
Multiband gravitational wave cosmology with stellar origin
black hole binaries

Niccolò Muttoni ,1,2,* Alberto Mangiagli ,1,3 Alberto Sesana,1,4 Danny Laghi ,5,6,2 Walter Del Pozzo,5,6

David Izquierdo-Villalba,1 and Mattia Rosati1
1Department of Physics, G. Occhialini, University of Milano—Bicocca,

Piazza della Scienza 3, 20126 Milano, Italy
2Laboratoire des 2 Infinis—Toulouse (L2IT-IN2P3), Université de Toulouse,
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Massive stellar origin black hole binaries (SBHBs), originating from stars above the pair-instability mass
gap, are primary candidates for multiband gravitational wave (GW) observations. Here we study the
possibility to use them as effective dark standard sirens to constrain cosmological parameters. The long
lasting inspiral signal emitted by these systems is accessible by the future Laser Interferometer Space
Antenna (LISA), while the late inspiral and merger are eventually detected by third generation ground-
based telescopes such as the Einstein Telescope (ET). The direct measurement of the luminosity distance
and the sky position to the source, together with the inhomogeneous redshift distribution of possible host
galaxies, allow us to infer cosmological parameters by probabilistic means. The efficiency of this statistical
method relies in high parameter estimation performances. We show that this multiband approach allows a
precise determination of the Hubble constant H0 with just Oð10Þ detected sources. For selected SBHB
population models, assuming 4 (10) years of LISA observations, we find that H0 is typically determined at
∼2% (∼1.5%), whereas Ωm is only mildly constrained with a typical precision of 30% (20%). We discuss
the origin of some outliers in our final estimates and we comment on ways to reduce their presence.
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I. INTRODUCTION

Recent analysis, relying on Type Ia supernovae (SNe) [1]
and Planck measurements [2], revealed a tension at 4.4σ on
the determination of the Hubble constant, H0. While the
former reported H0 ¼ 74.03� 1.42 km s−1Mpc−1, the lat-
ter derived H0 ¼ 67.4� 0.5 km s−1Mpc−1. Although a
number of possible solutions have been proposed (see,
e.g., [3]), the tension still persists.
The first gravitational wave (GW) detection [4] bright-

ened the future of astrophysical observations. Among the
possible theoretical [5] and cosmological applications [6],
GWs offer a unique opportunity to provide an independent
constraint on the H0 parameter, thus shedding light on the
evolution history of our Universe. Coalescing compact
object systems are ideal standard sirens in the determi-
nation of cosmological distances and their signals bring
direct information about the source’s luminosity distance.
However no information is carried about the redshift.
If an electro-magnetic (EM) counterpart is detected, the

identification of the host galaxy might provide the redshift
information necessary to build the dL − z relation and
constrain H0 [7].
Even if no information about the source redshift is

gathered, a measurement of H0 can be performed by
exploiting the statistical properties of the inhomogeneous
redshift distributionof possible galaxyhosts [8]. Thismethod
has been developed in the last decade [e.g., [9–12]] and has
been successfully applied to recent LIGO-Virgo observa-
tions, although yielding only mild constraints [6].
The future Laser Interferometer Space Antenna [LISA,

[13]] will extend the frequency band currently explored by
ground based detectors to the mHz region. Moreover, the
third generation interferometers Einstein Telescope [ET,
[14]] and Cosmic Explorer [CE, [15]] will remarkably
enhance the GW sensitivity from the ground, thus enabling
the exploration of a larger portion of the Universe. LISA
will detect the early inspiral of stellar black hole binaries
(SBHBs) [16]. A fraction of these systems will coalesce
within only few years from the first LISA observation,
becoming observable by ground based detectors, thus
fostering a multiband approach.*n.muttoni@campus.unimib.it
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Combining information from ground and space detectors
might provide unique scientific outcomes. This is particu-
larly true in the case of multiband SBHB exploitation for
cosmological measurements. While LISA will determine
the sky position of the GW source to great accuracy, due to
the long persistence of the signal in band, ETwill pin down
its luminosity distance, thanks to the high signal-to-noise
ratio (S=N). By combining these two measurements, the
origin of the signal can be constrained to a small 3D
volume, encompassing only a small number of candidate
galaxy hosts. Therefore, multiband GW sources might
prove to be a particularly powerful class of “dark” standard
sirens.
The idea of multiband GW sources was first proposed in

the context of intermediate mass black holes (IMBHs) [17]
and later revised in light of the observation of GW150914
[16]. Although the idea is appealing, recent estimates of the
SBHB merger rate and mass function coupled with the
current LISA sensitivity curve result in rather pessimistic
prospects of detection. In fact, when considering only BHs
below the pair-instability mass gap, LISA might perhaps
detect only a handful of such multiband sources [18].
However, things change when the BH mass function is
extended beyond the mass gap. As shown in [19], depend-
ing on the details of the SBHB population and on the
duration of the LISA mission, “above-gap” SBHBs might
dominate the population of multiband sources [20], with up
to about a hundred of detected systems.
Here we exploit SBHBs above the pair-instability gap

jointly observed by LISA and ET (which will be our 3G
detector default choice) as dark standard sirens to infer the
cosmological parameters via statistical methods. We sim-
ulate a population of inspiralling SBHBs in LISA, focusing
on the systems that are going to coalesce during the LISA
time mission. We perform parameter estimation of the
multiband binaries under the Fisher matrix formalism with
LISA and ground-based detectors. Combining the sky
localization uncertainty provided by LISA and the estimate
on the luminosity distance by ET, we construct error boxes
in the sky. We populate these volumes with realistic galaxy
catalogs [21], and we infer H0, as well as other cosmo-
logical parameters, by applying a statistical nested sam-
pling algorithm.
A very similar approach was taken in [12]. Their study

focused on the inference of cosmological parameters via
LISA-only observations of SBHBs below the pair-instability
mass gap. Assuming different detector configurations, they
found that the Hubble constant is determined between ∼5%
and ∼2%. In the past few years, however, LISA sensitivity
has been downgraded by 50% at the high frequency end [22],
and the latest observing run by LIGO/Virgo reported an
intrinsic merger rate of 24 Gpc−3 yr−1 for SBHBs [6]. This
will inevitably impact the results of [12], yielding a worse
estimate of H0. Therefore, above-gap SBHBs could very
well represent the only possibility to perform precision

cosmology in this mass range, unless EM counterpart are
found to be associated to SBHB mergers [23].
Even if EM-based measurements are going to be

improved by the time LISA and ET start observing, we
stress that GW-based observations rely on completely
independent assumptions and systematics, and for distance
measurements they do not require complex calibrations as
for the construction of a cosmic distance ladder.
The paper is structured as follows: in Sec. II we present

the assumptions under which we perform our analyses. In
particular, in Sec. II A we describe the astrophysical GW
sources that we consider in our work and their observa-
tional properties. In Sec. II B we present the analytical
framework adopted to perform the SBHB parameter
estimation. Section II C is devoted to the description of
the error box construction and population, and Sec. II D,
describes the statistical framework and the numerical
implementation of the inference of cosmological parame-
ters from SBHB observations. Our main results are pre-
sented and extensively discussed in Sec. III, while Sec. IV
summarizes the main features of our work and lays out
future plans.

