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1 Introduction

In the study of string compactifications, there seems to be a tension between what one can
achieve by solving directly the equations of motion in ten (or eleven) dimensions, and what
is suggested by effective field theory methods. This is famously the case for de Sitter vacua.
But a similar issue presents itself even for negative cosmological constant: in explicit ten-
dimensional solutions, /[A[ is usually of the same order as the masses myx of the KK modes.

In contrast, effective field theory methods seem to lead quite naturally to “scale
separation” \/[A[ < mxk, and indeed rely on it. One might expect for example that many
vacua that seem to be Minkowski in the supergravity approximation actually have a A
negative and small once stringy corrections or instantons are more carefully taken into
account. Such effects are so far notoriously difficult to compute reliably, but the AdS vacua
proposed in [1] are of this type.! A similar strategy is to actively modify a Minkowski
vacuum by introducing (additional) fluxes; in a d = 4 effective description, these give rise
to terms in the potential whose coefficients depend on the flux quanta. Starting with a
Calabi-Yau compactification and taking the flux integer N for Fy to be large, one obtains
IA| ~ N73/2 mgg ~ N~Y4 and N = 1 supersymmetry [3] (see also [4]). This however

'Even Minkowski vacua with A/ = 1 are a priori not protected against instanton corrections, and it
was recently conjectured [2] that such protection is either due to A/ > 1 or to supersymmetry in higher
dimensions.



also involves several O6-planes, whose back-reaction is difficult to describe appropriately.?
We will come back to this particular class of solutions soon.

A complementary approach comes from the so-called “swampland program”, which
abstracts general lessons from the many solutions which are solidly believed to exist, in
conjunction with general expectations from quantum gravity. The swampland distance
conjecture [6] predicts a tower of states to appear at the boundary of moduli space, of masses
exponential in the distance from it. Inspired by this, the A — 0 limit was conjectured [7]
to always yield masses m ~ |A|*, with a > 0 of order one. A stronger version of this
conjecture, also considered in [7], would be that o = 1/2 for supersymmetric solutions; this
would indicate that the above AdS4 x CYg solutions of [3] are somehow invalid.

In this paper we analyze the issue of scale separation from both points of view. We
will first derive some general bounds on the KK scale which apply to any compactification,
and then revisit the particular class in [3]; the two sets of results will be related by the role
of O-planes.

In section 2 we show a general bound for compactifications of any D-dimensional gravity
theory down to d dimensions, whose stress-energy tensor satisfies a certain condition we
call Reduced Energy Condition (REC).

We will show that it implies

1 2 B N2/n
m¥y < amax {02, — (Ay + DJ_ 2)} + 8 (mD *m? d) (1.1)

where n = D — d is the internal dimension; a and 8 only depend on n; mp and mgy are the
Planck masses in D and d dimensions respectively; and o > (D — 2)|dA| is a bound on the
gradient of the warping function A. The combination in the last term is natural; in the
unwarped case, the parenthesis is the inverse volume. There is also a related bound, where
my is replaced by the diameter of the internal space M, i.e. the largest distance between
any two of its points. Even though our motivations come from the study of the problem
of scale separation in string and M-theory, the bounds we derive can be of more general
interest as they provide a precise relation among the different physical scales related in a
compactification of any gravitational theory: the KK scale, the scale of the cosmological
constant plus warping effects, and the reduced Planck mass (or diameter).

The REC is satisfied in D = 11 supergravity, and in type II by everything except O-
planes. It was indeed previously argued [8] that O-planes are necessary for scale separation;
however, this required assuming ¢ < 1, and diagnosed separation based on the proxy
[ RE/ [ RY, the ratio of the integrated curvatures in Einstein frame. In many cases this
proxy provides a good estimate, but it can easily fail, for example in presence of O-planes [9,
section 2.2]. In contrast, (1.1) is a mathematical statement on the mass of the lowest
eigenvalue of a certain weighted Laplacian, which determines the masses of the spin-two
fields [10, 11]. Indeed scale separation fails if a field of any spin has mass? ~ |A].

The strategy involves showing a lower bound on the eigenvalues of the internal R, —
(D — 2)V,,0,A. This makes M, a so-called Bakry-Emery manifold, on which several

2A strategy using F-theory seven-branes was proposed in [5].



results are known, adapting some of which [12, 13] we obtain (1.1) and the other bound
we mentioned.

While these results constrain the KK scale, they still seem to allow scale separation, even
without sources. In light of this, we revisit in section 3 a phenomenon that first appeared
in [14, section 7], where an O6-plane singularity can become smooth upon deformation
by Romans mass Fy # 0. This happens when one adapts the supersymmetry equations
to a situation where the O6 wraps an internal flat cycle. It is not to be understood as a
quantum resolution of the O6, since it appears in supergravity. Rather, there is a topology
change such that the O6 involution no longer has a fixed locus where an O6-plane could sit.

However, this smooth deformation was demonstrated in [14, section 7] for a “generic”
branch of the supersymmetry equations where Fg # 0; this had an exact NSNS three-form
H, which obstructed promoting the local solution to a global one. It was realized more
recently [15, 16] that a special branch with Fs = 0 does not have this problem. So we look
again at the local behavior near an O6 on this special branch. Our result in section 3 is that
the O6 singularity this time gets modified by Fyy # 0 to a different singularity, which can be
formally interpreted as an O4 partially smeared along two directions.® Such singularities
appeared elsewhere, for example in [20]; they are still problematic, but they might be an
intermediate step towards a better-defined solution.

This result should be relevant in particular for the above-mentioned class of supersym-
metrict solutions AdSy x CYg¢ of [3]. This was lifted to a ITA supergravity solution in [21],
but with smeared O6-planes. To find a more sensible lift with localized O6-planes, [14,
section 6] suggested to work in a limit where the curvature radii are large, while the string
coupling e? is small almost everywhere. This idea was recently realized for the special
branch with F = 0, where an approximate large-volume solution was found [15, 16].

To sum up, the results of section 2 in this paper constrain the masses of the KK modes
in terms of certain geometric data and of the matter content of the theory, but leave open
the possibility of scale separation in supergravity even without O-planes. This might have
opened the possibility that the O6-planes in AdSy x CY§¢ solutions of [3] might have been
smoothed out by Fy as in [14, section 7]; but the results in section 3 seem to exclude
this. Thus the status of scale-separated solutions in supergravity seems to rely on our
understanding of O-plane singularities, as for de Sitter solutions.

2 General bounds

In this section, we will derive general bounds on the KK spectrum of a compactification.
After reviewing the basics in section 2.1, we will describe the geometry of compactifications of
higher dimensional gravitational theories down to d-dimensional vacua within the framework

3Tt is worth recalling that in other contexts an O6 singularity is not modified at all by Fp, such as for
AdS7 solutions [17-19].

4As pointed out in [5], supersymmetry protects many BPS operator dimensions in a CFT, preventing
them from getting large anomalous dimensions. The AdS dual of this statement is the presence of many
fields with small masses, thus hindering scale separation. For example, scale separation was shown to be
impossible for supersymmetric AdS7 solutions [9, section 2.2]. However, the solutions in [3] only have N =1
supersymmetry in d = 4, which does not protect any operators for the d = 3 CFT duals.



of Bakry-Emery manifolds, defined in terms of a Riemannian manifold M, and a real function
f. In section 2.2 we will identify M, with the internal space of compactifications and f
with a multiple of the warping factor. With this language we can describe many physical
properties of the vacuum, such as the spectrum of spin-two excitations, in terms of natural
objects in Bakry-Emery geometry. We show in section 2.3 that the Bakry-Emery Ricci
tensor can be bounded from below by using the equations of motion, if the stress energy
tensor satisfies a Reduced Energy Condition (REC), which we analyze in section 2.4. We
then proceed in section 2.5 to exploit some known mathematical results to bound the masses
of the spin-two particles.

Albeit our motivations come from the study of compactifications of ten- and eleven-
dimensional supergravity theories, which describe the low-energy limit of String Theories
and M-theory respectively, the results we are going to present in this section are general
and apply to any higher-dimensional gravitational theory that satisfies the REC. As we
show in section 2.4 this is not restrictive, as most classical sources satisfy it.

2.1 General expectations

We will consider a general compactification of a D-dimensional gravitational theory, with

an Einstein-Hilbert (EH) term mb5 2 [ dPzRp, down to d-dimensional vacua:’

ds? = e?4ds? + ds? = 24 (ds?i + disi) : (2.1)

The warping function A only varies over the n-dimensional internal space; dsg is a maximally-
symmetric space, with curvature normalized as R,(ﬂy) = Agffi). The “barred” internal metric
Jmn = e*QAgmn will make our analysis easier later. The reduced action will have an EH

term m%~? [ d%x Ry, with

d—2
m _ = _
b = [y = [y g (22)
mp
relating the Planck masses in D and d dimensions.

