Hamiltonian approach to 2-layer disper-
sive stratified fluids

Thao Thuan Vu Ho



Thao Thuan VU HO

Dipartimento di Matematica e Applicazioni
Universita di Milano Bicocca

Milano, Italy



Contents

[Chapter 1. Introduction| 3
(L.__From classical mechanics to Hamiltoman mechanics| 3
(2. Introduction to fluids and stratified fluidsl 4
[3.OQutline of the thesis| 5

[Chapter 2.  Variational Euler-Poincaré formulation | 9
(1. Problem setting| 9
[2. The Lagrangian functionall 9
[3.  Euler-Poincaré equations for the 2-layer case under rigid lid constraint, |

[ columnar ansatz 14

[Chapter 3.  Camassa-Choi1 formulation| 17

[Chapter 4.  Wu’s model| 23
(I. (A) The (u,;, () system- the boundary velocity basis| 26
[2.  (B) The (i1, {) system- the interface velocity basis| 30

[Chapter 5. Hamiltonian reduction: 2 layers in the dispersionless case] 31
(1. 2D Benjamin model for heterogeneous fluids in a channel] 31
(1.1.  Euler’s system in layer-averaged variables| 32
[2. Hamiltonian reduction: Two-layer dispersionless case| 33

[Chapter 6. Hamiltonian reduction: 3 layers in dispersionless case| 37
(1. Hamiltonian reduction technique] 37
2.The Hamiltonian functionall 42
[3. The Boussinesq approximation| 44
[3.1.  Symmetric solutions| 45

[Chapter 7. Dispersion in the 2-layer Boussinesq case under the Weakly non [

| linear assumption| 47
(1. Hamiltonian reduction process for 2-layer dispersive stratified fluids| 47
[2. The perturbed Hamiltonian functional (in terms of it;; i, 1, 172)| 49
[3. Weakly Nonlinear asymptotic| 49
[3.1. Mass conservation at O(e°)-Weak dynamical constraint| 53

[3.2.  Kinetic energy under Weakly Non-linear assumption| 55

A



vi CONTENTS

[3.3.  Momentum shear at the interface 63 under WNL and Boussinesq [

| approximation| 55
[3.4. Relation between i1, and it,| 56
[3.5.  Relation between i, and 7| 57
[3.6.  The Hamiltonian under weakly nonlinear assumption in Boussinesq [

[ case 1n terms of 17,; 0 gl 58

[Chapter 8. Adding dispersion to the 2-layer case in the Mildly non linear [

| assumption| 61
(1. Hamiltonian variables & and Z] 61
[2. Mildly Nonlinear and Weakly Nonlinear Asymptotics assumption| 62
[3. Hamiltonian functional in Mildly Nonlinear and Non-Boussinesq case- |

| (ABC) system| 63
[3.1.  The ensuing equations of motion (ABC-system)| 66
[3.2. The associated conserved quantities| 67
4. Hamiltonian functional under Boussinesq approximation and [

| Midly-Nonlinear assumption| 67
[5. Linearization and dispersion relation of the ABC-system| 68
[5.1. Shift of the dependent variable o 69
[6.  Travelling wave solutions of ABC system| 70
(. Unidirectional waves| 72
[7.1.  Atorder I, O(1)| 73
[1.2. At order af 73
(7.3. _Atorder o 74

[Chapter 9.  Conclusion| 77
77
[2. Comparison between Wu’s model-Camassa-Cho1 model and [

L Euler-Poincaré reduction modell 77
[3. Open problems and future development on the Hamiltonian approach [

[ to stratified fluids| 78

[Chapter 10. Appendix| 79
(1. Brief overview of Euler-Poincare reduction theory for a continuum [

79
[2.  Geometric setting to study fluid motion| 79

Euler-Poin I 1on_Theorem for contin 1th
[ quantities:| 82

4. Derivation of Euler’s equation from Euler-Poincaré reduction technique| 84

Bibliograp 87



CONTENTS 1

Acknowledgement
During the time studying in the Joint PhD Program in Mathematics (Milano Bic-
occa,Pavia,INdAM), I have received a great deal of support and assistance from
the professors and colleagues there. I would like to express my special thanks and
gratitude for being a member of the INFN group based in Bicocca, and being a
member of the research group including Prof. R.Camassa, Prof. G.Falqui, Prof.
G.Ortenzi and Prof. M.Pedroni. We have had a great chance to collaborate and
co-author 3 papers so far. I especially want to thank my thesis supervisor, Prof.
Gregorio Falqui, for his invaluable advice and support throughout my writing of
PhD thesis. I also want to thank Prof. Roberto Camassa for the opportunity to
do an exchange program at the Department of Mathematics at University of North
Carolina at Chapel Hill, under his support and guidance. This thesis project has
received funding from the European Union’s Horizon 2020 research and innova-
tion programme under the Marie Sktodowska-Curie grant no 778010 /PaDEGAN.
I also want to show gratitude to my parents for giving me time and emotional sup-
port during the completion of the PhD program.
Finally, I want to thank my friends at the VNU-HCM, University of Science, and
VIASM, and my expat friends in Milan for their advice and encouragement at hard
times.
Best.
Thao Thuan Vu Ho






CHAPTER 1
Introduction

1. From classical mechanics to Hamiltonian mechanics

As it is well-known from classical mechanics, to find the trajectory g(t) € R”
: : - .
of a point particle of mass m under the force F'(g), we use Newton’s equation:

(1) mi = F(q)

This ordinary differential equation can be solved locally, either analytically by
Cauchy-Lipschitz theorem or numerically, if the force field 77)(61) satisfies suffi-
cient smoothness condition.

However, the formulation of the Newton’s equation of motion depends heavily
on the choice of coordinates. To overcome this difficulty, we can formulate the
equation of motion in a coordinate-free presentation by casting the problem into
Lagrangian mechanics, in which the equation of motion is the Euler-Lagrange
equation defined in a generalized coordinate system. The derivation of such an
Euler-Lagrange equation comes from the variational principle (a.k.a least action
principle), i.e finding the critical points of the action S = f Ldt in which L is the
Lagrangian functional.

This Lagrangian mechanics point of view is not limited to motion of rigid bodies in
finite-dimensional configuration space, but can be extended to infinite-dimensional
ones, such as motion of a continuum mechanical system. In the case of a contin-
uum system like fluids, it is possible to see the equations of fluid motions as the
Euler-Lagrange equations corresponding to a specific Lagrangian functional, in
an infinite-dimensional configuration space (this is the motivation behind chap-
ter [2] concerning the variational Euler-Poincaré formulation for the motion of a
2-layered stratified fluid).

On the other hand, the Hamiltonian point of view provides a canonical way to
trade the n second order Euler-Lagrange equations for a Dynamical System of 2n
first order equations. For example, consider a system of mass m at position ¢, under

. . H . . .
the action of a conservative force field F'(g), thus there exists a potential function
V such that:

) Fg) =-VV(g)
3



4 1. INTRODUCTION

Then, the Hamiltonian functional of the system is

2

3) H(g, p) = ;’—m + V(g)

and the new variable p is the momentum, corresponds to mqg in Newtons’s equation.
Then second-order Newton’s equation becomes equivalent to the following first-
order Hamiltonian system:

. O0H

q4=—=

op

) o
P="%

This Hamiltonian approach to dynamics provides some advantages. Hamilton-
ian structure of evolutionay equations provides a useful setting to find symmetry
groups associated with the equations (via Noether’s theorem), from which conser-
vation laws of the system can be deduced. These conservation laws help reduce the
degree of freedom of the configuration space where the motion trajectory of the dy-
namics system lies. The number of conserved quantities of a dynamical system can
be used, for example, to check its integrability. Moreover, the Hamiltonian struc-
ture of the evolutionary equations is of great help in studying the stability of the
resulting solutions (see, e.g. [9] for a collection of these ideas in fluid dynamics)

2. Introduction to fluids and stratified fluids

Fluid waves are ubiquitous phenomena in marine and atmosphere science. One
important cause that creates internal waves in fluid is density stratification. Dis-
placement of fluid parcels from their neutral buoyancy position within a density
stratified flow can result in internal wave motion. Dynamics of these internal waves
has been of great interest and resulted in numerous investigations, from [2], [4] to
the more recent papers [10], [11] [1]], [12] and others.

In this thesis, we focus on the dynamics of two-layered stratified fluids, starting
from their dispersionless quasi-linear limits, with a view towards including disper-
sion from an Hamiltonian standpoint.

The Euler’s equation for the motion of an incompressible, irrotational and
non-viscous fluid are

Du
— =-Vp-F
P i p
V.u = 0 (incompressibility condition)
Dp

Dr 0 (advection of the density)
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where u denotes the velocity field, p the pressure field, F the external forces field
and p denotes the density of the fluid, which can be constant or not.

The Euler equation is the basic equation, and is used to describe many phenom-
ena in fluid dynamics. Based on the Euler equation, various models have been
developed to provide a simplified description of such complex phenomena. For
example, in the case of stratified fluids, we present in chapter 2 and 3 two classi-
cal models for sharply stratified 2-layer fluids, namely the Camassa-Choi model
and the Wu model. These models both base on the Euler’s equation as the starting
point and then use long-wave small parameter series expansion to derive the 1D
effective dispersive equations of motion for multi-layer flows. As we shall see, a
crucial hypothesis to derive these models is to regard the fluid domain as being
confined in a vertical channel of fixed total height. That is, besides the presence
of an impermeable bottom surface, one considers the presence of an impermeable
top lid. This hypothesis is empirically justified by the fact that surface and internal
oscillations are decoupled, and the ocean surface acts as an effective lid.

A general Hamiltonian setting for 2D heterogeneous incompressible fluids was
derived by T.-B. Benjamin in 1986 in [3] and later generalized to 3D in [8]. In
such multi-dimensional cases, the Poisson tensor is a Lie-theoretic one, while the
Hamiltonian is the sum of the kinetic energy and the gravitational potential energy.
The basic idea of this thesis is to derive effective 1D equations of motion by means
of a Hamiltonian reduction process starting from Benjamin’s in the spirit of the
Marsden-Ratiu general Hamiltonian reduction scheme [7]. As we shall see, the
reduced Poisson structure, besides becoming a constant one, has the fundamental
property of being independent of the densities p; of the individual layers. Thus
the construction of the models boils down to the reduction of the Hamiltonian
(the natural energy) to an effective one. This has been performed in various cases
starting from the long-wave dispersionless approximation (with an extension to
the 3-layer case) to dispersive case, namely the classical the weakly non linear
approximation and a further case, termed Mildly non-linear approximation, where
the relative scaling @ =~ € typical of the weakly non-linear regime between the
dispersion parameter € and the non linear parameter « (see, e.g., [17]) is replaced
by the relative scaling €2 < a < €.

3. Outline of the thesis

We first consider the Lagrangian mechanics setting proposed by Darryl Holm
and his collaborators, in which the evolutionary equations of internal waves can
be obtained via the Euler-Poincaré variational reduction technique, under the so-
called columnar motion ansatz assumption. Then, we go on explaining the classical
model proposed by T. Wu and Camassa-Choi to formulate evolutionary equations
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of the internal waves, by means of Taylor-expansion in the vertical direction z from
the velocites at the boundaries. Finally, based on the classical Hamiltonian formal-
ism for 2D wave motions in heterogeneous fluids by Benjamin in [3]], we discuss
the Hamiltonian structure of 2-layer dispersionless stratified fluids. The Hamilton-
ian approach to dispersive stratified fluids, on the other hand, was inspired by the
work of Dubrovin and his collaborators, but detailed study in the case when disper-
sion is included has not been thoroughly studied and related results have not been
published anywhere yet, as far as the author knows. Therefore, the thesis aims
to delve deep into the issue of Hamiltonian approach to dispersive stratified fluids.
The Hamiltonian matrix, a.k.a the Poisson tensor, in the case of dispersive stratified
fluids is the same as the one in the non-dispersive case. However, the Hamiltonian
functional is a lot more complicated than the one in the dispersionless case, and
has not been explicitly computed anywhere yet. Therefore, in this thesis, we fo-
cus on computing the Hamiltonian functional of dispersive 2-layer stratified fluids,
firstly by using the Weakly Nonlinear assumption and Boussinesq approximation
to simplify the Hamiltonian functional. We then try to relax these assumptions, by
computing the Hamiltonian functional in the general case of Mildly Nonlinear as-
sumption and without Boussinesq approximation. The main technique used during
the computation process involves the usual geometric series expansion, long-wave
asymptoptics, but requires technical computational manipulation to obtain the final
simple Hamiltonian functional.

Chapter I} Introduction to the thesis.

Chapter 2}

In this chapter, we apply the Euler-Poincaré reduction technique discussed in [19]
to derive equations for internal waves in 2-layer fluid system, under the additional
condition that the columnar ansatz is needed. Detailed computations and explana-
tions are written explicitly for the reader’s convenience. The technique can be used
in the general case of an n-layer flow as well.

Chapter[3]

Here we consider the classical study of internal waves in a two-fluid system de-
rived by Camassa and Choi, in which the variables are layer-averaged horizontal
velocities of each fluid with the use of long-wave asymptotics as described in [4],
[2].

Chapter{|

Here, we consider the classical models for 2-layer stratified fluids via long-wave
small parameter series expansion by Wu in[4] In his study, the motion of the inter-
faces in stratified fluids is described via Taylor-expansion in the vertical direction,
in which the variables of the evolutionary equations are interfacial horizontal ve-
locities.
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Chapter[3]

We first summarize the classical result of the study of internal waves in hetero-
geneous fluids proposed by Benjamin in [3], in which the Poisson tensor for the
motion of internal waves was formulated in the coordinates density p and weighted
vorticity o. Following this approach, we present Hamiltonian reduction technique
to derive the Poisson tensor in terms of layer-averaged variables of p and o-. After
some changes of coordinates, the Poisson tensor is proved to be canonical. No-
tice that during the computation, we ignore dispersive effect in the 2-fluid system.
These results are already published in the paper [12] .

Chapter|6]

The Hamiltonian setup for 2-layer dispersionless fluids described in the previous
chapter can be extended to the 3-layer case. In this chapter, we explicitly show the
Hamiltonian structure for 3-layer dispersionless stratified fluids. These results are
already published in the paper [1].

Chapter|]]

The Hamiltonian approach presented in this chapter is the same as the Hamilton-
ian approach in the previous chapter. However, here we focus on the Hamiltonian
structure of 2-layer fluids when dispersive effect is take into account. The inclu-
sion of dispersive effect does not alter the Poisson tensor of the system, but changes
the relation between basic variables and complicate the corresponding Hamilton-
ian functional. Thus, we employ Weakly-Nonlinear assumption and Boussinesq
approximation to reduce the complexity of the Hamiltonian functional.

Chapter|]

This chapter deals with a more general assumption than the Weakly nonlinear as-
sumption presented in the previous chapter.

Specifically, we focus on deriving the Hamiltonian structure for 2-layer dispersive
stratified fluids, under the Mildly nonlinear assumption, in both the Boussinesq and
non-Boussinesq case. Finally, we consider solutions of special form, namely trav-
eling wave solutions and unidirectional waves, as well as computing the dispersion
relation. Some of these results were included in the submitted paper [22].
Chapter[9

The conclusion first summarizes the main results obtained during the completion
of this thesis. We first make a comparison between the different models discussed
in previous chapters. We then go on making some comments and predictions con-
cerning the number of conserved quantities, existence of bi-Hamiltonian structure
and integrability, etc. of the obtained system. We conclude the chapter with open
problems for future study.

Chapter|[I0)

In this appendix chapter, we explain the geometric setting to study motion of a
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continuum system from the Lagrangian mechanics point of view, based on [23].
Motion of incompressible fluid at time 7 is described by a diffeomorphism g(¢) in
the infinite-dimensional configuration space G = Dif f,,,(D) (in which Dif f, (D)
is group of volume-preserving diffeomorphisms on flow domain D). We show
that the Lagrangian functional of a fluid flow is invariant under the group ac-
tion G = Dif f,,/(D). Thus, the Euler-Lagrange equation is reduced to the Euler-
Poincaré equation of motion. Finally, we show that the classical Euler’s equation
for an incompressible fluid can be seen as an Euler-Poincaré equation.



CHAPTER 2

Variational Euler-Poincaré formulation

A detailed explanation of the Euler-Poincaré formulation for the motion of a
rigid body and the motion of a continuum system like fluids can be found in the ap-
pendix. The following variational Euler-Poincaré formulation for 2-layered strati-
fied fluids (can be extended to the n-layer case) under columnar ansatz assumption
is based on the approach in [19].

1. Problem setting

Consider a system of two homogeneous fluid layers, which are under the grav-

itational force defined by a constant acceleration g. Each layer has a constant den-
sity p; such that p; < p,. We choose to number the layers downwards from the top
(rigid 1id) to bottom. Denote 4; the depth of the layer interface with respect to the
rigid lid at which z = 0. Define b = —hj3 the fixed bottom topography to which the
2nd-layer is attached to. In the following computation, we assume b is a fixed con-
stant, independent from the horizontal x direction (i.e even bottom). Denote y;(y;)
the initial undisturbed thickness of the upper (lower) layer, respectively. y; and y,
are known constants. Let (u;, w;) denote the horizontal and vertical components of
the fluid velocity in the ith-layer. In the general case, u; and w; are functions of the
spatial variables (x, z) and time ¢.
Note: These notations are different from the notations in the Camassa-Choi model
[4]. In [4], &1 (h,) is the undisturbed thickness of the upper (lower) layer, and z = 0
denotes the interface when undisturbed, while in [12], z = O denotes the bottom of
the fluid system.

