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A B S T R A C T

The price and the exchanged quantity volatility observed in real-world markets may be
explained, according to the existing empirical literature, in terms of the endogenous fluctuations
generated by the presence of nonlinearities. We then replace with a sigmoid adaptive best
response mechanism the linear partial adjustment best response rule considered in Mamada
and Perrings (2020), where the effect produced by quadratic emission charges on the dynamics
of a Cournot duopoly model with homogeneous goods was investigated. Moreover, the sigmoid
nonlinearity, in addition to being well suited to describe the bounded output variations caused
by physical, historical and institutional constraints, makes the model able to generate inter-
esting, non-divergent dynamic outcomes, despite the linearity of the demand function and of
marginal costs. Additionally, following the suggestion in Mamada and Perrings (2020), we deal
with the more general case of differentiated products. Beyond analytically studying the stability
of the unique steady state, coinciding with the Nash equilibrium, and the effect produced by the
main parameters on the stability region, we perform two comparative dynamics investigations
which allow to evaluate the environmental policy efficacy when the Nash equilibrium is not
stable and thus the standard comparative statics technique does not fit for the purpose. In
particular, the former analysis, which is based on a comparison of emissions for different
levels of charges, shows that, also in case the Nash equilibrium is not stable, the considered
environmental policy may be effective both with complements and with substitutes. The latter
investigation, consisting in a comparison of emissions along non-stationary trajectories and
along the equilibrium path, in the proposed experiments highlights that emissions are larger
along non-stationary trajectories. This gives us the opportunity to show how to act on the level
of the asymptotes of the sigmoid adjustment mechanism to reduce output variations, reaching
at one time a complete stabilization of the system and limiting pollution.

. Introduction

According to the existing empirical literature (see e.g. [1–3]) the main variables, i.e., good prices and exchanged quantities,
onnected with real-world markets, especially those for agricultural commodities, display chaotic and erratic behaviors, including
olatility. In particular, those empirical studies suggest that the therein identified dynamic phenomena may be explained in terms
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of the endogenous fluctuations generated by the presence of nonlinearities. Also the experimental literature (cf. for instance [4])
concerning the real markets dynamics underlines the emergence of oscillatory behaviors in good prices and exchanged quantities.
Hence, in proposing a model to describe those contexts, also in connection with ecological issues, firstly we have to guarantee that
it is able to generate interesting, i.e., non-stationary, non-divergent, dynamic outcomes, so as to be ‘‘up to the task of adequately
addressing the implications of these complex system dynamics and the unpredictability which seems to be their hallmark’’, quoting [5] in
regard to ecological economics. Secondly, if we are interested in investigating the effect produced by an environmental policy scheme
on the generated pollution, we have to explain how the environmental policy efficacy can be evaluated in the case of non-stationary
trajectories. Namely, the classical comparative statics technique, applied to the system equilibrium, which is a steady state, is not
empirically grounded in such a context, in which the steady state is rarely stable. Thus, the need to develop alternative, dynamical
solutions arises, based for instance on the behavior of the time series of the cumulative aggregate emission. In this manner, the
environmental policy efficacy, to be measured in relation to an emission reduction, could be implied by a negative variation of
cumulative emissions over the considered time interval as a consequence of an increased strictness of the environmental policy
scheme.

We tackle both issues by revisiting the framework in [6], where the effects produced by emission charges on the dynamics of
a Cournot duopoly model were investigated. In more detail, motivated by the two points described above, we replace the linear
partial output adjustment rule considered therein, whose linearity causes a discrepancy between the simulative outcomes and the
empirical data, with a gradual sigmoid version of the best response mechanism, characterized by the presence of two horizontal
asymptotes, which help avoid diverging trajectories and negativity issues. The same sigmoid formulation has been used in different
macro contexts e.g. in [7,8], but, to the best of our knowledge, this is the first time that such nonlinearity is introduced in the
decisional mechanism within a game theoretical framework. We stress that the sigmoid output adjustment rule, in addition to
opening the door to complex dynamics and to giving us the opportunity to perform the above mentioned investigations to test the
environmental policy efficacy, is also sensible from an economic viewpoint, since it is well-suited to describe the bounded output
variations caused by physical, historical and institutional constraints. Namely, when the difference between the best response and
the current output level of a firm is positive, capacity constraints will bound the increase in the production volume, because of
the limited expansion from time to time of capital and labor stock. When instead the difference between the best response and the
current output level of a firm is negative, capital cannot be destroyed proportionally to that difference as the only factors that may
lower productivity are attrition of machines from wear, time, and obsolescence. Additionally, the labor factor imposes constraints,
too: indeed, due to the presence of trade unions, it is difficult, or impossible, to reduce employment below a certain threshold
level. Notice that the proposed sigmoid adjustment mechanism is suitable to describe also the gradual output variations deriving
from the limits imposed by an environmental policy scheme aiming at containing pollution by bounding production, due to the
direct proportionality linking them. In fact, acting on the levels of the horizontal asymptotes we obtain a further tool to contain
pollution, which stabilizes the dynamics, too. The latter aspect turns out to be particularly relevant when emissions are larger along
non-stationary trajectories than along equilibrium paths. In such cases, reducing output variations by lowering the distance between
the asymptotes allows at one time to decrease the system dynamic complexity and to limit pollution. Moreover, with respect to the
original setting in [6], where the goods produced by the two firms were homogeneous, we assume that firms produce differentiated
goods, following the suggestion contained in the concluding section of their work. On the other hand, in regard to emission charges,
we stick to the quadratic formulation considered therein.

As concerns the existing literature, we stress that in [9] we extended the setting in [6] by introducing differentiated goods, but
without altering the output adjustment rule, while the effect played by the introduction of differentiated goods and of a nonlinear
output adjustment mechanism in the framework in [6] has been investigated in [10]. However, in the latter work goods can be just
substitutes, not complements, and the quadratic emission charges can only be convex, without the linear term considered in [6], so
that the environmental policy is always effective in the setting in [10]. Furthermore, in their context the nonlinearity is represented
by output dependent factors that replace the constant adjustment coefficients in the best reply mechanism in [6], implying that
the system admits two boundary equilibria, in addition to the internal equilibrium corresponding to the one in [6]. Moreover, the
authors in [10] deal with the case in which marginal production costs do not coincide across firms and analyze, among other issues,
the conditions for market transitions between duopoly and monopoly.

Turning back to the here considered setting, in studying it we start by analyzing the stability of the unique steady state, which
coincides with the Nash equilibrium, common to the framework in [9], as well as its bifurcations and the role played by the main
model parameters. We find that the equilibrium is stable when the two goods are nearly independent, while complex dynamics can
arise when the interdependence degree between the two goods is strong enough, depending also on the intensity of the reactivity
of the adjustment mechanism and on the distance between the asymptotes of the sigmoid map, despite the linearity of the demand
function and of marginal costs. We recall that when the steady state is unstable in [6] the output quantities produced by the two
firms tend instead to become unbounded, positive or negative. Furthermore, due to the introduction of the sigmoid adjustment
mechanism, the equilibrium stability region is reduced in the here analyzed context with respect to [9]. On the other hand, as long
as the Nash equilibrium is stable in our framework, and we can thus rely on the classical comparative statics approach, we find
a confirmation of the static results obtained in [9], which showed that the considered environmental policy becomes detrimental
when emission charges increase too slowly with production. In order to deal with the cases in which the Nash equilibrium is not
stable, we perform two alternative, comparative dynamics investigations to evaluate the environmental policy efficacy, based either
on a comparison of emissions for different levels of charges or on a comparison of emissions along non-stationary trajectories and
along the equilibrium path. The proposed solutions are mainly numerical in nature, involving non-stationary orbits. The former
2
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pollution, both with complements and substitutes. In regard to the latter investigation, since in the proposed experiments it happens
that emissions are larger along non-stationary trajectories than along the equilibrium path, we explain how to act on the levels of
the asymptotes of the sigmoid in view of reducing output variations, reaching a complete stabilization of the system and limiting
pollution, without modifying the equilibrium position.

Looking at the numerical simulations that we perform to illustrate our analytical results about the steady state stability loss and
he bifurcations that occur on varying the main model parameters, we notice that the attractors obtained for certain parameter
onfigurations lie on the diagonal of the phase space, but this is not always the case. In order to try to understand why such
henomenon may occur, we study the one-dimensional dynamical system corresponding to the restriction of the planar system to
he diagonal, which is invariant under its action, by the symmetry of the setting we propose. Namely, if we assume that the initial
onditions for the output of the two firms coincide, then their future choices will be identical in each time period. The analysis
e perform highlights that there are both analogies and differences between the 1D and the 2D frameworks. In particular, it can
appen that the steady state of the one-dimensional setting is stable when the dynamics of the planar model are quasiperiodic or
haotic. This fact has important consequences from a policy viewpoint. Indeed, focusing just on the behavior of the steady state via
omparative statics exercises prevents the consideration and the understanding of the system out-of-equilibrium dynamics, while, as
xplained above, a comparative statics result is economically grounded if it concerns an equilibrium which is asymptotically stable
nd thus orbits converge towards it after a transient period. Moreover, if agents are completely homogeneous, so that also their past
hoices, summarized by the output initial conditions, coincide, even an environmental policy maker who were aware of the limits
f the equilibrium analysis could erroneously believe that the equilibrium is stable, thus relying on comparative statics tools, while
he steady state is actually unstable in the 2D framework. Hence, in addition to being implausible that firms are identical from an
volutionary viewpoint, the assumption that initial conditions for their output coincide can make the use of the comparative statics
echnique apparently grounded, when it is not. Thus, in the comparative dynamics investigations that we propose to evaluate the
nvironmental policy efficacy when the Nash equilibrium is not stable, we will always consider heterogeneous initial conditions
or the output of the two firms. In this respect, we recall the concept of ‘‘path dependence’’ in [11], according to which the initial
onditions, representing a summary of agents’ history, matter in determining the evolution of the system. Still in regard to the role
layed by symmetric vs. asymmetric initial conditions, as well as by identical vs. quasi-identical parameter values, we refer the
nterested reader to [12], where the authors find very different dynamic outcomes in consequence of small parameter variations,
n contrast to the argument, widespread in the economic literature [13], that small heterogeneities among agents can be neglected,
hich is often employed to justify the representative agent assumption (see for instance [14–16] for further discussion on the topic).

We conclude by underlying that, to the best of our knowledge, the existing literature on ecological economics is either static [17–
6] or, even when the proposed models are dynamical in nature, the focus is on the behavior of the steady state [6,27–30] and
he investigation of the efficacy of the considered environmental policy in non-stationary regimes is neglected. A partial exception
s represented by [10], where the authors study the dynamic outcomes of their nonlinear model, while the environmental policy
fficacy is granted by the assumptions made therein. Notice that the nonlinearities considered in the present work and in [10]
oncern the decisional mechanism, even if in a different manner, as explained in Section 2, where we present the setting that we
onsider. In Section 3 we perform the stability and bifurcation analysis, both for the planar model and for its one-dimensional
estriction to the diagonal of the phase space. In Section 4 we investigate the efficacy of the environmental policy from a dynamic
iewpoint. In Section 5 we briefly discuss our results and describe possible developments of the here studied framework.

. The model

The extension to differentiated goods of the context in [6] has been briefly presented in [9]. For the reader’s convenience and in
rder to add some important aspects in its derivation, in what follows we describe the main steps related to its static part, turning
hen to illustrating the sigmoid best response mechanism, which allows us to keep the same Nash equilibrium found in [9], solving
t the same time the issue with diverging trajectories when equilibrium stability is lost in the linear framework. Namely, the new
ormulation choice allows for more realistic dynamic outcomes, suitable to mimic the volatility displayed by the variables involved
n real-world markets. Moreover, from the modeling viewpoint, the sigmoid adjustment mechanism is appropriate to describe the
radual output variations caused by material, historical and institutional constraints in the production side of an economy, as well as
y the limits imposed by an environmental policy scheme on production levels, due to their direct proportionality with emissions.1

Denoting by 𝑞𝑖,𝑡+1 the output level of firm 𝑖 at time 𝑡+1 and by 𝑞𝑒𝑗,𝑡+1 the output level of firm 𝑗 at time 𝑡+1 expected by firm 𝑖 at
the end of period 𝑡, with 𝑖 ≠ 𝑗 ∈ {1, 2}, we assume that in time period 𝑡 + 1 ∈ N ⧵ {0} firm 𝑖 ∈ {1, 2} maximizes the expected profit
function

𝜋𝑒
𝑖,𝑡+1 = (𝑝 − 𝛽𝑖𝑞𝑖,𝑡+1 − 𝛾𝑞𝑒𝑗,𝑡+1)𝑞𝑖,𝑡+1 − 𝑐𝑞2𝑖,𝑡+1 − 𝐶𝑖,𝑡+1 (2.1)

where 𝑝, 𝑐 are positive parameters and 𝐶𝑖,𝑡+1 is the emission charge, faced at time 𝑡+ 1 by firm 𝑖, that we will describe in (2.2). For
the parameters 𝛽𝑖 and 𝛾, as usual in the case of differentiated goods, we suppose that |𝛾| < 𝛽𝑖, with 𝑖 ∈ {1, 2}.

1 Indeed, in Section 4 we shall show that acting on the position of the sigmoid map asymptotes may represent a form of direct intervention on output and
mission levels through a modification in the bound to the strategy variation between one period and the following one, in contrast to the indirect nature of
he pollution control obtained by means of emission charges in (2.2). Furthermore, by varying the position of the asymptotes we will make the system converge
owards the Nash equilibrium in (2.8) – whose position remains unchanged – starting from a situation characterized by the presence of a different (periodic or
3
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Fig. 1. In (A) we draw the graph of 𝐶𝑖 in (2.2) as a function of 𝑢 for 𝑏 = 1, and 𝑑 = −2 in blue, 𝑑 = −1 in cyan, 𝑑 = 0 in green, 𝑑 = 1 in yellow, 𝑑 = 2 in
orange. In (B) we represent the corresponding marginal emission charges 𝑑𝐶𝑖

𝑑𝑢
as a function of 𝑢, using the same color distribution as in (A).

We recall that, according to [31], the expression for the inverse demand function entering (2.1) can be derived by assuming that
in an economy with a monopolistic sector with two firms, each one producing a differentiated good, and a competitive numeraire
sector, there is a continuum of consumers of the same type with a utility function 𝑈 separable and linear in the numeraire good, so
that there are no income effects on the monopolistic sector, and it is possible to perform partial equilibrium analysis. In symbols, the
representative consumer has to maximize in each time period 𝑈 (𝑞1, 𝑞2) − 𝜌1𝑞1 − 𝜌2𝑞2, i.e., the utility function subject to the budget
constraint, where 𝜌𝑖 is the price of good 𝑖 and 𝑈 (𝑞1, 𝑞2) = 𝑝1𝑞1 + 𝑝2𝑞2 −

1
2

(

𝛽1𝑞21 + 𝛽2𝑞22 + 2𝛾𝑞1𝑞2
)

, with 𝑝𝑖 and 𝛽𝑖 positive, 𝛽1𝛽2 − 𝛾2 > 0
and 𝑝𝑖𝛽𝑗 − 𝑝𝑗𝛾 > 0 for 𝑖 ≠ 𝑗 ∈ {1, 2}. Dealing, like in [6], with the simplified case in which 𝑝1 = 𝑝2 = 𝑝 and 𝛽1 = 𝛽2 = 𝛽, the utility
function reads as 𝑈 (𝑞1, 𝑞2) = 𝑝(𝑞1 + 𝑞2) −

𝛽
2

(

𝑞21 + 𝑞22
)

− 𝛾𝑞1𝑞2, with 𝑝 and 𝛽 positive, and |𝛾| < 𝛽, as supposed above. In particular, if
𝛾 > 0 utility decreases when consuming the two goods together, i.e., they are substitutes; if 𝛾 < 0 utility increases when consuming
the two goods together, i.e., they are complements; if 𝛾 = 0 utility is not affected by a joint consumption of the two goods, i.e., they
are independent. The homogeneous good framework is obtained in the limit case 𝛾 = 𝛽 = 𝑘, where 𝑘 is the price-depressing effect
of oligopoly. Taking the FOC of 𝑈 (𝑞1, 𝑞2) − 𝜌1𝑞1 − 𝜌2𝑞2, it is straightforward to obtain 𝜌𝑖 = 𝑝 − 𝛽𝑞𝑖 − 𝛾𝑞𝑗 for 𝑖 ≠ 𝑗 ∈ {1, 2} as inverse
demand functions. Further details can be found in [31,32].

Concerning 𝐶𝑖,𝑡+1, in [6], followed by [9], the authors propose the quadratic formulation for emission charges

𝐶𝑖,𝑡+1 = 𝑏𝑢𝑖,𝑡+1 +
1
2
𝑑𝑢2𝑖,𝑡+1, (2.2)

with 𝑏 > 0, 𝑑 ∈ R and where, denoting by 𝜀 > 0 the emissions per unit output,2 𝑢𝑖,𝑡+1 = 𝜀𝑞𝑖,𝑡+1 are emissions by firm 𝑖 ∈ {1, 2} at
time 𝑡 + 1. In [6] 𝑑 is used as bifurcation parameter, finding that it has a stabilizing effect on the system equilibrium in the case of
homogeneous goods. Moreover, the sign of 𝑑 determines if the marginal emission charge

𝑑𝐶𝑖,𝑡+1

𝑑𝑢𝑖,𝑡+1
= 𝑏 + 𝑑𝑢𝑖,𝑡+1

is positive or negative. Since the marginal emission charge cannot be negative, when 𝑑 < 0 the constraint

0 < 𝑞𝑖,𝑡+1 <
−𝑏
𝜀𝑑

(2.3)

emerges. Notice that, ceteris paribus, an increase in 𝑑 produces a raise in emission charges in (2.2) both when starting from positive
or negative values for 𝑑. However, when 𝑑 is positive the marginal emission charge increases with 𝑢, while when 𝑑 is negative
it decreases with 𝑢. In such eventuality, according to (2.3), the maximum value 𝑢 can assume is given by −𝑏∕𝑑. See Fig. 1 for a
graphical illustration.

