD. We
compute the SNR of the ISW-lensing cross-correlation signal, CϕT

ℓ , assuming cosmic-variance
limited temperature fluctuations and fϕT

sky = 0.90. The estimated SNR for our baseline
case is approximately 4.
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5.2 Constraints on tensor-to-scalar ratio by delensing

Finally, we can use the internally reconstructed lensing potential for delensing. However, the
lensing map of LiteBIRD does not significantly improve the constraint on this tensor-to-scalar
ratio as shown in LB-Delensing. The improvement on this constraint is only at the level of a
few percent if we use the LiteBIRD lensing map (see LB-Delensing for the details).

6 Summary and discussion

We have conducted a lensing reconstruction study assuming the LiteBIRD experimental
configuration, focusing on the impact of Galactic foregrounds from synchrotron and dust
emission on the lensing analysis. We performed component separation on the frequency maps,
applied filtering to the post-component-separated maps, and estimated the lensing potential
map. We showed that the foreground-induced mean field and trispectrum have negligible
biases on the measurement of the lensing power spectrum. Furthermore, we showed that
the SNR of the LiteBIRD lensing map is approximately 40 which is comparable to that
obtained from the latest Planck measurement. The LiteBIRD lensing map additionally holds
potential for several cross-correlation analyses.

We focused on the lensing reconstruction from LiteBIRD data alone, but we can add
Planck data to provide a more precise lensing map over the full sky, which will be investigated in
future work. We assumed homogeneous white noise, but the LiteBIRD noise is inhomogeneous
due to the scan strategy. This effect could introduce a larger mean-field bias [40, 81]. However,
the EB estimator has no significant mean-field bias due to the parity symmetry [79, 137].
The inhomogeneous noise makes the reconstruction sub-optimal without including its effect in
the analysis. However, we can optimally perform component-separation and lensing analysis
by modifying the covariance matrix, including the inhomogeneity of the noise [40]. For
the optimal lensing analysis, we can also incorporate the spatial variation in the estimator
normalization [138]. We have also ignored the instrumental systematic effect of the LiteBIRD
experiment. Beam systematics could be one of the main sources of biases in the lensing
measurement since the lensing analysis uses smaller scales available for a given dataset.
These practical issues, including an optimal analysis for inhomogeneous noise and residual
foregrounds, and instrumental systematics, will be investigated in our future works. The
software used for this study is publicly available at https://github.com/litebird/LiteBI
RD-lensing.
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A Constraint on Alens

This appendix shows some details on estimating Alens. We first note that eq. (4.8) is
motivated by the following likelihood:

−2 ln(L) =
∑
bb′

(
Ĉϕϕ

b − AlensC
ϕϕ,theory
b

)
{Cov−1}bb′

(
Ĉϕϕ

b′ − AlensC
ϕϕ,theory
b′

)
. (A.1)

Differentiating the above likelihood in terms of Alens leads to eq. (4.8). Instead of using
eq. (4.8), we can also estimate Alens by maximizing the above likelihood. For example, figure 9
shows the results with an Affine-Invariant Markov Chain Monte Carlo (MCMC) Ensemble
sampler implemented in Python package emcee,11 for three different foreground cases. Note
that the estimated Alens values are in agreement with Alens = 1 within the statistical errors.
This highlights the agreement between our reconstructed lensing power spectrum in eq. (4.6)
and the theoretical input power spectrum.

To create the covariance matrix Cov, one can use MCN0 into eq. (4.6) as the estimate
of the disconnected bias. However, this choice introduces correlations within the covariance
matrix, which, in turn, influences the precision of the SNR estimation (e.g., refs. [61, 123, 124]).
Instead, RDN0 has been used to reduce these correlations. For the LiteBIRD case, this
reduction becomes visually evident when examining the correlation matrix shown in figure 10.

11https://github.com/dfm/emcee.

– 19 –

https://github.com/dfm/emcee


J
C
A
P
0
6
(
2
0
2
4
)
0
0
9

No FG s0d0 s1d1

0.95

1.00

1.05

1.10

A
le

n
s

Figure 9. Box plots showing the distribution of samples, with blue, orange, and green denoting the
no-foreground, s0d0, and s1d1 cases, respectively. A red dashed line serves as the reference value,
indicating Alens = 1. Within each box plot, a box spans from the first quartile to the third quartile,
while a horizontal black line extends through the box at the median. Lower and upper whiskers
correspond to 4 σ, and individual points denote outliers (≥ 4 σ).
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Figure 10. Correlation matrix of the binned angular power spectra for the s1d1 case. The left
panel represents results obtained using MCN0, while the right panel illustrates outcomes with RDN0.
Notably, the utilization of RDN0 leads to a reduction in correlations within the angular power spectra.
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