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Chapter 1

Introduction

Statistics deals with logical foundations of inference from observed realizations of a given
phenomenon to (yet) unobserved values of the same phenomenon, or to unknown parameters
appearing in the probability law of the observation process. According to a classical view of
statistical inference, observations are often assumed to play a symmetric role with respect to
prevision, in the sense that, for all previsional purposes, the “chronological” order of obser-
vations is deemed irrelevant. In the frequentistic framework, the above idea of symmetry is
translated into the hypothesis that observations are thought of as independent random vari-
ables, with the same distribution affected by unknown parameters. In the Bayesian theory,
the same idea is captured by assuming that observations are conditionally independent and
identically distributed, given unknown parameters. This way of behaving is inspired by the
thought that what is unknown — parameters, in the present case — must be equipped with a
probability distribution and, therefore, considered as a random element.

This approach is powerfully criticized by de Finetti [see for instance de Finetti (1937a,
1974)], who persuasively argues that one need not assume the existence of such things. He
considers a simple example: the well-known Bayes-Laplace scheme, where observations are 0-1
random variables, the parameter 6 is the “unknown probability” that the single observation
is equal to one, and 6 is uniformly distributed in the unit interval. To get an approximate but
more realistic idea, one may consider the sequence of drawings without replacement from an

urn chosen at random among 1,000, 001 urns, such that each one of them contains one million
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8 CHAPTER 1. INTRODUCTION

balls and the number of white balls is 0 in the first urn, 1 in the second urn, ..., one million in
the last urn, and the probability of each urn to be chosen is the same, i.e. 1/1,000,001. The
same probability distribution can be generated by the Pdlya’s urn scheme (of “contagious”
probabilities): the urn initially contains two balls, one white and one black, and, after each
drawing, the ball drawn is placed back in the urn together with another one of the same color.
In the former urn scheme, the parameter 6 is a factual, but unknown quantity: one could
check its value if it were not forbidden to inspect the content of the urn. In the latter urn
scheme, 0 “is a merely fictitious, or ‘mythical’, pseudo-entity”. De Finetti asserts that it is
difficult to present 6 as the unknown proportion of white balls in a “hidden urn”. In fact,
such proportion should be equal to the limit of the composition of the Pélya urn considered

above as the number of drawings diverges, and this does not make sense since

“not even the Vestals would assure the continuation of such experiment for the
eternity’, which would imply, incidentally, to get “more balls than atoms in the
world’, and, on the other hand, “there is no reason to expect such limit to exist,
since ‘stochastic’ (even if strong) convergence does not guarantee any conclusion

on this point”.

As a consequence of de Finetti’s argument, it is clear that one should acknowledge at
least the theoretical possibility of experimentally verifying whether hypotheses about unknown
entities are true or false. We will call empirical any hypothesis having this property. Only
confining statistical inference to consider objective hypotheses (on observable elements), the
phrase “to learn from experience” may have a real meaning, and it is possible to approach the
problem of induction, as defined, for instance, by Hume (1748).

Bayesian statisticians very often ignore this precaution, they adopt the above hypoth-
esis of conditional independence and indiscriminately draw inferences from observations both

to empirical and to non empirical hypotheses. Diaconis (1988) is very clear on this point:

de Finetti’s alarm to statisticians introducing realms of unobservable parameters
have been repeatedly justified in the modern curve fitting exercises of today’s big
models. These seem to lose all contacts with scientific reality focusing attention

on details of large programs and fitting instead of observation and understanding



1.1. INFERENCES BASED ON N-EXCHANGEABLE OBSERVATIONS 9

of basic mechanism. It is to be hoped that a fresh implementation of de Finetti’s

program based on observables will lead us out of this mess.

Without assuming the existence of unobservable parameters, the previous conditional
formulation does not have a clear interpretation anymore. For this reason, it is natural to
describe the symmetry between observations resorting, instead, to the notion of exchange-
ability, as used and studied by Bruno de Finetti. As a matter of fact, if the observation
process is assumed to be infinitely extensible, the two formulations are equivalent, in view of
the well-known de Finetti’s representation theorem. On the other hand, in many situations,
as sampling from a finite population, such assumption of infinite extensibility of the observa-
tion process need not be consistent with the real situation under study. In the latter case,
one might be forced to construct probability laws for the observations without resorting to
the usual conditional formulation. Thus, our initial problem boils down to the one of finding
alternative methods to define laws for any kind of N-exchangeable or infinite exchangeable
sequences.

It must be emphasized that the assessment of an exchangeable law, without resorting
to the standard representation, forces to revise subjects and purposes of Bayesian statistical
inferences and, consequently, to get the Bayesian statistical procedures to adapt to these new
subjects and purposes.

Considering all the above remarks, we intend (a) to present specific forms of ex-
changeable laws defined, aside from the standard conditional formulation, according to the
characteristics of actual situations and (b) to work out some of their inherent statistical prob-

lems.

1.1 Inferences based on N—exchangeable observations

To start with, let us mention some remarkable facts connected with the conditional form of
laws of infinite exchangeable random sequences.

Suppose that each observation takes value in some measurable space (X, 2"). Write
XN for the N-fold product X x - -- x X and X*® for X x X x - - -, and indicate by 2N and 2 >

the usual product o-fields on XV and X>°, respectively. In the usual Bayesian framework, the
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observation process is assumed to be extendible to infinity, that is, observations &; are viewed
as coordinates of a random element of (X°°, 2°°).

Denote by P = P(X) the space of all probability measures on (X,.2"), and by & the
o-field induced by all evaluation maps mp : p +— u(B), p € P and B € Z. Any random
element from a probability space to (P, &) is said to be a random probability measure on
(X, Z).

Define the empirical distribution of

g(n) = (617 cee agn)a

n=1,2,..., to be the random probability

én(') = %2551()5

where d¢, (A) =1 or 0 depending on whether &; belongs to A or not.

The random elements ;s are said to be exchangeable if the distribution of (&,,);>1 is
the same as the distribution of (§;);>1 for any finite permutation o of (1,2,...).

Provided that (X, Z") is a “nice” space (e.g., separable and complete metric space)
and the &,s form an infinite sequence of exchangeable elements, then (é,),>1 converges in
distribution to a random probability p, with probability one. Moreover, these very same
&ns turn out to be conditionally independent given p, with the same distribution p. This is
the statement of the celebrated representation theorem for infinite exchangeable sequences,
provided in de Finetti (1930, 1937a) [see also Aldous (1985)].

At this stage, let us specify some further preliminary notation. Given any random
variable V| Ly will denote its probability distribution; moreover, for any other random element
U, Ly y will stand for a conditional probability distribution for V' given U. U £V will be
sometimes written in place of Ly = L.

In this notation, de Finetti’s representation theorem can be enunciated in this way:

If (&); is exchangeable, then there exists a random probability p on (X, Z") such that:
Lemp(A) =p™(4)  (Ae 2™, n=12,..), (1.1)

where p\™) denotes the probability that makes &1, . . ., &, independent with the same distribution

p, and p is the weak limit of €n .
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According to the terminology introduced by Aldous (1985), the random probability p
is called the directing measure of (&;)i>1.

Another equivalent version of de Finetti’s representation theorem is given by the fol-
lowing assertion:

(&)i>1 is exchangeable if and only if there is a probability measure v on (P, &) such that

Lo (@) = [F7(ANnED) (A€ 27 n=1.2.0), (1.2

7y, the so-called de Finetti’s measure of (§;)i>1, is uniquely determined and coincides with the
distribution of p.

In this general formulation, p takes the place of the usual unknown parameter; in this
case it is the custom to speak of Bayesian monparametric representation and, consequently,
of Bayesian nonparametric methods. The usual parametric formulation can be recovered by
requiring that the £,s must be conditionally independent given some random element 6 with

the following form:
0 :=t(p),

where ¢ is a function defined on a subset Py of P(X) containing the range of p. Such a function
— a sort of sufficient statistic for p — is called parameter of the conditional law of each &,.
For instance, think of ¢ as a distinguished function of a vector of moments of p, letting Py
be the class of all probabilities in P such that those moments exist. Now, since the ordinary
Bayesian inferences concern functions of p, the just recalled de Finetti’s representation theorem
highlights that those inferences generally deal with hypotheses that, being related to limiting
mathematical entities, might be devoid of any empirical value.

In the parametric formulation, de Finetti’s representation theorem can be rewritten

as following:

Lemy(A) = /@pé")(A)Lt(ﬁ)(dG) (Ae 2™ n=1,2,...) (1.3)

being © a set containing all the realizations of 6.
If observations are assumed to form a finite exchangeable sequence (&1,...,&x), the
representations (1.1)—(1.3) do not hold anymore. Therefore, to deal with the finitary approach,

(1.1) is replaced by a finite version, which states that a finite random sequence (&1, ...,&N) is
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exchangeable if and only if, for each n < N, conditionally on éy, &1, ...,&, are distributed as
n drawings without replacement from an urn with N balls, with Néx ({z}) balls having label
x, for each atom x of éy. This and other peculiarities of finite exchangeable sequence can
be found, for instance, in Kingman (1978c¢), Aldous (1985), Diaconis and Freedman (1980),
Schervish (1995), Spizzichino (1982), Wood (1992).

Going back to the Bayesian framemork, notice that Lé|§(n) denotes the a posteriori

distribution, while the predictive distribution is Le¢(, nyjg(n) With

§(n7N) = (§n+17"'7£N)-

Predictive distributions represent the sole aspect of the finitary approach that is taken into con-
sideration by the usual conditional Bayesian standpoint, where, nevertheless, these distributions

are viewed as functionals of a posteriori laws, namely

Lennem) (A) = /@ P T (A Ly (dO) (A€ 2N,

It is clear that in a pure finitary setting this expression could be inadmissible, as it
happens when p does not exist because of the finiteness of (£,,),>1 and it does not have a clear
meaning anyway. Vice versa, Le¢e, n)je(n) Ccan be always assessed in any case by resorting to
the definition of conditional distribution.

Given that, in a finitary framework, inferences from £(n) to p are basically uninteresting
even when p can be defined. Therefore it is to be expected that statisticians focus on empirical
versions

On = t(en)
of the usual limiting parameter 9, and on inferences to them from £(n) when n < N. This
stance, which turns out to be notably significant when one is dealing with N—exchangeable

sequences of observations, traces any inferential process back to a predictive problem.

1.2 Statistical methods based on a finitary approach in
literature

The finitary approach to statistical inference have not been very often considered in literature,

with some exceptions [see, for instance, de Finetti (1972, 1974) and Roberts (1965)]. A
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very concrete situation where it really seems appropriate to resort to the finitary approach
arises when the statistician deals with a sample obtained without replacement from a finite
population with known dimension.

Consider a finite population that consists of N units labelled 1,..., N. Attached
to unit ¢ let & be the unknown value of some character of interest. In this setting, €y
is the frequency distribution of the character in the population. It is natural to assign an
exchangeable distribution to the sequence (£1,...,€y). This reflects the assumption that
labels carry no information about the units. For this reason, in this work we shall assume
that &1,...,&, are the values of the character related to the sampled part of the population.
Generally, the quantity to be estimated is some symmetric function (e.g. mean, median,
variance) of (£1,...,&n), which, in this context, is often called parameter or state of nature.
Of course, any hypotheses about such parameter is empirical since it can be always verified
(at least theoretically) taking a census of the population. Most current Bayesian statistical
methods applied in finite population sampling involve also other parameters, besides the state
of nature, since &1,...,&N are given a joint law that makes them conditionally independent

and identically distributed given an unknown parameter Oo. As explained by Ericson (1969),

the generation of a joint prior distribution [for (&1,...,&n)] by this approach is,
barring differences in probabilistic interpretation, equivalent to viewing the finite
population as a sample from an infinite superpopulation having unknown parameter

o

As already highlightened in the previous paragraphs, one can see that 0o is not given any
concrete interpretation. In the area of finite population sampling, scholars usually resort
to the so called superpopulation model. However some papers related to specific statistical
problems make use of exchangeable distributions according to a finitary approach. In this
section, we shall focus on two specific proposals that are consistent with such approach: the

model proposed by Hill (1968), and the Pdlya posterior.

Hill’s model. Hill considers a finite exchangeable sequence of real-valued observations such
that: (1) Ties have probability zero; (2) Conditionally upon the first n observations, the next

observation is equally like to fall in any of the open intervals between successive order statistics
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of the given sample. Under these assumptions, Hill calculates the posterior distribution of the
number of distinct values in the whole population and of the percentiles. But then he realizes
himself that there is no countably additive probability distribution on the space of observations
such that all the assumptions are satisfied. Fortunately, Lane and Sudderth (1978) establish
that the underlying probability evaluation of Hill (1968) is coherent, in the sense of de Finetti
(1975), in a finitely additive framework. More precisely, they prove that it is possible to define
a finitely additive exchangeable probability 8 on R™ (n > 1) such that:

(A) For1 <i<j<n,

B{reR" :z; =2} =0
(B) For every ACR" !tand 1 <i<n,
ﬂ{x eR™: (z1,...,2p-1) € Aand z,, = x(i)} = B(A xR)/n,
where x(;) is the i-th smallest coordinate of (z1,...,z,).

Hill (1968) argues that (B) means that the numerical characteristic under observation has
an arbitrary or “rubbery” scale and other distinctions between observations are vague. In
such case, the numerical values in the sample may be regarded as carrying only negligible
information about the overall population values. On the basis of these considerations, Hill’s
model seems to be suitable to approach inferential problems in the context of species sampling,
where the value of the character of interest has no numerical meaning, but it is just a label,
which indicates that the unit belongs to a certain species. Hill (1979), in fact, resorts to the
probability evaluation defined by (A) and (B) to obtain the posterior expectation and variance
of the number of distinct species in the population and the exact posterior probability of
finding a new species. Moreover, Berliner and Hill (1988) apply the very same model to the
field of survival analysis, and Hill (1980) shows that (B) is reasonable to be assumed in other
situations too, as in multidimensional contingency tables.

Hill (1993) introduces the nested splitting process, that is a concrete example, in a
finitely additive framework, of an exchangeable sequence that satisfies (A) and (B) for each

n > 1. A real-valued random sequence (&), is a nested splitting process if the predictive
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distribution of each open interval I is

(1) + — (Cn(l) + %Dn([)) n>1,

Levaaieen (D) = "t D)

1
nrite
where C,,(I) denotes the number of observations among the first n that lie in I and D,,(I)

the number of & (with ¢ < n) that are on the boundary of I.

The Pélya posterior. Meeden and Vardeman (1991) argue that a prior distribution cannot
be always fully specified and that Bayes estimates are always based only on the posterior
distribution, and therefore they assert that, in order to approach an inferential problem in
a finite population setting, it is sufficient to create a posterior distribution “for the unseen
given the seen”, i.e. the conditional distribution of (§,,41,...,&xN) given the sample (&1, ...,&,).
They claim that a good choice for such conditional distribution is the so-called Pdlya posterior,
introduced by Meeden and Ghosh (1983), i.e. the law of (N — n) drawings from an urn
containing £1,...,&, by a Pdlya scheme. This means that each ball drawn is returned to the
urn together with another one with the same label.

Note that, resorting to the Pélya posterior, the distribution of (&1,...,&x) is not fully
determined (since L, . ¢,y is not assessed), and, moreover, L, . ¢ ) cannot been assessed
so that L, . en)i(er,....c;) 18 the Pdlya posterior for each i = 1,..., N, unless one takes
&1, ..., &N all equal with probability one. In other words, the Pdélya posterior does not arise as
posterior distribution from any given (reasonable) assessment of L, . ¢.). For this reason,
dealing with the Pélya posterior, Ghosh and Meeden (1997) talk about a “pseudo-posterior”.

The Pdlya posterior was proposed for the first time by Meeden and Ghosh (1983)
approaching a particular problem: giving Bayesian justification for standard frequentistic
methods by proving their admissibility. Let us recall that a decision rule § for Oy is called
admissible if there exists no decision rule ¢’ dominating 4, i.e. such that R(,6) > R(0,¢") for

all # in ©, where R(6,6) denotes the risk function

0 — E(L(On,6(£(n))) | On = 0).

Hsuan (1979) proves that an estimator is admissible if and only if it is stepwise-Bayes. Let

A(m,D) denote the class of all Bayes rules against a prior 7 over D C D. A rule § is said
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to be stepwise Bayes against the sequence 7, 72, ... of priors on © if § belongs to D; for all
j=1,2,..., where D; := A(m,D) and, for j > 2, D; = A(m;, Dj_1).

The Pélya posterior arises in the stepwise Bayesian argument that proves the admis-
sibility of a variety of point estimators, in particular, the admissibility of the sample mean for
estimating the population mean. In fact, assuming that X is finite, one can find a set of priors
T, T2, ..., for (&,...,&n) such that the posterior of each 7; is the Pélya posterior and the
sample mean is stepwise Bayes w.r.t. 71,..., 7. For a detailed proof, see, for instance, Ghosh

and Meeden (1997).

One notices that the choice of the Pdlya posterior is equivalent to assess the predictive
distribution of &,41 given (&1,...,&,) to be equal to the empirical distribution Y ;- d¢, /N of

tLiS

the sample. For this reason, Meeden and Vardeman (1991) assert that the Pélya posterior
a sensible predictive distribution for the unseen given the seen when the sample is assumed to

be representative” and no prior informations about (£1,...,&y) is available.

A weighted version of the Pélya posterior is introduced in order to take into account
prior believes about the population. In this case, X is assumed to be finite — say {by,...,bq}
— and one considers a vector of real numbers w := (wq,...,wy) such that w; > —1 for
each i. The weighted Pdlya posterior for the sample (&1, ...,&,) with weights given by the
vector w is the probability distribution (on X¥~") of (N — n) drawings from an Pélya-urn
containing y_1" Iy, 1 (&) + w; balls with label bj, for j = 1,...,d. Roussanov (1999) proves
the admissibility of the weighted Pdlya posterior in finite population problems.

It should be pointed out that, in practice, the weighted Pdlya posterior is the condi-
tional law of (Cpt1, - .., () given (C1, ..., Gn) if (G;)i>1 is an exchangeable sequence directed by
a Dirichlet process with parameter a being a discrete measure with finite support {b1,...,b4}
and a({b;}) = w; for j =1,...,d. Moreover, if ({;);>1 is an exchangeable sequence directed
by a Dirichlet process with parameter ac, being & a probability measure and a > 0, then the
unweighted Pdlya posterior is the setwise limit of the conditional law L¢, .| . cx)i(ci.. ¢n) @S
the total mass a goes to zero.

What we want to stress is that the weighted and the unweighted Pdlya posteriors can
be used to obtain point or interval estimations for some functions of (&1, ...,&x), as it is shown

by Ghosh and Meeden (1997). One is forced to resort to simulation procedures since closed
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forms for the estimators of interest are not available, except for the point estimator of the
population mean, which is the sample mean. Therefore Ghosh and Meeden (1997) suggest to
calculate an approximated estimate by simulation in this way: generate the (IN—n) unobserved
values of the character by the Pdlya posterior (that is by simulating (N —n) drawings from a
Pélya urn); do this a big number of times — 500 or 1000, say R — obtaining R simulated copies
of the entire population; calculate the value of the quantity to be estimated for each simulated
population and then consider the mean of the R values obtained. In this way, Ghosh and
Meeden (1997) obtain point and interval estimates for the population median and interval
estimates for the mean and for the ratio of the medians of two different characters in the same

population.

Before concluding, let us point out the main differences between Pdlya posterior and

Hill’s model, and the main features they share. The main difference, of course, is that the
probability distribution of (&1,...,&x) is fully specified in Hill’s model, but it is not if one
resorts to Pélya posterior. Moreover, Berliner and Hill (1988) highlights that the use of the
empirical measures “as predictive distribution forces one to assign a discrete distribution to
a future observation with mass only at observed data points. Unreasonable statements, as-
signing probability 0 to a future observation larger (smaller) than the largest (smallest), are a
consequence.” Instead, the predictive distribution suggested by Hill spreads mass throughout
each interval between two consecutive sample order statistics. (For the same reason, Hill’s
model differs from the probability distribution of a sequence directed by a Dirichlet process,
which puts positive mass on the observed values.) On the other hand, Hill’s model is suitable
only “in the case of extremely vague a priori knowledge” (Hill (1993)), just like the (un-
weighted) Pdlya posterior. Moreover, Hill’s predictive distribution and the empirical measure
“both give essentially the same mass to any interval that contains a moderate number of ob-
servations” (Berliner and Hill (1988)). In fact, as explained by Berliner and Hill (1988), for
any open interval I containing k observations, é,(I) = k/n, and in Hill’s model the predictive
k—1

probability of I is not less than =7 and not greater than

k+1

P where n is the sample size.
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1.3 Peculiarities and outline of the present work

In the previous section, we talked about Hill’s model and Pdlya posterior, which are very spe-
cific proposals that agree with a finitary approach, but consider only extensible N-exchangeable
sequences. The aim of this work is to introduce, without resorting to de Finetti’s representa-
tion theorem, some general classes of laws for N-exchangeable sequences, which seem appro-
priate in some real situations, and, moreover, need not to be infinitely exchangeable. Parts of
this dissertation are based on a joint work in progress with Eugenio Regazzini and Federico
Bassetti.

We shall define two families of distributions that consist in a natural extension to
the finitary setting of two well-known families of infinite exchangeable sequences: sequences
directed by a Pdlya tree process and species sampling sequences. For this reason, we start
with a review about their main features (Chapter 2).

Pélya-tree distributions were formally introduced by Lavine (1992) and Lavine (1994)
and Mauldin et al. (1992), although they had been already described by Ferguson (1974) and
some particular cases of Pdlya-tree distributions were studied by Dubins and Freedman (1967)
and Mauldin and Williams (1990). The popularity they gained in the last decades is due to
the fact that they allow the possibility to put positive mass on the set of absolute continuous
probability measures. Moreover, they distinguish by their versatility. In fact, they have
been used in many different statistical fields, such as autoregressive modeling [Sarno (1998)],
regression problems [Hanson and Johnson (2002)], statistical modeling of partially observed
data [Paddock (2002)], and survival analysis [Muliere and Walker (1997), Neath (2003)].

Species sampling sequences were introduced for the first time by Pitman (1996) and
studied by Hansen and Pitman (2000), Pitman (2003), Gnedin and Pitman (2005). They
hinge upon the concept of random partition, which has been introduced by Kingman (1978b)
and studied by Kingman (1978a), Aldous (1985) and Pitman (1995). For a systematic account
on random partitions, see Pitman (2006).

