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ARTICLE INFO ABSTRACT

Keywords: The virtual element method was introduced 10 years ago, and has generated a large number of theoretical results
Virtual element method and applications ever since. Here, we overview the main mathematical results concerning the stabilization of the
Stability bound method as an introduction for newcomers in the field. In particular, we summarize the proofs of some results for
Interpolation estimate . . « » . . . . . .
two dimensional “nodal” conforming and nonconforming virtual element spaces to pinpoint the essential tools
used in the stability analysis. We discuss their extensions to several other virtual elements. Finally, we show
several ways to prove the interpolation estimates, including a recent one that is based on employing the stability

bounds.

1. Introduction

The virtual element method was introduced ten years ago [1] as a
generalization of the finite element method to polytopic meshes. Typ-
ically, local virtual element spaces consist of solutions to local prob-
lems with polynomial data. Therefore, virtual element functions are
not known in closed form; in the spirit of the mimetic finite differ-
ences [2,3], only the evaluation of their degrees of freedom is required
in the design of the method.

Consequently, the bilinear forms appearing in the variational formu-
lation of given partial differential equations are not computable and are
rather discretized based on two main ingredients: projections from lo-
cal virtual element spaces onto polynomial spaces; bilinear forms that
stabilize the scheme.

This entails that the error analysis for virtual elements has the form
of a Strang-type result, where several variational crimes have to be
taken into account. In particular, one has to cope with certain stabil-
ity bounds and interpolation estimates in virtual element spaces.

The first work on the virtual element method contains the following
statement concerning the stability estimates [1, Section 4.6]:

“In generdl, the choice of the bilinear form SX(-,-) [the local vir-
tual element stabilization] would depend on the problem and on
the degrees of freedom. From (4.20) it is clear that SX(-,-) must
scale like aX(-,-) [the “grad-grad bilinear form] on the kernel of HZ
[an H' polynomial projector]. Choosing then the canonical basis
Pryees P, O

X(®;))=6,,i,j=1,..., Nk, [y, is the i-th local degree of freedom]

the local stiffness matrix is given by

ay (@) = (L) 9, I @) + SK(U = TL)e;. (1 = T1))e)).

In our case it is easy to check that, on a “reasonable” polygon,
aX(g;, ®;) ~ 1. Note that this holds true for all i=1,2,...,Ng [Ng
is the dimension of the local discrete space] since we defined the local
degrees of freedom suitably. [...] However, several types of misbe-
haviour can occur for awkwardly-shaped polygons, in particular if
two or more vertices tend to coalesce, although, in our numerical
experiments, the method appears to be quite robust in this respect.”
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So, some facts were made clear since the very inception of the
method:

« the stabilization is not required to have approximation properties:
it only has to scale as the corresponding “continuous” bilinear form;

« areasonable choice for the stabilization is the “dofi-dofi” one given
by SX(p;.0))=6;; foralli, j=1,..., Ng;

« the “dofi-dofi” stabilization needs to be carefully tuned/changed in
presence of “awkwardly-shaped polygons”.

Similar considerations are contained in other works tracing back to the
early years of the virtual elements literature, say, the period 2013-2016:
there, one can find heuristic motivations but no proofs of the stability
bounds, i.e., bounds of the form a*aX (v, v,) < SX(v,,v),) < a*aX(vy,v,)
for suitable discrete functions v, and positive constants a, < a*.

In 2017, the first paper [4] on the theoretical aspects of the stabi-
lization in virtual elements was published: stability properties for two
dimensional nodal conforming virtual elements were investigated on
rather general geometries. Several related contributions have been pro-
posed ever since; amongst them we mention the other three pioneering
works [5-7]. Most of the literature on this topic is concerned with nodal
conforming virtual elements; fewer works can be found on other types
of virtual elements such as face, edge, Stokes, immersed-like virtual el-
ements.

In light of this, the virtual element literature on the theoretical as-
pects of the stabilization might be classified into three periods:

« the early years (2013-2016), when the properties of the stabiliza-
tion were introduced and motivated heuristically;

« the pioneering years (2017-2018), when the first papers [4-7] on
the theoretical aspects of the stabilization were published;

« the consolidation years (2019-2023), when several other works
on the topic were written, the pioneering analysis was generalized,
and other types of virtual elements were considered.

We deemed useful to collect and review all contributions that we
are aware of about the theoretical aspects of the stabilization. We hope
that this work might represent a gentle introduction to these topics.
More details on what we are going to discuss can be found at the end
of this section.