II. PRELIMINARIES

A. Binary population

A multiband approach requires multiband sources. In
this work we explore the realm of SBHBs above the pair-
instability mass gap. Current stellar evolution models
predict the lack of stellar black holes in the mass range
between ∼60 M⊙ and ∼120 M⊙ [24]. Depending on the
metallicity, the hot core of very massive stars might
undergo electron-positron pairs production. These proc-
esses soften the star’s equation of state and bring the star to
collapse. The rising temperatures from the contraction then
trigger thermonuclear runaway reactions that completely
disrupt the progenitor in a luminous pair-instability super-
nova (PISN) event, thus leaving no remnant [25]. On the
contrary, no physical process can halt the collapse triggered
in the last life stages of very massive stars, and the
progenitor leaves a BH remnant with mass greater than
∼120 M⊙ [24]. In this study we will consider SBHBs
composed by such “above-gap” objects, i.e., BHs with
masses in the range 120 M⊙ − 300 M⊙, and we will
assume the mass gap has a sharp cutoff at ½60; 120� M⊙
(but look also at [26] for the effects of star rotation and
compactness on the BHs mass distribution).
When bounded in coalescing binaries, above-gap BHs

emit a GW signal which crosses multiple frequency bands:
from the mHz, where LISA observes the long lasting
inspiral phase of the system, up to Oð102Þ Hz, where ET
detects the last-inspiral cycles, the merger, and the ring-
down. A multiband signal requires to be detected (i.e., it has
to be revealed with S=N greater than a fixed threshold) by
both interferometers, with LISA being the first of them.
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These loud GW sources were extensively investigated in
[19] and in this work we rely on those results to perform our
analysis. Assuming the optimistic scenario developed by
the authors, the LISA merger rate of above-gap GW
sources is estimated to be between R ≃ 10 yr−1 and
R ≃ 14 yr−1. A LISA mission time of 4 (10) years would
then reveal ∼40 ð∼140Þ multiband events. However, as in
[19], we first consider three different subpopulations of
SBHBs: below-gap (above-gap) binaries, where both com-
ponents are below (above) 60 M⊙ (120 M⊙), and across-
gap binaries with the primary (secondary) BH above
(below) 120 M⊙ (60 M⊙). We consider the same models
described in that study, i.e., an optimistic (sSFR-sZ) and
pessimistic (mSFR-mZ) model plus two intermediates ones
(mSFR-sZ and sSFR-mZ). The optimistic model features
an higher star formation rate and lower metallicity, hence
leading to more massive SBHBs than the pessimistic one.
We defer to the original paper for extensive details on how
the population of SBHBs is built and we summarize here
only the main properties of our binary population model.
We consider two models for the SFR and the average

metallicity evolution as function of redshift. The pessimistic
SFR and metallicity are taken both from [27] while the
optimistic SFR and metallicity are adopted from [28,29],
respectively. We assume a power-law stellar initial mass
function (IMF) ξðM⋆; αÞ ∝ M−α⋆ extending in the range
[8, 350], with α ¼ 2.7 for the pessimistic SFR and α ¼ 2.35
for the optimistic one. Single stars are evolvedwith the code
SEVN [24] and the resulting BHs are combined assuming a
flat mass-ratio distribution in [0.1, 1] and a log-flat time
delay distribution in [50 Myr, tHubble]. The frequency
distribution in LISA is computed in the quadrupole approxi-
mation for circular orbits following [30].
We stress that our population model is simplified in many

ways. Perhaps most importantly, the resulting BH mass
function is obtained by evolving individual stars only,
neglecting the effect of binary interaction. In fact, binary
evolution models have been generally been implemented
for stars up to ≈150 M⊙ [31,32], therefore preventing the
possibility to study above-gap remnants in binaries.
Moreover, we consider only the standard field formation
channel, neglecting alternatives such as dynamical capture
[33], hierarchical mergers [34] and accretion and mergers in
AGN disks [35]. In this respect, our BH binary population
can be considered a “toy model” to provide a proof of
principle demonstration of the multiband approach.
In our analysis there are two important differences

with respect to [19]: we normalized the overall rate at
25 Gpc−3 yr−1 to best match the updates from the latest
LIGO/Virgo results and we changed the cosmology choos-
ing the same cosmological values used for the generation of
the light cones (see Sec. II C for more details) for internal
consistency. For each subpopulation and each model, we
generated 30 Monte Carlo realizations of the expected
SBHB population. At this step, each binary is characterized

by the two component masses, the merging redshift and the
initial frequency. The redshift is sampled between 10−3 and
∼19 in log scale, while the initial frequency is in the
interval ½2 × 10−4; 1� Hz. We checked that extending the
minimum frequency range to lower frequencies did not
affect the number of observable systems. The frequency is
then converted into a coalescence timescale tc, via the
standard quadrupole approximation [36], assuming circular
binaries. Being interested in multiband events, we selected
only systems with < 20 years.1 Assuming a LISA mission
lifetime of 10 years, we expect exquisite estimates on the
coalescence time for those systems, of the order Δtc ≃
½1–10� s [16], allowing the unequivocal identification of the
binary by ground-based detectors.

B. Parameter estimation formalism

To simulate observations with LISA and ET, we evaluate
the error on the estimated parameters of each source by
means of the Fisher information matrix. The general output
of a detector is a time series sðtÞ given by the superposition
of the noise contribution nðtÞ and a GW signal hðtÞ, if
present:

sðtÞ ¼ nðtÞ þ hðtÞ: ð1Þ

Assuming stationary, Gaussian white noise, the S=N
produced by the GW signal is described by

�
S
N

�
2

¼ ðhjhÞ; ð2Þ

where the round brackets ðjÞ refer to the inner product
between two real functions AðtÞ and BðtÞ defined as

ðAjBÞ ¼ 4Re
Z þ∞

0

df
Ã�ðfÞB̃ðfÞ

SnðfÞ
: ð3Þ

Here the tilde labels Fourier transformed quantities,
while the star denotes complex conjugate quantities. The
Sn term represents the power spectral density (PSD) of the
detector in Hz−1 units.
The GW signal hðt;ΘÞ produced by a spinning, precess-

ing, and eccentric binary in a detector is characterized by a
set of 17 parametersΘ ¼ fΘ1;…;Θ17g. In the limit of high
S=N, the probability (or likelihood) that the observed signal
is described by Θ, given an output sðtÞ, is

pðΘjsÞ ∝ exp
�
−
1

2
ð∂ihj∂jhÞΔΘiΔΘj

�
; ð4Þ

1Even though LISA will be able to detect systems much
further from coalescence, these SBHBs will be characterized by
large error (especially on luminosity distance) and therefore will
add little information to the measurement of cosmological
parameters.
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where ∂i denotes the derivative of the signal hðt;ΘÞ with
respect to the parameter Θi. Equation (4) describes a
multivariate Gaussian distribution centred in Θ and with
covariance matrix Σ ¼ ð∂ihj∂jhÞ−1. The Fisher informa-
tion matrix Γ is then defined as

Γij ¼ ð∂ihj∂jhÞ; ð5Þ

and the parameter uncertainties and covariances are thus
contained in its inverse Σ. Moreover, since LISA and ETare
independent detectors, we can construct a more informative
Fisher matrix by simply adding the individual ones:

ΓETþLISA ¼ ΓET þ ΓLISA: ð6Þ

The new matrix contains the features of both detectors,
therefore yielding better constraints on source parameters,
in particular on sky location and luminosity distance.
For each binary sampled from our distributions as

described in Sec. II A, we compute the S=N and Fisher
matrix in LISA. We adopt the same sensitivity curve
described in [37]. The signal in LISA is described by
the inspiral-only precessing waveform presented in [38],
assuming random spin magnitude in [0, 1] aligned with the
binary angular momentum for consistency with the wave-
form adopted for ground-based detectors, as discussed
below. Sky position and direction of the binary orbital
angular momentum are randomly sampled from a uniform
distribution on the sphere. We choose S=N ¼ 8 as thresh-
old for LISA detection and for each detected binary we
compute the 15 × 15 Fisher matrix according to Eq. (5).
Due to the numerical nature of the problem, we must check
the outcome of the subsequent inversion process. We
checked the discrepancy between the matrix product
ðΓ · ΣÞij and the Kronecker symbol δij through