Chapter 3 describes the possible representation forms of the law of a finite exchangeable
sequence, providing also some mathematical tools, which will be useful in Chapter 4. It is
known that the classical de Finetti’s theorem cannot be applied in this case, but, as mentioned

in Section 1.1, it may be replaced by a finite version, which indicates the relationship between
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the law of a finite exchangeable sequence (1, ...,&y) and the law of its empirical distribution
én. The problem of assessing the law of €y is approached in Section 3.2.1. For each measurable
partition {A1, ..., Ay} of X, we consider a p.m.f. ¥4, . a4, that gives, for any vector of integers
(N1,...,Ny), the probability that the number of § in A; is N; (j = 1,...,k). We find some
necessary conditions on the 94, . a,’s for the existence of (&1,...,&n), and we show that
the very same conditions are also sufficient to provide a complete characterization of €y,

and, therefore, of the exchangeable probability measure L . ¢.) as well. After showing

N)
how the 14, ... 4,’s look like in some common examples of finite exchangeable sequences, it is
explained how such functions can be concretely assessed in order to determine an exchangeable
probability measure on X"V if X is a Polish space.

Chapter 4 and Chapter 5 introduce two new classes of distributions of N-exchangeable
sequences, which we shall call partition tree distributions and random partition distributions,
respectively. In the construction of these laws we will follow two different strategies: the
former based on partitions trees, the latter on random partitions. They enable us to consider
forms of negative correlation between past and future observations, contrary to what happens
in infinite exchangeable sequences, which permit positive correlation only. For the sake of
clarity, the aforesaid strategies can give rise to laws that exhibit inverse relation between the
conditional probability that &,41 belongs to a specific set A given £(n), and éy(A). Therefore,
these laws need not be infinitely extensible. On the other hand, partition tree distributions
include as specific cases laws of N-exchangeable sequences directed by a Poélya-tree process,
and random partition distributions include the laws of the initial segments, with length N, of
species sampling sequences.

Chapter 6 deals with applications of the distributions introduced in Chapter 4 and
Chapter 5 to some standard statistical problems: we show how one can estimate the mean of
the empirical measure, and we propose a bivariate model based on partition tree distributions

in order to approach regression problems.
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Chapter 2

Sequences directed by a
Polya-tree process and species

sampling sequences

This chapter is a review about two well-known families of infinite exchangeable sequences:
sequences directed by a Pdlya-tree process and species sampling sequences. The distributions
of the initial N-segments of such sequences admit meaningful representation forms, different
from de Finetti’s theorem, which — as it will be shown in Chapters 4 and 5 — lead to define more
general classes of laws of finite exchangeable sequences, which also include distributions of non-
extensible sequences. This chapter focuses on the peculiarities of Pélya tree distributions and

species sampling sequences that look more interesting according to a finitary point of view.

2.1 Podlya-tree distributions

Lavine (1992) and Mauldin et al. (1992) define Pélya-tree distributions only on particular
spaces, such as the unit interval. Here Pélya-trees distributions will be presented in relation
with more general spaces, according to the definition given, for example, by Schervish (1995).

For a systematic account about Pélya-tree processes, see also Ghosh and Ramamoorthi (2003).

21
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Let (X, Z7) be a measurable space such that 2" is countably generated, and let II be a
separating tree of partitions of X. This means that II is a sequence (mp,)5o_, of ordered, finite,
measurable partitions of X such that my := {X}; 7,41 is a refinement of 7, for every m >0
and ¢ := U§°m,, generates the measurable sets. Denote by By, 1,..., Bm k,, the elements of
partition m,,. Moreover, it will be convenient to indicate the most recent superset of B € m,,

by ge(B) € mm_1, i.e. the set C in 7,1 that includes B.

Figure 2.1: Partitions tree.

A random probability measure p on (X, 2") is said to be a Pdlya tree process (or equiv-

alently its law is called Pdlya-tree distribution) with parameter (II, A), where A = {ay, ; >
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0:5=1,....,kn;m=0,1,...} is a set of nonnegative numbers, if

e The collections {p(C' | ge(C)) : C € mp}, m > 1, are stochastically independent (inde-
pendence between partitions), i.e. p is an F-neutral process (also called tail free process;

see Ferguson (1974)).

e The collections {p(C' | B) : ge(C) = B}, B € m,, are stochastically independent for

each m (independence within partitions).

e For each B in m, and for m > 0, the random vector (p(C' | B) : ge(C) = B) has
Dirichlet distribution with parameter (41, @ Bm+1,; C B) (the reference both to
random vectors and to parameters vectors implies the introduction of some order among

the descendants of ge(-), for example a natural left-to-right order).

In order to parametrize the distribution of a Pélya tree process, it is sometimes useful
to consider a sequence (™),,>; of finite measures such that, for each m > 1, (™) is defined
on the algebra 47, generated by m,, and a(m)(Bmyj) = forj=1,... kn.

Provided that X is a Polish (i.e. complete, separable and metric) space and 2~ its
Borel sigma-field, a necessary and sufficient condition for the existence of a Pélya tree process
with parameter A is that if B, is a union of elements of m,, for each n, By D By D ... and

NS, B, = 0, then

n=1

11 ( > a™(B| ge(B))) =0.

k=1 \Bem,:BCB,

For a systematic account about the construction and conditions for existence of Pdlya-tree
distributions and other probability measures on (P, 2?) see Regazzini (2004) or Ghosh and
Ramamoorthi (2003).

2.1.1 A very special case: the Dirichlet process

Pélya-tree distributions are a generalization of the well-known Dirichlet process, which was
firstly considered by Freedman (1963), but has become a basic component of nonparametric
Bayesian statistics after the apparition of a celebrated paper by Ferguson (1973).

Before defining the Dirichelet process, we need to recall the notion of (finite-dimensional)

Dirichlet distribution. Let (a1,...,an) be a vector of positive numbers. A random vec-
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tor ((1,...,Cn—1) is said to have (finite-dimensional) Dirichlet distribution with parameter
(ai,...,ap) if and only if its law has density (w.r.t. the Lebesgue measure on R*~1) given by

F(al +"'+ah) a1 —1 ap—1—1

R A L e
F(al)"'F(ah) o1 Th-1 ( 1 Th 1) Thfl(‘xlv yLh 1)7

when a; > 0 for each j, denoting:
Tho1={(z1,...,2n-1) e R tx; >0for1<j<h—1, 214+ -ap-1 <1}

If some of the a; is zero, we still define the Dirichlet distribution convening that those
coordinates corresponding to a; = 0 are equal to zero with probability one and the rest of the
coordinates have the usual Dirichlet distribution.

Let o be a finite measure on some measurable space (2,.%). A random probability
measure p on (2, %) is said to be a Dirichlet process with parameter « if and only if, for
any finite measurable partition {41, ..., A} of ), the probability distribution of the random
vector (p(A1),...,D(Ak—1)) is the (finite-dimensional) Dirichlet distribution with parameters
(a(A1),...,a(Ag)). The law of a Dirichlet process is called Dirichlet distribution.

Notice that no request was made about the measurable space (£2,.%#). A good pecu-
liarity of the Dirichlet process is indeed that it can be properly defined on any measurable
space. This can be seen by resorting to its series representation presented by Sethuraman
(1994). If one confines oneself to considering only countably genereted o-fields, then we can
say that the class of Pdlya-tree distributions contains the class of Dirichlet distributions. More
precisely, a Pélya-tree process on (X, 2") with parameter (II,.A) such that

Ol j = Z Oy 1,1
1:Bimt1,1CBim,j
— or equivalently such that, for each m > 1, (™) is a restriction to 7, of a(™+1) —is a Dirichlet
process with parameter ¢, where « is that measure on (X, Z) such that (B, ;) = o ; for
each m > 0 and each 1 < j < k,,,. In fact, Dirichlet process satisfies independence within and

between partitions. For a detailed proof of this fact, see Regazzini (2004).

2.1.2 Marginal, posterior, and predictive distributions

The class of Pélya-tree distributions is conjugate, in the sense that for any Pdlya-tree process

D, its conditional distribution given &1, ... ,&, (i.e. its posterior distribution) is still Pélya-tree,
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for any n. More precisely, if p is a Pélya-tree with parameters (II,.A), then the conditional

distribution of p given (&1,...,§,) is Pdélya-tree with parameters (II, A*), where
A" ={ap,;>20: j=1,....kn; m=0,1,...},

and a:n,j = Qm,j + Z?:l O¢, (Bm,j)-
The predictive distribution of a Pdlya-tree process with parameter (II,.A) is given by

(see Regazzini (2004)):

Le,rlen) (B)

~ aW(By) +né,(By) . @) (By) 4+ né,(By) ™) (B,,) +né,(Bn) 2.1)
B aM(X) +n a@(By)+neé,(By)  al™(By,_1)+nén(Bm_1) ’

for each B in m,, and each m > 1, where B,, = B and, for j < m, B; denotes the set in 7;
that contains B,,. Keeping the same notation, the marginal distribution can be expressed as

following:
aM(By) a@(By) ™) (B,,)

Ol(l)(X) . o) (Bl) A a(m)(Bmfl) (22)

LEn+1 (B) =

for any B € m,, and m > 1.
Also the subclass of Dirichlet distributions is conjugate. In fact the posterior distribution

of a Dirichlet process with parameter « is Dirichlet with parameter a + > | J¢,.

Predictive distributions of Dirichlet process have a very appealing form, being a convex

linear combination of the observed frequency and the marginal distribution, which is a(-) =

a()/a(X):

L£n+1\51,~~~7€n(') = m én(') + atn

a(-), (2.3)

and, moreover, they characterize it [see Regazzini (1978), Lo (1991), Fortini et al. (2000)].

2.1.3 Main differences between the Dirichlet process and the more

general family of Pdlya-tree processes

The popularity that Pdlya tree processes gained is mainly due to the fact that their paths can
be continuous or even absolutely continuous with probability one, while a Dirichlet distribution
always gives probability one to the set of discrete probability measures. This is considered a

drawback of Dirichlet processes, according to the usual approach to inference, which assumes
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that observations are generated by an “unknown” probability distribution. According to a
predictive approach, an important difference between Dirichlet distributions and other Pélya-
tree processes is that the second ones can be constructed so that predictive distributions turn
out to be absolutely continuous. Conditions under which the prior, the posterior, or the
predictive distribution of a Pdélya-tree process turn out to be absolutely continuous can be
found in Schervish (1995) and Regazzini (2004), while Draghici and Ramamoorthi (2000) give
conditions for the prior and the posterior of a Pdlya tree process to be mutually continuous,
as well as conditions for the prior and the posterior to be mutually singular.

On the other hand, a drawback of Pélya-trees and F-neutral distributions is their
dependence on the choice of ITI: Doksum (1974) shows that, except for trivial special cases,

the Dirichlet processes are the only tail-free processes in which II does not play any role.

2.1.4 Poélya-tree processes defined on the unit interval

Initially, Pélya tree processes were defined only on the unit interval (Mauldin et al. (1992)). Let
us focus on this spacial case, i.e. take X = (0,1]. Let E be {0,1} and E° := (), E* := UX_,E™.

Here m,, can be taken to be the set of all 2 dyadic intervals of rank m, i.e.
Tm = {l. :¢ € E™},

where
A (Z}”:l e;277, z;?;lsﬂ—jw—m}

if m > 1 and Iy = (0,1]. In fact, it is known that the class of dyadic intervals generates the
Borel sigma-field %((0,1]) of (0,1].

In this case, II is a binary tree, and therefore we can say that p is a Pdlya-tree on
((0,1], 4((0,1))) with parameter (II, N) if there exist nonnegative numbers N = {a. : € € E*}
such that the random variables p(I. | I.) with € € E* are stochastically independent and
each one of them has the Beta distribution with parameter (a.q, ac1).

Mauldin et al. (1992) prove that a sequence of exchangeable (0,1]-valued random
variables directed by a Pdlya-tree process, with such parameters, can be generated by an
urn scheme. They define Pélya—tree distributions using the set £ = {0,1,...,k}, but their

results can be described taking E = {0,1} instead, without losing any important detail. In
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0,1]

N

the terminology of Mauldin et al. (1992), a “Pdlya-tree” is a function that assigns to every e
in E* an urn u(e) containing balls labeled as “one” and balls labeled as “zero”. Let ao be the
number of balls in urn u(e) with label “zero” and o, the number of balls in the same urn with
label “one”, for each e € E*. For instance, urn u(f)) contains cq balls with label “zero” and
balls with label “one”, while urn «(101) contains «919 balls with label “zero” and «q011 balls
with label “one”. The Pdlya-tree u can be used to generate a sequence of random variables
§11,61,2,- .. and a new tree u as follows: (a) draw a ball at random from u((), replace it by
two with the same label, and set £ 1 = ji if the ball is labeled with j; (j1 € {0,1}), (b) draw
a ball from u(j1), replace it by two of the same color, and set &; 2 = ja if the ball just drawn
has label j3, (¢) go on to u(j1,j2), and continue in this fashion. Let u™ be the new Pélya
tree that was obtained in the construction. Iterate the entire process to obtain the sequences

(é11,612,---),(&21,€22,...),... and the Pélya-trees uV), u ... . Finally set
oo
& :ZQ"“{M fori=1,2,....
k=1

Mauldin et al. (1992) show that the sequence &i,&s,..., generated by this scheme, is an

exchangeable sequence directed by a Pdlya-tree process with parameter (IT, N).
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The predictive distribution can be expressed as:

LﬁnJrl\f(n)(Isl...sml)

_ Oy + ey Qeggey + Neqes asl...sml + nsl...sml (2 4)
—_— . ... I} .
Q +a1 +n a€10+a511 +7’L€1 Qegy...e,,0 +a51. 1 +n51.

Em Em

where n. = """ | b, (I.) for any £ in E*; see Theorem 4.3 in Mauldin et al. (1992) and Walker
and Muliere (1997).

2.2 Species sampling sequences

Hansen and Pitman (2000) consider a class of exchangeable sequences that represents another
generalization of the Dirichlet process, since, as in (2.3), their predictive distribution is a linear
combination of the empirical measure and the marginal law, but the coefficients are functions
of the sample. In formula, a sequence &1, ...,y in this class admits predictive distributions

of the form:

L5n+1|§17-~»75n(') = Zri’n(;&(') + qnv(-) (n=2,3,...), (2.5)
i=1
for some r; ,, and ¢,, which are non-negative product-measurable functions of ({1, ...,&,),

and for some probability measure v on (X, 2"). Hansen and Pitman (2000) focus on the case
in which v is a diffuse measure, i.e. v({z}) = 0 for each z in X. The only requirement that
(X, Z7) needs to satisfy is to render singletons 2 -measurable and the diagonals {(z,y) : * = y}
Z %-measurable.

Rule (2.5) can be rewritten as follows, by grouping terms with equal values of &;:

K,
Lepirleronn () = D_pinde () +aur()  (n=23,..), (2.6)
j=1
where the £ for 1 < j < K, are the distinct values among &1,...,&, in the order that

they appear, and the p;, and ¢, are some non-negative product-measurable functions of
(fla s 7§n)

Pitman (1996) shows that the law of an exchangeable sequence satisfying (2.6) can be
represented by means of the law of an exchangeable random partition of {1,2,...}.

Before presenting such result, it seems appropriate to recall the concept of exchange-

able random partition, which have been introduced by Kingman (1978a), and studied by
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Kingman (1978a); Aldous (1985) and Pitman (1995).
Given a measurable space (9, %), a random partition 7 of {1,2,...} on Q is a map

from 2 into the set P, of all partitions of {1,2,...} such that the sets
7 ={w € Q: ¢ and j belong to the same component of 7(w)} fori,5 € {1,2,...}

are .#-measurable. 7 is said to be exchangeable if L{Hm A<ig<n} = L :1<i,j<n) for any

Foso
permutation o of {1,...,n} and for any n > 1. Let 7|, denote the restriction of 7 to the
finite set {1,...,n} for each n > 1. A random partition 7 on a probability space (9, %, P)
is exchangeable if and only if there exists a symmetric function p of sequences of positive

integers, such that, for each n and for each particular partition {A;,..., Ax} of {1,...,n},
P{7t|p, ={A1,..., Ax}} =p(n1,...,ng),

where n; = |A;| for 1 < j < k, n; > 1, and Zle n; = n. The function p is called the
exchangeable partition probability function (EPPF) of 7. An EPPF is subject to the following

sequence of addition rules:

k
pna,..onk) =Y plomi+ 1) +p(n,. o, 1) (=120, (2.7)
j=1
where (...,n; +1,...) is derived from (n,...,n,) by substituting n,; + 1 for n,.
Given a random sequence X1, Xs,. .., let II(X;, Xo,...) denote the random partition

generated by X7, Xo,..., i.e. such that two positive integers 7 and j belong to the same block
of H(Xl,XQ, . ) if and only if Xz = Xj.
Going back to the exchangeable sequences satisfying (2.6), Pitman (1996) states the

following result:

Theorem 2.1 (Pitman (1996)). Let v be a diffuse probability measure. An exchangeable
sequence (§n)n>1 satisfies (2.6) if and only if there exist a random partition & and a sequence

of t.i.d. 1.v.7s (&)n>1 with distribution v such that
1. conditionally on {7 = {A1,..., Ar}}, & =& forn € A;,

2. 7 and (§)n>1 are stochastically independent,
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3. 7 is distributed as the partition 1(&1,&s,...) generated by &1,&2,..., and its EPPF p

satisfies for each k and each k-sequence of integers (nq,...,ny) the following:

pj,n(nl,...,nk):w for 1<j<k

p(ni,... m)
p{ny,...,Ng, Nk
Q’n(nla---;nk) = ( : +1)
p(nlv"'ank)

provided p(ny,...,ng) > 0.

Pitman (1996) calls such an exchangeable sequence (&,),>1 a species sampling se-
quence.

As it is explained by Hansen and Pitman (2000),

this terminology is used to suggest the interpretation of ({n)n>1 as the sequence
of species of individuals in a process of sequential random sampling from some
hypothetical infinite population of individuals of various species. The species of the
first individual to be observed is assigned a random tag & distributed according to
v. Given the tags &1, ...,&, of the first n individuals observed, it is supposed that
the next individual is one of the j-th species observes so far with probability p;
and one of a new species with probability q,. Fach distinct species is assigned an

independent random tag with distribution v as it appears in the sampling process.

2.3 Normalized random measures with independent
increments

Species sampling sequences are related to the class of exchangeable sequences directed by
normalized random measures with independent increments. These have been introduced by
Regazzini et al. (2003) and studied by Priinster (2002), Nieto-Barajas et al. (2004), James
(2005), and Sangalli (2006).

A random measure ji with independent increments on the real line R is a random
measure such that, for any measurable collection {Aq,..., Ax} (kK > 1) of pairwise disjoint
measurable subsets of R, the random variable ji(A1), ..., i(Ay) are stochastically independent.

A systematic account of these random measures is given for example by Kingman (1967).
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Random measures with independent increments are completely characterized by a
measure v on R X RT via their Laplace functional, more precisely for every A in B(R) and

every positive A one has

E(e~ W) = exp {— /A><]R+(1 — e M) y(dz dv)} .

Following Regazzini et al. (2003), if [, . (1 — e *)r(dzdv) < +oo for every positive A
and V(R x R*) = +o0, one defines a normalized random measure with independent incre-
ments (NRMII) setting p(-) := fi(-)/a(R). In point of fact, under the previous assumptions,
P{i(R) =0} =0, see Regazzini et al. (2003).

Consider now a sequence (&;);>1 of exchangeable random variables driven by p. If
v(dzdv) = a a(dz) ¢(dv), (2.8)

given any N < 400, one can restate Corollary 2 in Sangalli (2006) saying that there is a
random partition 7, taking values in P, such that, for each n > 1 and for each particular
partition {Ay,..., Ag} of {1,...,n},

k

a k
Lﬂn({Ala sy Ak}) = m ~/]R+ )‘nilL(A) H /R+ v”jef’\vq(dv)d)\, (29)
j=1

where n; = |Aj|for1 <j <k, n; >1, Zle n; =n, L(\) = exp{—a [, (1—e *")q(dv)}, and,
moreover, the law of &1, &s, ... given 7 satisfies Condition 1 of Theorem 2.1. Hence, if the law
of & is diffuse, (&1,&2, ... ) is a species sampling sequence. NRMII is another generalization of
the Dirichlet process. In fact, a NRMII with v(dzdv) = a(dz)v~te~Vdwv is a Dirichlet process

with parameter « (see Regazzini et al. (2003), Priinster (2002)).
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Chapter 3

Forms of representation for laws

of finite exchangeable sequences

On the basis of the considerations contained in Chapter 1, the sequence of observations will be
assumed to be finite and exchangeable. This chapter will focus on the possible representations
of laws of finite exchangeable sequences. In particular, we shall show how such laws can be
determined by assessing the finite dimensional distributions of the empirical process. Theorem
3.4 will be used in Chapter 4 for defining new classes of exchangeable distributions for finite

sequences.

3.1 De Finetti’s theorem and exchangeable prolongable

sequences

From now on, we shall consider a finite sequence £ := (&1, ...,&n) of observations instead of
an infinite sequence. Such observations may refer to the values that a character of interest
assumes on the N units of a finite population or to the results in a given experiment. In the
latter case, the value IV is the maximum number of trials that can be performed.

Suppose that observations take values in a measurable space (X,.2"). Hence, each

observation & (i = 1,..., N) can be viewed as a measurable function from XV into X according

33
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to the following definition:

&i(x) =y for every = (21,...,zy)in XY and i=1,...,N

Our goal is to assess a probability measure P on (XY, 2'%), i.e. the probability distribution
of (&1,...,éN)-

We shall take P to be exchangeable, that is invariant under permutation, i.e. for any
permutation o of (1,..., N), the distribution of (&,,,...,&,) is the same as the distribution
of (&1,...,&n). With such assessment of P, we can equivalently say that (£1,...,&x) is an

N-exchangeable sequence.