Disclaimer. As we are interested here only in reviewing the literature
on theoretical aspects of the virtual element stabilization, we do not
review contributions on more “practical” issues as those in [8-13].

Notation and assumptions. Given D c RY, d = 1,2,3, a Lipschitz do-
main with measure |D|, we introduce the Sobolev space H*(D), s >0,
and endow it with the usual norm ||-||, 5, seminorm |-|; j, and bilinear
form (-,-); p. If s =0, we let the Sobolev space H 9(D) be the Lebesgue
space L%(D). Negative order Sobolev spaces are defined by duality.

We set the spaces P,(K) and P ,(e) of polynomials of maximum de-
gree p over a polygon K and an edge e. We use the notation P_;(K) =
{0}. For the space P,(K), given xg = (xg,yx) and hg denote the cen-
troid and diameter of K, it is convenient to introduce the basis {m,} of

scaled and centred monomials
X —Xg x—xK>“1< >”’2
(€9)

a
X) 1=
mavi= (52 ) = (45,
a=(a1,a2)eR2, la|=a;+a,=0,...,p.
Analogously, we can define the basis {m¢}, a =1,...,p, of shifted and
scaled monomials for P,(e).

Given two quantities ¢ and b, we write a < b meaning that there
exists ¢ depending on the shape of K, but not on its size, such that a <
cb.

Y=Yk
hg

Outline of the paper. We prove the stability bounds for two dimen-
sional nodal conforming virtual elements in Section 2: here, we focus
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on two paradigmatic stabilizations; derive the corresponding stability
bounds; underline what the main tools in the proof are; review the rele-
vant literature. We discuss the generalization to nonconforming “nodal”
elements and arbitrarily regular “elliptic-type” elements in Section 3.
“Nonelliptic-type” elements, such as face, edge, Stokes-like, and im-
mersed virtual elements, are overviewed in Section 4. Comments on
“p-version” spaces, and the role of the stabilization in relability and ef-
ficiency bounds for residual error estimators are given in Section 5. In
Section 6, we show that the stability bound implies certain interpolation
estimates. We draw some conclusions in Section 7.

2. Basic results: stability in nodal conforming virtual elements

In this section, we review the role of the stabilization in two dimen-
sional nodal conforming virtual elements. After designing local virtual
elements with a set of unisolvent degrees of freedom, we describe com-
putable polynomial projectors and discrete bilinear forms in Section 2.1.
We introduce two paradigmatic stabilizations and provide a simple
proof of the stability bounds in Section 2.2. In Section 2.3, we review
the essential literature concerning the theory behind the stabilization in
nodal conforming virtual elements.

2.1. Nodal conforming virtual elements

Following [1], given a polygonal element K and a positive integer
number p, we define the nodal conforming virtual element

Vi(K) :={v, € H(K) | Av,, €P, o(K), vy, EP,(e) Vee X}, (2

We endow the space V,(K) with the following set of unisolvent degrees
of freedom: given v, in V,(K),

« the point values of v, at the vertices of K;

« on each edge e of K, the point values of v, at the p — 1 internal
Gauf3-Lobatto nodes;

- given the scaled monomial basis {m,} of P, ,(K) as in (1), the
scaled moments

1
m my Up.
K

The second set of degrees of freedom can be replaced by suitably scaled
edge moments. Given Ny the dimension of V,(K), we collect the above
degrees of freedom in the set {dof; }ji’j

The degrees of freedom of V,(K) allow for the computation of sev-
eral polynomial projections [1]. In what follows, we need the opera-

tor HZ : H'(K) - P,(K) defined as

(Vg Vo -0 Va, €P,(K) @
Sk — HXU) =0,

and the operator 1'[2_2 LX(K)—> P p—2(K) defined as

@y 0 =T19_,0)9 V4, €P, 5 (K). @

Given the degrees of freedom of a function v, in V}(K), we can com-
pute IT) v, and Hg_zvh; see [1].

Other options to fix the constant part of HZ, see the second condition
in (3), can be found in the literature. For instance, it is alternatively
possible to fix the average in the bulk or the arithmetic average of the
values at the vertices of the polygon.

