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Abstract

We study the well posedness of the nonlinear Schrodinger (NLS) equation with a point
interaction and power nonlinearity in dimension two and three. Behind the autonomous
interest of the problem, this is a model of the evolution of so called singular solutions
that are well known in the analysis of semilinear elliptic equations. We show that
the Cauchy problem for the NLS considered enjoys local existence and uniqueness of
strong (operator domain) solutions, and that the solutions depend continuously from
initial data. In dimension two well posedness holds for any power nonlinearity and
global existence is proved for powers below the cubic. In dimension three local and
global well posedness are restricted to low powers.
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1. Introduction

In the present paper we want to define the dynamics of the nonlinear Schrédinger equa-
tion (or briefly NLS equation) in the presence of isolated singularities.
By isolated singularities we mean the solutions of the equation

1.1
$(0) = o b

{ia,w = —Ay =Yy
where ¢ € H*(R™ \ {0}). The sign in front of the nonlinearity will be not important
in the sequel. Our main result is the local and global well posedness in dimension
n =2 or n = 3 when the nature of admitted singularities is suitably restricted. To make
more clear the premises of our analysis we describe the analogous and well known
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problem in the time independent case. Isolated singularities of semi linear elliptic
equations constitute a subject of study flourished at the end of *70s and still prolific,
with important ramifications toward quasilinear elliptic and parabolic equations (see
for an incomplete but representative bibliography [5} [14} [17, 21} 24} 125} 29| 30] and
references therein). An example especially relevant in our context is given by the
stationary equation associated to (T.I)):

—Au = |ulP ™ u — wu = 0. (1.2)

Its positive solutions defined and regular on R" \ {0} and vanishing at infinity are called
ground states or singular ground states according to their behavior at 0, respectively
bounded or diverging. Consider for example the equation with the minus sign in (L.T)
or (I.2), the so called focusing stationary NLS equation. A typical result is the follow-
ing. Let I < p < %5 (p > 1if n = 2); for any singular ground state u of (T.2) there
exist ¢ > 0 depending on u such that

1
T =9 =2

lim u(x)lxl"‘2 =q (m=3) or limu(x)
x—0 x—0 log i

Moreover u solves as a distribution
—Au — |ulP™ u — wu = g

for some positive constant c¢,, depending on the dimension only and that can be absorbed
in the singularity. So the only singularities admitted have the behavior of the funda-
mental solution of the Laplacian G°. For S5 <p< % the singular ground state still
exists but with a different power type singularity u,, depending on p, and for p > %
equation (I.2)) has neither a ground state nor a singular ground state (see [24} 23])). Re-
sults for the defocusing (plus sign in (I.I) or (I.2)) again show an alternative between
a ground state with the singularity of the fundamental solution of the Laplacian G°,
a different singularity u,, and finally no ground states at all. The difference with re-
spect to the focusing case is that the two different singularities can coexist in the range
S5 <p< ’% We refer to the already quoted references and the detailed monograph
[30]] for a complete analysis. In the present work we want to study the time dependent
NLS equation in the regime in which the singularities around the origin are of type of
the fundamental solution G°. It is by no means an obvious fact that this behavior, if
initially present, could be preserved by the NLS flow for some range of nonlinearities.
To analyze this problem and to achieve our main result, we choose to work in a Hilbert
space setting. It turns out that a convenient way to rewrite the equation in (I.I) is as

the abstract NLS equation
i = Hay + 1"y

where H,, is a self-adjoint operator in L?(R"). The operator H, is well defined only for
n < 3 and it belongs to the class of point interactions (see [2] and references therein,
and Section[2.T|below for the essential facts). This well known class of operators is the
most suitable linear part for the abstract NLS equation because elements of the domain
¥ € D(H,) behave at the origin exactly as the fundamental solution, and they have



H? Sobolev regularity away from the origin. Namely, every element in D(#,,) has the
structure
y=¢'+qGt  (1>0)

where G* is the Green function of the Laplacian, (-A + 1)G* = &y, and ¢* € H>(R")
and ¢q is a complex coefficient.

Moreover a precise relation between the coefficient g and the regular part ¢ € H? is
needed to have a self-adjoint operator with domain D(H,). In this boundary condition
appears a real parameter a and for any such @ one has a different self-adjoint operator
‘H,. Complete definitions will be given in Section These facts suggest to treat
the nonlinear term as a perturbation in the linear Schrédinger dynamics generated by
‘H,, and to search for strong solutions of the NLS equation, i.e. solutions of (I.I)) with
initial data in D(H,,). The above considerations lead eventually to the Cauchy problem

(1.3)
¥(0) = ¢ € D(Ho)

We are not aware of any result about this evolution problem in dimension n > 1. On
the contrary, some rigorous literature exists in the much simpler one dimensional case,
where the operator H,, can be interpreted, at least formally, as a Schrodinger operator
with a delta potential (see [1] and the treatment in the more general context of quantum
graphs given in [8]]). We also mention the paper [23]], where the Cauchy problem with
Hartree nonlinearity is treated. As usual the analysis of (I.3) is reduced via Duhamel
formula to the following integral equation:

{iafw = Ho = 1P~y

) = gy =i [ I o) ds, (14)

and afterwards we recovery the solutions of the differential equation, see Section [3]
Preliminary to the analysis of well posedness of (I.3) is the construction of some es-
sential technical tools. Namely one has to extend classical interpolation inequalities to
a scale of spaces modeled on D(H,) (so including singular behavior), and to prove dis-
persive and Strichartz estimates. These properties, for the most part new, are discussed
and proved in Section 2] The local well posedness is our first main result, the proof of
which fills Section (3| including local existence, unconditional uniqueness, continuous
dependence and blow-up alternative. More precisely, we prove the following:

Theorem 1 (Local Well-Posedness in D(H,)). Assume p > lifn=2and1 < p <
3/2 if n =3 and let Yy € D(H,). Then the following properties hold true.

1) There exists T € (0, 1] and a strong solution of (T4) in C([0, T1; D(H,))NC' ([0, T]; L?).
2) The solution € WY((0, T); LP*Y), where r is such that (r, p + 1) is admissible (as

in Def. [2.5).

3) The solution enjoys unconditional uniqueness in C([0, T1; D(H,)).

4) There is continuous dependence on initial data, in the following sense. Let yrj — Yo

in D; then denoted as W and " the solutions of (I:4) corresponding to initial data
and Y, one has " — yr in C([0, T]; D(H,)).

5) The following blow-up alternative holds. Let the maximal existence time be defined



as
T* = sup{y € C(10, T1, D(H,)) N C'([0,T1, L?) solves (TA)};
>0
then
lim W (llpg,) <0 = T" = co.

See Section E] for the definition of the graph norm ||/||pe,). While the proof of the
well posedness is insensitive to the actual value of @ (which by this reason and by no-
tational simplicity will be discarded after Section [2.1)), the result provides families of
singular solutions parametrized by the real . More detailed analysis of the dynamics
can of course depend on it. The proof exploits the framework introduced by Kato (see
[L8L[19}20]) to study the standard case of the Laplacian, but with different conclusions.
In particular, we stress that the two and three dimensional cases display a rather differ-
ent behavior with respect to the nonlinearity power. The good news is that, as in the
standard case of the Laplacian, local well posedness holds for any power in the two
dimensional case. On the contrary, in the three dimensional case the admitted powers
are greatly restricted, being in the range p € (1,3/2), which means a rather mild non-
linearity. We recall that strong H? solutions exist in the standard case for any power p.
It seems not possibile to overcome this limitation in the present framework: powers of
the logarithm are tame, inverse powers of |x| are not. We also notice that a consequence
of the well posedness for problem (T.3) is that its solutions solve in distributional sense
the equation

0 = Ay + WP~y — gdp .