After introducing the notation we shall refer to in this and in the next chapters, let
us stress the fact that P need not satisfy representation (1.2). By de Finetti’s theorem, such
representation is satisfied for some random measure p if and only if (&1,...,&xN) is (infinitely)
extensible, i.e. it is distributed as the initial segment of some infinite exchangeable sequence.
A counter-example is easily found to show that a finite exchangeable sequence need not be
extensible. For instance, if &; is a Bernoulli distributed r.v. with parameter 1/2 and & = 1—¢&;
the 2-exchangeable sequence (&1, £2) is not extensible since the two components are negatively
correlated. In fact, it is known that, given an infinite sequence 71,72, ... of random variables
with the same variance, if they are equally correlated (in particular if they are exchangeable),

then they cannot be negatively correlated. Indeed an easy algebraic calculation yields:

Var(y_:i_y 1i) = nVar(n) + n(n — 1) Cov(ni,n2), (3.1)

and, since the variance must be nonnegative, by (3.1) the correlation coefficient between 1
and 7 must be grater or equal than —1/(n — 1) for any n, hence it must be greater than zero.
This fact was already highlighted by de Finetti (1937b), who also proposed an interesting

geometric interpretation.

In conclusion, in a finitary framework, it may be that the usual directing measure p
does not even exist, and, as already said in Chapter 1, it is destined to be replaced by the
empirical measure, both as object of inference, and as base to assess the joint distribution of

the observations.
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3.2 The law of the empirical measure as prior distribution

From now on, let us denote by é the empirical measure of (&1,...,&N):

N
E=%> 0.
i=1

First let us stress that € is a random probability measure on (X, 27), i.e. a measurable
map from (XY, 2N P) into (P, 2). In fact, for any A belonging to 2" and any B belonging
to the Borel o-algebra #(R) of R, the set

C' = {(xl,...,xN) exVN. %Zfiﬂsm e{peP:pA) EB}}

— {(xl,...@zv) eXV: YL 6, (A) € B}

turns out to be a union of a finite class of finite intersections of measurable sets of the form
{(xh...,xN) eXN:g, € A} or {(;vl, cooan) EXN gy ¢ A}. Hence, C' belongs to 2V,
and measurability of é follows from the fact that the sets of the form {p € P: p(A) € B} (with
A€ 2 and B € #A(R)) generate &?. Hence we can properly talk about the law of the
empirical measure. Moreover, we can regard such a law as a prior distribution. In fact, it
is known that we can characterize the law of an N-exchangeable sequence by the law of its

empirical measure.

3.2.1 Representation of a finite exchangeable sequence through the

law of the empirical measure

Before giving a precise formulation to the finite version of de Finetti’s theorem, which was
mentioned in Chapter 1, some more notation is necessary.

Let |A| be the cardinality of set A, and denote by Hy,, ... m, (01, - - ., ng) the probability
to get n; balls marked with j (j = 1,...,h) when one draws (ny + --- 4+ n;) balls without
replacement from an urn containing m; balls marked by j. Define the multinomial coefficient
as

m m!
= ———— whenever m =my +--- +m;.
my...m;j ml' mj'

Denote by Py the class of all probability measures p on (X, 2") such that p =
Zﬁvzl 0z, /N for some N-tuple (z1,...,zn), where z; € X for ¢ = 1,..., N, and finally, for
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n < N and for any p € Py with p = Zivzl 0z, /N, let ¢, (p) be the probability distribution of
n drawings without replacement from an urn containing N balls labeled as x1,...,2yN.
At this stage, the representation theorem for finite exchangeable sequences due to

Bruno de Finetti can be stated:

Theorem 3.1 (The finite version of de Finetti’s representation theorem). The fol-

lowing facts are equivalent:

(i) (&1,...,€N) is an N-exchangeable sequence;
(@) for anyn < N, ¢, (€) represents a reqular conditional distribution for (&1,...,&,) given
é.

Proof. For the proof see either Schervish (1995) on pages 38-40 or Aldous (1985) on pages
37-38. O

Theorem 3.1 describes the one-to-one relationship between the law of a finite exchange-
able sequence and the law of its empirical measure. Briefly, it says that a finite sequence of
N random elements is exchangeable if and only if, conditionally on the empirical measure €,
the first n components are distributed as n drawings without replacement from an urn with
N balls and whose composition is given by eé.

Another less abstract representation theorem can be stated, which relates the distribution
of (&1,...,&n) to the finite-dimensional distributions of ¢, i.e. the laws of the random vectors
(é(A1),...,é(Ax)) where {A1,..., Ax} is a measurable partition of X. Such distributions of
course are discrete. For any measurable partition {41, ..., Ax} of X and any vector of integers

(M, ..., My), denote the probability that exactly M; observations fall in A; by
VY, Ay (My,..., M) := P(é(A1) = My /N, ... ,é(Ax) = M/N). (3.2)
Corollary 3.2. The following facts are equivalent:
(4) (&1,...,€n) is an N-exchangeable sequence;

(@) for any measurable partition {As, ..., Ax} of X and any n-tuple (i1, ...,i,) of elements

of {1,...,k} withn <N,

P& € Aiy, o &n €)= Y ta, a (M., My)-

(My,...,My) (Ml...
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where the sum runs over the finite set of all vectors (Ny, ..., Ny) whose components are

nonnegative integers that sum up to N andn; = [{l=1,...,n:4, =j}| forj=1,...,k;

(ii1) under the same assumption as (ii),

Hy 3 Ny...y
P(gl € Aim“wgn € Ain | é(A1)7vé(Ak:)) = N(Al)“”yN(?\;f)( . k)7 (34)
(N(A1)7...,N(Ak))

where N(A;) := Né(Aj) forj=1,... k.
Proof. Trivially (ii) implies (i) (take n = N), and (iii) implies (ii).
In order to prove that (i) implies (iii), we note that by Theorem 3.1,

Hx Tea (M- n)
P& € Ay, ... 60 € 4, | &) = XA N P —as. (3.5)
(N(An,..vﬁ(Ak))

Since the right hand side of (3.5) depends on € only through (é(A;),...,é(Ax)),

P(fl S Ail,...,gn GAi,,, ‘é(Al),,é(Ak))
=E(P(& € Ay, 6n € A, | €) | €(Ar),...,6(Ap))

Hx S N1, ..., Nk
=P eA,,....5neA, e = N(A1)7'“7N(f1‘\’;)( - ) P —as..
(N(Al),...,N(Ak))

Remark 3.3. Equation (3.3) in Corollary 3.2 can be rewritten as:

P(E(n) € Aiy x -+ X Ay,) :/ J{NeleGl;V(”l"“’”’“) Ly
[0,1]* (N@l...Nek)

When (&1, ..,&n) turns out to be infinitely extensible, one can heuristically derive (1.2) from

,,,,, s (d0y ... d0;) (3.6)

(3.6), by taking the limit as N goes to infinity, and recalling that (a) the multivariate hyper-

geometric distribution converges (uniformly) to the multinomial distribution with parameters

(n;p(A1), ..., 0(Ak)); (b) (6(A1),...,é(Ax)) converges in distribution to (p(A41),...,p(Ax)).
When n = N (3.3) yields a trivial reformulation of the notion of exchangeability:

N

My,...,My)=
wALnAk( 15 ) k) (Ml’,..,Mk

)P(fleAil,.--,fNEAiN) (37)
holds for any n-tuple (i1,...,4,) of elements of {1,...,k} such that

M;={l=1,....N:iy=j} (G=1,...,k).
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3.2.2 Representation of a finite exchangeable sequence through the

finite-dimensional distributions of the empirical measure.

By Theorem 3.1, the law of a finite exchangeable sequence is determined by the specification of
the probability distribution of its empirical measure. Our aim is to identify the latter through
the finite-dimensional distributions of the empirical measure. It consists in singling out condi-
tions that are necessary and sufficient so that a family of finite-dimensional distributions may
provide a complete characterization of the law of the empirical measure of a random sequence.
Such discrete distributions are fully specified by the functions ¥4, . 4, by (3.2).

First we shall enunciate some necessary conditions on the ¥4, .. 4,’s for the existence

.....

of P, which hold in general (without hypothesis of exchangeability).

Condition 3.1. For each measurable partition {Ay,..., Az} of X, let (N(A1),..., N(A;)) be
a random vector having non-negative integer coordinates whose p.m.f. is given by ¥4, .. 4,.

Then, for each measurable partition {Ay,..., A;} of X:
3.1.1. N(A,),...,N(A;) are non-negative integers and sum up to N;

3.1.2. if {By,..., B,,} is a measurable partition not coarser than {4, ..., Ay}, then

( S ONB)., Y N(Bl)>é(N(A1>,...,N(Ak>>

I:B;CA; I:BCAy

3.1.3. If {C,} is a sequence of events belonging to 2" and such that C, | 0, then

the sequence {(N(Cy), N(C¢))} of random vectors must converge to (0, N) in law.

Conditions 3.1.1 and 3.1.2 trivially follow by definition of 94, ... a,, while Condition

3.1.3 is due to continuity from above of P. In fact, notice that if M # 0

P{N(C,) = M} < P{N(C,) #0} =1— P{N(C,) =0} =1— P(C¢ x ... x C%)
which goes to zero as n — oo by continuity of P.
Condition 3.1 is necessary for the existence of an N-exchangeable sequence (&1, ...,&N)

that satisfies (3.7). It is known that, by Condition 3.1, the ¥4, . 4,’s identify a consistent

.....

family of (discrete) finite-dimensional-probability distributions for a random probability mea-

sure [see either Regazzini (1991) or Regazzini and Petris (1992)]. It still need to be proved that
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such random process is distributed as the empirical measure of an N-exchangeable sequence.
Hence, we shall prove that Condition 3.1 and (3.7) are sufficient to identify the exchangeable
law P. Furthermore, the very same result can be obtained also when Conditions 3.1.1-3.1.2
are satisfied only by the sets in some semialgebra! that generates 2. More precisely we can

state the following result:

Theorem 3.4 (A representation theorem for finite exchangeable sequences). Let X
be a Polish space, let " be its Borel o-algebra and let 4 be a semi-algebra that generates Z .
Denote by </ the algebra generated by 4 and by /N the algebra of all finite disjoint unions
of cartesian products of sets in <f .

If for any partition {Aq, ..., Ag} of X with A; belonging to & for each j, (N(A1),...,N(Ap))

is a random vector such that:
1. its components are non-negative integers and sum up to N;

2. if {B1,...,Bn} is a partition not coarser than {Ai,..., Ax} and By belongs to 4 for
eachl (1=1,...,m), then

~ ~ L ~ ~

( > NB)-- Y. N(Bz)> = (N(A1), ..., N(A));
1:B;CA; I:BC A

Then there exists a unique finitely-additive exchangeable probability measure pn on (XN, o/ N)

such that

(E(A1), ..., 8(A) = L(N(AY), ..., N(Ay)) (3.8)

Z|=

for each partition {A,..., A} of X with A; belonging to & for each j.
Moreover, py can be uniquely extended to an (exchangeable) probability measure P on

(XN, ZN) if and only if the following is true:

3. if Cp | 0 asn — +oo and C,, € &/ for each m, then the sequence {€(C,)} of random

variables converges to zero in law as n — 400.

La class .7 of sets is said to be a semi-algebra if and only if:
e STe=TnNSe.Yie. .7 is closed under intersection,

e S €. = S¢is a finite disjoint union of sets in .7.
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Proof. See Appendix, page 95. O

Remark 3.5. As it is shown in the proof of the theorem, if one wishes to define a finitely-
additive exchangeable probability, then it is not necessary for X to be Polish. That is: if
(X, Z") is any measurable space, and the hypotheses 1 and 2 of the theorem hold, then there
exists a unique finitely-additive exchangeable probability measure py on (XV,.o7"V) such that

(3.8) is satisfied.

Briefly, Theorem 3.4 says that it is possible to characterize the law of an N-exchangeable
sequence through the ¢4, . 4,’s, i.e. the finite-dimensional probability mass functions of the
process N.

We shall now see how the 4, ... a,’s look like in some common examples of finite

exchangeable sequences.

Example 3.1 (independent observations). If &1,...,&y are N independent random elements

and « is their common distribution, then

N
’L/)AL..A/C (Ml, ey Mk) = (Ml o Mk) Oz(Al)le - Oz(Ak)Mk.

Example 3.2 (extensible N-exchangeable sequences). If (§1,...,&y) are the first N coordi-

nates of an exchangeable sequence with de Finetti’s measure 7, then

U O 00) = [ (M1 N Mk) WA (A de ().

Before the next example, define the factorial of z, for x real number, by

I(z+1) if z is not a negative integer

()"
(n—1)!

x! =
if x = —n and n is a positive integer,

where I" denotes the generalized gamma function. In this way, (z 4+ 1)! = (z + 1) 2! still holds

when x # 0 and the binomial (coefficient) of a of order b can be defined for any pair (a,b) of

al

real numbers by: (]) = Bla o)

Moreover, let

e =gz + 1), (z+n—1).

z[" is called the ascending factorial of x of order n.
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Example 3.3 (a sample from a Dirichlet process). Let « be a finite measure on (X, 27), and

set
N H}i (0 + M;)(o; + M; — 1) -0y

My,..., M) = L 3.9
wAl...Ak( 1 ; k) <M1Mk) (a+N)(a+N_1)a ( )

that is equivalent to

() AC5)
M M) — i=L M; =1 M; 1 i [N;] 310
,(/)A1~~Ak( Tyevey k)— — <a+N) —m]laj ) ( . )
=

(v)

where we denote a(A4;) by «; and «(X) by a.

N

The p.m.f. in (3.10) is called the Dirichlet (or Beta)-compound multinomial distribution
with parameters (N;aq,...,ax) [see Johnson et al. (1997), page 80] and is the natural mul-
tivariate version of the beta-binomial distribution, also known as negative (or inverse) hyper-
geometric distribution [see Johnson et al. (2005)]. In fact, the marginal p.m.f.’s of (3.10) are
of this form.

Here P is the joint distribution of the first N coordinates of an exchangeable random
sequence directed by a Dirichlet process with parameter «, whose law we shall denote by Z,.
In fact, if &1, &s, . .. is an exchangeable sequence and Z,, is its de Finetti’s measure, then (3.10)

1‘1\;1 d¢,. This follows by

gives the finite-dimensional p.m.f.’s of the empirical measure Né =
a simple algebraic argument considering (3.7) and knowing that the law of an N-dimensional
sample from 2, evaluated in A{”l NEREI AQ/Ik (where M;’s are positive integers and sum up
to N) coincides with the mixed (M, ..., My)-th moment of a singular Dirichlet distribution

with parameters (i, ..., ax), that is:

P((&1,--,€n) € AP x o x ARty = /PP(ADMI - p(AR)"*d Do (p)

I'(a
- /[0 1Jk=1 pi”l pgk mpiﬂ ~ptdpr . dpea

= —_— /p?lJer .. .pgk+Nk dp1 e dpk,1
: P

I'(a) I(ay + My)...T(ak + Ni)
I(a1)...T(ak) I'(a+ N)

(3.11)
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k—1
where p ;=1 — Z].:1 Dj-

Suppose that « is concentrated on a finite subset of X, say {b1,...,by}. In this case,
it is known that (3.10) is the p.m.f. of a Pélya distribution [see Blackwell and MacQueen
(1973)]. Consider an urn containing a({b;}) balls labeled with {. Draw N balls at random
from the urn, replacing each ball drawn with two balls of the same color. Then, (3.10) is the
probability to get N; balls labeled as [ with b; in A;, if you draw NN balls from such urn and

you put back each ball drawn together with another ball with the same label.

Example 3.4 (A very simple not-extendible finite exchangeable sequence). Put X = R and
N = 2. Let # denote the Borel o-field of R and let 1 be a not degenerate probability measure
on (R, %) that is symmetric w.r.t. zero (i.e. such that u((—oo,t]) = u([—t,o0)) for each
t € R; e.g.: a normal, a double exponential, a Cauchy distribution with scale parameter zero,
or any other distribution that is absolutely continuous w.r.t. Lebesgue measure whose density

function is an even function). If My + My = 2, set

Yaae(My, Ma2) = € 2(AN (=A%) if My=1,M,=1
,u(Ac N (—AC)) if M1 = 0, M2 = 2,

where —A={zecR:—zc A}

It’s easy to see that P is the distribution of the exchangeable vector (Z —Z ), where Zis a
random variable with distribution pu.

Put f = 1(9 4o0). Notice that the correlation coefficient of (f(Z), f(=Z)) is —1, that

is fﬁ. Hence, the sequence is not extendible to a random vector of R? [see Spizzichino

(1982), Proposition 2.1, page 316].

In what follows, if R =11 X --- XI,, R D I;, = (am,bn] and z is a vertex of R (i.e.

z € R, and for each m the m*"?

coordinate z,, of x is either a,, or b,,), let sgnp x be +1 or
—1, according as the number of m’s satisfying x,, = a,, is even or odd. For a real function
the difference of F' around the vertices of R is AgpF = ) sgnpa - F(x), the sum extending

over the 29 vertices = of R.
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Example 3.5 (X = R). Let ¢4 be the class of intervals like (a, b], (a, +00), or (—o0, b], a,b € R.

If F' is a symmetric distribution function (s.d.f.) and (A4y,...,Ax) C ¥, set

N

My,...,My)=
1/)A14..Ak( 1 ’ k) <M1,...,Mk

Jaer.

where £ = A;, x -+ x A;

and M; =|{I=1,...,N:iy=34} (j=1,....,k).

Here P is the probability measure on (R, %) associated with the s.d.f. F and therefore ApF =
P(E).

Example 3.6 (Gaussian random variables). In Example 3.5, F' can be the distribution func-
tion (d.f.) of a RN-valued Gaussian random vector with mean vector (y, ..., ) and covariance
matrix o2R, where u € R, 02 > 0, R is a matrix whose elements are all equal to p , except
those in the diagonal that are equal to 1, being p > —ﬁ. In this way, the matrix o?R is
positive definite. In fact, 0?R is positive definite if and only if R is so and the quadratic form

associated with R is

Zi 7312 + Ez Zj;ﬁip$ixj =N(1- p)[% Zl 3%2 - (% Zl xz)Q}
+x (N =1)p+1] (2, #:)°

> LIV = 1)p+ (5, 20)2 > 0

whenever (z1,...,zy) € RMN{0} if p > — 2.

3.2.3 Constructing the law of a finite exchangeable sequences on a

Polish space

It is not easy to have a guess about a possible choice of the 14, .. 4,’s consistently with
Condition 3.1.2 , except in the area of a family of distributions already studied in literature. In
order to be able to construct new examples of extensible and not extensible finite exchangeable
sequences on the basis of Theorem 3.4, some further considerations are necessary.

Take X to be a Polish space and let 2™ be its Borel o-field. Recall that in this case,

Z is countably generated, i.e. there is a countable class of sets { By, Ba, ...} generating 2.
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Therefore, we can construct a separating tree of partition IT = {m,,,} of X by taking mo = {X}
and 7, equal to the partition generated by {Bi,...,Bn,} for m = 1,2,... . Notice that
Y = Up>0Ty is a semi-algebra of X that generates Z°. Resorting to the notation introduced
in Section 2.1, let (Nm)mzo be a sequence of random vectors, defined on the same probability

space, such that

where, for each m > 0, N(Byy1);---, N(Bm 1,,) are (almost surely) non-negative integers
summing up to N, and for each C' in ¥:
> N(B) = N(C). (3.12)
B: ge(B)=C

Notice that the hypotheses 1 and 2 of Theorem 3.4 are satisfied and therefore the probability
distribution of the random sequence (Nm)mZI characterizes a finitely-additive exchangeable
probability px on (XN, 2°N). Since (N,,)m>1 satisfies (3.12) for each C in 4, (Nyy,)m>1 meets
the Markov property in the sense that, for every m > 1, Ny,42 and (N1,..., N,,) turn out to
be stochastically independent given Nm+1. So, to achieve our ends, it is enough to assess the
conditional distribution of Nm+1 given Nm, for every m > 0, consistently with (3.12).

At this stage, we can define, for each A € 7, the random variable N(A) by

h
N(A) = N(By)
j=1

if A is the finite disjoint union of the sets Bi,..., By in 4. Such definition is consistent in
virtue of (3.12).

Finally, again by Theorem 3.4, the finitely-additive probability py can be (uniquely)

extended to an (exchangeable) probability measure P on (XV, 2°V), provided that

N(C,) — 0 in law (3.13)
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for any decreasing sequence (C),)n>1 of events in &7 such that C,, | 0.
In this way, an exchangeable probability distribution P is assigned to (&1,...,&n), SO

that

1
P{& € Byiyso- 26N € Bijin b = ﬁ@/}BmJ ..... B, (N1, N, )

(Nl...Nm

holds for any m > 1, any n-tuple (i1,...,i,) of elements from {1,...,k,} with N; :=
Hl = 1,...,N : 4 = j}| for j = 1,...,k,, denoting by ¢p,, .. .B
(N(Bun1)s - N(Bu,))-

Dealing with a general X, it looks difficult to verify that a given assessment of the

the p.m.f. of

m,km

conditional laws L Nt [N (for each m) satisfies (3.13). This is not the case if one considers
some specific spaces. If for instance X is the unit interval, it is sufficient for sigma-additivity
of P just that (3.13) holds only for dyadic intervals. It is appropriate to clarify this point
since some models based on (0, 1]-valued observations will be presented later on (Chapter 4).

Hence, take X = (0,1] and 2" = #((0, 1]), and, resorting to the notation introduced
in Section 2.1.4, let 7, be the set of all dyadic intervals of rank m, for each m > 1, and let
&/ be the algebra generated by the class 4 of dyadic intervals.

First, note that given an infinite zero-one sequence £* = (g1, €2, ...) that is definitely
zero (i.e. there exists mg such that for any m > my, €, = 0), the set Np>11e, .«

is empty

m

and therefore, by (3.13), N(I,.. ., ) converges to zero in law, as m goes to infinity. We can
prove that this condition is also sufficient for sigma-additivity. The proof of the following
Proposition is similar to the one of Theorem 2.3.2 in Ghosh and Ramamoorthi (2003), which

is about random measures.

Proposition 3.6. Let p be an exchangeable finitely additive probability on /™ .
Hence, p is countably additive if and only if N(I.,. ., ) goes to zero in law (as m

diverges to +00), for any zero-one sequence (1,€2,...) that is definitely zero.

Proof. We already observed that the mentioned condition is necessary for countable additivity;
therefore we have to prove only sufficiency.