The standard discretization of the bilinear form aX(-,-) :=(V-, V)o.x
in nodal conforming virtual elements is given by

(5)

ay (upvp) 1= @ (0w, I 0) + S5 =10y, (1 =T1))0p).
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The bilinear form SX(.,-) : V,(K) x V},(K) is required to be computable
via the degrees of freedom and satisfies the following stability bounds:
there exist 0 < a, < o* independent of Ay such that

(6)

2 2
a|vpli g < SKw,vp) < @ |vpl1 Yo, € V,(K) nker(l’IZ).

2.2. Two stabilizations for nodal conforming virtual elements

We introduce two stabilizations that are common in the literature
of nodal conforming virtual elements. The first one is known as the
“dofi-dofi” stabilization [1] and is given by

Ng

SK @y, vp) 1= dof ;(uy)dof (vy)
j=1

Yy, vy, € Vy(K). @

The second one, which we shall refer to as “projected” stabilization,
is [14]

SK Gy 1) 1= B Gy 0o 05 + R0 _yuy, T 0400

0 Yy, v, €V, (K).

(8)

Both stabilizations are computable using the degrees of freedom
of V,(K).

Lemma 1. The bilinear forms SX(-,-) in (7) and (8) satisfy (6).

Proof. We prove the assertion for the “projected” stabilization (8) only;
the details for the “dofi-dofi” stabilization (7) are similar but slightly
more involved. The assertion for the stabilization in (7) follows com-
bining the bounds for the stabilization in (8) and the techniques, e.g.,
in [4,5,71.

The lower bound. We recall an inverse estimate for functions with
polynomial Laplacian; see, e.g., [15, Lemma 10] or [14, Theorem 2]:
Vv, € H'(K), Av, €P, 5(K). 9

”AUhHO,K Sh}l|”h|1,1<

Furthermore, we have the polynomial inverse estimate
1

~3 0 K

)qp)%’ak Sh|anfly e Y €COOK). g P, VecEX. 10)

Integrating by parts, recalling that Av,, belongs to P,_,(K), applying the
Cauchy-Schwarz inequality, invoking the definition of negative Sobolev
norms, and using the inverse estimates (9) and (10), the lower bound
in (6) follows:

2
|uh|1‘K=—/Avh uh+/(nK -Vop)uy,

K 0K
:—/Auh H272Uh+/(nk Voo,
K K

< ||AUh||0,K“H272U”H

0.K + ”nK . vuh”_%,gkluh@,ak

S ||AUh||0,K“n0_zUhHO,K + (e[| Avpllo. + [only sOlonl 10K
1|70 -3
S |oalik <h2 ”H,;-z'jh”()’,( +hy? ””h”o,aK) :
The upper bound. Using the stability of Hg_z in the L? norm, the trace

inequality, and the Poincaré inequality (recall we are assuming that v,
belongs to ker(l’IZ)), the upper bound in (6) follows:

SE@y,vp) 1= h}l ||Uh||(2),dl< + h;<2“H2—ZUth,K

_ 2 _ 2 2
<hiMlonlloox + hK2||Uh||O,K Sloalig- O

From the proof of Lemma 1, we can see that
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« the lower bound in (6) follows from polynomial and virtual inverse
estimates, but no zero average condition (based on the fact that v,
belongs also to ker(HZ)) is used;

« the upper bound in (6) is proven based only on “direct estimates”,
such as the Poincaré and the trace inequalities, and is therefore
valid for H! functions with zero average.

For these reasons, Lemma 1 immediately generalizes as follows.

Corollary 2. The bilinear forms SX(.,-) in (7) and (8) satisfy the following
stability bounds: there exist positive constants a, < a* such that

2
a*l”h|1,KSSK(Uh,Uh) Yo, € V,(K),
K 2 1
ST, <a*fol] . YoeH (K), (v,1)yp =0,

where D is any subset with nonzero measure of either K or K.

The stability bounds in Lemma 1 and Corollary 2 can be extended
to the case of the so-called enhanced virtual element spaces introduced
in [16]. More precisely, define

Viy(K) 1= {uh e H'(K) ’ Av, €P(K); vy, EP,(): vy px €COOK);

an
/(uh ~1Y0,)m, =0Vlal=p~1,p}.
K

This space can be endowed with the same degrees of freedom of the
standard space virtual element space in (2). Such degrees of freedom
allow us to compute the projectors HZ+2 and 1'[2 in (3) and (4). It can be
checked that the stabilization

K ups vp) 1= hig Gy vp)o o + i Mup, 00k Viay, 0 € Vy(K)

satisfies Lemma 1 and Corollary 2.
2.3. Pioneering results and later contributions