This is a NLS equation with a time dependent delta source (recall that ¢ depends on
time for strong solutions of (I-3)); see Remark [3.2). This fact gives a further and sug-
gestive interpretation of both (I.3) and the kind of evolution of singular solutions. In
Section El, after showing conservation laws of L? mass and energy, the second main
result of this paper is global well posedness of the dynamics. Namely, we prove

Theorem 2. Let 1 < p<3ifn=2andl1 <p< % if n = 3 and consider the maximal
solution € C([0,T*); D(H,)) N C'([0, T*); L?*) of the problem (B1). Then the solution
Y is global, i.e. T* = oo.

Again, for the two dimensional case nothing changes with respect to the standard case
of the Laplacian: also in the presence of singular solutions, global existence is guar-
anteed for nonlinearities p < 3 for any initial datum. On the other hand, in the three
dimensional case global existence holds for the same powers in which local existence
is true, p < 3/2.

We conclude this introduction describing possible developments and perspectives raised
by the present results, not reduced to the always possible extensions and technical re-
finements of the results (among the latter we include for example well posedness in
L? or in the form domain of the operator). The problem of singular solutions has an
autonomous mathematical interest; however, as recorded in the references cited above,
a not secondary physical motivation for their study originated in models of condensed
matter, in particular stationary Fermi-Thomas theory and examples of Yang-Mills the-
ories. Due to the considered models it was natural to limit the analysis to the elliptic



stationary case. However, we notice that one could be interested in the dynamics of
Bose-Einstein condensates in the presence of defects, conveniently modeled as point
interactions. In this case the relevant equation is the time dependent one. In partic-
ular vortex solutions could fall within this description. A first step is the analysis of
existence of stationary solutions and their stability. The first, and in fact unique, result
about existence of stationary solutions in which use has been made of point interactions
appeared in [6] and [7]. In those papers a branch of singular ground states bifurcating
from the linear eigenstate of H was proved for the 3D stationary defocusing case in
equation (T.2). A more complete classification of standing waves would be desirable,
firstly as regards ground states, then including excited (non sign-definite) states and
eventually considering the interactions of several singularities (not treated in this pa-
per). Stability of the solutions with respect of the NLS flow is then a natural question.
In this respect, we also mention on the physical and modeling side the recent contribu-
tions in [26} [27] that seem to have raised an interest on “singular solitons”. A second
relevant question concerns a detailed analysis of the evolution for the critical (p = 3)
and supercritical (p > 3) nonlinearities in the n = 2 case. One expects blow-up and
it would be interesting to understand if and how the singularity plays a role. Finally,
scattering theory for the NLS in the presence of point defects is also a relevant issue.
About all these problems there is no previous analysis, and they seem to deserve some
interest.

2. Preliminaries

In this section we fix notations and we prove some technical results used in the follow-
ing.

We denote by x, k and so on, points in R?, n = 2,3. Correspondingly, we use the
notation x = |x|, k = |K|.

We denote by f the Fourier transform of f, defined to be unitary in L*>(R"):

f dxe ™ f(x) keR"
Rn

We denote by || - || the L*(R™)-norm associated with the inner product (-, -) and with
I - ll, the LP(IR")-norm while we use || - ||zs for the norm in the Sobolev spaces H*(R"),
s€R.

As customary, we denote with the same symbol (-, -) the duality between Banach spaces
or evaluation of distributions. We use sometimes Dirac notation, that is |u){v| stands
for the 1-rank operator f ~ u(v, f).

For all 1 > 0 we denote by G* the L? solution of the distributional equation (—A +
DG = &, where &y is the Dirac-delta distribution centered in x = 0. Hence, the
integral kernel of the resolvent of the Laplacian is given by

G'Mx-y)=(-A+D)'x-y) 1eR".



Explicitly we have:

1
ZK()(\/;)C) n=2;
A —
' =1 "\,
=3.
4rx "

Here K is the Macdonald function of order zero. We recall the relation %Ko( Vax) =
ﬁH(()l)(i V1 x), where H(()l)(z) is the Hankel function of first kind and order zero (also
known as zeroth Bessel function of the third kind), see, e.g., [32]] Eq. (8) p. 78).

We use ¢ and C to denote generic positive constants whose dependence on the param-
eters of the problem is irrelevant, their value may change from line to line.

2.1. Point interactions

We denote by H,, the self-adjoint operator in L*(R"), n = 2,3, given by the Laplacian
with a delta interaction of “strength” @ placed in the origin.

We recall that, see [2]], both for n = 2 and n = 3 the structure of the domain of #, is
the same:

D(H,) ={w e PRy = ¢' +qG', ¢' € HFRM, g=A 'O} @21

with
2r
2re +y + In(VA/2)
1

A=

ar B
Here A can be taken in R* (possibly excluded one point which we denote by —E,,
where E, is the negative eigenvalue of H,, see below for the details). For n = 2, y is
the Euler-Mascheroni constant. The constant « is real and it parametrizes the family
of operators through g = A% ¢(0), which plays the role of a boundary condition at the
singularity. For both n = 2 and 3 the free dynamics is recovered in the limit @ — +co.
The action of the operator is given by

(Hy + DY = (=A + 2)¢p* Yy € D(H,). 2.2)

The Hamiltonian H,, has [0, c0) as continuous spectrum furthermore there is no singular
continuous spectrum. For n = 2, H, has a simple negative eigenvalue {E,} for any
a € R. Forn = 3, if @ > 0 there is no point spectrum, while for @ < 0 there is a
simple negative eigenvalue {E,}. Whenever the eigenvalue E, exists, we denote by ¢,
the corresponding eigenvector. Explicitly one has:

1

E, = _46—2(27ra+7) l//o,(X) — 2—K0(2 e—(27ra+y)x) n=2;
T
Ara x

E, = —(47a)? Vo®) = . a<0 n=3.
4rx

The resolvent of H,, is given by the abstract Krein resolvent formula

(Ho + )7 = A+ D+ (ADTNGINGI A€ RM\{IE,|) (2.3)



(AeR*ifn=3and @ > 0 and R* = (0, +)).
For A > |E,| (take 2 > 0if n = 3 and @ > 0) we define

D} = D(H, +°), seR

where (H,+1)* is a self-adjoint operator on L*(R") defined through functional calculus.
We equip D;, with the norm ||/l|ps := [[(Hs + 2)*W¥ll, equivalent to the graph norm of
the operator (H, + 1)*. Consistently we set

D, = D' = D(H,) (2.4)
defined in Eq. (2.1).

Remark 2.1. Given a function ¢y € D,, we refer to ¢* (defined in Eq. [2.1)) as its
regular part. By Eq. 22), Wllp, = I(Hy + DYl = (A + D¢ which is equivalent
to ||¢Y| 2. Since || - llp, is also equivalent to the graph norm of H,, then || - |lp, is
equivalent to the H*>-norm of the regular part. From now on we shall always use the
notation (2.4)) for the set D(H,), and work with the norm || - ||p, .

From now on, to simplify the notation, and since « is regarded as a fixed parameter,
we omit « from the notation for objects that may depend on it and we simply write, for
example, H = H,, A = Ay, and D = D,,.

2.2. Embeddings and interpolation inequalities

We recall the Sobolev embedding (see, e.g., [28, Th. 2.8.1 b) and ¢), and Rem. 2 to the
theorem]):
H'(R") — LY(R") 2<q< 00, 52> 5

) 2.5)
H(R") — Cp(R") s>n/2;

where s, = n(% - é) and Cp(R") denotes the space of bounded, continuous functions
on R”. We will need further embedding properties involving the domains of operators
H + A and the domains of their fractional powers. Recall that, for all 1 > 0,
G' e L'(RY) 1
G' e L*(R?) 1

<s<3;
< 8§ < oo,

Hence, by the definition of the operator domain D, see Eq. (2.1)), it follows that

D — LI(R") where2 < g<3ifn=3,and2 < g<ifn=2. (2.6)
A less obvious property is given in the following:
Proposition 2.2. We have D*> — H* with continuous embedding when:

O<s<1 ifn=2;
0<s<1/2 ifn=3.