Turning back to (2.1), since
𝜕𝜋𝑒

𝑖,𝑡+1

𝜕𝑞𝑖,𝑡+1
= 𝑝 − 𝑏𝜀 − (2(𝛽 + 𝑐) + 𝑑𝜀2)𝑞𝑖,𝑡+1 − 𝛾𝑞𝑒𝑗,𝑡+1 (2.4)

for 𝑖 ≠ 𝑗 ∈ {1, 2}, expected profits are strictly concave when

2(𝛽 + 𝑐) + 𝑑𝜀2 > 0. (2.5)

2 In the analysis performed in the present paper, also in view of comparing our results with those obtained in [9], we assume, as in [6], that emissions per
unit output coincide across firms. On the other hand, in order to test the robustness of our findings, in a future work we will deal with firm-specific emissions
per unit output, similar to what done e.g. in [21] in a homogeneous good framework with non-point source (NPS) pollution.
4
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This condition is satisfied when 𝐶𝑖 in (2.2) is convex for 𝑖 ∈ {1, 2}, i.e., for 𝑑 ≥ 0, as well as for 𝑑 ∈
(

− 2(𝛽+𝑐)
𝜀2

, 0
]

, in which case
𝐶𝑖 is concave, but production variations lead to emission charge variations close to those that we would have in the linear case,
corresponding to 𝑑 = 0. Assumption (2.5) will be maintained along the manuscript. Moreover, setting 𝜕𝜋𝑒

𝑖,𝑡+1∕𝜕𝑞𝑖,𝑡+1 in (2.4) equal
to 0 we obtain

𝑅𝑖,𝑡+1(𝑞𝑒𝑗,𝑡+1) =
𝑝 − 𝑏𝜀 − 𝛾𝑞𝑒𝑗,𝑡+1
2(𝛽 + 𝑐) + 𝑑𝜀2

(2.6)

s best response function for 𝑖 ≠ 𝑗 ∈ {1, 2}, representing the optimal strategy for firm 𝑖 in period 𝑡 + 1, given the strategy for firm 𝑗
xpected by firm 𝑖 for that same period. Notice that 𝑅𝑖,𝑡+1(𝑞𝑒𝑗,𝑡+1) is well defined under (2.5).

Imposing like in [6] that firms have static expectations, it holds that 𝑞𝑒𝑗,𝑡+1 = 𝑞𝑗,𝑡, so that (2.6) can be rewritten as

𝑅𝑖,𝑡+1(𝑞𝑒𝑗,𝑡+1) = 𝑅𝑖,𝑡+1(𝑞𝑗,𝑡) =
𝑝 − 𝑏𝜀 − 𝛾𝑞𝑗,𝑡
2(𝛽 + 𝑐) + 𝑑𝜀2

. (2.7)

ence, calling (𝑞∗1 , 𝑞
∗
2 ) the solution to the system

{

𝑞1 = 𝑅1(𝑞2)
𝑞2 = 𝑅2(𝑞1)

hich arises by supposing that both firms simultaneously produce the best response output to their opponent’s strategy, we find
ike in [9] that the unique (symmetric) Nash equilibrium is given by

(

𝑞∗1 , 𝑞
∗
2
)

=
(

𝑝 − 𝑏𝜀
2(𝛽 + 𝑐) + 𝑑𝜀2 + 𝛾

,
𝑝 − 𝑏𝜀

2(𝛽 + 𝑐) + 𝑑𝜀2 + 𝛾

)

. (2.8)

n order to avoid negativity issues, we can assume that 𝑝 > 𝑏𝜀 and that 2(𝛽 + 𝑐) + 𝑑𝜀2 + 𝛾 > 0, similar to what done in [6] in the case
f homogeneous products, or we can suppose that 𝑝 < 𝑏𝜀 and 2(𝛽+𝑐)+𝑑𝜀2+𝛾 < 0. Like in [9], taking into account also (2.5), we will
eed to split the model analysis in Section 3 according to those two scenarios in the case of complements, while with substitutes
he numerator and the denominator of the Nash equilibrium can just be positive.

As mentioned at the beginning of the section, we will deal with a sigmoid best response mechanism, which on the one hand
llows for nontrivial and realistic erratic dynamic outcomes, and, on the other hand, is suitable to describe the gradual output
ariations deriving both from the limits imposed by an environmental policy scheme aiming at containing pollution by bounding
roduction, as well as from the technical and institutional constraints that pertain the production side of an economy. Namely,
hen the difference between the best response and the current output level is positive, capacity constraints will bound the increase

n the production volume, due to the limited expansion from time to time of capital and labor stock; when instead the difference
etween the best response and the current output level is negative, capital cannot be destroyed proportionally to that difference
s the only factors that may reduce productivity are attrition of machines from wear, time, and obsolescence. Furthermore, also
he labor factor imposes limits: indeed, due to the presence of trade unions, it is difficult, or impossible, to reduce employment
elow a certain threshold level. In more detail, firms, due to an adjustment capacity constraint, in [6,9] modify their output level
ccording to the size and the extent of the difference between the best response and the current output level in just a partial way.
owever, due to the above recalled reasons related to dynamic outcomes and economic significance of a sigmoid adaptive best

esponse mechanism, rather than the linear formulation adopted in [6,9]

𝑞𝑖,𝑡+1 = 𝑞𝑖,𝑡 + 𝜆(𝑅𝑖(𝑞𝑗,𝑡) − 𝑞𝑖,𝑡), (2.9)

here the reactivity parameter 𝜆 varies in (0, 1) and, to lighten notation, 𝑅𝑖(𝑞𝑗,𝑡) stands for 𝑅𝑖,𝑡+1(𝑞𝑗,𝑡), i.e., the best response function
n (2.7) of firm 𝑖 at time 𝑡 + 1 to the output 𝑞𝑗,𝑡 produced by firm 𝑗 at time 𝑡, for 𝑖 ≠ 𝑗 ∈ {1, 2}, we will now consider

𝑞𝑖,𝑡+1 = 𝑞𝑖,𝑡 + 𝛿
(

𝜐 + 𝛿
𝜐 𝑒−𝜎(𝑅𝑖(𝑞𝑗,𝑡)−𝑞𝑖,𝑡) + 𝛿

− 1
)

. (2.10)

Moving 𝑞𝑖,𝑡 to the left-hand side of (2.10), we obtain that the output variation of firm 𝑖 ≠ 𝑗 ∈ {1, 2} between the next period and
the current one is described by the sigmoid map

𝑔(𝑥) ∶= 𝛿
( 𝜐 + 𝛿
𝜐 𝑒−𝜎𝑥 + 𝛿

− 1
)

, (2.11)

with 𝑥 measuring the difference between the next period optimal strategy and the current output volume, so that (2.10) can be
rewritten as

𝑞𝑖,𝑡+1 − 𝑞𝑖,𝑡 = 𝑔(𝑅𝑖(𝑞𝑗,𝑡) − 𝑞𝑖,𝑡). (2.12)

efore looking at the features of 𝑔, let us introduce the concept of relative variation, that we will denote by  , and which at time
𝑡 for firm 𝑖 is defined as

 𝑖,𝑡 ∶=
𝑞𝑖,𝑡+1 − 𝑞𝑖,𝑡 , (2.13)
5

𝑅𝑖(𝑞𝑗,𝑡) − 𝑞𝑖,𝑡
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with 𝑖 ≠ 𝑗 ∈ {1, 2}, i.e., as the ratio between the output variation in a given period and the difference between the optimal output
nd the current strategy. Thanks to such notion, we will be able to compare in a more formal manner our adjustment mechanism
n (2.10) with that in (2.9), considered in [6], as well as with the nonlinear updating rule adopted in [10], which reads as

𝑞𝑖,𝑡+1 = 𝑞𝑖,𝑡 +𝐾𝑞𝑖,𝑡(𝑅𝑖(𝑞𝑗,𝑡) − 𝑞𝑖,𝑡), (2.14)

for 𝑖 ≠ 𝑗 ∈ {1, 2} and 𝐾 ∈ (0,+∞).
Computing the relative variation in the three different scenarios, we obtain  𝑖,𝑡 = 𝜆 in relation to (2.9),  𝑖,𝑡 = 𝐾𝑞𝑖,𝑡 in relation

to (2.14), while  𝑖,𝑡 has no explicit formulation in connection with (2.10), but we will derive below some qualitative properties
for it. The common feature for the relative variation in the three settings is that it is always linked with the reactivity, given just
by 𝜆 for (2.9), by 𝐾 for (2.14), and by 𝜎 for (2.10). Of course, the connection between the relative variation and the reactivity is
different in each case. Indeed, in [6] the two notions coincide, the relative variation being constant, while in the setting in [10],
that may be considered as an extension of the former framework, the relative variation proportionally increases with the current
production volume, linked with the firm size, the proportionality factor being given by the reactivity. Also in regard to the sigmoid
adjustment rule in (2.10), the relative variation is not constant, depending on the current production level.

Turning back to the mechanism in (2.12), we notice that 𝑔 in (2.11) is increasing and that it passes through the origin. Moreover,
it is bounded from below by −𝛿 and from above by 𝜐. The presence of the two horizontal asymptotes helps avoid diverging trajectories
and negativity issues. In particular, by raising (resp. lowering) 𝜐 and 𝛿 we obtain an increase (resp. decrease) in the possible output
variations, which have to be contained in the interval (−𝛿, 𝜐). Accordingly, we can call 𝛿 and 𝜐 potential reactivities as they determine
the size of the interval in which output variations have to lie in each time period. In more detail, notice that acting on 𝜐 (resp. 𝛿)
produces an effect when the best response is above (resp. below) the current production level. We show the graph of the sigmoid
function 𝑔 for different values of the reactivity 𝜎 in Fig. 2, where we denote by 𝑦 the output difference between tomorrow and today
output levels by firm 𝑖. Namely, 𝜎 is a non-negative parameter describing the intensity with which the difference between the best
response and the current output level determines the output variation. For 𝜎 = 0, firms are completely insensitive to that difference
and they keep their output unchanged in time, so that 𝑞𝑖,𝑡+1 − 𝑞𝑖,𝑡 = 0 for every 𝑡. In the limit 𝜎 → +∞, the sigmoid approaches

piecewise constant function, taking just the lowest and the highest possible values: indeed, the value of 𝑔 coincides with −𝛿 for
egative values of the signal 𝑅𝑖(𝑞𝑗,𝑡) − 𝑞𝑖,𝑡 and with 𝜐 for positive values of 𝑅𝑖(𝑞𝑗,𝑡) − 𝑞𝑖,𝑡. Moreover, as observed above, 𝜎 influences,

together with 𝜐 and 𝛿, the relative variation in connection with (2.12), that, recalling (2.13), is given by

 𝑖,𝑡 =
𝑔(𝑅𝑖(𝑞𝑗,𝑡) − 𝑞𝑖,𝑡)
𝑅𝑖(𝑞𝑗,𝑡) − 𝑞𝑖,𝑡

. (2.15)

otice that, looking at (2.10) and recalling the meaning of variable 𝑥 introduced after (2.11), 𝑥 = 0 corresponds to the Nash
quilibrium

(

𝑞∗1 , 𝑞
∗
2
)

in (2.8), as the best response function formulation is still the one in (2.7). Since 𝑔 is an increasing map passing
hrough the origin, 𝑥 = 0 coincides also with the unique steady state for (2.10). Some features of  𝑖,𝑡 easily follow from (2.11)
nd (2.15), observing that: (I) 𝑔(𝑥)∕𝑥 → 0+ when 𝑥 → ±∞;

(II) 𝑔(𝑥)∕𝑥 is an even map when 𝜐 = 𝛿;

(III)
𝑔(𝑥)
𝑥

→ 𝜎 ∶= 𝜐𝛿𝜎
𝜐 + 𝛿

when 𝑥 → 0. (2.16)

amely, (I) implies that for us there is no direct proportionality between  𝑖,𝑡 and 𝑞𝑖,𝑡, contrary to what occurs in the setting in [10],
here with (2.14) the relative variation proportionally increases with the current production volume. Indeed, with (2.10)  𝑖,𝑡 tends

o vanish when the production volume is far from the current optimal output level. In particular, due to (II), such decrease in  𝑖,𝑡
s symmetric with respect to positive or negative values of the signal 𝑅𝑖(𝑞𝑗,𝑡)−𝑞𝑖,𝑡 that have the same modulus if the upper and lower
symptotes of 𝑔 are at the same distance from the horizontal axis. Finally, by (III) in (2.16) the relative variation at the steady state
oincides with 𝜎, which, taking into account the joint effect of 𝜎, 𝜐 and 𝛿, will be called joint reactivity in what follows. Notice that
influences 𝜎, without modifying the value of the asymptotes and that, like in the linear framework proposed in [6] it would be

ossible to consider different values of the reactivity parameter 𝜆 for the two firms, also in the present nonlinear setting we could
ssume personalized values of the sensitivity parameter 𝜎. However, since this hypothesis would overburden the analysis, making
he interpretation of the results less neat, similar to [6], where the reactivity parameter is homogeneous for the two firms, we prefer
o deal with the case in which the value of 𝜎 coincides for firms.

. Local stability and bifurcation analysis

Let us start by investigating how the presence of the sigmoid adjustment mechanism influences, with respect to the linear
ramework with differentiated goods considered in [9], the local stability of the Nash equilibrium for (2.10), which for 𝑖 ≠ 𝑗 ∈ {1, 2}
ay be explicitly written as

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

𝑞1,𝑡+1 = 𝑞1,𝑡 + 𝛿
(

𝜐+𝛿

𝜐 𝑒−𝜎(𝑅1(𝑞2,𝑡)−𝑞1,𝑡)+𝛿
− 1

)

= 𝑞1,𝑡 + 𝛿
⎛

⎜

⎜

⎝

𝜐+𝛿

𝜐 𝑒
−𝜎

( 𝑝−𝑏𝜀−𝛾𝑞2,𝑡
2(𝛽+𝑐)+𝑑𝜀2

−𝑞1,𝑡

)

+𝛿

− 1
⎞

⎟

⎟

⎠

𝑞2,𝑡+1 = 𝑞2,𝑡 + 𝛿
(

𝜐+𝛿

𝜐 𝑒−𝜎(𝑅2(𝑞1,𝑡)−𝑞2,𝑡)+𝛿
− 1

)

= 𝑞2,𝑡 + 𝛿
⎛

⎜

⎜

𝜐+𝛿

−𝜎
( 𝑝−𝑏𝜀−𝛾𝑞1,𝑡

2 −𝑞2,𝑡

) − 1
⎞

⎟

⎟

(3.1)
6

⎩

⎝ 𝜐 𝑒 2(𝛽+𝑐)+𝑑𝜀 +𝛿 ⎠
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Fig. 2. The graph of the sigmoid function 𝑔 in (2.11), for a low (in (A)), intermediate (in (B)) and high (in (C)) value of 𝜎.

Calling 𝐹 ∶ (0,+∞)2 → (0,+∞)2 the planar map associated with the above dynamical system, in Section 3.1 we will deal with the
cases of substitutable and independent goods, in which 𝛾 ∈ [0, 𝛽), so that the framework with homogeneous goods, corresponding
to 𝛾 = 𝛽, is encompassed as limit case, while in Section 3.2 we will focus on complements, with 𝛾 ∈ (−𝛽, 0).

3.1. Substitutable and independent goods

In the present subsection, we deal with the case 𝛾 ∈ [0, 𝛽). Since (2.5) has to be satisfied, it follows that 2(𝛽 + 𝑐) + 𝑑𝜀2 + 𝛾 > 0.
Hence, the positivity of the Nash equilibrium

(

𝑞∗1 , 𝑞
∗
2
)

in (2.8) requires that

𝑝 − 𝑏𝜀 > 0, (3.2)

similar to [6]. Consequently, the following result, which highlights the destabilizing role of the joint reactivity 𝜎 = 𝜐𝛿𝜎
𝜐+𝛿 introduced

in (2.16), as well as the stabilizing effect of parameter 𝑑 entering the formulation for emission charges in (2.2), holds true:

Proposition 3.1. When 𝛾 ≥ 0, under (2.5) and (3.2),
(

𝑞∗1 , 𝑞
∗
2
)

in (2.8) is admissible according to (2.3) for 𝑑 > − 𝑏(2𝛽+2𝑐+𝛾)
𝜀𝑝 . If this is the

case,
(

𝑞∗1 , 𝑞
∗
2
)

is locally asymptotically stable for System (3.1) when 𝑑 > − 2𝛽+2𝑐−𝛾
𝜀2

and 𝜎 < 2
1+ 𝛾

2(𝛽+𝑐)+𝑑𝜀2
.