The first work containing mathematical proofs on the stabilization
is [4]. This and other three works constitute the early backbone of
the stability analysis of the virtual element method. In particular, we
pinpoint and describe these four works, which were published in 2017-
2018:

o [4] contains the first analysis of the stabilization in two dimen-
sional nodal conforming virtual elements; an arbitrary number of
edges is allowed; the stability bounds are derived for different sta-
bilizations (including the “dofi-dofi” one);

 [6,7] contain the stability analysis for two and three dimensional
nodal conforming virtual elements; arbitrary numbers of edges and
faces are allowed; the stability bounds are derived for different sta-
bilizations (including the “dofi-dofi” one);

« [5] contains the stability analysis for two dimensional nodal con-
forming virtual elements; more standard geometries are employed.

It is our opinion that the presentation in [5] is the simplest one and
is therefore recommended to virtual elements novices; the presenta-
tion in [4] and [6,7] is more technical and applies to more general
geometries, whence these contributions are recommended to more ex-
pert readers.

After 2018, other works were devoted to additional mathematical
aspects of the stability in nodal conforming virtual elements. Amongst
others, we mention nodal conforming virtual elements on curved do-
mains [17]; robustness with respect to anisotropic elements [18,19];
virtual elements stabilized by means of higher-order polynomial energy
projection terms [20-23] or projections onto Raviart-Thomas polyno-
mials over subtriangulations [24]; lack of robustness with respect to
the degree of accuracy of the method [14]; nodal serendipity virtual
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elements [25]; presence of stabilization terms in residual error estima-
tors [15,26]. We shall elaborate more on the two last topics in Section 5
below.

The literature stability analysis for other types of elements is more
limited. The reason for this is that nodal conforming virtual element
functions have a “second order elliptic structure”. In other virtual el-
ements, local spaces consist of functions solving local problems (with
polynomial data) that are in general more technical to handle.

3. Stability in other “elliptic-type” virtual elements

In this section, we investigate the role of the stabilization for other
“elliptic-type” virtual elements. In particular, we focus on “second or-
der” nonconforming virtual elements in Section 3.1; investigate their
stability properties in Section 3.2; review conforming and nonconform-
ing arbitrarily regular virtual element spaces in Section 3.3.

3.1. “Nodal” nonconforming virtual elements

Following [27], given a polygonal element K, £X its set of edges,
and a positive integer number p, we define the “nodal” nonconforming
virtual element

Vi(K) :={v, € H(K) | Av,, €P, »(K), ng - Vv, , EP, (e) VecEX}.
12
We endow the space V;,(K) with the following set of unisolvent degrees

of freedom: given v, in V,(K),

- on each edge e of K, given the scaled monomial basis {m¢}
of P,_,(e) discussed in Section 1, the scaled moments

L,
— mt vy,
|e|/“”
e

given the scaled monomial basis {m,} of P, ,(K) as in (1), the
scaled moments

1
|_I<|/'”“ on
K

Given Ny the dimension of V},(K), we collect the above degrees of free-
dom in the set {dof; } =y

The degrees of freedom of V,(K) allow for the computation of sev-
eral polynomial projections [27]. In what follows, we need the opera-

tors I : H'(K) » P,(K) as in (3), IT)_, : L*(K) = P, 5(K) as in (4),
and Hgf Ll L%(e) > P,_(e) defined as
(@0 =T¢ o), Vai_ €P,y(e).

Given the degrees of freedom of a function v, in V},(K), we can com-
pute IT}'v, and Hg_zuh, and Hgflvh for all edges e; see [27]. The stan-
dard discretization of the bilinear form aX(.,-) :=(V-, V-)o.x in “nodal”
nonconforming virtual elements is as in (5).

Also in the “nodal” nonconforming virtual element setting, the sta-
bilization SX(.,-) : V,(K) x V,,(K) is a bilinear form that is computable
via the degrees of freedom, and is such that there exist positive con-
stants a, < «* independent of Ay for which the stability bounds in (6)
are valid.

3.2. Stability bounds in “nodal” nonconforming virtual elements

We introduce two stabilizations for “nodal” nonconforming virtual
elements. The first one is the “dofi-dofi” stabilization as in (7). The
second one, which we shall refer to as “projected” stabilization, is

247

Computers and Mathematics with Applications 151 (2023) 244-251

S8y vp) 1= hih Y A0 g T 0o o + i (0 TIO_y0p)o
ecek

Vuy, vy, € Vy(K). (13)

Both stabilization are computable using the degrees of freedom
of V,(K).