Notice that in any warped compactification there is an ambiguity in defining the
cosmological constant, since a change in its value could absorbed by a constant shift of the

warping: in other words, (2.1) is invariant under

—2Ap

A— A+ Ay, Guv —> € G » Jmn — e_QAogmn . (2.3)

The mass scales we will consider do suffer from this ambiguity, but fortunately their ratios
do not.

We are interested in the masses of the KK modes. These are obtained as eigenvalues of
differential operators on M, similar to the Laplacian. Below we will use the lowest mass of
the spin-two fields as a definition of mgk; notice that making mgg/my large, my = /|A|
is a necessary condition for scale separation to hold.

5We use upper case Latin letters to denote D-dimensional indices, lower-case Greek letters for indices
along the directions of the d-dimensional vacuum and lower-case Latin letters for indices in the n-dimensional
internal space, with n = D — d.



Many AdS vacua only have one length scale r; obviously then my, mg, mkk are all
of order 1/r and there is no scale separation. More generally, if one assumes that the
internal Ricci tensor has a positive bound from below, Ry, > 7 2gmn for some 7, famous
results [22, 23] then imply bounds on the Laplacian. If moreover one also assumes that
the gradient 0,,A of the warping is negligible, then the equations of motion imply [8]
r ~ Raqs, the AdS length scale. But in general the Ricci tensor is not positive; it cannot
be negative-definite either [24], but the indefinite case is allowed. One can generate many
such examples via the map

AdSg x Mp_g — AdSy x Hy_gy X Mp_gq4 (24)

where Hy_ gy, d—d' > 1is a compact space satisfying R, = Agmn; for example for d—d' = 2
this can be a Riemann surface with genus g > 2 (since A < 0). Indeed the equations of
motion are completely unchanged under (2.4);5 even if Mp_4 is positively curved in the
original solution, this map produces an example where R,,, also has negative eigenvalues.

There do also exist results on the Laplacian operator when the Ricci tensor has a
negative bound from below [27]. However, when A is not constant, it is difficult to obtain
such a bound from the equations of motion; moreover, we will see below that A also enters
in the differential operators whose eigenvalues give the KK masses.

Fortunately, the two issues are related; the KK operator is natural in a mathematical
framework called Bakry-Emery geometry. This allows to derive eigenvalue results, if a
bound exists for the combination Ry, — (D — 2)V,,V,A of the Ricci tensor and warping,
which is precisely of the type provided by gravity compactifications.

2.2 Bakry-Emery geometry and compactifications

A Bakry-Emery manifold is just a pair of a Riemannian manifold and a real scalar function
on it; the latter will be for us proportional to the warping function.

The spectrum of excitations around any compactification (2.1) includes a tower of spin-
two particles defined as perturbations 59,%) of the maximally symmetric metric ggiy). Well-
known work [10, 11] shows that, unlike for lower spins, the spin-two tower always decouples
and can be studied independently, without needing to first diagonalize the full spectrum.
Moreover, the operator whose eigenvalues give the masses of these spin-two particles has
a universal form depending only on the internal metric and on the warping factor.

This property has allowed a relatively easy computation of the spin-two spectrum of
many warped AdS vacua where a full diagonalization of the spectrum is currently out of
reach; see for example [9, 28-34].” Recent studies of how extra dimensions would influence
gravity waves also include [37-39]. The effect of warping on KK reductions was also studied
earlier in [40, 41], and its connection with the problem of scale separation in [42].

5This is not to be confused with the more sophisticated map induced holographically by compactifying a
CFTg4—1, which changes the metric on Mp_,_q and fibers it over H;_4/, and preserves supersymmetry [25].
(2.4) was used for example in searching dS4 solutions with O6-planes [26].

"For large supersymmetry, recently a different approach has been developed based on exceptional geometry,
where the full spectrum can be computed for all vacua based on a given internal manifold [35, 36].



There are many equivalent ways to rewrite the spin-two operator [10]. A natural form
from our current perspective is

L ——mn v
As¥) = =—ze On (Vagmel o) = Ap = Vf-dy,  f=(D-2)A.  (25)
This is called Bakry-Emery Laplacian [43];® the spin-two modes hfw and their masses mj3
are given by
Aty = miy . (2.6)

D-2)A

Even without working out the full operator as in [10], the weight el can be

understood by rewriting the D-dimensional Einstein-Hilbert action in terms of the D-

dimensional unwarped metric gp = e 24gp:

Sgn =m /\/ P DY Rp +..), (2.7)

where the dots refer to terms proportional to derivatives of A. Now gp is a pure (unwarped)
product, and the spin 2 fields are simply obtained by varying (2.7) at second order with
respect to the d-dimensional part of gp. This shows that the internal differential operators
are naturally weighted with the factor e(?=24_ Although lower spins do not decouple and
one needs to diagonalize their action before being able to read their mass operators, a
similar argument suggests they can be related to Bakry Emery Lapla01ans possibly with a

different weight. For example, a k-flux term Sp, =
(D—2k)A

—gpF? will be accompanied

by an e factor coming from the inverse metrlcs appearing in F? i Aside from the
zero-mode, the bottom of the spectrum of A.; can be seen to be lower than the one of Ay
if ¢ < 1 by rewriting the eigenvalue equation as a Schrodinger problem, as in [12, section 3.

As it is the case in usual Riemannian geometry, the spectrum of the Laplacian is
controlled by the curvature. In Bakry-Emery geometry a natural notion of curvature is the

Bakry-Emery Ricci curvature, defined as Ricci ¢ = Ricci — Hess(f), or in index notation:’

Many standard geometric results that apply in the pure Riemannian case (f = 0) often
carry over to the Bakry-Emery case, by replacing the Ricci tensor with the Bakry-Emery
Ricci tensor (2.8) and requiring a bound on (Vf)2. We are going to present some of
these results in section 2.5, where we will use them to show how a lower bound on the
Bakry-Emery curvature (2.21) translates into an upper bound on all the eigenvalues of the
operator (2.5).

We will now bound Ricciy in terms of an energy condition on the stress-energy tensor
of the theory, which we will check in 2.4 for various matter sources.

8When acting on general k-forms, this operator can also be written as Ay = d}d—«—dd} with d} =efdtel.
This form makes it closely related to the operator d}d s+ dgdh, with df = efdse™7, which has been used by
Witten to prove the Morse inequalities [44].

9This tensor is sometimes called co-Bakry-Emery in the literature. The name comes from viewing it as a
special case of the N-Bakry-Emery-Ricci tensor Rmn — Vi Vi f — %mevnf. As we are going to see in
section 2.3, the equations of motion naturally bound the oo-Bakry-Emery-Ricci curvature, and we will thus
avoid this notation and simply call it Bakry-Emery Ricci tensor.



2.3 Bounding the curvature

We start from the D-dimensional Einstein equations written as'’
R L2 <T ) T (2.9)
=—-K — = .
MN =5 MN — gMN 55 MN
where Ty = _\/% g“;}c}?\} is the stress-energy tensor of the D-dimensional theory.

To specialize (2.9) to metrics of the form (2.1), we first compute the internal and
external components of the Ricci tensor:

R®) = gi(A - VPV, A — (D - 2)V,AVPA) (2.10)
RP) =R, — (D —2)V, VA + (D —2)V,, AV, A+ (2.11)

- gmn(@pﬁpA + (D - 2)@])14@1?14)

Let us first focus on the external equation obtained from (2.10). Since the external space is
maximally-symmetric, if the stress-energy tensor along these directions also respects this
symmetry, we lose no information by taking its trace, obtaining the scalar equation

A= 24— (D —2)(VA)? = éfﬂw , (2.12)
where T4 = g(d) w T/w% equivalently,
I (p-2ae2, . (D-24y _ L+

If the internal space M, is smooth and compact, integrating this gives
A / Ay fGeD=DA — / Ay [GeD-DAT) | (2.14)
My, My,

This equation is often used to derive no-go theorem for dS compactifications of supergravity
theories [25, 45, 46], since for most of the classical sources of eleven and ten-dimensional
supergravity theories the right hand side is non-positive. This excludes O-planes, which
also violate the assumption of a smooth internal space without boundaries; and the Romans
mass Fy, which was however excluded in [25] with a separate analysis.

The internal equations (2.11) cannot be reduced to a scalar equation without loss of
information. Some constraints can be obtained by taking its trace [8, 24, 47], but the
Ricci scalar alone often gives too weak a restriction on the geometry for most geometrical
purposes.