2. The Lagrangian functional

Mass conservation and incompressibility condition within each layer gives:

&) diviuj,w) =0,i=1,2
or
(6) U +wi, =0,i=1,2

9
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Z 4
hi=0 ‘
| p N
| Y1 o | hy
T
Y Y | / | hs
L ry =
/ | ~_ | |
\ ~ p
R |
|
L [2p)
' v

Ficure 1. Two-layer fluid setup with displacement vector of the in-
terface ¢

Also, as in [19], we assume the conservation of fluid in each layer, which gives a
transport equation for layer thicknesses n; = h; — h;,q:

on;
7 — + (i) =0
(N 5 )
By the columnar condition, i.e
Ou;
®) Mi_0, fori=1,2
0z

we also have u;, is also independent from z. We have that u; and u;, are functions
of (z,t) only.

Combine this columnar condition with the previous incompressibility condition,
we conclude that the vertical components of velocity in the ith-layer can be written
as a function of z as follows:

) wi(z) = =iy + ¢;

in which ¢; is a constant to be defined.
Similarly, we have w;;1(z) = —zui1x + Civ1. Moreover, we have the boundary
condition at the interface, which is the continuity of the vertical velocity, i.e

(10) wilhiv1) = hive + wihiyy

(11) Wist(Ris1) = Rigrs + Uit higy i

i.e we have the following relation, from which we can find the constants c;.
(12) hivis + wihivx = wilhiv1) = —higuic + ¢

(13) hisi g+ tis1hivi xWis1 (Biv1) = =higuix + iy
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Thus, we have

(14) Ci = Rigry + i iy x + il
in which A1, = —hitir« + Ciot — Ui higi k.

Thus, we have

(15) Ci = Ciw1 — [hiv1 (Ui — u;)]x

For the boundary condition at the bottom z = h; = —b, we have that the (1, w;).n =
0, where n = (b,, 1) (thus in case of the even bottom, n = (0, 1)) is the outward
normal vector at the bottom z = h; = —b < 0, i.e

(16) urb, + wy(—=b) =0
Thus, we have wy(=b) = buy , + ¢, = —urb,
(17) ¢y = —urby — buy , = —(buy), = [h3uy]«

From ¢; = ¢i11 — [hiv1 (i1 — ui)ly, and ¢ = [h3uz],, we have

(18) c1 = ¢y = [ho(uy — uy)]y = —[bur ]y — [72(u — up)ls

where 17, = hy — hs 1s the thickness of the lower layer.
Therefore, the vertical velocity of each layer is

(19) WI(Z) = Ui x — [bul]x - [772(”2 - ul)]x
(20) wa(2) = —zua, — (bua),

We can therefore write the vertical velocity of each layer as

@D Wil@) = =ity = (bup) = g 7y — )L Vi = 1,2

j=i+1
Denote W; the vertical velocity at the bottom of each layer, which are equal to
Wi = wi(his1) = wihiy x — Z?:,q.l[njuj]x
Thus, we have

(22) Wi
(23) W,

wi(hy) = urhyy — [zl
wy(h3) =0

since there is no fluid penetrating through the bottom of the fluid system, so w,(h3) =
0.
The kinetic energy of the system is

.l
(24) f Kdx =32, f “ f 2 + whdedx
hi+1
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The gravitational potential energy is

h; .
(25) dex = gZ?leiL zdxdz = g fozl’%(hf - hf+1)dx

Let’s compute the kinetic energy term.

(26)
2 h;

K = f u? + widz
l’:Z] h[+1

2 i
= fh 7+ (230" + 221 [(bt) + T 01t = )] + [(bu)e + E [0ty = )] Pz
i=1

i+1

2 3
Z
= > 2lud + [+ T Iy — )l P1 + S,
i=1
+ Zzui,x[(b~ui)x + Z§:i+1 (7j(u; — u;)],] for z € (hi1, hy)

= " nla? + [(batg) + Z i [ — )],

N 77,-3 + 3hihian; (1)
3 >
+ ni(hi + hig)ui[(buy) + Z?:,'H[nj(uj —up)l]

2
=1

2
= Z nit; + W} — Wi ;]
P

in which we use the relation n; = h;—h;1, and wi(2) = —zu;  —(bu;), —Efzi MU
ui)lc, 50 Wi = wilhip1) = uihjy x — Z?;,q,](njuj)x’ thus

[(bu)x + 2 (0 = u))) = [=Wi = By )

Then, the Lagrangian function is a function of horizontal velocities u; and layer
thicknesses n; = h; — h;, ;1.

For the 2-layer fluid system with a rigid lid constraint, the Lagrangian function
becomes:

(27)
2
=1

ZZZ%(UM?‘H];'

1

2
;i
?(uix)z — niuix Wi + W,-2 - g(hiz - hi2+l )—¢~[2§:177j_b]




2. THE LAGRANGIAN FUNCTIONAL 13

where ¢(x) is the Lagrange multiplier to impose rigid lid constraint, so that the
sum of the thicknesses n; equal the bottom topography b = —h;.
We have:

.1 = hy — hy = —hy, or p} = I3 in rigid lid constraint case (h; # 0 only in
the free upper boundary case). Thus,

(28) W —hy = -n
.M = hz - h3. ThUS,
(29) h3 — 15 = (hy — hs)(hy + h3) = my(hy — hs + 2h3) = mo(y + 2h3) = 15 + 22k

. Vertical velocity at the bottom of the upper layer is: W, = w(hy) =

ul-th - (n2u2)x
. Rigid lid constraint means vertical velocity on the top surface vanishes,

ie
0=wi(z=0)=-0-u— (bur)x — [m2(u2 — ur)]lx
(30) = (h3uy)y + ((hy = ha)ur)y — (M)u2),  (since —b = hy;ny = hy — hs)
= uhy + hotty — (Matn)y = =g, + W)
Thus,
(31 0=-nmu+W
or
(32) Wi =mu,
so we have
(33) —mu Wy + Wi =0

. Similarly, there is no vertical velocity at the bottom topography z = hs,
thus we have w,(h3) = 0 or

(34) Wy =wy(h3) =0

From the above reasoning and W, = 0, the Lagrangian is thus reduced to

P1

-
[ = > (Ul(u1)2 + [?(uu)z

+ gfﬁ)

(35) m
f(uzx)z — g5 — 2gmhy

+ % (ﬂz(blz)2 +

— @l +m, — b
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and Hamilton’s principle is

6S:6ffldxdt20

This Lagrangian function for the 2-layer fluid system here consists of the kinetic
energy, potential energy and rigid lid constraint, whereas the Lagrangian function
in the derivation of Euler’s equation consists of kinetic energy, potential energy
and incompressibility constraint. The incompressibility constraint for the 2-layer
system is derived separately via the common mass conservation of fluid within
each layer.

3. Euler-Poincaré equations for the 2-layer case under rigid lid constraint,
columnar ansatz

We can see that Mdxdz is the volume element (mass density) in 2D-space (x,z).
Take out the x-integral, integrate in the z-direction in each layer of element Mdz
gives a function in the layer-thickness 7;, so we can replace M by layer thickness
n; in this case of two-layer fluid system. Thus, from in the appendix chapter,
we can deduce the Euler-Poincaré equation in this case of two-layer fluid system
as:

(9 i i i 51
o) Bl
ot \ n; ni/. N oni /.,

ol . : . . .
where m; = — is the momentum of the i — th layer. 7; is the thickness of i — th
layer. l
We thus have

ol p 77? 77?
37 — = —m2u; + = (2uy) | = — — Uiy
(37) s 2 (771 u 3( Ui | = P1 M 3
S [(uy,)dx
in which 03 9% _ DUy, and

(5”1

(38) =3 |} + (nuur)” + 2gm | -

Divide both sides by p;, Euler-Poincaré equation for the first layer i = 1 becomes
d ( m ) (n? ) ( m )
Uy — 7 Uixe | + Uy | Uiy — ?ulxx U (U — Ui

ot 3 3
=3 [2uyuy + 2001 u1) (i t1)x + 2871,] — —
P1

(39)

Rearranging all terms, we get
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2 2
n n
(nlulx)(nlulx)x + (_lulxx) + (ul_lulxx) ]
t X

(9 —Wx
(40) =ty g7 = pil’+ L !

Similarly, for the second layer i = 2, we have

sl 7 7
(41) S = % (Uzzuz + ?2(_2”2)06)) =2 [772”2 - ?2142)()6
8 [(uy,)?dx
where we use f; = —2Usyx
(51/12
and
ol pay, 2
(42) ;=3 |15 + (na1a)” — 2gm2 — 2ghs | — ¢

Thus, the Euler-Poincaré equation for the second layer gives

(43)

6 —Wx
6—M2+M2M2x+g(772+h3)x = i+
t P2

3 3

2 2
n n
(n2u2x)(n2u2x)x + (_2u2xx) + (u2_2u2xx) :|
t X

In the case of the even bottom, we have &3 is independent of the horizontal
direction x, so h3, = 0, thus the Euler-Poincaré equation for the second layer is

n2 7’]2
(772M2x)(772M2x)x + (_2u2xx) + (”2?21"2)06) ]
t X

a —Wx
) i = =
P2 3

ot

Recall the notation as in the picture. y;and vy, are the undisturbed thickness
of the upper and lower layer, respectively, which are constants. Make a change of
variable from (uy, up,1n1,12) to (uy,u,, ). The layer thicknesses 7,1, are related
to the displacement at the interface { as:

(45) m=h-h=y1-¢

(46) m=h—-h=y+{

Since y;(y,) are the undisturbed thicknesses, which are constants, so
“47) Mx = =

(48) Mox = {x

Thus, the above Euler-Poincaré equation gives the evolution equation of the fluid
in each layer, under the rigid lid constraint and gravitational force, as follows:
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Ficure 2. Two-layer fluid setup with displacement vector of the in-

terface ¢
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where the terms in brackets [ ] are dispersion terms.

J

Moreover, we have the transport equation for the layer thicknesses 7; = y; — ¢
and 1, = vy, + £, based on the conservation of fluid within each layer in 2D (x,z).

on; on;
- +V.(quu) = — i)y =
(50) o T V-Umi) = 25+ (itti)x = 0

Thus, we obtain a closed system of equations for uy, u, {.



CHAPTER 3
Camassa-Choi formulation

Below is the detailed computation to derive Camassa-Choi equation in paper
[2].
i = 1(i = 2) stands for the upper (lower) fluid (see figure 1) so p; < p, is assumed.
Denote h;(h,) be the initial undisturbed thickness of the upper (lower) layer, re-
spectively. £ is the displacement at the interface between the 2 fluids.
Let (u;, w;) denote the horizontal and vertical components of the fluid velocity in
the ith-layer. In the general case, u;, w; are functions of the spatial variables (x, z)
and time 7.

AZ L(x, 1) p h,

P, frg

Ficure 1. Two-layer fluid setup with displacement vector of the in-
terface ¢

For an inviscid and incompressible fluid of density p;, the velocity components
in Cartesian coordinates (#;, w;) and the pressure satisfy the continuity equation
and the Euler equations

Uiy + Wi, = 0
51 Wi + Uillix + Willi; = —Djx/ i
Wir + UiWix + WiWi; = —pi[pi — &

The boundary conditions at the interface are the continuity of normal velocity
and pressure:

(52) GHrule=wy, G+l =wy, pr=py atz={(x,1)

17



18 3. CAMASSA-CHOI FORMULATION

At the upper and lower rigid surfaces, the kinematic boundary conditions are
(53) wi(x, by, 1) = 0, wa(x, —hy, 1) = 0

where h,(h,) is the undisturbed thickness of the upper(lower) fluid layer.
Based on the scaling relation,

W,‘/I/ll' = O(hl/L) = 0(6) <1

(54)
ui/ Uy = O({/hi) = O(1)

(where L is a typical wavelength, U, is a characteristic speed), we then non-

dimensionalize all physical variables as

x = Lx*, z=mz", t=(L/Up)t"
55
( ) é/ = hlé’/*’ Pi = (pl U(%)p;k’ u;, = Uou;'k’ Wi = GUOW?

By integrating (51)) for i=1 across the upper layer ({ < z < 1) and imposing
boundary conditions (52)), we obtain the layer-mean equations for the upper fluid
me+ mu)y=0,m=1-¢

(56) _ _ .
(muy); + (uguy)e = =M Pix

where the layer-mean quantity f of any function is defined as

1
flx,1) = L f f(x,z,1)dz
m Js

and drop the asterisks for dimensionless variables.

The quantities u,u, and p;, prevent closure of the system of layer-mean equations
(51). The following analysis will therefore focus on expressing these quantities in
terms of the two unknowns ¢ and u;.

From the scalings, then the dimensionless form of the vertical momentum equation
(51) for upper layer is written as

(57) Pz = =1 = Ewy, + uywi, + wiwy.]

Now, we seek an asymptotic expansion of f = (u;, w1, p;) in powers of €.

(58) fx,z,0) = fO+ Y + 0(e*)
From

Pz = =1 = Ewy, + uywi, + wiwy.]
we then have pﬁ(i) =—1,50 pi(x,2, )0 = —z + c(x,1).

Pressure continuity across the interface means

(59) P16, 0 = = + c(x, 1) = P(x, 1)
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where P(x,t) = po(x,{,t) is the pressure at the interface.
Thus, c(x,t) = P(x,t) + £, or the leading-order pressure p1 is

(60) P ==@=0+ P
Substitute (58),(60) in (51)), one obtains

(61) u” = u(x,0) iful) =0att=0

meaning that the leading-order of u; does not depend on z if initially it does
not depend on z. This condition is automatically satisfied if we assume the flow is
initially irrotational.
From (51)), then w(O) ~ul?, or w? = —uVz + c(x, ).
Combining with the boundary condition at the interface, we then have

(62) w40 = &+ u (08 = —ul + elx, 1)
Thus, c(x, 1) = u1,¢ + (0, + u'"d,)¢, or
(63) W =~z - )+ Dig

where D, stands for the material derivative D, = 9, + u(lo)(?x.

Since u;(x,z,1t) = u(lo) + O(€?) and u(lo) does not depend on z, therefore we compute

the layer-average horizontal velocity of the upper layer u; as follows

(64)
1 (! 1

= — f u®(x, Ddz + O(€) = n—uj‘))(l O+ 0 =u +0() sincen =1-¢
m Je 1

We have
(65)
1 __
muy = — | ul?C0uP (x, 0dz + O(e®) = ulP(x, 7, Ou (x, 2, 1) + O(€*) = Wy
m Je

Thus, we have

(66) miur = miu; + O(€’)

Thus, the dimensionless form of the layer-mean horizontal momentum equation
(56) becomes

(67) U + Wi, = =Py + O(€Y)

ReMArk 3.1. Notice that in general u;, # u;,. Here, we consider the system of
layer-averaged variables u,, u, only. A
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From (38)), at order O(€?), we have

1 0 0 0 0 0
69 P = D+ P )

Now, we compute p(llz). Starting from (63)), and u; = u(lo) + O(€?), we have:
Wi = Uiz = ) + U1 (=&) — (D10,
Wiy = U (2= ) + Ui (=4x) = (D1
(69) —U Wiy = Upl (2 = §) = it L = U (Did)y
—wy, = Uy, ( since (D1{), = 0 since ¢ does not depend on z )
—wiwi, = =iy (2 = ) + (D1,
Thus, we have
(70) P\ = @@y + 11 =) =1 &= (D1 =T U1 =T (D1 Q) s+ 101 (D1 )
Denote
(71) (X, 1) = Uy + Wy g — U1,
Thus,

(72)  pi) =Gi(z =) = urdy = (D10 = ity L = wi(D1 ) + U (D1 )
Moreover, by definition, we have D = —D;n; and

(73) Dy = 1+ U 01 = g+ Wi+ O(E) = =ity + O(€))
where we use u; = u(lo) + O(€?) and mass-conservation of fluid within each layer
M + (mup)x = 0.
We thus have
Dyl = =Dymy = qlir, + O(€Y)
Di{ = Dy(D1{) = Di(miian, + O(€))
(74) = 8,(mur,) + m0x(mur,) + O(e*)

= Nl + Ml + U1l + U] U
= Up (N1 + winie) + MU + U dtn)
= w1, Dim + mDuy,
Thus, replace D, by n,u;, + O(€*) , we then have
(75)

P = Gi(z = Q) = W1l — Mty — Ml — Wl Lo — Nyl — NI + N1
= G1(z= ) = My + Wl = U1) = Wiy = Mty = WL = W
=Gi(z= ) -mGy

(since — & = 11, =L = 1)
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Also, from D(D:{) = uy,.Dyn, + n1Du; ., we have
Dy(D1¢) = ur Dy + miDyu,
= Uy (M1 + i) + MU + Uil )
= Ui [ + @ann)x) — urm ] + miuny + ity ,y)
= Uy (—ur,) + MUy + Ul )
since (171, + (u111)x) = 0
=mG,

(76)

Integrating G(x, t) from { to z, we obtain the second-order term for pressure of the
upper layer at a specific height z, p(ll)(x, Z,1) as

p =Gix, t)f(z—é)dz— m(x, NGi(x, l)fdz
e 4

1
= EG]()C, t)(Z - 4)2 - anl(x’ t)(Z - g)

Thus,
(77)
pi(x,z,1) = pOx,z,1) + €pP(x, 2, 1) + O(e*)

==+ P(x,0)+ %EZGI(X» Nz =) = €mGi(x, 1)z = ) + O(€Y)

Therefore,

(78)

S 1 1
Pix(x,2,0) = Lo + Po(x, 1) + EezGlx(Z -7+ 562G12(Z ~ (L) = emGiliz = ) = EmGi(={) + O

=+ P+ %GzGlx(Z — 02 - €G(z- & — E€mGil(z - O) + €mGil, + Oe?)