Lemma 3. The bilinear forms SX(-,-) in (7) and (13) satisfy (6).

Proof. We prove only the assertion for the “projected” stabiliza-
tion (13); to this aim, we follow the guidelines in [28, Theorem 3.2].
The details for the “dofi-dofi” stabilization (7) are similar but slightly
more involved.

The following polynomial inverse inequality holds true [28, Theo-

rem 3.2]:
L
st o]
Hq'”‘lo,dk Shi” |4 -1.0K

The lower bound. Integrating by parts, recalling the properties of

functions in “nodal” nonconforming virtual element spaces in (12),

applying the Cauchy-Schwarz inequality twice, using the polynomial

inverse inequality (14), invoking the Neumann trace inequality [29,

Theorem A.33], and recalling the virtual inverse estimate (9), we can
Avy vy, + Z

write
/(nK - Vo),
eESK

ol = /
/Avh BT /(n,( VoI v
EEEK
Z Ing - Voullo,

Vg, € C°(0K), g, €P,()VecEX. (14)

K

< vl |2l

IIOe ”

(SIE

2
< [[0nlloe |12 50n ], + In VuhnW( ) m0e,enll,.)
o T % L

1
+||ng - VUh||_laK Kz( z ”H

S 1avflo 00

[SIE

o)

h”O,K

+<hK||Avh||0,K+|vh|1,K>h;f( z <, )%

S |onlix <h}1 Hngfzuhno_,("'hj( Z ”HSfluh‘(z),e) >
eceK

. 1. 0 O, 2
The upper bound. Using the stability of l'Ip_2 and l'Ip_1 in the L*(K)

and L?(e) (for all edges e of K) norms, respectively, the trace inequality,
and the Poincaré inequality, the upper bound in (6) follows:

[STE

2
2|0
+hy “HP—2U”H0,K

0,e

_ 2 — 2
hKI z ”Uh”o,e +h1<2||”h||0,1<

ecek

_ 2 _ 2 2
= hK1 ”Uh”(),ak +h1<2||”h||0,1< 5 |”h|1,1<'

2
K | 0.e
SK(wp,vp) 1= by ZZZK“HP_IU,,
eE,

O

As in the case of nodal conforming virtual elements, Lemma 3 can
be generalized in the sense of Corollary 2.

Moreover, as in Section 2.2, it is possible to define an enhanced
version of the space in (12):

Vy(K) := {uh e H'(K) ‘ Av, €P,(K); ng-Vu,,EP, (e) Vee&X;

/(vh—Hvamn:o Vial =p~1.p}.
K
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We endow this space with the same degrees of freedom as for the space
in (12), which allow for the computation of higher order polynomial
projectors H§+2 and Hg; see (3) and (4).

It can be checked that the following stabilization satisfies Lemma 3:

K . -1 0, 0, =210 0
SK@pvp) i=hg! Y (0 TU 0y)o e+ i Tuy T 0y )o &
eceK

Vuy, vy € Vy(K).

Other theoretical results on the stabilization for “nodal” nonconforming
virtual elements can be found in [30].

3.3. Arbitrarily regular virtual element spaces

Arbitrarily regular virtual element spaces were one of the first gener-
alization of the nodal conforming virtual element method in Section 2.1
and trace back to almost the inception of the method; see [31,32]. Over
the years, several conforming and nonconforming variants have been
proposed; see, e.g., [33-35].

Differently from standard C° elements, arbitrarily regular virtual el-
ements are designed so as global C* spaces, k > 0, can be constructed.
This is accomplished by an enrichment of interface and bulk degrees of
freedom. In particular, local virtual element spaces are the set of solu-
tions to polyharmonic problems with polynomial data.

Thence, the “elliptic structure” of the spaces can be still employed
while deriving the stability bounds. For this reason, the analysis is quite
similar to that for the standard “nodal” conforming and nonconforming
virtual elements. We refer to [36] and [37] for the stability bounds in
nonconforming and conforming arbitrarily regular virtual elements. It is
quite interesting that both references are rather recent (2020 and 2022,
respectively). This is probably motivated by the fact that (i) the stability
bounds are derived in any dimension; (ii) even though the structure of
the arbitrarily regular virtual element spaces is still “elliptic”, the inter-
action of high-order derivatives and the presence of multiple boundary
conditions render the analysis of the stability bounds quite involved.

