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Notation:
r := -Vt + (aVx)x (the defect)

UNIQUENESS CONDITIONS:
2 - REGULAR CAUCHY PBM.

Def. Bad:= {B I BE Lm(D); ~ lim + B /\ lim+ B = 0 }
x->xO x->xO

Prop. (uniqueness)

f E cP(r; H-1(D)) ; u, VEX

] TET .3.~Vx =1= 0, Q..e.;~t\D .I -a ~(.~/-c)/~)(tl(:/t')}
3a(u,j)EAad;a,b.3.B EBad

-
. IF . {V(., l~)= 0 \:Ix ED} 1\ { Vt ( . ,T)=a.e. 0 in D }
THEN B =a.e. 0 in D .

.Applications:

Regular Cauchy data from

a(xo) known

{u, j} , {v, g} independent
j,g=l=O

a '(x 0) = 0 (zoning)
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Eu(t) := clos { ~ (t)1 ~ (t) ED,
ux(~ (t), t) == 0 V lim+ ux(~ (t), t) = 0 }

x->y-

UNIQUENESS CONDITIONS:
3 - SINGULAR CAUCHY PBM.

Def. (set of points where u stationary = critical points)

Prop. (uniqueness)

f E L2(T ; H-1(p))
:3 aE lad ·3· u(a,j)E Uad

:3 bE lad ·3· u(b, j) EUad
u(a, j) =a.e. u(b, j) in Q

IF EITHER
-

:3 TET.3·{Eu(T) =/= (/J 1\ meas[Eu(T)] == O} C*)

OR { Eu(t) = 0, \I t E T 1\ meas[ n Eu(t) ] == 0 } (**)
t

THEN b ==a.e.a in D .

Rem.:
Uniqueness relies on properties of Ell (set of critical points)

Kitamura & Nakagiri' s (1977) uniqueness conditions apply
to more regular data
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UNIQUENESS CONDITIONS:
4 - SELF-IDEIVTIFIABILITY

Def . (admissible data pairs with least possible regularity)

Pad:= {{ u,j} I uE Uad ,j E cP(T; H-1(D)) ;

j (Ut + j)[-1] := i~1] c cPCD\SgCt)) n L2CD) \:ItE T }

where
-

Sg(t) n {XO ; Xl} = (/]\:I t E T.) meo~(S,.l~)]=OJ~t

Thm. (self-identifiability)

IF {U,f}EPad ; meas[Eu(T)]=0
THEN the following are equivalent

i) :3 aE lad' :3 TE T ·3· <aUx>(T) == 0
[-lJ [-lJ

ii) { :3! aE lad } 1\ { a = (0 - (g a ) )C-r) }
Ux

Rem.
non-local condition
physical interpretation: <aux>(T) == avg. flux
<aux>(T) == k ( =/= 0) also applies wi~ du~ ~
:3 link with singular Cauchy if g[-1] E cPCD)

o
counterexample
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UNIQUENESS CONDITIONS:
5 - COUNTEREXAMPLE

Features:
t == T , fixed
self-identifiable solution s.t., singular Cauchy

uniqueness Hp. do not apply.
Domain D == ( -1 + E , 1 - E ) ; E > 0, fixed

. _ {- 1 -x, - 1 +. E < x < 0
data. Ux(T) - 1 x .

2"- 2 ' 0 < x < 1 - E

g[-l](T) = 2 B(x) - 1 -' x + E (g CO CD))
o

prior knowledge: aE lad ·3· <au,> == 0

work: <i-I]> = E
o

Rem. . lim+ aUx(T) == - E
X-7XO

Since both (~)(T) and (io l])(T) E L\D) , then the

stability estimate (see below) applies

II Bill < const. [ IIV 111,4 + II(Vt)[o 1]110,4] (T)
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ASIDE:
FUNCTIONS OF BOUI\JDED V,A~Rlf\TION (BV)

IE BV(D) ==>

i) f exhibits at most discontinuity points of the first kind;

ii)· if J (set of discontinuity points) '* 0 =>
card [J] = k < CD or at most ~o

card[J]
...) j' , '.' L1 (D)' , \ ~ ( )III =d.w. P + CJ , P E , CJ = Lei 0 x - Yi

i =1

card] J]

iv) L lei I < co ;
i =1

Rem.: rules out e.g., a = 2 + sin; in [-1, +1]
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ASIDE:
A GROWTH ESTIMATE

Lemma 1

IF B E Bad; ~xx E Ll(D) ;
x

AND (l:...)[-1] C Lm(D) ; ~ lim+(l:...)H]
~x x->xO ~x

AND Bx~x + B~xx - P =d.w. 0

THEN

Proof:
relies on extended form of Gronwall - Bellman inequality

D == (XO, Xl) ; aE lad;
g EGad := {g I gE Ll(D), g >a.e.O }

c, > 0 (constant)
x

IF a < c, + f ag d~ , a.e. in D
Xo

THEN
Iiallo,m < c, exp Ilgllo,l
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