= Lot Pt 3G~ 0P - €G- DL~ €GO + EmGiLe+ O(e)

Note that ; = 1 — £, we thus obtain

1 1 1 (! 1e
—E2G 1,(z - 2:—2Gx—f —Pdz= =—G =
° 7€ 1x(z=29) 5€ -, g(z () dz 2 O3
ey R e P

(79) 1 x 2771 1617

2 1€ 2
o —€e’[mGil(z—-0) = —E—[UlGl]xm
m

e 211G, = €mGil,
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Sum up the above 4 terms, we obtain

1€ m 1€ , 1é s,
e Gt - S G + EmGid,
2 153 am 1407 2 (Gl + €mGiL

Bl I R N PR S [ o
_771k21x3 21x771 7711x2 M G16x

_el 1 Pl 7 7
80 = — |-zGu—% — G + NG + MG + NG,
(80) 771»2132177177177112 MG +mGim
_62 —]73
= — _lGlx + Gﬂﬁ’hx]
m |3
=—|=nG
m 3771 l)x

( where we replace , = —11)
Thus, from formula for p,, we obtain

3

Thus, the layer-mean horizontal momentum equation iy, + 1.1, = —p1x + O(€*)
becomes

_ e (1
81) pu=g+Pf7;tﬁG)+0@5
1 X

o P, 1.1, A
(82) Uy +uy + gl = —— + —(31G, + O(€)
prm 3
Similarly, we have the horizontal momentum equation for the lower layer
P, 11
(83) Iy + Wity + 84 = = + —(31,Ga)c + O(€")
p2 M3
_, D¥

where Go(x, 1) = Upy + Uslip, — Uy = —
m



CHAPTER 4

Wu’s model

The model explained below is based on Wu’s approach [5], with some slight
differences in notations from the original work of Wu, in order to be consistent
with the rest of this thesis. In particular,

Remark 1: Concerning the density numbering.

In this chapter, we denote p; < p», so the heavier fluid will have density p,. The
interface displaced from its rest position at z = 0 to elevation z = {(x,?) as a
function of horizontal position x and time ¢. Thickness of the upper layer is 4| — £,
and the lower layer’s thickness is { + h,, in which A, (h,) is the unperturbed layer-
thickness.

Remark 2: Concerning the 7 notation.

In Wu’s approach, he denoted 7, the 2nd-layer thickness, whereas 1; equals minus
the 1st-layer thickness for technical reason concerning the Taylor expansion. To
avoid confusion, the r’s notations in Wu’s original approach will be changed to
B’s in this thesis, and the r’s will denote the layer-thickness as in other models’
approach.

The effects of nonlinearity and dispersion can be closely estimated by two key
parameters, namely

(34) a=alh;, e=h/A

for characterizing waves of amplitude a and typical wavelength A in water of rest
depth h.

We adopt the Euler’s equation for describing two-dimensional inviscid wave mo-
tion in two layers of stratified fluid under the action of gravity and surface tension.
The two fluid layers have rest thickness /; and constant density p;, with j = 2 for
the lower and j = 1 for the upper layer, and p, > p;. The two fluid layers are
bounded below by a rigid horizontal bottom at z = —h, and on top by another hori-
zontal rigid lid of infinite extent at z = A, so the system has only the interface free
to move. The fluids move with velocity (u;, w;) in each layer, with the interface
displaced from its rest position at z = 0 to elevation z = {(x,?) as a function of
horizontal position x and time . We have the mass conservation/ continuity equa-
tion (assuming incompressible fluids) and Euler’s momentum conservation for the

23



24 4. WU’S MODEL

AZ C(x, 1) p fr]

r, h,

Ficure 1. Two-layer fluid setup with displacement vector of the in-
terface £

inviscid fluids as:

(85) Ujy + W, = 0

duj,wj) 0 1
— = )+ (uj, w).Vuj,w;) = _;(pjxapjz) - (0,2
j
The momentum equation is thus written in horizontal and vertical direction as:
duj 0 1
E = Euj + UjlUjy + Willj; = —;ij
86 !
(86) dw; 9 1
W = a—th + UjWix + WiWj, = _;sz - g
j

where p;(x, z) is the pressure and g is the gravitational acceleration.
Boundary conditions (at the bottom and upper rigid lid) are:

W = ﬁj§ on z = {(x,t), where ljj = 0; + 1.0,

p1=pronz={(x,1)

87
®7) wy=0onz=Mm

wp,=0o0nz=—-h

where i;(x,1) = u;(x,{,1) is the value of u; at the interface, likewise for w;. To
include surface tension at the interface, we use p; = p, + p1y.n, , where py is the
uniform surface tension of the interface and » is the upward unit vector normal to
the interface. Here, we just use the continuity of pressure at the interface (§7).

We adopt the interfacial variables i;,W; and { as the unknowns in formulating the
theory for the unsteady nonlinear interfacial waves in two-layered fluids.

Thus, to proceed, we project momentum equations under boundary conditions (87)
onto the free interface to obtain the projected equations in terms of the unknowns.
For an arbitrary flow variable f;(x, z, 1), it approaches, as z — {(x, t) from within
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the j-side fluid domain, the interfacial value fj(x, 1): fj(x, {(x,1),1) = fj(x, 1.
By the chain rule, their time derivatives are related by
(88) al‘,];j(x’ t) = [al‘f(x’ Z’ t) + {l‘azf(x’ Z’ t)]z:((x,t)

and similarly for derivative with respect to x.
The Lagrangian time derivative and Eulerian time derivative for a variable f; car-
ried along the flow with velocity (17, W), evaluated at z = {(x, t) are related by

dfi _ . i
(89) gy = Ofilemt + e + el
(90) = Ofj)_p + W ficlemg + G+ 0,80 fieleme

Moreover, we have that
D;f; = (8, +1;.0.)f;
=0,f; + i fin
= 0ifjle=¢ + G0 fili=¢ + W[ fix + Lo fiz)=c
= 0iflo=¢ + Ujfili=e + (& + 1.0 [2) =

oD

Thus, we have

df; .~
(92) g = DiF’
Therefore, the horizontal momentum equation, projected on z = {(x, t) becomes
93) Wil =L
dt o=t =LDju; = pjp]x
where
©94) L), = ——[0,p; + £0.p)]
~—Pjy = T~ LOxPj t 60D 1=
0 J o J wjlz=¢
in which, from the projected vertical momentum equation, we have
1 d -
(95) -—0.pj| =—=| +8=D{+g
Pj z={ d ={
since
dw; < o~ =
i Djw;=DyDj{) = D¢
Therefore, we arrive at
| 1 ~
(96) ——Pjx = __pjx"'gx-(D? +g)
Pj Pj

Thus, the horizontal momentum equation (86)), projected on z = £(x, t) becomes

~ ~ 1
97 jilj+ (g + D31d, = —;P}x
j



26 4. WU’S MODEL

The projected horizontal momentum equation for each layer becomes:
Dyiiy +[g + DICIE = ~(1/p))pi,

Doty + [g + D}1Lc = =(1/p2)pa,
Combining with the dynamic boundary condition (p; = p; on (z = {(x, 1)), we get

(99) Dyiiy — Dty + [g, + D — uD{), = 0

where

(98)

m=p2/prs ge=(1-pg
1. (A) The (u,;, {) system- the boundary velocity basis

From now on, we assume the flow to be continuously differentiable, and irro-
tational in the flow domain of the two fluids, except for the interface, across which
any discontinuities of the tangential velocity will cause a vortex sheet.

Since the flow is irrotational in both fluids, the velocity fields are represented by a
scalar potentials ¢;(x, z, 1), s.t

(100) u;=¢j; wj=¢;, (hh<z<forj=2; ((<z<h)forj=1;

The incompressibility of the two fluids gives u, + w;, = 0, and from definition of
¢;, we thus have ¢; satisfies the Laplacian equation

(101) Pjx + e = AP =0

To pursue analysis for small €, we let the vertical lengths scaled by A;, and hori-
zontal lengths scaled by a typical wavelength A.

z=2"h;; x=x*A
Thus,
d(bj 0x
dxe = i =0
d*¢;
¢j,x*x* = dzxi = Az¢jxx
d*¢;
¢j,z*z* = dzzi = h%(ﬁjzz
Thus,
Pjxx = : ¢
Jjxx — E JoX*x*
(102)

1
¢jzz = _¢j,z*z*
h
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So the Laplacian equation (I0T]), written in the coordinates of scaled independent
variables (x*, z*) becomes
1

e+ s = 0
757 Pjxra* TSP =
pB 2

or equivalently
(103) 62¢jx*x* + ¢jz*z* =0

where € = h;/A.

From now on, we use the coordinates of scaled variables (x*, z*), and omit the *.
Then, scale ¢; by cA where ¢ = M is a linear wave speed (g, is a reference
value of g,),1.e ¢; = ¢J*.c/1.

¢; may assume a series expansion depending on € as follows: take a standard
approach for small deviations and represent ¢ as a power series in the z-direction

¢i(x*, 2", tr€) = T o [eH (D)]" P ju(x, 1, €)
(104) ) hy
H@=z-h=2"-1, H@=h+z= aote
1
in which [eH (z)] represents the scaled deviation from the boundaries (rigid lid or
bottom), and ¢ is the velocity potential at the boundaries. The components coef-

ficients ¢, are independent from vertical direction z.

RemARK 4.1. As explicitly shown later, the coefficients ¢ ;,(x, #; €) can be com-
puted via the potential at the boundary ¢ jy(x, #; €). In the end, ¢ o, which is the only
unknown involved in ¢;, may depend on the parameter € as a result of taking an
appropriate regrouping of the complementary solutions of the higher-order equa-
tions for ¢, such that Vg o(x, 1; €) = O(a) as € — 0. This regrouping is admissible
provided the medium is uniform (4; = const, j = 1,2) and horizontally unbounded
in the absence of any boundary effects of specific orders in magnitude. A

Then, from (104), we have

¢i(x.2,1,€) = 1 €'nHT ()P ju(x, 1, €)

(105) 1190 2m gl .
=elH i (@Dpji(x,t,€)+€2H L 2(x,1, €) + higher order terms

At the bottom (rigid lid), H;?‘l(z) = 0 for n > 1. Since there is no-flux condition at
the boundary w; = ¢;, = 0 at z = —h, (or z = h;), we arrive at

(106) 0=wiz=-hy/z=h) = (1]} = H)¢1

z=—hy/z=h;



28 4. WU’S MODEL

Thus ¢;; = 0, i.e the Ist-z-derivative of ¢; evaluated at the boundary is 0.
We also have, from ((105))

07 (X, 2,1, €) = oo €'n(n — DH () ju(x, 1, €)
{aon =X,00€' (n+2)(n + H(2)¢u(x, 1, €)

Insert this expansion of ¢; into the Laplace equation ¢; ., + ¢;.. = Ag; = 0, we get

zf;()M;l[¢jn,xx +(n+2)(n+ 1)¢j,n+2] =0
where M;?(z) = [eH(2)]". Thus,

¢jn,xx + (n + 2)(” + 1)¢j(n+2) =0

Since ¢ji(x,1) = 0 (s0 @i = 0), from the above recurrence relation among the
coeflicients, we have ¢;3 = 0, and similarly all the odd components of ¢; vanish.
On the other hand, the even components ¢,y will be computed via the 2nd-x
derivative of ¢ ;,.

For example,

_¢ j0,xx
b= =,
_ _¢j2,xx _ -1 _¢j0,xx
(108) Pn="G3a) " 3.4( 2 ).,
—1)?
- (4!) O
In general, ¢ ;,+1) = 0 and
_ & 1) 0

In brief, we have
(110)
¢i(x,z,1;€) = XL [eH (D))" P u(x, 1, €)
=X7 leH,; (2))"¢ jon(x,1,€)  (since the odd components vanish)
w (=D

n= 0(2 ),[ €H(z )]Zna(Zn)¢]O(x t, €)

h
H@=2-h=2 1 H@=hto=2+e
1

From this, we deduce the horizontal and the vertical velocity components u;, w;
are both scaled by ¢ = /g hi, fromu; = ¢;;w; = € '¢;..
From (T10]), we have

(=1)"

(111)  upx,z.1,€) = ¢]x(xz,te)—2§2°o(2 N

[eH(2)]""V*'(V o(x, 1, €))
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in which

Vjo = 0:jo = uj
is the horizontal velocity at the boundary (at the lid or bottom) of the j-th fluid.
Thus, the interfacial horizontal velocity #; at z = {(x, ?) is

(112) 0 = ju(x, 4,1, €) = Ajlujo(x, 0] = Zpl0€" A jutejo((x, 1)
D" g
(113) where Aj, = 55 B'V?

where 5; = H;({), i.e
(114) Bi=0-m<0; B={+h>0

s0 B1(B;) is the layer-thickness squared.
Denote 1;(1,) the 1st and 2nd-layer thickness, respectively. Thus,

(115) m = —pi; m=p

Combined with the Laplacian equation for ¢;, (I03)) , we can similarly derive the

expansion for vertical velocity at z = £,

w =D ng2n

B (X, 2, 1) = —€2¢jxx = —622,,:0m[€Hj(Z)]2 V? +1Mjo(X, f, €)

—€ 00 (_l)l’l Ezn
=0 (2n)!

1 2n+1
o (1t H;

NG TS YR P

(116) wi(x,z,0) = € '¢j, = f [H(2)]*"dzV*"  ujo(x, 1, €)

wi(x,z,1) = X V2, (x, 1, €)

Thus, at z = £,
(117)

D™ o

WD = w0660 = 2, e BV o (1, €) = TiLo € Banjo(x, 1)
where
(118) B]n = %ﬁ2n+lv2n+l — (_1)n+1 ﬁ2n+1 m+1

n .

J Qn+ 1
For the (u,, {) system, the basic equations consist of kinematic interfacial bound-
ary condition, the interfacial projected momentum and series relation

G=U/ew; -l (j=1,2)

~ . ~ 1 _
Diity + [g + €D {1l = ——Pix
(119) ) o
Dsity + [g + €D2{1L, = —p—ﬁz,x
2

uj(x, 1) = Ajluj,(x,0l;  Ww;=Bjluj,(x,n] (j=1,2)
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2. (B) The (i}, {) system- the interface velocity basis

The above model (A)-(u,,{) system is quite complicated for applications due
to the appearance of the series and the series products in the equations. To over-
come such complication, (u J: {) are chosen as the basic variables.

To do this, we obtain the inverse of equation. (112) as

[ee)

(120) io(x, 1) = JlTx, 0] = ) €0 (x, 1)
n=0

The inversion is identified via the relation A;J; = 1 = J;A;. Since
(121)
A =32 €A, = Ag+A E€+AE + - T = I €, = Jo+A €+ Tret+ -
Thus
Aij = AjOJjO + Aj()leEz + Aj0Jj264 + ...
+Aj1~]j0€2 +Aj1~]j1€4 +Aj1.]j2€6 + ...

(122) .
+ Ajg.]j()E + ...
= Aj()Jj() + (AjOle + Aj1Jj0)62 + (Aj()Jz + AjIle)€4 + ...
To have A;J; = 1, we should have A;yJjo = 1, and the coefficients of the e terms
must be 0, i.e J; must satisfy
(123) Jio=1(since Ajo=1);  Jju = ~Z""0A iy jms
Thus,
(124)

Wj(x, l’) = ijlj(, = B]J]I/TJ = K][LZ]] = Z;:i0€2n+1ansz(x, t) = 62;';062"[(]-,,@()6, l’)

where an = ZZ:OBjmJj(n—m) (I’l = 0, 1, 2, )

We have the expression for w; in terms of #;. From ¢, = (1/e)W; — u;.{, (i.e
w; = eD ;¢)in model (A) , we are ready to establish another model called:
(B) : (i}, {) system-the interfacial velocity basis, which consists of the equations:

G+ =20, Ktl;,  (j=1,2)
5~ 21732 1
(125) Uy + [g + € D]g]{x = _p_lpl,x
5~ 2732 1
Dyt + [g t+ € Dz(]{x = _p_p2,x
2

This system (B)-interfacial velocity basis, is more simple and elegant than system
(A), as (B) involves only a single series expansion.



CHAPTER 5
Hamiltonian reduction: 2 layers in the dispersionless case

In this chapter, we detail the Hamiltonian structure for 2-layer dispersionless
fluids as published in paper [12], in which we denote z = 0 the bottom of the fluid
system, p; < ps.

1. 2D Benjamin model for heterogeneous fluids in a channel

Consider two-dimensional fluid in a vertical channel of height 4. The incom-
pressible Euler equations for the velocity field u = (u#, w) and non-constant density
p(x,z,1) in the presence of gravity —gk are

E =0,V-u:0
(126)
D(pu)
\% k=0
Dr +Vp+p8

with boundary conditions
(127)
u(x = oo) =0, W(x, —hz, l) = W()C,]’ll, t) =0, xeR,z€ (—hg,hl),l eR"

where as usual D/Dt = /0t + u - V is the material derivative.

The above Euler system admits a Hamiltonian structure in [3]], with the basic vari-
ables : density p and weighted vorticity ¢ defined by ¢ = V X (pu) = (ow), — (ou),.
The equations of motion for these two fields, ensuing from the above Euler equa-

tions, are
o +up,+wp, =0
128 1 1
(128) S + UG, + W, + py (gz - 5(”2 + wz)) + Epz(uz +w?), =0
Z

These can be written in the form

SH oH 6H
129 = — s — | = — s —_ , —
(129) Pr [p 5;] St [p 5p] [; 5§]

where by definition [A, B] = A,B, — A,B,, and the functional

1
(130) H= f p(—|u|2 + gz) dxdz
b \2

31
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is simply the sum of the kinetic and potential energy, D being the fluid domain in
RX[—hy, hi]. As shown by Benjamin in [3]], the equations admit a Hamiltonian
structure, for the Poisson tensor defined by

0 pxaz - pzax )
131 Jp=— ' '
( ) i ( anz - pzax gxaz - gzax

1.1. Euler’s system in layer-averaged variables. A simplification of the sys-
tem of Euler equations which retains the essential properties of stratification can be
obtained by considering a system of two fluids of homogeneous densities p, > p;
in the channel R X [0, #]. The interface between the two homogeneous fluids is
described by a smooth function = {(x, ). In this case the density and velocity
fields can be described as

p(x, 2, 1) = pa + (p1 — p2)8(z — {(x,1))
(132) u(x, z, 1) = up(x, z, 1) + (u1(x, 2, 1) — ua(x, 2, 1))0(z — {(x, 1))
w(x, z,t) = wa(x,z,1) + (Wi(x,2,1) — wa(x,2,1)0(z — {(x,1)),
where 6 is the Heaviside function.

