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UNIQUENESS CONDITIONS:
2 — REGULAR CAUCHY PBM.

Notation:
ri==V; + (an) . (the defect)

Def. .0 :={B| B L*(D); 3 lim, BA lm, B=0}

x> X>x)

Prop. (uniqueness) | o
fe CO(T; H_l(D)) S U, V E_% |
IteT- 52 +0,aeinD , au,,u:;c),»;((x:,t)}
Ha(uf)E A, a, b > B € By |

Fo V(. T)=0¥xgD}A{V,(. T)=ae 0inD}
THEN B =a.e. 0 in D -%M -

Applications:

alx 0) known

{u,f},{v, g} independent
f:820

a’(xo) =0 (zoning)

Regular Cauchy data from
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UNIQUENESS CONDITIONS:
3 - SINGULAR CAUCHY PBM.

Def. (set of points where u stationary = critical points)

Eu(f)=clos{ 2()| €(HED,
u (2@, 1) =0 Viim, 4 (8, ) =0}

Prop. (uniqueness)
f e LX(T; H (D))
Jae %ad D ula, ) E ad
Fve By -3 u, e U,y
u(aaf) =a.e. M'(bnf) in Q

IF EITHER
e TET-E)-{EM(T) #0 N\ meas|E,(T)] =0} (%
OR {E, () #0,¥t €T A meas| O E, ) ]=07} G

THEN b=,.amnD.

Rem.:
Uniqueness relies on properties of £, (set of critical points)

Kitamura & Nakagiri’ s (1977) uniqueness conditions apply

to more regular data
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UNIQUENESS CONDITIONS:
4 — SELF-IDENTIFIABILITY

Del. (admissible data pairs with least possible regularity)
Poi={1uf) | ue | ad,f (T H (D) ;
C T = e DN ) N o) e T )

where

S0 N{xg;x1} =0Vt ET,meas[8416)]=0,Vt

Thm. (Self—idenzifiabilily) gmm

IF P ,meas[Eu(T)]
THEN the following are equivalent - 2

) Jachyy,dTeT D <au>(T) =

@mm

[-1] <[1>
i) {znae@ad}/\{a:( (D)}

Rém.
non—local condition
physical interpretation: <au,>(T) = avg. flux
<au,>(T) =k (#0) also applies wiuvolu_e, chawgl
3 link with singular Cauchy if g He (D)

counterexample
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UNIQUENESS CONDITIONS:
5 — COUNTEREXAMPLE
Features:

t =T, fixed
self—identifiable solution s.t., singular Cauchy
uniqueness Hp. do not apply.
Domain D=(-14+¢,1—¢€);€>0, fixed
l—x, =14+€eg<x<0
data: x(’[,’) { 4

;=5 0<x<l-¢g
gO D =200 -1=-x+¢ (= "5))

prior knowledge: a& @ad e <au,> = 0
[- 1]

work: <g, >=¢
<8 )
& =1+ 6(x)
Rem. - lim Clur("[,') = — |
x—~>x0

Smce both (= 7)(T) and (g )(T) eI (D) , then the
stability estimate (see below) apphes

| B ||,< const. [ |V, ,+] (vz) ][|O4](T)
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ASIDE:
FUNCTIONS OF BOUNDED VARIATION (BY)

fe BV(D) =>
i) f exhibits at most discontinuity points of the first kind;

i) if J (set of discontinuity points) # 0@ =>

card[/] = k < o or at most w0

card[ s ]
i) fl=qw O +0% oeLl’D) ;0= 1 ¢8(kx-y);
. =) )

card[ j ]
iv) ) c;| < @ ;

i =1
v o 3 el e tom)
Rem.: rules out e.g., a = 2 + sin—}c- in [-1, +1]
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ASIDE:

A GROWTH ESTIMATE
Lemma 1

R
ad »
¢X

aND (= L®(D) ; 3 lim +(—-’0—)[“1
(bx =X d)x

AND Bx‘bx + B(i)xx — P =d.w. 0

IF Be eL'(D):

THEN

| ~1]
uBnOmsH(-gi;)[O o expl [12= ]

Proof:

relies on extended form of Gronwall — Bellman inequality

ad —-{g|gEL (D), 230}
Cy 2 O (constant)

X
IF a<c + j ag d& ,a.e.in D
X
0
THEN
lally o < v exp [lelly 4
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Btasitity

Estimaten

Ui ar sy Ao a"%«W L@a,u.du:j P ol
The vole of vrocediare

(BVx)x =

-1
a.eL.

llB\lo'we cv(l-r,’zaﬂ)\IVlew)

-, t=T

o, \B-\-BV"" _r

d.w. Ve

l\Bllo’m e, (rag+C VI -

Growwall- B etlmam amed,. 4o
meosuwcolle fews . 1o errhimna -

te the growthot B.

wWit)
e exf [ CyCs Vixi-xo) ]
4vrovoled. :
Vye L2 (D) 1 VeW:s
' VtéT | i xael = .2
Vel (0) Lot | = ®(THD)NE(T,2M)
aeu‘bu | aekyNnBVID)
total
Bcllioteca; N I1¥1E"N, ¢ cavciasion
| ! ot O
: 3- ':’: (_X:,T)
| intemediate stens
!
u
|
l
\
B

Nobe : vy, 617 = - -'-eAC(D)
Uk
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