Keeping then all the internal directions, the internal equation reads

Rypn— (D_Q)?mvnA - (D_Q) (_va?nA"i_gmn(?Ay) +gmnva+Tr(n€z) : (2'15)

10We normalize the Einstein-Hilbert term in the action as Sy = K% f v/—gp Rp with K2 = (27T)D73€B_2,
where £p is the D-dimensional Planck length.



The left hand side is of the form (2.8), but in order to put a bound on it we need to get rid
of the V2A term on the right hand side, which does not have a definite sign. We achieve
this by using the external equation (2.12):

Rin — (D = 2)Vu Vi A = AGpun+

— (D = 2)(Vi AV, A)+ (2.16)
. 1.
+ TT(I'L?L) - gmn&T(d) .

We now analyze the various terms on the right hand side. The first line is responsible for
relating the scales of the internal and external curvature. The second line is a negative-

definite quadratic form, whose single non-zero eigenvalue is the square of the gradient of the
2

warp factor. This will play an important role, and we will call ([)‘:72)2 =supy;, """ 0 A0 A.
In other words:
(D —2)|VA| < 0. (2.17)
Finally, in the third line of (2.16) we have the combination of stress-energy tensors
po) _ o Lp@ Lo (pm) o 1o

As we are going to see in the next section, this quantity is non-negative for a broad class of
matter fields; this includes those of d = 10 and d = 11 supergravity, with the only exception
of O-planes. Our assumptions are also invalidated by string or M-theory corrections, where
the kinetic term is not even of EH type. In this sense, our results will be related to
those for dS compactifications [25, 45, 46]. However, requiring that (2.18) is non-negative
is inequivalent to the Strong Energy Condition, which is violated by a D-dimensional
cosmological constant (such as the Romans mass in massive ITA supergravity) while (2.18)
is not. Since the combination (2.18) only makes sense when reducing the higher-dimensional
theory to lower dimensional vacua, we will call the corresponding condition Reduced Energy
Condition (REC):

REC: T(D) _ gmnéﬂd) >0. (2.19)

Since, as we mentioned, effects that violate (2.19) are also needed to obtain dS compactifi-
cations, from now on we will take A < 0.

Summing up, if the Reduced Energy Condition (2.19) holds, there is a bound on the
Bakry—Emery Ricci tensor:

0.2
iccip > — [ |A : 2.2
Ricciy ( I+ (2.20)
with f = (D — 2)A. More explicitly, recalling (2.8):
R — (D= 209,94 > — (1A1+ 2 ) g (2.21)

Of course this bound is only useful if o defined in (2.17) is finite. We will use this information
in section 2.5, but let us first check the REC for various sources.



2.4 Stress-energy contributions

In this section, we verify that the Reduced Energy Condition (2.19) is satisfied for a broad
class of contributions to the stress-energy tensor, including those in d = 10 and d = 11
supergravity (with the exception of O-planes).

We start with form field-strengths, with an action of the form

1

LT

/de —geMF?, (2.22)
where e*? is a possible scalar weight. This includes the action for NSNS and RR fluxes in
d = 10 supergravity, and the four-form flux in d = 11. The square of a form is defined as

F} = 3(Fe)an.mn, (Fr)py..p g™ P gMEDs (2.23)

More generally we define the inner product F' - F= %FML.. M, FMl'“Mk; in particular, if
(Fx)m = ey Fy, we have

1 Pi..Py_,

(F)ar - (F)n = =] (Fi)mpy..p_ (Fi)

(2.24)

This tensor vanishes for a 0-form, since ¢tpsFy = 0.
In order not to break maximal symmetry of the vacuum, a k-form can always be
decomposed as

Fi. = fe Avolg + fi (2.25)

where f, and f; are differential forms defined purely on the internal n-dimensional space.
Notice that by construction fo # 0 only if k£ > d. (In type II supergravity, f. and f; are
Hodge dual to each other in M,.)

With these definitions, the contractions that appear in the stress-energy tensor read

Ff=ff—e 2 (2.26)
(Fk)u : (Fk)u = _guueidAfg (227)
(Fi)m - (F)n = (fi)m - (fi)n — e_dA(fe)m (fe)n - (2.28)

Varying (2.22) we compute the stress-energy tensor for a k-dimensional flux Fj. Using (2.26)
the combination (2.18) reads

52 (Tmn - CligmnT(d))F = e_QA(k_l)eA(b [(ﬁ)m ’ (fz)n - (fe)m ’ (]?e)n + f]mnfeﬂ ) (2'29)
k
where a bar over f reminds us that the contractions in the products are taken with the
internal g. Notice from (2.29) that a cosmological constant term (such as the Romans
mass Fp in type ITA) does not contribute to the REC. Similarly, the contribution to
the dilaton potential that is present in string theories in non-critical dimension does
not contribute to the REC. That the quantity (2.29) is non-negative can be seen as
follows. For any internal form f, an explicit computation reveals that (xf)? = f? and



—f fa %g_]mn]a = (% )m - x<f)n — %gmn(* f)2, where % is computed with the internal
metric g. Applying these relations to the fo term in (2.29) gives

& (T = 39T @) =260 [(F) ()4 (el (+Feda] 2 0. (230

Fi
We now turn our attention to a canonically normalized scalar field ¢, such as the dilaton
in string theory in Einstein frame:

Sy = —222/(1%\/?9(v¢)2. (2.31)

Formally, (2.31) has the same structure as (2.22) for £ = 1, upon the identification F; = V¢.
Since in order to do not break the maximal d-dimensional symmetry ¢ is only allowed to
depend on the internal coordinates, we obtain the same result as in (2.29), specialized to a
purely internal F7:

K> <Tmn - Cligmnﬂd)) = 01 dOnp > 0. (2.32)
¢

Finally, we consider localized sources, with an action of the form

Sy = —Tp/z dPoe? [ —glspi - (2.33)
p+1

This includes D-branes in string theory and M-branes in M-theory, again with ¢ playing
the role of the dilaton; the parameter A = (p — 3)/4 in Einstein frame. Separating the
stress-energy tensor in directions parallel and transverse to the worldvolume,

1 e
Ty =5 0 %gii(g) Y2 d,j  parallel, (234)

T;; =0 i,J transverse.

We introduced a density function p in the internal space, which reduces to a Dirac ¢ for
completely localized sources.

In order not to break maximal d-dimensional symmetry, we assume the source is parallel
to the all the vacuum directions. Evaluating the combination (2.18) we get

WD) _ %gmnT(d) —0 m,n  parallel

(2.35)

1 -~
TD) _ ggmnT(d) =1, pe e PG (5)7Y2 m,n  transverse.

From (2.35) we see that for positive tension, 7, > 0, the Reduced Energy Condition (2.19)
is satisfied, while it is violated by negative tension objects, such as Op-planes in string
theory.

As we mentioned earlier, string and M-theory corrections to d = 10 and d = 11 — and
quantum gravity effects more generally — are not included in our discussion. Indeed, it
can be easily checked that Casimir energies can violate the REC (2.19). As an example,
inclusion of Casimir energies in the Standard Model lead to AdS3 x S! vacua with scale
separation [48]. Similarly, by including Casimir energies in the internal space, one can
construct scale-separated AdS vacua in String and M-theory with a bounded warping
factor [49].

~10 -



2.5 Physical implications

A lower bound on the Bakry-Emery curvature has various geometrical consequences. In
the context of compactifications these directly translate into physical properties of the
lower-dimensional vacuum. In particular we will now see that the bound (2.21) implies
some inequalities on spectrum of spin-two fields, whose masses are given by the eigenvalues
of the Bakry-Emery Laplacian (2.5).

In particular, these are interesting to us because for scale separation the masses of all
the Kaluza-Klein modes have to be much bigger than the mass scale of the d-dimensional
cosmological constant:

2
scale-separated vacuum: mTk‘ > 1. (2.36)

A first spectrum inequality we find uses [12, theorem A.1]:

Theorem 1 Any compactification of a D-dimensional gravitational theory whose stress
energy tensor satisfies the Reduced Energy Condition (2.19) and with warping bounded by
(D —2)|VA| < o has a spectrum of spin-two excitations whose masses are bounded by

1 o? sup(e(D_Q)A) 2/n
2 < 2 ——|A . (2.
mj, < a(n) max {U S <] | + D= 2) } + B(n) (k Tdmy 7. o274 (2.37)

The behavior k%™ is the one expected from the Weyl asymptotic law for the eigenvalues of
the Laplacian. Recalling (2.2), the integral in the second term is m%~2/m% =2, where recall
mp and mgq are the Planck masses for the gravity theory before and after compactification.
This reproduces the bound in (1.1) for the overall KK scale. It is also immediate to
verify that m? — e?40m? under (2.3), so the bound on m2/m% = m2/|A| is unambiguous,
as promised.