A nowadays standard way to reduce the dimensionality of the model is to in-
troduce the layer-averaged velocities as set forth by T. Wu [6], since in the case of
fluids stratified by gravity the vertical direction plays a distinguished role. Let us

denote by
1 g 1 "
ui(x, 1) = f ui(x,z,0)dz, ux(x,1) = f ux(x,z,t)dz,
771()5, t) n T’Z(xv t) 0
the layer-averaged velocities, where 1, = h; — 1, and 7, are the thicknesses of

the layers. Letting P(x, ) denote the interfacial pressure, the non-homogeneous
incompressible Euler equations result in the (non-closed) system

Ni; + (i) = 0, i=12,

_ P,
(133) ult+ulu1x_gn1x+p_l+Dl :O,

P,
ﬁ2t + ﬁzﬁzx +8m, + — + D2 =0.
P2
The terms D, D, at the right hand side of system (133]) are
1
(134) D; = 3—3x[77,-3(ﬁixz + ULl — (ﬁix)z)] +e, i=12,
ni
where the unwritten part (denoted by dots) represent terms with nonlocal depen-
dence on the averaged velocities. These terms collect the non-hydrostatic correc-

tion to the pressure field, and make the evolution of system (133)) dispersive. When
an asymptotic expansion based on the long-wave assumption € = max[7n;/L] <«
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I,i = 1,2, is carried out (where L is a typical wavelength), expressions
explicitly define the leading order dispersive terms in the small parameter €; trun-
cating at this order makes equations local in the layer averaged velocities, resulting
in the strongly nonlinear system studied in, e.g., [2].

Equations come equipped with two constraints. Namely, we have the obvi-
ous geometrical constraint n7; + 17, = h and its consequence obtained by summing
the equations in the first line of (m + m2); = h, = 0, we then have

(135) (muy +mauz), = 0.

We remark that under suitable far-field boundary conditions (such as vanishing
velocities for x — +o00) this relation translates into the dynamical constraint

(136) muy +muy = 0.

2. Hamiltonian reduction: Two-layer dispersionless case

The Benjamin’s Poisson tensor [131| is written in the p, ¢ (density, weight-
vorticity) coordinates. Details of this Hamiltonian reduction can be found in [12]].
By means of the Dirac 6 and Heavisde 6 functions, and 8’() = (), we have The
two momentum components are

pu = paur(x, 2) + (1u1(x, 2) — Paur(x, 2))0(z — £(x))
pw = pawa(x, 2) + (P1w1(x, 2) — pawa(x, 2))0(z — {(x)),
so that the weighted vorticity ¢ = (ow), — (pu);, is

(137)

¢ =pr(Way —us) + (P1(Wix — 1)) — pa(wax — U )0(z — {(x))
— (p1u1(x, 2) = paua(x, 2) + (1w (X, 2) — Pawa(X, 2)))d(z — £(x)),

where 6(-) is the Dirac delta function.

(138)

We assume that the motion in each layer is irrotational, so that we are left with
a “momentum vortex line” along the interface, that is,

(139) ¢ = (p2ua(x,2) = prua(x, 2) + Mu(P2w2(x, 2) — Prwi(x, 2)))6(z = £(x)).

where 1 = 1, is the layer thickness of the lower fluid.
We define a projection map 2D — 1D as

1 (" 1 ("
(140) nx)=— f (p(x,2) = p2)dz — ho, o(x) =~ f ¢(x,z)dz,
pA 0 h 0

where p, = p, — p;. Since

h
ho = f §(x, 2)dz = paur(x, 1) — prur(x, n) + nx(P2w2(x, 17) — p1wi(x, 1))
(141) 0

= pour(x) — pruy(x) + O(e)
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where w; = O(¢€) can be neglected in this long-wave dynamics and dispersionless
case.
Denote M; the manifold of averaged quantities (G-, 77) and M, the manifold of 2D

quantities (o(x, 2), §(x, 2)).
Let (a,(x), @5(x)) be a 1-form on the manifold M;. We lift this 1-form, under the
projection map to obtain

1 1
(142) (p—A%(X), Z%(X))

Applying the Benjamin Poisson’s tensor[131] we then get

p(x,2) ) _ _( 0 pa6(z = 1(x))0, )( @, (x)/pa )

(143) (é(x,z) =\ padc—n8: ho.z - n)ds )\ asrh

This gives

5(x.2) pa0(z — 1(x)) (az(x)/h),
’ - _ 1 1 -
( $(x,2) ) pad(z — n(x)) (p—Aan(x)) + Ea(x)éz(z — (X)) (@5 (x))x

Pushing this vector to M, via[I40]to get

I 1
(144) n=— f p(x,2)dz, 0=+ f $(x,2)dz
PA Jo h Jo
which yields
.o 1 1
(145) (7,0) = | =7 O0lag); = Ox(ay)

owing to the fact that foh 0’ (z — n(x))dz = 0. We have shown that the reduction of
the Benjamin Poisson tensor (131|in the (1, o) coordinates is given by

1{0 o,
J’”’__E(ax 0)

and the Hamiltonian functional is

2
146 Huwo)= [ (%Mfﬂ L0, —pmf) dx
r\ 2 211 + P12 2

RemMaArk 5.1. According to the terminology favored by the Russian school, for
Hamiltonian quasi-linear systems of PDEs the coordinates (£, ;) and, a fortiori,
the coordinates (;, o), are “flat” coordinates for the system. In view of the partic-
ularly simple form of the Poisson tensor, the latter set could be called a system of
flat Darboux coordinates. A
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Remark 5.2. In [[1] we conjectured that in the n-layered case, with a stratifica-
tion given by densities p; < p, < --- < p, and interfaces {; > {, > -+ > {,- a
good procedure yielding a natural Hamiltonian formulation for the averaged prob-
lem was to consider intervals

+ + w2 + (e
(147 =10, b= [0, S5 ] h =0, 28], = [0, 2 ]
In the next chapter, we will show in details the Hamiltonian structure for the n = 3
layer case.
Concerning the n = 4 layer case, in [16], we explicitly proved that the quantities

(148) (gl’ §2’ 43,01302» 0-3)’

where o = pr1urs1 — prii are flat Darboux coordinates for the reduced Poisson
structure. A







CHAPTER 6
Hamiltonian reduction: 3 layers in dispersionless case

In this chapter, we detail the Hamiltonian structure for 3-layer dispersionless
fluids, whose result is also published in [1].

1. Hamiltonian reduction technique

By means of the Heaviside 6 and Dirac ¢ generalized functions, a three-layer
fluid configuration can be introduced with constant densities p; and velocity com-
ponents u;(x, z), wi(x,z), i = 1,2,3 (for the upper i = 1, middle i = 2, and lower
layer i = 3, respectively), with interfaces {; and {,, where z = 0 denotes the bottom.
The global density and velocity variables can be written as

p(x,2) = p3 + (02 — p3)0(z — &) + (o1 — p2)0(z — {1)
(149) u(x,z) = uz + Uz — u3)0(z — &) + (uy — u2)0(z — &)
w(x,z) = wz + (W2 = w3)0(z — &) + (W1 —w2)8(z — {1) .
Thus, the density-weighted vorticity X = (ow), — (pu);, is
T =p3(w3, — us;) + 0z — £2) (pawar — patta; + p3ltz; — P3W3,)
+0(z = £1) (p1wix — prtts; + Patta; — PaW2,)
+6(z = &) ((p3w3 — paw2)da, + (p3us — o))
+06(z = £1) ((pawa — piw1)di, + (p2u2 — p1uy))
=038 + 0(z = £2)(02€2 — p3€23) + 0(z — £1)(01€4 — p2Ldr)
+ ((3us — patz) + (P3w3 = Paw2)a,) 0(z = &2)
+ (2t = p1uy) + (paw2 = piw1){1,) 0(z = &1),

where Q; = w;, — u;, for i = 1,2,3. Next, we assume the motion in each layer to
be irrotational, so that ; = 0 for all i = 1,2,3. Therefore the density weighted
vorticity acquires the form

(150) 2 = ((o3uz — patr) + (P3w3 — pawn)la,) 6(z2 = £»)
+ ((pauz — prur) + (Pows — piwi)l1x) 6(z = 1) .

In the long wave asymptotics and dispersionless case, we only take the leading-
order terms, and neglect the vertical velocities w; and trade the horizontal velocities

37
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u; with their layer-averaged counterparts. Thus, we obtain
p(x,2) = p3 + (02 — p3)0(z — &) + (o1 — p2)0(z — {1)

2(x,2) = (p3u3 — pauz) 6(z — &) + (Pauz — pruy) 6(z — 1) .

(151)

The x and z-derivative of the Benjamin’s variables given by equations (151)) are
generalized functions supported at the surfaces {z = {;}U{z = {;}, and are computed
as

Px == (P2 = p3)2,0(z = &) — (p1 — p2)d1,0(z = 1)

(152)
Pz =(p2 = p3)0(z — ) + (o1 — p2)6(z = 1),

and
Z, =(p3us — p2u2)6'(z — £2) + (patt2 — p1U1)6" (2 — §1)
(153) X, = = (o3t — p2U2)0" (2 = $2) o, — (p2tta — pr111)d" (2 — $1){1,
+ (3Us — Pali2,) 6(z — £) + (Paliz, — p1U1) 6(z = £1) -
Contrary to 2-layer case described in chapter 2, now we need to integrate on two
vertical slices of the channel in order to obtain four x-dependent fields.
Once equipped with the isopycnal z = f(x), we can define a projection 7 : M=

MXF — (C*(R))* by means of

(154)
T (p(x’ Z)’ Z(x’ Z)’ f) = (érl’ 529 71, TZ)

i f h f
= (f (p(xa Z) - pmax) dZa f (P(x, Z) - pmax) dZ9 f Z(Xa Z)dza f Z(.X, Z)dZ) .
0 0 0 0

where

2
hereafter denoted by (.
(156)

_ h Y4 v Y4
T (p(x’ Z)9 Z(X, Z)’ g) = (L‘ (P(x, Z) - p3) dZ, f()‘ (P(x» Z) - /73) dZ’ fo‘ Z(.X, Z)dZ9 j; Z(X, Z)dZ] .

to project from Benjamin’s manifold of 2D fluid configurations to the space of
effective 1D fields S, parametrized by the four quantities (&, 74)

To obtain a Hamiltonian structure on the manifold S (defined by averaged vari-
ables)by reducing Benjamin’s parent structure (I31]), we perform the following
steps:
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(i) Starting from a 1-form on the manifold S, represented by the 4-tuple

(oz(sl), a(SZ), “(53)’ a(;)) we construct its pull-back to 7, that is, the 1-form

ay (0’5111)’ “551)’ 0) at T*M |7 satisfying the relation

+00 +oo 4
(157) f fo @)p+a)%)dxdz = f > ol (mp, 2)

—° =l
where 7, is the tangent map to ((156)).
(i) We apply Benjamin’s operator (131)) to the lifted one form e, to get the
vector field

Y(l) (1)
M

(158) Y=| YD |=J- <2>
0 0

(ii1) Thanks to the form of Benjamin’s Poisson structure, it turns out that Y is
still supported on the locus {z = {;}U{z = {,}, and can be easily projected
With ., to obtain the vector field (X;, X5, X3, X4) on S The latter depends

.....

This construction essentlally works as in the two-layer case considered in [12],
provided one point is taken into account, namely that the integrals in the second and
fourth component of 7 have a variable upper bound. We have, for (p,%) € TM | 7

fohpdz
[ pdz+Z(0x.0) - p3)
f'tdz

[[£dz+2306,D).
b +4

(159) T,

Nl M
I

We remark that, since the inequalities ¢, < ¢ = < {; hold in the strict sense,

the second term of this vector’s fourth component vanishes. The same cannot be
said for the analogous term in the vector’s second component, since p(x, ) — p3 =
P> —p3 # 0. As anticipated above, on 7 the mean of the tangent vector component
coming from the {’s, Z = ({, + &)/2, can be expressed in terms of the tangent
vector component p. To this end, we can use the analogue of relations (152),
which generically give

(160) p = (p3 = p2)28(z = &) + (P2 — L6z = &) -
Integrating this with respect to z in [0, i] yields

h
(161) j(; pdz = (p3 — p)&s + (02 — P,
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while by integrating over [0, /] we obtain

Z
(162) f pdz = (p3 = p2)ia .
0
Solving the linear system given by and gives
- h 1 ¢

(163) (Pz—P3)§:Apfsz—(§+Ap)fde,

0 0
where

P2 = pP3
(164) A, = ————.
! 2(p2 = p1)

Thus, formula ((159))) for the components of the push forward n, does not explicitly
depend on the last component £, and can be written as

fohpdz
Ay fohpdz +(G -4 fogpdz
thZdZ

fO‘ZZ dz

(165) T,

NI M
I

By substituting this result in relation ((157)) we find
(166)

+00 h
f f (paf} + 20/551)) dxdz
—00 0

+00 h Y4 1 h Y4 )
= f (f p(a(sl) + Apa(sz)) dz+ f 0 (5 - Ap)a/(;)) dz + f Za/g?) dz + f Ea(s4) dz]dx.
— \Jo 0 0 0

Hence, the non-vanishing components of the 1-form a,, pulled back to 7 are

— 1 —
(167) o) =’ + 8,000C -2+ (5 -8)a . aff =i + 0T - 2).

Applying the Poisson tensor (I31) to this 1-form yields, after some manipulations
that crucially use the fact that products of Dirac’s ¢ supported at different locations
can be consistently set to zero, we obtain the vector field

Y;‘;) =((02 — p3)0(z — &) + (1 — P2)6(z — 1)) a(;’i + (02 —p3)6(z — {2) a?’l
Y® =((02 — p3)0(z — L) + (o1 = p2)d(z — 1)),
1
+ (E(pz = 03)0(z — &) + (o1 — P2)A0(z — 51))“22,1
+((r1 —12)8 (2= )G, + 120 (2 — §2)§2x)04(s3,l .

(168)
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The push-forward under the map 7. of this vector field gives the following four
components:

(169)
h
f Yy, dz = (p1 — p3)ay, + (o2 — pa)as,
0

: 7
1 ¢
Apf Yl(é)dz+(§—Ap)f Y, dz
0

= Ayl(pr =P + (o2 - p3>a<“>)+<——Apxpz—pz)(a@ ag))

= (Ay(p1 —p3) + (— = Ap)(p2 —P3))CV + (.02 P3)C¥(4)

1
= —(Pz—P3)a/ Sx
f Y2 dz = (o1 - p)all + (£ 2p3 + A, (p1 — p2))ag = (p1 — p3)as,
0
p2=p
[ de= - poall + 25202,

where we used definition (164) of A, and the fact that the terms with the z-derivatives
of the Dirac’s ¢ give a vanishing contribution since they are integrated against func-
tions of x only.

From (169) we obtain the expression of the reduced Poisson tensor  on S, in
the coordinates (¢4, &, 71, T2), as

0 0 P1L—pP3 P2—pP3
0 0 0 22— p3)
170 P = 2 Oy.
(70 P1—pP3 0 0 0
p2—p3 3(2—p3) O 0

The variables (&1, &, 71, T2) are related to ({1, {3, 071 = prlly—p1Uy, 02 = P3Uz—PrU3)
by
(171)

Ei=(—=0)(p2—p3)+ (=3 (e —p2) &= % (P2 —p3) (1 =) s

Ty =01+0,, Ty =02.
Solving these relations for £;’s and the o7;’s gives:

(172)

4= &, 2 th, fG=- & 2(pi—p)& “h

P1—pP3  P1—P3 p1—p3  (p2—p3)(p1 —p3)
g1 =T1 — T2, Oy =T2.
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A straightforward computation shows that in these coordinates the Poisson opera-
tor (170) acquires the particularly simple form

0 0 -0, O

0 0 0 -0,
(173) P = 9. 0 0 0
0 -0, O 0

2. The Hamiltonian functional

The full energy (per unit length) of the 2D fluid in the channel is just the sum
of the kinetic and potential energy,

+00 h 1 +00 h
(174) H= f f Ep(u2 + wz) dxdz +f f gpzdxdz.
—00 0 —00 0

The potential energy is readily reduced, using the first of (I49), to

+eoq
(175) U:f 5(8(/02—91)§12+g(.03 —92)522) dx.

When the layer thicknesses are not asymptotically zero, both energies can be ap-
propriately renormalized subtracting the far field contributions of ;. To obtain the
reduced kinetic energy density, we use the fact that at order O(e*) we can disregard
the vertical velocity w, and trade the horizontal velocities with their layer-averaged
means. Thus the x-density is computed as
(176)
Lre o " 1 —2 —2 —2
T=3 (ﬁ p3uszdz + L pauty dz + L p1Uy dZ) =5 (Pz§2u3 +p2(81 = H)uy + pi(h — {1)M1) ;
so that the reduced kinetic energy is

e
(177) T = f 5 (salts + po(&s = L) + pr(h = £ty ) dv.