Proof. Let us start from an abstract result. Recall the integral identity (see, e.g., [4}
Ch. 10.4]):

Sln T
o = (z)f dn"li x>0, s€(0,2).

The latter, applied to x = (y + 1)!, (y + 1) > 0, an by means of the change of variables
t — 1/t, gives

sin($m) [ dr
O+ /1)—.;/2 - %) f P +a+ H! G+ >0, se€(0,2).
0

Hence, by functional calculus and by the Krein resolvent formula (see Eq. (2.3)), one
infers (see [13]):

+00 dt
t.Y/z

(H+ )™ = (=0 + 7" ¥ f A NG Gasl - 4> |Eql

0
A>0ifn=3and a > 0).
Starting from the latter identity, for n = 3 and @ > 0 a stronger result was proven in
[13], see Theorem 3.2, namely that D*/> = H* for O < s < 1/2 and that the graph norm
associated to (H + 1)*/? is equivalent to the standard Sobolev norm.
Being y € D2 iff ¢ = (H + 1)™/2f for f € L?, any function in 9*/? can be written as
Y=y +y» with Y = (-A + /l)_s/zf and

sinsm [T df
Yy = 712 f »2 (A" Gy 8(0) 8(0) ={Gas1, ).
0

Since ; manifestly belongs to D((—A + 1)*/?) and the graph norm of (—A + 1)*/? is
equivalent to the H*-norm, we turn our attention to ¢,. Taking the Fourier transform
we have

singzm (% dr o g _ 1 A
Ja(h) = fo Sy SO - fR Ak f),

KR+A1+t + A+t

We want to prove that y, € H®. For n = 3 and « < 0 notice that proofs of Lemma 5.1
and Proposition 5.2 of [13] hold true without modifications if one assumes A > |E,|.
Lemma 5.1 is actually unrelated to the value of @ and Proposition 5.2 uses only the fact
that sup,>0(A’”t)‘1 < oo, which is indeed the case if A > |E,|. This completes the proof
of the three dimensional case.

Let us consider the two dimensional case. First we prove that

fo dt g < cllfIP. 27

We start by noticing that

+00
f dt
0

dk

+00 \/z . 2
dk——— VkAf(k
k2+/l jo‘ k2+/l+t\/_f()

+00
f dt
0




where

2
Af(k) = f dof(k, ).
0

Notice that VkAf € L*(R*) and that || VKA f||L2(R+) < V2xllf]l. Then, to complete the
proof of Eq. (Z77), it is sufficient to prove that

Vk

nel=E

is the integral kernel of a bounded operator T} : L>(R*) — L*(R*). To this aim, let us
notice that, by scaling ¢ — t/(k> + A) in the integral we have

+00 k +00 1 1
supf dr T (t, k) A < Lf dz—ﬂ <00
k=0 Jo / k0(k2+/l)4 t+ 11!

and, by scaling k — k/ v/t in the integral,

—+00 +00 k
sup /4 f dk Ty(t,k) < supt'/* f dk vk dk Vk < oo,
0 0

>0 >0 R+t 0 k2 +1

then the claim follows from Schur’s test, see, e.g., [15].
Next we prove that ¢, is in H*. Precisely, we are going to prove that (~A+1)*%y, € L?.
To this aim we shall show that ||(=A + 2)*/ %y ]| < cllgll? 72+ and then use the inequality

[@77). Since {, is spherically symmetric, this is equivalent to prove that Vk(k>+2)*/%
belongs to L?>(R*). Using the above definitions, we have

sin 371 f"‘” dt 21 (k2 + 22
o FPora+y+In(VA+1/2) P+A+t
Since t > 0, for all 1 > |E,| there exists a constant ¢ such that
2r 2r
< <c
2na +y +In(VA+1/2)  2na+y+1n(Va/2)
Hence, it is sufficient to prove that 7, : L>(R*) — L?(R*) defined by the integral kernel

Vi + (k) = Vk g().

0<

k2 (K + )2

heh = SrE s asn

is a bounded operator. By scaling t — t/(k* + A) in the integral we have, on one hand,

1
su \/_ dtT (t,k)— = sup f — < .
k>g ? Vi k>0 Vk2 £373(1 +1)

On the other hand, by scaling k — k/ VA + t it is easy to see that

e ks PR e 1
dkT tk— 1272 dk ——— + 27 ﬁ—zf dk ———
sp i [ e < elaupet=t [ ek et [t

1_s +00 1_s +00
t 272 k* 1272 1
=c|sup(~—— + 27 su f dk —)
(t>g(/l+t) L K+1 ,>g(t+,1)% 0 K +1

I\)\_.




here the constant ¢ depends on s. Hence, the claim follows from Schur’s test.
Then we have

=4+ D"y = 2 fo k| VR + 2200 < clgle, < AP

and the proof is complete. O

Thanks to Sobolev embeddings, see Eq. (2.5), and the results in Proposition one
has the continuous embeddings

DR — H' R > LIR?) 2<g<o s €[5, 1): 08
DPR) - H'RY) < LR 2<g<3  sels.1/2); '
where s, = n(— - —) and the corresponding inequalities
ifn=2 Wl < clllas < cllfllpse 2<gq<o s € [se, 1) 2.9)
ifn=3  |Wlw < clllas < csllgllpse 2<q<3 s€lse,1/2).

On the other hand H + A is a self-adjoint and positive operator, and the spectral theorem
allows to build the scale of Hilbert spaces 9% with the inner product (¢, ¥2) g2 :=
((H + )4y, (H + 2)*/*y,). This is a family of real interpolation spaces, in particular
this means that (see, e.g., Section 4.3.1 in [22])

[Wllpa-ven < cllllpdWlly, — ab >0, 6€(,1). (2.10)
Fora =0, b =1/2, 6 = s one in particular obtains the inequality
o < cllyllz Ly 2 s €(0,1);
and, fora =0, b =1, 6 = s, the inequality
Wl <l "Il s €0, 1),
From (2.10) and (2.9) we finally obtain the Gagliardo-Nirenberg inequalities adapted

to the scale of Hilbert spaces D°:

ifn=2 [l o
ifn=3 [l Lo

s € [sc,1);

I-s
C”l//”LZ‘”l//”;)I/Z

2<q
Con (2.11)
I AL 2<g<3  sels,1/2).

NN

2.3. Evolution operators and space-time estimates

Let us now introduce space-time Banach spaces and several properties of the evolution
operators generated by H needed in the sequel.
For any exponent p € [1, +oo] we denote by p’ € [1, +o0] its Holder conjugate:

+— =1

1
p/

-

10



We will denote L ([0, T]; L7 (R™)) by Lf LY and the corresponding norm by || - || e
The unitary group generated by the operator H is denoted by:

Ung := (Up)1) = e'g. (2.12)

The corresponding Duhamel operator is

Tu() := f U(t - 5) u(s) ds. (2.13)
0

By subsection 2.1, the operator H = H,, whose domain of definition is D(H), is self-
adjoint and by the spectral theorem the space L>(R") splits as orthogonal sum of the
absolutely continuous subspace, the singular continuous subspace (trivial in this case)
and the pure point subspace:

LAR") = He(H) (P Al H) P Hp(H),  Hie(H) = (0},
Let P,.(H) be the spectral projector on the absolutely continuous space .7;.(H).

Definition 2.3 (Admissible pair). We say that a pair of (time,space) exponents (p, o)
is admissible if

2 n n
-4+ — =,
p o 2
and
o € [2,+) ifn=2;
oel2,3) ifn=3.

Correspondingly p € (2,+] ifn =2 o0rp € (4,+00] ifn =3.