The constants «(n) and 3(n) can be estimated using their definitions in [12, ap-

pendix AJ:!!

aln) < 16-2%"= | B(n) < 22 ie" n(nT(n/2)) = . (2.38)

In particular for n = 6, 7 they are bounded by numbers of order 10* and 10° respectively.

Focusing on string theory, recall that we ran our general argument in the previous
subsections with an EH kinetic term, so A = Ag is the warp function in Einstein frame; the
integral in (2.37) and the gradient norm |V A| are computed in the barred metric defined
in (2.1). Even though the mathematical theorems behind theorem 1 are formulated in the
smooth setting, we can check whether these quantities are finite and if the statements make
sense for some physical singularities, such as D-branes in string theory. Near a Dp-brane,
the ten-dimensional Einstein frame metric asymptotes to

ds?y ~ H'S (de2yy + H(d? +r%dsk ) forr =0, (2.39)

1YWe thank A. Hassannezhad for her patient explanation of her work.
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where H is a harmonic function in the transverse directions (prior to back-reaction):
~7
H~ (L)p for p# 7 and H ~ —log (r/rg) for p = 7. We can then use (2.39) to extract

To
p=7
2

the barred metric (2.1) as well as the asymptotic weight function e/ ~ H™2 . An explicit
computation then reveals that for p < 5 (and trivially for p = 7), o2 stays finite approaching
the singularity, and thus the general bound (2.21) on Ricciy is still meaningful. For this
reason, we expect that the above results also hold for compactifications with such branes.
For p = 6, instead, o2 diverges, and as currently stated the theorem becomes empty. An
explicit computation shows that Ricciy is still bounded from below approaching a D6 brane,
and thus an adapted formulation of the statement might still hold, but at the moment we do
not have a candidate version. In any case, consider that when singularities are present the
eigenvalue problem needs to be formulated with care, as the spectrum could also turn out
to be a continuum (for example, for p < 5, a singularity of the form (2.39) makes the space
non-compact, being at infinite distance in the barred metric.) We refer the interested reader
to [50], where we discuss a more general mathematical framework in which singularities
relevant for compactifications with brane sources are naturally included. This allows to
obtain rigorous eigenvalue bounds even in the non-smooth setting. Also, notice that we
have excluded Op-planes from the present discussion (recall that those violate the REC) but
for p < 5 Ricy is bounded from below and they might be included in this framework [51].

A second bound in the literature makes reference to the diameter of M,,, the largest
possible distance between two points. This uses [13, Cor. 4.4]:

Theorem 2 Any compactification of a D-dimensional gravitational theory whose stress
energy tensor satisfies the Reduced Energy Condition (2.19) and with warping satisfying
(D —2)|VA| < o has a spectrum of spin-two excitations whose masses are bounded by

2 < <\A]+D_1 2>+ ()L (2.40)
e =1 D27 ) TV Gam(M,,)2 ‘

Once again the diameter should be computed with the metric g. For the constant v(n) in
the second term, [13, Cor. 4.4] quotes a limit involving an eigenvalue problem with A =0
on a ball in hyperbolic space, which from [27, Cor. 2.3] is taken to be 4(1 + 2™)?x? for
n=2(m+1) and 4(1 + 72)(1 + 22™)2 for n = 2m + 3.

To our knowledge, the bounds (2.37), (2.40) are the first rigorous results valid in general
for the KK scale in gravity compactifications. One might now hope to use them to show
even sharper results; for example, it is natural to conjecture [8] that scale separation is
impossible in type II or d = 11 supergravity without O-planes.

Unfortunately this is unlikely with these bounds alone. To see why, consider for example
the second term in (2.37): for A = 0, it is Vol(M,,)~%/". If we knew that this is of order
1/Rags, we would be done. But even for positive-definite Ricci tensor, it is easy to come up
with sequences of vacua that have arbitrarily small volume by taking orbifolds; for example
AdSy x S7/7Z, have Vol(M,,) ~ R} 4/p (see also [52]). In this case the bound (2.37) gets
increasingly useless with larger p.

The second bound (2.40) looks more promising in this respect, since the diameter
is unchanged by taking quotients. There also exists a Bakry-Emery version of Myers’s
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theorem [53] which puts a bound on the diameter; but just like the original with f = 0,
it only works when there is a lower positive bound on the eigenvalues of R, — Vi Vi f.
Our lower bound (2.21) is negative, and a bound on the diameter cannot exist in this case,
as the case of a torus with f = 0 readily demonstrates. It is conceivable that a diameter
bound might be proven by using (2.21) in conjunction with other finer properties of R,
perhaps going back to the Raychaudhuri equation; unfortunately we do not see a way to
prove this at this time.

Notice also that a lower bound also exists in terms of the diameter [54, theorem 3],
stating that the lowest spin-two mass satisfies the following

Theorem 3 Any compactification of a D-dimensional gravitational theory whose stress
enerqy tensor satisfies the Reduced Energy Condition (2.19) and with warping satisfying
(D —2)|VA| < o has the first non-trivial spin 2 mass bounded by

) 2 R o2
m7 > ——exp | —c(n) diam + ,
12 G2 &P | ) A+ 53

(2.41)

where c(n) again only depends on the internal space dimension.

The positive constant ¢(n) can be estimated from the proof of [54, theorem 3]. For n > 3,
we obtain c(n) = 251 (1 +4 %) So we know that achieving small diameter would
indeed prove scale separation for the spin-two fields.

The cautious words below equation (2.39) on possible extensions to spaces that include
brane-singularities also hold for theorem 2 and 3. In particular, the fact that Dp-brane
sources for p < 5 are at infinite distance in the barred metric makes the diameter unbounded.
This suggests, for example, a version of (2.40) without the second term, and indeed for
smooth non-compact Bakry-Emery manifold such a theorem exists [55, Thm. 1.1] and can
be readily applied to this case. We refer again to future work [51] where we will try to
address the questions raised by physical singularities more systematically.

To summarize, in this section we have shown that the masses of the spin 2 KK modes
are bounded by the cosmological constant, the gradients of the warping function and the
reduced Planck mass (theorem 1) or the internal diameter (theorem 2 and 3). These results
apply to any theory whose matter content satisfies the REC (2.19), and are currently
formulated for smooth backgrounds, although we expect that physical singularities can
be included as well [50, 51]. In particular, this is true for any classical source in ten- and
eleven-dimensional supergravities, except for O-planes. This can be useful to constrain
separation of scales, but more generally it provides precise relations among the different
physical scales.

3 O0O6-planes and Romans mass

The general bounds in the previous section do not exclude the possibility that scale separation
might exist even without singularities. For this reason, in this section we will study the
behavior of O6-planes in presence of Romans mass Fj # 0, completing [14].
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3.1 Review

Let us first give a review of the relevant literature, to motivate our study.

The combination of O6-planes and Romans mass appears to be promising in achieving
scale separation (as well as de Sitter solutions [26]). In particular they are prominent
ingredients in the AdS4 x CY¢ proposal [3].

As we mentioned in the introduction, it was found in [14, section 7] that the O6
singularity could become smooth upon turning on Fy # 0. The curvature and dilaton no
longer diverged; the singularity near the origin was replaced with a smooth S?, on which the
involution defining the O6 acted without a fixed locus. As we mentioned in the introduction,
this is not to be thought of as a quantum resolution of the O6 singularity, since we are
deforming it by the additional field Fy; the mechanism is very similar to one in field theory,
where a Chern-Simons coupling can smooth out a moduli space singularity [56].'2

This phenomenon was found to happen under two conditions: assuming a certain
symmetry that one would expect near the O6-plane; and working with a “generic” branch
of the supersymmetry equations, where Fg # 0. However, as mentioned in the introduction,
this branch has an obstruction that prevents it from being compact [15, 16]. So we will
analyze the “special” Fg = 0 branch here with similar techniques as in [14, section 7], to see
if we find again that the O6 singularity gets smoothed out.!?

As we mentioned, the fate of O6 singularities is very important in the AdS4 x CYj
solutions. These were originally found by an effective d = 4 supergravity approach,
complemented by some d = 10 intuition [3]. No reason was found for the EFT to break
down here, but skepticism (see for example [57]) focused on whether an O6 might somehow
be inconsistent with Fy, and on the fact that a d = 10 uplift appeared to require smearing
the O6 [21]. The first concern was partially answered by [14, section 7|; since then, O6
singularities with Fy # 0 have appeared in other contexts, such as AdS7 solutions and their
descendants [17-19, 58], undergoing some holographic checks [19].14

The second concern about the smearing was partially addressed more recently. These
solutions are supposed to exist in the limit

gs~ R ~p=/-A/3~ N34 (3.1)

Here N € Z is related to the Iy flux quanta, and g, is a typical value for e® over the internal
space. Using gs as an expansion parameter, the equations of motion and supersymmetry
simplify considerably; using this, approximate solutions were found at the first nontrivial
order in [15, 16]. These have vanishing internal six-form flux, Fg = 0, as we anticipated.
The approximation works well in most of the internal space, but it breaks down at a
distance < gl from the O6-planes: in that region, the higher orders appear to get larger
than the first. This is comparable with the distance where the supergravity approximation

121t is also important to stress that the local behavior found in [14, section 7] cannot be extended to an
asymptotically flat solution, since flat space is not a solution when Fy # 0.