Let p = po&y ! where & is the first coordinate function on XV. As we already
observed in analogous circumstances (in the proof of Theorem 3.4), applying Sazonov (1965)’s

results, we can prove that p is sigma-additive just showing that p is so.
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Since p is finitely additive, the function F(-) = p(0,:] defined on the set of dyadic
rationals is non-decreasing. Moreover, F(1) = u((0,1)] = 1. Since the set of dyadic rationals
is dense in R, it is sufficient to show that lim,_ o+ F(x) = 0 and that F is continuous to
the right. Let x be a dyadic rational. Hence, we can find m € N and a zero-one sequence
(€1,...,&m) of length m such that ,, = 1 and =z = Z;n;ll ex2~% + 2=™. Therefore if we let

ep=0for k>m+1
Flz+2™)=F(x)+ p(l. . c,) for n > m. (3.14)

Now recall that %E(N()) = pu(-) and that weak convergence of (N (I, ., ))m is
equivalent to L'-convergence since each random variable in the sequence has the same finite
support. So by hypothesis, lim, o t(Ie,..c,,) = 0 since (e1,€9,...) is definitely zero and
equation (3.14) implies that lim, ., F(z 4+ 27") = F(x) for any dyadic rational . When
x = 0, one can see that lim,, . F(27") = 0 since F(27") = pu(Ie, .., ), where ¢ = 0 for any

k. O

Remark 3.7. Intuitively, this condition is due to the fact that the dyadic expansion establishes
a one to one map ¢ from (0, 1] onto the subset D¢ of {0, 1}°°, where D is the set of all zero-one
sequences that are definitely zero. This is another way to say that for dyadic rationals we
consider the expansion that is definitely one and not the other possible one that is definitely
zero. So ¢ associates a cylinder in {0, 1}°° to each dyadic interval in (0, 1]. Now, recall that any
finitely-additive probability on the algebra of the cylinders is sigma-additive [see Billingsley
(1995) on page 29]. Therefore a finitely-additive probability on the algebra of the cylinders
in {0,1}°° that is concentrated on D¢ corresponds to a (sigma-additive) probability on the

algebra of the dyadic intervals in (0, 1].

3.3 Characterization of the law of the observations through

predictive distributions

It is possible to find necessary and sufficient conditions so that a set of predictive distributions

may be consistent with the law of a finite exchangeable sequence. In fact, the solution to the
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analogous problem found by Fortini et al. (2000) for infinite sequences of observations can be

easily adapted to the case of finite sequences in the following way:

Theorem 3.8. Let (X, 27) be a Polish space endowed with its Borel sigma-algebra, and let
£1,...,&Nn be the coordinate functions on (XN, 2N).

Then the following are equivalent:

1. PW s a probability measure on (X, Z) and P™ s a transition probability w.r.t. X* 1 x
X for eachm =2,...,N such that:

(a) P™(z(n —1),A) = P(“)((:E,,(l), oy To(n—1)), A) holds true for each n =2,... N,
every subset A of 2, and every permutation o of (1,...,n —1);

(b) for every A, B in 2 and for eachmn =2,...,N,

/ PO (3(n), A) PO (2(n — 1), dz,,)
B

_ / PO (2(n), B) P (2(n — 1), day):
A

2. there exist a unique probability measure P on (XN, 2'N) such that the random elements
&1,...,En are exchangeable, PUY is the distribution of &, and P™ is a version of the

conditional distribution of &, given E(n — 1) for eachn =2,... N.

Proof. The proof is already contained in the proof given by Fortini et al. (2000) for their
Theorem 3.1. O

Among other possible representations for finite exchangeable sequences, a result given
by Dellacherie and Meyer (1980) deserves to be mentioned: any finite exchangeable sequence
is a “mixture” of i.i.d. sequences if we allow the mixing measure to be a signed measure [see

also Kerns and Szekely (2005)].
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Chapter 4

Exchangeable laws based on

partition trees

The present chapter contains the description of a class of laws for N—exchangeable sequences
defined by means of Theorem 3.4, with the law of é assessed according to the same idea of
partitions tree as the one used to introduce the Pdlya-tree distributions. See, for example,
Ferguson (1974) and Mauldin et al. (1992). A feature of the resulting schemes, which could
be of some interest with respect to statistical inference, is that they allow negative correlation
between past and future observations, contrary to what happens, for example, in the presence
of infinite exchangeable sequences. More precisely, they allow inverse relations between the
predictive probability that a future observation belongs to a specific set A and the observed
frequency associated to A. To see the point in assessing N—exchangeable laws of this kind,
consider the following description of a concrete situation that seems to require forms of negative

dependence between predictions and observed frequencies.

Example 4.1 (Species sampling). In the species sampling problem from a community of
animals, one can consider a finite community of N units and identify each particular species
with a real number in the unit interval (0, 1], as it is usually done. Biologists classify each
organism in a hierarchical way according to different taxonomic units or taxa: Phylum, Class,

Order, Family, Genus, Species, etc. (see Fig. 4.1).
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One can use the partitions tree structure intrinsic to this classification process to
assign the probability distribution of (&1,...,&n), where &; denotes the species of the i—th

animal in the community. After assessing L, . ¢ one can, for instance, estimate the

N)»
number of distinct species, their frequencies, the possible existence of unknown species, etc.
Now, if the animals share a common habitat, it seems reasonable to assess the above law by
taking into account possible competitions between species belonging to the same taxonomic
unit and within species. So, for instance, given that in a sample of n animals, n; mammals
are dectected, ni; of which being carnivourous, it could make sense to assign the conditional
probability that the animal detected at the stage (n + 1) is carnivorous, under the additional

hypothesis that it is a mammal, in such a way that it turns out to be decreasing as ni1/n;

increases. &

4.1 Definition of the model

As mentioned at the beginning of this chapter, the tree structure is used to assess the law of €.
It is time to define, in general terms, the method sketched in the previous example. Consider
a separating tree of partitions — say II — of some space X that includes the range of each of
the random variables £1,...,&y. This means that II is a sequence {Tl'm}:nozo of ordered, finite
partitions of X such that mp := {X} and 7,41 is a refinement of 7, for every m > 0. Here
Z and & stand for the algebra and the o-algebra, respectively, generated by ¢ := U,,>0mm.
Resorting to the notation introduced in Section 2.1, denote by By, 1, .., B, &, the elements
of partition m,,. By the way, with reference to Example 4.1, the sets By, 1,..., Bm, k,, Dlay
the role of taxonomic units. As in Section 2.1, indicate the most recent superset of B € m,, by
ge(B) € mp—1, i.e. the set C in m,,_1 that includes B. In addition, those sets in 7,1 that
are included by C' € m,, will be called descendants of C. For each B in ¢, define N(B) to

be the (random) number of elements (&1,...,&y) contained in B, i.e. N(B) = Néy(B), and
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write

N = (N(Bm1),-- s N(Bmx,)) m=1,2,....

The distribution of the random sequence (Ny,)m>0 completely characterizes the exchangeable
probability measure P, as it was shown in Section 3.2.3 applying Theorem 3.4. Moreover,
recall that the sequence (Nm)mzo meets the Markov property, since
> N(B)=N(C) (4.1)
B: ge(B)=C
for each C in ¢, and therefore the law of (Nm)mZO is determined by the sequence of conditional

distributions (L Ko Nm)WEO' Countable additivity of P implies that

N(C,) — 0 in law (4.2)

holds for any decreasing sequence (Cy,)n>1 of events in o/ such that C, | (. In Chapter 3, it
was proved that, under some suitable conditions for (X, Z"), (4.1) and (4.2) are sufficient for
the existence of the exchangeable probability measure P on (XY, 2°V).

At this stage, one is in a position to describe the particular laws L5 (m =0,1,...)
that will be considered in the rest of this chapter. In point of fact they are strongly reminescent
of the Pdélya—tree distributions and allow forms of conjugate analysis, being destiguished by

the fact that they satisfy the following condition:

Condition 4.1. For each m in N,

4.1.1. The collections of random variables {N(B) : ge(B) = C}, as C varies in mp,,

are conditionally independent given N,,.

4.1.2. For each C in 7,,, the collections {N(B) : ge(B) = C} and {N(B) : B €

Tm \ {C}} are conditionally independent given N(C).

4.1.3. For every B in 7,41 and any m > 0,

a. E(N(B) | N(ge(B))) is a linear function of N(ge(B)), P-a.s.,
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b. for any n < N and Ay,..., A, in i1,
N N
E ( > (B D be(ge(B)), & € A, ... & € An>
i=n+1 i=n+1

is a linear function of Zi\;m—l e, (ge(B)), P-as..

It should be noted that conditions 4.1.1 — 4.1.2 are tantamount to assuming that

Liafn = X

N LN (B)ge(B)=C|N(C)" (4.3)

m

One can explain the value of Condition 4.1 by means of Example 4.1. The adoption, in
Example 4.1, of a law which satisfies Condition 4.1 entails supposing that, conditionally on the
knowledge of the frequency of a taxon C in m,,, any additional information on the frequencies
of other elements of 7,,, or of their descendants in m, 41 does not affect the prevision of
frequencies of the subsets of C.

About Condition 4.1.3, notice that it can be reformulated saying that, for every B in

Tm+1 and any m > 0,

a. E(N]Ef) | N(ge(B)) = M) does not depend on M, as M varies in the following set:

{j —1,...,N: P(N(ge(B)) = j) > 0};

b. for any n < N and Ay,..., A, in Ty,
i1 96(B) | o
E (M ‘ l:zn;‘-laﬁz(ge(B)) = M,El € Aly"'agn c An

does not depend on M, as M varies in the following set:
{i=1 NP (e Ar g€ An D00 06, (e(B) = ) > 0.

In relation with Example 4.1, Condition 4.1.3 requires that, given that the number of units in
a taxon C of m,, is M > 0, the expected proportion of units that belong to some descendant
B of C, among those that are in C, does not really depend on M. Moreover, if one also
knows which taxa in 7,41 the n units sampled from the population belong to, the conditional
expectation of the proportion of unobserved units that belong to some descendant B of C,

among those that are in C', does not really depend on the number of unobserved units in C.
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From now on, any exchangeable law for (£1,...,&x) that satisfies Condition 4.1 will be
called partitions tree distribution. In particular, the marginal law of any element of (£1,...,&N)
can be derived from (LNmHle)mZO, by exploiting Condition 4.1.3.a, i.e., for each B in ¢4

such that N(B) is not degenerate at zero,

pie e 8y =5 (NP Tk (JX}B) | N (Bj1) = Mﬂ) (Bem),  (44)
j=2 -1

where B, = B and, for j < m, B; denotes the set in 7; that contains B,,, and M; is any
positive value such that P(N(B;) = M;) is positive.

The class of exchangeable laws considered here satisfies a nice property: a partitions
tree distribution w.r.t. II is a partitions tree w.r.t. any subsequence of II. For the proof of

this fact and of (4.4) refer to Appendix, pages 112 and pages 102, respectively.

Two examples of partitions tree distributions will be explained in Section 4.5.

4.2 Posterior and predictive distributions

This section contains some results on predictive and a posteriori distributions relating to
partitions tree distributions. The following propositions are useful to determine the posterior
distributions for €, i.e. the conditional distribution of é given £(n), when Condition 4.1 is in
force.

Proposition 4.1. If Condition 4.1 holds, then

k

LN1,L+1\N7M$17~~,€1L = j>:<1LN(Bm+1,L)IBm+1,lCBm,ﬂN(Bm,j)§ £i:&i€Bm,; (45)

In other words, if the prior distribution of ¢ satisfies Condition 4.1, so does its posterior
distribution, i.e. the conditional distribution of é given (&1, ...,§,). In that sense, we can say
that Condition 4.1 defines a conjugate model.

Moreover:

Proposition 4.2. If Condition 4.1 holds, then, for anyn < N and any vector (Ny,..., Nk, )

m

of positive integers summing up to N,

P(N(Bpm1)=N1,...,N(Bp,,) = Ni, | &1 =x1,..., 60 = )

"L P(N(B1) = Nivoo o, N(B k) = Ni, | &€ Bl &0 € Bi), (4.6)
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where B, denotes the set of my, which x belongs to. Moreover

P(N(Bin;) = Ny j = 1, d | N(Bo1) = M, £(n) = z(n))

[

= P(N(Bm,) = Ny, j =1,....d | N(Bpo12) = M, & € BE ... & € Bar) (47
where Iy < -+ <lg are such that By, ; is contained by By, 1.

For the proof of these propositions, see the Appendix.

Proposition 4.2 says that the posterior distribution of N, given (&1,...,&,) is the
same as the posterior distribution of N, given {I[Bm J&) g =1 k=1, ,m}. This
property, which process N share with F-neutral processes, makes calculations for the posterior
easy.

Applying Bayes’ theorem to the right hand side of (4.6), one gets

P(N(Bp 1) = Ni,...,N(Bp 1,,) = Ni

glernla"wgneBﬁLn)

_ P& eBy,... &€ By [N(By1) = Niv..., N(B ) = Ni,,)
P{& e Bht, ... 6, € By

m

“P(N(Bp1)=N1,...,N(Bp 1,.) = N, ).
Therefore, by Theorem 3.1 one obtains the following

Proposition 4.3. If Condition 4.1 holds, then

P(N(By 1) = Ni,...,N(Bp 1,.) = Ni,, | £(n) = z(n))
< Hny,ooNp, (14 mp,) - P(N(By 1) = Ny, N(Buy 1) = N,
wheren; ={i=1,...,n:2; € By, ;}| with 1 < j < ky,.

Applying Proposition 4.1 to (4.7) and arguing as for the proof of Proposition 4.3, one

can see that

P(N(Bm,lj) = Nm,ljaj = la c 'ad | N(Bm—l,l) = M7 f(n) = I(’ﬂ))

X j_CNllyu-led(nll?' .. ,nld) . P(N(B.,,LJJ) = Nm,lja.j = 1,...,d | N(Bm—l,l) = M), (49)

where I3 < .-+ <y are such that B,,,, is contained by By, 1. Therefore, the posterior for

(N(B): Bemy,) is uniquely identified by the conditional probability of (N (B, ;) = Nm,;:

By, jC Bp—1,) given that {(n) = z(n) and N(Bm_l,l) =M, foreachl=1,...,kn_1.
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4.3 Partition tree laws with absolute continuous marginal
and predictive distributions

By (4.4), one can assess the laws Lg 5~ (m =1,2,...) so that the law L¢, of the single
observation turns out to be a desired distribution. Moreover, it is not difficult to find a
sufficient condition under which L, is absolutely continuous w.r.t. some measure (as Lebesgue

measure).

Lemma 4.4. Let p be a o-finite measure on (X, Z"). Assume that each element of each 7,

has positive p measure. For each x in X, define:

oy T (P22 | ¥Br) = Ms) o POVBR) =0) <1
(m)(T) = -

0 otherwise,

(4.10)

where, for each k > 0, Bf denotes the set of m, which x belongs to, and Mj, > 0 is such that
the probability P(N(By) = M) is positive.
If limp, oo fim) (@) = f(2) a.e.-p, and [y fdp =1, then Le, < pand f = dLe¢, /dp.

The proof as well as the statement of this lemma is similar to that one of Lemma

1.113 in Schervish (1995) (about F-neutral processes).

Proof. We need to prove that for each B € ¢, L¢, (B) = [, f B . The extension to 2
is straightforward.

Let B € m,,. By (4.4), we have, for each z € B,

Le, (B) = w(B) fim)(x / fom)(@)dp(w

For k > m, write B = Uaea D, as the partition of B by elements of 7. Since f) is constant

on each D, we can write:

/f(k Ydu(z

Hence we have

Z / f(k) d/L Z ’E’fl Lfl (B)

acA a€A

/B Fo(2)dn(z) = Le, (B) (4.11)
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for all £ > m. So,

k—o0

lim /B Fo(@)d(@) = Le, (B).

It is known that, by Scheffé’s lemma [see Schervish (1995), page 634-635], this implies:

Jmfoy(@)duta) = [ fe)dnte)

which the thesis follows from. O

The following proposition, which provides a rule to calculate the predictive density
w.r.t. a diffuse measure, is a generalization of an analogous result stated about Pélya—tree

processes by Lavine (1992).

Proposition 4.5. Let p be a o-finite diffuse measure on (X, 2"). Assume that L¢, and

Le, . 11e(n) are absolutely continuous w.r.t. u, for some n < N. Let fo = dL¢, /dp.

Hence, (a version of) the density of Le, ey, for each x ¢ {&1,...,8}, is given by:

Letecn (B
Foleluga) = S50 0 gy o),

where m is such that BSi # B% —i.e. x and &; do not belong to the same element of 7, — for

each 1.

Proof. By Lemma 4.4, a density for the predictive distribution is given by:

v o Py € By [ €(n))
(€)= Jim LT

that, by Proposition 4.2, is the same as:

P(§1 € BY | &(n) e B x...x By™)

fo(z(n);z) = lim

h—o0 n(By)

= P(ény1 € B | €(n) € BY! x ... x B¥r) (4.12)
. lim P(&nt1 € BY | ény1 € BE, &(n) € Byt x ... x By™)
h—oo #(By)

h>m
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Proposition A.14 entails that:

fula(n)s ) = Plenss € B | £(n) € BE x ... x BEy) - lim Lnt1 € Bi | &1 € By)
h—oo u(By)

h>m
_ Plénr1 € By [€() € By x... x Byr) . Pléats € By
P(ént1 € BY) hooo  p(Bf)
P(&ny1 € By, | €(n) € By x ... X Byr)
= . fo().
P(EnJrl € Bm)
(4.13)
O

4.4 Construction of a partitions tree law

In this section, a general procedure is described to construct a partition tree distribution,
assessing the conditional laws L Nonst |[Nom for each m > 0.

Let Y(X) = 1(X),...,Yn(X)) be an exchangeable random vector such that each
Y:(X) takes value into {1,...,k1}. For j = 1,...,kp,, denote by M, , the maximum value
that the random variable Zf\;l Ity,(x)=;) assumes with positive probability. With a recursive
procedure as m = 1,2,..., for each C' € 7, such that M5 > 0, define Y(C) to be an-
other exchangeable random vector (Y1(C),..., Yy (C)) such that each Y;(C) belongs to
{j=1,...,kmnt1: Bmy1,; C C}, and define

M ::maX{MZO,...,NIP/(Eij\iélﬂ{yi(c):j}:M)>0},

By,

for each j such that B,,11,; C C, being P’ the probability defined on the space that supports
all the Y(C)’s. If Mg =0, set Y(C) = 0 P'-a.s. and M}, = 0 for each descendant D of
C. One can take, for instance, each vector Y (C) (with M > 0) to be the outcome of M
drawings from a urn according to some particular scheme.

Finally, for each m and each C' € 7,,, set:

L Bi1, 0B 1, =N =R (£8OL 0 ge(Bruan, =) (4.14)

In order to better explain how (4.14) can be interpreted, it is convenient to introduce

a family of discrete r.v.’s Wy, ; (m =0,2,...,i=1,...,n) defined on (XV, 2" P) such that

km
Wini = > i le.eo b

J=1
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i.e. Wy, is equal to j if & falls in B,, ;.

Note that, by exchangeability, if Dy, ..., Dy are the descendants of C', then

P(N(D1) = Ny,...,N(Dy) = N, | N(C) = M)
1)

_ P(N(Dy)=Ny,...,N(Dy) = N, N(C¢) = N — M)

B P(N(C) = M)

. (Nl...N]hVN—M)P(FM N Ewn) _ M

N (ar) P(Em) ; <N1 ~Nh>P(FM | Ear),

where M = Ny +---+ N, <N,

EJVI :{gl EC&"'?&M GC?EM-Fl ECC;"'&&N ECC}&
FM :{51 6D17"'7£N1 €D1,£N1+1 €D27"';§M GD}L},

and therefore

EvnNFy={& €D, ... 6N, € Di,éNn,4+1 € Do, ..o 60 € Dy g1 € C6L . En € C°)L
Hence, (4.14) can be rewritten as
P(Fy | Ey) =P (Y1(C)=71,...,Yu(C) = junr), (4.15)
where (j1,...,jm) is the vector such that By, 415, = D; for i =1,..., M, or equivalently:
PWys11 =171, s Wimarm =jm | En) = PP(Y1(C) = j1,..., Y (C) = jur). (4.16)

Therefore, (4.15) is tantamount to saying that, for any (j1,. .., jar) such that ge(B,41,5,) = C
(i=1,...,M) and P(N(C) = M) >0, and for any 1 <n < M,

PWi1,1=J1, s Winsrn = Jn | Ex) = P'(Y1(C) = j1, .., Yu(C) = ). (417)

Notice that, for any fixed (ji,...,7n), the right hand side of (4.17) does not depend on
(M — n)(for any M > n such that P(E);) is positive). Hence, by Proposition A.13 (ii), (4.14)
implies Condition 4.1.3, as long as Conditions 4.1.1- 4.1.2 are also satisfied.

On the other hand, if Conditions 4.1.1- 4.1.3 hold, then, for each C in ¢, there exists

a random vector Y (C) that satisfies (4.14). In fact, by Proposition A.13, under Conditions
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4.1.1-4.1.3,

PWnit1 =341, s Wigin = Jjn | Enm)

=PWii11 =71, s Wing1n = jn | Eng,)

Km+1 Km+41

Yoo > PWingnn =i s W mg, = darg | Earg)

Jnt1=1 Jmy=1

km+1 k1

S Y PWingna =d1se s Wi arz, = juz, | & € Con g, € C),

Jn+1=1 Jmy=1

if1<n<M< Mg and P(N(C)= M) >0, letting
Mg = max{j >0:P(N(C)=j) > O}.
Therefore, (4.17) is satisfied if, for each C' in ¢ such that P(N(C) = 0) < 1, i.e.
1< M}, = maX{M >0: P(N(C) = M) > 0},

Y(C) := (Y1(CO),...,Yump (C)) is such that

P'(Yi(C) = ju, - Yars (C) = jar)

=PWiir1 =71, s Wiy vz, = jmz, | §1 € C, o 6y, € O),

for any (j1,...,jmz) such that ge(Bpi15,) =C (i=1,...,Mg).

Notice that in order to define the law of € by (4.14), it is enough to assess the p.m.f.
of (Zf\f{ Livioy=j1 : ge(Bmy1,;) = C), for each m and C in m,, (without any particular
requirement about the joint distribution of vectors Y (C)). In this way, in fact, the distribution
of each exchangeable vector Y(C) (by means of the law of its empirical measure) is also
determined. In conclusion, if we denote by ¥(M;-) the joint p.m.f. of (Zf\il Ly, (c)=5} *
ge(Bm+1,5) = C), then (4.14) can be reformulated in terms of (M;-), making the Y;(C)

disappear, as in the following proposition, which summarizes some of the above considerations.