We report here, for the 2D case, a stability result for C! virtual ele-
ments. Let p > 3! and consider the space

Vy(K) := {uh € H*(K) ' Ay, € P, 4(K), vy, EP,(e),

ng - Vo, €R,_(0) VeESK}.

We endow this space with the following set of degrees of freedom [31,
38]: given v, in V,(K),

the point values of v, at the vertices of K;

the point values of hy0,v, and hgo,v, at the vertices of K, where
0, and 0, are the derivatives along the edges matching at such
vertices;

for all edges e in £X, given {m¢} the scaled and shifted monomial
basis of P,_se), the moments

1 e

e

i e
e

for all edges e in £X, given {m%} the scaled and shifted monomial
basis of P,_3(e), the moments

/’”Z ng - Voy;

e

given {m,} the scaled and shifted monomial basis of P,_s(e), the
moments

1 The case p =2 requires a slightly different but similar treatment, and is
therefore omitted.
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L

K Mg Up.

|
K

Based on such degrees of freedom, the following stabilization is com-
putable:

S5 upsvp) 1= K OO_yu IO 0p)o k + hg Wps vadook

+h (g - Vg, mg - Voy)o ok (15)

Proceeding as in Section 2.2 and [37] yields the following result.

Lemma 4. The stabilization in (15) satisfies the two following bounds: there
exist positive constants a, < a* such that

2
a,|vp|yx < SK@pvp) Yo, €V(K),

SKwvy<a*vl},  VveH'(K) suchthat

,1)9.p =0, (Vo,(1,1))gp =0,

where D is any subset with nonzero measure of either K or K.

4. Stability in “nonelliptic” virtual elements

In this section, we review the literature on the stabilization for some
“nonelliptic” virtual elements: face (Section 4.1); edge (Section 4.2);
Stokes-like (Section 4.3); immersed (Section 4.4) virtual elements.

4.1. Face virtual elements

Face virtual elements were designed in [39-41] and generalize the
Raviart-Thomas elements to polytopic meshes. Both in two and three
dimensions, local face spaces consist of functions solving local “div-
rot” problems and with polynomial normal components on faces. The
degrees of freedom consist of bubble-like moments in the element and
moments of normal components over faces.

The first stability analysis (on 2D curved elements) can be found
in [42]. Lowest order two and three dimensional face spaces were an-
alyzed in [43], general order two and three dimensional (standard and
serendipity) face spaces in [44], and three dimensional face spaces on
curved polyhedra in [45]. Related results are discussed in [46].

Compared to the elliptic case, the stability analysis is here compli-
cated by the “div-rot” structure of the spaces. Notably, the analysis
needs the design of certain Helmholtz-like decompositions, as well as
employing more sophisticated results from the theory of vector poten-
tial and div-rot systems [47,48].

4.2. Edge virtual elements

Edge virtual elements were first designed in [41] and generalize
the Nédélec element to polytopic elements. In three dimensions, local
edge spaces consist of functions solving local “div-curlcurl” problems
inside the element; local “div-rot” problems on faces; polynomial tan-
gential traces over edges. The degrees of freedom consist of bubble-like
moments in the element and on faces, and moments of tangential com-
ponents over edges.

The first stability analysis (lowest order, in two and three dimen-
sions) can be found in [43]; the general order (standard and serendipity)
case was later tackled in [44].

Compared to the case of face elements, the analysis of edge elements
in three dimensions is further complicated by the fact that virtual ele-
ment functions are solutions to different types of problems inside the
element (“div-curlcurl” problems) and on faces (“div-rot” problems),
which require a different treatment to establish suitable stability esti-
mates.
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4.3. Stokes-like virtual elements

Lowest order Stokes-like virtual elements appeared in [49] and were
later generalized to the general order case in [50]. Local spaces consist
of functions solving local Stokes-like with polynomial data; in partic-
ular, the divergence of Stokes-like virtual element functions is poly-
nomial. This allows for an immediate design of divergence free velocity
spaces. In two dimensions, the degrees of freedom consist of bubble-like
moments in the element and point values on the boundary; in three di-
mensions, of element and face moments, and point values on the edges.

Stokes-like virtual elements are very successful and were the topic
of a plethora of articles. However, to the best of our knowledge, the
first and only paper dealing with the stability analysis of Stokes-like
virtual element spaces is [51]. The stability bounds are essentially de-
rived based on the stable inf-sup structure of the local Stokes problems,
and polynomial and (novel) virtual element inverse estimates.