13This was claimed to have no solution in [14, section 7.5], but that subsection contained a mistake, as
already pointed out in [16].

A related concern is that Fy cannot be introduced in the world-sheet in the NSR. formalism; however
this is resolved in the Berkovits formalism [59] (see for example [60] for a concrete application).
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itself breaks down; so in this sense the limit (3.1) would seem to achieve all that could be
hoped to obtain from supergravity. However, if a local analysis in this region showed a
smooth-O6 deformation as in [14, section 7], we would end up with a solution we can trust
everywhere, boosting our confidence in the validity of the AdS4 x CY§g solutions.

Having hopefully convinced the reader that the fate of the O6 singularity with Fy # 0
is important for scale separation, we will devote the rest of this section to its study.

3.2 Supersymmetry

In this section we will work in string-frame variables. The supersymmetry equations for type
II supergravity can be analyzed conveniently in terms of pure forms ®.., associated bilinearly
to the internal spinorial parameters n%. In ITA they should satisfy the equations [61-63]°

dp®, = —2ue Red_, Ty -dp(e 4 Im®_) = —5pe *Red, + F. (3.2)

Here p=+/—A/3,dyg =d — HA, F =3 F}, is the sum of all internal RR field strengths,
and J,- is an algebraic operator associated to @ (see [14, 63] for more details).
The forms @4 have a different expression depending on the angle ) between the spinors,

2
defined by |20k | = [|nk||[|nk || cos .

e When 9 = 0 everywhere, the n® are parallel; when Fy # 0, A < 0 this leads to constant
A and ¢ [64], and so cannot be relevant for configurations with internal sources.

o When ¢ = /2 everywhere, the 7% are orthogonal; this is inconsistent with A < 0
altogether [65, 66].

e So we need to consider case where v is generic. Here the forms ®. can be expressed
in terms of a complex one-form v, a real two-form j, a complex two-form w, satisfying
the SU(2)-structure relations

L] = lyw = Ly =0, jAw=wAw=0, wAD =252, (3.3)

It is also useful to define

1 i 1 i
I = : AT - Rew 4+ ——1 3.4
v cosw] + 2tan2wv v “e sin 1) ( ot cos 1) mw) ’ (34)

in terms of which ®; = 3479 cos 1) exp[—i.Jy], and ®_ = 34 cos1hv A expliwy].

The consequences of (3.2) were spelled out for this latter case in [14, section 5]. The
results depended crucially on a parameter 6, defined as the phase of the zero-form part of @ :

(B4 = AT cogep (3.5)

The two sub-cases 6 # 0 and 8 = 0 have to be analyzed separately; they lead respectively
to Fg # 0 and Fg = 0.

15A variety of normalizations is used in the literature for these forms; here we use (@4, ®4) = *472% a5

in [14, 16], where (a, 8)vols = (a A A(8))s, ¢ denoting taking the six-form part and A(Bx) = (—1)*/2) ;.
Notice also that our dg-closed RR forms F' were denoted by G in [16].
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It was argued in [15, 16] that @ = 0 (leading to Fs = 0) is the correct case to consider.
Indeed we now give an argument that Fiz = 0 should be the case for any compactification
with an internal three-form source d3 that is Poincaré dual to a cycle non-trivial in homology.
The equations of motion for the internal fluxes F}, Fg are

de* « Fy) + H* « Fs =0,  d(e* «Fs) =0. (3.6)

The second implies e*4 x Fy; is a constant. Suppose it is non-zero; then the first implies H
is exact. But then the Bianchi identity

dFy — HF, = 03 (3.7)

says 03 is exact, in contradiction with the assumption.
So we restrict from now on to the § = 0, Fs = 0 branch. Here (3.2) reduce to [14,

section 5.2]
e et
Rev = —5 (3dA — d¢ — tanydy) = —Q—dlog(cos P9, (3.8a)
T T
d(e347¢ cospJy) = 0 (3.8b)
and
H = H +d(tan¢Imw), H = 2ue 4Re(iv A wy), F= etanYImwA o, (3.9a)
Fo = —Jy - d(cos Ve ®Imv) + 5 cos e 479 (3.9b)
A Sin2 77/) A
Fy = —Jy - dIm(icos e %v Awy) — 2u e 4 Tmwy (3.9¢)
cos
A 1
Fy = Ji §F0 — peosype A 4 Jy A dTm(cos e %v), (3.9d)
Fy=0. (3.9¢)

To make sure one has a supersymmetric solution, one needs to solve (3.8), and to make
sure that the Bianchi identities are satisfied, which away from sources reduce to

A

dH =0, dzF=0. (3.10)

One should finally make sure all fields and pure forms transform correctly under any
Op. This is usually defined as

QRP lfp - 07 47 87 5
i (3.11)
Q-1)R, ifp=23,6,7.

where R, is an involution reversing 9 — p coordinates, and leaving p + 1 invariant (including
time); of course in ITA only even p are relevant. One should then impose

Ryp=¢, Ryg=y, R:B=-B, R:F,=—(-1)P2HF2E

L (3.12)
Rids = —(—1)EIN®L), R = (-7 IN@y) 1B,

where R, denotes pull-back; in ITA the upper sign is relevant.
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3.3 The emergent symmetry

We call 2 the three internal coordinates parallel to the O6, and 3* the transverse coordinates.
So the involution defining the O6 maps (2%, y*) — (2%, —y").

Near the O6, we expect the solution to become invariant under translations of the
x'. We might also expect invariance under rotations of the 2 and of the . However,
following [14] we will relax this and impose symmetry only under simultaneous rotations of

the z' and 3’. The total symmetry group is then
ISO(3). (3.13)

This still implies that all the functions A, ¢, v in the equations will need to depend only on
the transverse radial coordinate r = /4y, as is reasonable to expect. On the one-forms,
it allows

w0 = y'dy’, w1 = yldat. (3.14)

Separate rotational invariance would allow only wy g.
A basis of two-forms invariant under the symmetry (3.13) is
Wwo o = eijkyidyj A dxk, wo 1 = eijkyidyj A dyk, Wo o = eijkyida:j A daF

) . 3.15
we3 =wio AW, wo g =da' Ady'. (3.15)

There are also eight invariant three-forms ws; [14, (A.3)].

As in [14], we will postulate this symmetry and see where it leads. So for example the
one-form v will then be a linear combination of (3.14) alone, and not of more general forms
such as dz!, which would be invariant under both 3’ rotation and 2’ translation but not
under simultaneous rotation. Likewise, j, w will be a linear combination of (3.15).

We also need to impose (3.12) for p = 6, which imply

Rsv =1, Rij=—7, Riw =w, (3.16)

where Rg : y* — —y'. All in all this gives [14, (7.18)]

4 4
v = Vw0 + iviwr 1, J= ZjiWQ,i ; w = apwz,0 + Z ia;ws; , (3.17)
i=1 i=1
where all the coefficients are real.
The algebraic conditions (3.3) become the quadratic equations
. . 9 2 . . 1 . 92
Ja = J31", a4 = agr-, a2J1 + a1j2 = $a3)3r-,

2 (3.18)
2

a37"2 —4ajag = a% = jgrz — 49172 .

Strictly speaking, these follow already from the conditions in (3.3) involving j and w alone.
The conditions in (3.3) involving the contraction ¢, are to be read as constraints on the
metric, since they involve ¢""v,; in general they are automatically satisfied by taking the
vielbein to be of the form

{Rev, Imuv, €} (3.19)
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where €%, a = 1, ..., 4 are such that j = el Ae3 +e2 Aet, w = (el +ie3) A (% + iet).
However, in our present setup, the invariant vector fields are linear combinations of ylﬁyi
and y'0,:, and the contractions of these with (3.15) had better be zero. Indeed these are
also satisfied thanks to the first two in (3.18), so all is well.