Proposition 4.6. Assume that Conditions 4.1.1 and 4.1.2 hold.
For each m > 0 and each C € m,,, denote h¢ := |{B € 1y, : ge(B) = C}|, and let Yo
be a function from {0,..., N} x {0,..., N} into [0,1] such that

Yo(N(C); Ny, ...,Np.) = P(N(Dy) = Ny,...,N(Dy.) = Npe | N(C)) P —a.s.
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if D1,...,Dyp. are the descendants of C, i.e. the sets in my,41 contained by C.

Condition 4.1.3 is satisfied, if and only if for each C € 4 with N(C) not degenerate
at zero and for each (Ni,...,Npo) such that Ny + -+ Np, = M < M},

YoM Ny Nig) = > Hanont, (N1 Nig) Yo (MG M, My,)  (418)

where the sum runs over all vectors (Mn,..., My.) such that My + --- + My, = M and
Mg, = max{M =0,...,N : P(N(C) = M) > 0}.

So, in order to specify a partition tree distribution, one needs to assess only the
conditional distribution of (N(B) : ge(B) = C) given the event {N(C) = M} for each C in
9.

Remark 4.7. Note that the Y;(C) can be used to define an algorithm to generate &1,..., &N,
setting:
le:Y;(X) fOI‘iZl,...,N
Jm+1,1 = Yl (BnL,r) if Jm,l =T

Jm+1,i = )/l—‘,-l(Bm,'r) lf Jm,i =T and l = |{h < 7 Jm,h = ’I“}| (Z = 2, e 7]\/v)

for m = 1,2,..., and then putting & € Ny By, g

m,i

. If singletons are measurable and (4.2)

holds, each intersection Ny, By, 1, , reduces to one point (with P-probability one).

4.5 A couple of partitions tree distributions

It is immediate to verify Condition 4.1 when (&1,...,&x) are independent and identically
distributed. More interesting classes of distributions can be constructed according to familiar

urn schemes.

4.5.1 Hypergeometric partitions tree distributions

Let X be the interval (0, 1], and let 2" denote its Borel sigma-algebra. Put £ = {0,1} and

E%:=0, E* := U®_,E™. Define 7, to be the set of all 2 dyadic intervals of rank m, i.e.

Tm = {l. 1 e € E™},
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where
Ly = (Z}”:l 279, Y sj2*j+2*7"]

if m > 1 and Iy = (0, 1].

In this case, II is a binary tree and, therefore, if we assume Conditions 4.1.1 and
4.1.2, the exchangeable law P of ({1,...,&n) can be determined just by the assessment of
the conditional distribution of N(I.;) given N(I.) for every e € E*. Of course, such a
distribution is supported by {0,..., N(I.)}. As it was explained in Section 3.2.3, no other
conditions are necessary for the existence of a finitely-additive (exchangeable) probability on
/N | consistently with such assessment. In order to be able to define a completely additive
probability on X, one can resort to Proposition 3.6, and one realizes that for the existence

of P it suffices that Condition 4.1.1 also holds together with

ﬁ E <J\7(I€16k) | N(IEI...Ek_1> = Mlcl) =0 (419)

k=2 N(I€1~ Ek—l)
for any zero-one sequence €1,¢€s,... that is definitely zero and such that N([El...ek) is not
degenerate at zero for each k > 1 and for any sequence My, Ms, ... of positive integers such

that P(N(Ielmek) = Mj) > 0 for each k > 1.
Now it will be presented a possible assessment of the conditional distribution of N (I1)
given N(I.) for each ¢ € E*. Introduce a set of nonnegative integers X := {a. € N: e € E*}
with ap := N satisfying
Qg + e1 > o (4.20)

for every ¢ € E*. At this stage, we propose to assign the conditional distribution of the
random variable N(I.;) given N(I.), for e € E*, in such a way that it turns out to be the
same as the distribution of the number of white balls in a sample without replacement of size
N(IE) drawn from an urn of a.1 + g balls, of which a.; are white and «.q are black.

In concrete terms, the process N may be generated according to the following scheme:

e Draw N balls without replacement from an urn of a; white balls and ag black balls,

and suppose you get N; white balls and Ny := N — N; black balls.

e Now draw without replacement N7 balls from an urn of ay; white balls and a1¢ black

balls and Ny balls from an urn of ag; white balls and gy black balls, respectively;
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suppose the former sample contains N1; and Ny; white balls, while the latter contains

Ny and Nyg black balls.

e Going on with this process, at the the m-th step, for each ¢ in E™~!, draw N, balls
from an urn of a1 white balls and «a.q black balls, and let N, and N1 be the observed

number of black balls and of white balls respectively.

e N. gives the number of observations that belong to I. for each € € E*.

Note that at the step (m + 1) the total number of balls in each urn must be greater
than the number of trials. Since the number of trials V. at the m-th step is less than or equal
to the number of balls of the corresponding color in the urn at the (m — 1)-th step — which is
o — everything makes sense whenever (4.20) holds true.

The aforesaid procedure gives rise to a unique exchangeable finitely-additive probability
on the algebra «/V. As to the existence of a unique o-additive extension P of such a

probability to 2™V, note that (4.19) becomes

Qe

LSt =0 (4.21)
.g; 0 + Qey..gj1

m
for any zero-one sequence €1, €, ... satisfying &, = 0 and for every m > k and for some k.

If the set X meets (4.20) and (4.21) and the empirical process of the sequence (1, ...,&n)
is generated by the above urn scheme, then we shall denote the distribution of this sequence
by J(R).

Observe that if g+ ae1 = . for each € € E*, then (&1,...,&N) is distributed like in
a drawing without replacement from an urn of (ag + ay) balls such that, for each z in (0, 1],

the number of balls labelled with z, initially contained in the urn, is the limit of a,. as

Em
m — +o00, where (e1,€9,...) is the dyadic expansion of x, with the proviso that a point z
that has two expansions takes the nonterminating one.

It should be noted that the urn scheme described above can be slightly modified to
obtain the empirical process of the N—initial segment (N = 1,2, ...) of an infinite exchangeable
sequence directed by a Pdlya—tree process. To this end, it is enough, at each step m and for

each € in E™~!, to draw N, balls from an urn of o white balls and a. black balls according

to the well-known Pdlya scheme (i.e. the drawn ball is placed back in the urn along with one
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ball of the color drawn). This modification of the scheme introduced above is equivalent to
the scheme introduced by Mauldin et al. (1992) to generate a Pdlya—tree process (see Section
2.1.4). In point of fact, by (4.19), one can see that (4.21) is also a necessary and sufficient
condition for the existence of a Pdlya—tree distribution with parameters a., ¢ € E*. The
analogous condition for the case X = R can be found in Ghosh and Ramamoorthi (2003).

Tt is clear that any sequence (&1, ..., &y ) distributed according to 52 (R) is not infinitely
prolongable, i.e. it is not distributed as the initial segment of any infinite exchangeable
sequence. In fact, if it was prolongable, the sequence Ii¢ c(0,1/2]}; -+ L{ene(0,1/2)) Would also
be prolongeable, whilst it proves to have the same distribution as the one of N drawings
without replacement from an urn.

The following proposition provides useful expressions both for the law and for the

expectation of each &;.

Proposition 4.8. Under 5 (X) the law of each &; is given by

aEl a5162 aEIH.Em
Plé L) = . , (4.22)
g+ Q1 Qg0+ Ogq1 Oy e 10 T Qeyiep 11

for each e = (e1...€p) in E*, while the expectation is

+oo m
Eg)=Y 2 Y [ — e (4.23)
k=1

m=1 c€cE™: k= Qg ...e4,0 + Qe ..e1
em=1

Proof. Equation (4.22) follows by equation (4.4). In order to prove (4.23), denote by dy(x)

the k-th binary digit of z, for every € X = (0, 1]. Hence, for any z € (0, 1],

+oo
=Y 2""dp(x), (4.24)
m=1
and then

+oo
E(§1) = Z 2™ ]E(dm(gl))
m=1

+oo
=Y 2™ Y Plécel)
m=1

eeEm—1
“+o0 m
— E 9—m 2 : H Qg .. ey
m=1 EEEm: k=1 a61...€k0+a€1...6k1
em=1
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Posterior and predictive distributions

Proposition 4.2 yields explicit forms for posterior and predictive distributions relating to hyper-
geometric partitions tree distributions. Suppose £(n) := (&1, ..., &) has been observed and by
fie denote the number of observations of the sample that fall into I., that is 7. := Y ;- ¢, (Ic).
Now, recall that the conditional distribution of N(I.;) (with & in E*) given N(I.) is the hyper-

geometric distribution relating to N(I.) drawings when the initial number of white and black

balls is a.1 and agg, respectively. Therefore, applying Proposition 4.2, it is straightforward

to see that the conditional law of Zfinﬂ d¢,(I.1) given (N(I.),&(n)) is the hypergeometric
distribution relating to (N(I.) — f.) drawings when the initial number of white and black

balls is (ae1 — ne1) and (aep — nep), respectively. Thus one gets

Proposition 4.9. Let the distribution of (&1,...,6n) be H(R), where X = {a. : € € E*}.
Then the conditional distribution of (Ent1,-..,EN) given (&1,...,&,) is H(R*) where R* =
{af:e€ E*} and of :=a. — Y i, 0¢,(I.) for each € in E*.

In particular, for the predictive distribution, one has

S 1 O (Iey et

PlGns1 € Lyocyt | §(n)) = E (S [€(n))
_ _ " N (4.25)
_ Ay — Tlgy . Qeiey — Neqey Qey g1 — Neyg,1
agt+ar—n Qg0 + Qg1 — ﬁel Qgy..6,,0 + Qgy. el — ﬁsl...sm
Let us stress that this assessment for the joint law of &1, ..., &N satisfies the require-

ments discussed at the beginning of this chapter, where we have considered, in Example 4.1,
the species sampling problem from a community of animals. In this case, the observations
range in the class of all species, and animals of the same species - but also of a similar species

- compete with each other. In order to better clarify this point, consider one more example:

Example 4.2 (Workers’ income). Let us suppose we are doing a survey in a community of
people about monthly incomes of workers. On the basis of the salary of the workers in a
sample, we could be concerned with estimating, for instance, the average income, and the
variability of the incomes in the community. Moreover, if we obtain informations about other
variables in the sample — such as age, gender, job, seniority — we could study their effects on
the salary, etc.

Assume that N is the number of workers in the community where our sample comes

from, and by &; denote the income of the i-th worker in the community (for ¢ =1,..., N). In
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order to assign a probability distribution for (£i,...,€y), we can first consider the (random)
number of workers who receive an income bigger than a fixed threshold and the number of
those who do not. Then we can consider separately each group and split each one into two
subgroups with respect to another income threshold and so on. In general at the k-th stage we
obtain in this way 2* income intervals, and each one of them will be split into two subintervals
in the next stage. Of course, the financial resources are limited and the workers compete with
each other to get a better income. Therefore, an inverse relation between predictions and

observed frequencies seems appropriate in this case, too. O

Keeping in mind both Example 4.1 and Example 4.2, assume that a sample with just
one unit is taken (i.e. only &; is observed). Then the predictive distribution of &; should put a
lower mass around ¢; than the (unconditional) distribution P o ;" of the single observation.
If & € I := (1/2,1], then the conditional probability that the second observation falls in Iy
after having observed &; should be lower (w.r.t. the unconditional distribution) on the set I;
and higher on I := (0,1/2]; if & € Iy, viceversa. In fact, in our model, such probability can

be written as

Pleel |&)=pmPE el)—(1—p)geny,

where p; = (a0 + 1) /(0 + a1 — Ige,er,y)-

Suppose more generally that we observed &1, ... ,§, and that we do not know exactly
the species &,41 of the (n + 1)-th animal sampled, but we know only that it belongs to I.. In
this case, the conditional probability that the (n + 1)-th observation belongs to I.; turns out
to be a linear combination of the conditional probability Po&; ! and the conditional empirical

measure €, of the sample for the same event given I, that is:

P(&nt1 € L1 [§(n), Env1 € I2)

=pniP& €l & €l)— (1 —pnyr)

'ﬁal

Ne

where £(n) := (&1, ..., &), and where:

Qe + Qe

Pn+1 =
Qg0 + Oe1l — Ne

P(&EIEH&EIE):M.
€ €
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Possible generalizations

The hypergeometric partition tree distributions differ from Pdlya—tree distributions even be-
cause they require more heavy conditions on the parameters. Anyway, with some precau-
tions, their parameters can also be non-integers. In fact, for the hypergeometric p.m.f.
(Z) (mb_T)/ (“;'Lb) it is not essential that all the parameters m,a,b are positive: with certain
restrictions we can take any two of them negative and the remaining one positive, and we still
obtain a probability mass function. The conditions under which (Z) (mligp)/ (antb) provides a
honest distribution, with m,a,b taking real values, have been investigated, for instance, by
Kemp and Kemp (1956).

As far as we are concerned, it can be noted that (Z) (mlim) / (a;b) is a probability mass

function on {0,...,m} if @ and b are two real numbers such that one of the followings is true:
e a+b>m,and

— if a < m, then a is a non-negative integer;

— if b < m, then b is a non-negative integer;
e ¢ and b are both negative.
Anyway, the support of such generalized distribution is
{m AV (m—=D>)),...,0V(mAa)}.

These facts can be easily proved taking the binomial expansion in (142z)%° = (1+z)%(1+z)°.

In this way, one obtains: > 7" (%) ( b )/(‘Hb) = 1. Hence, we can let {a. : € € E*} be any

x m—x m

set of real numbers such that oy := N and, for each € € E*, one of the following is true:
o a0+ ac1 > N Aa. and if a.; < N A a., then ag; is a non-negative integer (i = 0, 1);
e o, and a.; are both negative.

Of course, if all the a. are negative, one obtains the distribution of an N-exchangeable

sequence directed by a Pdlya tree process.
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4.5.2 Exchangeable sequences directed by Pélya-tree processes

As recalled in Section 4, Condition 4.1 is inspired by the theory of Pdélya-tree processes. In
point of fact, if (£,)n>1 is an infinite sequence of exchangeable random elements, with de
Finetti’s representation directed by some Pélya-tree distribution, then we shall show that the

law of the empirical distribution of (£1,...,&y) satisfies Condition 4.1 for every N.

Proposition 4.10. If (§,)n>1 is an (infinite) exchangeable sequence whose de Finetti’s mea-
sure is a Pdlya-tree distribution with parameters {cu,; : 7 = 1,...,kn}, then, for each N,
(&1,...,&N) satisfies Condition 4.1 with L (% (Byge(B)=C)|N(c) given by the following form of
Dirichlet-compound multinomial distribution

Hje:r(C) (71\?1)

L8 (B s)ge(Bom =) N (0) {Nomj 2 B,y € O)}) = (—J

_Zjej(mo‘md)
. N(©) (4.26)
N(CO)! HjeT(C)(am,j + Nij = 1)+ j

Hje‘J'(C) N ;! (ZjeT(C)amj + N(C) -1 Zje‘]’(c)amj

forl=1,... km_1, if m > 1 and T(C) is the vector obtained ordering the elements of the set
{i=1,...,kyn :ge(Bm,;) =C}.

Moreover, for eachn=0,...,N and each m > 1, if C belongs to m,, and ge(Bn, ;) =
C, then

N

N ~
m,j n(Bm )
> 6&<O>,5<n>> e ) DI (/R CE 1)
a’mﬂ‘ + nén(C) =n
TE;:C) "

E( Z 6&(ij)

1=n—+1 1=n+1

where ég = 0 and £(0) = 0 by convention.

Then, in view of (4.26)—(4.27), the distribution of (&1,...,€N) is a partitions tree

distribution.

Proof. Assume, as usual, that &;,...,&y are the coordinate functions on (XN, 2N P), so
that P = L, . ¢y In order to show that P is a partitions tree distribution, we need to find
LJ\?mH\Nm for each m. Let (Ny,..., Ni, ) be a vector of nonnegative integers summing up to

N and (i1,...,iy) integers in {1,..., k&, } such that N; = [{{ =1,...,k,, : iy = j}|. Recalling
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the definition of Pélya-tree processes (given in Section 2.1), we can write:

P{gl GBm,ilv--'agN € Bm,iN}

km
=E | [[5(Bm;)"

_j:1

[k Ko
=E Hﬁ(Bm,j | ge(Bm. ;)" - Hﬁ(ge(Bm,j))N"

j=1 j=1

K Em (4.28)
=E Hﬁ(Bm,j | ge(Bm.;))V | -E Hﬁ(ge(Bm,j))N"

j=1 j=1

= II E| II #BuslOX

CEMm_1 JET(C)

Bl [T s

Cempm_1

Observing that in the last term of (4.28) the first expectation is the (IV; : j € T(C))-th
mixed moment of the singular Dirichlet distribution with parameters (o, ; : j € T(C)) we

obtain:

P{& € Bpiyy - 6N € Brin} = P{& € g8e(Bmyiy)s - - &N € 8e(Bimin)}

IT o)
10 esiey ™ (4.29)
(3 amg)Prem@ ™ )7

CeEmm—_1

JET(C)

where al” :=a(a+1)...(a+h —1).
Note that in general,

P(N(Bm1) = Ni,- s N(Bpk,) = Ni,, | N(C) = 3y Ny : C € )
P(N(Bm1) = Ni,...,N(Bpmi,) = N,)
N
(th?Nkn)P{éhlEBm,i17~-~7§N€Bm,iN} (4.30)

N
(Z ( )N O en 1>P{£1 € ge(Bm,il)a e 7£N S ge(BmzN)}
JjeT(C J m—

_ P{& € Briyy-- - &N € Brjiy } ( jerc) Ni )
P{gl ege(Bm,il)w'-vgN Gge( m,iN }C€7T Nj: ] GT(C)
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and, therefore, combining (4.29) and (4.30) one realizes that the conditional law of N,, given

N,,_1 can be written as a product of measures:

Cinlfns = (X Er@reem=cine)y

where each factor is given by (4.26). Hence, Conditions 4.1.1-4.1.2 hold true.
At this stage, note that (4.26) is the Dirichlet-compound multinomial distribution
with parameter (N(C); ;¢ j € T(C)) and therefore its j-th marginal is the beta-binomial

distribution with parameter (N(C); iy, Ditjge(B 0m 1). Hence, one obtains (4.27) for

m, l):
n = 1, recalling that the expectation of a beta-binomial distribution with parameters (M; «, )
is M - a/(av+ (). For the other cases, (4.27) follows by the fact that Pdlya-tree processes are
conjugate. Since (4.27) is a linear function of Zﬁinﬂ e, (C), Condition 4.1.3 also holds

true. O



Chapter 5

Exchangeable laws based on

random partitions

We intend to present one specific form of (finitary) exchangeable laws defined, aside from the
standard conditional formulation, according to the characteristics of actual situations, and
to work out some of their inherent statistical problems. The exchangeable law we wish to

consider, rests on the concept of exchangeable random partition.

5.1 Introductory examples

It seems suitable to begin with the illustration of a couple of examples which could lead, in a
natural way, to the use of random partitions in order to define laws of exchangeable vectors.
The precise definition of this model, which, from now on, will be called Random Partition

Model (RP-Model), is contained in Section 5.2.

Example 5.1 (Stochastic price system). Let N subjects, labeled by 1,..., N, be consumers
(or users) of a specific item (or service). Note that N could be thought of as a realization of
a random number. Each of these subjects has the right to choose his own provider among
M companies C1,...,Cy. Denote the provider chosen by the subject j with «;, and group

together, into the same class, all the subjects who refer to the same provider. This gives rise

71
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to a partition of {1,..., N}, say

7= (T1y..., 7)),
defined as follows:
1= {i11,0,2,.-- },
where 7; ;1 = 1 and subsequent elements i1 2,... are the labels of the subjects who apply to

the provider of 1;
g = {i2,1,02,2, ... },

where ip; is the smallest of the labels not contained in 7; and labels iz ,... denote the
subjects who get their supplies from the same provider of i3 ;, and so on. Notice that 7 could
be expressed as a function of (y1,...,vn).

At this stage, one pairs each subject j with the unit price &; fixed by «;. This way,
each subject belonging to the same block 7 is bound to pay the unit price £ that amounts
to

G=¢& (i, k=1,...,0). (5.1)
&

Example 5.2 (Distribution of a chemical agent in a given population). Consider N subjects
who are allowed to drink water from sources Cq,...,C)ys. Arguing in the same way as in the
previous example, we obtain a partition of {1,..., N}, say (71,...,7,), where 7; contains
all the subjects who draw water from the same spring as 1, and so on, as in Example 5.1.
Moreover, like in Example 5.1, associate each subject j with the concentration &; of a specific
bacteriological or chemical agent contained in the source 7; of the water j drinks. Thus, (5.1)

holds with the sole change that £ now represents the concentration characterizing block 7y

in 7. &
Our aim is to assess a probability law both for the price system (&1,...,¢y) in Ex-
ample 5.1 and for the concentration vector (&1,...,&y) in Example 5.2. To this purpose,

we try to take advantage of the organization of the above descriptions. First, we assign a
conditional probability law p = p(|N) for 7, given N, in such a way that it depends only

on {|71],...,|Tu|}, where, given a set A, |A| stands for its cardinality. Then, we assess a
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conditional probability distribution for £5,...,&5, given (N, 7), so that &, ..., &5 turn out to
be conditionally independent with distributions depending only on the cardinalities of their
respective blocks. At the end of this process we get the characterization of the probability law
of the random vector (&1, ...,&N,7), and we can deduce the law of (§,...,&y) from it.

With this distribution in hand, in Example 5.1 one could, for instance, initiate any
kind of econometric analysis of the demand of the item, or service, taken into consideration.
Analogously, in Example 5.2, that very same distribution could be used to forecast the spread
of any disease that depends on the bacteriological or chemical agent at issue. To this end,
the original probabilistic framework needs to be extended to (&1,...,&N, 7,71, ..,nN) Where,
with reference to Example 5.1, n; represents the quantity requested by the j—subject and, in
connection with Example 5.2, the same symbol could denote the result of a specific medical
test on the j—th subject.

Now we show that (£1,...,&n) is exchangeable with respect to the law defined accord-
ing to the above steps. Moreover, we shall describe how to assess (71,...,7x) in such a way

that ((&1,m1),-..,(nNn,€n)) turns out to be exchangeable.