4.4. Immersed-like virtual elements

More recently, immersed-like virtual elements have been intro-
duced in two and three dimensions for elliptic and Maxwell problems;
see [52,53]. Such spaces are particularly effective when handling prob-
lems with nonsmooth and in particular discontinuous coefficients. The
irregular behaviour of the exact solution is captured by local immersed-
like virtual element functions in a Trefftz fashion, as they are solutions
to local problems involving the same nonsmooth coefficients as in the
continuous problem.

5. Dependence on the degree of accuracy and error estimators

Two situations where the presence of the stabilization might be trou-
blesome are the p- and hp-versions of the method, and when proving the
reliability and efficiency of error estimators. We elaborate on these two
topics in Sections 5.1 and 5.2, respectively.

5.1. Stability bounds depending on the degree of accuracy

The p- and hp-versions of a Galerkin method aim at achieving con-
vergence by increasing the dimension of the local approximation spaces
(while keeping the mesh fixed), and by mesh refinement and p-version
at once, respectively.

Stability bounds with explicit dependence on the degree of accu-
racy p were investigated in several works. Amongst them, we recall
the following contributions: p-explicit stability bounds were first de-
rived in [14] for the “projected” stabilization in (8); this result was
extended [54] to the “dofi-dofi” stabilization in (7); the p-version non-
conforming virtual elements was addressed in [28].

In all cases, at least one of the constants «, and «* in (6) depend
on p. This is not surprising as several inverse estimates are employed to
derive the lower bound in (6); see the lower bounds in Lemmas 1 and 3.
However, the suboptimality with respect to the degree of accuracy is
rather mild in practice; see [14, Section 4.1].

5.2. The role of the stability in residual error estimators

In finite elements, an error estimator # given by the combination of
local error estimators #x is a quantity that can be computed by means
of the solution u;, to the method and has to be designed so as to be
comparable to the error of the method.

For the Poisson problem, standard reliability and efficiency esti-
mates read
(16)

I“ - uh|]’g s '7(”;1) + HOng(f)s ’71((“;1) < |“ - uh|1,mK + HOTwK (028

where wg is the patch of elements around K and HOT (/) is a high-
order oscillation term on a domain D involving the right-hand side f.
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Residual error estimators in virtual elements [15,26] satisfy analo-
gous bounds that differ from (16) in two aspects: (i) the solution u;, to
the VEM is not available in closed form, so it must be replaced by a
polynomial projection; (ii) the stabilization appears in the error estima-
tor and error estimates.

For a computable virtual element error estimator 7 given by the
combination of local virtual element error estimators 7y, the virtual
element counterpart of (16) has the following form:

1
|u—up) ) @ ST up)+ D S =10y, (T =11 yuy) 7 + HOT(f),
KeT),

i () S Ju =t 4

2

KeT,, Kcog

+ SR =10 yup, (1 —npv)uh)% +HOT,, (/).
The presence of the extra stabilization term in the bounds above might
be inauspicious. On the one hand, such term is not robust with respect
to the degree of accuracy as discussed in Section 5.1. On the other hand,
adaptive mesh refinements may lead to polygonal meshes with several
hanging nodes and possibly very small facets; in that case, one should be
careful in designing stabilization that are robust with respect to badly-
shaped elements.

A partial breakthrough facing these issues is contained in [55],
where the stabilization term is removed in the reliability and efficiency
estimates. However, this has been proved under restrictive assumptions:
meshes must consist of elements with triangular shape; the 3D version is
not covered; lowest order elements are employed. So, general reliability
and efficiency estimates that are robust with respect to the stabilization
are currently not available; however, they are the subject of current
study.

6. The stability bounds may imply certain interpolation estimates

Interpolation estimates by means of functions in the virtual element
space are an important ingredient in the error analysis of the method.
In this section, we first report standard ways of proving the interpola-
tion estimates in conforming and nonconforming virtual elements; see
Sections 6.1 and 6.2, respectively. Next, in Section 6.3, we show a more
recent strategy to derive the interpolation estimates based on the stabil-
ity bounds covering the conforming and nonconforming cases at once.

6.1. Standard proof for the interpolation estimates: conforming elements

The first proof of the interpolation estimates for nodal conforming
virtual elements traces back to 2015; see [56]. Several variants have
been proposed ever since, most of them extending the ideas therein.