εinv ¼ max
i;j

jðΓ · ΣÞij − δijj; ð7Þ

and we consider the inversion successful if εinv ≤ 10−3 (see
the appendix in [39] for details on the procedure).
All binaries detected by LISA are then analyzed with a

pipeline for ground-based detectors. The ET Fisher matrix
[again defined through Eq. (5)] is computed using the
PYTHON library PYCBC [40], which can perform the inner
products in Eq. (3) for a number of waveform approx-
imants. Since ETwill also detect the merger and ringdown,
we adopt the PhenomD waveform [41] to model the full
GW signal. Due to its domain of definition, the waveform
only allows us to study nonprecessing spin-aligned bina-
ries, as mentioned before. Therefore, of the original 17
source parameters we neglect the 4 corresponding to the x
and y spin components of each BH. Two of the remaining
source parameters are eccentricity related. However, GW
emission eventually circularizes any eccentric orbit (but see
also [42] for alternative scenarios): we choose to assume

only circular binaries, and we therefore ignore these
parameters. The binaries and their signals are evolved
through the high frequency band probed by ET, starting
from 3 Hz, and we set an S=N threshold of 12 for the 3G
interferometer detection.
Even considering circular binaries with aligned spins, we

are still left with a 11 × 11 matrix that keeps track of the
two BH masses and dimensionless spins, the luminosity
distance, right ascension and declination of the source, the
inclination and polarization angles, the merger time and
phase. However, we find that in the case of ET the matrix is
either ill-conditioned or singular [43], and the algorithm
struggles with the matrix inversion process.2 Thus, we are
forced to select the larger subset of parameters that leads to
acceptable εinv values. For what concerns the aim of
this work, we choose to exclude the polarization and phase
angle and the merger time. We do not expect the first two
angles to have a strong impact on our parameter estimation
and LISAwill be anyway able to provide accurate estimates
of the coalescence time early during the inspiral phase.
In other words, our Fisher matrices are computed for the
following subset of 8 parameters: the two BH masses M1

and M2 (with the condition M1 > M2), the luminosity
distance dL, the two BH spins χ1 and χ2, the right
ascension RA and declination DEC of the binary and
the inclination ι.3 In Table I we show how we model the
remaining quantities. We therefore reduce the Fisher
matrices computed by LISA and ET to the 8 aforemen-
tioned parameters, add them, and invert the sum to get the
correlation matrix. In this sense, we are not just looking at
what each individual detector is able to perform, but we are
summing the information matrices from the two detectors
as in Eq. (6). The diagonal of the correlation matrix Σ
contains the variance of each parameter, while the other
entries represent their correlations. The error on dL can be
read directly out of the diagonal elements, whereas the
sky position uncertainty area, in units of rad2, is simply
recovered through [44]

ΔΩ ¼ 2π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ΣφNφN

ΣμNμN − ðΣμNφN
Þ2

q
; ð8Þ

where ΣμNμN and ΣφNφN
correspond to the diagonal ele-

ments for the right ascension and declination of the source
and ΣμNφN

is their correlation value.

2To invert the matrices we adopt the LU decomposition.
3Although the ET 11 × 11 matrix turns out to be ill-condi-

tioned, the LISA one is not. As a sanity check supporting the use
of a reduced matrix, we computed the errors on the sky position
and luminosity distance for LISA-only observations both for an
11 × 11 and 8 × 8 Fisher matrix. We found comparable results in
the two cases, with the latter providing slightly more accurate
numbers (by a factor ≈1.5) on average.
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C. Error box construction and population

The uncertainties on the luminosity distance and the sky
location allow us to constrain the volume where the GW
signal comes from, and galaxies inside it represent possible
host candidates. We build the error boxes of the events
following the procedure outlined in [45]. For a given
cosmology, a dL � σdL measure translates in a z� σz
interval, which is obtained by inverting the relation

dLðzÞ ¼ cð1þ zÞ
Z

z

0

dz0

Hðz0Þ : ð9Þ

Here HðzÞ represents the Hubble parameter as a function
of redshift and its expression in a ΛCDM Universe is
given by

HðzÞ ¼ H0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ωmð1þ zÞ3 þ ΩΛ

q
: ð10Þ

Since each set of cosmological parameters yields a
different dL − z relation, the z� σz redshift interval is
extended in order to take into account for the prior ranges of
the cosmological parameters one is willing to infer. From a
measure of luminosity distance, we therefore construct a
redshift range ½z−; zþ�, whose bounds represent the lowest
and highest z obtained when the cosmology varies within
the prior range of the cosmological parameters, which will
be specified in Sec. II D. Furthermore, due to the peculiar
velocity vp of galaxies, the cosmological and apparent
redshifts of a GW host might differ from each other. This is
indeed an uncertainty source that we must account for.
We characterize this error with σpvðzÞ ¼ ð1þ zÞσvp=c,
with σvp ¼ 500 km s−1, which is consistent with the
standard deviation of the radial peculiar velocity distribu-
tion observed in the Millennium run [46]. In conclusion,
each dL � σdL measure translates in a [z− − σpvðz−Þ; zþþ
σpvðzþÞ] redshift range. This corresponds to the redshift
shell of the Universe encompassing all galaxies with a
redshift consistent with the GW measured luminosity

distance, once the cosmological prior and peculiar veloc-
ities are taken into account.
The next step is to populate those redshift shells with

realistic galaxy catalogs. To this end, we make use of a
custom light cone built specifically for this purpose by the
authors. In particular, the light cone is assembled based on
the methodology presented in [21], which uses the semi-
analytical model L-Galaxies applied on the Millennium
dark matter merger trees. Specifically, the light cone
generated for this work is complete up to z ¼ 1 and it
contains several physical properties such as mass, magni-
tudes, observed and geometrical redshift for all the galaxies
included in it. Given that we are mainly interested in the
low redshift Universe, where our results might be affected
by cosmic variance caused by narrow angular apertures, we
decide to set the light cone aperture to 1/8th of the full sky.
We refer the reader to [21] for further details about the light
cone construction. As an illustrative example, Fig. 1 dis-
plays the spatial distribution of the Mgal > 1010 M⊙ gal-
axies4 inside ∼1 deg declination slice.
We fix the parameters of the simulation so that

H0 ¼ 73 km s−1Mpc−1, Ωm ¼ 0.25, and ΩΛ ¼ 0.75.
Even though these values do not reflect the state-of-the-
art estimates, this has no impact on the analysis. Our work
aims to show the potential of this GW based measurement
for a given Universe, which we are allowed to customize
within our pipeline.
To locate and populate the error boxes, for each GW

event we adopt the following procedure:
(1) We list all the galaxies within our light cone with a

cosmological redshift within the z� σz interval
consistent with the ETþ LISA dL � σdL measure-
ment and the true (i.e., the Millennium) cosmology.

(2) We randomly5 select a galaxy among them and
we denote it as the “true host” of the GW event.
This galaxy position is described by the set Θth ¼
fdthL ; μthN;φth

Ng.
(3) We draw a ðμ0N;φ0

NÞ pair of celestial coordinates
from the uncertainty distribution in Eq. (4) centered
in Θth.

(4) We consider a 3σ region in ΔΩ, computed according
to Eq. (8) and centered in ðμ0N;φ0

NÞ. This procedure
ensures that the volume is not artificially centered
onto the true host, but in a nearby point in the sky
consistent with the sky location error given by the
GW measurement.

(5) We select all the galaxies withMgal ≥ 3 × 1010 M⊙
6

within ΔΩ × ½z− − σpvðz−Þ; zþ þ σpvðzþÞ� and we
associate to each one a hosting probability consistent

TABLE I. Parameters that characterize the Fisher matrix. We
denote with a capital N subscript the celestial coordinates defined
through θN ¼ π

2
− DEC and φN ¼ RA. Furthermore, we take the

natural logarithm of M1, M2, and dL so to deal with relative
errors.