5.2 Definition of the model

In order to propose a suitable probability law for problems of the same type as those sketched
in the previous examples, it is worth providing an accurate description of the statistical data

to be processed. As primary data we consider the vectors

(jv’}/jvgjanj) jzl,...,N’

where 7;, in {C1,...,Cn}, denotes an entity (provider, spring, etc.) which j decides to
interact with, &; is a characteristic (price, concentration, etc.) of the interplay between j and
~;, and, finally, n; is another characteristic of interest of j (the demand, etc). In Example 5.1,
(4,75,&;) specifies the terms of a contract, while, in Example 5.2, (4,7;,&;) can be thought
of as the exposure to risk of subject j. As explained in the previous subsection, (v1,...,vn)

induces a partition 7 of {1,..., N} presented in such a way that 71 contains subject 1, i.e.

m={i:ie{l,...,N},vi=mn}
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and, inductively, for k = 2,3,...,v,

ﬁk = {Zle {177N}7’Yz :’Ym(k)}a

where m(k) = min{i : ¢ € {1,...,N},i & U?;llfrj} and v = min{i : i € {1,...,N A
M}, Ui_ 7 = {1,..., N}}. Notice that, if M is smaller than N, the class of partitions induced
by (v1,...,7n) is strictly contained in the class Py of all partitions of {1,..., N}. We assume
that the range of each (&;,7n;) is contained in a product of complete separable metric spaces
X x Y equipped with its Borel o—algebra 2° ® Y. This extra—condition of a topological nature

is required because of measurability problems connected, for example, with (5.1).

Our main goal is the assessment of a probability distribution for

<: (5177717"'751\/’7’]\737})7

i.e. a probability on the product measurable space (ZV x Py, ZN ®U), where U stands for the
power set of P and (Z,2) = (XxY, 2'®Y). We identify the j—th coordinate of Q := ZV x Py

with observation ¢; := (&;,7;), namely

(xjvyj) = (5j»ﬂj)($1a91~-~,$N7yNa7T) (l'l,yl,...,l'N,yNﬂT) €

for j =1,...N. Moreover, we define 7 to be the (N + 1)-th coordinate of the product space,
that is

7T:7‘%($17y17"'7£L‘]VayNa7T) (331>y1a---733N,yN77T) EQ

Now we are in a position to specify the law of (. To this end, we begin with the definition
of a distribution for 7, say p. Then, we fix a conditional law p(:|7) for (&1,...,&N) given 7
consistently with (5.1), and, finally, we fix a conditional law ¢(-|7,&1,...,&n) for (m,...,nN)
given 7 and (&1,...,&n). It is enough to specify p(:|7) for any measurable rectangle Ay x - - - X
Ap, and, for the sake of definiteness, we assume that
|7
p(Ar x - x AN|T) == H oz, | (Nier, Ai)s (5.2)
k=1
where |7| stands for the number of the elements of 7, |7;| is the number of elements of the
j—th block of 7, and, finally, a,...,ay are probabilities on (X, .2"). The right-hand side of

(5.2) reveals that we are assuming that the conditional distribution of &., 1 < r < N, given
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T is oz, ., s Where (7, 1) denotes the index of the block of 7 that contains r. Thus, this

conditional law depends only on the cardinality of the block containing r. Since it is easy to

check that

p (& =¢ forevery jin Ty | 7) =1
for every @ = 1,...,N, we can conclude that (5.2) is consistent with (5.1). Now, given
7 and (&1,...,€n), with @ = ([i11,%1,2,- -+ 914, )s [$2,1, 92,2, - - -y 92.ka)s - - - ) & conditional law

q(-|7, &1, ..., &) for (m1,...,mn) is specified in such a way that (n;, ... i, )i=1,...,|x| are

independent, and, for each j, (1, ,,--.,mi; kj) is exchangeable with de Finetti measure that
may depend on &;, ,. More formally, for every Bi,..., By in Y, we set
7|
q(Bl Koo X BN‘ﬁ7£17 oo 751\/) = H Hf:‘(xjefrlBj)a (53)
i=1

where £.(+) is an (exchangeable) transition kernel on (X, 27) x (YN, YV), that is: for every z in
X, k4 (+) is a probability measure on (Y™, Y™), for every By,...,ByinY, z +— ki (Byx---xBy)

is Z/B([0, 1])-measurable and
ke(B1 X -+ X BN) = Ke(Boy1y X -+ X Bo(n))

for every x in X and every permutation o of {1,..., N}. Note that, for simplicity, from now
on we write k;(By X -+ X Bg) for £,(By X +-+ X B x Y x -+ x Y) for every k < N. The

simplest example is to take a product kernel, which is
N
ka(By x -+ x By) = [[ k:(By).
i=1

At this stage it turns out that the distribution P of ¢ is defined through

P{{&eAi,meBr...,én € AN, N € By, T =1}
7] (5.4)
— o I / Tn,o a, (20, (X jem By (),
=1

assumed to be valid for any Ay,..., Ay in 2, every By,...,By in Y and every w in Py. As

a consequence, one obtains

||

P{& € Ay, v € AN} = Z p(m) H Urp| (Nier, As), (5.5)
k=1

TEPN



76 CHAPTER 5. EXCHANGEABLE LAWS BASED ON RANDOM PARTITIONS

and, hence,
N
P{¢ e} = Zwl,jal(') (5.6)
1=1
with

wy; = P{|fgap =1} = > p(m)  (I=1,...,N).
{m€Pn i Ty =1}

At this point, we specify p in such a way that (£1,m1),..., (v, nn) is proved to be
exchangeable. As already said, p will be defined so that its value at m depend only on the set

of cardinalities of the blocks forming 7. In other words, if for any 7 in P we define
hr) = (45 ¢ Iyl = Do 1G5 sl = NY)
then p must satisfy
m, 7" € Py and h(w) = h(n*) = p(n) = p(n™). (5.7)
We present a simple example of distributions on Py that meet (5.7).
Example 5.3. Let
{Ax(k) > 0,k=1,...,N: A€ R}, {Br(k) >0,k=1,...,N: A e R}

be families of real functions and uy be a o—finite measure on the Borel subsets of R, such that

||
Kvim Y [ Ax(irh [T v (v @

TEPN
turns out to be strictly positive and finite. Then

||

p(m) = Ky' /RAA(IWI) Hﬁx(lml)uzv(dA)

gives a probability on Py. Since p can be written as

N
R () | ENCRNCEY
i=1
with b := h(m), it is easy to check that p meets (5.7). &

Proposition 5.1. The random vector ((£1,m1), ..., (En,nn)) from Q into XN x YN turns out

to be exchangeable if its law is defined by (5.4) with any p satisfying (5.7).
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Proof. See the Appendix, on page 120. O

The authors mentioned in Chapter 1 handle partitions IT = TI(&y, .. . ,£n) generated by
sampling from an exchangeable (infinite) sequence (1, ...,&,,...), namely random partitions
defined by the circumstance that ¢ and j in {1, ..., N} belong to the same block of II if and only
if & = ¢;. Tt is easy to see that if (§,,),>1 is an exchangeable sequence of random elements, then
for any N the probability law on Py of the partition generated by sampling from (&1, ...,&n)
meets (5.7). Moreover, it is easy to check that IT and 7 have the same distribution whenever
the hypotheses of Proposition 5.1 are in force and aj, ..., ayN are diffuse probabilities.

The Random Partition Model is related to species sampling sequences and normalized
random measures with independent increments, which we already talked about in Sections 2.2
and 2.3 respectively. In fact, it is straightforward that the vector of the first N coordinates
of a species sampling sequences satisfies the hypothesis of Proposition 5.1 with oy = --- =
ay = «, for any N. Moreover, the same is true for an N-exchangeable sequence directed by a
normalized random measure with independent increments such that v(dzdv) = aa(dz)q(dv).

In the latter case, by (2.9) we can write:

a7l
p(m) = & ) /R . ANflL(A)E[ / vImile= A g (dv)d, (5.8)

where L(A) = exp{—a [, (1 — e™*")q(dv)}.

5.2.1 Marginal distribution and correlation between observations

The first properties of (5.4) that we want to present concerns the distribution of each (§;, 1)

and the correlation between §; and &; for ¢ # j.

Proposition 5.2. Let the law of the N-exchangeable sequence (&1,...,En) be the same as in

the previous proposition. Then, for any j=1,..., N,

N
P{g € A} =Y w () = ao(4) (A€ ) (5.9)

=1
with

wy = P{|7y| =1} = > p(m)  (I=1,...,N),

{rePy:|m1|=l}
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and

Pi¢, € Ay € BY = /A/%(B)ozo(dx) (Ae2,Bey). (5.10)

Let f and g be real-valued measurable functions defined on (X, Z7), such that [ (| f(x)|+
lg(z))evj(dx) is finite for every j =1,...,N, then

N
B(/(6) = [ f@aolds) = > widhui(s), (5.11)
X =1
where My (f) == [y f(x)ay(dz). Moreover, if [y |f(x)g(x)|la;(dx) is finite for every j =
1,..., N, then the covariance can be expressed as
N
Cov(f(&1),9(82)) = ZtiMl,i(fg) + Z sii My i(f) M ;(g) (5.12)
i=2 2
with

N
ti=P{2e |l =i}, rij=> P{2€ M| =17 =},
k=2

N N
Sij = Tij — titj —t; E rik+ t]‘ E Tik-
k=1 k=1

Finally, if h is a real-valued measurable function defined on (Z,2), then

Blh(em)] = | e.g)n(dy)ao(da)
whenever the last integral is well defined.
Proof. See the Appendix, on pages 120. O

If

ap=--=ay = aq, (5.13)

then a turns out to be the common probability distribution of the &;’s. Moreover,

N

Cov(f(&1), f(&)) = Var(&) > _ti,

i=2
and, hence, Cov(f(&1), f(&)) > 0.
It is well-known that if (X,,),>1 is an infinite exchangeable sequence of real-valued

random elements, then Couv(X;,Xs) > 0. Hence, if (Xq,...,Xy) is exchangeable with
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Cov(X1,X32) < 0, one can argue that the sequence (X,,)1<n<n cannot be extended to an
infinite exchangeable sequence. As shown by the next example, there are models consistent

with Proposition 5.1, which present negative correlation.

Example 5.4 (negatively correlated random variables). Assume that (£1,&2,&3) is an ex-

changeable random vector valued into R? and distributed according to Proposition 5.1 with

p([J[21[3]) = pu
p([12)[3]) = p([13][2]) = p([1][23]) = p2
p([123]) =0

/Ra:oq(dx) =0
/Ra?ozg(dx) =K

/Ranl(dx) :/Rﬁaz(dx) _1,

where p; + 3p2 = 1 and K2 < 1. Simple computations show that

Cov(&1,&) = pa(1 — dpa K2).

Hence, if one chooses a couple (pq, K) for which 1/4 < py < 1/3 and 1/(4ps) < K? < 1, then

the covariance turns out to be negative.

5.3 Posterior and predictive distributions

From a finitistic point of view, in order to make any kind of inference, it is essential to
handle the predictive distribution of the observations and the conditional distribution of €
given the first n observations. Indeed, in a finitary setting, the conditional law of € given
&(n) = (&,...,&,) plays the role of the posterior distribution of p given £(n), in the notation
introduced in Chapter 1.

It is clear that Lge(y,) is easily deducible from L, nyje(n), Where £(n, N) = (§ny1,- .-, EN)-

More precisely, for every measurable partition (Aq,..., Ax) of X and every k-tuple of integers
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My, ..., My, such that M; > M7 := 37" 0¢,(A;) (j =1,...,k) and Z?Zl M; = N, one has

Lean,...ean)em) {(M1/N, ..., My /N)})

N —n)!
= T ( ) Lg(nyN)K(n)(AlX-~-XA1X-~-XAkX...Ak).
Hi:l(Mj_M;)! N———— N———

M7 times M} times
Hence we will restrict our attention to L, n)jg(n)-
5.3.1 Predictive distributions
Consider an exchangeable random vector (£1,...,&x) whose law is characterized by Propo-

sition 5.1. For any n < N, given £(n) = (&1,...,&,), denote by II(&(n)) the partition of
{1,...,n} generated by &(n). Moreover, denote the distinct elements of £(n) by &7, ..., &%,
where 71 is the number of blocks in II(£(n)), i.e. 7 = |II({(n))|. Finally, given any 7 in Py,
7|, will stand for the element of P, that coincides with the restriction of 7 to {1,...,n}. If

gn.n(- | £(n), ) denotes the conditional distribution of £(n, N) given ({(n), ), it is clear that

|7

gn,N(AnJrl X X AN | 5(”)77}) = Héif (ﬂjGﬂ'i\{l,...n}Aj) H A7, | (ﬂjemAj) (514)
=1 i=n+1

for every Ani1,...,An in 2, with the convention that N;cpA; = X. Moreover, it is not

difficult to prove that, for every ¢ in Py,

) Ty @101 (&) Tgl=nice(n)y
P repy AM) izt 01l (&) Limla=nicen)

Lien) (@) = Temy (@) := (5.15)

holds true if a;(dz) = a;(x)u(dx) (i = 1,...,N), p being a o—finite diffuse measure. See

Lemma A.16 in the Appendix. This paves the way to prove the following

Proposition 5.3. Let (&1,...,&n) be defined as in Proposition 5.1. If o;(dx) = a;(z)pu(dz)

(i=1,...,N), u being a o—finite diffuse measure, then

L§"+1 ---- Enlé(n) (Apg1 X -+ X AN)

= 3 ey (®) Gan(Ansr x - x AnlE(n), )

TEPN

for every Apyq1,..., Axy in X .



5.3. POSTERIOR AND PREDICTIVE DISTRIBUTIONS 81

In particular, if &y = ...any = @, a being a diffuse probability measure, then

Leoinsenlen)(Ansr X ..o An)

n ]
Dy () Lir), =11((n)))
- 1 Oe; (m'em\{l,...n}A') a(Njer,Aj)
TE€PN ZquPN P(Q) ]I{q|”:1‘[(€(n))} ey i J J i:gl J J

for every Ap41,..., ANy in 2.

Now, let us consider the conditional law of ({(n, N), n(n, N)) given (£(n), n(n)). Let
hon (- | E(N), n(n), 7) be a conditional distribution of n(n, N) given (§(N), n(n), 7). Let
(g;f,...,gr;r‘) be the distinct values of (&1,...,¢&n), n*(m) == [n; + 1 < j < n,j € m,
denote by k,(- | 1,-..,9r) the conditional distribution of (gg+t1,-...,9n) given (g1,...,Tk)
when (g1,...,9n) is an N-exchangeable sequence with distribution ,/(-), and convenue that
Kz(- | 0) = Kz (+). Hence, hy, n can be written as

|7]
hn,N(Bn+1 X X BN | €<N)7 77(”)7 ﬁ-) = H"Qﬁf{xjefri,j>nBj | 77*(7}1)}

i=1

for every Bi,...,Bn.
Now, it is easy to see that the conditional law of 7 given (£(n),n(n)) is the same as the
conditional law of 7 given £(n). Moreover, the conditional law of £(n, V) given (£(n),n(n), )
turns out to be equal to the conditional law of £(n, N) given (§(n), 7). See Lemmas A.16 and

A.17 in the Appendix. This leads immediately to the following

Proposition 5.4. Let (&1,...,&n) be defined as in Section 5.2. If a;(dx) = a;(x)u(dz)

(i=1,...,N), then

Lg(n,N),n(n,N)K(n),n(n) (AXB) = Z TE(n)(ﬂ-)/Ahn,N(B | (f(n),x), n(n)a 7T) gn,N(dJj | f(n)a 7T)
TEPN

for every A in ZN"" and every B in YN .

As a consequence of Proposition 5.3, when aq, . .., ay are diffuse probability measures,
one has
N n
P({&ns1 € A} €(n)) = D~ Anj(€(n) a;(A) + Y Dnulé(n)) 6e: () (A€ 2),
j=1 i=1
where

Dn,z(f(ﬂ)) = D1 = Z Te(n) (ﬂ) (Z = 17 o 7ﬁ)

TEPN: p(m,n+1)=1
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and

A (€M) = Anj = D" Tem) (™) Lgmmin)sattimgimninl=it G =1L, N).

TEPN
In particular, if a3 = ...any = «, a being a diffuse probability measure, one has

P({&us1 € A}E(n) = Dol A) + ) Dibe; (4)  (Ae 2),
=1

where Dy = 1— Z?:l D;. In the same way, from Proposition 5.4 one can derive the predictive

distribution for (£,41,Mn+1) given (£(n),n(n)), which is

Leo s mmlEmynn (AX B) =" > Te(n) () O¢; (A) ke (Bln" (7))
i=1 wr€Ppn: ¢p(m,n+1)=1

N
+ ZAn,j(i(n)) /A tz(B) o(d)

for any A in 2 ¥~! and B in Y¥~!. Hence, for any measurable real-valued function h on

X x Y, one has

E[h(&ng1, Mms1)E(n), n(n)] = Z Te(n) () /Y h(& ) ke: (dyln™ ()

N
+ 306 [ o) ) ay(d)

if E|h(§nt1, Nnt1)| < +oo0.



Chapter 6

Some applications

The aim of this chapter is to apply the distributions introduced in Chapter 4 and Chapter 5 to
some standard statistical problems: we show how one can estimate the mean of the empirical
measure, and we propose a bivariate model based on partition tree distributions in order to

approach regression problems.

6.1 Decision theoretic formulation

As explained in Chapter 1, we shall focus on inferences from the sample £(n) := (&1,...,&,)
(n < N) to empirical versions of the usual parameter, i.e. on random elements with the
following form:

b =1(),

where ¢ is a mapping from a subset Py of the class P of all probabilities on (X, 2") into ©.
A decision theoretic approach will be followed. So, the statistician is assumed to have
a set D of decision rules at his disposal, and these rules are defined, for any n < N, as
measurable functions from X" to some set A of actions. Then, one considers a loss function
L, i.e. a positive real-valued function on © x A. The function L(6, a) represents the loss when
the value of 8 is 6 and the statistician chooses action a. It is supposed that
B = [ 105 (@0)

83
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is finite for any § in D. In this case, r(-) is said to be the a posteriori Bayes risk of 6(&(n)).

Finally, a Bayes rule is defined to be any element dg of D such that

r(80(§(n))) = minr(5(£(n)))

seb

for any realization (observation) of £(n).

6.2 Estimation of the mean

Dealing with an estimation problem, © and A are two subsets of R*, and the usual loss
function is L(6,a) = ||@ — a||?, i.e. the quadratic cost. Take k = 1, assume that X is R, and
consider the standard problem of estimating the mean: take ¢(p) = [ f(2)dp(z), where f is
some measurable function from X into itself and Py the set of probabilites in P such that ¢(p)
exists.

In the usual setting, dealing with an infinite sequence of observations, the parameter
to be estimated is Ao, = t(p) and its estimator is simply E(fs | £(n)) = E(f(£ns1) | £(n)). In
a finitary setting, one considers the parameter 6 = Jx f(x) dé(z) = % Zfil f(&), instead. In
virtue of linearity of expectation, a finitary Bayes rule is given by a a linear combination of

the sample mean and the classical estimate for the mean:

= no 1 N-n

— = . 1

B 1 €)= 7 D2 A(E) + S B ) | 60) (6.1)
Let us see how this estimate can be found both for the Random Partition Model and for the
hypergeometric partitions tree distributions introduced in Chapter 5 and Chapter 4, respec-

tively.

6.2.1 Random Partition model

Let (&1,...,&n) be distributed as in the Random Partition Model, introduced in Section 5.2.
For simplicity, take oy = -+ = any = «, with « a diffuse probability on (X, Z"). Denote by 72

the number of distinct values in (£1,...,&,) and by &F,. .., &~ their values. Moreover, let

Dn,z(f(”)) =D, = Z TE(n)(ﬂ-) (i = 17"'7'ﬁ‘)

TE€PN: ¢p(m,nt1l)=1i

Do=1-— En:Di,
=1
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where Lzj¢n)({T}) = T¢(n)(m). Our goal is to evaluate

E[f($nt1) | €(0)] =Y Difi,
i=0

where f; := f(&) fori=1,...,7 and fo:= [ f(z)a(dz).
Since an exact evaluation of E[f(&,+1) | £(n)] can be computationally cumbersome
even if NV is small, we shall suggest a very simple algorithm to approximate such a sum in

some particular situations.

Consider p as in Example 5.3 with pu(d\) = dg, 4o = 4, and fy = (. In other words,

take -
p(m) = K&lA(IWI)Hﬂ(Iml) (6.2)
with Ky == Y, co A(r) T B(|mi]). Define Vi) == {t € {0,...,M}" : X0 t; = M},
and write X3! for {1,...,a}M. For any = = (21,...,25) in XM, set
tx)={i=1,...,M: 2z, =1}|,....,{¢ =1,...,M : z; =7}|), and denote

t*(I1(¢(n))) = (ITIEM))]1s - - -, [LI(E(n))]7),
{bl,..., yezt: zﬁzlibi:z}.

Hence, by (6.2), letting C' := Ky > cp, P(7) Liz|,=11(¢(n))}, One can write, for every i =

1,....7,
Ky
D; = Z Tg(n)(ﬂ') = A Z p(ﬂ-) H{W\H:H(g(n)),nJrIEm‘}
TEPN: ¢(m,n+l)=1 Te€PN
|7|
C’ > A(lx) Hﬁ 175 1) L) =1(e(n))snt 1€}
TEPN
N-—-n—1
1 <N —(n+ 1)) Z l!
LY N
¢ 1=0 : beEW, HJ lb '(j) Jj=1
N — [+1))
> (V- (nti+ Hﬂt*+§”+t)
(7) H]:l tj!
LEVN Zt14m)
1 N—n—1 N — (TL+1) n
- N G NS S | LR On

= Nel—1-n j—
=0 2EXS nj=1

N

z”: ! ( (n+ 1)) QD Y F() |4,0),

=0

Q\H

N—-l—-1-n
X5
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where

Q(Z) = A(ﬁ+k) Bl,k(ﬁ(1>7"'7ﬁ(l)) (l=1,...,N—’I’L—1),

By i being the usual partial Bell partition polynomial and

3

F(t]il): H (t +dij +15)

with the convention that X% := @ and Y 4 F(¢(2) | i,0) = F(0 | i,1) = H?:l Bt + dij)-
Recall that the partial Bell polynomial of degree (n, k) is defined by

n!
n k1,.k2 kn
B i(z1,... 2y E T F . Rl (1) xytxe? T,

where the summation is extended over all partitions of n into k parts, i.e. over all nonnegative

integer solutions (ki,...,k,) of the equations ki + 2kg + -+ - +nk, =n, k1 +---+ k, = k and

BQO:::L
Analogously, it is plain to check that
Kn
Dy := el P(7) L), =11 (n)) st 1, i=1,...,7}
TePnN
N—-n—1
1 N—-(n+1
== ( (l )> QU+1) Y F(t(2)]0,0).