(o)

We now use the dynamical constraint for localized solutions, whereby velocities
vanish at infinty,

(178) (h=uy + (& — Ly + Huz =0,

to obtain

— (&= + L
u = .
{i—h

Next, we express uy, uz in terms of oy, 0, as

= p3h—4)or  Hpios

2 7 7

—_ _pah =L))oy (hpa + (p1 = p2)di — Lop1) 02
Uz = v + 7 ,

(179)

(180)
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where

(181) V= hpyp3 —p3(02—p) &1 —p1 (3 —Pp2) &2

The kinetic energy density turns out to be, in the new set of variables,
1 2

T =55 (=& (038 + (02 = p3)) 7

+2(h—4)pr oo + ((Pl =P+ p2loh—po 55)0'5),

so that the Hamiltonian functional is

(182)

—+00 1
(183) H=f (T+ Eg((Pz—Pl)§12+(P3 —Pz)fg))dx~
Explicitly, the equations of motion can be written as conservation laws,
iy E(S‘T'ng
421 60'2H X
184 S ’
(184) 01y (5{1 H)x
072 (d{zH)x
where the gradient of the Hamiltonian is, explicitly,
(185)
1
0o H = 9 ((hp3 — 24103 + L3 — P2)) 017 = 2Lopa0201 — & (02 = p1) 0'22)
— 0T
_[msz +g2—p) 1,
1
0, H = P ((h —4) (2= p3) o1* + 2 (h = §) paoaoy + (poh + L1p1 — Lipa — 2{2/01)0'22)
— 03T
_pl(pszg +8(03—p2) &2,

1
05 H = v ((L1p3 + Lop2 = Gop3) (=) o + 2o (h = &1) 072)

1
0o, H = @(Pzgz (h=4) o1+ & (hpa + $i(p1 — p2) — Lp1) 02)

The two-dimensional fluid system above has a conserved identity 7 if

dT; 0T;
=—=—+{TH
dt ot { }
in which H({, {;, 01, 0) 1s the reduced Hamiltonian functional as defined above,

and o ; is the momentum shear: o1 = p,ur — p1u; and o, = p3uz — Psits.
{., .} is the Poisson bracket between two functionals as defined in [21]. For example,
given two functionals

(186) F = ff(u, V, Uy, Vy, ... )dX, G = fg(u, V, Uy, Vi, .. )dX
R R
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then the Poisson bracket is again a functional given by

6F . 6G  O6F _ G
(187) {R@:LMm@&m+&m@wmw

where
oF

0 0 0
1 =E f=|— - 2
(183) ou(x) of (6u a"aux * 6x(9uxx)f

As can be seen from the above formulae, even with the simple, constant Hamil-
tonian operator (I73)), this Hamiltonian gradient leads to rather lengthy (albeit
explicit) expressions for the evolution equations, which are not particularly illu-
minating and hence are omitted here. Suffices to say that the conciseness of the
Hamiltonian formalism allows to show quickly the existence of at least six con-
served quantities,

—+00 +00
Zj:f {jdx, SJ:f O'jd.x, j:1,2

+00
H, K:f ({10'1+§20'2)dx.

(189)

3. The Boussinesq approximation

A dramatic simplification of the problem is provided by the so-called Boussi-
nesq approximation, that is, the double scaling limit

(190)
pip = LD

Since the Poisson tensor (I73)) is independent of the densities, this double scaling
limit can be implemented most simply within the Hamiltonian formulation. While
the potential energy is unchanged, from (I82) the kinetic energy acquires the form

(h—§1)§10'12+{2(h—§1)0'20'1 +§2(h—§2)0'22
25 o g

so that the Hamiltonian energy functional in this Boussinesq limit is

i=1,2,3, with g(p; —p,) and g(p, — p3) both finite.

(191)

o
Hpg =f o (fl(h —0)oP + 205 (h= ) ooy + & (h - 52)0'22)
w 2hp

+ g((p2 —/01)§12 + (p3 — p2) (22) dx.

The ensuing equations of motion are

(192)

{1 64 Hp
§21 5{ HB

193 =P °2 ,
(193) oy 60, Hy

O 60’2HB
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with P the “canonical” Poisson tensor ((173))). As a system of quasi-linear equa-
tions, they can be cast in the form

glt glx

(194) “o LAl 2 <o,
01t Olx
02 O2x

where the charateristic matrix reads

(195)

CaThn Gene,  aG-n LG-h

024>
(&1 —h)oy
N . G0y L Q26 -h)o &L —h) H (G —h)
S oy
e o1+ 81— p2) o107 ioil@ R Hoy
o107 o3+8(—p3) (G —h) o Eiz_él)_o-}i) o

and g = g hp is the reduced gravity.
As shown in paper [1]], the system does not admit Riemmann invariants.

3.1. Symmetric solutions. In the recent paper [20] the authors have focused
on the symmetric solutions defined by the equality of the upper (i = 1) and lower
(i = 3) layer thicknesses, i.e., {, = h — {;, and the averaged horizontal velocities,
u; = uz. In the Boussinesq approximation, our variables (o, 0) are actually
proportional to the velocity shears,

(196) o1 =pux —uy), 02 =pus — i),
so that the symmetric solutions found in [20] are given by the relations
(197) H=h-{4, oy=-0.

A straightforward computation confirms that the submanifold defined by these re-
lations is invariant under the flow (I94) if and only if the relation

(198) P3—pP2=p2—P1

is fulfilled among the density differences. In this case system ((I94))) reduces to a
system with 2 “degrees of freedom,” parametrized, e.g., by the pair ({; = {,0, =
o). The reduced “symmetric” equations of the motion are

4)_1{ @7-ho 4@4—m](4)

(199) ( ==
oy ph\ 202 —gpp,h (4L - h)yo )\ Ox
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where we have defined p, = p3 — p>. These equations follow from the Hamiltonian
functional

+00 2 2
[(h=-20) 0 1 h

200 H = _— — — — d ,
(200) BS Im[ 2h +2gpA§ > X
with the “standard” Poisson tensor

0 -0
201 = x
(201) Po) (—ax 0),

where the reference level for the potential energy in the Hamiltonian density is
chosen at the midpoint of the channel.



CHAPTER 7

Dispersion in the 2-layer Boussinesq case under the Weakly non
linear assumption

1. Hamiltonian reduction process for 2-layer dispersive stratified fluids

The reduction process for dispersive stratified fluids is the same as the Hamil-
tonian reduction process for non-dispersive stratified fluids as presented in previous
chapters and papers [12]], [1]. Only the Hamiltonian functional for dispersive fluids
is different from the Hamiltonian functional for non-dispersive fluids. Moreover,
unlike the setup for 2-layer dispersionless case in [12], in this section, for conve-
nience purpose, the coordinates for the reduced Poisson structure are chosen to be
the interfacial displacement { and tangential momentum shear at the interface o.
For the sake of completeness, we detail the Hamiltonian reduction process in the
{, o coordinates as follows.

By means of the Heaviside 6 and Dirac 6 generalized functions, a 2-layer fluid
configuration can be described within Benjamin’s setting as in [12].
The two momentum components are

(202) pu = paur(x, 2) + (p1u1(x, 2) — paua(x, 2))0(z — {(x))
pw = pawa (X, 2) + (1w (%, 2) — pawa(x, 2))8(z — {(x)),
so that the weighted vorticity
is
§ =pa(Wax = Uz2) + (P1(Wix — 1) = p2(Wax — U2)6(z = {(x))
= (p1u1(x, 2) = paua(x, 2) + L(P1wi(x, 2) — Pawa(x, 2)))0(z — £(x)),

where §(+) is the Dirac delta function.

(203)

We assume that the motion in each layer is irrotational, so that we are left with
a “momentum vortex line” along the interface, that is,

(204) ¢ = (paua(x,2) — pru(x, 2) + Lx(pawa(x, 2) — p1wi (X, 2)))0(z2 — {(x)).

We define a projection map 2D — 1D as

1 iy hy
(205) {x)=— | (p(x,2) —p1)dz — hy, o(x) = f ¢(x,z)dz,

A J=hy —hy
47
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where p, = p» — p;. When applied to 2-layer configurations, the first of these
relations is obtained from the first of equations ((132)). Moreover, in the 2-layer
bulk irrotational case,

(206) a(x) = pauz(x, &) = paur (x, &) + Le(paw2(x, §) = prwi(x, 0))

1.e., the averaged weighted vorticity o is the tangential momentum shear at the
interface.

1) We have the relation from the basic variables (o(x, z), ¢(x,z)) with the
variables {(x), o(x).

1 M hy
(207) {(x) = o (p(x,2) = p1)dz — ha, o(x) = f ¢(x, 2)dz

iy —h»
The first relation concerning the interface displacement ¢ and the non-
constant density p(x, z) can be easily checked by computation. Concern-
ing the second relation,the averaged weighted vorticity reduces to the
tangential momentum shear at the interface o (x).

2) Define manifold M given by the 2-layer configuration space

(208) p(x,2) = p2 = pad(z = £(x)), ¢(x, 2) = (x)d(z = (X))}
Since on M we have
Px = pald(z=0),  p:=—padz =),
=00 —--08:0'(z-0,  L=06@E@-0)
The restriction of the Poisson tensor (I3T]) on M has the form

0 5(Z - {)pA(éxaz + ax) )
6(Z - g)pA(gxaz + ax) 5(Z - g)axaz - 5,(Z - g)o-(gxaz + ax)
to obtain the vector field p(x, z); $(x, z) on M.

Apply the map to (0(x, 2); ¢(x, 2)),

(209)

(210) Tz = —(

) 1 Ny iy
@1 b=t f ponds, o= f &, 2)dz

PA J-h, —hy

we obtain the vector fields (£, 0) as follows

(212) (£,$) = (=Ouhter, =0pty)

where 1, 11, is a generic 1-form on manifold M' parametrized by (£(x), o°(x)).
Thus, the expression of the Benjamin Poisson tensor J on manifold M
given in the coordinates ({(x), o(x)) by the constant tensor

0 8x)

(213) Jrea = _( ax 0
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2. The perturbed Hamiltonian functional (in terms of i, ; iy, 171, 17,)

For the case of 2-layer dispersive stratified fluids, the Poisson tensor remains
the same as in the non-dispersive case, whereas the Hamiltonian functional is dif-
ferent.

The dispersive effect causes a perturbation added to the Hamiltonian H, of the dis-
persionless system, so that the resulting Hamiltonian functional of the dispersive
stratified fluid system is a perturbed Hamiltonian of the following form

(214) H = Hy+ e*H, + O(¢)
in which
Ho = fk()(ll)dx

is the Hamiltonian of the system in the dispersionless case, which is a functional
that involves only the unknown u and no derivatives of u are involved;
and

H, = sz(u, u,, uxx)dx

which includes both the unknown u and its first and second-order derivatives.
u is the vector of the unknowns, which in the dispersionless case in [12] is the layer
thickness 7, and tangential momentum shear & at the interface, i.e

u = (12, 0)

Then, the perturbed Hamiltonianian functional of the dispersive stratified fluid can
be derived, following the Dubrovin’s approach in [13] and [14].

3. Weakly Nonlinear asymptotic

To do so, first we make more simplifications by

(i) Taking Boussinesq approximation, i.e p; = p = p, in the kinetic term T,
preserving the density difference in the potential energy term V.

(i1) Starting first to derive the Hamiltonian formalism under Small-Amplitude
(Weakly Nonlinear) assumption, i.e

m=m@+ew%Q
with
hy~h,~h
and

=

a
h
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and most importantly a ~ € so that o? is at the same order of magnitude
with €* .Thus,

(215) Nix = %(—l)fzx

ah
scales as —— = «.€
hL

Recall that in the dispersionless case, i.e when € = 0, the horizontal veloci-
ties at the interface i; are equal to the layer-averaged u; and boundary horizontal
velocities uj, 1.

(216) ﬁj:uj():ﬁj

Thus, the resulting equations of motion are all the same in the dispersionless case,
no matter whether the basic variables are interfacial horizontal velocities, bound-
ary velocities, or layer-averaged ones.

However, when dispersion is included in the system, this is no more true. See
chapter [3] and 4] to check the difference when dispersion is included.

For the sake of convenience and simplicity, hereafter, we will use interfacial hori-
zontal velocities as the basic variables in the Hamiltonian formalism of dispersive
stratified fluids.

Starting from the series expansion in Wu’s model, we have, up to €2, the interfacial
(i1j, W) are related to the boundary velocities (i.e velocities at the bottom or rigid
lid) (uj0, wjo) by

o 2y ~ ~ 27 ~ 4
ujo =2, o€ Jpitj(x, 1) = Jjit; + € Jjiij + O(e")

2
%+%ﬁm%+ow)

217)

Wj = 6Kj()lij + 63Kjllij

= —B;ii;, + O(€)
Based on formula (ITT)) for the horizontal velocity u;(x, z, t€), we have, up to
&2
1
(218) uj(x,z,t,€) = ujo(x,t,€) — Eeij(z)zaxxujo(x, t,€)
Then, from (217)), we can rewrite u;(x, z, ¢, €) in terms of ;
_ € 24 ~ 1, 2~ € 24 ~
uj(x,z,t,€) = (it; + Eﬁjaxxuj) -3¢ H(z)"(ia; + Eﬁjaxxuj N

(219)

2
€
= ity + (B~ Hi(2)") + O(e)
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Moreover, from (116]), we have

(=1 1
(220) wj(x,z,t,€) = TeHj(z)ujo,x + §63H;(z)ujo,m = —eH (Dujo. + O(€)

written in terms of it; as

2
€
(221) wi(x, 2,1, €) = —eH (2) it} — Eﬁ§axxa Dx = —€H Q)i + O(€)
so the interfacial vertical velocities W; are
Wi = enyity + O(€’)
(222) 3
Wy = —emiiy + O(€”)

Thus, the kinetic energy density of the system, written in terms of the interfacial
horizontal velocities i;

02 e €2 ) , 2 .
T=5 | ||fe+ Fl2ub: = Ha))| +(-eHa(Qits.) | dz
—hy
o1 [ € 5 ) 2 )
i) f iy + iy = Hi(@)| + (meHi(2)i11..)" | dz
(223) ¢
p2 [ ,.,2 2~ ~ 2 2 ~2 - [ 2
= ? [ . (M2 + € M2M2,xxﬁ2)dz + € (MZ,x - ugl/lz,xx) , HZ(Z) dZ]
—hy n
P g hy
+ El f (ﬁ% + €2ﬁ1ﬁ1,xxﬁ%)dz + Ez(ljlix - Ijllljtl’xx) Hl(Z)de]
¢ 4
Since
HZ(Z):Z+h2; HI(Z):Z_hl
and

Br=Hy)={+p >0, Br=Hi()={-h=~(h-{<0

e H3 1
hm@%:§&=¢%
(224) e X
" 2 Hl hy 1 3
) Hi(2y'de = —=7I" = =36

and neglect the €* terms in the computation, thus the kinetic energy density be-
comes

3 . € 35
T = % (i3 + € il xxf33)B2 + gﬁi(ui,x - MZMZ,XX)]
(225) .
prl o o € aver o
+ El —(l/t% - €2ulul,xxﬁ%)ﬂl - ?(ﬁ?)(u%,x - ulul,xx)]
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written in terms of the layer-thickness n7; = —f;, 17, = B, and interfacial velocity
Ijll; Ijtz as

P2 €

> (i3 + € oty x175)12 + 3 —m (i, — ﬁzflz,xx)]

2

P1 Y
(”1 + € ity xxnl)nl + 7]1(”1 X ulul’XX)]

[\

(226)
_pP2

2

P
2

2
[f‘%ﬂz + 3 772(”2); + 2”2“2 xx)]

+

2
€
~2 3,~2 ~ ~
uym + 3 771(u1,x + 2u]ul,xx)]

The potential energy density of the system is

(227)

{ hy
V= f 0282dz + f p182dz
—hy I

= g[pz(gz + 1) + py(l3 = )]
= g[.oz — p11?

up to constant terms which do not influence variational derivatives in the Hamiltonian structure

in which h;(h,) is the unperturbed layer thickness.

The Hamiltonian functional becomes
(228)

H = f(T + V)dx
2
= ijpzz 3 772(M2x + 2”2”2 xx)]

+ %[,02 — p11dx

2

3

u2772 + 1771 + 771(M1 T 2011 xx)

J

However, the Hamiltonian variables in the dispersionless case (in the previously-
done paper [12]) is the thickness of the lower layer 77,, and the tangential momen-
tum shear at the interface 6. Thus, we need to rewrite the above Hamiltonian in
terms of 7,,6. To do so, beside the geometric constraint 7; = h — 1,, we need
to find the relation between the interfacial velocities it; and ii,; and the relation
between i1, and &

These relations in general are complicated. Thus, to simplify the problem further,
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we start first with the Boussinesq approximation, and use Small-Amplitude(Weakly
nonlinear) assumption (so that & = p(ii, — iiy) ).

3.1. Mass conservation at O(e*)-Weak dynamical constraint. From the mass-
conservation constraint in Wu’s model (123]), we have up to €’

&+l = (K] + [€K ;] + O(€)
. . 1 .
= _ﬁjujx - Ezﬁﬁﬁjxujxx - gezﬁiujxxx + 0(63)
or equivalently

(229) G+ 0L + Bl + €

L 5.
gﬁiujxx

+0(E)=0
inwhich, = —hyand B, = { + hy, so
Bix =4 =My B =& =By

Recall the notation 7 for layer thickness, thus

(230) B =-ni; Br=m
SO
(231) My =4 =1Mys —MNix =4 = Moy

Then, the above mass- conservation (229) equations becomes

- - I 5.
Moy + W + Mol + € gﬁ%uzxx +0(e) =0
(232) *
- ~ 2|15 3y _
— My — Ui — ity — € [gmuux +0(€)=0
or equivalently,
- I 5.
Moy + [l + € gniuzm +0(€) =0
(233) *
- 2|1 5. 3
N + [M1-771]x + € §U1M1xx + 0(6 ) =0
Thus, summing ([233) over j = 1;2 we have
- - 1 5. 1 5.
(234) (1 + m2)e + (il + Maily) + € §n?u1,xx + gniuz,m] =0
and since the total height # is constant, thus (7 + 1), = h, =0

1 1
(235) [nlﬁl + 772L~l2 + 62 (gniﬁl,xx + gn;ﬁlxx)] =0
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) 1 1 .. .
This means 1,it; + nii, + € grﬁﬁ Lax + 5773’7‘2,” is independent from x, and since

the velocities vanish at the infinity lim,_,.it; = 0, thus
(236)

1 1
Mty (x) + Ml (x) + € (g'ﬁﬁl,xx(x) + gniﬁz,xx(x))

1 1
= nlﬁl(-x = OO) + 772’/~t2(-x = OO) + 62 (gn’i‘ﬁl,xx(x = OO) + gngﬁlxx(x = OO) =0

which gives the dynamical constraint

1 1
(237) Mty + maily + € (g’ﬁﬁl,m + g’)gftz,xx) = O(e")

Boussinesq approximation means p; = p, = p in the kinetic energy and pre-
serving the density difference in the potential energy.
As said before, Weakly nonlinear, or Small Interface amplitude assumption intro-
duces another small parameter «, defined as

a
(238) a = ;A withh; ~ h, ~ h
in which a is a characteristic wave amplitude at the interface , so

(239) {/h = 0([hy) = O(a)

Here, we just consider a ~ €* and neglect terms of order o ~ €*. Then,

(240) 1y = hy (1 + (—1)155)

J

which gives

a \’ a’ a fa \
7= I (1 + (—1)fh—j§) = I [1 + 3%52 + 3(—1)-/h—j§ +(=1) (h—jg) ]
(241) ; 8 X

= 1}(1 + 0(e?) + O(a) + O(a?))