Proof. We are going to derive the local stability conditions for our system at the steady state by using Jury conditions in [33]

(𝑖) det(𝐽 ) < 1;

(𝑖𝑖) 1 + tr(𝐽 ) + det(𝐽 ) > 0;

(𝑖𝑖𝑖) 1 − tr(𝐽 ) + det(𝐽 ) > 0,

(3.3)

where 𝐽 = 𝐽𝐹 (𝑞∗1 , 𝑞
∗
2 ) is the Jacobian matrix for 𝐹 computed at (𝑞∗1 , 𝑞

∗
2 ), which reads as

𝐽𝐹 (𝑞∗1 , 𝑞
∗
2 ) =

⎡

⎢

⎢

⎢

⎣

1 − 𝜎 − 𝜎𝛾
2(𝛽+𝑐)+𝑑𝜀2

− 𝜎𝛾
2(𝛽+𝑐)+𝑑𝜀2 1 − 𝜎

⎤

⎥

⎥

⎥

⎦

(3.4)

and that is well defined by (2.5). Since as expressions for the determinant and for the trace of 𝐽 we respectively find

det(𝐽 ) = 𝜎2
(

1 −
𝛾2

(2(𝛽 + 𝑐) + 𝑑𝜀2)2

)

− 2𝜎 + 1, tr(𝐽 ) = 2 − 2𝜎,

condition (𝑖𝑖𝑖) reads as

1 −
𝛾2

(2(𝛽 + 𝑐) + 𝑑𝜀2)2
> 0, (3.5)

so that, setting 𝐴 ∶= 1 − (𝛾2∕(2(𝛽 + 𝑐) + 𝑑𝜀2)2), we have that 𝐴 has to lie in the interval (0, 1). Condition (𝑖) is then equivalent to

𝜎 < 2
𝐴
, (3.6)

while condition (𝑖𝑖) holds if and only if

𝐴𝜎2 − 4𝜎 + 4 > 0. (3.7)
7
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It is straightforward to check that (3.6) and (3.7) are jointly satisfied when

𝜎 < 2
1 + 𝛾

2(𝛽+𝑐)+𝑑𝜀2
. (3.8)

oreover, since (3.5) can be equivalently rewritten as

(2(𝛽 + 𝑐) + 𝑑𝜀2 − 𝛾)(2(𝛽 + 𝑐) + 𝑑𝜀2 + 𝛾) > 0 (3.9)

nd by (2.5) it holds that 2(𝛽 + 𝑐) + 𝑑𝜀2 + 𝛾 > 0, then (3.5) is equivalent to

2(𝛽 + 𝑐) + 𝑑𝜀2 − 𝛾 > 0 (3.10)

s well, which can be rewritten as

𝑑 > −
2𝛽 + 2𝑐 − 𝛾

𝜀2
. (3.11)

ince, by (2.5), the conditions in (2.3) lead to

𝑑 > −
𝑏(2𝛽 + 2𝑐 + 𝛾)

𝜀𝑝
, (3.12)

he desired conclusion follows from (3.8), (3.11) and (3.12). □

Comparing the above result with the findings obtained in [9], Proposition 3.1 highlights an overall reduction in the stability
egion for

(

𝑞∗1 , 𝑞
∗
2
)

with respect to Proposition 3 therein due to the introduction of the sigmoid adjustment mechanism in (2.10).
ndeed, under (3.2) in the nonlinear context we observe stricter conditions for stability than in its linear counterpart, where just
3.11) was present,3 describing the stabilizing role of 𝑑. Namely, when 𝑑 is positive, or at least not too negative, i.e., when the
olicy intensity degree is sufficiently high, production is reduced, as it is evident from the best response functions in (2.6), and this
ay favor the equilibrium stability. On the other hand, with the sigmoid adjustment mechanism in (2.10), in order to have

(

𝑞∗1 , 𝑞
∗
2
)

n (2.8) locally asymptotically stable for System (3.1), in addition to (3.11), we need a further condition (cf. (3.8)), arising from
he destabilizing role played by the joint reactivity 𝜎. In this respect, we stress that all parameters encompassed in the expression
f 𝜎 in (2.16) positively affect the joint reactivity, as a raise in 𝛿, 𝜐 or 𝜎 makes 𝜎 increase.4 Hence, 𝛿, 𝜐 and 𝜎 have a destabilizing

effect on the steady state, fact which can be easily explained by observing that a raise in any of them increases the possible output
variations 𝑞𝑖,𝑡+1 − 𝑞𝑖,𝑡 between two consecutive periods. Namely, since from (2.10) it follows that

𝑞𝑖,𝑡+1 − 𝑞𝑖,𝑡 = 𝛿
(

𝜐 + 𝛿
𝜐 𝑒−𝜎(𝑅𝑖(𝑞𝑗,𝑡)−𝑞𝑖,𝑡) + 𝛿

− 1
)

, (3.13)

the left-hand side is increasing in 𝜎, bounded from below by −𝛿 and from above by 𝜐. Thus, in the present context, not only
he reactivity 𝜎, which plays a destabilizing role also in the case of the linear formulations considered, with minor differences,
.g. in [10, Section 4] and in [34], but even the parameters regulating the level of the two asymptotes, i.e., 𝛿 and 𝜐, favor the
quilibrium destabilization, through a violation of (3.8). Specifically, when (3.8) is violated, a period-doubling bifurcation occurs
t the steady state,5 possibly opening the door to interesting dynamic phenomena. We illustrate two different scenarios, according
o the sign of 𝑑, in Fig. 3, where we let 𝜎 vary.

More precisely, for a positive value of 𝑑, if (3.2) holds true, the only condition in Proposition 3.1 that can be violated is the
ast one, i.e., that in (3.8). Indeed, for the parameter configuration considered in Fig. 3(A), where 𝑑 = 0.1, (3.8) reads as 𝜎 < 1.413
r, equivalently, as 𝜎 < 4.176, since 𝛿 = 0.4 and 𝜐 = 2.2. In fact, in that bifurcation diagram 𝜎 varies in (0, 6.4) and

(

𝑞∗1 , 𝑞
∗
2
)

in (2.8)
s stable for low values of 𝜎, while above the stability threshold we observe a cascade of period-doubling bifurcations leading to
haos. The presence of chaotic dynamics for 𝜎 > 5.675 is confirmed both by the plot of the maximal Lyapunov exponent against
in Fig. 3(B), as well as by the non-periodic attractor that we witness in the phase plane for 𝜎 = 6.38 in Fig. 3(C). Namely, in

egard to the former we recall that there exists evidence for periodic behavior when the maximal Lyapunov exponent is zero, while
t becomes slightly positive with quasiperiodic motions and assumes higher positive values in the presence of chaos. As concerns the
ttractor in (C), we notice instead that, despite the asymmetric initial conditions, it lies on the diagonal of the phase plane, i.e. on

3 We recall that in [6] the only found stability condition, i.e., 𝑑 > − 𝑘+2𝑐
𝜀2

, coincides with (3.11) in the limit case 𝛾 = 𝛽, corresponding to homogeneous goods.
4 Namely, dividing e.g. by 𝛿 the numerator and the denominator of 𝜎, we obtain for the latter the reformulation 𝜎 = (𝜐𝜎)∕

(

𝜐
𝛿
+ 1

)

, which shows that the
joint reactivity is directly proportional to 𝛿. We can proceed in an analogous manner with 𝜐, while the direct proportionality between 𝜎 and 𝜎 is even more
apparent. Hence, in the main dynamic results along the manuscript (cf. Propositions 3.1–3.3) we analyze the role played on the equilibrium stability by the
joint reactivity, both in view of simplifying computations and due to its representativeness, as such analysis clarifies also the effect of the parameters defining
̃. However, in the bifurcation diagrams illustrating those results we will use 𝜎, i.e., the reactivity, since this is the parameter most commonly considered in the
literature in relation to adjustment rules (see e.g. [10,34]), even if choosing 𝛿 or 𝜐 as bifurcation parameters would produce analogous numerical outcomes.

5 According to [35], page 249, this is a consequence of the fact that a violation of (3.8) occurs when condition (𝑖𝑖) in (3.3) becomes an equality, so that the
Jacobian matrix in (3.4) admits a real eigenvalue equal to −1. Analogously, a period-doubling bifurcation occurs at the steady state with complements when
(3.18) in the proof of Proposition 3.2 is violated. Of course, the same is still true when (3.8) and (3.18) are rewritten in order to make explicit a parameter
different from 𝜎, such as 𝑑 or 𝛾. In this respect, we remark that a period-doubling bifurcation occurs on increasing 𝜎 or |𝛾| (cf. Corollaries 3.5 and 3.6 for 𝛾),
while a period-doubling bifurcation occurs on decreasing 𝑑 (see Corollaries 3.1 and 3.3). We can then equivalently say that a period-halving bifurcation occurs
8

on increasing 𝑑.
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Fig. 3. The bifurcation diagram of 𝑞1,𝑡+1 in (3.1) with respect to 𝜎 and initial conditions 𝑞1,0 = 0.25, 𝑞2,0 = 0.2, for 𝑝 = 2.5, 𝛿 = 0.4, 𝜐 = 2.2, 𝛽 = 3.1, 𝑐 = 0.15, 𝑏 =
.4, 𝜀 = 2.7, 𝛾 = 3, and 𝑑 = 0.1 in (A), 𝑑 = −0.4 in (D). For the parameter configuration considered in (A), we plot in (B) the maximal Lyapunov exponent against
and in (C) the attractor in the phase plane for 𝜎 = 6.38.

𝛥 ∶= {(𝑞1, 𝑞2) ∈ (0,+∞)2 ∶ 𝑞1 = 𝑞2}, due to the symmetry of the model, but this is not always the case, as we shall see for different
sets of parameters in Fig. 5(C) and (F), as well as in Fig. 7(C) and (G). We will investigate why these dissimilar outcomes arise
by analyzing in Section 3.4 the one-dimensional system obtained by setting 𝑞1 = 𝑞2 in (3.1), which describes the behavior of the
restriction of the planar system to 𝛥. Indeed, due to the symmetry of (3.1), if also initial conditions for the output of the two firms
coincide, then their future choices will be identical in each time period, and thus the planar model behaves like the one-dimensional
setting in (3.21).

On the other hand, when dealing with negative values for 𝑑, no condition in Proposition 3.1 is granted. In particular, in Fig. 3(D)
we fix 𝑑 = −0.4 and, for the chosen parameter set, conditions (2.5) and (3.2) are fulfilled, as well as the stability condition in (3.11),
which reads as 𝑑 > −0.480, while (3.8) reads as 𝜎 < 1.089, or equivalently 𝜎 < 3.217. Hence, like in (A), also in this case the steady
state is stable for low values of 𝜎. On the other hand, since the admissibility condition in (2.3) leads to6 𝑞𝑖 < 0.370 for 𝑖 ∈ {1, 2}, it
is fulfilled just for 𝜎 ∈ (0, 3.660). This is indeed the interval for 𝜎 depicted in Fig. 3(D), where we have to interrupt the bifurcation
diagram before the cascade of period-doubling bifurcations (cf. also Footnote 5). We stress that, both in (A) and in (B), orbits do
not diverge when the steady state is not stable, thanks to the introduction of the sigmoid adjustment mechanism, differently from
what happens with the linear adjustment rule considered in [6,9]. Notice that for the parameter configurations in Fig. 3(A) and (D),
disregarding the parameters not encompassed in the model linear formulation,

(

𝑞∗1 , 𝑞
∗
2
)

in (2.8) is stable for the dynamical system
analyzed in [9] since the stability condition in (3.11), common to that framework (cf. Proposition 3 therein), is fulfilled. We also
stress that considering 𝛾 = 𝛽 = 3.1 in Fig. 3(A) and (D), so that goods are homogeneous, we obtain dynamics analogous to the ones
detected in those bifurcation diagrams, where the interdependence degree between goods is already very high. In particular, for
the parameter configurations in Fig. 3(A) and (D) except for 𝛾 = 𝛽 = 3.1,

(

𝑞∗1 , 𝑞
∗
2
)

in (2.8), which in the case of homogeneous goods
eads as

(

𝑞∗1 , 𝑞
∗
2
)

=
(

𝑝 − 𝑏𝜀
3𝛽 + 2𝑐 + 𝑑𝜀2

,
𝑝 − 𝑏𝜀

3𝛽 + 2𝑐 + 𝑑𝜀2

)

,

is stable for the dynamical system considered in [6] since the stability condition in (3.11), which becomes 𝑑 > − 𝛽+2𝑐
𝜀2

, is fulfilled
for those parameter values.

In regard to comparative statics, we remark that the same conclusions contained in Propositions 1 and 2 in [9], showing that,
with substitutable and independent goods, under (3.2), the components of the Nash equilibrium in (2.8) decrease when 𝑏, 𝑑 or
𝜀 increase in the model linear formulation, hold true with the sigmoidal adjustment mechanism, too. Hence, the efficacy of the
environmental policy described by the emission charges in (2.2) would seem not to be affected by the nonlinear output adjustment
rule introduced in the present work. On the other hand, as underlined in [9], a comparative statics result is economically grounded
if it concerns an equilibrium which is asymptotically stable and thus orbits converge towards it after a transient period. Due to
the above highlighted destabilizing role played by 𝜎, that concerns the case of complements, too (cf. Section 3.2), we can then say
that the significance of the comparative statics analysis is reduced when dealing with the model nonlinear formulation in (3.1),
rather than with its linear counterpart. Accordingly, in Section 4 we will perform alternative, comparative dynamics investigations
to evaluate the environmental policy efficacy, based either on a comparison of emissions along non-stationary trajectories and along
the equilibrium path or on a comparison of emissions for different levels of charges in (2.2), described by increasing values of 𝑑.

Still in regard to 𝑑, we observe that it is possible to rewrite the statement of Proposition 3.1 in order to make its role explicit
starting from (3.8) as follows7:

6 Notice that, when the Nash equilibrium is unstable, (2.3) has to be satisfied by all production levels, not just by those computed at the equilibrium.
7 We stress that, similar to what occurs in [9] (cf. Footnote 3 therein), also in the present framework 𝑏, differently from 𝑑, does not influence the system

stability, being not present in the Jacobian matrix in (3.4).
9
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Corollary 3.1. When 𝛾 ≥ 0, under (2.5) and (3.2),
(

𝑞∗1 , 𝑞
∗
2
)

in (2.8) is admissible according to (2.3) for 𝑑 > − 𝑏(2𝛽+2𝑐+𝛾)
𝜀𝑝 . If this is the

case,
(

𝑞∗1 , 𝑞
∗
2
)

is locally asymptotically stable for System (3.1) for 𝜎 < 2 and

𝑑 > max

⎧

⎪

⎨

⎪

⎩

−2(𝛽 + 𝑐)
𝜀2

+
𝛾
𝜀2

,
−2(𝛽 + 𝑐)

𝜀2
+

𝛾

𝜀2
(

2
𝜎 − 1

)

⎫

⎪

⎬

⎪

⎭

.

Hence, similar to what happened with the model linear formulation in [6], in the case of homogeneous goods, and in [9], with
ubstitutable and independent products, under (2.5) and (3.2) parameter 𝑑 plays just a stabilizing role on the Nash equilibrium - since

by raising it we make the policy intensity degree higher, hence favoring a decrease in production - when it influences its stability.
Namely, it can also happen that, under (2.5) and (3.2), the equilibrium in (2.8) is stable for any admissible value for 𝑑 according to
(2.3). However, with respect to [6,9], due to the sigmoid adjustment mechanism in (2.10), we now have one extra stability condition,
involving the joint reactivity 𝜎, which has to be not too large due to its destabilizing role (see (3.13) and the related comments), and
thus more frameworks may arise. We represent the three main possibilities8 in Fig. 4, where we take 𝑑 as bifurcation parameter and
the various values of 𝑝 and 𝜎 allow for a different ordering among the thresholds contained in Corollary 3.1. In particular, calling
𝑑1, 𝑑2 the stability thresholds therein, 𝑑𝑎 the admissibility threshold coming from (2.3) and 𝑑𝑐 the threshold coming from (2.5), i.e.,

𝑑1 ∶=
−2(𝛽+𝑐)

𝜀2
+ 𝛾

𝜀2
, 𝑑2 ∶=

−2(𝛽+𝑐)
𝜀2

+ 𝛾

𝜀2
(

2
𝜎 −1

) ,

𝑑𝑎 ∶= − 𝑏(2𝛽+2𝑐+𝛾)
𝜀𝑝 , 𝑑𝑐 ∶= − 2(𝛽+𝑐)

𝜀2
,

(3.14)

or the parameter configuration in Fig. 4(A) it holds that 𝑑𝑐 = −0.892 < 𝑑2 = −0.754 < 𝑑1 = −0.480 < 𝑑𝑎 = −0.469. Since the stability
thresholds 𝑑1 and 𝑑2 are below the admissibility threshold 𝑑𝑎, the Nash equilibrium is stable for all values for which it is admissible,
as highlighted by the bifurcation diagram in Fig. 4(A), that we draw for 𝑑 ∈ (−0.469, 0). Moreover, the steady state is decreasing
with 𝑑, in agreement with Proposition 1 in [9]. On the other hand, for the parameter values considered in Fig. 4(B) it holds that
𝑑𝑎 = −1.005 < 𝑑𝑐 = −0.892 < 𝑑2 = −0.754 < 𝑑1 = −0.480. Hence, although this time both stability thresholds 𝑑1 and 𝑑2 are larger
han 𝑑𝑎 and satisfy (2.5), which imposes 𝑑 > 𝑑𝑐 , also the admissibility condition in (2.3), that leads to 𝑞𝑖 < − 0.4

2.7𝑑 for 𝑖 ∈ {1, 2}, since
𝑑 varies, has to be taken into account. It is straightforward to check that

(

𝑞∗1 , 𝑞
∗
2
)

is admissible at the stability threshold 𝑑 = 𝑑1, since
𝑞∗𝑖 = 0.053 < − 0.4

2.7𝑑1
= 0.309 for 𝑖 ∈ {1, 2}. Hence, by continuity, it should be possible to represent the corresponding bifurcation

iagram for values of 𝑑 in a left neighborhood of 𝑑1. However, due to a monotone divergence phenomenon which occurs as soon
s 𝑑 is below 𝑑1, in Fig. 4(B) we draw the bifurcation diagram for 𝑑 ∈ [−0.480,−0.450) only, where the Nash equilibrium is locally

asymptotically stable.9 We stress that at 𝑑 = 𝑑1 = −0.480 a saddle–node bifurcation occurs.10 In regard to the divergence issue, we
recall that by (3.13) the sigmoid adjustment mechanism bounds in each period the output variation and thus lowers the speed of
divergence of the orbits, sometimes completely preventing divergence, like e.g. in Figs. 3 and 7. However, this is not always the
case, as shown by Fig. 4(B). Finally, in Fig. 4(C) we have 𝑑𝑎 = −1.005 < 𝑑𝑐 = −0.892 < 𝑑1 = −0.480 < 𝑑2 = −0.467, so that also
in such framework both stability thresholds 𝑑1 and 𝑑2 are larger than 𝑑𝑎 and satisfy (2.5), too. Recalling that, in the considered
framework, the admissibility condition in (2.3) reads as 𝑞𝑖 < − 0.4

2.7𝑑 for 𝑖 ∈ {1, 2}, a numerical check shows that we can represent the
corresponding bifurcation diagram e.g. for 𝑑 ∈ (−0.478,−0.450). This is indeed the choice made in Fig. 4(C), which confirms that
the Nash equilibrium is stable for 𝑑 > 𝑑2, whereas for values of 𝑑 slightly smaller than 𝑑2 we observe a cyclic behavior, since at
𝑑 = 𝑑2 a period-halving bifurcation occurs (cf. Footnote 5). Similar to (B), also in this case it would be possible to consider a wider
range of values of 𝑑. However, since the values of 𝑞1 raise very rapidly for decreasing values of 𝑑 ≈ −0.480, we focus on a small
variation interval for 𝑑 in Fig. 4(C), in order to better focus on the steady state stability recovery.