1=0 zexN-imi-n

Hence,

Yo Y T exn e (V) QUA Gi0) F(H(2) |4,1) fi
Yo X" aexy-mn (VY QU b10) F(t(2) | 40)

holds true. The last equation suggests an easy way to estimate E[f(&,+1) | £(n)] by a sequential

E[f(&n+1) [ E(n)] =

importance sampling method. That is: let (iar,lan, 20 )m>1 be a sequence of i.i.d random

—(l+1+4n)

variables taking values in {0,...,7} x {0, N —n — 1} x UN "~ Ix , with common

distribution given by
(Zal7z)—QI()Q2H Q3(Z‘Z»l)

N—(l4+14n)

and (XY~ 1) = 1, that is to say that zj belongs to X2 with conditional

probability one given lp; = [. Next, set

(V=Y QU+ 6i0) F(t(2) | 1)
q1(i) g2(1 [ 9) g3(2 | 4,1) .

w(i,l, z) ==
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It follows that )
Eo — Z%:l fiM w(iMalMaZM)
M = =

M .
> vt Wing, I, 2ar)

is an asymptotically unbiased and strong consistent estimator of E[f(&,+1) | £(n)].
It should be emphasized that the partial Bell partition polynomials are easily com-

putable by recursion, indeed

n
Bn+1,k+1(x17 oo v$n+1) - Z <’I“> Lr41 anr,k(xlv oo awnfr)
=0

for k=0,1,...,nand n=0,1,... See, for instance, Charalambides (2002).

6.2.2 Hypergeometric partitions tree distributions

Let X = (0,1], and let the law of (£1,...,&n) be the distribution 52 (N), introduced in Section
4.5.1. Our aim is to evaluate fx z)dé(z). For simplicity, assume that f is a monotone
function.

Combining (4.23) and (4.25), one obtains a closed form for the predictive expectation:

E(6 i | €(n zwz 11 Con foen (6

a ta 1= Ty
=1 (e1...em)EE™: k=1 e1---ex-10 €1.-Ek—1 €1...€k—1

em=1

where 7. denotes Y 7 | (5{&61 y for every ¢ in E*. This formula can be plugged in (6.1) to
obtain the Bayes rule for t(€) = [ f( ), being f the identity function. The problem is
that the series in (6.3) is too cumbersome to be evaluated by a partial sum. Other procedures
are better to find a good approximation of (6.3).

Denote

Spi={e€E™: & ¢, i=1,....n}

for each m > 1, and write:

E(f(€nsr) | €)= 3 / F@) dLeem@ + S [ F@) dLeriem (@) (64)

c€Sm ecEmnse, 7 1e

One can find the exact value of the first sum in (6.4) and approximate the second one. In fact,

if no observations fall in I. (for e = (e1...ep) in E™), then, by (4.25) and then by (4.22), for
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any & = (¢1...6mEmy1...€p) in B with b > m,

O[El — ﬁsl ael.“am
P(£n+1€I€’ ‘g(n)): ~
ayt+a; —n Qey.g 10 + Qeygp1l — Neqiiegm 1
. Aeq.emp o Qe ..ep
asl...smo + asl...sml asl...eh,lo + asl...sh,,ll

P(§n+1 S Ia | 5(71)) P(§n+1 € IE' | §n+1 S IE)
_ P(SH-H €l | §(n))
P(§n+1 € IE)
_ P(éni1 € I | £(n))
P(gl € Ia)
Hence, for each dyadic interval I. containing no observations,

L _ P(gn—‘rl S Is | {(n))
5n+1\§(n)|fa = P(fl c ]e) &1

P(§n+1 € Ie’)

P(fl € Is’)'

denoting by u|p the restriction of a probability measure p defined on 2" to the o-field 25 :=
{ANB:Ae 2}, for Bin 2. Therefore, the first sum in (6.4) becomes:

P(&n+1 € I | £(n))
Z ;(gl S Ie)

E(f(&) g ery)-

eE€ES,
The second sum is contained by the interval
S Pleun €L [€m) f(), S Pléwss € L&) fl+27)|,  (6.5)
€ EmNS8e, € EmNSe,
where [, denotes the lower bound of I, i.e. I, ., = Z;’;l 5j2_j. So, an approximation for
E(f(&n+1) | £(n)) is obtained taking the middle point of the interval (6.5), i.e.

E(f(nt1) | £(n))
~ Y P(&ns1 € I [ §(n)) E(f(&) e ery)

c€8m P(& e IL) .
+ Z P(£n+1€I€ ‘g(n)) f(ls)+f(215—|—2—m)7
e€E™N8¢,

so that the error is bounded above by half length of the interval in (6.5), that is

f(ls + 27m) — f(ls)
5 .

Y Plén1 €I [€(n)-

c€EmNSe,
If, for instance, f is the identity function, o = K for all ¢ in E*(so that L¢, is uniform over
(0,1]), (6.6) becomes
B | €)= Y Plénsr € L [€(n) - (L +27"7Y), (6.7)

ecE™
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and the error is not greater than

Z P(£n+1 el ‘ f(n)) .g—m—1

ecEmnSe,
A fictitious population was created, generating N = 2000 random variables &1, ..., &y, taking
value in the unit interval, and having joint distribution S (N), with «. constantly equal to
K = 2500. A sample of size one hundred was taken, the sample mean was calculated, and the
finitary Bayes rule was evaluated by means of (6.7), with m = 10. Then, other hundred units
were added to the sample, and the two estimates were calculated again. This was done for
eight times more. Figure 6.1 compares the finitary Bayes rules to the classical sample means

obtained. One can see that the finitary Bayesian estimate is closer to the population mean

0.54
1

0.52
|

estimate
0.48 0.50
| |
o

0.46
|

0 200 400 600 800 1000

sample size

Figure 6.1: Population mean estimates, increasing the sample size. Sample mean (blue circles),

finitary Bayes estimate (red circles), true population mean (black line).
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than the traditional empirical estimate.

6.3 Regression problems

Assume that two different (real-valued) phenomena are observed on each statistical unit.
Formally, that means that each observation (; is a pair (§;,7;) of real numbers. Hence, the
range of each observation X x Y is a subset of R%. Let us denote by & := (£1,...,&n) and by
n:= (m,...,nn) the sequence of observations related respectively to the first and the second
phenomenon. Assume that the statistician has to investigate about a possible relationship
between the two phenomena. Hence, some functional space .# of maps from X into Y is
considered, and the purpose will be to choose a map from .# to express the dependence of the

second phenomenon on the first one.

So .% coincides with the space of all possible actions A. The elements f, of .# can
be indexed - as usual in regression procedures - by a parameter 7 belonging to some space T'.
In what follows, we shall take as .% the space of all affine functions from R into itself, that is
7= (a, ) and fr(z) = a + Gx. Other possible choices for f, are known to be polynomials

or f,(r) = ael®.

At this point two different approaches are possible. One may be concerned only with
the relationship between the two components &1, 7n+1 of the outcoming observation, and
we can just take the squared loss error. In this way, the quantity to be estimated is not a
function of &, but only of the next observation, and, therefore, the past observations ¢(n) does

not enter into the loss function, but only into the predictive distribution.

Instead, one may be interested in “approximating” the whole sequence of (91,...,7xn)
by (f-(&1),..., f~(£x)). In this other case, a natural choice for the loss function can be taken
to be [y (z —y)2é(dz, dy), ie. Zil(m — fo(&:))?/N. Minimizing this loss function gives rise
to the estimate, under square loss function, of the conditional expectation E(Zs | Z;) (where

the law of (Z1, Z3) is €) taking as A the affine functions.
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6.3.1 First approach

Assume we have observed ((n) and we are concerned with finding the formal Bayes rule for
(&n+1,Mn+1) when the action space is the set of all affine functions from X into Y and the
loss function is L(x1,z2;7) = (22 — f-(21))? where f.(z) = a + Bz. In formula we want to

calculate:

argming, g E((n41 — (@ + B€as1))* [ (n)), (6.8)

which yields:

Gn = E(ni1 | C(n)) — BE(Eni1 | C(n))
() (69
7

B _ COV(€n+1777n+1 |
" Var(§n41 | ¢(n)

In fact, (G, [?n) is the only zero of the gradient of the function we want to minimize

in (6.8), which is a convex function since its hessian matrix

_ 5. 1 E(&n+11¢(n))
H=2 ( E(€nia[C(n)) E(&iﬂwn))) (6.10)

is definitive positive [det(H) = 2 Var(§,+1 | {(n))].

6.3.2 Second approach

For each p € P, let p; and py|; denote respectively the marginal law of Z; and the conditional
law of Z5 given Z; when p is the law of (Z7, Z2). Suppose we are concerned with finding a
Bayes rule for ¢(& x), where t(p;x) = [ ypoj1(dy|z), choosing as action space A the set of the

affine functions. We can take as loss function:

Lu(p.) = [ 1) = fr(@) Putasp). (6.11)
If we put p(dz;p) = p1(dz) and (Z1, Z3) has law €, (6.11) yields:
La(é’ T) = E[(E[Z2|Zl] - fT(Zl))Q]
= E[(E[Z2|21))] + E[f+(Z1)?] = 2E[Za f+(Z1)] (6.12)

N
= E[(E[Z|21)%] + ) _ fr (&) (f(&) — 2m).-

i=1
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At this point, note that it is equivalent to minimize either 7 +— L,(€,7) or

e Lifer) = [ fa)Pddedy = LS - 6P (613

If f-(z) = a+ Bz (1t = (a, ), the minimizer of

7 — E[Ly(,7)|¢(n)] (6.14)
is given by

a, =E(Y) + 6, E(X)

5 _ ConlX.y)

" Var(X)
n . n
where L(X,y) = Nen + (1 - N) ’E’Cn+1|4(n)'

In fact,

E(La(é,7) [ ¢(n)) = E(L(X,Y)),

and, therefore, proceeding as in Section 6.3.1, one can see that the minimizer of (6.14) can be
obtained from (6.9) replacing Le, .\ n..1)c(n) With L(x y).
Note that when n = N, (o, ) is the least square estimate of 7. Moreover, if n is

fixed and N diverges, (o, 35) converges to (G, 3n).

6.3.3 A numerical example

As a matter of example, assume that an exchangeable law for ({1,...,{x) has been assessed
such that: L, . ¢y is Z(N), with a. equal to a constant K for each € in £, the conditional
expectation E(n; | 1,...,&n) is an affine function of §; (asi=1,...,N), and each L, ¢, . ¢y
depends on (&1,...,&y) only through E(n; | &1,...,&n). So, setting ; := n; — E(n; | &) for
i=1,..., N, the random vectors (v1,...,yn) and (&1, ...,&n) are stochastically independent.

This assessment is tantamount to assuming the existence of N exchangeable random

elements (y1,...,vn) of Y and of two real number a and b, such that

ni=a+0b5+7v  and

E(vi) =0
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asi=1,...,N. Assume that (y1,...,7vn) is distributed as the initial segment of an (infinite)
exchangeable sequence directed by a Dirichlet process with parameter a equal to a Gaussian
distribution with mean zero and variance o2. In this way, the total mass parameter a is one.
A fictitious population of one thousand units (N = 1000) was created, generating N
random vectors (1,...,(y with the distribution described above and a = 0, b = 1, K = 500,
0% = 1/4. Then, a sample of size sixteen was taken, and (a3, 35s) was calculated.
The results are shown in Figure 6.2: the Bayes rule line is closer to the whole popu-

lation minimum squares line than the sample minimum squares line.

population minimum squares line
sample minimum squares line
finitary Bayes rule .

unobserved value
observed value

-1
1

0.0 0.2 0.4 0.6 0.8 1.0

Figure 6.2: Linear regression.

Then, another sample of ten units was taken from the same population, and the
estimate (o, 3) was calculated again, but on the basis of a “bad guess” about the parameters

a and b: ag = —0.3, by = 1.5. The sample size was progressively increased adding other units
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to the sample, and the same estimate was calculated each time.
As shown in Figure 6.3, the wrong choice of ag, by affect the result, but, as the sample
size increases, the finitary Bayes rule line (the red line) gets closer to the population minimum

squares (blue) line.

n=10 n=30

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
n=90 n =400
unobserved value N . . .
N * observed value

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
== population minimum squares line == finitary Bayes rule

Figure 6.3: Linear regression. Population minimum squares (blue), finitary Bayes rule (red)

line, for different sample sizes n.



Appendix A

Proofs

A.1 Proof of Theorem 3.4

Let .y be the class of measurable rectangles of XV of the form Bg, x --- x Bg,, where
{B1,...,Bn} is any (not fixed) finite partition of X, B; belongs to ¢ for each j, and ' =
(Bi,...,0n) is a vector in {1,...,m}N. Now, let .y = .y U{0}. The first step of the proof

of Theorem 3.4 consists of the following lemma:
Lemma A.l. .y is a semialgebra that generates the algebra &/ and the o-algebra ZN.

Proof. In order to prove that .y is a semialgebra, consider two sets A and B in ¥y, and
assume that A = A,, x --- X Ay, and B = Bg, x --- X Bg,, where {A4;,...,4;} and
{B4y,...,Bn} are two partitions of sets in ¢4 and o = (a,...,an), 8/ = (61,...,0n) are two

vectors respectively in{1,...,k} and {1,...,m}". Then
AﬂB:(Aal X"'XAO‘N)O(B[31 x.--xBﬁN):C”yl x - X C

YN

where C,, := A,, N Bg,. If ANB # (), then, for each i, C',, belongs to the partition generated
by the sets Aq,..., Ak, B1,...,By. In any case, AN B € ¥n. Hence #n is closed under

intersection. Moreover, if T" belongs to .y and T' = Bg, X --- x Bg,, then
T¢ = Uy By, X -+ X By,
and therefore .y is a semialgebra.

95
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Let us prove that o7 is the algebra generated by .#y. Denote by <7 (4%) the algebra
generated by the class 4V of cartesian products of sets in ¢. First, note that o7 (4") coincides
with the algebra o7 (.#y) generated by .#x. In fact, & (97V) D & (Sn) since 4~ > .#y. On
the other hand, if Dq,..., Dy are sets in ¢, then the product Dy X --- x Dy is a finite union
of sets in .y (take the partition generated by Dj,..., Dy); this means that ¥ C o/ (.%x)
and therefore o/ (9V) C &/(Sy). But & (4") coincides with /. In fact, on one side
o (GN) C /N since 4V is a subset of the class of cartesian products of sets in 7. On the
other side, recall that o is the class of finite disjoint unions of sets in ¢ [i.e. <7 is the algebra
generated by ¢] and therefore if Dy, ..., Dy are sets in &/, Dy X -+ x Dy is a finite disjoint
union of sets in ¢, in other words it belongs to &7 (4%) and therefore &/~ C o (4).

Let us prove that 2V is the o-algebra generated by .. ¥V (i.e. the class of
cartesian products of sets in ¢) and .y generate the same o-algebra since they generate the
same algebra as we just proved. Hence, it is sufficient to prove that ¥~ generates 2 . Since
4N is a subset of the class of measurable rectangles, the o-algebra o(4”) generated by ¥~
is a subset of 2 V.

We shall prove that o(4") > 2N by induction about N.

Since ¢! coincides with ¢, the case N = 1 is trivial. Suppose that the thesis is true

for N — 1. If C belongs to 4V 1, let
Fc:={D:CxDea@")}.

Note that .Z¢ is a A-system' containing the 7m-system? & and therefore, by Dynkin’s 7 — A
theorem it contains the o-algebra generated by ¢, that is 2. Hence,if D € 2 and C € 9N ~1,

CxDea(@N),ie 9N~1 C Fp, where

Fp:={C:CxDea@")}

LA class A of sets is said to be a A-system of subset of X if and only if:

1. XeA
2. S, TeN, SCT=T\SeA

3. Sp €A, Snl1S=>S¢€A.

2A m-system is a class of sets closed under intersections.



A.1. PROOF OF THEOREM 3.4 97

By Dynkin’s theorem, .#p contains the sigma-algebra generated by ¢ ~! which is 2V ~!
by induction hypothesis. Therefore when D; € 27, Dy x --- x Dy_1 X D belongs to a(4").
This implies that 2N C o(4") as desired. O

Proof of Theorem 3.4. Define py on #x by setting py(0) = 0 and

_ YB1,....Bm (N1, ..., N,
pn(Bay X -+ % Bay) = SUNIELLY, (A1)

(w0 v0)

where {B1,..., By} is a finite partition of X, B; € ¢ for each j, (81,...,8n) € {1,...,m}N
and Nj = [{i=1,...,N : §; = j}|. Recall that ¢p, _p, isthep.m.f. of (N(By),..., N(Bpn)).
When m = 2 we shall write for simplicity g, (N1) instead of g, p,(N1, N — N1). We shall
prove that py is finitely additive, i.e. for any B € %y that is a finite disjoint union of
sets Ay = Ag, X -+ X Agqy € SN, with o/ = (aq,...,an) € A and A C NV such that
PN(B) = X caPN(Aar). Since B € Sy, B can be written as Bg, x --- X Bg,, where
{B1,...,Bpn} is a partition whose elements belong to ¢. Suppose that {B11,...,Bm.k,, | is
a partition not coarser than {Bi,..., B,,} such that B;; € ¢4 and B, is a subset of B; for

l=1,...,kjand j =1,...,m. Let
S := {’y’:’y’:('yl,...,'yN)ENN,%:l,...,kﬁi fori=1,...,N}.

Hence,

B = U (Bgiy X -+ X Bay yn);
y'es

where the sets in the union are pairwise disjoint and the union is finite. Note that
pn(B) = Z PN (Bpyy X -+ X By yy)- (A.2)
y'eS

In fact if we let

kj
Tim {N' = (Nis oo, Nk, ) € N2 530 NGy = Nifor j=1,...om}
=1

and

S(N') := {7’ v = (v,...,7v) €NV,

{i=1,...,N:iyi=1 B =j} =N forl=1,....k; andj:l,...,m}
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for each N’ € T, then by (A.1),

Z ﬁN(Bﬁly'Yl X X BﬁNg'YN)
y'EeS

Z Z PN Bﬁl Y1 X BBNv’YN) (A3)
N’'€T ~'€8(N")
Z Z wBll ..... B, km(Nl 1;~'~;Nm,km)

) .

Since in the last term of (A.3) each addend depends only on N’, we obtain

Z ﬁN(Bﬂlr‘ﬂ X X BﬁNv'YN)
vy'eS

N'€T v €8(N’) (Nl 15 7Nm

km

o Z ( N, ) ( N, )wBlyl ..... Bm,km (Nl,l»'“;Nm,km)
- Ni1seos N1k /""" \ N 1450, Now ke, N
N'eT (N1,1,~~,Nm )

ke

(von ) G )
=5 ) —n Z UBy 4o Bongey, (N115 - o N ey) (A4)

(Nl 1oeeos N ke, N'eT

Z wBl 1 mkm (N1717"'7Nm>k7n)

(N17 N, )N’e‘]’

Ni,....N,)
_ B () ) _auin)

(Nl,..

' No)

In fact note that by hypothesis (2),

Yy, By (N1, .., Nyp) = Z VYBy 1o By, (N1 o Non ey, )- (A.5)
N'ET

We are now in position to prove that gy is finitely-additive on #y. Let (Aa/)area

be a class of pairwise disjoint sets belonging to .#, where A is a finite subset of NV, A,

Ao ,an) = Alay X+ X AN,ay, and suppose that B = A; X -+ X Ay := Ugrea Ao also

belongs to .. Notice that A; = Uy cad; o, for each i. Denote by {C1,...,Cy} the partition

generated by the class of sets {A1,0,,...,AN,an : @ € A}. The elements of such partition

belong to ¢ since ¢ is closed under intersection. Then applying (A.2) twice, we obtain that
ﬁN<B): Z ﬁN(ChX"'XClN)

Cli CA;
i=1,...,.N

=Y (G ke x Gy (A6)

a’'eA Cli CAi‘(xi
i=1,...,.N

)
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Therefore py is finitely-additive on .#y. Hence, it is known that pn has a unique finitely-

additive extension py on the algebra &/ generated by .#n>.

Let us demonstrate the second part of the thesis. We already proved that hypothesis

(3) is necessary for o-additivity of py, but we shall prove that it is also sufficient.

We resort to a V.V. Sazonov’s result about perfect measures. Sazonov (1965) calls
perfect any measure p on some measurable space (Q, F) if, for each real-valued .%-measurable
function f and for each subset E of the line such that f~'(FE) € .%, there exists a Borel
set B such that B C E and pu(f~Y(E)) = u(f~%(B)). Any measure on (X, 2") is perfect
since X is a Polish space endowed with its Borel o-algebra 2 . He shows that any finitely-
additive measure p on the algebra of rectangles such that each marginal is a perfect measure is
countably additive. It is known that any measure on the Borel o-field of a Polish (i.e. complete
separable metric) space is perfect, since any tight measure p on a metric space (i.e. such that
Ve > 0, 3 a compact set K. such that u(K¢) < €) is perfect and any measure on a Polish
space is tight [see Parthasarathy (1967), pages 28-32]. So any measure on (X, Z") is perfect.
Moreover recall that for a finitely additive measure on an algebra, continuity from above is
sufficient for countable additivity. Consequently, we only need to prove that if hypothesis (3)

holds, than p(;)(A4) := pn (X! x A x XVN~%) is continuous from above on 7.

Let (Cy,)n be a sequence of events in &7 that converges from above to the empty set.
Since py is finitely additive and the coordinate functions &1, ..., &N are identically distributed

under pp, then

pN(Xi_l x Cp, X XN_i) = pN({fi S Cn})

= E(é<cn)>7

(A7)

which converges to zero since (é(Cy,))n is a sequence of r.v.’s having — by hypothesis (1) — the

same finite support {0,1,..., N} when hypothesis (3) is satisfied.
In conclusion, when hypothesis (3) holds, px is o-additive on /™, and therefore, by

Carathéodary’s Extension Theorem, py has an unique extension® that is a measure on the

o-field 2N generated by o7V . O

3See for instance the appendix on measure theory of Durrett (1996),pages 440-464.
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A.2 Properties of partitions tree distributions

This section contains the proofs of some properties of partitions tree distributions. To begin,
let us recall some notation already introduced in Chapter 4. As usual, let &;,...,&y be the
coordinate functions on (XY, 2N P), and let II = (7,,)3S_, be a separating binary tree
of partitions of X, such that ¥ = Up,>om, generates 2. Given B in m,, (m > 1), define

ge(B) = C, where C € m,,—1 and B C C. Moreover, let

ge@() =, ge () = ge() ,

ge® () := ge(ge(")) , ge® () := ge(ge? (1))

Remark A.2. Condition 4.1.1 requires that for each B in ¢ there exists a constant cg such
that

E(N(B) | N(ge(B))) = cpN(ge(B)). (A.8)

Taking expectation on both sides, one obtains:
E(N(B)) = cg E(N(ge(B))),

and therefore 3
E(N(B))

T E(N(ge(B)))

whenever P(N(ge(B)) = 0)) < 1, while in the other case (A.8) is satisfied for any value of cp.