13
~hj

The « terms in 77} is omitted since later we multiply 77} with €* terms which give
O(€*) and higher-order terms that needs omitting (with a ~ €? < 1).

For example, the dynamical constraint derived above (237)), under this weakly non-
linear assumption, give the Weak dynamical constraint
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2
€ ~ ~
(242) g+ i + 5 (s + 132,05) = 0

3.2. Kinetic energy under Weakly Non-linear assumption. Moreover, the
kinetic density is also simplified, which, under the Boussinesq approximation,
gives

(243)

o, 2 1 2 1
Twyi = g (77151% + il + € [hi (galﬁl,xx + g(ﬁl,x)z) + (§ﬁ2ﬁ2,xx + g(ﬁz,x)z)])

Notice that

%Ijtjljtj’xx + §(i‘lj,x)2 = % (ajaj,xx + (aj,X)z) + %ajaj,xx
(244) = i(la-i )+ L
dx\3 /) 3
1
= gujuj,xx

1 o
since T (gﬁ il j,x) will be canceled after we perform integration of the kinetic den-
X

sity fR Twyrdx and vanishing velocity at the infinity. Thus, the kinetic density
becomes

N

Twyr = g (7715!% T 3 [h?ulul,xx + hiuzuz,xx])
(245)

1
V= Eg(pz - pl)ng (up to constant terms )

3.3. Momentum shear at the interface 53 under WNL and Boussinesq ap-

proximation. Since
Wi = enily . + O(€)
(246) 3
Wo = —€miip  + O(€)
thus the momentum shear at the interface, under Boussinesq approximation, be-
comes
0 = plia — ity) + 12, (W2 — Wy)]

(247) = pl(iy — ity) + o (—emaila « — eyl x + O(€))]

= p(ity — 1) — peny (Maily « + Myl 1)
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h;
Since n7; = (1 + (- 1)’—{) $0Mjx = (= 1)’ Bl = (Z L) O(a.€), thus
2 i-12Njx-it; = O(e.), in which L is the characterlstlc wavelength.

Take the term X;_;,n;,.it; = O(e.x), then multiply it by €., in &p will give
O(€’.«) which is fine to be omitted. Thus,

Op = plity — ity — eny (alty x + M1y x)]
~ plity — ity — e€np (Mol + Miily x + Mo by + 11 kdl1)]
= plity — ity — enp(Miky + Maiiz),]

~ plity — it1]

(248)

¢

since Xj(n;iij), = O(€?) from the dynamical constraint.
Thus, we have the momentum shear 65 which is the same as the momentum shear
in the dispersionless case

(249) op = pliy — iy ]

3.4. Relation between ii; and ii,. The relation between i7; and i, can be found
via the dynamical constraint at O(e?), which gives

€ 32\~ € 3024 ~
m+ gmax ity = —(n + §7720x)bl2

€ 272\ ~
—hio; iy = - (I +

2
. f—hgai)az

:>171(I[+ 3
2

since 77? = h? + O(a) = h? after multiplied by %

(250) &2 n &2
= (JI + —h%&i) = - (I[ + —h%@i) ity

3 -1 3

1 _ 2
(11 + ghlaZ) [h _’7)27 : (I[ + %hgai)] i

@——##+0@g[h”2@+—#¥ﬂ

U
Sz
Il

U
I

3 —m 3
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—m
h2 1+ £
T hy
h=m {
hl-=
1 I
h2 1+ h£ 1
(251) - 2
hy - s
h
hh ¢ {8
—+=|1+=+=
h1 ]’ll ( ]’l] h?
hy
=—+0
mt (@)
Uy hy .o € o .
Thus, replace ; ~ e after multiplied by 3 terms, so ity is computed as
—m 1
- m of ha hé s
= - - h xx | — —h XX
W=y ( o ) n 3 2
2 W3
Yy 2] ~
252 - —\hihy — 2 iy .y
(252) h‘ﬂ22+3(12 hl)uz,
2 i € h2 2 21~
= h —h XX
h— 1, 3 hl A >litn
(253) i (I YL
= 7 U2 xx
Uy h—m, 12%) 30, 2,

3.5. Relation between i, and 3. From the above computation (249), we
have & = p(ii, — iiy), and the relation between velocities i and i, (253)), we thus

have
0B
p

(254)

h - €?
h—i]z 30+ hy Iy

2
. mn € hy .
=Uy— Ul = Uy (1 + h_ ]72) — ?h—l(h% — I’l%)uz,xx
~ h € hy 2 2\~
= hi—h -
12%) (h—ﬂz) 3 hl( 5)ily,

hy

(h2 hg)ai) i
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since
(255)
h1(1 _i)
h—m _ h
h hi+h
1
= o . (from Taylor’s series for (1 - £) for £ < 1)
h1+h21+£+§_ hl hl
hy h2
hy
+ 0
]’ll + h2 (Q)
Thus, i, is computed as
€ h—mn, 0p
I- (h2 hz)ai)a = —
( 3 hl VI
2 -1 ~
- h2 h_UZ Op
256 ~(1-% AN 22
(226) b ( I A B
~ h - 2 0-B 62 h2 2 O-B XX
= — + = - h
A [p Y
~ h—m|0p € hy 2 25'Bxx
257 = — — = (h5 - hH)—
(237) 2= [p TR
From the relation (253)), thus
h
(258) 5y = -~ Tl + O(E)
1

in which the O(€?) term in i, ,, will later can be omitted when multiplied with the
€’ in the kinetic Ty
Thus,

~ _ |~ hz - o h] + hz
(259) OBxx = P-|U2xx T 77U xx | = PUD xx-
hy hy

which gives
1 mn

260 7 xx — T XX
(260) 73 ph1+h20-B

3.6. The Hamiltonian under weakly nonlinear assumption in Boussinesq

case in terms of 77,; 65. From (245),
2

€ - - -~
(261) Twy = 3 [h?ulul,xx + hiuzuz,xx])

N

(7]112% + 77217!% +
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Compute the €* term in Ty

D
gy e = ( ’72) [@ + 0.
p p

(262) | hh(h )
- pzlh—z'”frmmme)
2
-~ . € hy 2 21~ —h;y _
xx — |~ +—=—.[hi—h xx || 5 U2,xx
Uiy, ( h—fhuz 3 [ >y, ) (h1 Uz,
mhy 2
(263) = ———— iy . + O(€
nth — ) 2 O
_ 1h2772& &
B-U B xx
N
Thus
€ 5 3. -
?[hlulul,xx + h2u2u2,xx]
R Whon,  h3hi(h— )
= ?I(?O-B.O-B’xx 2 + 2
62 1 o nzhlhz(l’lz — hz) ]’l3hll’l
(264) = g;aB.aB,xx( T )
e’ 1 . hiha[ma(hy — hy) + h%]
= __O-B OB xx
3 p? h
1. . mh
= ?p_20-B-O-B,xx A
since we replace 1, = h, in € term.
Now let’s compute the other other in Ty,
2 2 2
~ ~ € ~ ~
miy = (h—1) ((hi) u%—zg(h'” ) (h%—h%)uzuz,xx+0(e“>)
(265) /) -
o, €,
= i —2— hy — h3)ia ity .
TR 2( 2y,
thus
(266)
N N hn, m o
nlu% + nzu% = h——nz 2 2§h = 2(h2 h%)uzuz,xx
_=mmGy 2 € —h)h—myp 2 Emhilh—hy)
hp? P23 h BE B 503 h

_(h=m)may,
=z

59

)

O BO B xx
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since the €? term vanishes since we replace 1, = h,.
Thus, Twy + V is obtained as

1 (h—m)mosy € hih; 1 )
267 Twnp +V = c—————+ ——"=0530p + = -
( ) WNL 3 oh 6p h OBO B« 28(/02 P
The above € term can be reduced when we take integration in x, so
(268) f F 5O pandx = 050 % — f &3 dx = - f &3 dx
R R R

since G g(x = +00) = p(ily(x = £00) — i) (x = £00)) = 0.
Thus, the Hamiltonian density is

Lth—n)n, ., € hh3 _ 1
=g - 252 +§g(pz—p1)n§

269 H
(269) P72 pn P 6p b B

Similar approach can be done in the non-Boussinesq case, however the relation
between o and i, will be longer, and the resulting Hamiltonian functional in the
non-Boussinesq Weakly Nonlinear case is too.

In the next chapter, we consider a more general case than this Weakly Nonlinear
non-Boussinesq case. We will first start with the non-Boussinesq Mildly Nonlinear
case, then derive the Hamiltonian functional under Boussinesq approximation.



CHAPTER 8

Adding dispersion to the 2-layer case in the Mildly non linear
assumption

In this chapter, we study the Hamiltonian structure for 2-layer dispersive strat-
ified fluids under the Mildly Nonlinear assumption, in both the Boussinesq and
non-Boussinesq case, whose results were submitted for peer-review recently.

1. Hamiltonian variables 6 and ¢

Following the previously mentioned model of Wu in chapter |4, we use the as-
sumed bulk irrotationality of the fluid flow to introduce the bulk velocity potentials
¢j(x,z), which we Taylor expand with respect to the vertical variable z. By the
vanishing of the vertical velocity at the physical boundaries z = h;, and 7 = —h;,
we obtain the Taylor expansions

N (_l)n n a2n
(270) ¢i(x,2) = 2, ij(z)z 82"y j(x)
where
(271) H(@)=z-h, H@=z+h,

and ¢g1(x) = ¢1(x, hy), o2 = ¢2(x, —hy) are the values of the potential at the rigid
lids.

The horizontal velocities are then given by

272)
— _ N (_l)n 2n 92n _ N (_l)n 2n q2n
uj=0wpj(x,z) = 2. (2—’1)!1‘1/(2) 07" 0,0 j(x) = JZ:(; mHj(Z) 0"ug j(x),
ug j(x) being the horizontal velocities at z = hy (for j = 1) and at z = —h, (for
j=2).
Likewise, the vertical velocities are given by
2 = RS Qn+ D o M

n=0
Notice that the boundary conditions wy(x, h;) = w,(x, —h;) = 0 are satisfied.

61
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Since

(274) H\(Q) =-m, Hx))=m, ie,H; Q) =(-'n; j=12,

where 17;(x) = hy — {(x) (resp. n2(x) = h, + {(x)) is the thickness of the upper (resp.
lower) layer, the interface velocities can be directly obtained by formulas (272)) and

@73) as
(275)

~ N (_l)n 2n q2n ~ j-1 S (_1)71 2n+1 q2n+1
Mj—; (2n)'77] 0x l/l(),j(X), Wj—(—l) ;mn] 8x I/t()j(.X).

For later use when needed, we also express (from the same formulas) the layer-
mean horizontal velocities in terms of the fluid thicknesses and the (respective)
boundary velocities as

(o8]

77%"(9,%"140 1(x)

A
u(x) = —f ui(x,z)dz =
m Je

(276) -
— _ 1 ¢ _ -1 2n q2n
uy(x) = — u(x,z)dz = PRI 0 upa(x) .

2 J-n, n=0

2. Mildly Nonlinear and Weakly Nonlinear Asymptotics assumption

In this section, we consider a mildly nonlinear assumption, which is a more
general case than the Weakly Nonlinear asymptotic presented before.
Here, in the Mildly Nonlinear asymptotics, we assume

1. The interface displacement ¢ will be understood to be scaled by its max-
imum value a to yield the amplitude nondimensional small parameters
a = % < 1. Thus, the non-dimensional fluid thickness 77; will be written
as

(277) nj=h;+(-Dat

2. We shall make an asymptotic expansion in the small parameters @ and
€ and mainly consider the "Mildly Non-linear” (MNL) case, defined by
the relative scalings €2 < a < e. we thus discard terms of order a€?, €

and higher, but retains terms of order .

The usual Weakly Non-linear (WNL) case where @ = O(€?) in previous sections
can be seen as a special case of the MNL case. The consequences of such MNL
scaling limits are the following:
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h
1) The slope ¢, of the normalized interface is small and scales as gz =

O(ae)
i1) w; scales as € and {, scales as ae, the Hamiltonian variable o = pii, —
puity + £(p2wa — 1) becomes

(278) O = paily — prity

iii) Approximate dynamical constraint gets simplified and reads

2
€
(279) iy + moiis + g(h?ﬁux + I3ily,) = O(e)

iv) The total kinetic energy density becomes

h €2 €
(280) Ir=T,+T,= 5 (,01 (7715!% + ?h?ﬁlﬁlxx) + 02 (772515 + ghgﬁzﬁzxx))

3. Hamiltonian functional in Mildly Nonlinear and Non-Boussinesq case-

(ABC) system
Kinetic energy density
h ~ e . - € 5. .
(281) T= ) (,01 (7711/!% + gh?ulum) %) (lelé + ghguzuzxx))

Recall the relations that we have

(282)
2

. m. €hy , 5

= ——0l) + ——(hy — h5)lipyy
it 771u2 3h1(] 5)ito
- hy .
Ulxx = =7 Udxx

1 I’Ll 2

1
i + i, + gezazxxhz(hi - h?) = 0 (as in the above weak dynamical constraint)
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and
(283)
G = paoliy — prity + {(P2W2 — p1W1) = Paily — Piily
(within this mildly nonlinear asymptotics, and the same as in dispersionless case)
o N 6_2 ity chopa(hy — h3)
mp2+1mpr 3 Mmp2 101
o, = on N 6_2 ity chopi (hy — h3)
Mmpa+1mpr 3 P2+ P
O xx = Pall2xy = P1ilxx
T

hipa + hopy

= 7 1 O-xxhl
Ulxx = — - 5, —
: P1 pzhlpz + hopy

=i =

= Uy =

XX

From the relation between ii; and ii,, it, and o, we arrive at the relation

- a1p + 62 h]hz(h% - h%) -
=== e XX
(284) 1 Mp2 + 1P 3 (hip2 + hop1)(mp2 + 1m2p1)
il om 62 l’llhz(h% - I’l%)
2

= 4 pl —_— O-xx
nmp2 + NP1 3 (hipa + hop1)(M1p2 + M2p1)

We have the relations

2 2 h
Shini. = e—h3( P +0(62))(—p2‘7” ! )

(285) 3! _'71/02 + 1201 hp2 + hopy
_€ 3 (_ hip> mo o, m )(m
37N\ s+ hopi mipr +mapr mipa + map a
Recall the relation
m hy
(286) = + O(a)
mp2+mp1 hipr + hypy
Thus,
2 2 h h h
G—h:l"i‘illjllxx = G—hi’ (_ L . 2 + 2 )O-O-xx
(287) 3 hpa + hopy hipa + hopy hips + hopy

€ h?hipl
3 (hp2 + hyp1)?
Similarly, we have

E2 2 h; hf 0>

€
288 — Wiyl = ——————
(288) 3 2l 3 (hipa + hopr)?
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Thus, we obtain the € term in the Kinetic energy density

€2 €2 hzhz(hlpl + hyp)
289 — B30 + =il = ——=
(289 3 e e G+ Tapr
We have
(290)
ol € mhihy(hi — h3)

2 2 > ) 4

i+ i’ = — 20— O-O-xx+0(€))
PUNTL T P21l = P1il ((’71/02 +1201)? P23 (hipa + hop ) (102 + m2p1)?

Cn L € mhih(i - 1)
(mp2 + mp1)? 713 (h1p2 + hop1) (1102 + 17201)?
_ mmpim + pam)

T (mp2 +mpr)?

mmo’
P+ i
Substituting these relations to the kinetic energy density above leads to the follow-

ing expression

+ P21 ( OO0 t 0(64))

+ 0(e")

+ O(e")

h M0~ N G_Zh%hg(hlpl + hyp7)

291) T =
2\pam +pim2 - 3 (ipa + hopy)?

XX

Next, the first term o of the kinetic must be expanded in powers of . We have

(292)
mm (- ad)(h +al)
P+ iy pihy + pahy — pacd
_ (b —ad)(hy + ad)

,  for¢ =pihy + pohy Pa=p2—pi
p (1 B PAQ[)
¢
_ Iy + ag(hy — hy) - 0 [1 ,paol PRl pia3é3]
¢ ¢ ¢? ¢?
h 22
= 7 (; (@(hy — ha) + hihypp) — ad)f (¢ — palhy — hy)¢ — hth.Di)
h Cl’{ 2{2
= 7 7 —(pah; — p113) — P —(p1p2h%)

Thus, the kinetic energy density is written in powers of a as
T - (1%02 L Sl TR T zgz)
2y + hopy 2 (hipz + hopr) 2 (lp2 + hap1)
P (6_2 hih3(hipy + thz)o_o_
6 (hipz + hyp1)? N

(293)
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and the total energy density at this order is

(l hihy o2+ a h%p2 - h§p1 . o2 a/_z h*p1ps 20_2)
2 hips + hopy 2 (h1pz + hopy) 2 (hpy + hopy)?

(6_2 hih5(hipy + haps)
6  (hmp2 + hopr)?