Quantity Parameter

Mass 1 lnM1

Mass 2 lnM2

Luminosity distance ln dL
Spin 1 χ1
Spin 2 χ2
RA φN
DEC μN ¼ cos θN
Inclination ι

4The mass resolution of the simulation is M� ¼ 1010 M⊙.
5However, we reject those selected near the boundary of the

light cone, so that we avoid cutting the edges of the ΔΩ ellipses.
6See appendix for a discussion on the impact of the adopted

mass threshold.

MULTIBAND GRAVITATIONAL WAVE COSMOLOGY WITH … PHYS. REV. D 105, 043509 (2022)

043509-5



with the marginalized sky location error given by the
GWmeasurement (see section II D). These represent
all the possible host candidates for the GW event.

The outcome of such a method is displayed in Fig. 2,
where we present different error boxes to show the main
features and how they may affect the inference of cosmo-
logical parameters. In particular, the left column shows an
error box with an optimal galaxy clustering in the true
cosmology region, thus helping the inference of cosmo-
logical parameters. The right column, instead, depicts a
noninformative event, due to the misleading information
provided by the large galaxy cluster at higher redshift. The
middle column is an average error box and it becomes
useful to the inference when it is cross correlated with other
GW events.

D. Bayesian inference

The problem of measuring quantities in nonrepeatable
experiments has a Bayesian nature by definition. The entire
framework relies on the Bayes theorem, which states that,
given a set of data D and a model hypothesis H, the
probability of H given D is

pðHjDÞ ¼ LðDjHÞπðHÞ
Z

; ð11Þ

where

FIG. 1. Visual representation of a slice of the light cone adopted
in this work. The major panel shows the galaxy distribution in the
z-RA plane, while the top-right corner plot displays the galaxy
distribution in the RA-DEC plane.

FIG. 2. Three different error boxes are displayed column-wise. The top row depicts the distribution of galaxies in the ðθ;φÞ plane, and
the color scale denotes the associated hosting probability, from dark blue (low) to yellow (high). The histograms on the bottom row
represent the galaxy distributions over redshift, weighted on the hosting probability. According to the true cosmology, the dark green
solid line denotes the best ETþ LISA z measurement, while the light green dotted lines represent the 2σ redshift interval. The red color
in each panel denotes the selected “true host”.
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(i) pðHjDÞ is the posterior distribution, stating the
degree of belief in H after the measure.

(ii) LðDjHÞ is the likelihood function, which is known
once we assume a model hypothesis.

(iii) πðHÞ is the prior distribution, which amounts to our
degree of belief in H before the measure.

(iv) Z is the evidence, a central quantity in model
selection studies. Since here we are interested just
at the posterior distribution, we can neglect this
factor and simply renormalize the posterior at the
end of the computation.

In our case, D represents the detected GW events, while
H denotes a particular assumed cosmological model that
will define the parameter space to be explored. The aim of
Bayesian inference is to determine the posterior distribu-
tion. To sample the posterior distribution pðHjDÞ we first
need to define the model (which defines the likelihood
function L) and the prior distribution.

1. Single GW event likelihood

In the next derivation, we follow the arguments
detailed in [12]. Consider a set of n GW events gw ¼
fgw1;…; gwng and let S ¼ fH0;Ωm;…g be a set of
cosmological parameters to be inferred. Each GW event
is reasonably independent from the others, therefore the
likelihood in Eq. (11) can be rewritten as the product of the
single GW event likelihoods7:

LðgwjSÞ ¼
Yn
i¼1

LðgwijSÞ: ð12Þ

The single GWevent quasilikelihood is obtained through
the marginalization over the source parameters. By defining
x ¼ fdL; z; θ;φg, we can write

LðgwijSÞ ¼
Z

dxLðgwijx;SÞπðxjSÞ: ð13Þ

As in [12], we assume that the integral over the sky
position can be performed analytically. Hence we are left
with

LðgwijSÞ ¼
Z

ddLdzLðgwijdL; z;SÞπðdLjz;SÞπðzjSÞ:

ð14Þ
As shown in Eq. (9), a given cosmological model fixes a

dL − z relation. Therefore, among dL, z, and S, only two of
them are independent quantities. We choose dL to be the
dependent one, and the prior on the luminosity distance
becomes, as in [12,47], the following Dirac’s delta

πðdLjz;SÞ ¼ δðdL − dLðz;SÞÞ; ð15Þ

where dLðz;SÞ is computed through Eq. (9). Under the
Fisher information matrix formalism, the likelihood of a
GWevent is a Gaussian distribution in luminosity distance,
whose mean value hdLi and width σdL are given by the
matched filtering technique. In addition to the instrument
uncertainty of the luminosity distance, we also account for
the systematic error due to weak-lensing, as modeled
through σWL (see Eq. (7.3) of [48]). Therefore, once we
marginalize over the luminosity distance, we obtain

LðgwijdLðz;SÞ;z;SÞ∝ exp

�
−
1

2

ðdLðz;SÞ− hdLiÞ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2dL þσ2WL

q
�
: ð16Þ

Finally, as in [12], the prior over the GWevent redshift is
built in order to take into account for the peculiar velocities
of galaxies in the catalog. Each galaxy j is assigned with a
hosting probability wj proportional to the distance in the
(θ;φ) plane between the host candidate and the relocated
GW event. In particular, this quantity is computed by
marginalization of Eq. (4) over the luminosity distance [45]

wj ¼
Z

ddLpðΘjsÞ; ð17Þ

with Θ ¼ fdL; μN;φNg, and by evaluating it at (μNj
;ϕNj

),
which are the sky coordinates of the jth galaxy within the
error volume of a GW event.
The prior over the GWevent redshift is therefore chosen

as a discrete sum of K Gaussians, to account for the galaxy
redshift uncertainty, each weighted by its wj value:

πðzjSÞ ∝
XK
j¼1

wj exp

�
−
1

2

�
z − zj
σpvj

�
2
�
: ð18Þ

Here j runs over the K galaxies inside the error box,
while σpvj ¼ σpvðzjÞ. The single GW quasilikelihood then
reads

LðgwijSÞ ∝
Z

zmax

zmin

dz exp

�
−
1

2

ðdLðz;SÞ − hdLiÞ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2dL þ σ2WL

q
�

×
XN
j¼1

wj exp

�
−
1

2

�
z − zj
σpvj

�
2
�
; ð19Þ

where zmin and zmax are the lower and upper integration
bounds and correspond to the minimum and maximumGW
redshift obtained from the prior on S and inverting the
dL − z relation in Eq. (9).

7This quantity is more rigorously called quasilikelihood, due to
the fact that it is obtained through the marginalization of the
likelihood over nuisance parameters.
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2. Prior choices and application

In this work, we highlight the need of an independent
estimate of the local universe expansion rate due to the
current tension between the most recent estimates from EM
surveys [1,2]. We therefore choose to infer a set of two
different cosmological parameters which count the Hubble
constant8 and the matter energy density parameter,
S ¼ fh;Ωmg. We choose conservative flat prior distribu-
tions for each quantity, in particular h ∈ ½0.6; 0.86�
and Ωm ∈ ½0.04; 0.5�.
The numerical implementation of the method described

in Sec. II D is achieved through COSMOLISA, a public
software package [49] based on a nested sampling algo-
rithm [50]. The primary output of nested sampling is the
evidence Z, producing samples of the posterior distribution
as a side product (see [51] for the basics of the method). We
explore the parameter space with 5000 live points and
evolve, at each iteration, the lowest-likelihood one through
a Markov Chain Monte Carlo (MCMC) until Z is com-
puted at a given accuracy level.