The metric is determined by the vielbein (3.19). The e® are not always easy to find, but
alternatively one may proceed as follows. The sum g4 = 23:1 e%e? is a rank-four symmetric
tensor. At each point, it defines a positive-definite metric on the four-dimensional quotient
space

T Mg /Span(v, v) (3.20)

determined by j and w as for an SU(2)-structure in four dimensions. Inspired by this,
we introduce vector fields E%, a = 1, ..., 4 such that tgae® = 6%, 1gav = tpa® = 0. The
matrix Il = Zle e® ® B, is a projector, 113 = Il; using our symmetry assumptions, it
is found to be Iy = 15 — y'y/ (dy’ ® Oyi + da' ® 9,;). We also introduce the bi-vector
(Rew)™ ' = —E* A E? + E3 A B4, and

I = —Tmw(Rew) ™! (3.21)

which satisfies 17 = —II and is thus an almost complex structure on the spaces (3.20). In

! is easy to guess: it should be invariant under (3.13)

2

our case, Rew = agwp, and (Rew)~
and even under Rg, which fixes it to be —(r
(94)mn = —ImP jpn.

After some simplification, the final result for the internal metric can be written as an

az) " telikyio ; A Oy Finally then we compute

S2fibration over R3. Defining §' = y*/r:

2,2
r?v _ , i
ds% = tanQr dr? + 2a, 1T4(a1j3 —asj1) Dy DY
3 2,2
aO N 7’ U‘ i oA . .
N (5 — g i gig | datfdad ; 3.9
+<a3j2—a2j3(” yy)+tan2¢yy> (3.22)

. . aodi — a119 -1 -
Dy = dyji + r~2 22T W2 ik piq k.
ai1j3 — asji

(The term D§'Dj’ is a fibred version of ds%z = dy'dy’.) The fibration is topologically
trivial, so it can also be written as an R3 fibred over S? as in [14, section 7.3.2]:

2,2 2 3

r=v T Qa,
d 2 _ T 2 o 0 d 2
T a2 T 2 anjs —aggn S
2
_ . 3 N ’U N . .
+7? (2% Yasjs — azjs) (i — 9'97) + tan12 ¢yzyj> Dz' D’ ; (3.23)

Da' = da 4+ p222IL T A2 ki gk
a2j3 — azj2
The advantage of (3.22) is that the fiber metric is independent of the base coordinates;
however, in what follows (3.23) will result in simpler expressions. From both perspectives,
the invariance under simultaneous rotations (the SO(3) subgroup of (3.13)) can be seen as
the lift of a base isometry to that of the total space, as usual for a fibration.
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Positive-definiteness of (3.22) requires 13 = ag(a1js — asj1), while for (3.23) it requires
B32 = ap(azjz — azjz). The two conditions are equivalent because (3.18) implies 72313332 =
ia(z) + a52(a2j1 — a1j2)2 > 0.

The setup in this section is very similar to that in [58], where the S? was fibered on a
three-dimensional (locally) maximally symmetric space ¥3. A symmetry similar to (3.13)
also appears there; the basis of forms [58, (3.16)] is linearly related to our (3.15). In
particular the case Y3 = R3 is directly related to the present section, but more generally
one expects the curvature of X3 to become irrelevant in the local limit we are interested in
here. However, some of the j;, a; coefficients in (3.18) were set to zero in [58] because of
the particular applications that motivated that paper.

3.4 The differential system

The differential equations in section 3.2 can be reduced using the symmetry in section 3.3.
This is the same method used in [14, section 7.3|, but as we will see the results are quite
different.

We start our analysis from the three-form equation (3.8b). Two of its components can
be readily solved, giving
cd—3A

J2=0, j1=a—7—, (3.24)

where ¢; is an unfixed constant, which will interpret geometrically momentarily. After
imposing (3.24), only a single non-trivial equation is left:

cos3 B

ja(3A" — &) + jsr + 4 + rUO g = 0. (3.25)

From (3.18) it now also follows that ay = rj3. We then have to impose the Bianchi equations
for the fluxes. From dH = 0 we obtain a single independent equation:

agvi(rA’ + r’ cot b — 3) — r(agv;) + 2agvysec) = 0. (3.26)

The Bianchi identities for £ are more involved. Expanding (3.9b), we obtain that Fy is
given by

2uie"?cos?yp e ?sinqp <

F, = 5M6_A_¢ cos + —
Jar Uy

1 / / /U:
-+ o+ tan gy U) . 327)

1

This is a first order differential equation that has to be solved. To organize the other Bianchi
identities we first define

1 1
Fy =" foiwni,  Fa=) faiwsi. (3.28)
i=0 i=0
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Upon expading (3.9¢) and (3.9d) we read fy0 = f20 = 0. In terms of the newly introduced
variables, d ﬁﬁg = 0 gives 4 non-trivial differential equations:

0 = 2r(4are™ A Foprvy esc(20) + fa1) + 6 fa1 (3.29a)

0 = age M Fopr?vi csc i) + foo, (3.29b)
!/

0 = dage A Fypr’o, csc(2v) + fu + fo3, (3.29¢)
r

0 = dag Fopurv, csc(20) — agFoprv; csctp + e foy ; (3.29d)

while d ﬁﬁh = 0 produces a single differential equation:

i

0= 4e_A,m’2vr(2a2f21 + 2aq foo — asfoq) CSC(QI#) + 27“]%1 + o + 8f41 - (3.30)

Generically, any equation where an fi/j appears is in danger of being a second order
differential equation once the definition (3.28) of f;; is substituted. However, an explicit
computation shows that this is not the case for the particular combination in (3.30).
Similarly, (3.29d) can be reduced to a first order equation by substituting foo from (3.29b).

As a result, only (3.29a) and (3.29¢) would become second order equations if we
subsitute fo1 and foy right away. To avoid this, we keep these two components of the fluxes
as variables. Finally, (3.8a) gives an extra first order equation.

Summing up, at this stage we have 11 first order differential equations and two remaining
algebraic equations,

. . 2agce9734
0=1r2(a%—j2) -4 , 0= 2—7, 3.31
r (ag ]3) a1a2 asjsr -3 ( )
for the 11 unknown functions
aiy, az, a37j3avra Vi, f217 f247 Aa sz)v Qb (332)

The system can thus be further reduced. Without loss of generality, we can assume
az # 0 and j3 # 0 and solve the remaining algebraic equations (3.31) by setting
9¢10—3A+0 20,2 _ ;2
P U SRl U ok ) (3.33)
7273 4ag
Plugging this back in the differential system we find an extra algebraic combination, which

can be used to solve for foy as
o4y,

sin v

We then find that three more of the differential equations are redundant, leaving us with

Joa = —2¢1 (3.34)

A

age”” Cos

Fope? + 922 V)
J3r

seven equations for eight variables. This apparent tension is resolved once we account for
possible redefinitions of the coordinate r. This can be more easily seen introducing the
variables

po = v, p1 = 12j3e34 70, p2 = rag, p3 = i, for =7r%for1, (3.35)

—90 —



where the last four quantities now transform as functions under a change of the coordinate r.
As a result of these redefinitions, the remaining system becomes autonomous (i.e. without
an explicit r dependence) and it is left invariant by the transformation

dr — e9dr, po — e 9pg, (3.36)

where @ is an arbitrary function of r. Another way to understand this property is by
looking at the six-dimensional metric; after the chain of substitutions in this section, (3.23)
becomes

020—6A

d3§:<_292(5ij_?)zgj)+ . yy]) Dz'Da? + ——5—dr? — - ds%., (3.37)

tan2 1) tan2 1) 209
with D2’ = da® + %az-kgjj dg*. We can immediately see that (3.36) cancels from the metric.
Moreover, the constant ¢; controls the internal fibration, turning it off completely when
it vanishes.

To summarize so far, the freedom in (3.36) to fix py gives the same number of equations
and variables. In our solutions below, we will fix the gauge by choosing pg such that the

grr component of the metric (3.37) reduces to e=24:
Po 24
gTT fry tan2 ,(/} pr e_ . (3.38)

This is the same gauge in which the massless solution is usually written, allowing for a
direct comparison of the massless limit.
All in all, we are left with a system of seven first order differential equations for seven

variables:
2
) 24-p  COS P
L= g (3.39a)
/ /
P2 _ ¢ +cotpyp — ] + 2ue_2A tany — P})MG)_MJ”i>M cot (3.39Db)
P2 p3 P2
/ 2 4 92 i 02
P3 _ 4A— § + cotpo)f 4 o2A—¢PECOS U 2p2sinTy (3.39¢)
3 p1p3siny cos? P
B FUMG_SA A
r_tope T 20 2 6A 2
Jor = 2,0%02 cos? 9 (ple “ar p2) ’ (3394
Y = cotyp (3A" — ¢') + 2”24 (3.39%)
/ —2A 2
¢ =2 _tanyp ! + S (e — spucosy) — 20248 1 (3.391)
p3 sin ¢ p1siny
2Fop 54 - A2 - o4 SN A
44 = Srpe(e pipyt 4 eelpyPpa) — 2077 co2 ¢ (0 T —pcosy)  (3.39)

+ 26240 y=1 o cin o + 22eBA—3 P3p3 4 4PA—0 J21p2
p1 p3sin cre - e -
p3 sin Py cos

This system is left invariant by the independent rescalings

r— efor, A— A+ ky, ¢ —d+ka, p3—epy, (3.40)
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where k; are real constants; the other functions and the parameters transform as

Ko-+2k1 —ko+k % x ko—k1—ka F
p1 — efotETRaths 5 gy s @My for = €T for

—ko+2k1

(3.41)
Fy — efkofklszFO , U —e W, ¢ — 62k0+k1*k201 )

These can be used to achieve small curvature and dilaton, and to adjust the flux quanta so
that they are integer. However, they cannot be used to achieve parametric separation of
scales: interestingly, the combination diam%]AL which appears in the bounds for %i' such
as (2.41) and theorem 2, does not rescale.