It is convenient to introduce the non-dimensional momentum shear o* by

(295) o = vhe(p, — p1)(hips + hopr)o™*

so that the non-dimensional form of the total energy is (dropping asterisks for ease
of notation)

(294)

1
O-O-xx) + Ehzg(pZ _pl)é/2

1 hipy — 2R
E:_hlhzaerg P2 7P, 2 P1P2 . 2 2
2 2 (hipz + hyp) 2 (hips + hypy)
21212
(296) . (e_hlhz(hlpl + thz)(mxx N 142
6 (hp2+ hopr) 2
1
= E(AO'Z + aBlo? — &PCL0% + & + koo )
where we denote
(297)
h2p, — h 2 1 hih3(hip1 + hops)
A = hh. B= 102 2/01’ _ P12 , (= 101 202
hipy + hopy (h1p2 + hop1)? 3 hpa+ hopy

where total height 4 in the constant C is scaled to equal 1, so that it can be dropped
in the formula.

3.1. The ensuing equations of motion (ABC-system). Applying the Poisson
tensor to the variational differential of the energy & = f Edx yields the equations

of motion as
&
(N _ (0 8\
o J, 0 98
t [

where t is the non-dimensional time, related with the physical time by

g2 — p1)
(298) t—> e]|——————+¢
V h(h\py + hopr)

The resulting system in conservation form is

(i + (Ao + aBlo — a2C§20' + EKko )y =0

(299) Bo?
o+ + a% - ’C¢o?), =0

or carrying out the spatial differentiations explicitly,
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(G + Ao, +aB(lo), — a’C 04 ZO')X + GZKO'xxx =0

(300) 5 5
o+ +aBoo, —aC({o7), =0

which from now on will be referred to as the ABC-system.

Remark 8.1. A few comments on the parameters A,B,C and their relations with
the physical parameters py, 02, h1, hy. First, the parameter A is just the square of

the linear wave velocity , in nondimensional form it ranges from O to —. Next, note
that the parameter « is non-negative, and vanishes only when #; — 0 or h, — 0.
Similarly, the parameter C is non-negative, and vanishes only in the air-water limit
p1 — 0. The most interesting parameter is B, which is non sign definite and appears
in front of the cubic term o%¢ of the Hamiltonian. It vanishes at the critical ratio

h2

301) oLl

P2 h
A

3.2. The associated conserved quantities. From theorem 4.1 in [18]], we can
quickly show that the Hamiltonian formulation of the [300] system provides three
additional constants of the motions besides the energy E. They are the two Casimir
functionals

(302) K| = f{dx, K, = fadx
R R

and the generator of the x-translation

(303) Il = f lodx
R

They are conserved quantities for any choice of the parameters A,B and C.

4. Hamiltonian functional under Boussinesq approximation and
Midly-Nonlinear assumption

Starting from the above total energy density now we add Boussinesq
approximation, i.e retaining density differences in the potential energy while ne-
glecting the associated inertial differences in the kinetic density of by setting

P1=pP2=p-
This Boussinesq approximation simplifies significantly the weakly or mildly non-
linear asymptotics; indeed variable for weighted shear reduces to o = p(it, — ity),
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and the non-dimensional energy density of the system becomes

1 a o? €
Ep = Eh]]’lza'z + E(l’ll - hz){O’z - 74*20.2 + Z
(304)

= E(ABO'Z + aBB{O'2 - Q’ZC3520'2 + {2 + 62KBO'O'XX)

1§2

212

where

1
(305) Ap = hih,, By = hy — h, Cp=1, Kg = gh%hg

5. Linearization and dispersion relation of the ABC-system

Recall the (ABC-system) (300)

L+ Ao+ aB(lo), — a*C(L*0), + €Ky = 0
(306) o
o+ +aBoo, —aC({o7), =0
Linearize the ABC-system of evolutionary equations (300) around the constant
solution { = Z + z(x,t) and o = § + s(x, t) yields

2+ Asy + aB(Zs, + Sz) — @*C(Z%s, + 2577,) + € kS = 0

(307) ) 5
S;+zc+aBSs,—a’C(S“z,+25Zs,) =0

(Notice that we omit small terms like ss, and zs,).
written in matrix form
(z) . (a/BS —20°CSZ A+ aBZ - a*C7Z* + 62/«9”) (Z) 3 (0)

(308) 1 —a?CS? aBS —2a*CSZ 5] —\o

Looking for the wave solutions of the form (z, s) = (a,, a,)e’®*~“?, we thus have
(309)

1 0\ (a:\ ikcewn o [@BS —20°CSZ A+ aBZ - *’CZ* - €kk*\ a2\ ig-wn _ (O
(~iw) (0 1) (a) TR acs? aBS — 2a°CZS a)  T\o
and denoting ¢, = w/k, we thus have
(310)

aBS - 2a*CSZ - c, A+ aBZ-a*CZ* - € kk*\ (a, (0 v (% " 0

1 —a’CS? aBS - 2a*CZS - ¢, a;)] \0J’ ag 0
Therefore,
aBS - 2a’°CSZ-c, A+aBZ-a*CZ* - ékk*
G1D) det( 1 - aCS? aBS —222CZS —¢, )"
ie
312)

¢;=2(aBS —22°CS Z)c,+(aBS —2a°CS Z)*~(1-a*CS*)(A+aBZ—a’CZ*—€’kk?) = 0
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Solve for ¢, = w/k gives the dispersion relation

(313) cp =a(BS —2aCSZ) + V(1 — a?2CS?)(A + aBZ — a2CZ2 — €2kk?)
whereby the critical threshold wavenumber
(314) k* = (A + aBZ — o*CZ%)/(€*k)

is identified.

Notice that when k is sufficiently large (k > k.), cp becomes a complex solution,
which makes the system ill-posed.

Note that the factor 1 — a>CS? needs to be positive.

5.1. Shift of the dependent variable o. In this section, we consider making
a shift of the dependent variable o, which will result in the positive wavenumber
cp in the end.

We have
O =0+ € =0
>0=0— 6250_'
(315) - A
= A0, = AGy — €K 1y
and O-[ = O_-[ - 621?0_-)”“
where
(316) K=k/A

As hinted by the notation used, this step is equivalent to that of using layer averaged
velocities, in defining the density weighted vorticity, instead of the velocities at the
interface between layers.
Thus the above ABC-system becomes

{i+AG, + aB(0), — ’C(L0), =0

317
G17) G+ ¢+ aBGa, — *C((G7)y — €K vy = 0

Note that —G; = 0 x + O(@), SO
a1s) L+ AG+aB(o), —a*C(Po), =0
G+ ¢+ @BGa, — *C((G?)y + €KG vxx = 0

From now, we can replace k by « for convenience.
The dispersion relation for system (318)) linearized around constant states o = S
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and ¢ = Z is obtained from modifying (310)

(319)
aBS - 2a*’CSZ - ¢, A+ aBZ - a*’CZ? a\ (0 v (% 2
1 —a?’CS? aBS —2a*CZS - c,(1 + €«kk*)|\a;] \0)° a
The det = 0 gives the relation
(320) (1+ ezkkz)cf) -q12+ 2 kk)ep — q + q% =0

where we have introduced the shorthand notation

(321) g1 = aBS —2°CS Z; ¢>» = (A + aBZ — &*CZ*)(1 — o*CS?)
The discriminant of (320) is

(322) A =g Q2+ ek +4(1 + ek gy — q7)

For the case of zero constant states Z = S = 0,

e In the ABC-system (300), the dispersion relation cp is

(323) ch = A - Ekk?
e In the ABC-system with a shift of o~ (318)), the dispersion relation cp is
A
324 2 -
(324 Tt ek

Unlike the dispersion relation (313)) in which cp could be a complex number when
the wavenumber k is sufficiently large, here by a shift of the dependent variable o,
we obtain the dispersion relation cp which is always positive.

6. Travelling wave solutions of ABC system

The ABC-system rewritten, setting @ = € = 1 are

(i + (Ao + Blo — C§20' + ko), =0

325
(52> 0't+(§+§0'2—C50'2) =0

Via the traveling wave ansatz {(x,t) = {(x — ct); o(x,1) = o(x — ct) become

[—cl + (Ao + Blo — C&*0 + ko)) =0

326
(320 [—co + (§ + 20'2 — C(Uz)]' =0
Thus,
—cl+ (Ao + Blo — C{ZO' + ko )] = K const
(327)

B
—-co+ (( + 50'2 - C{Uz)] = Kjyconst
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We seek solitary wave solutions propagating into a quiescent state ,i.e { — 0;0 —
0 as x — oo, thus the constants K; = 0 = K,. The second equation above yields
the relation between ¢ and o,

o(Bo/2 - c)
2 = =
(328) ' Co? — 1
the first equation of gives the Newton-like equation
dUu
KOy =c{ — Ao — Bl{o + C{zo' =F(o) = o
o
(329) o(Bo - 2¢) (Bor (Co? - 2) +2¢)
= -Ao - 3
4(Co2-1)
for (o) = ZEZZ9,
Thus, potential U is
(330)
U() fF( v 4AC3c* - 4AC?0?* + B’C?0* — B’Co? + B> — 4BcC*a? + 4¢°C
o) =— o)do = —
8C2 (Co? - 1)
B? +4c¢*C

(331) V) =~z

Normalize the potential as U(0)=0 (by just define U = — f F(o)do — U(0), this
way, potential U becomes more simple
(44 (Co? = 1) + (Bo - 2¢)?)

_ 2
(332) Ul) =0 8(Co? = 1)

Below is the plot of potential U(c) in the case of different values of parameters
A,B,C. When parameters A = 0.154, B = 0.623, C = 0.987( from [1]) , the critical
value of the speed c (the value for having kinks) is ¢; ~ +£0.5023049708 in the
region o € [—0.7,0.05]. When the wave speed ¢ < 0, we obtain waves traveling to
the left, and ¢ > 0 when waves travel to the right.

For values of |c| slightly less than ¢;,for example when ¢ = —0.502, we obtain
a soliton

When |c| = |ci, U has a second double zero (one zero is at oo = 0) and obtain a
kink solution.

When |c| > ¢, the second maximum value of U at o # 0 is below 0, meaning

that the solutions stemming from O are no more bounded (from the corresponding
phase portrait). For example, when ¢ = —0.503, we have
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:_\ P otentital L

FIGURE 1. Plot of potential U(o) when
A =0.154,B = 0.623,C = 0.987,|c| =| - 0.502| < ¢
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FIGURE 2. Plot of potential U(o) when
A =0.154,B = 0.623,C = 0.987, ¢ = ¢; = —0.5023049708
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FiGure 3. Plot of potential U(o) when
A =0.154,B =0.623,C = 0.987,|c| = | — 0.503| > ¢,

7. Unidirectional waves

To obtain unidirectional waves equations for our model, we at first observe that
the rescaling o — VAo simplifies the Hamiltonian density (296} to

- 1 - ~
(333) H= 5(0’2 + 2+ aBlo? - *Cl0* + ERooyy)
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.. ~ B
with B = 1 and etc.
The resulting Hamiltonian equations are

(+0y+aB(lo), - Cozz({zcr))C + 62K0'xxx =0

2

334
(534) o+ + aB(%) - Ca2(§02)x =0

For unidirectional waves in the right direction, we can decompose (following the
classical step of [17]] chapter 13)

(335) {=0+aF +a°G+éeé€M

Substituting this £ into the above system of equations, we get

(336)
o+ o+ aF; + asz, + eZM, + aB[(o + aF)o], — Cozz(0'3)x + EZKO'xxx =0

2
o+ F,+aB (%) - Ca/z(0'3)x +aF, +*G, +eeM, =0

7.1. Atorder 1, O(1). Atorder 1, O(1),(not taking «, € terms into considera-
tion), we then have

(337) o, +0,=0

7.2. At order a. At order «, we have
o,+o,+afF,+2aBoo, =0
(338)
o;+o,+aBoo,+aF, =0
Since n, = —n, + O(«@), we thus have
o,+o0,—aF,+2aBoo, =0

o,+o,+a(Boo,+F,) =0

(339) = —-F,+2Boo, = Boo,+ F,
P = Boo,
)
|
Therefore,

o+ o, — %B(TO’X + 2aBoo, =0
(341) 3
:>0't+0'x+780'0'x:0
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3
(342) =0,=-0,— ECL’BO'ax

7.3. At order o°.
(343)
o+ 0y + @F, + &G, + €M, + a(Bo?), + &’B(Fo), — Ca*(0); + € k0 1y = 0

B’ 2 3 2
ot+to,+aF, +« - +a(G,—C(c))+e M, =0

Substituting (340) and (342) ,
(344)
3 B 1
o+ 0y, — %BO‘O’X - Za/zBZO'ZO'x - &*G, - €M, + 2aBoo, + &*B 0'250} + ZBO'ZO'X + Ko,

—C (), + €Moy, =0

a
o+ o, + EBO'O'X +aBoo, + a*G, — *C(0), + €M, =0

3 3
e (o term: EQ’BO'O'X = ECL’BO’O'X

e o’ term: -G, + BKo, — C(), = G, — C(0?),

(345) = 2G,=BKo, =G = ?

o c?term: —M, + KOy, = M,

(346) = 2M, = KOy = M = KO /2

Thus, we obtain the link between ¢ and o as

(347) {(o)=0+aF + G+ eM =0+ a/}tBO'2 + aszTO- + %Zkgxx

We can perform the other way around,i.e seek for a relation o = 0(¢) of the form
(348) o ={+aF()+a’G() + €K()

with F,G,K being differential polynomials in £ such that at O(a?, €°), the resulting
equations obtained substituting (348) in (334)) coincide. This procedure can be car-
ried out the same as the derivation of the KdV equation in [17], the only difference
is that at O(«), one has to use the relation

3.
(349) 0, = -0, — EBozg’(')x
The outcome is

e The link between ¢ and o of (348)) is given by

1 . 1. 1
(350) a:g—?wf+§fﬁf—§8@”
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o The resulting unidirectional equation of motion is the (defocusing)Gardner
(or KdV-mKdV) equation

(351) b=~ - %amx + (3a2€ + %azéz) - %ezkém

We first notice that, in the Weakly Non Linear (WNL) approximation, i.e at order
a = O(¢e), the equation becomes the KdV equation, and relation (348)) re-
duces to the one of [17] §13.






We have followed the technique of Hamiltonian reduction, in the presence of
constraints, to derive model equations that inherit their structure from the parent
Benjamin Hamiltonian formulation of a density stratified ideal fluid, under the
asymptotic scalings of small amplitudes of fluid parcel displacements from their
equilibrium positions and under slow variations in their horizontal positions, i.e.,

CHAPTER 9

Conclusion

1. Summary

long wave approximation and small dispersion.

The Camassa-Choi and the Wu models have to be equivalent in the dispersion-
less case. To show this, we do direct computations of the asymptotic formulas
connecting averaged and interface velocities as follows. Specifically, starting from

2. Comparison between Wu’s model-Camassa-Choi model and

Euler-Poincaré reduction model

the series expansion in Wu’s model, for the velocity fields we have

(352)

and

(353)

N (_l)n n n n
S 7=0 (2n)! € H (2" 030 ()
wi(x,z) = (=1) e OOE =D " Hi(z)*" 0> ug (x)
a Lin+ 1) S

I G e
ij= Z 2 n? 8)% Upj = Upj — 3”5”01'“ + 0(64)

. —1y
~ _ (_1\/-1 E ( 2n, 2n+1 92n+1 )
6_2

6 n§u0jxxx + 0(64))

=e(-1)"! (ﬂjMij -
_ > (=1 o 2n e 2
uj= ; (zn + 1)!62 773 6)26 u()j(x) = MOj(.x) - g?]?u()jxx + 0(64)
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Atleading order in the expansion with respect to the small dispersion parameter
€, we have
(354) ﬁj = ﬁj,ﬂ/‘j = Wj ~ (0 witho = pzﬁz _plﬁl = pzﬁz _plﬁl
that is, o reduces to the horizontal momentum shear. At this order one can view the
motion as satisfying the so-called columnar motion ansatz (in , [19]). Thus, at the
leading order (i.e when dispersion term is neglected), the evolutionary equations
in Wu, Camassa-Choi formulation, and the Euler-Poicanré variational formulation
coincide.
On the other hand, at higher orders, leading to the case that dispersive terms are
included in the equations, this fails, since we have

(355) O = paity — priy + €0,(02W2 — P1W1)

and columnar motion in [19] is no longer consistent with (352). Thus, in the disper-
sive case, the three models do not coincide. The interfacial pressure P (in Wu and
Camassa-Choi models) is expected not to equal the pressure @ in the Holm and
Cotter Euler-Poincaré model in [19], since ® represents the Lagrange multiplier
for the rigid lid constraint.

3. Open problems and future development on the Hamiltonian approach to
stratified fluids

Open problem in this direction might involve the study of the existence of

Riemann invariants, conserved quantities and integrability issue of the obtained
system. However, to our prediction, it is very unlikely that the systems (184) be
linearly degenerate. Hence, since they do not admit Riemann invariants, according
to the results of the paper [24] and [25], the only conserved quantities are the one
listed chapter [6l Thus, we do not expect them to possess other conserved quanti-
ties, and any second Hamiltonian structure. However, detailed study is welcomed
to justify this prediction.
Future development on the Hamiltonian approach to stratified fluids might involve
considering the Hamiltonian structure of other hydrodynamics equations, and re-
lated issues concerning the symmetry groups, conserved quantities and integrabil-
ity, solutions of special forms for example, traveling wave solutions, unidirectional
wave solutions and symmetric solutions.



CHAPTER 10
Appendix

1. Brief overview of Euler-Poincaré reduction theory for a continuum system

In this chapter, we provide a summary of the Euler-Poincaré reduction tech-

nique, which is used to systematically derive many equations in geophysical fluid
dynamics, as discussed in [23]. The Euler-Poincaré framework we will describe
below is useful in formulating mathematical models for numerical simulations of
many geophysical fluid dynamics (GFD) problems. When doing numerical simu-
lations of these GFD problems, one may come across different GFD (approximate
or exact) equations and ask ” Is this equation good or better than other equations?”.
The issue of what is good about a certain GFD equation/ model relies on whether it
satisfies a Kelvin circulation theorem and other conservation laws or symmetries.
Within this Euler-Poincaré framework, we are in the proper context to study and
check these symmetries, via the Kelvin-Noether circulation theorem.
Motivation of this Euler-Poincaré framework: To study the dynamics of a certain
physical phenomenon, one may start from the Hamilton’s variational principle,
which gives the corresponding Euler-Lagrange equation. In the special case, when
the action in Hamilton’s principle or its associated Lagrangian function is invariant
under certain groups actions, the resulting Euler-Lagrange equation will be reduced
to a different equation called Euler-Poincaré equation. This method is known as
Euler-Poincaré reduction (or reduction of Hamilton’s Principle by symmetry). In
this section, we will discuss this Euler-Poincaré reduction method, according to
the approach presented in [135].