III. RESULTS AND DISCUSSION

A. Multiband approach

We analysed the results of the parameter estimation for
the three binary subpopulations (below-gap, across-gap,
above-gap) and the four scenarios (mSFR-mZ, mSFR-sZ,
sSFR-mZ, sSFR-sZ). As Table II shows, however, not all
the cases are suitable multiband candidates for the infer-
ence of cosmological parameters. For instance, across-gap
binaries are extremely rare systems regardless of the
scenario, while below-gap binaries reach interesting num-
bers only assuming 10 years of observation and the most
optimistic models. As a matter of fact, above-gap binaries
are the most promising ones, in particular under the sSFR-
sZ scenario. Even if the corresponding intermediate models
are still encouraging, in this work we focus on the
optimistic one, as we need to impose other cuts on the
catalog that further shrink the sample of useful systems.
The first remarkable results are the high performances of

the cooperation between space-born and third generation
ground-based interferometers. In Fig. 3 we report the
uncertainty distributions for dL and ΔΩ for the above-
gap and the sSFR-sZ model, assuming 10 years of LISA
mission time. We consider LISA, ET, and LIGO-Virgo
network at design sensitivity. Since the latter does not yield
sufficient accuracy in parameter estimation to perform
meaningful cosmological measurements, we focus on ET
and LISA. Individually, both detectors hardly achieve the
precision reached through their joint exploitation: for the
sky location, the median of the ETþ LISA distribution, in
fact, decreases by an order of magnitude with respect to the

single detector ones, with LISA being slightly better in the
determination of this parameter. The same improvement
concerns the luminosity distance, with ET being the best
probe to measure this quantity, as expected.
In Table III we show the medians of the uncertainty

distributions for each parameter in the single detectors and
in the network ETþ LISA. Crucially for this work, ETþ
LISA yields an improvement factor of 100 in sky locali-
zation and of 10 in luminosity distance measurement
precision. It should be noticed that the combination of
the two also improves the estimate of all other parameters,
most noticeably spin magnitudes.

TABLE II. A showcase of the number of LISA’s detection for a
given population of binaries and model, assuming 4 and 10 years
of mission lifetimes. These numbers represent one over the 30
realizations. Due to ET sensitivity curve, all binaries detected by
LISA are also detected at ground.

mSFR-mZ mSFR-sZ sSFR-mZ sSFR-sZ

4 years Below-gap 1.6 1.5 2.1 2.1
Across-gap 0.1 0.3 0.2 0.7
Above-gap 1.1 7.7 8.1 40.8

10 years Below-gap 5.1 5.5 7.3 8.9
Across-gap 0.2 0.7 0.5 3.1
Above-gap 4.2 28.4 27.8 134.1

FIG. 3. Uncertainty distributions for the luminosity distance
(upper panel) and the sky localization (bottom panel) in LIGO/
Virgo, ET, LISA and the network ETþ LISA, colors as in legend.
The panels display the results assuming 10 years LISA mission
time and the above-gap, sSFR-sZ scenario.

8We define h ¼ H0=100 km s−1 Mpc−1, so that it is dimen-
sionless and smaller than unity, in our case h ¼ 0.73.
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B. Inference of cosmological parameters

Among the many standard siren candidates, we impose a
few cuts on the original binary catalogs. First, we request
that the luminosity distance of the event is determined
within 10% of precision. Then we select only the events
localized with ΔΩ < 1 deg2.9 Moreover, due to the limited
light cone extension, we request that the maximum redshift
of the error box when varying the cosmology is smaller
than 1. Considering 4 (10) years of LISA observations, in
30 independent realizations of the Universe, from a total of
1223 (4023) binaries we are left with 222 (510) GWevents,
as reported in Table IV.

1. Preliminary tests

Since the analysis over a large number of events can be
computationally costly, we start by exploring a small
fraction of the total 10-year catalog of events. We measure
h and Ωm by considering the closest GW events first,
adding progressively farther events to the inference.
Even though the results are consistent with the true

cosmology, we find estimates that are systematically biased
toward large values of h and small values of Ωm, due to the
correlation between the parameters. However, as the
number of events increases, this effect is mitigated and
eventually disappears, as the algorithm returns well cen-
tered Gaussian posterior distributions and the accuracy
of the h (Ωm) measures evolves from 0.63σ (0.28σ) to
0.29σ (0.24σ). To understand whether this behavior is due
to low redshift events only, we focus on these events in the
following discussion.
The inference relies on the determination of the posterior

distribution of each GWevent redshift. If this step produces
misleading information, the bias is propagated to the
estimates of the cosmological parameters. To leading order,

if the observed redshift is underestimated (overestimated),
the h and Ωm posteriors will be biased toward low (large)
and high (low) values, respectively. The accuracy of our
results suggests that the closer the GW event is, the more
the observed redshift is overestimated. In light of these
considerations, peculiar velocities may play a role in
altering significantly the apparent redshift of close objects
compared to the cosmological one.
As already mentioned in Sec. II C, the galaxy catalog

comes with both the geometrical and the observed redshift
of each object, thus allowing us to assess the impact of the
peculiar velocity on the analysis. Through the same
aforementioned procedure, we therefore infer the cosmo-
logical parameters in a Universe without peculiar velocities.
The results are shown in the left panel of Fig. 4, where we
directly compare the estimates from a static (zcosmo) and
dynamic (zobs) Universe as a function of the number of
closest GW events. As we can see, the bias completely
vanishes already with 10 events, and as the number of
mergers increases, the two analyses lead to the true
cosmology.
Thus, peculiar velocities play a major role in the

inference of cosmological parameters with low-redshift
events. In fact, the right panel of Fig. 4 shows that the vp
distribution of our light cone galaxies is not symmetrically
distributed around zero at low redshifts. The quantity vp is
computed along the radial direction with positive values
corresponding to a drift away from the observer. There is a
clear preference for positive vp values for galaxies at
0.05 < z < 0.1, which is where most of the closest GW
events in our catalogs occur, thus explaining the bias.
It is interesting that our light cone features a large portion

of galaxies that move preferentially away from the
observer. One possible cause is the limited solid angle
covered by our galaxy catalog. Although a full sky would
mitigate this issue, its generation would be extremely
computationally expensive. Here we just notice that the
bias in the parameters was found considering the closest
events of the full GW source catalog, featuring 30 real-
izations of the experiment. In a single realization there will
be perhaps only one such close source. In fact, as we will
see in Sec. III B 2, this bias does not systematically appear
in this case. Moreover, in a real experiment, one can in
principle further mitigate any issue related to peculiar
velocities by modelling the bulk motions as a function

TABLE III. Medians of the uncertainty distributions of each
parameter for LIGO/Virgo, ET, LISA and the network
ETþ LISA, assuming 10 years LISA mission time. Here M
represents the chirp mass of the system, defined as M ¼
ðM1M2Þð3=5Þ=ðM1 þM2Þð1=5Þ and its uncertainty is obtained
through error propagation formulas.

LIGO/Virgo ET LISA ETþ LISA

ΔΩ½deg2� 5.6 × 102 5.1 2.5 2.2 × 10−1
ΔdL=dL 3.6 3.4 × 10−1 4.3 × 10−1 3.9 × 10−2
ΔM=M 3.6 × 10−1 3.3 × 10−3 4.1 × 10−7 2.0 × 10−7
Δι=ι 5.9 4.7 × 10−1 9.3 × 10−1 6.5 × 10−2
Δχ1=χ1 3.9 2.8 × 10−2 3.3 × 10−1 8.6 × 10−4
Δχ2=χ2 3.8 3.0 × 10−2 4.6 × 10−1 1.4 × 10−3

TABLE IV. Number of events expected before and after the
requirements imposed on the above-gap/sSFR-sZ binary catalog,
assuming both LISA mission lifetimes. The rightmost column
shows the average number of events per realization once we
performed the selections.