3.5 Boundary conditions

As usual, the next step is to study the possible boundary conditions for this system. For
example, the internal space can end where the S? shrinks; the latter can combine with the
dr? term in the metric to give a smooth space. More generally, one may look for singularities
which have a known interpretation as the back-reaction of O-planes and D-branes. To find
these local behaviors, we used two techniques.

The first is a non-linear analogue of the Frobenius method: it consists in postulating a
power series expansion, often with fractional or negative exponents, suggested by a physical
behavior one wants to achieve. The coeflicients are then determined order by order by the
differential equations.

The second is backward numerical evolution: one takes a random value for all variables,
and evolves the system (3.39) numerically backwards in r. The evolution stops at a value
r = ro where some of the functions diverge or go to zero. The leading powers of the variables
near 79 can be determined by inspecting the numerical data.

These two techniques are complementary: some boundary conditions of obvious physical
significance can be obtained easily by power series expansion, but are not easily found
numerically. This indicates that they are not attractors for the system, but require fine
tuning. On the other hand, some numerical attractors can only be interpreted physically
with some effort, or not at all. We summarized some notable local behaviors found with
both methods in table 1;'6 let us go through some of them in more detail.

Regular point. As an example of the Frobenius method, the S? shrinks regularly if the
functions behave as

bob3 For 5 b2 , .
= bt atd) O = t0 —byr + 0
P b1 (5 + 3b163) +0(r), P2 207 +O0(r7), p3 =bsr +0O(r°),
~ E 3
f21 — MB;’I -+ O(r5)7 w — blT + 0(7,3)7 (342)
3
b1 b2
e¢:m+0(r2)7 eA:bs+O(r2),
b3 Iy

1510 our gauge (3.38), the subleading powers are all separated by integers from the leading ones. This
is unlike in [58], which as we commented earlier studied a related system, and where many of the same
singularities also appeared.
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01 02 03 fo1  tane e? ed interpretation

1 0 1 3 1 0 0 regular

o 1/2 -=-3/4 0 -1/2 —-1/4 —1/4 partially smeared O4
0o -—-1/2 1/4 0 /2 -3/4 -1/4 06

1 1/2 3/4 0 1/2 3/4 1/4 D6

0 0 -1 -1 -1 0 0 boundary

0 1/2 0 0o -1/2 1/2 0 o

Table 1. Some notable boundary conditions. The numbers denote the leading powers of the
corresponding variables. The regular, D6-brane and O6-plane require fine-tuning, while the others
occur as attractors.

where b; are three constants, and we took ¢; = 0. By (3.37), the local metric is then, at
leading order,

by .o 1
ds?o ~ bgds%‘d&l + ﬁdw’daﬁZ + b—Q(dr2 + 7"2dsfg2) . (3.43)
1 3

We indeed see that the parenthesis reconstructs an R3. The other fields are also smooth.
This local behavior is not an attractor, so it is not found by numerical evolution without
fine tuning. In any case, this behavior cannot look like an O6-plane from far away: the S2
shrinks without a point charge. So this will not be relevant for the rest of the paper.

Boundary. On the other hand, one may want to look for a different type of smooth
behavior, more similar to that in [14, section 7|. The idea is that the local metric would
look like

dr? 4 ds2(r) (3.44)

around r = g, with the first derivatives 9,ds2(ro) = 0 and similar conditions for the other
fields. This would represent an actual boundary for the space, but it could be glued to
a second copy of the same solution to obtain a compact smooth space. (The numerical
evolution might even continue automatically past such a value, in appropriate variables,
but it is more common for it to stop as in [14, section 7].) We found numerical candidates
for such points as numerical attractors: for an open set in the space of all initial values,
backwards numerical evolution stops at such a point. This is denoted as “boundary” in
table 1.7 We were then able to find a corresponding local solution by the power series
method. Unfortunately we found that the partial derivative &ﬂ%(ro) # 0: this is the
coefficient of the term (§°Dz*)? in (3.37). So this cannot be a smooth point. We then
looked more broadly for behaviors of the type (3.44), attractors or not; but in no case we
were able to achieve full regularity.

A more general smooth boundary with ¢ # § can be directly excluded from the
2 2¢—6A
differential system (3.39). Indeed, from the factor —pleT in front of the ds%, term in

the metric (3.37), we see that a smooth boundary where the sphere does not shrink would

17 f51 diverges, but the corresponding component of the physical flux as defined in (3.9) is finite.
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require a non-vanishing p; with a zero derivative at r = ro. From (3.39a), pj = 0 requires
p3 to vanish, since we are assuming 1) # 5. Thus, if p3 were to vanish as a power series, the
term Z—é in (3.39f) would diverge as ~ 7~! and it could not be compensated by any of the
other terms in the equation, which by assumption would go to (possibly zero) constants.

It does happen sometimes that the numerical evolution stops at a point where ¢ and
p3 2o to zero linearly and all other variables are finite, but again (3.39a) shows that p} # 0.

These results already dash the hopes that motivated this section: had we found a regular
boundary, we could have hoped to glue it to the solution perturbative in g5 from [15, 16],
completing it. In any case, we will carry on to describe other boundary conditions, to see
what alternatives are available.

O6-plane, D6-brane. The local solution

b
pL=b1+0(r), pr= OGN, s = by OGN,

= —B3b% — pcb2bobsb2b3 + 2¢363bs bt
Ab3byb303

+O0(r), (3.45)

= b5f;’0\/77 FOE2), o = by O Y, et = by VA 4 O
4

leads to the metric

ds2 ~ — ($2ds2 + (b (65 — §'97) + b3bi §'9’ | Dx'Da? | + /7 di?+ bibs Sdss |
6 \/; 4US A4S, 20i5 — Y'Y b%F b421 bgbG
(3.46)

This has the usual structure A=/ 2dsﬁ + Y/ 2d82l of Dp-branes and Op-branes in the string
frame, with h ~ r; there are three transverse directions p = 6. The linear behavior can be
interpreted as the local expansion of hog = 1 — 22, 7y = l5gs around the locus {r = r¢}, the
boundary of the excluded hole around the source.

The local behavior for a D6-brane can also be found with the power series method, but
we will not give the details here; the leading powers can be found in table 1.

Neither the O6 nor the D6 are attractors: they can only be found numerically by a
great deal of fine tuning. This will play a role in the next section.

Partially smeared O4. The following singularity is the one that occurs most often in
numerical evolution: not only it is an attractor, its open basin of attraction appears to
be the largest. We first found it numerically, and then reproduced it in a power series
expansion as

p1=0b1 + O(T‘) , p2 = _b2\/;+ O(T3/2) 7 p3 = b3’l“_3/4 + O(’I”l/4) ’
for = faro(bi) + O(r), Y= g — b/ + O(r*?), (3.47)
e =byr Vi 0@y, et = bV 1 O

1 5D i i . bib?
dsZ ~ 7 (bidsids4 + b3 (9" D) )+f< + b2(8i5 — 497 ) D' Da? + b2b6d ) .
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(The explicit expression of fgl,o(bi) is not particularly interesting.) Now there are five
directions multiplied by hi/? = \/7, so p = 4. Again the linear behavior of h can arise
near the hole boundary of an 04.'® In principle it could arise by expanding either d3204 =
h=2dst + B2 (dr? 4 r2dsds, go) or dslyo, = B 1/2dsT + W2 (dr? + 12dss + dsga). The
first possibility represents an O4 sitting at the tip of the cone C'(R? x S?), which is a badly
singular space, unclear to make sense even in string theory. The second represents an O4
smeared along the dség = (6;5 — §'9?)Dz' D2’ directions, and appears to be the most likely
interpretation. (For more details see section 4.1.1 of [20], where such singularities appeared
often.) As mentioned earlier, smearing an O-plane is of dubious physical validity. Moreover,
this particular smearing is even more formal than usual: it seems to occur in the direction
§'dz®, which depends on the transverse coordinates. (Another way of seeing this problem is

that the form along which one would measure O4 charge, w1 A wa 2, is not closed.)