Notice that, differently from 𝑑, parameter 𝑏 plays no role on the stability of the Nash equilibrium, being not present in the
Jacobian matrix in (3.4).

Starting again from Proposition 3.1 and making this time explicit the effect of 𝛾 on the stability of the Nash equilibrium, we obtain
the following result, which shows that an increasing degree of interdependence between goods, measured by |𝛾|, is destabilizing
when we deal with substitutes:

8 Notice indeed that no crucial differences emerge when the smaller between the two stability thresholds 𝑑1 and 𝑑2 in (3.14) lies above or below the
dmissibility threshold 𝑑𝑎. In regard to the comparison between 𝑑1 and 𝑑2, with substitutes we have that 𝑑1 < 𝑑2 for 𝜎 > 1. In particular, this remark applies to
he limit case in which 𝛾 = 𝛽, i.e., when we are dealing with homogeneous goods. We finally stress that 𝑑1 and 𝑑2 coincide when products are independent.

9 Actually, it would be possible to represent the bifurcation diagram in Fig. 4(B) e.g. for 𝑑 ∈ [−0.480, 0), but, in order to better highlight what occurs in
he proximity of the stability threshold 𝑑 = 𝑑1, we focus on a smaller interval of values for 𝑑. A similar remark applies to the choice of the range for 𝑑 in the
ifurcation diagram in Fig. 4(C).
10 According to [35], page 249, when condition (𝑖𝑖𝑖) in (3.3) becomes an equality, and thus the Jacobian matrix in (3.4) admits a real eigenvalue equal to
1, then a saddle–node, a pitchfork or a transcritical bifurcation occurs. Since condition (𝑖𝑖𝑖) in (3.3) becomes an equality just when (3.11) is violated, we are

n one of those three cases for 𝑑 = 𝑑1. In particular, we can infer that a saddle–node bifurcation occurs for the parameter configuration considered in Fig. 4(B),
ince, according to the chosen initial conditions, the production of one firm positively diverges, while the production of the other firm negatively diverges. As
e shall see in Section 3.2, with complements, depending on the parameter values we deal with, (𝑖𝑖𝑖) in (3.3) is either always or never fulfilled and thus no

old, pitchfork or transcritical bifurcations can occur in that framework.
10
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Fig. 4. The bifurcation diagram of 𝑞1,𝑡+1 in (3.1) with respect to 𝑑 and initial conditions 𝑞1,0 = 0.25, 𝑞2,0 = 0.2, for 𝛿 = 0.4, 𝜐 = 2.2, 𝛽 = 3.1, 𝑐 = 0.15, 𝑏 = 0.4, 𝜀 =
2.7, 𝛾 = 3, and 𝑝 = 3, 𝜎 = 1.478 in (A), 𝑝 = 1.4, 𝜎 = 1.478 in (B), 𝑝 = 1.4, 𝜎 = 3 in (C).

Corollary 3.2. When 𝛾 ≥ 0, under (2.5) and (3.2),
(

𝑞∗1 , 𝑞
∗
2
)

in (2.8) is admissible according to (2.3) for 𝛾 > −
(

2(𝛽 + 𝑐) + 𝑑𝜀𝑝
𝑏

)

. If this
is the case,

(

𝑞∗1 , 𝑞
∗
2
)

is locally asymptotically stable for System (3.1) when 𝜎 < 2 and

0 ≤ 𝛾 < min
{

2(𝛽 + 𝑐) + 𝑑𝜀2,
( 2
𝜎
− 1

)

(

2(𝛽 + 𝑐) + 𝑑𝜀2
)

}

. (3.15)

Hence, in our duopoly setting with emission charges we obtain a conclusion contrasting with the destabilizing role of the degree
of substitutability between commodities found in [34], in a Cournot duopoly framework with differentiated goods and nonlinear
demand functions. Namely, in [34], where goods can be just substitutes, the degree of substitutability/differentiation between the
commodities is denoted by 𝛼 and it is assumed to vary in the interval (0, 1), with goods that are perfect substitutes for 𝛼 = 1 and
independent for 𝛼 = 0, similar to what occurs with our 𝛾, which however varies in (0, 𝛽) in the case of substitutes (cf. Section 2).
Since the dynamic results in [34] are interpreted for increasing values of the product heterogeneity, i.e., for decreasing 11 values of 𝛼,
the destabilizing role of the degree of substitutability between commodities found in [34] on the unique steady state is in contrast
to Corollary 3.2, according to which the equilibrium destabilization is obtained on raising 𝛾, so that decreasing values of 𝛾 would be
stabilizing. Our result can be easily explained by recalling that |𝛾| for us represents the interdependence degree between goods and
by noticing that, when the two goods are almost independent, a price variation in one of them does not influence much the demand
of the other. If however their interdependence degree raises, the demand for each commodity becomes more heavily affected by a
price variation in the other good, making fluctuations increase and leading, for large enough values of 𝜎, to the system instability,
due also to the already observed destabilizing effect of the joint reactivity. In this respect, we more precisely stress that, according
to Corollary 3.2, if 𝜎 is too high, exceeding 2, then the equilibrium is stable for no values of 𝛾 ∈ (0, 𝛽), while the threshold value
𝛾2 ∶=

(

2
𝜎 − 1

)

(

2(𝛽 + 𝑐) + 𝑑𝜀2
)

in (3.15) lies in the interval (0, 𝛽), thus becoming effective, for large enough values of 𝜎 ∈ (0, 2).
Moreover, calling 𝛾1 ∶= 2(𝛽 + 𝑐) + 𝑑𝜀2 the other threshold value in (3.15), we notice that 𝛾1 < 𝛾2 if and only if 𝜎 ∈ (0, 1), while the
opposite inequality holds true for 𝜎 ∈ (1, 2).

Rather than illustrating Corollary 3.2, we will show in Fig. 7 possible bifurcation diagrams drawn for positive and negative values
of 𝛾, in relation to the findings in the more general Corollary 3.5, which encompasses both the case of substitutes and (Scenario I)
of complements.

3.2. The case of complements

In the present subsection, we deal with the case 𝛾 < 0. Accordingly, under (2.5), two different scenarios ensure the positivity of
the Nash equilibrium in (2.8), i.e.,

𝑝 − 𝑏𝜀 > 0, 2(𝛽 + 𝑐) + 𝑑𝜀2 + 𝛾 > 0, (3.16)

or

𝑝 − 𝑏𝜀 < 0, 2(𝛽 + 𝑐) + 𝑑𝜀2 + 𝛾 < 0. (3.17)

The former scenario, in which (2.5) is granted and that occurs either when 𝑑 ≥ 0 or for not too negative values for 𝑑 and 𝛾, leads to
findings similar to, but not coinciding with, those described in Section 3.1. In the latter scenario, that occurs for negative enough

11 We stress that a similar choice is made e.g. in [36], in a Cournot duopoly framework with differentiated goods, in which commodities can be substitutes or
complements. We shall compare our findings with those in [36] in Section 3.3, where we will deal with complements, too. Namely, like in [36], in the case of
complements we will interpret our stability results by looking at what happens for decreasing values of 𝛾, i.e., when the interdependence degree between goods,
measured by |𝛾|, raises. Indeed, the dependence of the stability/instability of the steady state on the absolute value of 𝛾 will more clearly emerge in Section 3.3,
where we will combine our results for substitutes, obtained in the present subsection, with those for complements, that we shall obtain in Section 3.2.
11
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values for 𝑑 and 𝛾, (2.5) needs to be imposed, being not guaranteed, and outcomes will be drastically different from those detected
in the other cases. In order to easily refer to the scenarios related to (3.16) and (3.17), in what follows we will call them Scenario
I and Scenario II, respectively, and we will analyze them separately.

3.2.1. Analysis of Scenario I
The dynamic result, which represents the counterpart to Proposition 3.1, reads as follows:

Proposition 3.2. When 𝛾 < 0, under (3.16),
(

𝑞∗1 , 𝑞
∗
2
)

in (2.8) is admissible according to (2.3) for 𝑑 > − 𝑏(2𝛽+2𝑐+𝛾)
𝜀𝑝 . If this is the case,

(

𝑞∗1 , 𝑞
∗
2
)

is locally asymptotically stable for System (3.1) when 𝜎 < 2
1− 𝛾

2(𝛽+𝑐)+𝑑𝜀2
.

roof. Using Jury conditions like in the proof of Proposition 3.1, we find again (3.5), equivalent to (3.9), as well as (3.6) and (3.7).
owever, this time, since 𝛾 is negative, (3.6) and (3.7) are jointly fulfilled when

𝜎 < 2
1 − 𝛾

2(𝛽+𝑐)+𝑑𝜀2
. (3.18)

oreover, by (3.16), (3.9) is equivalent to (3.10) and to (3.11). Since, still by (3.16), the conditions in (2.3) lead to (3.12) and it
olds that

−
𝑏(2𝛽 + 2𝑐 + 𝛾)

𝜀𝑝
> −

2𝛽 + 2𝑐 + 𝛾
𝜀2

> −
2𝛽 + 2𝑐 − 𝛾

𝜀2
,

the assertion follows by (3.12) and (3.18). □

Similar to what happened with substitutes, we notice that although the same conclusions about comparative statics contained in
ropositions 4 and 5 in [9], according to which the components of the Nash equilibrium in (2.8) decrease when 𝑏, 𝑑 or 𝜀 increase,

hold true with the sigmoidal adjustment mechanism, too, the significance of the comparative statics analysis is reduced when dealing
with the model nonlinear formulation in (3.1), since the stability region in Proposition 3.2 for

(

𝑞∗1 , 𝑞
∗
2
)

in (2.8) is reduced with respect
to Proposition 6 in [9], obtained for the model linear formulation. Indeed, in that setting the Nash equilibrium is stable under (3.16)
anytime it is admissible according to (2.3), i.e., when (3.12) holds true, while with the sigmoidal adjustment mechanism the extra
condition in (3.18), highlighting the destabilizing role played by the joint reactivity 𝜎, is required for stability. As explained in
relation to Proposition 3.1, this occurs because raising the value of any of the parameters defining 𝜎, i.e., 𝛿, 𝜐 and 𝜎, increases
he possible output variations between two consecutive periods (see (3.13)). Concerning Proposition 3.2, two different scenarios,
ccording to the sign of 𝑑, are illustrated in Fig. 5, where we let 𝜎 vary, finding outcomes which bear resemblance to those detected
n Fig. 3, as well as some differences.

Namely, for the parameter configuration considered in Fig. 5(A), where 𝑑 = 0.1, since (3.16) holds true and (3.12) is guaranteed
y the positivity of 𝑑, the only condition in Proposition 3.2 that can be violated is the one in (3.18), which reads as 𝜎 < 1.413 or
quivalently as 𝜎 < 4.176, since 𝜐 = 2.2 and 𝛿 = 0.4. Indeed, in that bifurcation diagram 𝜎 varies in (0, 20) and

(

𝑞∗1 , 𝑞
∗
2
)

in (2.8) is
table for low values of 𝜎, while after the period-doubling bifurcation occurring at 𝜎 = 4.176 (cf. Footnote 5), we observe a secondary
eimark–Sacker bifurcation at 𝜎 = 5.112, at which the period-two cycle loses stability and quasiperiodic dynamics emerge, followed
y chaotic motions for larger values of 𝜎. The presence of complex dynamics is confirmed both by the plot of the maximal Lyapunov
xponent against 𝜎 in Fig. 5(B), in which values are positive for 𝜎 > 5.67, except for the periodicity windows that we observe in (A),
here the maximal Lyapunov exponent becomes null or negative, as well as by the chaotic attractor that we observe in the phase
lane for 𝜎 = 9.9 in Fig. 5(C).

When considering negative values for 𝑑, no condition in Proposition 3.2 is granted. In particular, in Fig. 5(D) we fix 𝑑 = −0.1
nd, for the chosen parameter set, condition (3.16) is fulfilled, while (3.18) reads as 𝜎 < 1.316, or equivalently 𝜎 < 3.888. Hence,
ike in (A), also in this case the steady state is stable for low values of 𝜎. On the other hand, since the admissibility condition in
2.3) leads to 𝑞𝑖 < 1.481 for 𝑖 ∈ {1, 2}, it is fulfilled just for 𝜎 ∈ (0, 5.334). This is the interval for 𝜎 depicted in Fig. 5(D), which is

sufficient to witness the secondary Neimark–Sacker bifurcation of the period-two cycle, followed by quasiperiodic dynamics,12 whose
presence is confirmed by the positive values for 𝜎 > 5.156 in the plot of the maximal Lyapunov exponent against 𝜎 in Fig. 5(E) and
by the shape of the attractor that we observe in the phase plane for 𝜎 = 5.247 in Fig. 5(F). Differently from Fig. 5(B), the maximal
Lyapunov exponent against 𝜎 in (E) never vanishes or becomes negative for 𝜎 > 5.156, due to the lack of periodicity windows in
(D). Moreover, we notice that, unlike what occurs in Fig. 3(C), despite the symmetry of the model, the attractors in Fig. 5(C) and
(F) do not lie on the diagonal of the phase plane. We will try to clarify the reason behind such discrepancy by means of the 1D
analysis that we shall perform in Section 3.4.

We also remark that both in Fig. 5(A) and (D) orbits do not diverge after the steady state stability loss, differently from the linear
framework considered in [6,9], thanks to the introduction of the sigmoid adjustment mechanism.

12 In this respect we remark that choosing a more negative value of 𝑑 would allow us to draw the bifurcation diagram for a smaller interval of values for
𝜎. For instance, for 𝑑 = −0.15 we should interrupt the diagram in Fig. 5(D) just after the secondary Neimark–Sacker bifurcation. The same remark applies to
Fig. 3. Namely, in (D) therein we have to truncate the bifurcation diagram just after the period-doubling bifurcation with 𝑑 = −0.4, while if we chose 𝑑 = −0.1
12

n Fig. 3(D), we would obtain a bifurcation diagram more similar to the one in Fig. 3(A), encompassing complex dynamics.
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Fig. 5. The bifurcation diagram of 𝑞1,𝑡+1 in (3.1) with respect to 𝜎 and initial conditions 𝑞1,0 = 0.25, 𝑞2,0 = 0.2, for 𝑝 = 2.5, 𝛿 = 0.4, 𝜐 = 2.2, 𝛽 = 3.1, 𝑐 = 0.15, 𝑏 =
.4, 𝜀 = 2.7, 𝛾 = −3, and 𝑑 = 0.1 in (A), 𝑑 = −0.1 in (D). For the parameter configuration considered in (A), we plot in (B) the maximal Lyapunov exponent against
and in (C) the attractor in the phase plane for 𝜎 = 9.9. Similarly, for the parameter configuration considered in (D), we plot in (E) the maximal Lyapunov

xponent against 𝜎 and in (F) the attractor in the phase plane for 𝜎 = 5.247.

We stress that the threshold values in Fig. 3(A) and in Fig. 5(A) for 𝜎 coincide because in the two bifurcation diagrams we
onsidered the same parameter values, except for 𝛾 = 3 in the former, and 𝛾 = −3 in the latter, so that |𝛾| = 3 in either case.13

amely, we will see in Corollary 3.6 in Section 3.3, which encompasses the frameworks of substitutes and of complements, that,
ince 𝑑 > 0 in Figs. 3(A), 5(A) and (3.2) holds true in both frameworks, then |𝛾| determines the stability threshold value for 𝜎, as
t follows by making the latter parameter explicit (cf. (3.20)).

Let us now state the analogues of Corollaries 3.1 and 3.2, which are obtained by highlighting in the statement of Proposition 3.2
he role of 𝑑 and of 𝛾, respectively.

In regard to the former, making 𝑑 explicit in (3.18), we obtain the following:

orollary 3.3. When 𝛾 < 0, under (3.16),
(

𝑞∗1 , 𝑞
∗
2
)

in (2.8) is admissible according to (2.3) for 𝑑 > − 𝑏(2𝛽+2𝑐+𝛾)
𝜀𝑝 . If this is the case,

(

𝑞∗1 , 𝑞
∗
2
)

is locally asymptotically stable for System (3.1) for 𝜎 < 2 and

𝑑 >
−2(𝛽 + 𝑐)

𝜀2
−

𝛾

𝜀2
(

2
𝜎 − 1

) .

Hence, similar to what happened with substitutes in Corollary 3.1, also with complements under (3.16) we find that 𝑑 plays a
stabilizing role on the Nash equilibrium, as long as the joint reactivity 𝜎 is not excessive, otherwise the equilibrium is never stable,
independently on 𝑑. Namely, on the one hand, a raise in 𝑑, making emission charges higher, favors a decrease in production, but
this effect may be neutralized by too large values of the joint reactivity, recalling that by (3.13) a raise in 𝜎 makes output variations
increase.

In more detail, when illustrating the different dynamic scenarios compatible with Corollary 3.3, starting from the threshold
values for 𝑑 in (3.14) related to Corollary 3.1, we notice that 𝑑𝑐 and 𝑑1 are no more involved, while the admissibility condition 𝑑𝑎
is still necessary, and, in place of 𝑑2, we need to consider 𝑑′2 ∶= −2(𝛽+𝑐)

𝜀2
− 𝛾

𝜀2
(

2
𝜎 −1

) . Hence, the only two possibilities are given by

13 Notice that in Fig. 5(D) we had to consider a different value for 𝑑 < 0 with respect to Fig. 3(D) due to the admissibility condition (3.12), with consequent
different threshold values for 𝜎 in Figs. 3(D) and 5(D) although having |𝛾| = 3 in both bifurcation diagrams.
13
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𝜎

Fig. 6. The bifurcation diagram of 𝑞1,𝑡+1 in (3.1) with respect to 𝑑 and initial conditions 𝑞1,0 = 0.25, 𝑞2,0 = 0.2, for 𝛿 = 0.4, 𝜐 = 2.2, 𝛽 = 3.1, 𝑐 = 0.15, 𝑏 = 0.4, 𝜀 =
2.7, 𝛾 = −3, and 𝑝 = 3, 𝜎 = 1.478 in (A), 𝑝 = 1.1, 𝜎 = 3 in (B).