Here, we only provide details on the two dimensional nodal con-
forming virtual elements; see [56, Proposition 4.2]. Given an element K
split into a shape-regular triangulation 7(K), v in H'(K), g, in P,(K),
and v. the Clément quasi-interpolant of v over 7(K), we define v;
over K as the weak solution to

{

A minimum energy argument entails

—Av;=-Ag, inK

vy =vc on dK.

|U_UI|I,K52|U_qp)1’K +|o—vcl k-

Therefore, the interpolation estimates follow from polynomial quasi-
interpolation and approximation estimates.

Thus, deriving the interpolation estimates for conforming virtual
elements strongly hinges upon using the structure of the local virtual
element spaces, i.e., the stability of the continuous formulation. When
considering other types of virtual elements, this may result in inter-
polation estimates that are harder to derive. Prototypical examples of
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this fact are the interpolation estimates in Stokes-like [50]; Hellinger-
Reissner-like [57,58]; face and edge [43,44] virtual elements.

6.2. Standard proof for the interpolation estimates: nonconforming
elements

The first proof of the interpolation estimates for “nodal” noncon-
forming virtual elements traces back to 2018; see [28]. Several vari-
ants have been proposed ever since, most of them extending the ideas
therein.

Here, we only provide details on the two dimensional “nodal” non-
conforming virtual elements; see [28, Proposition 3.1] and the later
work [38, Corollary 4.1].

Given K in 7, and v in H'(K), we define v, in the “nodal” non-
conforming space V,(K) defined in (12) as the degrees of freedom
interpolant of v. Notably, v; is uniquely identified by

/ (- u,)q[f_2 =0 \1qu<_2 EP, ,(K),
K

/(u—v,)q;_] =0 Vg'_ €P, (e Vee ek,
e

For any qIf in P,(K), recalling that Av; belongs to P, ,(K) and ng -
Vuy, belongs to P,_, (e) for all the edges e of K, we readily deduce

jo-erle=- [

K

Alv—v;) (v—vp)+ z

K
eeER Y,

ng -V-v;) (v-uy;)

=—/A(v—qf) (v=vp+ Z /nK~V(v—qf) (v=uvy)
K eceK s,
_ K K
—/V(U—qp)'V(U—Uh)S‘U_qp‘1’K|U_U1|1’K~
K
We deduce that
inf |o—uvy|, k <|lv—vf]y g £ inf ‘u—qk| .
vREVR(K) LK LK = g,eP k) Pk

Extending this approach to other types of virtual elements may be not
immediate.

6.3. A more recent proof for the interpolation estimates

We discuss a recent alternative approach originally employed
in [51] to derive the interpolation estimates. It applies to conforming
and nonconforming virtual elements at once, and is based on having
the stability bounds at hand.

To simplify the presentation, we stick to the two dimensional nodal
conforming virtual element case and consider the stabilization in (7).
The following procedure might be generalized to several other elements
and dimensions, as well as to other stabilizations. Let K be a given el-
ement, v be in H*(K), s > 1, and ¢, be any function in P,(K) with the
same average of v over K. We denote the degrees of freedom inter-
polant of any sufficiently smooth function by adding a subscript -; to
such a function. Observe that g, = (g,);. Recalling Corollary 2 and using
that SX(v;,v,) = SX(v,v) by definition (7), we readily get
<

EEEITE U_q"‘l,r( +‘U’ _qp|l,l<

1
<lv-g,|,  +a' K@ = gp0r -4,
-1 gK i
=|v=g,|,  +ar' S W =g
1
A B N Rk

< <1+ Z-) (u—qp|u(.
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Thus, upon having at disposal stability bounds of the form (6), we
proved that the best interpolation error is bounded by the best poly-
nomial error up to the stability constants. The above estimates readily
extend to nonconforming nodal virtual elements.

7. Conclusions and outlook

The first paper on the virtual element method was published ten
years ago. The analysis of the stabilization of the method is more recent
and is still a current area of research. Several works on the stability in
nodal conforming virtual elements have been published; fewer on other
types of virtual elements. In this contribution, we reviewed the litera-
ture about the role and theoretical analysis of the stabilization in the
virtual element method. We presented paradigmatic proofs for “nodal”
conforming and nonconforming virtual elements; we only mentioned
the main results for other types of elements. We further underlined that
the stability bounds imply certain interpolation estimates.
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