Proposition 2.4 (Strichartz estimates for H). For all the admissible pairs (p, o) and
(u, v) there exists a positive constant C such that

NUPw(H)Pllz 1 < Cligll (2.14)
and
ITPac(F)ullp 7 < Cllull e 1 (2.15)
forall T > 0.
These bounds are a direct consequence of the fundamental bound
TP (FHOBllr < CUT>Pligll 1 € RVO}. (2.16)

The proof of the bound (2.16) appeared in [12] for n = 3 and [10] for n = 2 (together
with the Strichartz estimates (2.14) and (2.13), with the time interval [0, T] replaced
by R), see also [11]] and [16]]. Notice that the constants appearing in (2.14), and
do not depend on T but depend on p, o, u, v.

In the rest of the paper we will find convenient a different parametrization and notation
for the admissible pair, obtained changing p to r and o to p + 1.

11



Definition 2.5. Forany p € [1,+00) ifn=2o0r p €[1,2) if n = 3, we set

r_4(p+l)
Cn(p-1)

so that (r, p + 1) is a pair of admissible exponents.

We summarize in the following proposition the properties of the linear dynamics needed
in the proof of the main theorems (see [[18} 31]).

Proposition 2.6. Let
p e (l,+00) ifn=2;
pe,2) ifn=3.
and let (r, p + 1) an admissible pair.

Then, the operators U and T are defined and bounded between the following spaces
with norms uniformly bounded for T < 1:

a) U : L2 (R") — L=([0, T]; L*(R"))

b) U : L*(R™) — L"([0, T]; LP*'(R™)

o) T': L'([0, T1; L*(R™) — L=([0, T]; L*(R"))

d)T: L'([0,T]; L*(R") — L* — L'([0, T]; L' (R")
e)T: 1> > L ([0,T]; L'""/?(R™) — L*([0, T]; L*(R"))
HT L0, T]; LP(R") — L'([0, T1; L' (R™))

Proof. Properties a) and c) hold true since U is a unitary operator in L?. The other
properties follow from the spectral theorem together with Strichartz estimates for the
continuous part of the spectrum. Let us give few additional details about the proof. Let
us consider the two dimensional case and write

U=U, +U, Ui = e ™P,(H) U, = e_iE“tM. (2.17)

llall*
We decompose I' = I'; +1'; accordingly. For the two dimensional case, it was proved in
[LO] that U, and I'; satisfy Strichartz estimates and therefore the remaining properties
b) and c¢)-f) are true since the indexes (r, p + 1) are admissible. Concerning U, and I';,
it is sufficient to notice that ¢, € L? for 1 < o < oo and that we are assuming 7 < 1;
then straightforward calculations using Holder’s inequality give:

Wallollrally
llell?

< Tl/p+1/ﬂ”lﬂan(r”wa”v
= 2
ol

Which imply (b), (d), (e), and (f) for U, and I';.
In the three dimensional case, for @ < 0 we argue in the same way using again (2.17).
Strichartz estimates for U; and I'; have been proved in [[12], while for U, and I, it is

1
1U2£llpp 1o < TP /1l

forn=2 o,ve[l,+0); p,u €[l,+o0].

||F214||L‘; LY lleell

(2.18)
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important to notice that ¢, € L” only for 1 < o < 3. Hence, for n = 3 bounds of the
form (2.18) still hold true but with the constraint o, v € [1, 3), which causes no problem
since to prove (b), (d), (e), and (f) one needs to set o = 2 or o = p + 1, and similarly
for v. If @ > 0 then there is no point spectrum and both U, and I'; are absent. O

Remark 2.7. The statement of Proposition [2.6] holds true if T < 1 is changed in
T < Ty, for any positive Tg. Obviously, in this case the norms of the operators U and
I" would depend on Ty. Since in what follows we shall use Proposition [2.6|to study the
local well-posedness, there is no loss of generality in restricting to the choice Ty = 1.
In the rest of the paper we always make this choice, so that the various norms of U and
I can be taken uniformly in T.

Remark 2.8. Some of the above properties can be strengthened. In particular, in
Proposition ¢) the target space is actually C([0,T], L?). See Proposition 7.3.4 in
[9)).

We end this section introducing four Banach spaces needed in the following, and we
reformulate dispersive estimates in these spaces. In what follows we assume that (7, p+
1) is an admissible couple, according to Definition [2.5] The first couple is given by:

Xr =L2([0, T1; LX(R™) () L([0, T]; L7 (R"))
Xr =L'([0,T]; LA(R™) + L ([0, T1; L' V/P(R™)
with norms defined by

I lx, = maxdllfllge 2, A1l o d 1A llg, = gi:}}if{“gHL} 2+ WAl ).

Notice that X7 is the topological dual of Xr, ie Xr = z\77’, and that Proposition
has the following immediate corollary:

Corollary 2.9. Under the same assumptions of Proposition [2.6] the following holds
true: y
U:L*> Xy and T:Xp - Xrp, (2.19)

as bounded operators and the operator norms are uniformly bounded for every finite
T.

A second couple of useful spaces is given by:
Zr ={v e Xrlow € X7, Hv € L*([0, T]; L*(R"))}
Zr = {ve L (0, T LXRM)IGy € Xr)
with norms given by
IVllz, = max{Vllx,, 10, 1HVI0 2} IVIlz, = max{[Vllzs 22, 10:vl1x, }-

In the previous definitions and in the following, the expression d,v is to be interpreted
as the distributional derivative of the Y-vector valued distribution v € 2'(1,Y) =
L(Z(1),Y), where [ is an open interval, Z := C;’(I) and Y is a relevant Banach space
(see for example [9], sections 1.4.4 and 1.4.5 for details).
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Proposition 2.10. Assume that p > 1 ifn =2 and 1 < p < 2 ifn = 3. Then, the
operators U and T are defined and bounded between the following spaces:

U:D->Zr T:Zr>Zr
with norms uniformly bounded in T :

Uz,
ICA 1z,

cligllp; (2.20)
clfllz,- (2.21)

NN

Proof. By Corollary @]We have |[U¢llx, < cll¢ll, then by spectral theorem and again
Corollary [2.9| we have

IHUSle 12 < IHUSlx, = 10:Udllx, = IUHllx, < clHBII,

which proves (2.20). 3 3
We note that the obvious inclusion L L2 ¢ L! L2 implies Zr c X7, hence, for f € Zr,

we have I'f € X7 by Corollary [2.9] In particular we have

ICfllx, < cllflly, < cllfllg 2 < ellfllpe 2 < cllfllz,-

Notice that
oLf=T0,f + Uf(0). (2.22)

This identity is justified as an identity in X7, whenever f € Zr by the following argu-
ment. Firstly note that by Sobolev embeddings there holds true H HRY) — LPHI(RY),
hence, by duality, L'*'/?(R") < H~'(R"). Which in turn implies L" ([0, T]; L'*'/P) —
L'([0,T]; H") (because L*([0,T]) — L[0,T]) for all s > 1). Moreover, triv-
ially, L'?> < LY[0,T];H™"). Hence, X — LY[0,T];H"). As a consequence,
d:f € Xr c L'([0,T]; H™") and then f € C([0,T]; H™"). In particular f(0) is well
defined and f(0) € L? since f € L° L2. Then, again by Corollarywe have

0L fllx, < cllo:flly, + IO < cllfllz,-

Notice also that we have

HLf =i(0If - 1), (2.23)
hence,
IHT Al 2 < ML fllze 2 + M f e 22 < ISz
and the proof of (Z.21)) is complete. O

3. Well Posedness

We want to study strong solutions of the Cauchy problem for the abstract NLS equation

{iarlﬁ(t) = Hy(®) + F)(@®) G.0)

YO)=yoeD
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where F(y) = +|y|P~'y.

By strong solution of (3.1)) we mean a function ¢ € C([0, T]; D) N C'([0, T]; L?) which
satisfies the equation and the initial value as L? identities.

Through the Duhamel formula we replace the differential equation with its integral
version. More explicitly, we formulate the subsequent proposition. The proof straight-
forwardly follows the lines of the standard situation and we omit it (see section 4.1 in
[9] for a detailed analysis in the abstract setting).