Number of events Before cuts After cuts Per realization

4 years 1223 222 ∼7
10 years 4023 510 ∼17

9The likelihood computation becomes too expensive for GW
events with more than 104 hosts. Those events are generally
poorly localized and their large 3D volumes result in a rather
uninformative host redshift distribution.
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of redshift and update the inference model to keep into
account for any local anisotropy.

2. Individual realizations of the full experiment

The nominal LISA mission lifetime is set to be 4 years
with a possible operation extension up to 10 years [13]. To
produce realistic samples of GWevents for a given mission
time, we divide the original catalog in independent subsets
producing:

(i) 30 realizations of either 7 or 8 events each for 4 years
of observations;

(ii) 30 realizations of 17 events each for 10 years of
observations.

The sizes of both samples are easily manageable from
the computational point of view. We therefore consider all
individual realizations and then average the posterior
distributions from the 30 subsets to characterize the
accuracy and the precision of this method.
The results for the inference of h and Ωm from all the

runs are presented in Fig. 5 and Table V. We observe that
the bias due to peculiar velocities does not pose a
significant issue in individual realizations of the experiment
because of the very small number of low redshift events. In
the vast majority of the cases, the inference yields mea-
surements of h that are both precise and accurate. By
looking at Table V we can in fact appreciate that h is
generally measured to better than 2% (68% credible region)
and often around 1% in the 10-year case, and the true value
is generally well within the 68% credible region implying

no significant biases.Ωm is far less constrained, generally at
a 20–30% level.
There are, however, a couple of realizations that yield

severely inconsistent results. These outliers can be identified
in realization 21 in the 4-year case and realizations 18 in the
10-year case (i.e., in 1 of our 30 realizations). In these
realizations, both h and Ωm rail against the upper end of the
prior range, a behavior that is not explained by the expected
bias due to peculiar velocities. The effect of this can also be
seen in the averaged posteriors shown in the right panels of
Fig. 5. In the 4-year case the averagedmarginalized posteriors
ofh andΩm display long tails extending to the upper bound of
the priors, whereas in the 10-year case this effect is largely
suppressed. However, in this case a mild secondary peak
appears at the boundary of the prior and leads to a slightly
asymmetric distribution. Even if the averaged estimates that
we obtain are largely consistent with the true cosmology, we
want to focus our attention on the physical meanings (if any)
of the small deviations from the expected results.

3. Origin of the problematic realizations

We extensively examined the bad 10-year realization and
did not find any specific pathology in the error box
construction, nor in the inference procedure. The culprit
of the bias appears to lie in the relation between H0,Ωm and
redshift that enters the single-event likelihood Eq. (19),
which is proportional to the number of galaxies at a
given redshift. Therefore, for a comoving-volume-uniform
galaxy distribution, the weight is roughly proportional to

FIG. 4. Left panel: cosmological parameter measurements as a function of the number of closest GW events used for the inference
assuming a Universe with and without peculiar velocities (labeled zobs and zcosmo, respectively). We investigate the results from a
Universe with and without peculiar velocities, colors as in legend. The top plot represents the results for h, while the bottom plot displays
the Ωm estimates (median values with error bars representing the 1σ confidence level). The red dashed line represents the true value of
each parameter. Right panel: distribution of peculiar velocities in our light cone for several redshift bin. Histograms from bottom to top
are shown for incremental 0.05 redshift bins, starting from [0, 0.05]. To guide the eye, solid lines represent Gaussians with standard
deviation σvP ¼ 500 km s−1, as assumed in our study.
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the comoving volume shell, naturally favoring values of
redshift approaching zmax. If the information enclosed in
the clustering is not strong enough, this “high z” solution
competes with the correct one and can eventually dominate.
This issue is further exacerbated by the H0 −Ωm degen-
eracy. As seen from the 2D posteriors shown in Fig. 5, the
two cosmological parameters are partially degenerate,
showing a clear anticorrelation. Therefore, a given
ðdL; zÞ pair can be produced by a continuum of
ðH0;ΩmÞ following this degeneracy. For a rectangular
uniform prior in the cosmological parameters, while
galaxies in the middle of the error box are consistent with
a degenerate set of cosmologies, those at the boundaries
(zmin and zmax) are only consistent with the corners of the
prior. Since many more galaxies accumulate toward zmax,

this creates an artificial spike at the top right corner of the
parameter space. So in absence of events with zero support
around zmax, this second mode of the posterior cannot be
suppressed and would eventually dominate, essentially by
design of the likelihood function.
The above interpretation is corroborated by two tests that

we now discuss. The first test we performed was to
artificially add to the bad 10-year realization a very
informative event (VIE), i.e., an event with no (or little)
support at redshifts outside those allowed by the true
cosmology, in particular with zero support around zmax.
The result of this procedure is shown in Fig. 6. It can be
seen that the addition of a VIE kills the high z solution and
allows the recovery of the correct cosmology, albeit with
large uncertainties on Ωm.

FIG. 5. Inference results from the 30 independent realizations at the 68% confidence level. The top row refers to 4 years of LISA
observations, while the bottom row refers to 10 years. Plots in the left column, the blue dots denote the median of the posterior
distributions, while the red dashed lines represent the true value of each parameter. The right column displays the joint posterior
distributions averaged on the 30 independent realizations. Here the gray color scale distinguishes low probability regions (light) with
high probability regions (dark); the black dashed lines mark, from left to right, the 16, 50, and 84 percentile and finally the blue lines
highlight the true cosmology. Plots in the right column have been made using [52].
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TABLE V. The h and Ωm estimates for all the inference runs. The columns report: the estimates at the 68% confidence level (1σ), the
precision of the measure (%), and the estimate accuracy as a fraction of σ (A).