𝑑′2 < 𝑑𝑎 and 𝑑𝑎 < 𝑑′2. We represent them in Fig. 6(A) and (B), respectively, where we take 𝑑 as bifurcation parameter, for different
values of 𝑝 and 𝜎. In more detail, with the parameter configuration in Fig. 6(A) (coinciding with that in Fig. 4(A), except for the
opposite value for 𝛾) it holds that 𝑑′2 = −0.754 < 𝑑𝑎 = −0.173. Since the stability threshold 𝑑′2 is below the admissibility threshold
𝑑𝑎, the Nash equilibrium is stable for all values for which it is admissible, as confirmed by the bifurcation diagram in Fig. 6(A),
that we draw for 𝑑 ∈ (−0.173, 0). Notice that the steady state is decreasing with 𝑑, in agreement with Proposition 4 in [9]. On the
other hand, for the parameter values considered in Fig. 6(B)14 it holds that 𝑑𝑎 = −0.471 < 𝑑′2 = −0.467. Thus, although this time the
stability threshold 𝑑′2 is larger than 𝑑𝑎, in order to take into account the admissibility condition in (2.3), that leads to 𝑞𝑖 < − 0.4

2.7𝑑
for 𝑖 ∈ {1, 2}, since 𝑑 varies, we can represent the corresponding bifurcation diagram just for 𝑑 ∈ (−0.469, 0). However, in Fig. 6(B)
we focus on 𝑑 ∈ (−0.469,−0.420), to better highlight that

(

𝑞∗1 , 𝑞
∗
2
)

is locally asymptotically stable for (3.1) when 𝑑 > 𝑑′2, whereas for
values of 𝑑 slightly smaller than 𝑑′2 we observe a cyclic behavior, that is replaced by monotone divergence for lower values of 𝑑.

Making explicit in the statement of Proposition 3.2 the role of 𝛾 rather than that of 𝑑, we obtain the next:

Corollary 3.4. When 𝛾 < 0, under (3.16),
(

𝑞∗1 , 𝑞
∗
2
)

in (2.8) is admissible according to (2.3) for 𝛾 > −
(

2(𝛽 + 𝑐) + 𝑑𝜀𝑝
𝑏

)

. If this is the case,
(

𝑞∗1 , 𝑞
∗
2
)

is locally asymptotically stable for System (3.1) when 𝜎 < 2 and

0 > 𝛾 >
(

1 − 2
𝜎

)

(

2(𝛽 + 𝑐) + 𝑑𝜀2
)

.

Although this result may seem to provide opposite conclusions with respect to Corollary 3.2 about the effect played on the Nash
equilibrium by 𝛾, looking destabilizing in that context and stabilizing here, we recall that the interdependence degree between
the two goods is measured by |𝛾|. Namely, since two goods are independent for 𝛾 = 0 and their interdependence degree raises
when 𝛾 becomes either positive or negative, the correct way to interpret our findings is on increasing 𝛾 in absolute value. Hence,
while discussing Corollary 3.2, where we dealt with positive values for 𝛾, we considered its role when it raises, in commenting
Corollary 3.4, where we deal with complements, we focus on its effect when it decreases. Accordingly, we can conclude that, similar
to what occurred in Corollary 3.2, |𝛾| = −𝛾 is destabilizing in Corollary 3.4, too, since by raising |𝛾| the demand of each good
becomes more influenced by a price variation in the other, favoring oscillations in the produced quantities. However, like with
substitutes, also in Scenario I of complements the effect of 𝛾 may be observed just for high enough, though not excessive, values for
̃. Namely, for 𝜎 close to 0 (resp., for 𝜎 ≥ 2), the destabilizing role of the joint reactivity becomes so weak (resp., so strong) that it
hides the effect played by the interdependence degree between goods, with the equilibrium being stable (resp., unstable) for every
value of 𝛾 ∈ (−𝛽, 𝛽).

We will return on the role of |𝛾| in Section 3.3 where, dealing both with substitutes and with complements in Scenario I, its
effect on the equilibrium stability will be better highlighted in Corollary 3.5.

Before stating that result, we complete the investigation of what occurs with complements by focusing on Scenario II.

3.2.2. Analysis of Scenario II
Even under (3.17), the conclusions about comparative statics found in [9] (cf. Propositions 7 and 8 therein) still hold true with

the model nonlinear formulation, showing that the environmental policy described by the emission charges 𝐶𝑖 in (2.2) is not effective
in reducing pollution when 𝑑 is negative enough and thus emission charges increase too slowly with production. Namely, under
(3.17), which can be fulfilled just by values of 𝑑 that are much lower than 0, the components of the Nash equilibrium in (2.8)
increase with 𝑏, 𝑑 and 𝜀.

14 We stress that with the parameter configuration in Fig. 4(B) and 𝛾 = −3 we would have found again the scenario with 𝑑′
2 < 𝑑𝑎 in Fig. 6(B). Hence, in this

case, unlike in (A), we had to consider a different parameter configuration with respect to Fig. 4(B).
14
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In this scenario however we find confirmation of the dynamic result in [9] (cf. Proposition 9 therein), too, according to which
he steady state is never stable, when it is admissible. Namely, the counterpart to Propositions 3.1 and 3.2 reads as follows:

roposition 3.3. When 𝛾 < 0, under (2.5) and (3.17),
(

𝑞∗1 , 𝑞
∗
2
)

in (2.8) is admissible according to (2.3) for 𝑑 < − 𝑏(2𝛽+2𝑐+𝛾)
𝜀𝑝 . If this is

he case,
(

𝑞∗1 , 𝑞
∗
2
)

is always unstable for System (3.1).

roof. Using Jury conditions, we find again (3.5), equivalent to (3.9), as well as (3.6) and (3.7). However, since we are now
upposing that 2(𝛽 + 𝑐) + 𝑑𝜀2 + 𝛾 < 0, this time from (3.9) it follows that

2(𝛽 + 𝑐) + 𝑑𝜀2 − 𝛾 < 0,

hich contradicts (2.5) with 𝛾 < 0. Hence, Jury conditions are never satisfied for System (3.1) at
(

𝑞∗1 , 𝑞
∗
2
)

, leading to the assertion. □

The reason behind the lack of stability for the equilibrium in Scenario II of complements lies in the fact that we are in such
framework for negative enough values for 𝑑 and 𝛾. Indeed, due to the negativity in 𝑑, emission charges 𝐶𝑖 in (2.2) increase too
lowly with production, being thus not effective in bounding the output by firms in a sufficient manner, and the strong negativity
ondition on 𝛾 leads to fluctuations, being |𝛾|, i.e., the interdependence degree between goods, high. Combining such two aspects, we
btain an explanation of why, even for very low values of 𝜎, the Nash equilibrium is never stable in Scenario II. Namely, differently
rom the previously considered frameworks (cf. Propositions 3.1 and 3.2 and the relative comments), in this case the destabilization
s not caused, or at least amplified, by the sigmoid mechanism, as confirmed by the fact that in Scenario II of complements stability
ever occurs, also with the linear adjustment rule formulation considered in [6,9].

We will not illustrate the dynamics arising on increasing the main model parameters in this scenario, in which no stability
hresholds are present, since the numerical simulations we performed provided divergent outcomes, with no emerging attractors.

In order to conclude the local stability analysis, we shall better highlight the role of 𝛾, as discussed after Corollary 3.4. This will
be done in the next subsection.

3.3. The role of the interdependence degree between goods

In view of drawing conclusions valid both for the case of substitutes and of complements under (3.16), we merge Corollaries 3.2
and 3.4, so as to obtain the following:

Corollary 3.5. Under (2.5) and (3.16),
(

𝑞∗1 , 𝑞
∗
2
)

in (2.8) is admissible according to (2.3) for 𝛾 > −
(

2(𝛽 + 𝑐) + 𝑑𝜀𝑝
𝑏

)

. If this is the case,
(

𝑞∗1 , 𝑞
∗
2
)

is locally asymptotically stable for System (3.1) when 𝜎 < 2 and
(

1 − 2
𝜎

)

(

2(𝛽 + 𝑐) + 𝑑𝜀2
)

< 𝛾 < min
{

2(𝛽 + 𝑐) + 𝑑𝜀2,
( 2
𝜎
− 1

)

(

2(𝛽 + 𝑐) + 𝑑𝜀2
)

}

. (3.19)

Although containing heavy conditions, Corollary 3.5 shows that increasing the absolute value of 𝛾 has a destabilizing effect on
System (3.1), in agreement with the discussion following Corollary 3.4. Indeed, as stressed there, the role of 𝛾 can be witnessed
just for intermediate values for the joint reactivity 𝜎, neither too low nor too high, and, under such condition, the equilibrium
destabilization occurs on raising |𝛾|, because in this manner the demand of each good becomes more influenced by a price variation
in the other, favoring oscillations in the produced quantities.

In order to compare Corollary 3.5 with the results in [36] where the authors, like us, deal with a duopoly framework with
differentiated goods in which commodities can be either substitutes or complements, we recall that therein a parameter 𝑑 is
introduced, named degree of horizontal product differentiation, varying in the interval (−1, 1) after a normalization. In particular,
𝑑 is negative in the case of complements and positive in the case of substitutes, with goods being perfect substitutes for 𝑑 = 1
and independent when 𝑑 = 0, similar to what occurs with our 𝛾 ∈ (−𝛽, 𝛽) (cf. Section 2). On the other hand, while the dynamic
results in [36] are interpreted for increasing values of the product heterogeneity, i.e., for decreasing values of 𝑑, we think of |𝛾| as
interdependence degree between goods, and we interpret our results on increasing it. Given this starting point, the authors in [36]
find in principle up to two stability thresholds for their parameter 𝑑 at the equilibrium and the unique steady state is stable for
values of 𝑑 in between. However, in [36] it is shown that at most the lower between the two stability thresholds can lie in the
feasible interval (−1, 1), so that an increasing degree of product differentiation may just destabilize the market equilibrium. Such
result is in partial contrast to Corollary 3.5, which encompasses both the destabilizing effect proven for 𝛾 in Corollary 3.2 for the
case of substitutes and its stabilizing effect shown in Corollary 3.4 for the case of complements in Scenario I. Namely, recalling the
different meaning attached to 𝑑 in [36] and to |𝛾| in the present work, the findings in [36] are in disagreement with Corollary 3.5,
and thus with Corollary 3.2, if goods are substitutes, but are in agreement with Corollary 3.5, and thus with Corollary 3.4, if goods
are complements and we are in Scenario I.

The statement of Corollary 3.5 is much simplified under the assumption that 𝑑 > 0, in which case, being the emission charges in
(2.2) strictly convex, there is no need for the admissibility condition in (2.3), (2.5) is always fulfilled and (3.16) reduces to (3.2).
Moreover, the stability condition (3.10) derived in Proposition 3.1 is granted, and thus we easily obtain the next:

Corollary 3.6. Assuming that 𝑑 > 0, under (3.2) it holds that
(

𝑞∗1 , 𝑞
∗
2
)

in (2.8) is locally asymptotically stable for System (3.1)

• for every value of |𝛾| < 𝛽 if 𝜎 ≤ 𝜂 ∶= 4𝛽+4𝑐+2𝑑𝜀2 ;
15

3𝛽+2𝑐+𝑑𝜀2
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• for every value of |𝛾| <
(

2
𝜎 − 1

)

(

2(𝛽 + 𝑐) + 𝑑𝜀2
)

if 𝜂 < 𝜎 < 2;

• for no values of 𝛾 if 𝜎 ≥ 2.

roof. For 𝑑 > 0, (3.19) reads as

|𝛾| <
( 2
𝜎
− 1

)

(

2(𝛽 + 𝑐) + 𝑑𝜀2
)

, (3.20)

hich can be fulfilled by some values of 𝛾 just when 𝜎 < 2, since 2(𝛽+ 𝑐)+𝑑𝜀2 > 0. Recalling that 𝛾 ∈ (−𝛽, 𝛽), (3.20) imposes stricter
ounds on 𝛾 exclusively when

(

2
𝜎 − 1

)

(

2(𝛽 + 𝑐) + 𝑑𝜀2
)

< 𝛽, i.e., when 𝜎 > 𝜂 ∶= 4𝛽+4𝑐+2𝑑𝜀2

3𝛽+2𝑐+𝑑𝜀2 ∈ (1, 2). The proof is complete. □

Such result clearly shows that, as already observed, the effective role played by the interdependence degree |𝛾| between goods
depends also on the strength of the joint reactivity, due to the destabilizing effect of 𝜎 on the Nash equilibrium (cf. (3.13) and the
related comments). Namely, for very low values of 𝜎, the steady state is stable for every admissible value of 𝛾. On raising the joint
reactivity, the larger the value of 𝜎, the smaller the equilibrium stability region with respect to 𝛾, which becomes empty for 𝜎 ≥ 2.
Focusing on intermediate values for the joint reactivity, the steady state is stable for not excessive values of the interdependence
degree between goods, i.e., when goods are substitutes, but competition is not extremely intense, commodities being far from being
perfect substitutes, or when goods are complements, but close to the case in which they are independent.

The three scenarios described in Corollary 3.6 can be obtained for different, increasing values of 𝜎. For brevity’s sake, in Fig. 7,
where in (A) and (E) we show the bifurcation diagram of 𝑞1,𝑡+1 in (3.1) for 𝛾 ∈ (−𝛽, 𝛽), we focus just on the second and the third
scenarios,15 which are the most interesting from a dynamic viewpoint.

In more detail, for the parameter values considered in Fig. 7 it holds that 𝑑 > 0 and 𝑝 > 𝑏𝜀, so that (3.2) is fulfilled and it is
immediate to check that, similar to the results about comparative statics contained in the above recalled Propositions 1, 2, 4 and 5
in [9], where the role of 𝑏, 𝑑 and 𝜀 was investigated,

(

𝑞∗1 , 𝑞
∗
2
)

in (2.8) is decreasing for 𝛾 ∈ (−𝛽, 𝛽) = (−3.1, 3.1). Moreover, since for
he parameter 𝜂 introduced in Corollary 3.6 it holds that 𝜂 = 1.400, when fixing 𝜎 = 5.8 in Fig. 7(A) we have 𝜂 < 𝜎 = 1.963 < 2, so

that the Nash equilibrium is locally asymptotically stable just for 𝛾 ∈ (−0.136, 0.136), according to (3.20), while when fixing 𝜎 = 6
in Fig. 7(E) we have 𝜎 = 2.031 > 2, so that the Nash equilibrium is stable for no values of 𝛾. We finally observe that, as highlighted
by the bifurcation diagrams in Fig. 7(A) and (E), when the steady state loses stability, via period-doubling bifurcations (cf. Footnote
5), because of a high interdependence degree between goods, complex dynamics may emerge due to the presence of chaotic or
quasiperiodic attractors, but no divergence issues arise thanks to the bounds imposed by the sigmoidal function in (3.1).

The presence of complex dynamics in Fig. 7(A) for 𝛾 < −2.824 and for 𝛾 > 2.834 is confirmed both by the positive values in the
plot of the maximal Lyapunov exponent against 𝛾 in Fig. 7(B), as well as by the non-periodic attractors that we observe in the phase
plane for 𝛾 = −3.038 in (C) and for 𝛾 = 3.038 in (D). Similarly, the positive values in the plot of the maximal Lyapunov exponent
against 𝛾 in Fig. 7(F) and the non-periodic attractors that we observe in the phase plane for 𝛾 = −3.038 in (G) and for 𝛾 = 3.038
in (H) confirm the presence of complex dynamics in Fig. 7(E) for 𝛾 < −2.563 and for 𝛾 > 2.590. In more detail, we notice that the
attractors in (D) and (H) lie on the diagonal of the phase plane, while those in (B) and (F) do not. We will try to explain such
difference by investigating in Section 3.4 the features of the 1D setting in (3.21).

3.4. Dynamics on the diagonal of the phase plane

In order to try to understand why in the numerical simulations performed so far some of, but not all, the attractors lie on the
diagonal

𝛥 ∶= {(𝑞1, 𝑞2) ∈ (0,+∞)2 ∶ 𝑞1 = 𝑞2}

of the phase space, we study the one-dimensional dynamical system corresponding to the restriction of the planar model in (3.1) to
𝛥, i.e.,

𝑞𝑡+1 = 𝑞𝑡 + 𝛿

⎛

⎜

⎜

⎜

⎝

𝜐 + 𝛿

𝜐 𝑒
−𝜎

(

𝑝−𝑏𝜀−𝛾𝑞𝑡
2(𝛽+𝑐)+𝑑𝜀2

−𝑞𝑡

)

+ 𝛿

− 1

⎞

⎟

⎟

⎟

⎠

, (3.21)

btained by setting 𝑞1,𝑡 = 𝑞2,𝑡 in (3.1). Namely, calling 𝑓 ∶ (0,+∞) → (0,+∞) the 1D map associated with (3.21), for the restriction
of 𝐹 to 𝛥, i.e., for 𝐹 |𝛥 ∶ 𝛥 → 𝛥, it holds that 𝐹 (𝑞, 𝑞) = (𝑓 (𝑞), 𝑓 (𝑞)), where 𝐹 ∶ (0,+∞)2 → (0,+∞)2 is the planar map associated
with (3.1). We notice indeed that 𝛥 ⊂ (0,+∞)2 is invariant for 𝐹 , that is, 𝐹 (𝛥) ⊆ 𝛥, because, by the symmetry of (3.1), if also initial
conditions for the output of the two firms coincide, then their future choices will be identical in each time period.

We start our study of the 1D setting by observing that the only steady state of (3.21) is given by

𝑞∗ =
𝑝 − 𝑏𝜀

2(𝛽 + 𝑐) + 𝑑𝜀2 + 𝛾
(3.22)

o that for the Nash equilibrium in (2.8) it holds that
(

𝑞∗1 , 𝑞
∗
2
)

= (𝑞∗, 𝑞∗) ∈ 𝛥.

15 We stress that the first scenario in Corollary 3.6, in which the steady state is locally asymptotically stable for every 𝛾 ∈ (−𝛽, 𝛽), can be obtained e.g. for
16

𝜎 = 2 in the parameter configuration considered in Fig. 7, in which case 𝜎 = 0.677 < 𝜂 = 1.400, with 𝜂 defined as in Corollary 3.6.