Proposition 3.1. A function € C([0,T]; D) N C'([0,T]; L?) is a strong solution of
@) if and only if it solves in L*(R") for every t € [0, T] the integral equation

15
wy = U -1 [ U= 9F W) ds.
0
We will often refer to the integral version in the following shortened form

Y = U — iITF (), (3.2

where U and I are defined in (Z.12)) and @2.13).
The main result we want to prove in this section is Theorem 1 regarding[3.1]and stated
in the Introduction. Before beginning the proof some comments are in order.

Remark 3.2. Let y € D(H) be a solution of (3.1)), and let £ € C*((0, T)XR") be a test
function. The function ¥ can be considered a (regular) distribution. Testing against {
the distribution

0 + Ay F Py
and recalling that = ¢* + g G* and (A + D)G* = 6y, we obtain
(W0, &) = W (A + )2) + K, Oy F (WP v 0)
=(i0, {) — (" + g G, (A + D) + A, O F W', &)
=(i0, {) = (A + D", ) = (q60, &) + A, ) F WPy, &)
=0, {) — (H + W, &) = (60, ) + AW, ) F (W', 0)
=iy — Hy F WP, £) = (60, £) = (g0, L) -

This means that a strong solution of (B.1)) solves as a distribution the NLS equation
with a Dirac delta source

0 = —AY £ [YP~ "y — qdy -

Notice that at this level the special form of q = q(t) given by the boundary condition is
not important.

Remark 3.3. The case p = 1 corresponds to the linear equation and it is well known.
Hence in the forthcoming analysis we shall always assume p > 1.

Remark 3.4. The presence of T € (0,1] in part 1) of the statement of the Theorem[]]
is only due to avoiding constants depending on the existence time in the many bounds
appearing in the proof. This limitation is inessential as regards local existence (see

also remark[2.7).

15



Remark 3.5. According to a usual and convenient strategy, we will prove existence
and uniqueness of solution of the integral equation (3.2)) in weaker norms than the
ones stated and then the further regularity will follow from the equation.

We split the proof of the local well posedness for strong solutions in separate subsec-
tions.

3.1. Local Existence and conditional uniqueness

The first proposition collects some simple and useful properties of the nonlinearity F
used often in the subsequent analysis; the first two are well known, while the third is
specific of the present problem.

Proposition 3.6. Let ¢ > p > 1 and consider the map v — F(v) = £[v|P~'v. Then the
following holds true.
1) F : L1 — L9? js continuous and

IFMllysp < ClIVIlg

2) F is continuously differentiable in the real sense and its derivative at the point v € L7
is given by

F'ow =P w+(p-DpP3vRe(w)  Yv,we L4 (3.3)
Moreover the derivative map satisfies the bounds
IF' Oizsmpor < VI and — [IF' 0Wwllgrp < CIMI I, - (34)
3)Letp>1ifn=2,1<p<3/2ifn=3andletveD. Then
IFWI < clvilf,. (3.5)

Proof. The fact that F : L9 — L9 is an easy check, as it is formula (3.3)) by using
the formula F’(v)w = %F (v + sw)|s=0. Continuity and differentiability are well known
properties of the Nemitskii operator v — F(v) (see for example [3], Section 1.3 and
[19]], Section 4). Concerning 3), notice that, by the definition of D, v = ¢* + ¢*(0) G4,
hence

IF0) < c(I8')” + 16" O |G'P).

By @3). Il1¢"17 1| = ll¢* ||]2)p < c||¢ﬂ||1;,2 and [|¢*|leo < cllgp|lz2. Moreover [GY|P € LA(R™)
for the considered range of p. Hence, recalling that |[vllp = [l¢"]2, (3-3) immediately
follows. O

Remark 3.7. We will often use property 2) of Proposition in the case ¢ = p + 1,
obtaining

—1 1
IE' Ol v < CIVIL and F 0l < CIVI Ll

16



Remark 3.8. Validity of Proposition[3.6]is not restricted to the pure power nonlinear-
ity. Let F : C — C be a C' function in real sense which satisfies the bounds

IF@| < ClzlP  and  |F'(z)] < ClfP™! z€C,

then Proposition[3.6]still holds true. The proof is analogous to the one given above for
part 1) and for 2) and 3) see [19]], Section 4).

In the following Proposition recall that r = % (see Def. and that r > 2.

Proposition 3.9. Assume that p > 1ifn=2and 1< p <3/2ifn=3. Setp = 2. We
have F . Zr — ZT and for T < 1 there holds true:

IF®) = FO)O)llz, < T PIME - YveZr
Proof. We prove first that 3,F(v) € Xr. To this aim we shall prove that
F(v) € WM (0.7 L17),

which implies the claim. Note that v € Zr implies v € L®([0, T]; D), hence, by the
embedding (2.6)), there holds [Vl ;o1 < clVllz,. Moreover, [|[FW)ll111/p = vIP. .. If

p+1°
p < r— 1, by Holder inequality, one has [F()Il, ;i < T’flfp||v||ZL£H, while for
p = r—1one obtains [F(W)ll,» 1w < cllvllZ’”lIVI T s SO NFMly e < bl
and F(v) € L ([0, T]; L'*/P). To proceed, note that
IFO)(, x) = FO) (@, 0] < e, )P+ (@, 0P H e 0 = v, 0l (3.6)

. _ -1
Taking into account that || 7~ gll+1/, < ||f||1’j+1||g||p+1, we have

[F0@) = FO@) .., < vy + vl ) [va) = vl

Since |[v(#') = v(?)
some constant ¢ large enough) one has

< [ 10,v(pards, setting @(s) = VI’ . 18;v(S)]lp1 (For

p+l Lo L

’

[FOD@) = FOO),,,, < ‘ f e(s)ds

foralmost all 7,7 € [0, T]. By Theorem 1.4.40 in [9] it follows that F € W' ((0, T); L'*1/7)
and |6 FW)|,» 110 < M@l (0.1~ Additionally, by Holder inequality in time,

p-1 1- 1+ 14
lloll L 0.7 < clIvIILImLQHT ﬁllﬁtvllqwn < TPl

and

[0:(F) = FOO)||g, = 10 F W, < N0FWl provm < TPl

17



Note that [|[F(v)ll= 12 < C||V||2T by Prop. Hence, F : Z7 — Z7.
Next we prove that
IF®) = FO)YOle 12 < TPl - (3.7)

By interpolation (see Eq. (2.10), witha =0,b = 1,6 = s/2, s € (0, 2)), it follows that

V(D) = vl 53 < cllv(®) = V(t')llz%) V(@) = vl 2,

for all s € (0,2). Since 9,v € L;° Li, there holds true |[v(t) — v(#)|| < |t — t’|||6tv||Ltoo 2
for all #,# € [0, T]. Moreover, v € L*([0, T]; D), hence, after a possibile modification
on a set of measure zero, v is a bounded mapping of [0, 7] — D which satisfies the
inequality

MO = (Ol s < el = 1Mo g 100,20 < el =212 bz, s € 0,2),

o (3.8)
The latter inequality implies that the representative of v € Zy which is a bounded map
from [0,7] — 9D is a Holder continuous map from [0,T] — D3 ; from now on we
denote by v(0) its value in # = 0. The function v(0) can be understood as function in
L>([0,T]; D), independent on ¢. Setting ¢’ = 0 in Eq. (3.8)), and taking the essential
supremum we infer

V= VOl orpps) < T Mz, s€(0,2).