h Ωm

LISA mission time Realization GW events 1σ % A 1σ % A

4 years 1 8 0.736þ0.011
−0.012 1.5 0.5σ 0.224þ0.075

−0.063 30.74 0.4σ
2 8 0.730þ0.019

−0.017 2.5 <0.1σ 0.259þ0.097
−0.085 35.3 0.1σ

3 8 0.766þ0.062
−0.049 7.3 0.6σ 0.321þ0.134

−0.185 49.7 0.4σ
4 8 0.727þ0.017

−0.016 2.3 0.2σ 0.261þ0.106
−0.112 41.7 0.1σ

5 8 0.747þ0.018
−0.018 2.4 1.0σ 0.183þ0.075

−0.065 38.5 1.0σ
6 8 0.727þ0.014

−0.014 1.9 0.2σ 0.309þ0.100
−0.084 29.8 0.6σ

7 8 0.722þ0.013
−0.013 1.8 0.6σ 0.264þ0.093

−0.100 36.5 0.1σ
8 8 0.715þ0.013

−0.012 1.8 1.2σ 0.329þ0.080
−0.073 23.3 1.0σ

9 8 0.731þ0.013
−0.012 1.7 0.1σ 0.220þ0.073

−0.083 35.5 0.4σ
10 8 0.745þ0.011

−0.012 1.5 1.3σ 0.156þ0.071
−0.063 42.9 1.4σ

11 8 0.736þ0.013
−0.010 1.6 0.6σ 0.272þ0.200

−0.124 59.57 0.1σ
12 8 0.724þ0.014

−0.013 1.9 0.4σ 0.275þ0.092
−0.089 32.9 0.3σ

13 7 0.732þ0.013
−0.014 1.9 0.2σ 0.240þ0.087

−0.066 32.0 0.1σ
14 7 0.726þ0.074

−0.027 7.0 0.1σ 0.308þ0.131
−0.109 39.0 0.5σ

15 7 0.735þ0.013
−0.013 1.8 0.4σ 0.238þ0.164

−0.120 59.5 0.1σ
16 7 0.732þ0.014

−0.017 2.1 0.1σ 0.229þ0.115
−0.082 43.0 0.2σ

17 7 0.722þ0.012
−0.012 1.7 0.6σ 0.280þ0.094

−0.092 33.3 0.3σ
18 7 0.732þ0.014

−0.013 1.8 0.1σ 0.279þ0.081
−0.079 29.0 0.4σ

19 7 0.720þ0.028
−0.021 3.4 0.4σ 0.327þ0.112

−0.130 36.9 0.6σ
20 7 0.718þ0.019

−0.015 2.4 0.7σ 0.319þ0.118
−0.139 40.4 0.5σ

21 7 0.827þ0.026
−0.044 4.2 2.8σ 0.405þ0.075

−0.142 26.9 1.4σ
22 7 0.707þ0.012

−0.008 1.5 2.2σ 0.416þ0.059
−0.090 17.8 2.2σ

23 7 0.722þ0.017
−0.016 2.2 0.5σ 0.295þ0.107

−0.091 33.5 0.5σ
24 7 0.713þ0.015

−0.010 1.7 1.4σ 0.398þ0.0.70
−0.116 23.4 1.6σ

25 7 0.707þ0.011
−0.008 1.3 2.5σ 0.430þ0.051

−0.084 15.7 2.7σ
26 7 0.732þ0.012

−0.012 1.6 0.2σ 0.232þ0.065
−0.057 26.2 0.3σ

27 7 0.754þ0.042
−0.039 5.3 0.6σ 0.240þ0.142

−0.121 54.6 0.1σ
28 7 0.715þ0.019

−0.015 2.4. 0.9σ 0.340þ0.097
−0.115 31.3 0.8σ

29 7 0.733þ0.085
−0.022 7.3 0.1σ 0.276þ0.128

−0.117 44.4 0.2σ
30 7 0.737þ0.011

−0.012 1.5 0.6σ 0.198þ0.079
−0.065 36.4 0.7σ

10 years 1 17 0.726þ0.009
−0.010 1.3 0.4σ 0.275þ0.062

−0.050 22.2 0.5σ
2 17 0.734þ0.012

−0.014 1.7 0.3σ 0.229þ0.086
−0.062 32.4 0.3σ

3 17 0.721þ0.010
−0.010 1.4 0.9σ 0.297þ0.056

−0.055 18.9 0.8σ
4 17 0.725þ0.008

−0.009 1.2 0.5σ 0.292þ0.067
−0.052 20.4 0.7σ

5 17 0.723þ0.014
−0.015 2.0 0.5σ 0.316þ0.104

−0.085 28.9 0.7σ
6 17 0.719þ0.011

−0.011 1.6 1.0σ 0.320þ0.065
−0.057 19.1 1.1σ

7 17 0.721þ0.011
−0.012 1.6 0.8σ 0.312þ0.089

−0.068 25.3 0.8σ
8 17 0.731þ0.010

−0.010 1.7 0.1σ 0.250þ0.056
−0.052 21.6 <0.1σ

9 17 0.720þ0.013
−0.012 1.7 0.1σ 0.262þ0.071

−0.056 24.3 0.2σ
10 17 0.738þ0.010

−0.010 1.4 0.8σ 0.191þ0.048
−0.046 24.6 1.3σ

11 17 0.726þ0.010
−0.009 1.4 0.4σ 0.286þ0.056

−0.061 20.4 0.6σ
12 17 0.731þ0.034

−0.013 3.2 <0.1σ 0.289þ0.103
−0.059 28.1 0.5σ

13 17 0.730þ0.011
−0.011 1.5 <0.1σ 0.257þ0.060

−0.051 21.4 0.1σ
14 17 0.721þ0.012

−0.013 1.7 0.8σ. 0.311þ0.083
−0.066 23.9 0.8σ

15 17 0.729þ0.009
−0.010 1.3 0.1σ 0.254þ0.061

−0.049 21.7 0.1σ
16 17 0.733þ0.010

−0.010 1.3 0.3σ 0.242þ0.049
−0.045 19.4 0.2σ

17 17 0.719þ0.012
−0.011 1.7 0.9σ 0.324þ0.074

−0.078 23.6 1.0σ

(Table continued)
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A second test consisted in changing the prior range of the
analysis. If our interpretation is correct, the second mode of
the solution appearing in Fig. 5 should follow the boundary
of the prior. Figure 7 shows the average posterior over 30
realizations (different from those used to produce Fig. 5) of
the experiment with a modified prior range h ∈ ½0.6; 0.95�
and Ωm ∈ ½0.04; 0.4�. Clearly, the secondary mode follows
the boundary of the prior, while the correct solution is
consistently recovered regardless of the prior range.

4. Mitigation techniques and future investigations

Although we are focusing on the “bad outcomes” of our
analysis, it is worth keeping in mind that they involve only
a minority of realizations of the experiment. It is never-
theless important to be able to treat these potential issues
should they manifest in a future real analysis on actual data.
Even without applying any change to the inference

procedure, the tests presented above provide practical ways

to reject spurious solutions and correctly constrain cosmo-
logical parameters. Bad realizations generally display
bimodal posteriors. Repetition of the analysis with a
varying prior range should return a “steady mode” around
the correct solution and a dominant spurious peak follow-
ing the boundary. Moreover, events can be analyzed
individually and cosmological inference can be done
progressively by adding them one by one. In order to
exclude peculiar velocities’ side effects, we perform this
test by considering a steady Universe. As we show in Fig. 8
for realization 18, we found that in our two bad realizations,

TABLE V. (Continued)

h Ωm

LISA mission time Realization GW events 1σ % A 1σ % A

18 17 0.838þ0.016
−0.106 7.3 1.8σ 0.359þ0.121

−0.109 32.0 0.9σ
19 17 0.725þ0.009

−0.009 1.2 0.5σ 0.268þ0.051
−0.044 17.7 0.4σ

20 17 0.729þ0.010
−0.010 1.4 0.1σ 0.268þ0.060

−0.050 20.5 0.3σ
21 17 0.729þ0.013

−0.014 1.9 0.1σ 0.252þ0.061
−0.053 22.8 <0.1σ

22 17 0.730þ0.008
−0.008 1.1 <0.1σ 0.277þ0.041

−0.038 14.3 0.7σ
23 17 0.740þ0.014

−0.013 1.8 0.8σ 0.220þ0.062
−0.057 27.0 0.5σ

24 17 0.727þ0.010
−0.010 1.4 0.3σ 0.260þ0.051

−0.047 18.8 0.2σ
25 17 0.745þ0.016

−0.017 2.2 0.9σ 0.183þ0.079
−0.069 40.7 0.9σ

26 17 0.728þ0.009
−0.009 1.2 0.2σ 0.282þ0.061

−0.055 20.5 0.6σ
27 17 0.725þ0.009

−0.010 1.3 0.5σ 0.284þ0.053
−0.046 17.4 0.7σ

28 17 0.714þ0.009
−0.009 1.3 1.7σ 0.342þ0.057

−0.053 16.1 1.7σ
29 17 0.697þ0.034

−0.012 3.3 1.4σ 0.416þ0.063
−0.142 24.7 1.6σ

30 17 0.733þ0.016
−0.013 2.0 0.2σ 0.259þ0.092

−0.060 29.4 0.1σ

FIG. 6. The impact of VIE on the h and Ωm posterior
distributions of realization 18 (10 years). The blue solid lines
mark the true cosmology.