Communications in Nonlinear Science and Numerical Simulation 131 (2024) 107867A. Naimzada and M. Pireddu
Fig. 7. The bifurcation diagram of 𝑞1,𝑡+1 in (3.1) for 𝛾 ∈ (−3.1, 3.1) and initial conditions 𝑞1,0 = 0.25, 𝑞2,0 = 0.2, for 𝑝 = 2.5, 𝛿 = 0.4, 𝜐 = 2.2, 𝛽 = 3.1, 𝑐 = 0.15, 𝑏 =
0.4, 𝑑 = 0.1, 𝜀 = 2.7, and 𝜎 = 5.8 in (A), 𝜎 = 6 in (E). For the parameter configuration considered in (A), we plot in (B) the maximal Lyapunov exponent against
𝛾, and in (C) and (D) the attractor in the phase plane for 𝛾 = −3.038 and 𝛾 = 3.038, respectively. Similarly, for the parameter configuration considered in (E),
we plot in (F) the maximal Lyapunov exponent against 𝛾, and in (G) and (H) the attractor in the phase plane for 𝛾 = −3.038 and 𝛾 = 3.038, respectively.

Although in principle the subdivision of the stability analysis depending on whether goods are substitutes or complements and
according to the sign of the numerator and of the denominator of 𝑞∗ should remain unchanged with respect to the planar setting,
Proposition 3.4 shows that in the 1D model the stability conditions with substitutes and in Scenario I of complements coincide,
although differing from the findings in both the corresponding two-dimensional frameworks, while Proposition 3.5 confirms that,
like in the planar setting, the steady state is always unstable in Scenario II of complements also for (3.21).

Namely, recalling also the admissibility condition in (2.3), our first stability result for (3.21) reads as follows:

Proposition 3.4. Under (2.5) and (3.16), 𝑞∗ in (3.22) is admissible according to (2.3) for 𝑑 > − 𝑏(2𝛽+2𝑐+𝛾)
𝜀𝑝 . If this is the case, 𝑞∗ is

locally asymptotically stable for System (3.21) when 𝜎 < 2
1+ 𝛾

2(𝛽+𝑐)+𝑑𝜀2
.

Proof. We have that 𝑞∗ in (3.22) is locally asymptotically stable for System (3.21) when

− 1 < 𝑓 ′(𝑞∗) = 1 − 𝜎
(

2(𝛽 + 𝑐) + 𝑑𝜀2 + 𝛾
2(𝛽 + 𝑐) + 𝑑𝜀2

)

< 1. (3.23)

The right inequality in (3.23) leads to

2(𝛽 + 𝑐) + 𝑑𝜀2 + 𝛾
2(𝛽 + 𝑐) + 𝑑𝜀2

> 0, (3.24)

which is always fulfilled under (2.5) and (3.16).
The left inequality in (3.23) leads to

𝜎 < 2
1 + 𝛾

2(𝛽+𝑐)+𝑑𝜀2
,

concluding the proof. □

Comparing the above result for the case of substitutes with Proposition 3.1, we notice that condition (3.11) on 𝑑 is no more
necessary, while condition (3.8) is still needed in order to have the equilibrium locally asymptotically stable in the 1D framework.
Since in Fig. 3(A) and (D) condition (3.11) is always fulfilled, we find that those same bifurcation diagrams with respect to 𝜎 describe
the dynamics for System (3.21), too, as confirmed by the fact that the attractor in Fig. 3(C), obtained for the 2D system for the
parameter set in (A), lies on the diagonal of the phase plane. Namely, for the same parameter configuration considered in Fig. 3(A),
i.e., 𝑝 = 2.5, 𝛿 = 0.4, 𝜐 = 2.2, 𝛽 = 3.1, 𝑐 = 0.15, 𝑏 = 0.4, 𝜀 = 2.7, 𝛾 = 3 and 𝑑 = 0.1, we show in Fig. 8 how the graph of the first
iterate of the map 𝑓 associated with (3.21) looks like for increasing values of 𝜎. In more detail, recalling that for such parameter
17
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Fig. 8. The graph of the function 𝑓 associated with (3.21) for 𝑝 = 2.5, 𝛿 = 0.4, 𝜐 = 2.2, 𝛽 = 3.1, 𝑐 = 0.15, 𝑏 = 0.4, 𝜀 = 2.7, 𝛾 = 3, 𝑑 = 0.1, and 𝜎 = 3 in (A), 𝜎 = 4.8
n (B), 𝜎 = 6.1 in (C), with initial condition 𝑞0 = −1.3 in (A) and (C), and 𝑞0 = 0.049 in (B).

alues (3.8) reads as 𝜎 < 1.413 or, equivalently, as 𝜎 < 4.176, for 𝜎 = 3 we obtain in Fig. 8(A) that 𝑞∗ in (3.22) is locally (actually,
lobally) asymptotically stable, for 𝜎 = 4.8 we witness in Fig. 8(B) a stable period-two cycle, composed by the points 𝑞′ = 0.049 and
′′ = 0.299, while in Fig. 8(C), for 𝜎 = 6.1, we find a chaotic attractor.

As concerns Fig. 4, we notice that the bifurcation diagrams with respect to 𝑑 in (A) and (C) remain unchanged in the one-
imensional setting, while the stability threshold that we observe in Fig. 4(B), arising from (3.11), does not exist anymore in relation
o System (3.21).

On the other hand, focusing on Scenario I of complements, we notice that the stability condition in Proposition 3.4 is different
rom the one in (3.18), present in Proposition 3.2, fact which makes particularly interesting the comparison between the dynamics
enerated by Systems (3.1) and (3.21). Indeed, focusing e.g. on the parameter configuration considered in Fig. 5(A), i.e., 𝑝 = 2.5, 𝛿 =
.4, 𝜐 = 2.2, 𝛽 = 3.1, 𝑐 = 0.15, 𝑏 = 0.4, 𝜀 = 2.7, 𝛾 = −3 and 𝑑 = 0.1, we draw in Fig. 9 the bifurcation diagram of 𝑞1,𝑡+1 in (3.1) with
espect to 𝜎 (in blue), already shown in Fig. 5(A), together with the bifurcation diagram of 𝑞𝑡+1 in (3.21) with respect to 𝜎 (in
agenta). Since 𝜎 varies in (0, 20) therein, we observe that the stability threshold for

(

𝑞∗1 , 𝑞
∗
2
)

in (2.8), which, in agreement with
roposition 3.2, is given by 𝜎 < 1.413 or, equivalently, by 𝜎 < 4.176, does not coincide with the stability threshold for 𝑞∗ in (3.22).
amely, the latter, in agreement with Proposition 3.4, is given by 𝜎 < 3.419 or, equivalently, by 𝜎 < 10.101. The different stability

hresholds for the 1D and the 2D frameworks imply that 𝑞∗ in (3.22) is still stable when
(

𝑞∗1 , 𝑞
∗
2
)

in (2.8) has lost stability. As
e shall discuss below, such discrepancy between Systems (3.1) and (3.21) has important consequences from the policy viewpoint.
ven when the steady state has become unstable in both settings, and chaotic dynamics arise in each framework, different attractors
merge for the two systems. In order to highlight such fact, we juxtapose in Fig. 9(B) for 𝜎 = 19 in the phase plane the 2D attractor
or System (3.1), colored in blue, and the one-dimensional attractor for System (3.21), colored in magenta, that is contained in 𝛥.

Also when dealing with the parameter values used in Fig. 5(C), i.e., 𝑝 = 2.5, 𝛿 = 0.4, 𝜐 = 2.2, 𝛽 = 3.1, 𝑐 = 0.15, 𝑏 = 0.4, 𝜀 =
.7, 𝛾 = −3 and 𝑑 = −0.1, we observe that the stability threshold for

(

𝑞∗1 , 𝑞
∗
2
)

in (2.8) differs from the stability threshold for 𝑞∗ in
3.22). Namely, according to Proposition 3.2, the former is given by 𝜎 < 1.316 or, equivalently, by 𝜎 < 3.888, while, according to
roposition 3.4, the latter is given by 𝜎 < 4.165 or, equivalently, by 𝜎 < 12.307, as confirmed by Fig. 9(C), where we draw together
he bifurcation diagrams, with respect to 𝜎, of 𝑞1,𝑡+1 in (3.1) in blue and of 𝑞𝑡+1 in (3.21) in magenta. Notice that, taking into account
he admissibility condition in (2.3), which leads to 𝑞𝑖 < 1.481 for 𝑖 ∈ {1, 2} in relation to System (3.1), and to 𝑞 < 1.481 in relation to
ystem (3.21), we can draw the former bifurcation diagram just for 𝜎 ∈ (0, 5.334), and the latter for 𝜎 ∈ (0, 24.849), only. In relation
o both frameworks, we witness in Fig. 9(C) the emergence of chaotic dynamics after the steady state stability loss. However, the
estabilization of 𝑞∗ in (3.22) occurs when the admissibility condition in (2.3) for System (3.1) is no more satisfied, so that 𝑞∗ in
3.22) is stable as long as the dynamics of System (3.1) are admissible. Hence, we find deep differences between the one-dimensional
nd the planar settings for the parameter configuration used in Fig. 5(C), too, that extend to Fig. 6(B), as well. Indeed, in that figure
e found that

(

𝑞∗1 , 𝑞
∗
2
)

in (2.8) is stable for System (3.1) for 𝑑 > −0.467, but for the same parameter values used therein we have
hat 𝑞∗ in (3.22) is stable for System (3.21) whenever it is admissible,16 i.e., for 𝑑 > −0.471. Also for the parameter configuration
onsidered in Fig. 6(A), 𝑞∗ in (3.22) is stable for System (3.21) whenever it is admissible, i.e., for 𝑑 > −0.173, this time in agreement
ith what we observe in Fig. 6(A) for

(

𝑞∗1 , 𝑞
∗
2
)

in (2.8). For brevity’s sake, we omit the bifurcation diagrams of 𝑞𝑡+1 in (3.21) with
espect to 𝑑 for the parameter sets used in Fig. 6.

Crucial differences arise between the 1D and the 2D frameworks with the parameter configurations used in Fig. 7(A) and (E),
s well. In order to highlight them, we juxtapose in Fig. 10 the bifurcation diagrams with respect to 𝛾 ∈ (−3.1, 3.1) of 𝑞1,𝑡+1 in (3.1)

16 Namely, for the parameter configuration considered in Fig. 6(B), (2.3) reads as 𝑞 < − 0.4
2.7𝑑

in relation to System (3.21), similar to what occurred for System
(3.1), where (2.3) led to 𝑞𝑖 < − 0.4

2.7𝑑
for 𝑖 ∈ {1, 2}. On the other hand, the stability condition with respect to 𝑑 for 𝑞∗ in (3.22) in Scenario I of complements is

given by 𝑑 > −2(𝛽+𝑐)
2 + 𝛾

(

2
) , which differs from the condition in Corollary 3.3, and that reads as 𝑑 > −1.316 for the parameter values used in Fig. 6(B).
18
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Fig. 9. For 𝑝 = 2.5, 𝛿 = 0.4, 𝜐 = 2.2, 𝛽 = 3.1, 𝑐 = 0.15, 𝑏 = 0.4, 𝜀 = 2.7, 𝛾 = −3, and 𝑑 = 0.1 in (A), 𝑑 = −0.1 in (C), we plot in blue the bifurcation diagram of
𝑞1,𝑡+1 in (3.1) with respect to 𝜎 and initial conditions 𝑞1,0 = 0.25, 𝑞2,0 = 0.2, and in magenta the bifurcation diagram of 𝑞𝑡+1 in (3.21) with respect to 𝜎 and initial
condition 𝑞0 = 0.25. For the parameter configuration considered in (A), we juxtapose in (B) for 𝜎 = 19 the attractors in the phase plane for System (3.1) in blue
and for System (3.21) in magenta.

(in blue) and of 𝑞𝑡+1 in (3.21) (in magenta) for 𝑝 = 2.5, 𝛿 = 0.4, 𝜐 = 2.2, 𝛽 = 3.1, 𝑐 = 0.15, 𝑏 = 0.4, 𝑑 = 0.1, 𝜀 = 2.7, and 𝜎 = 5.8 in (A),
𝜎 = 6 in (B). Moreover, we notice that, as an immediate consequence of Proposition 3.4, the stability condition with respect to 𝛾
for 𝑞∗ in (3.22) is given by

𝛾 <
( 2
𝜎
− 1

)

(

2(𝛽 + 𝑐) + 𝑑𝜀2
)

, (3.25)

both with substitutes – in which case also the assumption 𝜎 < 2 is needed – and in Scenario I of complements, thus differing from
the conditions derived in Corollary 3.5, and in Corollary 3.6 for the case in which 𝑑 is positive. In particular, since the stability
threshold in (3.25) can also be negative, this means that increasing values of 𝛾, rather than of |𝛾|, play a destabilizing role for System
(3.21).

Namely, in Fig. 10(A) we observe that 𝑞∗ in (3.22) is stable for low enough values of 𝛾, when it is positive, and anytime goods
are complements or independent, unlike what occurs for System (3.1), in which the equilibrium is stable when the interdependence
degree between goods, measured by |𝛾|, is sufficiently weak. However, focusing on the case of substitutes, according to Corollary 3.6
and (3.25), both Systems (3.1) and (3.21) are stable for 𝛾 ∈ (0, 0.136), and in Fig. 10(A) we witness that the dynamic behavior for
the 1D and 2D frameworks coincides for all values of 𝛾 ∈ (0, 𝛽) = (0, 3.1).

The difference between Systems (3.1) and (3.21) becomes stronger for the parameter configuration in Fig. 10(B), where, due
to a larger value for 𝜎 with respect to (A),

(

𝑞∗1 , 𝑞
∗
2
)

in (2.8) is stable for no values of 𝛾 ∈ (−𝛽, 𝛽) = (−3.1, 3.1), since 𝜎 = 2.031 now
exceeds 2 (cf. Corollary 3.6), whereas 𝑞∗ in (3.22) is stable for 𝛾 < −0.110. We stress that the latter dynamic outcome, in addition
to being not coincident with the one that we observe in Fig. 10(B) for

(

𝑞∗1 , 𝑞
∗
2
)

in (2.8), cannot occur for System (3.1). Namely,
when 𝑑 is positive like in Fig. 10(B), according to Corollary 3.6 there are two symmetric stability thresholds for System (3.1), with
𝑞∗ in (3.22) being stable for values of 𝛾 in between, rather than just a negative stability threshold. Despite such crucial difference
between the 1D and 2D frameworks, once that System (3.21) becomes unstable in Fig. 10(B), its dynamics are identical to those of
System (3.1).

We conclude our local stability analysis for (3.21) by focusing on Scenario II of complements, so as to obtain the next result:

Proposition 3.5. When 𝛾 < 0, under (2.5) and (3.17), 𝑞∗ in (3.22) is admissible according to (2.3) for 𝑑 < − 𝑏(2𝛽+2𝑐+𝛾)
𝜀𝑝 . If this is the

case, 𝑞∗ is always unstable for System (3.21).

Proof. The desired conclusion immediately follows by observing that the right inequality in (3.23) still leads to (3.24), which is
however never fulfilled under (2.5) and (3.17). □

Hence, according to Propositions 3.3 and 3.5, in Scenario II of complements, i.e., when emission charges in (2.2) increase too
slowly with production and the interdependence degree between the two goods is high, the steady state is always unstable for both
Systems (3.1) and (3.21).

The above investigation has shown that there are both analogies and differences between the 1D and the 2D frameworks.
In particular, as highlighted by Fig. 9(A) and (C), as well as by Fig. 10(A) and (B), it may happen that the steady state of the
one-dimensional setting is stable when the dynamics of the planar model are quasiperiodic or chaotic. This fact has important
consequences from the policy viewpoint. Namely, focusing just on the behavior of the steady state via comparative statics
exercises prevents the consideration and the understanding of the system out-of-equilibrium dynamics, while, as we have argued
in Sections 3.1 and 3.2, a comparative statics result is economically grounded if it concerns an equilibrium which is asymptotically
stable and thus orbits converge towards it after a transient period. Things worsen when assuming that agents are completely
homogeneous, so that their past choices coincide, too. Indeed, in such case, even an environmental policy maker that were aware
19
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Fig. 10. For 𝑝 = 2.5, 𝛿 = 0.4, 𝜐 = 2.2, 𝛽 = 3.1, 𝑐 = 0.15, 𝑏 = 0.4, 𝑑 = 0.1, 𝜀 = 2.7, and 𝜎 = 5.8 in (A), 𝜎 = 6 in (B), we plot in blue the bifurcation diagram of
𝑞1,𝑡+1 in (3.1) with respect to 𝛾 ∈ (−3.1, 3.1) and initial conditions 𝑞1,0 = 0.25, 𝑞2,0 = 0.2, and in magenta the bifurcation diagram of 𝑞𝑡+1 in (3.21) with respect to
𝛾 ∈ (−3.1, 3.1) and initial condition 𝑞0 = 0.25.

of the limits of the equilibrium analysis could erroneously believe that the equilibrium is stable, thus relying on comparative statics
tools, while the steady state is actually unstable in the 2D framework. Hence, in addition to being implausible that firms are identical
from an evolutionary viewpoint, assuming coinciding initial conditions for their output can make the use of the comparative statics
technique apparently grounded, when it is not. Thus, in the figures of Section 4, illustrating the comparative dynamics investigations
that we propose to evaluate the environmental policy efficacy when the Nash equilibrium is not stable, we will always consider
heterogeneous initial conditions for the output of the two firms. In this respect, we recall the concept of ‘‘path dependence’’ in [11],
according to which the initial conditions, representing a summary of agents’ history, matter in determining the evolution of the
system.