Next we use the embeddings D> < H® < L7, see Eq. (2.8), with s = s5.(2p) =
"(Z—;l). To proceed, recall the inequality (3.6) and notice that, by Holder inequality, it
follows that

L7l < 185, Hgtlap. (3.9)
Hence,
IF ) = FOXOe 2 < VI, + VO )y = vl 2 (3.10)
< -l 1 - 5
S eV gy FIVON L = VOl o110

where in the latter inequality we used 1 — 5 > 1 - % This concludes the proof of

inequality (3.7). O

Remark 3.10. As pointed out in the proof of Prop. if v € Zr then one has
v e CO=3([0, T, D3), i.e., v is a Holder continuous map from [0, T] — D3, More
precisely, there holds true

v € Lip([0, T1; L*) n €*'72([0, T1; D?) < Lip([0, T1; L*) N C*'~2([0, T]; L*).
As a consequence of inequalities (3.6) and (3.9) one has F(v) € cO1=3([0,T1; L?).
For v € Z7 and ¢ € D let us define the map
D) = Uy — iTF(v). (3.11)

and set Bz, (R) = {ve ZrlIvllz, <R}
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Proposition 3.11. Let g € D and define

& ={v e Bz, (R)Iv0) = ¥o}.

Then:

1) & is a complete metric space with respect to the metric induced by the Xy-norm.

2) Assume that p > 1 ifn =2 and 1 < p <3/2 ifn = 3. Then there exist R big enough
and T sufficiently small such that ® : & — &.

Proof. Let us prove that &, with the metric induced by the X7-norm, is a complete
metric space. One has & ¢ Z7r c X7. X7 is a Banach space, hence, to prove that it
& is complete it is enough to prove that it is a closed subset in X7. Let u be a limit
point of & so that there exists {u,} with u, € & and |lu,, — ul|x, — 0; we want to prove
that u € &. Obviously, u € X7 and [|u|lx, < R. We are left to prove that [|0,ullx, < R,
[[FHul| L2 < R, and u(0) = Wy. We recall that d,u is defined as a distribution on the test
functions ¢ € C7'((0,T)) by (¢, 0,uy = —(,p,u). Notice that by hypothesis we have
u, € W (0, T), LP*!) and 10:ull, - s < R . By well known properties of vector val-
ued Sobolev spaces (see for examﬁle Corollary 1.4.42 in [9]) one concludes that there
exists a subsequence u,, — v € W' ((0,T), L"*!) and ||6,v||L; e < liminf |ju, || < R .
Finally by uniqueness ¥ = v . In order to prove that d,u € L® Li and ||0;u|| 12 < R,
the same reasoning works replacing weak convergence with weak-* convergence and
invoking again Corollary 1.4.42 in [9]. Now we prove that ||‘Hu||L/m 2 < R. Since
[Hu, ()] < R for a.e. ¢ € [0, T] then there exists v(f) € L? and a subsequence that we
denote with Hu, (f) such that Hu,, (1) — v(z) a.e. in [0, T'] and |[v(1)|]| < R. Recall that
Cy(R"\ {0}) is a dense subset in L*(RM n=23andletp € Cy(R™\ {0}). We have
(@, Hup, (1)) — (@, (1)), where now (, ) is the L? scalar product. Moreover

(@, Hun(0)) = (Hep, un(1)) = (Hep, u(®)) = {p, Hu())

since u(t) € D a.e. in [0, T]. Then Hu(r) = v(¢) and ||[Hu(r)|| < Ra.e. in [0, T].

We are left to prove that u(0) = Y as an I? identity. We know that u,,(f) € W"*((0, T); |2}
and u,(0) = . Being WL (0, T); L?) — C([0,T]; L?) one has that u, converges in
C([0,T]; L?) and u(0) = o as an identity in L?.

Now we prove that ® : & — &. Notice that, by Proposition 2.10} Uy € Zr. More-
over since F(yy) € L? (by Proposition , we can say F(yg) € Zr since it de-
pends on ¢ in a trivial way; therefore I'F(¢() € Zr by Proposition We choose
R > [Uyollz, + ICFWo)llz, such that & is not empty since Uy € & Adding and
subtracting T'F (o) = TF(v)(0) to the r.h.s. of Eq. (3.1, we have by Proposition 3.9

1MW)z, < 1U¥ollz, + ITFWo)llz, + ITF V) = FW)O)liz,

<
<NUWllz, + ICFWo)llz, +IIFW) = F0(O)llz,
< NUWollz, + ITFWo)llz, + cT'PR?

Then @ : & — Eif T is sufficiently small. O

Now we can prove part 1) and 2) of Theorem I}
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Proof of Theorem [T} Parts 1) and 2). For sufficiently small T, ® is a contraction in
the X7-norm. Indeed by (2.19), we have

lD(w) — OW)llx, = IIT(F @) — FO)llx, < cllF@w) = FO)ly,.
Notice that
I(F(u) = FO)(t, x)| < c(ult, )P~ + [v(t, )P Ju(t, x) = v(t, x)|.

. . . _ -1
Using the inequality ||f7~'gll1+1/, < ||f||§+1||g||p+1, we have

) = FONOlli1yp < eI + VO D) () = v(Dllper
Therefore we have

IIF(u)—F(v)IIL’,/ L S Tl’ﬁllF(u)—F(v)HL’,Limp < CTI*'B(HMHi;lLﬁH+||V||Z;1L£+1) ||M—V||L[L:;+'

(3.12)
with 8 = 2/r (as in Proposition [3.9). Hence, by the embedding 2.6), for u,v € & we
obtain

IO() — W)llx, < c T PR u - vlix,. (3.13)

For sufficiently small 7, ® is a contraction in the X7-norm. Since & is complete with
respect to the metric induced by the X7-norm then the fixed point equation

u = 0(u)

admits a solution ¢ € &. In particular, y € L*([0,T]; D), ¢ € L=([0, T1; L), VS
W (0, T); LP*') and y satisfies the identity = Uy — il F(y). We are left to prove
thaty € C([0, T]; D)NC'([0, TT; ). Obviously, Uy has the required properties, since
Yo € D and thanks to the properties of the linear evolution. Concerning I'F (), we start
by noticing that F()(r) € L? (a.e. in [0, T]), by Proposition hence F() € L L2
and finally U(t — -)F()(-) € L'([0, T]; L?). So, by absolute continuity of the integral,
one concludes ¢ € C([0, T1; L?). From the Duhamel formula it is also immediate that
TF(y) € C([0, T]; L?). By the identity (see also (2.22))

ITFY)(1) = UF(w)(0)+j(; U1 = $)0:F()(s) ds.

using Proposition e) and taking into account that d,F()(s) € L”'*1/? we have
that O, F(Y)(t) € L L)%. On the other hand it is well known that it actually holds
the stronger result I'v € C([0, T], LY forv e Ll" L)]C”/p with (r, p + 1) admissible (see
Remark 2.8). Finally, exploiting the fact that # is the infinitesimal generator of U(f)
(see also (2.23)) we have the identity

HIFW)(@) = i0TF(Y) — iF() .

The r.h.s. belongs to C([0, T']; %), or equivalently I'F(y) € C([0,T]; D). O
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Corollary 3.12 (Local well-posedness for strong solutions). Let p > 1 if n = 2 and
1 < p<3/2ifn=3. Forany g € D(H) there exists T € (0, +o0) s.t. the initial value
problem (B.1) has a unique solution y € C([0, T); D) N C'([0, T); L*(R)).

Remark 3.13. Notice that for a strong solution of the equation € C([0,T); D) N
CY([0,T); L?), the existence time given in the local well-posedness Theorem actually
depends only on |Wollp. In fact, the L*-norm of 04 can be bounded in terms of the
graph norm of  just taking into account that equation in (3.1)) holds as an L? identity
and using the estimate (3.5).

3.2. Unconditional Uniqueness.

Proof of Theorem [} Part 3). In the proof of local existence, the fixed point technique
guarantees uniqueness only for those solutions ¥ € C([0, T]; D) that belong to the
auxiliary space L"P*!. In this paragraph we show that actually the latter condition is
not needed.