2. Geometric setting to study fluid motion

e Configuration space for the motion of an incompressible fluid is the
group G = Dif f(D) of diffeomorphisms which preserve volume on a region
D € R" occupied by the fluid. Fluid motion is described by g, for some g, €

Diff(D).
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Reference Current
—_ gt) .
~ g —

X X

Ficure 1. The map from Lagrange reference coordinates X in the
fluid to the current Eulerian spatial position x is performed by the
time-dependent diffeomorphisms, so that x(¢, X) = g(¢) - X

Indeed, a fluid flow determines for every time moment ¢ the map g(#) of the
flow domain to itself (the initial position of every fluid particle is taken to its ter-
minal position at the moment t). All the terminal positions, i.e., configurations of
the system (or permutations of particles), form the infinite-dimensional manifold

Dif f(D).
e Lagrangian velocity U along motion g, (keeping fluid particle label X fixed):

0 0
UX, 1) = E‘gt -X = &X(X, 1)

¢ Eulerian velocity u along motion g, (keeping the Eulerian spatial point x fixed),
ieif x = x(X,t) = g,X then

(356) u(x,t) := UX, 1) = U(g; ' (x), 1)

e Thus, we have the relation between Eulerian velocity and Lagrangian velocity
(357) w=Ug'=gg' orU=uog

e Lie algebra of Dif f(D) (tangent space to Dif f(D) at the identity) is

(358) a(Dif f(D)) := T.Dif f(D) = X(D)

where X(D) is the set of smooth vector fields on D.
e The Lie algebra of Diff(D) is X(D) endowed with the Lie bracket defined by

(359) [u,v]y := —[u,v]Vu,v € g(Dif f(D))
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where [-, -] on RHS is standard Jacobi-Lie bracket
e Proposition:

(360) ad,v = —[u,vlVu,v € g(Dif f(D))

where ad,v denotes the adjoint action of the right Lie algebra of Diff(D) on itself.
eDual Lie algebra. Definition of diamond operation <:

The diamond operation ¢ between elements A € V and a € V* produces an
element of the dual Lie algebra g(Dif f(D))* and is defined as

(361) (A0 a, Wy = (A~ L)y = - f A2

D

where A € V;a € V*;w € g(Dif f(D)) = X(D) is a smooth vector field on D; ¥,,a
is Lie-derivative of a along vector field w.

i.e diamond operation ¢ represents the dual of the Lie algebra action g on the
tensor a.

e Advected parameter a € V* = (T ® dVol)(D) (tensor field density on D)
Physical advected quantity a is a tensor field (e.g buoyancy, heat, mass density,
magnetic flux, etc.), which is Lie transported by Eulerian velocity field u.

(362) a:=-2,a

and define right action of any u € g(D) = X(D) on advected quantity a to be
(363) au := L,a

Advected quantity a must satisfy advection equation

(364) a=-L,a=-au

whose solution is
a(t) = grap = apg™ ' (1)

where g, is the flow of u = gg~'(¢), and aj initial condition.

e The Lagrangian of a continuum mechanical system is a function
(365) L:TDiff(D)xV* - R,

which is

e right invariant relative to the tangent lift of right translation of Dif f(D)
on itself
e invariant w.r.t pull-back on the tensor field a
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Explanation: The kinetic energy appeared in the Lagrangian function is right in-
variant under the action of the group G = Diff(D). This is because the action
of an arbitrary group element 7 € G = Dif fy,/(D) from the right is regarded as
a (volume preserving) renumeration of fluid particles. The velocity of the particle
occupying a certain position at a given moment does not change under the renu-
meration, and therefore the kinetic energy is preserved. Also, the potential energy
due to advected quantities a present in the Lagrangian function is invariant under
the action of group element h on the tensor field densities V* (property of advec-
tion). Thus, the Lagrangian function L of a continuum mechanical system is right
invariant relative to the tangent lift of right translation of Dif f(D) on itself and
pull-back on the tensor field densities.

Invariance of the Lagrangian function L (defined on tangent bundle TDiff(D)) in-
duces a function

[:XD)xV"—>R

(defined on Lie algebra g(Dif f(D)) = X(D) only), given by
l(u,a) = L(uo g, g a),

where g;a is invariant w.r.t pull-back of the advected quantity a by diffeomorphism
g € Diff.

3. Euler-Poincaré reduction Theorem for continua with advected quantities:

Consider a path g, in Dif f(D) with Lagrangian velocity vector field U and
Eulerian velocity u (thus U; = u, o g;). Then, the followings are equivalent:

1) Hamilton’s variational principle

(366) 5 f " L(X, UX), ao(X))dt = 0

holds, for variations dg; vanishing at the endpoints in time.
2) g, satisfies the Euler-Lagrange equations for L,, on Dif f(D)
3) The reduced variational principle in Eulerian coordinates

2
(367) ) f lu,a)dt =0
n
holds on g(Dif f(D)) X V*, for variations of the form
ow ow
(368) ou= o + [u,w] = i LW, 6a=-2,a,

where w; = §g, o g;! vanishes at the endpoints.
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4) The Euler-Poincaré equations for continua

a8l __ .0 8 o, ol

ot 6u “6u éa éu éa
holds, with auxiliary advection equations (9,+¥£,)a = 0 for each advected
quantity a(t).

(369)

Proof: e The equivalence 1) and 2) holds for any configuration space, so it
holds in this case.
e Also, the equivalence between 3) and 4) can be proved in the following way,
using integration by parts, constrained variation of v and a, and adjoint operation.

%) 15
0= 5f l(u,a)dt = f (51 ou + 6—1561) dt
1 f 6 5
ol (ow ol
370 = —|— —adw|—- —.8,al|dt
(370) L [6u ( ot a w) oa a]

2 0 6l ol 6l
:f W-|-————ad,—+ — oa|dt foranyw
“ 0t ou ou da

This implies the equivalence between 3) and 4).

e To prove the equivalence between 1) and 3), first note that the two integrands in
1) and 3) are equal, thanks to the invariance of the Lagrangian function.

Next, we need to check if all variations 6g(#) vanishing at the endpoints induce and
are induced by variations ou = w + [u, w] for w, = dg; o g,‘1 vanishes at endpoints,
and 6a = —¥,,a.

Since U, = u, 0 g, thenu, = U, 0 g7' = g, 0 g7".

. . . . d
Note that variation of diffeomorphism g is defined as dg := d—|€=0ge.
€
Take variation of u, w.r.t variable g and use definition w, = §g; o g;'!, then

(371)

. 0% !
ou=95(g.g ‘)=5—g

1y .0g”
0g

§ (d
= (g)g +g(-1)g 'ogg™

~og\ar

d dg - -1
o - 5

= —| o(dt) 88 0gg

d2

=T —2 o7l —gg7'6gg™! (since time derivative and variational derivative commute)
€

Now, compute derivative of w,.

ow a(égt) -1 agt_ d2 1. -1
- - Y
5 5 S To8— dtdl -0 —088 &8
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Thus
ow . 1 -1 N
(372)  ou- i —(88 )ogg™ +(08g )gg = —uw+wu=—ad,w = [u,w]
Moreover, since a = apg~', then
a = aps(g™") = ap(~1)g"'68¢™" = —(apg™Iw = —aw = -L,a

Thus, 1) is equivalent to 3).

4. Derivation of Euler’s equation from Euler-Poincaré reduction technique

Consider the Eulerian motion equation for an ideal incompressible fluid with
a constant mass density p in a two-dimensional space. The reduced Lagrangian
l(u, M) and reduced action are as follows:

1
Sped = f dtl(u, M) = f dt f dzx[Eleulz— p(M—1)

i.e the advected tensor field a here consists of volume element Md>x only. Thus,

1
the term EpM lu|* represents kinetic energy, and p is the Lagrange multiplier for
the incompressibility constraint M = 1. The constraint function is ¢ = M — 1, zero
level set of ¢ is ¢~!(0) is equivalent to constraint M = 1

The, the Euler-Poincaré equation for continua expressed in Kelvin-Noether form
in this case (from [369) is

0 1 6l ol
(373) —+8,[|=——dx]|-V|—].dx=0
ot M éu oM
Then, the variations of each variable are as follows:
1 6l ol I, ol
_—= N _— = - _ N _— = - M _ 1
Vo P sm 2plul p; 5p ( )
Thus, the above Euler-Poincaré equation becomes
0 | S
(374) ol=+ & |(udx)—V|zplul~—p|.dx=0
ot 2
We have:

Lu(u.dx) = [wV)u + w'Vu'l.dx = [—ux (V X u) + V(u.u)].dx
Also, from the formula
Vuv) =ux (Vxv)+ uVv+vx(Vxu) +wVu

Thus
V(u.u) =2[u x (VX u) + (u.V)u]
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Combining all of the above computation, we obtain:

1
L, (u.dx) — 5,oV|u|2.a,'x

=p[-uXxX(VXu)+Vu.u)ldx+p

-1
TV(M.M)] .dx

=p

—uXx(VxXu)+ %V(u.u)] .dx

=p

—uXxX(Vxu)+ %.2[14 X (V xu)+ (u.V)u]] .dx
= p [(u.V)u] .dx

Thus, the Euler-Poincaré eqn becomes

Plor

0 1
a + (u.Vu + /—)Vp] dx =0

which gives

(')_u + (u.V)u + le =0

ot Jol
which is the Euler’s equation for motion of an ideal fluid.
Thus, we have proved that the Euler’s equation can be derived from the Euler-
Poincaré equation with the Lagrangian function specified above. If we want to
include gravitational force in the Euler’s equation, we just need to add poten-

tial energy term V = f d*x(pMgz) into the above Lagrangian function. Then,
1
Sred = f dtl(u, M) = f dt f d*x [Eleulz —p(M - 1) - pMgz

ol
The term 51 in the Euler-Poincaré equation will be different, which will equal

ol 1 1
sM _ PH TP pse
The Euler-Poincaré equation then gives
0 1
Je oy wNu+-Vp+gVzl.dx=0
ot Jo,
which gives
0 1
ay wNVu+-Vp+gz=0
ot o

(where Z is the unit vector in the vertical direction). We finally obtain the common
Euler’s equation.






Bibliography

[1] R. Camassa, G. Falqui, G. Ortenzi, M. Pedroni, T. T. Vu Ho. Hamiltonian aspects of 3-layer
stratified fluids. Journal of Nonlinear Science, 2021.

[2] Wooyoung Choi and Roberto Camassa. Fully nonlinear internal waves in a two-fluid system.
Journal of Fluid Mechanics, 1999.

[3] Benjamin T.B. On the Boussinesq model for two-dimensional wave motions in heterogeneous
fluids. Journal of Fluid Mechanics,165,445-474, 1986.

[4] Wooyoung Choi and Roberto Camassa. Weakly nonlinear internal waves in a two-fluid system.
Journal of Fluid Mechanics,313,83-103, 1996.

[5] Theodore Yaotsu Wu. On modeling unsteady fully nonlinear dispersive interfacial waves.

[6] Theodore Yaotsu Wu. Long waves in ocean and coastal waters.

[7] Marsden J.E, Ratiu T. Reduction of Poisson manifolds. Lett. Math.Phys. 11,161-169, 1986.

[8] S.Bowman. A note on Hamiltonian structure. Math. Proc. Camb. Phil. So , 1987.

[9] Gordon E Swaters Introduction to Hamiltonian Fluid Dynamics and Stability theory

[10] Chumakova, L., Menzaque, F. E., Milewski, P. A., Rosales, R. R., Tabak, E. G., Turner, C. V.,
Shear instability for stratified hydrostatic flows, Comm. Pure Appl. Math. 62, 183-197, 2009.

[11] Chumakova, L., Menzaque, F. E., Milewski, P. A, Rosales, R. R., Tabak, E. G., Turner, C. V.,
Stability properties and nonlinear mappings of two and three-layer stratified flows, Stud. Appl.
Math. 122, 123-137, 2009.

[12] R. Camassa, G. Falqui, G. Ortenzi, M. Pedroni, Two-layer interfacial flows beyond the
Boussinesq approximation: a Hamiltonian approach, Nonlinearity 30, 466-491, 2017.

[13] Boris Dubrovin,Tamara Grava,Christian Klein,Antonio Moro. On Critical Behaviour in Sys-
tems of Hamiltonian Partial Differential Equations, Journal Nonlinear Science, 25,631-707,
2015.

[14] Boris Dubrovin. On universality of critical behavior in Hamiltonian PDES, Preprint on arXiV,
2008.

[15] Daryl D.Holm, Jerrold E.Marsden, Tudor S. Ratiu The Euler-Poincaré equations and semidi-
rect products with applications to continuum theories, Advances in Mathematics.137, 1998.

[16] R. Camassa, G. Falqui, G. Ortenzi, M. Pedroni, T. T. Va Ho. A Hamiltonian set-up for 4-layer
density stratified Euler fluids, Conference paper. Submitted, 2023.

[17] Whitham G.B Linear and Nonlinear Waves, Wileys and Sons (New York), 2000

[18] T. B. Benjamin and P. J. Oliver. Hamiltonian structure, symmetries and conservation laws for
water waves, J . Fluid Mech, 1982.

[19] J. R. Percivall, C. J. Cotter and D. D. Holm An Euler Poincaré framework for the multilayer
Green Nagdhi equations, Preprint, 2008.

[20] Francisco de Melo Virssimo, Paul A. Milewski Three-layer flows in the shallow water limit,
Studies in Applied Mathematics, 2019.

[21] Boris Dubrovin On universality of critical behaviour in Hamiltonian PDEs, Preprint, 2008.

87



88 BIBLIOGRAPHY

[22] R. Camassa, G. Falqui, G. Ortenzi, M. Pedroni, T. T. Vu Ho. Simple two-layer dispersive
models in the Hamiltonian reduction formalism, Submitted, 2022.

[23] Darryl D. Holm, Jerrold E. Marsden, Tudor S. Ratiu. The Euler-Poincaré equations and
semidirect products with applications to continuum theories, Advances in Mathematics 137,
1998.

[24] Sergey Tsarev. Poisson brackets and one-dimensional Hamiltonian systems of hydrodynamic
type, Soviet Math. Dokl, Vol.31, 1985.

[25] Sergey Tsarev. The geometry of Hamiltonian systems of hydrodynamic type. The generalized
hodograph method, Mathematics of the USSR-Izvestiya , Vol.37, 1991.



	Chapter 1. Introduction
	1. From classical mechanics to Hamiltonian mechanics
	2. Introduction to fluids and stratified fluids
	3. Outline of the thesis

	Chapter 2. Variational Euler-Poincaré formulation 
	1. Problem setting
	2. The Lagrangian functional
	3. Euler-Poincaré equations for the 2-layer case under rigid lid constraint, columnar ansatz

	Chapter 3. Camassa-Choi formulation
	Chapter 4. Wu's model
	1. (A) The (uoj,) system- the boundary velocity basis
	2. (B) The (,) system- the interface velocity basis

	Chapter 5. Hamiltonian reduction: 2 layers in the dispersionless case
	1. 2D Benjamin model for heterogeneous fluids in a channel
	1.1. Euler's system in layer-averaged variables

	2. Hamiltonian reduction: Two-layer dispersionless case

	Chapter 6. Hamiltonian reduction: 3 layers in dispersionless case
	1. Hamiltonian reduction technique
	2. The Hamiltonian functional
	3. The Boussinesq approximation
	3.1. Symmetric solutions


	Chapter 7. Dispersion in the 2-layer Boussinesq case under the Weakly non linear assumption
	1. Hamiltonian reduction process for 2-layer dispersive stratified fluids
	2. The perturbed Hamiltonian functional (in terms of 1; 2,1,2)
	3. Weakly Nonlinear asymptotic
	3.1. Mass conservation at O(2)-Weak dynamical constraint
	3.2. Kinetic energy under Weakly Non-linear assumption
	3.3. Momentum shear at the interface B under WNL and Boussinesq approximation
	3.4. Relation between 1 and 2
	3.5. Relation between 2 and B
	3.6. The Hamiltonian under weakly nonlinear assumption in Boussinesq case in terms of 2; B


	Chapter 8. Adding dispersion to the 2-layer case in the Mildly non linear assumption
	1. Hamiltonian variables  and 
	2. Mildly Nonlinear and Weakly Nonlinear Asymptotics assumption
	3. Hamiltonian functional in Mildly Nonlinear and Non-Boussinesq case- (ABC) system
	3.1. The ensuing equations of motion (ABC-system)
	3.2. The associated conserved quantities

	4. Hamiltonian functional under Boussinesq approximation and Midly-Nonlinear assumption
	5. Linearization and dispersion relation of the ABC-system
	5.1. Shift of the dependent variable 

	6. Travelling wave solutions of ABC system
	7. Unidirectional waves
	7.1. At order 1, O(1)
	7.2. At order 
	7.3. At order 2


	Chapter 9. Conclusion
	1. Summary
	2. Comparison between Wu's model-Camassa-Choi model and Euler-Poincaré reduction model
	3. Open problems and future development on the Hamiltonian approach to stratified fluids

	Chapter 10. Appendix
	1. Brief overview of Euler-Poincaré reduction theory for a continuum system
	2. Geometric setting to study fluid motion
	3. Euler-Poincaré reduction Theorem for continua with advected quantities:
	4. Derivation of Euler's equation from Euler-Poincaré reduction technique

	Bibliography