FIG. 7. Averaged posterior distribution over 30 different
realizations assuming different prior ranges on h and Ωm, as
discussed in Sec. III B 3.
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when this procedure is employed, the joint posterior
initially builds up around the correct solution due to the
clustering information. This mode, however, is eventually
superseded by the spurious one in the long run, if there are
no events without host galaxy support around zmax. These
two checks (varying prior and incremental analysis) could
allow us to reject the spurious solution and identify the
correct cosmological parameters.
It would be obviously desirable to develop an analysis

that prevents side effects like the ones identified here. For
example one can reweight or change the shape of the prior,
so that an uninformative experiment returns a flat posterior
on the parameters, regardless of the fact that the assumption
of a cosmological model intrinsically brings some infor-
mation on the correlation structure of the parameters.
Another aspect that should be accounted for concerns
the approach adopted to place each GW event in the
Millennium Universe, that we discussed in Sec. II C.
Within our work, the binary population and the galaxy
catalog are independent entities, i.e., binaries merge at
points in space where there may not be any galaxy at all: to
address the problem, we randomly selected the “true host”
within the redshift interval associated to the true cosmology
consistent with the dL uncertainty of the GWmeasurement.
This ensures that an actual galaxy can be referred as the
host of the GW event. The random selection should ensure
that galaxies in denser regions are more likely to be drawn
rather than others. However, the high performance of the
multiband approach squeezes the pool of true host candi-
dates to a narrow redshift interval, which often lacks of
relevant clustering properties. Therefore, when we extend

the redshift interval to take into account for the prior ranges
on the cosmological parameters, we are likely to bring into
the error box much denser regions that were artificially
excluded from the host selection. In practice, one should
start from a given light cone and place GWevents randomly
within it, to ensure that the distribution of events traces the
3D clustering of galaxies. We plan to explore different
experiment designs and likelihood forms in future work.
Besides these adjustments, we remark once again that the

analysis performed here allows a robust determination of
H0 within 1%–2% in the vast majority of the cases.
Moreover, even when the inference is biased, the spurious
solution can be identified and the correct cosmology
recovered.

IV. CONCLUSIONS

In this paper we explored the possibility of exploiting
multiband GW astronomy to use SBHBs above the pair-
instability mass gap as effective dark standard sirens.
Massive SBHBs forming from progenitor stars above the

pair-instability mass gap are in fact anticipated to be loud
multiband sources, detectable both by LISA and 3G
detectors, for which we considered ET as an example.
By combining observations in the two bands, the source 3D
sky localization can be pinned down to an accuracy which
is far better (by three orders of magnitude, on average) than
the individual probes alone. This allows an efficient
probabilistic identification of the host among all galaxies
within the error volume, enabling statistical inference on
the cosmological parameters.

FIG. 8. Evolution of the posterior distribution of the Hubble constant from the realization 18 (10-year) as the number of events
increases by one each time, as the panel titles show. Here the red dotted line represents the true value, i.e., h ¼ 0.73. In this particular
case, the spurious solution overcomes the right cosmology when the last few events are added to the inference.
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We exploited this idea to constrain the Hubble constant H0

andmatter density fractionΩm under the assumption of a flat,
ΛCDMUniverse.We performed the parameter estimation in
each detector under the Fisher informationmatrix formalism,
and then combined the relative uncertainties in order to
produce accurate estimates of the source parameters, spe-
cifically the 3D localization error volume in the sky.We then
relied on the Millennium simulation to simulate the galaxy
distribution across 1/8th of the sky up to z ¼ 1.Weplaced the
3D volumes in this synthetic sky, thus creating for each of
them a sample of host candidates consistent with the
clustering properties of the ΛCDM Universe. Finally, we
used these data to perform Bayesian inference on H0 andΩm
employing a nested sampling algorithm.
By analyzing a large catalog of GWevents, we found that

peculiar velocities might be a source of systematic errors,
depending on the direction of the bulk motion of galaxies.
This behavior, however, affects mostly low redshift events,
and progressively vanishes when adding farther away merg-
ers to the inference. Moreover, it can be due to limited solid
angle coverage of the light cone adopted, and a full sky
catalog may address the problem in the first place.
We then performed 30 realizations of the sample of

observed SBHBs assuming either 4 or 10 years of LISA
operations. By analyzing them, we found that multiband
observations of “above-gap” SBHBs can provide a com-
petitive measurement of the cosmological parameters
S ¼ fh;Ωmg. In fact, assuming 4 (10) years of observation,
the Hubble constant is determined down to a 1.5% (1.1%)
precision, while Ωm is measured at a 26.2% (14.3%) level.
In general, the two parameters are estimated to better than
∼2% and ∼30% respectively.
We found, however, a couple of realizations yielding

biased solutions, favoring h and Ωm values railing against
the upper end of the prior range. We traced back the
insurgence of those solutions to a combination of factors,
including the form of the likelihood, the h − Ωm degen-
eracy and the lack of very informative events in those
realizations. We notice here that this problem did not
appear in the work of [12,45], who employed the same
techniques. This is likely because [12] considered “below-
gap” SBHBs at z < 0.1; at such low redshifts, the number
of galaxies in the error volume is generally much smaller,
and it is unlikely that all the events have support around
zmax. On the other hand, [45] investigated a limited number
of realizations of their experiment, perhaps insufficient to
identify a bad one. By individually analyzing those “bad
realization” we provided practical ways to recognize and
discard spurious solutions, allowing the recovery of the
correct cosmological parameters even in their presence.
Nevertheless, the identification of this issue calls for

future improvements. Among them, we underline the need
to upgrade the design of the simulation so that the binaries
from our population merge in crowded clusters in the very
first place, as reality suggests. This can be achieved by

consistently assigning a host to each GW event before the
Fisher matrix pipeline, thus avoiding the need of an
artificial true host selection. We plan to enhance hosting
probability assignments, so to take into account also for
other important parameters besides the host candidate’s sky
position (e.g., the mass of the galaxy). Furthermore, a
reweight or change of the shape of the prior can be folded
into the analysis, ensuring that an uninformative experi-
ment returns a flat posterior on the cosmological param-
eters. We defer a detailed investigation of these possible
improvements of the analysis to future work.
Finally, our work relies on the assumption that SBHBs

above the mass gap come only from the isolated evolution
channel. However BHs inside and above the mass gap can
be formed in dense environment thanks to the close
interplay between dynamics and stellar evolution
[53,54]. These additional sources would increase the
number of detected systems that could be exploited in
our approach, allowing us to constrain even further the
cosmological parameters.
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APPENDIX: GALAXY MASS THRESHOLD

In this study, we considered only galaxies with stellar
mass Mgal ≥ 3 × 1010M⊙. The motivation behind this
choice is two-fold. On one hand, the vast majority of

FIG. 9. Averaged joint posterior distribution of 20 different
realizations assuming a lower threshold in galaxy’s selection.

MULTIBAND GRAVITATIONAL WAVE COSMOLOGY WITH … PHYS. REV. D 105, 043509 (2022)

043509-15



stars—and compact remnants—in the Universe is hosted in
galaxies above this mass threshold; on the other hand,
simulating large light cones down to a much lower mass
threshold requires significant computing time and memory
resources. It is, however, important to investigate to what
extent our results are dependent on this specific choice.
To this end, we ran a test light cone considering all

galaxies with Mgal ≥ 1010 M⊙. We built the error boxes
with the same procedure outlined in the main text, con-
structing 20 independent realizations of the above-gap
SBHB population. The main result of this exercise is
shown in Fig. 9. We notice here that, although the results
are consistent with those obtained with a higher mass cut,
the precision in the determination of the cosmological

parameter is slightly degraded. In particular, the width of
the marginalized posterior on h is about 30% larger, with an
average error on its determination increasing from ≈1.5%
to ≳2%. Similarly, constraints on Ωm are slightly looser,
with typical precision of ≈30%. The reason of this
precision loss might lurk in the peculiar clustering proper-
ties of different galaxy populations. For example, specific
classes of dwarf galaxies tend to be less clustered and more
evenly distributed in the sky [55], which is expected to
somewhat reduce the effectiveness of our methodology.
Despite this, we notice that the main results of our study are
robust and we defer a more comprehensive investigation of
effects such as catalog completeness and selection effects to
future work.
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