4. Comparative dynamics analysis of the environmental policy efficacy

We now discuss how to evaluate the environmental policy efficacy when the steady state is not stable. Namely, in introducing
our model we stressed that a growing empirical literature (see e.g. [1–3]) highlights the chaotic behavior of the main variables in
various markets, and in particular in agricultural markets. In order to be realistic, our model has to be able to reproduce the dynamic
phenomena identified by those empirical studies, according to which what we see is the result of the action of underlying nonlinear
mechanisms. Starting then from the framework in [6], we replaced the linear output adjustment rule considered therein with a
sigmoid mechanism in view of obtaining interesting, i.e., non-stationary, non-divergent, dynamic outcomes. The introduction of the
sigmoid mechanism, in addition to allowing for nontrivial dynamics, shrinks the steady state stability region. Indeed, comparing
Propositions 3.1–3.3 with the corresponding results in [9], we observe a reduction in the stability region for

(

𝑞∗1 , 𝑞
∗
2
)

both in the
case of substitutes and of complements in Scenario I – in the latter framework the Nash equilibrium in [9] was always stable when
admissible – and a confirmation of its unconditional instability in Scenario II, in consequence of the introduction of the sigmoid
adjustment mechanism in (2.10). Therefore, it is important to understand how the environmental policy efficacy can be evaluated in
the case of non-stationary trajectories. Namely, as long as the Nash equilibrium is stable, such as in Figs. 4(A) and 6(A), the efficacy
of the environmental policy can be assessed using the standard tool, which is represented by the comparative statics analysis. In
this respect, we recall that, as mentioned in Section 3, according to Propositions 1 and 4 in [9], which hold true with the nonlinear
adjustment mechanism in (2.10), too, the environmental policy described by the emission charges 𝐶𝑖 in (2.2) is effective in reducing
pollution, i.e., the equilibrium pollution level falls with an increase in 𝑏 or 𝑑, with substitutes or under (3.16), while in agreement
with Proposition 7 in [9] it is detrimental under (3.17), since in such case the equilibrium pollution level raises with an increase in 𝑏
or 𝑑, due to the fact that, under (3.17), emission charges increase too slowly with production. Nonetheless, when the steady state is
not stable, or when the considered scenario is characterized by the presence of an attractor different from the Nash equilibrium, the
comparative statics technique is neither economically, nor empirically grounded. In such cases, we then need to perform alternative,
comparative dynamics investigations, based for instance on the behavior, for different values of 𝑑, of the time series of the cumulative
emissions, defined as the sum, over a certain time interval [0, 𝑇 ], of the aggregate emissions 𝑈𝑡 ∶= 𝑢1,𝑡 + 𝑢2,𝑡 = 𝜀(𝑞1,𝑡 + 𝑞2,𝑡) produced
in time period 𝑡 ∈ [0, 𝑇 ] by both firms, i.e., in symbols 𝐶𝐸𝑇 ∶=

∑𝑇
𝑡=0 𝑈𝑡 = 𝜀

∑𝑇
𝑡=0(𝑞1,𝑡 + 𝑞2,𝑡). In this manner, the environmental policy

efficacy could be implied by a negative variation of cumulative emissions over the chosen time interval as a consequence of an
increase in 𝑑. We can use such strategy to investigate the environmental policy efficacy e.g. in the contexts considered in Figs. 4(C)
and 6(B), where 𝑑 was the bifurcation parameter.

To that aim, for the parameter values used therein we reproduce the two bifurcation diagrams for aggregate emissions 𝑈𝑡+1 in
Fig. 11(A) and (C), respectively, where we fix three different values of 𝑑 (colored in blue, red and green), some of which lie in the
interval where the steady state is unstable, while the remaining ones belong to the stability interval of the Nash equilibrium. We
show the corresponding time series of the cumulative emissions 𝐶𝐸 for 𝑇 ∈ [0, 100] in Fig. 11(B) and (D), by using the same colors
20
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Fig. 11. In (A) and (C) we report the bifurcation diagrams of 𝑈𝑡+1 with respect to 𝑑 for the same parameter values used in Figs. 4(C) and 6(B), respectively.
In (B) and (D) we show the time series of cumulative emissions 𝐶𝐸𝑇 for 𝑇 ∈ [0, 100] corresponding to the values of 𝑑 marked with different colors in (A) and
(C), respectively. The initial conditions in (B) are 𝑈0 = 𝜀(𝑞1,0 + 𝑞2,0) = 2.7 ∗ 0.45 = 1.215, connected with 𝑞1,0 = 0.25 and 𝑞2,0 = 0.2, for the blue and the red time
series, and 2𝜀𝑞∗1 = 2 ∗ 2.7 ∗ 0.052 = 0.281 for the green time series, while in (D) the initial conditions are 𝑈0 = 2.7 ∗ 0.45 = 1.215, connected with 𝑞1,0 = 0.25 and
𝑞2,0 = 0.2, for the blue time series, 2𝜀𝑞∗1 = 2 ∗ 2.7 ∗ 0.074 = 0.399 for the red time series, and 2𝜀𝑞∗1 = 2 ∗ 2.7 ∗ 0.044 = 0.238 for the green time series.

Fig. 12. In (A) and (B) we show the time series of 𝑞1,𝑡 in dark blue and of 𝑞2,𝑡 in green for 𝑡 ∈ [101, 140], corresponding to the values of 𝑑 marked in blue in
Fig. 11(A) and (C), respectively.

as in (A) and (C). In particular, in Fig. 11(A) and (B) the blue color refers to 𝑑 = −0.477, the red color to 𝑑 = −0.471 and the green
color to 𝑑 = −0.465, while in Fig. 11(C) and (D) the blue color refers to 𝑑 = −0.468, the red color to 𝑑 = −0.443 and the green
color to 𝑑 = −0.418. The initial conditions in (B) are 𝑈0 = 𝜀(𝑞1,0 + 𝑞2,0) = 2.7 ∗ 0.45 = 1.215 for the blue and the red time series,
and 2𝜀𝑞∗1 = 2 ∗ 2.7 ∗ 0.052 = 0.281 for the green time series, while in (D) the initial conditions are 𝑈0 = 2.7 ∗ 0.45 = 1.215 for the
blue time series, 2𝜀𝑞∗1 = 2 ∗ 2.7 ∗ 0.074 = 0.399 for the red time series, and 2𝜀𝑞∗1 = 2 ∗ 2.7 ∗ 0.044 = 0.238 for the green time series.
Since in (B) and (D) the cumulative emissions for 𝑇 ∈ [0, 100] are larger for lower values of 𝑑, this means that increasing emission
charges in (2.2) reduce pollution, and thus the considered environmental policy is effective. We would find the same conclusion by
performing the just described investigation in the framework in Fig. 4(B), too, in agreement with the comparative statics result for
Fig. 4(A) (see Proposition 1 in [9]). Contrasting Fig. 11(B) and (D), we observe that, although in both (A) and (C) the considered
values of 𝑑 are equidistant, pollution decreases in (B) rapidly for higher values of 𝑑, while in (D) the efficacy of the environmental
policy, although raising with 𝑑, slows down when 𝑑 increases. In this sense, an intense increase in 𝑑 is more useful in (B) than in
(D).

In view of better comparing and understanding Fig. 11(A) and (C), we draw in Fig. 12 the time series of 𝑞1,𝑡 in dark blue and
of 𝑞2,𝑡 in green for 𝑡 ∈ [101, 140], corresponding to the values of 𝑑 marked in blue in Fig. 11(A) and (C), i.e., 𝑑 = −0.477 and
𝑑 = −0.468, respectively. We find that, although for the considered values of 𝑑 both the bifurcation diagrams of 𝑞1,𝑡+1 in Figs. 4(C)
and 6(B) highlight the presence of a stable period-two cycle, in Fig. 12(A) we witness an agreement between the periods of high/low
production strategies for the two firms, so that their outputs give a concordant contribution to aggregate emissions in Fig. 11(A),
while in Fig. 12(B) there is discordance between the high/low output choice timing for the two firms, still giving rise to a decreasing
trend. Such difference between Fig. 12(A) and (B) is the reason why in the bifurcation diagram in Fig. 11(A) we witness a period-two
cycle for 𝑈𝑡+1 for low values for 𝑑, like it was in Fig. 4(C), while in Fig. 11(C) we do not see oscillations for 𝑈𝑡+1 even before the
stability threshold value, i.e., 𝑑 = −0.467. The symmetry that we observe in Fig. 12(A), and partially in (B), is caused by the low
heterogeneity degree in the model, concerning both the demand side and the technology, since we are assuming that 𝛽1 = 𝛽2 = 𝛽
and 𝜀1 = 𝜀2 = 𝜀, respectively.

We stress that in the time series in Fig. 12(A) and (B) we introduced a transient of 100 periods in order to show the asymptotic
21

behavior of the production of the two firms. We also remark that the choice of considering 𝑇 ∈ [0, 100] in our experiments in
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Fig. 13. In (A) the bifurcation diagram of 𝑞1,𝑡+1 in (3.1) with respect to 𝑑 ∈ (0.05, 0.15) with initial conditions 𝑞1,0 = 0.1, 𝑞2,0 = 0.5, for 𝑝 = 2.5, 𝛿 = 0.4, 𝜐 = 2.2, 𝛽 =
3.1, 𝑐 = 0.15, 𝑏 = 0.4, 𝜀 = 2.7, 𝜎 = 6 and 𝛾 = 3. In (B) we show the time series of cumulative emissions 𝐶𝐸𝑇 for 𝑇 ∈ [0, 100] corresponding to 𝑑 = 0.1, with initial
condition 𝑢1,0 + 𝑢2,0 = 1.62, connected with 𝑞1,0 = 0.1 and 𝑞2,0 = 0.5, for the blue points and 2𝜀𝑞∗1 = 2 ∗ 2.7 ∗ 0.139 = 0.751 for the red points.

Fig. 11(B) and (D) has no effect on the behavior of time series for cumulative emissions. Namely, considering a larger time interval,
the distance among the found time series would increase, but their ordering would not change. Moreover, we underline that the
proposed investigation can be performed in more general frameworks, in which looking at the corresponding bifurcation diagram
with respect to 𝑑 is not clear what is the effect generated by an increase in emission charges on produced quantities, and consequently
on emissions.

Hence, thanks to our first analysis based on cumulative emissions we checked in Fig. 11 the efficacy of the environmental policy
introduced in (2.2) for the parameter configurations considered in Section 3.1 and in Scenario I in Section 3.2, in agreement with
the comparative statics results obtained for substitutes and complements under (3.16) in Propositions 1 and 4 in [9]. In regard to
Scenario II in Section 3.2, in which the Nash equilibrium is always unstable when it is admissible, we can say that if the system
reached the steady state and remained on it despite the equilibrium instability, we would find that emissions raise with an increase
in 𝑑, in agreement with Proposition 7 in [9], i.e., the comparative statics result valid for the case of complements under (3.17).
On the other hand, since in Scenario II in Section 3.2 we are always in an instability regime and the numerical simulations we
performed display divergent outcomes, with no emerging attractors, it is not possible to draw conclusions about the environmental
policy efficacy in that scenario. Namely, related comments can be made just when orbits visit an attractor.

A different extension of the classical comparative statics analysis to the frameworks in which the steady state is not stable consists
in a comparison, for the given parameter configuration and over a certain time interval, of cumulative emissions, starting from the
unstable Nash equilibrium and from a different point in the basin of attraction of the stable periodic or complex attractor. We show
what happens in this respect both with substitutes, in Figs. 13 and 14, and with complements under (3.16), in Figs. 15 and 16,
starting in both cases from Fig. 7(C) and dealing with positive and negative values for 𝛾, respectively.

Namely, in Fig. 13(A) we draw the bifurcation diagram of 𝑞1,𝑡+1 obtained for the same parameter values used in Fig. 7(C)
but fixing 𝛾 = 3 and letting 𝑑 vary in (0.05, 0.15). Since the steady state (drawn in red, dashed line) is always unstable for the
considered parameter values and, according to the value of 𝑑 ∈ (0.05, 0.15), we observe a periodic or a chaotic attractor (in blue),
we contrast in Fig. 13(B) the time series of cumulative emissions 𝐶𝐸𝑇 for 𝑇 ∈ [0, 100] corresponding to 𝑑 = 0.1, with initial condition
𝑢1,0 + 𝑢2,0 = 𝜀(𝑞1,0 + 𝑞2,0) = 2.7 ∗ 0.6 = 1.62 for the blue points and 𝑢1,0 + 𝑢2,0 = 2𝜀𝑞∗1 = 2 ∗ 2.7 ∗ 0.139 = 0.751 for the red points.
We find that the cumulative emissions in the considered time interval are larger along the non-stationary trajectory than along
the equilibrium path. Hence, we could try to contain emissions and to stabilize the system by acting on the sigmoid adjustment
mechanism, and in particular on the position of its horizontal asymptotes. In this respect, we recall the bounding role played by
the horizontal asymptotes, whose level, as explained in Section 2, is controlled by parameters 𝜐 and 𝛿. Indeed, reducing 𝜐 lowers
the upper asymptote, which plays a role when the best response is above the current production level, while decreasing 𝛿 raises
the lower asymptote, which intervenes when the best response is below current production level. Starting from the framework in
Fig. 13 and acting for instance on 𝜐, we obtain the effect illustrated in Fig. 14, where in (A) and (C) we show that, as desired, the
complexity of the dynamics decreases by lowering 𝜐. In more detail, fixing the remaining parameters as in Fig. 13(A), in Fig. 14(A)
for 𝜐 = 1.35 we obtain a periodic attractor (in blue), i.e., a period-four or a period-two cycle for 𝑑 ∈ (0.05, 0.15), while the steady state
(drawn in red, dashed line) is always unstable for such values of 𝑑. Drawing in Fig. 14(B) the time series of cumulative emissions
for 𝑇 ∈ [0, 100] corresponding to 𝑑 = 0.1, with initial condition 𝑢1,0 + 𝑢2,0 = 𝜀(𝑞1,0 + 𝑞2,0) = 2.7 ∗ 0.6 = 1.62 for the blue points and
𝑢1,0 + 𝑢2,0 = 2𝜀𝑞∗1 = 2 ∗ 2.7 ∗ 0.139 = 0.751 for the red points, we find, like in Fig. 13(B), that cumulative emissions are larger along
the non-stationary trajectory than along the equilibrium path. Reducing 𝜐 further to 0.5 in Fig. 14(C), we finally obtain the complete
stabilization of the system. This shows that the sigmoid adjustment mechanism can be effective in reducing pollution, by acting on
the maximum allowed production variation. As argued above, in consequence of the system stabilization, the comparative statics
analysis becomes economically grounded. We recall that, for the case of substitutes, the corresponding comparative statics result
in [9] (cf. Proposition 1 therein) states that the equilibrium pollution level falls with an increase in emission charges. We stress
that the outcome about the system stabilization is independent from the choice of considering 𝑇 ∈ [0, 100] in regard to the time
frame, as well as from the choice of 𝑑 = 0.1, since for any value of 𝑑 ∈ (0.05, 0.15) we would obtain the same conclusion, whether
in Fig. 13(A) we observe a periodic or a chaotic attractor.
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Fig. 14. In (A) and (C) we report the bifurcation diagrams of 𝑞1,𝑡+1 in (3.1) with respect to 𝑑 ∈ (0.05, 0.15) with initial conditions 𝑞1,0 = 0.1, 𝑞2,0 = 0.5, for
𝑝 = 2.5, 𝛿 = 0.4, 𝛽 = 3.1, 𝑐 = 0.15, 𝑏 = 0.4, 𝜀 = 2.7, 𝜎 = 6, 𝛾 = 3, and 𝜐 = 1.35 in (A), 𝜐 = 0.5 in (C), respectively. In (B) we show the time series of cumulative
emissions 𝐶𝐸𝑇 for 𝑇 ∈ [0, 100] corresponding to (A) with 𝑑 = 0.1, with initial conditions 𝑢1,0 + 𝑢2,0 = 1.62, connected with 𝑞1,0 = 0.1 and 𝑞2,0 = 0.5, for the blue
points and 2𝜀𝑞∗1 = 2 ∗ 2.7 ∗ 0.139 = 0.751 for the red points.

Fig. 15. In (A) the bifurcation diagram of 𝑞1,𝑡+1 in (3.1) with respect to 𝑑 ∈ (0.05, 0.15) with initial conditions 𝑞1,0 = 0.25, 𝑞2,0 = 0.2 for the blue points and
𝑞1,0 = 0.1, 𝑞2,0 = 0.5 for the green points, for 𝑝 = 2.5, 𝛿 = 0.4, 𝜐 = 2.2, 𝛽 = 3.1, 𝑐 = 0.15, 𝑏 = 0.4, 𝜀 = 2.7, 𝜎 = 6 and 𝛾 = −3. In (B) we show the time series of
cumulative emissions 𝐶𝐸𝑇 for 𝑇 ∈ [0, 100] corresponding to 𝑑 = 0.1185, with initial condition 𝑢1,0 + 𝑢2,0 = 1.215, connected with 𝑞1,0 = 0.25 and 𝑞2,0 = 0.2, for the
blue points, 𝑢1,0 + 𝑢2,0 = 1.62, connected with 𝑞1,0 = 0.1 and 𝑞2,0 = 0.5, for the green points, and 2𝜀𝑞∗1 = 2 ∗ 2.7 ∗ 0.325 = 1.757 for the red points.