Proposition 3.14. Assume thatp > 1ifn=2o0r1 < p < % ifn = 3. Take Yy € D. If
Y1 and Yy are in L¥([0, T1; D) for some T > 0 and are two solutions of Eq. (3.2)), then

Y =y
Proof. Let 7 be any time in (0, T]. Reasoning as in the derivation of (3.12)) we obtain

1F@D) = F gty < CONT g ey + 0210 e W1 = W2l ooy

with r = 224D 45 in Deﬁmtlon so that we can apply Proposition|2.6((for any T > 0,

see Remark‘
By Eq. (3.2),
W1 — ¥l = [FF W) - Fo))|-

Hence, using Prop. [2.6] /) and the inequality above, we infer

l1 = wollprorperny SCINFQW) — F(¢2)||L, (0L F)

<C(”l//1”L°°([OT] JLp+1y + ”l//ZHL‘X’([OT] Lp+1))||¢,1 - ¢,2||L”([O,T];Lp+l)-
(3.14)

Since, by assumption, 1,y € L*([0, 7]; D), the embedding , together with the
inequality (3.14), give

1 = wallirqorpry < Clt = Wollor oo Y7 €(0,T]. (3.15)

Let ¢(t) := |[1 () —¥2(0)||o+1. By the inequality above, together with Holder’s inequal-
ity, we infer

Bl o1y < <cr ||¢||U([o,n])~

_2
Since r > 2, for 7, small enough (such that C‘ri " < 1), the latter inequality implies
¢(r) = 0 a.e. in [0, 7.]. Next, assume that ¢(r) = 0 a.e. in [0, kr.] for some positive
integer k, then, inequality (3.15) (applied for T = (k + 1)7.) is equivalent to

NPl (e, e ey S CUBN L (k. k1))
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Hence, by using again Holder’s inequality, we infer ¢(¢) = 0 a.e. in [0, (k + 1)7.,]. We
proceed in this way, by induction, until (k. + 1)7. > T, for some positive integer k.. In
the final step we address the interval [k, 7., T]. In this way we prove ¢(f) = 0 a.e. in
[0, T'], henceforth 1 = ¥, a.e. This concludes the proof of the proposition. O

3.3. Continuous dependence on initial data

Proof of Theorem [T} Part 4). Assume that ||y — Yollp — 0; let  be the solution cor-
responding to the initial datum i and /" the solution corresponding to ¢ according
to the local existence result proved in the previous section. Notice preliminarily that
by hypothesis we have [[ygllp < 2[lollp and from the local existence we obtain that
there exists a time T = T(|[ollp) and ny such that both ¢ and ¢, are defined in [0, T']
for n > ngy; moreover the following uniform bound holds

Wl o.ri0) + W l=qo.r1;0) < Cligrollp - (3.16)
From (3.2) and the analogous
Y =Uyy—iTFY")

we obtain
Y —y" = U — ) —iCFW) —TFW")).

From Strichartz estimates and contractivity in the X7- norm of  +— I'F(y) given in
(B:13) it follows that, choosing possibly a T’ < 7,

1 1
= ¢"llx, < Clliyo — gl + Elll/f =" |lx; < Clio — ¥gllp + EIIW =" llx,
and hence
ly — v"llx, < 2ClIo = Ygllp.

This gives continuity of the solution map in X7 and in particular in L"([0, T"]; LP*").
Let us show that we also have [0, — 8,0/"||;.p+1 < Cll¥ —¥llp, so that the solution map
Yo — Y(t, o) is continuous as a map from D to W'((0, T’); LP*") for suitable T" < T.
Taking the time derivative of the integral equation both for  and ", subtracting and
rearranging we obtain

O —y") = —iTF' W0y —¢") + R + Re (3.17)

where

Ri = —iUH o — yp)) — iUF o) — F(Yg))
Ry = =il (F'(Y) = F'(Y")d.

By means of dispersive estimates [2.6}b) and [2.6} f) on (0, T’) we obtain

10: (¥ = "o, 1,001y SCATHNF WO = W)L o040
+ C(T(IH o = )l + IIF (o) — Frp)Il)
+ C(THNF' () = F' WM 0.1 1:01+10m)
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where C(T”) is a constant which is uniformly bounded for 7’ € (0, 1]. Let us consider
the first addendum in the previous inequality. By the bound in Eq. (3.4) we have

I W (0)0:( = ™) Dll1e1/p < ClIY" (t)ll,,HII@r(!ﬁ YOllp+1-

Hence, by Holder inequality in time,

4 ¥ n ’ —Z
WF' (W0 = "N qorypsimy < CT 0. — Yo

where the bound is uniform in 7 thanks to (3.16)) and embedding (2.6). Taking a smaller
T’ if needed, one gets

10: (W = ¥ o100 —||6t(lﬁ YO erqo.r e

+ C(T(IH o = )l + IIF (o) = Frp)Il)
+ C(THNF' () = F' WO o.11:01+10m)

and hence

10, = ¥ Mrqo. 71001y S2CTYIHWo — Yl + IF o) — FWp)ll)
+2C(TII(F' W) = F'(W")OW 1 qo.r7.011m)-

We have to show that the three terms on the r.h.s vanish when |y — ¢¥""||p — 0. For the
first term this is obvious. For the second term we have

IFWo) — FWoll < Clivg — oll2p < Cliyg — vollo

where the first inequality is obtained as in (3-10) and the last inequality follows from
([2:6). One concludes that ||[F(y) — F(po)ll = 0 as [[¥f — ¥ollp — 0. For the last
term, exploiting again Proposition [3.6}2), in particular the continuity of F’, one has
that ||(F’ () — F'(W™)0:¥ll1417, — O point-wise a.e. in time. Moreover, notice that

I(F' (W) = F'W™)0wplharyp < C(II!//II,,H + IIIﬁ”II,,H)Ilatlﬁllml < CllOlp+1

where the latter bound is uniform in n thanks again to (2.6) and (3:16). Now we know
from local existence part that ¢ € L} LY 1 and being ¥’ < r, it also holds ¢ €
L’ L? +l , so that by dominated convergence theorem (on the time integral) ||(F’ () —
F'(y™) )6,¢||L, iy = 0 as n — oo. We conclude that [l — ¥"|lwi-o,7y,00+1y — O as
= y"lp — 0. An almost identical analysis, starting again from (3.17), but this time
making use of@a) and @-e) shows that 104 — 9"l 12 — 0 as o — Yllp — O.
From this last property and again exploiting the equation, we want to deduce finally
that | — ¢"|lp — 0 as |lyo — ¥illp — 0. To this end, notice that we have

liowy — i0 "l 12 = IIHY + F) = HY" = FW )l 2 — 0 (3.18)

Notice that from (2:8) we have D° < L* with s at least equal to 4(1 — 1/p) (and
at most 1/2 or 1/4 according to dimension 2 or 3). From this and@l)) we obtain
continuity of F : ©° — L2. On the other hand (see the following Remark- from
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continuity of solution with respect to data in X7, already shown, it follows continuity
in O, so that from |l — Yollp: — 0 we get [|F(y") = F(Y)ll .~ 2 — 0 and from @BI18)
we conclude. Finally, to cover the whole interval [0, T'] we iterate the argument a finite
number of times, possibly extracting a different subsequence from {i/;}. O

Remark 3.15. Notice that from the sole continuity of the solution map in Xr, by inter-
polation and use of the uniform bound (3.16) we obtain

I = "l < Wy = 9"l =9Il < Cligo —ggll'™ s €(0,1)

which assures continuity of the solution map with values in D°. This does not use the
differentiability of the nonlinearity F, needed to derive continuity in D.

Remark 3.16. Concerning continuity with respect to initial data several results are
possible, depending on the functional spaces where continuity is desired. In the previ-
ous proof we actually proved that |y" — ¢llz, — 0 as |y — wollp — 0, which more
than stated in Theorem|I]

3.4. Blow-up alternative
Proof of Theorem [T} Part 5). Let us define

M" = sup [lW(®llp
1€[0,T%)

and suppose that M* < oo .
It follows that there exists a sequence of times {t,} c R*, t, — T*, such that

lim (el = M < M°.