Other singularities. Several other attractors exist. The behavior we call ¢ in table 1 is
quite common; it does not obviously match an O-plane or D-brane singularity. Another,

1/2

less common one has p; ~ pa ~ /2, pg ~ r~1 tany ~ r~/2, with the other variables

going to constants.

3.6 Matching with the perturbative solution

As we have seen in section 3.5, there is a rich variety of local behaviors allowed by the
system (3.39) near a boundary. A natural question to ask is then which of those can arise in
the completion of the perturbative solution in [16], even though from the previous analysis
we have indications that a completely smooth boundary seems to be forbidden.
The solution in [16] was obtained perturbatively in g5 < 1 in the limit (3.1), with the
additional Ansatz
¥ = g1 + O(g%), e? = g edAoteidatO(s) oA — oAotgiA2+0(g)) (3.48)

)

On a general Calabi-Yau, the solution can be summarized as

Jy ~ Jaoy, w= —;61 -, e 1 — g, (3.49)
2P

ImQ ~ (14 gs)ImQcy — gs *cy K, ReQ ~ (1 — gsp)ReQcy + g K,

1 ~ .
v~ igseraCYf +0(g3), Acy f = 8gsFoyp, AcyK = 2gsFyReQcy

One also obtains 343 — ¢9 = %1/}% — %Fg fx for the subleading order.

This general solution was also made more explicit by taking the Calabi-Yau to be
T /7o x Zso. As in the previous subsections, the coordinates are called z°, 3, and the O6
involution maps (z*,y*) — (2%, —'); but all coordinates are now periodically identified,
with unit period. The generators of the Zo x Zo can be taken to be (z!, 2% 23 4! y2 y3) —

'8 Another difference with (3.45) is the behavior of 1. In (3.45), ¢ — 0; the pure &+ become SU(3)-
structure type, as for the ordinary O6-plane with Fy = 0 (see for example [14, section 3]). In (3.47), ¢ — 7/2;
indeed the flat-space O4 solution is of SU(2)-structure type, as can be seen by T-dualizing the O6 twice.
Notice that in ITA an AdS4 solution cannot have SU(2) structure everywhere [65, 66].
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1 1 .2

(—2t, —2%, 23, —yt, —12,9°) and — (2!, 22, —23, —y' y?, —43). Because of this discrete
identification, besides the O6-plane at {y' = 3?> = y® = 0} we also have three more, at
{#t =22 =93 =0}, {2! =9? =23 =0} and {y! =22 = 2® = 0}.

The data in (3.49) are given in [16, section 6.2] for this case, but we are interested in
the behavior near one of these O6-planes, which without loss of generality can be taken to
be the one at {y! = y? = > = 0}; in other words we take a limit where y* < 27, Vi, j. We
specify the constants in [16, section 6.2] as ¢Fy = 4, h = L?; moreover we need to rescale

(2%, y") — L(z*,y*). This leads to

Joy =da' Ady',  Qoy = (dz! +idyt) A (de? +idy?) A (dz® + idy?),

F A ) , 1

v = 987302—1/22/1(_iz—1/4dxz + Zl/4dyz) , j=Jdo— 2%’0 NV =wo4+ —SWw23

o z r

w= —iyl(Z_l/‘lde +izZY4dy?) A (2742?4124 dy?) + cyel. (3.50)
r
i/l __ . 1

= <2Z 1/fouz,z +iwg g — 221/2002,1) ;
Ao Z_1/4, by = gsf;o Z_I/Z, fy~ _29sF0 ‘
o o

Z =1—g,/r, 7 = \/y"y is the usual harmonic function for the O6 in flat space.

Comparing the quantities in (3.50) with our definitions in section 3.3, we extract the
leading behaviors of the functions appearing in the system (3.39), obtaining also that ¢;
has to be of order g, or smaller.

We can now evaluate the perturbative solution at an r > g5, where it should be
reliable, and we use it to extract the initial data to compute a numerical solution of the
system (3.39), evolving towards the locus where the O6 would be expected to be. As a
check of this numerical method, we first performed the analysis for a tiny ng = 2nFy < 1,
a limit in which the solution should reproduce the massless one with high accuracy. This
works out correctly, as it can be seen from the example in figure la, where the numerical
solution is indistinguishable from the perturbative one describing a massless O6. This check
is non-trivial from the point of view of the system (3.39), since the O6 boundary condition
appeared to be fine-tuned and not a generic attractor, as we stressed in section 3.5.

We then increased ng up to 1, keeping gs and all the other perturbative parameters
fixed, and we obtained that near the end the solution starts deviating from the perturbative
one (3.50). Surprisingly, however, it does not remain of the O6 kind, but it switches to the
partially smeared O4 type in table 1, with the functions locally behaving as in (3.47). An
example is shown in figure 1b.

Increasing ng even more, the singular behavior changes again approaching the class o in
table 1. To make sure this behavior is generic in the space of the perturbative parameters,
we ran ~ 10° numerical evolutions with randomly selected parameters. In all the cases we
only obtained either smeared-O4 singularities or o-type singularities. For all the latter, we
have checked that decreasing ng, without making it tiny, always resulted in smeared O4
solutions, showing that the behavior discussed above as function of ng is generic. Finally,
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. . r | |
0.11 0.13 0.15 0.11 0.13 0.15

(a) no =1071° (b) no=1

Figure 1. Numerical solutions obtained by imposing boundary conditions at r = 2, with g; = .1,
c1 = 0, for different values of ng. In solid red (green) we show the behavior of e (e?) compared to the
behavior of the perturbative solution (dotted). For ng = 1071 the functions are indistinguishable, but
for ng = 1 the functions deviate from the perturbative ones, approaching the O4 singularity (3.47).

for gs extremely small (< 1072) the system evolves towards another class of singularities at
r < 1, briefly mentioned at the end of section 3.5, whose meaning is not clear.

The solutions of [15, 16] are approximate, and are expected to receive small corrections
at the next level in gs. To account for this, we again performed ~ 10° evolutions, adding
up to 10% random noise to the boundary conditions determined from (3.50). Again the
04 singularity was by far the most common, but sporadically other non-smooth behaviors
also appeared (in about < 0.05% of the cases). Among these, we found a small number of
candidate O6 solutions. This agrees with our observation in section 3.5 that these require
fine tuning. So it is possible that some perturbations of (3.50) can be glued to an O6
behavior, as one might have expected. We stress once again that the present analysis is
only local; in particular we have not imposed the Fj flux quantization.

In an even smaller number of cases, the evolution stops at a point where ps =1 =0
and all the other variables are finite and non-zero; at this point the metric remains finite,
but as discussed in section 3.5 this solution is not smooth when glued to a second copy.

3.7 Summary

This section was motivated by the hope that the O6-planes that originally motivated the
AdSs x CYg solution of [3] could be replaced by smooth loci. This phenomenon arose
generically in [14] in a similar context, for a local solution obtained by deforming the
O6-plane by Romans mass Fp, which however could not be made compact. Moreover, the
general bounds of section 2 left this possibility open.

We found in section 3.5 that there is no such a local behavior. Among the attractor
boundary conditions for the supersymmetry equations, there is one solution that closely
resembles that in [14, section 7], but if we glue it to a second copy of itself to avoid a
boundary, we find in fact an angular point in one of the metric coefficients.

We also found in section 3.6 that it is quite hard to glue the solution in [16] even to
the local O6 singularity for the system. Generically the solution is instead attracted to the
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formal partially smeared O4 singularity (3.47). It is possible that the smeared O4 originates
from the limitations of our local Ansatz, which assumes ISO(3) symmetry near the O6. It
might also be related to the intersections of the various O6-planes that are usually present
in models of this kind. If the construction of [3] works for any Calabi-Yau, as seems to be
suggested by the approximate uplift in [16], it might be possible to avoid such intersections.
But on the other hand maybe they are inherent to the problem, and supersymmetry secretly
knows about them.

This state of affairs might perhaps be ameliorated with more precise numerical work,
given that the O6 boundary condition is not an attractor for the general supersymmetry
system. But as already pointed out in [15], achieving this gluing would be in any case only
a marginal improvement over the approximate solutions in [16]. For g, < 1, those could
be trusted in most of the internal space; their approximation breaks down at a distance of
order a few g around the O6-planes. The full system studied in this section can be trusted
beyond that, but also breaks down at radius O(gs) in string units. The real motivation for
the study in this section was to avoid a singularity altogether; that would have boosted our
confidence in the solution enormously, but as we saw it cannot be achieved.

Finally, there is also the possibility that with a more general Ansatz the smeared-O4
singularities can turn into fully localized O4-planes, and it would be interesting to explore
how such configurations would be related to the original models in [3] and whether they
also enjoy separation of scales.
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