In fact, we shall reach analogous conclusions also with complements, when (3.16) holds true. In this case, starting again from
Fig. 7(C), we draw in Fig. 15(A) the bifurcation diagram of 𝑞1,𝑡+1 obtained for the same parameter values used therein but fixing
𝛾 = −3 and letting 𝑑 vary in (0.05, 0.15), which highlights a multistability phenomenon. Since the steady state (drawn in red,
dashed line) is always unstable for the considered parameter values and we observe two coexisting chaotic attractors (in blue and
in green), interrupted just by some periodicity windows, we contrast in Fig. 15(B) the time series of cumulative emissions 𝐶𝐸𝑇 for
𝑇 ∈ [0, 100] corresponding to 𝑑 = 0.1185, with initial condition 𝑢1,0 + 𝑢2,0 = 𝜀(𝑞1,0 + 𝑞2,0) = 2.7 ∗ 0.45 = 1.215 for the blue points,
𝑢1,0 + 𝑢2,0 = 2.7 ∗ 0.6 = 1.62 for the green points, and 𝑢1,0 + 𝑢2,0 = 2𝜀𝑞∗1 = 2 ∗ 2.7 ∗ 0.325 = 1.757 for the red points. We find again that
the cumulative emissions in the considered time interval are larger along the non-stationary trajectories than along the equilibrium
path. Hence, also in this case we could try to contain emissions and to stabilize the system by acting on the sigmoid adjustment
mechanism, and in particular by lowering the upper asymptote. Reducing 𝜐 we obtain the effect illustrated in Fig. 16, where in
(A) and (C) we show that, as desired, the complexity of the dynamics decreases when 𝜐 becomes smaller. In more detail, fixing the
remaining parameters as in Fig. 15(A), in Fig. 16(A) for 𝜐 = 1.28 we find (in blue) a quasiperiodic attractor in two pieces which
disappears for increasing values of 𝑑 ∈ (0.05, 0.15) and a stable period-two cycle emerges via a reverse Neimark–Sacker bifurcation,
while the steady state (in red, dashed line) is always unstable. Drawing in Fig. 16(B) the time series of cumulative emissions 𝐶𝐸𝑇
for 𝑇 ∈ [0, 100] corresponding to 𝑑 = 0.1 with initial condition 𝑢1,0 + 𝑢2,0 = 𝜀(𝑞1,0 + 𝑞2,0) = 2.7 ∗ 0.45 = 1.215 for the blue points
and 𝑢1,0 + 𝑢2,0 = 2𝜀𝑞∗1 = 2 ∗ 2.7 ∗ 0.336 = 1.814 for the red points, we find that the cumulative emissions are larger along the
quasiperiodic, non-stationary trajectory than on the Nash equilibrium. Lowering 𝜐 further to 0.5 in Fig. 16(C), we finally reach the
stabilization of the system. This shows that the sigmoid adjustment mechanism is effective in reducing pollution, by acting on the
maximum allowed production variation, also with complements under (3.16). Notice that such outcome is in agreement with the
corresponding comparative statics result in [9] (cf. Proposition 4 therein), stating that the equilibrium pollution level falls with an
increase in emission charges, which becomes economically grounded when 𝜐 is low enough, so that the steady state is stable. Again,
the stabilization of the Nash equilibrium is independent from the choice of dealing with 𝑇 ∈ [0, 100] and 𝑑 ∈ (0.05, 0.15).

Summarizing, through our first analysis, based on a comparison of emissions for different levels of charges, we have found
that increasing values for 𝑑 raise the dynamic efficacy of the considered environmental policy, while the second study, by means
of a comparison of emissions along non-stationary trajectories and along the equilibrium path, has highlighted that, in order to
reduce pollution, guaranteeing the convergence to the Nash equilibrium is preferable to allowing for complex or periodic behavior
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Fig. 16. In (A) and (C) we report the bifurcation diagrams of 𝑞1,𝑡+1 in (3.1) with respect to 𝑑 ∈ (0.05, 0.15) with initial conditions 𝑞1,0 = 0.25, 𝑞2,0 = 0.2 for
𝑝 = 2.5, 𝛿 = 0.4, 𝛽 = 3.1, 𝑐 = 0.15, 𝑏 = 0.4, 𝜀 = 2.7, 𝜎 = 6, 𝛾 = −3, and 𝜐 = 1.28 in (A), 𝜐 = 0.5 in (C), respectively. In (B) we show the time series of cumulative
emissions 𝐶𝐸𝑇 for 𝑇 ∈ [0, 100] corresponding to (A) with 𝑑 = 0.1, with initial conditions 𝑢1,0 + 𝑢2,0 = 1.215, connected with 𝑞1,0 = 0.25 and 𝑞2,0 = 0.2, for the blue
points, and 2𝜀𝑞∗1 = 2 ∗ 2.7 ∗ 0.336 = 1.814 for the red points.

in the firms’ output, and that acting on the asymptotes may correspond to a direct control of emissions, in contrast to the indirect
nature of the pollution control obtained via emission charges in (2.2). In this respect, we stress that the direct control exerted by
acting on the sigmoid asymptotes stabilizes the Nash equilibrium without inducing any variation in the output level, contrary to
the indirect control described by (2.2) which, according to Propositions 1 and 4 in [9], induces a negative variation in output. The
above described conclusions have been reached for the parameter configurations considered in Section 3 both with substitutes and
in Scenario I therein with complements under (3.16). On the other hand, due to the fact that, according to Proposition 3.3, the Nash
equilibrium is never stable under (3.17) and that divergence issues arise in the numerical simulations we performed for Scenario II
in Section 3, our investigations do not allow us to draw conclusions about the efficacy of the environmental policy when dealing
with complements under (3.17).

5. Conclusion

In agreement with the results of the growing empirical and experimental literature (see e.g. [1–4]), which highlights the chaotic
behavior of the main variables involved in various markets, and in particular in agricultural commodity markets, we proposed a
model able to generate interesting, erratic dynamic outcomes. In more detail, starting from the Cournot duopoly framework with
quadratic emission charges and homogeneous goods in [6], we replaced the linear partial adjustment best response mechanism
considered therein with a sigmoid adaptive best response rule, which, in addition to help avoid diverging trajectories and negativity
issues, is also sensible from an economic viewpoint, being suitable to describe the gradual output variations caused by material,
historical and institutional constraints in the production side of an economy, as well as by the limits imposed by an environmental
policy scheme on production levels, due to their direct proportionality with emissions. Moreover, following the suggestion contained
in the concluding section of [6], we assumed that firms produce differentiated goods. Beyond analytically studying the stability
of the unique steady state, which coincides with the Nash equilibrium, and the effect produced by the main parameters on the
stability region, we performed two comparative dynamics investigations which allow to evaluate the environmental policy efficacy
when the Nash equilibrium is not stable and thus the standard comparative statics approach does not fit for the purpose. Involving
non-stationary orbits, the proposed solutions are mainly numerical in nature. In particular, the first investigation, which is based on
a comparison of emissions for different levels of charges, showed that, also when the Nash equilibrium is not stable, the considered
environmental policy may be effective both with complements and substitutes. The second study, consisting in a comparison of
emissions along non-stationary trajectories and along the equilibrium path, in the proposed experiments highlighted the presence of
larger emissions along non-stationary trajectories. Hence, it gave us the opportunity to illustrate how an intervention on the sigmoid
asymptotes may correspond to a direct control of emissions – in contrast to the indirect nature of the pollution control obtained
by means of the considered emission charges – that also allows for a complete stabilization of the system, so that comparative
statics results become economically grounded, starting from a situation characterized by the presence of a different attractor. In
more detail, in making our numerical experiments, we have not only seen that the position of the asymptotes of the sigmoid is
crucial in determining the system dynamics, but also that small variations in other parameters, such as the interdependence degree
between goods, may generate important differences in the outcomes. In this respect we mention the work [37], which suggests that
a particularly careful choice of the (e.g. fiscal or environmental) policy to implement is needed when dealing with nonlinear models
in which complex dynamics and bifurcation phenomena can emerge.

We believe that the analyzed setting can be the starting point for other research works.
At first, we deem it essential to fully develop all dynamical aspects hidden inside the proposed model, in order to make it more

realistic. Two possible extensions of the studied framework in such direction are represented respectively by the description of the
environment as a sector interacting with the economic sphere and by the possibility of describing the transition among different
market structures via an evolutive approach based on relative profitability of markets.
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Regarding the former extension, in agreement with the seminal work [38], where the environment and its neglect are expressed
hrough a dynamic equation, we could enrich the model by the introduction of one or more dynamic equations describing the
volution of the environment and its mutual interactions with the economic sector. In this manner, differently from the standard
pproach which depicts the environment in a parametric manner, it would be possible to deal with dynamical models consisting of
oupled equations, in order to make explicit the effect of the economic activities on the evolution of the environment, as well as
he impact of the environmental features on the economic activities, both in a direct manner, through consumption and production
hoices, and in an indirect way, through environmental policies. The addition of the dynamic equation(s) describing the environment
volution would make our ‘‘semi-dynamic’’ model fully dynamic and nonlinear. Usually, in that kind of models complex phenomena
merge, such as bifurcations, chaotic behavior, coexistence among different attractors. According to [39,40], the environmental
olicy efficacy should be evaluated in those dynamic nonlinear models. In this respect, we stress that along the paper we measured
he efficacy of the considered environmental policy in terms of its effectiveness in reducing emissions. Of course, a reduction in
missions is a consequence of an output decrease. A more general evaluation of an environmental policy scheme would require to
eal with an oligopoly model that takes into account further variables, i.e., the factors of production, such as the employed labor
see e.g. [41]).

In regard to the latter extension, concerning the transition among different market structures, we start by recalling that [6] tackle
he issue of the market structure endogeneity, focusing in particular on the conditions that may lead from duopoly to monopoly,
nvestigated also in [10] under the assumption that marginal production costs do not coincide across firms. An alternative approach
o the problem of the market structure endogeneity could be evolutive17 in nature, with firms deciding whether to operate or not in

a given market on the basis of a profitability signal, such as the comparison between the profitability of the market with respect to
the average profitability of other markets. In this manner the number of firms operating in a market would become an endogenous
variable. Such approach would allow to more generally investigate the conditions which lead, possibly in a reversible manner, from
a market structure to another one.

Different extensions of the proposed framework, which would be useful in view of testing the robustness of the here obtained
results, could concern the formulation of the demand functions of firms and their technology heterogeneity in regard to emissions.
In regard to the first point, following e.g. [34,44], we might deal with nonlinear demand functions deriving from an underlying CES
utility function. Regarding instead the second point, we recall that emissions per unit output not coinciding across firms have been
considered e.g. in [20,29]. We will investigate in a future work the effects of such more realistic assumption, not only in regard
to the local stability analysis, but also from a policy viewpoint, so as to understand for instance whether the symmetries that we
witnessed in the time series in Fig. 12 persist or not.

Funding

This research did not receive any specific grant from funding agencies in the public, commercial, or not-for-profit sectors.

CRediT authorship contribution statement

Ahmad Naimzada: Conceptualization, Investigation, Methodology, Software. Marina Pireddu: Formal analysis, Investigation,
Software, Writing – original draft, Writing – review & editing.

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could have appeared
to influence the work reported in this paper.

Data availability

No data was used for the research described in the article.

Acknowledgments

The authors thank the anonymous Reviewers for the helpful and valuable comments.

17 See [42,43] for an evolutive approach to environmental policy issues.
25



Communications in Nonlinear Science and Numerical Simulation 131 (2024) 107867A. Naimzada and M. Pireddu
References

[1] Chatrath A, Adrangi B, Dhanda KK. Are commodity prices chaotic? Agric Econ 2002;27:123–37.
[2] Gouel C. Agricultural price instability: A survey of competing explanations and remedies. J Econ Surv 2012;26:129–56.
[3] Huffaker R, Canavari M, Muñoz-Carpena R. Distinguishing between endogenous and exogenous price volatility in food security assessment: An empirical

nonlinear dynamics approach. Agric Syst 2018;160:98–109.
[4] Arango S, Moxnes E. Commodity cycles, a function of market complexity? Extending the cobweb experiment. J Econ Behav Organ 2012;84:321–34.
[5] Stanley C. Living to spend another day: Exploring resilience as a new fourth goal of ecological economics. Ecol Econ 2020;178. Article ID 106805.
[6] Mamada R, Perrings C. The effect of emission charges on output and emissions in dynamic Cournot duopoly. Econ Anal Policy 2020;66:370–80.
[7] Naimzada A, Pireddu M. Dynamic behavior of product and stock markets with a varying degree of interaction. Econ Model 2014;41:191–7.
[8] Naimzada A, Pireddu M. Introducing a price variation limiter mechanism into a behavioral financial market model. Chaos 2015;25. Article ID 083112.
[9] Naimzada A, Pireddu M. Differentiated goods in a dynamic Cournot duopoly with emission charges on output. Decis Econ Finance 2023;46:305–18.

[10] Matsumoto A, Nonaka Y, Szidarovszky F. Emission charge controllability in Cournot duopoly: static and dynamic effects. J Differ Equ Appl
2022;28:1282–307.

[11] Brian Arthur W. Increasing returns and path dependence in the economy. University of Michigan Press; 1994.
[12] Bischi G, Gallegati M, Naimzada A. Symmetry-breaking bifurcations and representative firm in dynamic duopoly games. Ann Oper Res 1999;89:252–71.
[13] Romer D. Advanced macroeconomics. New York: McGraw-Hill; 2022.
[14] Kirman AP. Whom or what does the representative individual represent? J Econ Perspect 1992;6:117–36.
[15] Naimzada A, Pireddu M. Complex dynamics in an evolutionary general equilibrium model. Discrete Dyn Nat Soc 2018;2018. Article ID 8471624.
[16] Stoker T. Empirical approaches to the problem of aggregation over individuals. J Econ Lit 1993;31:1827–74.
[17] Buccella D, Fanti L, Gori L. To abate, or not to abate? A strategic approach on green production in Cournot and Bertrand duopolies. Energy Econ 2021;96.

Article ID 105164.
[18] Buccella D, Fanti L, Gori L. ‘‘Green’’ managerial delegation theory. Environ Dev Econ 2022;27:223–49.
[19] Buccella D, Fanti L, Gori L. Environmental delegation versus sales delegation: a game-theoretic analysis. Environ Dev Econ 2023;28:469–85.
[20] Ganguli S, Raju S. Perverse environmental effects of ambient charges in a Bertrand duopoly. J Environ Econ Policy 2012;1:1–8.
[21] Matsumoto A, Szidarovszky F. N-firm oligopolies with pollution control and random profits. Asia-Pac J Reg Sci 2022;6:1017–39.
[22] Raju S, Ganguli S. Strategic firm interaction, returns to scale, environmental regulation and ambient charges in a Cournot duopoly. Technol Invest

2013;4:113–22.
[23] Sato H. Pollution from Cournot duopoly industry and the effect of ambient charges. J Environ Econ Policy 2017;6:305–8.
[24] Xing M, Lee S-H. Non-cooperative and cooperative environmental R&D under environmental corporate social responsibility with green managerial

coordination. Manag Decis Econ 2023;44:2684–96.
[25] Xing M, Lee S-H. The strategic adoption of environmental corporate social responsibility with network externalities. B E J Theor Econ 2024;24:399–418.
[26] Xu L, Chen Y, Lee S-H. Emission tax and strategic environmental corporate social responsibility in a Cournot-Bertrand comparison. Energy Econ 2022;107.

Article ID 105846.
[27] Matsumoto A, Szidarovszky F. Controlling non-point source pollution in Cournot oligopolies with hyperbolic demand. SN Bus Econ 2021;2021:1–38.
[28] Matsumoto A, Szidarovszky F, Takizawa H. Extended oligopolies with pollution penalties and rewards. Discrete Dyn Nat Soc 2018;2018. Article ID 7861432.
[29] Matsumoto A, Szidarovszky F, Yabuta M. Environmental effects of ambient charge in Cournot oligopoly. J Environ Econ Policy 2018;7:41–56.
[30] Sarafopoulos G, Papadopoulos K. On a Cournot duopoly game with differentiated goods, heterogeneous expectations and a cost function including emission

costs. Sci Bull - Econ Sci 2017;16:11–22.
[31] Singh N, Vives X. Price and quantity competition in a differentiated duopoly. Rand J Econ 1984;15:546–54.
[32] Motta M. Competition policy: Theory and practice. Cambridge: Cambridge University Press; 2004.
[33] Jury EI. Theory and application of the Z-transform method. New York: John Wiley and Sons; 1964.
[34] Agliari A, Naimzada AK, Pecora N. Nonlinear dynamics of a Cournot duopoly game with differentiated products. Appl Math Comput 2016;281:1–15.
[35] Elaydi SN. Discrete chaos: with applications in science and engineering. 2nd ed.. Boca Raton: Taylor & Francis Group; 2007.
[36] Fanti L, Gori L. The dynamics of a differentiated duopoly with quantity competition. Econ Model 2012;29:421–7.
[37] Menueta M, Minea A, Villieu P, Xepapadeas A. Growth, endogenous environmental cycles, and indeterminacy. Working paper series, Economic Research

Department of the University of Orléans, DR LEO 2021-10; 2021.
[38] John A, Pecchenino R. An overlapping generations model of growth and the environment. Econ J 1994;104:1393–410.
[39] Costanza R, Wainge L, Folke C, Mäler K-G. Modeling complex ecological economic systems. BioSci 1993;43:545–55.
[40] Perrings C. Resilience in the dynamics of economy-environment systems. Environ Resour Econ 1998;11:503–20.
[41] Chiarella C, Okuguchi K. A dynamic analysis of Cournot duopoly in imperfectly competitive product and factor markets. Keio Econ Stud 1997;34:21–33.
[42] Antoci A, Borghesi S, Iannucci G, Russu P. Emission permits, innovation and sanction in an evolutionary game. Econ Politica: J Anal Inst Econ

2020;37:525–46.
[43] Antoci A, Borghesi S, Iannucci G, Sodini M. Free allocation of emission permits to reduce carbon leakage: an evolutionary approach. In: Jakob M, editor.

Handbook on trade policy and climate change, Ch. 6. Cheltenham: Edward Elgar Publishing; 2022, p. 76–93.
[44] Gori L, Sodini M. Price competition in a nonlinear differentiated duopoly. Chaos Solitons Fractals 2017;104:557–67.
26

http://refhub.elsevier.com/S1007-5704(24)00053-4/sb1
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb2
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb3
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb3
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb3
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb4
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb5
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb6
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb7
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb8
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb9
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb10
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb10
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb10
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb11
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb12
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb13
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb14
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb15
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb16
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb17
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb17
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb17
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb18
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb19
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb20
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb21
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb22
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb22
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb22
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb23
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb24
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb24
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb24
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb25
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb26
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb26
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb26
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb27
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb28
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb29
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb30
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb30
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb30
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb31
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb32
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb33
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb34
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb35
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb36
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb37
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb37
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb37
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb38
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb39
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb40
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb41
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb42
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb42
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb42
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb43
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb43
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb43
http://refhub.elsevier.com/S1007-5704(24)00053-4/sb44

	Comparative dynamics analysis of the environmental policy efficacy in a nonlinear Cournot duopoly with differentiated goods and emission charges
	Introduction
	The model
	Local stability and bifurcation analysis
	Substitutable and independent goods
	The case of complements
	Analysis of Scenario I
	Analysis of Scenario II

	The role of the interdependence degree between goods
	Dynamics on the diagonal of the phase plane

	Comparative dynamics analysis of the environmental policy efficacy
	Conclusion
	CRediT authorship contribution statement
	Declaration of competing interest
	Data availability
	Acknowledgments
	References