Let T* < +oo. The local well-posedness proof does not depend on the initial time ¢,
but only on the fact that /(7y) € D. In particular, one sees that from the definition of
M, |lW(to)llp < M* for every ty € (0,77). As a consequence the existence time 7' ()
obtained starting from any #, € (0, 7*) satisfies

T(to) =2 C(M™) > 0,

for some suitable constant C(M*) depending only on M*. Setting now fy := t,, with
ty, > T* — C(M™), one concludes that the solution exists beyond 7*, which contradicts
its definition. O

Remark 3.17. According to the definition of T*, there exists a unique function €
C([0,T*); D) n C' ([0, T*); L?) coinciding for every T < T* with the solution €
C(0,T]; D) n C'([0,T]; L?) of @ as defined by the local existence theorem. The
Sunction  so defined on [0, T*) is called the maximal solution of (3.2).

4. Conservation laws and global well posedness

In this section we prove Theorem 2. We preliminarily show conservation laws for the
model.
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4.1. Mass and Energy conservation

Proposition 4.1. (Conservation of Mass and Energy) In the hypotheses of Theorem
we have:

1. L*- mass is conserved along the evolution: |W(®)||* = |lyol? Yt e [0,T");
2. Energy is conserved along the evolution: E(t)) = E(Yo) Yt e[0,T")
where

1 1
E = — s 7‘{ + p+l € D
W)= 3 HO = WL v
Proof. Thanks to Corollary[3.12} the equation id,ys = Hyr+|y|P~'y holds as an identity
in L2. After taking the inner product with ¢ and then the imaginary part of the resulting
equation one gets mass conservation.
Consider now the energy. Recall that H is self-adjoint on D, the corresponding quadratic
form

1
Ejin : D - R, Ve Elin(‘/’) = E(d’? 7-“//>

is continuous with respect to the graph norm and differentiable with respect to the L2
norm, with gradient given by H.
Being p > 1, the same holds true for the nonlinear functional

1 |
Ey:D-R, ¢y Eyy):= S 1||w||§i1

with gradient given by [P~y .
We can now differentiate with respect to time the total energy along a solution y(f) of

(B:1) and we get

d
2 EW®) =Re {Oap(0), Hip(1) + WO~ w(0))
=Re {(O (1), i0p())} =0 Y1 € (0,T").

O
4.2. Energy bound
Let us consider the focusing case. Replacing in Z.11) ¢ = p + 1 we obtain
- ' -1
WIS < el et e (Ip%’ ) =X
“.1
- 3p-3
+1 (A=s5)(p+1)y;., s(p+1) P _
A7 < el il se 212! 2) n=3.

From mass and energy conservation and inequalities (@.I) we conclude that both the
linear energy (¥, Hy) := ||l,[/||§)] P AllYll? and the nonlinear term ||z,0||€:+1, , are uniformly
bounded in terms of the mass and energy of the initial datum if the quantity s(p+1) < 2.
From the limitation on s this occurs in the n = 2 case for p < 3 and in the n = 3 case
for p < 7/3. These limitations coincide with the ones of the standard NLS equation.

Notice however that in the n = 3 case well posedness in D prevents p > 3/2.
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4.3. Global existence.

Proof of Theorem 2. From Cor. [3.12| we know that the solution i is in C([0, T*), D) N
C'([0, T*), L*(R)), here T* is the maximal time of existence of the solution. By rephras-
ing the blow-up alternative, we know that if 7% < co it must be lim,_,7+ ||[/(f)||p = oo.
To prove that the solution is global we reason by absurd: we show that if 7% < oo
it must hold lim,_,7- ||[y(?)|lp < oo; but this contradicts the blow-up alternative and so
T* = co.

Let us assume that 7* < oo. The first observation is that conservation laws imply that

Il zoo0,77),02) < 00 and ]z 0,77),0112) < 0. 4.2)

Hence, to prove that lim,_,7- |(t)|lp < oo it is enough to show that ||Hy(7)|| does not
blow-up in finite time. In particular, we are going to show that

IH Y 0,7):22) < ©0,

then, by continuity of ||Hy(7)||, this guarantees that lim,_,7+ ||[Hy(7)|| < .
Since ¢ is a strong solution we have

HY (1) = i0p(1) — FOh(D)).

Hence,
IHYOI < 0 @)1l + ||',0(f)||‘;p Vi e (0,T7),
and,
H Yo 0.79.2) < NOW L0742y + ||l//||[L)m((0’T*);Lz,,)-

By the Gagliardo-Nirenberg inequalities in Eq. (Z.11) we infer
e Dll2p < cllp@Dllpi2 Ve (0,T7),

hence, ||| ~(o.7+)..20) < oo and we are left to prove that 9y € L*((0,T™); L?). Prelim-
inarily we prove that 9, € L"((0, T*); LP*!). We start by noticing that from part 2) of
Th. [t follows that

o e L'((0,7); L™y YO<t<T".

Hence, by Holder inequality in time,

s1-2
10 0.0ty < T N0l 0,001y < 0,

and
€ L”((0,7); L")y YO<1<T" (4.3)
Then, by 2.22)), 2.23) and (3.2) we infer
() = —iUHyo — iUF (o) — i(TOF ))(@). (4.4)

Next we apply Prop. [2.6}b) and 2.6} /) on (0, 7) to obtain
101 0.0y < CEOIHWoll + IF o)l + 10 F N7 0,.0.11410))-
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where C(7) is bounded by a constant that depends on T*. Since ¥ € D, also ||Hy||
and ||[F(¥)|| are bounded and can be absorbed in the constant. Hence, we have the
bound

1044 0,120y < CAA + 0 F W1 (0.2y:11+17) 4.5)

where the constant C depends on 7" and ¢ but not on 7.
By the inequality already used several times before,

IFW)() = F@)Olh41/p < C(II!//(t’)IIZI} + |I¢0(t)llﬁﬂ) (@) = w@llps1,

we obtain

6. F@)Dll+17p < Cllsl/(l)llgjIlazl!/(t)llpn Vi€ (0,T7).

Hence, the bound (@) and the a-priori bounds (@.2) give

W0 F W) 0.0y 1my < CHOI L (0221041 (4.6)
so that, by inequality (@.3) we infer

101 0,020y < C(L+ 10|17 ((0.2):10+1)- 4.7
Fix 0 < € < 7 < T*, and notice that

0y ”L” ((0,7);LP+L) <C(||‘9t'ﬁ ”L"'((O,‘r—a);l}’“ yt oy ”L"’((Tfs,‘r);l/’“))
1-2
SCUOWN L 0.1 -eyrrty + &€ N0 Lr((r—em01)

1=2
LCUI0N L 07—y 11y + € 710 Lr0.17:20+1))
Inserting the latter bound in Eq. {.7), we obtain the inequality
1-2
”(r)td/”L’((O,T);L””) < C(l + ”afw”L’l((O,T*—a);L”“) +& ”atl//”L’((O,T);LF“))'
For & small enough the latter term at the r.h.s. can be absorbed in the L.h.s. to obtain
||61W||Lr((o,r);m+l) § C(l + ||61W||Lr’((o,T*_g);Lp+l))-
Since 8, € L ((0,T* - €); L*!) by Eq. (#3), and C does not depend on 7, taking the

limit 7 — 7* we obtain the desired claim d,yr € L"((0, T*); LP*!).
To conclude we go back to Eq. (4.4) and use Prop. [2.6}a) and ¢) to obtain

10 L= (0,7):22) < CUIHWoll + IF @)l + 10 F W) 1 o.7y:141m))
As before, see Eq. {@.6), the bound (@.I)) and the formula above give
_2
||6tF(¢)”1j’((O,T*);L1+l/:7) < C”aIW||L"'((0’T*);LP+1) < CT*I ’||61¢||L’((0,T*);LP+1)7
hence, 0,F(y) € L7 ((0, T*); L'*'/7), which in turn implies 9 € L=((0, T*); L?) and

concludes the proof.
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