In other words, Condition 4.1.3 holds if and only if

NE) | o
]E(N(ge(B»‘N(g (B M) E(N (ge(B)) (A9)

for each B in ¢ such that N(B) is not degenerate at zero, and for each M > 1 such

that P(N(ge(B))) = M) is positive.
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We observe an important consequence of Condition 4.1.2:

Proposition A.3. Let (B(m))meN be a sequence of sets such that B(,,) belongs to mp,,
and By q1) C By for each m € N.

If Condition 4.1.2 holds, then the sequence (N(B(n)))men of r.v.’s is a Markov Chain.

Proof. By Condition 4.1.2,

P(N(B(m)) = My, | N(Bgy) = My, k=1,...,m —1)
= P(N(B(n)) = My | N(B(—1)) = Mim—1, > N(C) = My_y — My, k <m)
Cempm_1:

CCB—1)\B)

= P(N(B(m)) = My | N(Bn—1)) = Myp—1).

0
L [l I Ml 1
: B,
L 1 [l :I [l [l l M2 1
' B(a)
L L I L 1 L I I L 1 1 MS 1
r T T T T T T T ¥ T ! 1
: Bs)
L L I 1 L S| L I 1 I L 1 L ; L 1 M4 1
r T T T T :| T T T T 1 T T 3 T ? B(4) 1
N-M My — My L My-My Ms—M, i M,
By By \ Bz By \ Bes) By \ B By

Figure A.1: Scheme for the proof of Proposition A.3.
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Proposition A.4. If Condition 4.1.3.a holds, then, for each B in 4 such that N(B) is not

degenerate at zero,

P@wﬁﬂ=E(N$“)HE<§fm|ijo=M;Q (Bem),  (A10)
j=2

j—1
where By, = B and, for j < m, B; denotes the set in m; containing B,,, and M; is any
positive value such that P(N(B;) = M;) is positive.

Equivalently,

Haem—P@e@w»E<ﬁ$NN@w»—M>

for each B in 9 such that N(B) is not degenerate at zero and for each positive M such that

P(N(ge(B)) = M) is positive.

Proof. Write the left hand side in (A.10) as

ples < ) = BN (B2
_E(N(By)) E(N(B;))
-~ Uewe oy
which is equal to the right hand side by (A.9). O

Remark A.5 (Some properties of the law of the empirical measure). We now point out some
properties of the law of the empirical measure, which are just a consequence of exchangeability
of P. Let us denote N(-) := Né&(-) = sz\; d¢,(+). If B belongs to 2" and {Bi,...,Bn}isa

measurable partition of X, then:

P(¢, € B)=E(¢(B)) =E (%) (A.11a)

P{g1 € B,N(B)) = Ni,...,N(B) Nm}
E A.11b)

Moreover if B = B; for some j, then

P{§1 € B,N(B)) = Ni,...,N(Bn,

I
——
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A.2.1 Proof of Proposition 4.1 and Proposition 4.2

In order to demonstrate Propositions 4.1 and 4.2, we need some lemmas.
Lemma A.6. Fquation

LRia| N = CémLN(B):ge(B):C\N(C) (A.12)

holds true for each m in N if and only if

LNmMINm - Cé LN(B);geW(B):cW(cy (A.13)

for any h € Nt and for any m € N.

Proof. Of course, (A.13) implies (A.12) (take h = 1). We shall prove by induction on h that
(A.12) implies (A.13). Therefore, let us suppose that (A.12) holds and that

L]\_]m{»h—l‘Nm = C€>§r LN(B):ge(h_l)(B):C|N(C) fOI‘ eaCh m Z ]. (A14)

Hence, for any m > 1 and for any vector N (km) = (N1, -+, N k,,) in N¥7 whose compo-

nents sum up to N,

P(Nyir, = N(kmsn) | Now = N (k)
= P(Nyin = Nkmin) | Nopsr = N(kms1)) (A.15)

~P(Nm+1 = N(km—i-l) | Nm = N(km))v

where for any r € Nt, N(kpir) .= (Nmar1s - s Nongrkpnir) € NFm+r is such that

Z Ninirt = N, j and P(Nm+1 = N(km+1)) > 0.

l: Bimgr, 1CBm, 5

By (A.12) and by induction hypothesis (A.14), (A.15) becomes:
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P(Nm+h = N(karh) | Nm = N(km))
km~+1 ~ -
=T P( N B = N | F(Brner) = N
1=18:Bpm+h,s CBm+1,1
K N N
P( ﬂ {N(Bm+1,uJ) = Nm+1,ﬂi} | N(Bmvj) = Nm’j)
Jj=1 W:Bpm11,0CBm,; (A16)
km
= H P( ﬂ {N(Bm+1,w) = Nmt1,w} | N(Bp,j) = Nm’j)
j=1 W:Bpm41,0CBm,j
T 2( N AN Buins) = N} | N(Bsr) = Nm“’l)]‘
Bugaic Byt Comint
Again by induction hypothesis (A.14) from the last expression we obtain:
P(Npin = N(kmin) | Nop = N(knm))
km
= H P( n {N(Bm+1,w) = Nmy1.w} | N(Bm,j) = Nm’j)
j=1 W: B 41,0 CBm,j
PN Buins) = Ntk | N(Bini1a) = Nmﬂ,l)]
$:Bmth,s CBm,j
. ~ ) (A.17)
STEP( DT Brin) = N} | BB = Ny
j=1 W:B41,wCBm,j
. P( m {N(Bm+h,s) = Nimth,s} | m {N(Berl,w) = Nm+1aW})‘|
$:Bmin,s CBm,j W: By 41,0 CBm,j
km
= H P( ﬂ {N(Bm+h,s) = Nmth,s}t | N(Bm,j) = Nm’j)]
j=1 5:Bmih,sCBm,;j
as desired. -

Lemma A.7. If Condition 4.1.2 holds, then for any m and l such that m > 1 and for any
B € mpm, N(B) and (N(C) : C € mpm_y \ {geW(B)}) are conditionally independent given

N(ge(B)), i.e.
L(wB) 1 fp = L(80(B))| N (e (B)) (A.18)

Proof. We shall give the proof by induction on [. For | = 1, the hypothesis trivially implies
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the thesis. Hence suppose that:

LB Fmrir = B (R (B)) | F (gelt-1 (B)) (A.19)
If we let N (kpm—i) € {0,..., N}*m=t such that P(Np_; = N(kp—;)) > 0, then:

P(N(B) =M | Nyy_y = N(km_1))

=Y P(N(B)=M| Np_1=N(kn 1))

N(km—1)€C (A.20)

. P(Nm71 = N(kmfl) ‘ Nmfl = N(km*l))a

where € is the set of all vectors N (ky—1) = (Nm—1,1,---s Nm—1,k,, ,)suchthat > Np_q1p =
By-1,nCBm_1,;
Np,—1,; for each j.
For simplicity let us assume that ge(B) = Bj,—1,1 and that ge(l)(B) = By,—1,1. More-

over, denote:

Cop = {22y oy p, ) s (215, @R,y ) € CF

Hence, by hypothesis and by (A.19), (A.20) becomes:
P(N(B) =M | Nmfl = N(kmfl))

N7n—l,1
(N(B) =M | N(Bm-1,1) = Nm-1.1)

M‘M
g

Y P(Npo1 = N(km-1) | Nt = N (k1))
(Nrnf1,2;-<~7N7n71,km71)EGN v —1,1

m

Nmfl,l

Z P(N(B) =M | N(Bmfl.,l) = Nmfl,l)
Nyp—1,1=0

'P(N(Bm—l,l) = Nm—l,l | Nm—l = N(km—l))

Npm—1,1
= Z P(N(B)=M | N(Bpn-1,1) = Nim—1,1)
Ni—1.1=0

-P(N(Bm-11) = Nmo—11 | N(Bm—1.1) = Nyn_1.1)
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Define, for each C'in & such that N(C) is not degenerate at zero,
8$(C) = {M: 1,...,N: P(N(C) = M) > o}.

Lemma A.8. If Condition 4.1.2 and Condition 4.1.8 hold, then for any m and | such that
m > 1 and for any B € 7, such that N(ge(B)) is not degenerate at zero, the conditional
expectation E (% | N(ge®(B)) = M) does not depend on M, as M waries in $(ge)(B)),
that is

for each M in 8(ge) (B)).

Proof. We can prove this by induction on [. If [ = 1, the thesis coincides with Condition 4.1.3.
Now assume that, for each B € ¢ such that P(N(ge~(B)) = 0) < 1, and for each
M in S(gel=V(B)),

N(B) e ) BV (B)
’ <N<ge<ll><B>> e = M) TENE@y) O
Equation (A.21) is tantamount to saying that
Y V(gel—1) _ E(N(B)) V(gel—1)
E(N(B) | Nge!D(B)) = g s N e (3)) (A22)
By Condition 4.1.2 we can apply Proposition A.3 and we obtain:
E(N(B) | N(ge™(B))) = E(E(N(B) | N(ge" (B)), N(ge(B))) | N(ge™(B))) (A.23)

=E(E(N(B) | N(ge(B))) | N(ge(B))),
which by Condition 4.1.3 becomes:

o) BB o pn) - EEB) pooe o s
E<N<g P55y Ve <B>>> o ¥ () POV B | N (B). (A20

By induction hypothesis (A.21), the right hand side of (A.24) is equal to:
E(N(B)) E(N(ge(B))) ~ E(N .

EN(ge(B)) E N(ge<l><B>> <ge<z><3))
So, for each M € 8(geV (B)),
E(N(B) | N(ge(B)) = a) = —=BD)_

which yields the thesis. O
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Recall that, for each C' in ¢, T(C) denotes the vector obtained ordering the elements

of the set {j =1,...,kp, : ge(Bm,j) = C}.

Lemma A.9. Assume that Conditions 4.1.1 — 4.1.2 are satisfied.

Let Ay,..., ANy be N sets in T,41, and denote

Nj=H{i=1,....,N: A; =By}l (G=1....knt1).

If P(N(B’"H-l,l) =Ny, .. 'vN(Bm+17km+1) = Nkm) >0, then, for eachn < N,

P(N(Bpms11=N1,....,N(Bumst ki) = Ny | & € A1, & € Ay, N(C) = N : C € Ty

= I PN (Buirs) = N; 15 € T(C) | N(C) = No & € Ai 1 < myge(Ai) = C), (A:25)
Cemm

where Ng := Zjeﬁ‘(c) Nj for each C € my,.

Proof. Notice that

P(é € Al,....én€ ANy | N(C) = Ng : C € )

= P(N(Bps1,1=Ni,... . N(Bsi, k1) = Nipos | N(C) = N : C € 7))

/1 ( o) B

which, by hypothesis, becomes

5 By — Ne
I (PO (B = N5 €T 1N O =850/ (3 ) .

= JI P €Ai:i<Nge(d)=C|N(C)=Ne).
Cemm

Combining equations (A.26) and (A.27), one obtains

P& €Ay,....én€AN | N(C)=No:Cemy,) =

II P& € Ai:i< N,ge(Ai) =C | N(C)=Ng). (A.28)

Ceﬂ"m
At this stage, denote
nj:=|{i:1,...,n:Ai:Bm+Lj}| (j:].,...,karl)
ne: = Z n; (for each C'inm,y,)

JET(O)
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Hence, the left hand side of (A.25) is equal to

P(&n41 € Ani1,.. 6N € AN | & eAl,...,sn € An, N(C) = N¢ : C € )

/ H ( —ng ) (A.29)
Cen. -—nj. JjeTC)
The conditional probability in (A.29) can be rewritten in this way:

P(EL € Ay,....6n € AN | N(C)=Ng: C € mp)

P& € Ay,... .6, €Ay | N(C)=Ng:Cemp)’

and, by (A.28), it becomes

HP(&GA 14 < N,ge(4;) = C | N(C) = N¢)
P(& € A; i < n,ge(4A;) = C,| N(C) = N¢)

cemp, (A.30)

=[] P& eAi:i<N,ACC|IN(C)=Ne, &€Ai:i<n A CC)
Cemm

If one substitutes the conditional probability in (A.29) with the right hand side of (A.30),
then the right hand side of (A.25) is obtained as desired. O

At this stage, Proposition 4.2 and in part Proposition 4.1 will be proved just for the

case n = 1.
Lemma A.10. Assume that:
(i) Condition 4.1.2 holds,

(i) For each m > 0, and each B in mpy1 such that N(ge(B)) is not degenerate at zero,

E(N(ge(B)) | N(ge(B)) = M) does not depend on M (M in 8(ge(B))),
Then:

(ii1) Denoting by BE, the set of m,, which x belongs to,

P(N(Bm1) = M,....,N(Bu k) = Ni,, | & = 21)

P-a.s. O ~
=" P(N(Bm1)=N1,...,N(Bmk,,) =

¢ € B); (A1)

km,

(iv) For each m >0 and for each B € Ty 41,

LRI &0 = FR(B) N (ee(B). &1 (A.32)
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Proof. First we shall show that (i) and (ii) imply (iii). Let
Np={zeX: P& eBf)=0}, N=|JN.
heN

Note that N has P-probability zero.

In order to prove (iii), we shall equivalently show that for any [ and any B € m

o(&)dP = P(N(Bp1)=Ni,....,NBmr,) = Ni, & € B), (A.33)

{&,€BNN¢e}
where

@(x) == P(N(Bpm 1) = N1,..., N(Bp 1,,) = N

§1 € By),

m

for x € N°¢. Let us suppose that

P(N(Bm1)=Ni,...,N(Bp1,,) = Ni,) >0

(the opposite case is trivial).

We shall first consider the case in which I > m. If [ > m, (A.33) becomes

P(N(Bm 1) :va--~7N(Bm km) = Nkm |§1 € Bm,j) 'P(§1 € B)

= P(N(Bm, 1) = Nla""N(Bm km) = Nk1n7£1 € B)7 (A34)

where j denotes the index such that B,, ; = ge'"™)(B). Equation (A.34) can be re-written

in the form:

P(N(By1) =Ni,...,N(Bm ,.) = Ni,., €1 € B ;) - P(& € B)

= P(N(Bm1) = Ni,...,N(Bm &) = Ny, ,é1 € B) - P(¢ € By ;). (A.35)

In order to verify (A.35), notice that, combining Lemma A.7 with Lemma A.8, we

obtain that

=E(N(Bn;) - E(N(B)) | N(By1) = Ni,... . N(By 1,,) = Ni,.)- (A.36)

If we apply (A.11a) three times in equation (A.36) — for the second factor of the right
hand side, considering P(- | N(Bpy 1) = Ni,...,N(Bpm ,,) = Ny,,) instead of P(-) -, we
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obtain
Nz
mJ . p B
N (61 € B)
= P(é-]- € Bm;j) . P(é-l € B | N(Bm 1) = N17 ce 7N(Bm k?n) = Nkm,)' (A37)
that is
Ny, s ~ ~
NJ -P(& €B)-P(N(Bm1) =N1,...,N(Bm k,,) = Ni,,)

= P(¢& €Bmj) P61 € B_.N(Bm 1) =Ni,...,N(Bp 1)) = Ni.,.), (A.38)

which by (A.11b) yields (A.35).
Now suppose that [ < m. Hence the left hand side of (A.33) is equal to

/ ¢(&1) dP
{&1€Bm,;}

= Y P(N(Bm1)=M,...,N(Bum,) = Ni,, | & € B j) - P(é1 € B j)
B, ;CB

B7n,jCB

= P(N(Bp,1)=N1,...,N(Bp 1,) = N, &1 € B),

and therefore (A.33) is satisfied in this case, too.

Apply Lemma A.9 - with n = 1 - to show that (i)—(iii) imply (iv).

Proposition A.11. Assume that:
(i) Condition 4.1.2 holds;

(i4) For any m >0, and every B in m,, 1 such that N(ge(B)) is not degenerate at zero,

(a) E( Ngiﬁé)) | N(ge(B)) = M) does not depend on M (M € 8(ge(B))),

(b) for anyn < N and Aq,..., Ap in Tmi1,

Zin—i—l 651(3) a
) = Ay, ...
E@fm%®®ﬂgﬁmmm>M@eh 6n € Ay

does not depend on M, as M wvaries in the following set:

(/=1 N:Pe €A tue An T, 0 (ze(B) = §) > 0}.
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Then:
(iit) For anyn < N,

P(N(Bml):N17"'7N(Bmk7n):Nk7n |§1 :zla-“a{n:xn)

Pas. P(N(Bp1)=Ni1,...,N(Bp1,,) = Ni, | &1 € BE, ... €, € BS)  (A.39)

where B, denotes the set of mp, which x belongs to;
(i) For anyn < N, any m >0 and any B € Tp41,

L L

N(B)|Nm,&(n) = ~N(B)|N(ge(B)), &(n)*

Proof. The proof will be done by induction. The thesis was already proved for the case n = 1
in Lemma A.10.

Hence, we just need to prove that the thesis holds when

P(N(Bm1) = N1,...,N(Bm x,,) = Ni,, | &1 =1, 6n1 = Tn_1)

PES P(N(By1) = Nisooo s N(Bu i, ) = N, | &€ Bi, oo 6ut € Bl ') (Ad0a)

m

and for any m > 0 and any B € my,41,

LR B) R, en—1) = PN (BN (ge(B)), e(n—1)- (A.40b)

Let (9, ...,nn) be a random vector, whose distribution is L¢, e €)|(E1s s nr) BY

(ii.b), the conditional expectation

iy 60, (B)
E 0n, (ge(B A4l
(Z o (g B) | z g ) (A.41)

is constant w.r.t. M € 8(ge(B)), i.e. P(N(ge(B))= M) > 0. In order to show that, first note

that (A.41) is equal to

>, 0 (B
E| =+ ———"— =M, énmh—-1)=x2n—-1)]. A.42
(Zz e (e(B \;:L §(n—1) = x( )) (A.42)

Observe now that if X, Y, Z are three r.v.’s such that X and Y are discrete, then we can write:

]E(Xﬂ{y:y} | 7z = Z)
PY =y|Z=2z)

EX|Y=y Z=2= (A.43)
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Applying first (A.43) and then (A.40a), (A.42) becomes
E (ﬁ ZzNzn O¢; (B)H{zgvzn d¢, (ge(B))=M} |{(n—1)=z(n— 1))
P (S, b (ge(B) = M | £(n—1) = w(n — 1))

4 (% S, 06 (B)sn s, (ee(mymnry | E(n—1) € Bl x - x Bf%””)
P (SN, 06, (ge(B)) = M | €(n —1) € Biid x -+ x B ™)

)

which is equal — again by (A.43) — to the expectation in (ii.b) when A; coincides with B¥i for
each 3.
Moreover, by (A.40b), Condition 4.1.2 still holds when we substitute the random vector

(&1,...,&N) with (n,,...,nn). Hence, we can apply Lemma A.10 to (n,,...,nn), obtaining

that
P(Yi, 00 (Bma) = My, 00, 60, (Bunk) = M, | 1 = ) o
= P(X0,, 0y, (Bma) = My, ..., 300, 8y, (Bumok,,) = My, | nn € BE) |
and
LR (B) N in = R R (B)| ¥ (ge(B)), ma (A.45)

In fact, consider that N = Zf\in O, + Z?;ll 0z, if E(n—1) = x(n—1). If one combines (A.40a)
and (A.44), (iii) is obtained; while (A.45) yields (iv). O

Now we are in position to conclude:

Proof of Propositions 4.1 and 4.2. Proposition 4.2 is a consequence of Proposition A.11, while

Proposition 4.1 is proved combining Proposition 4.2 and Lemma A.9.

A.2.2 Some further properties of a partitions tree law

The following proposition says that a partition tree distribution w.r.t. some separating binary

tree II does not depend “too much” on II.

Proposition A.12. If P is a partitions tree distribution w.r.t. Il = {mm}m, then P is a

partitions tree distribution w.r.t. any subsequence of II.
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Proof. Our aim is to prove that if the random vectors N,, and Nm+1 satisfy, for each m,
Condition 4.1, then, for each h > 1, the random vectors N,, and Nm+h satisfy the analogous

conditions, too, that is:

(i) The collections of random variables {N(B) : ge®™(B) = C}, as C varies in 7, are

conditionally independent given N,y,.

(ii) For each C in m,,, the collections {N(B) : ge™(B) = C} and {N(B) : B € 7, \ {C}}
are conditionally independent given N(C).
(iit) For each m > 0 and every B in 7,5, such that N(ge!™ (B)) is not degenerate at zero,
a. (% | N(ge®™(B)) = M) does not depend on M (M € 8(ge(B))),

b. for any n < N and Ay,..., A, in mp41,

N 6 (B N
E (Zsz_n(;:él(g{e?((h) ()B)) | Z (;fz (ge(h) (B)) = Ma 51 € A17 s 7577. S An>
i=n+1"Si i=n+1

does not depend on M, as M varies in
{j =1, N: P(E(n) € Ay x - x Ay, SN 66 (geM(B)) = ) > o}.

Conditions (i) and (ii) hold by Lemma A.6. In order to prove (iii), fix n and take

(Mn+1,.--,7mn) to be a random sequence with distribution L¢, ., . evi(e,....e,)- Since it was
proved that partitions tree laws are conjugate (Proposition 4.1), Lemma A.8 forn =1,...,N
can be applied to get the desired result. O

The following proposition shows how Condition 4.1.3 can be reformulated in terms of
the distribution of (&1,...,&N).

For each C € 4 and each 1 < n < N, denote
8,(C) := {M:O,...,N—n;P(N(C)=M+n)>o}.

Proposition A.13. Assume that Conditions 4.1.1-4.1.2 are satisfied.

The following facts are equivalent:

(i) Condition 4.1.3 holds;
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(i) For any C in ¥, any N-tuple (Ay,...,AN) of sets such that ge(A;) = C, and

any n such that 1 < n < N, the conditional probability

P(é-l €A17"',£n€An|51 607"'7€H+M€Ca£n+M+1 GCC7"'7€N ECC)
does not depend on M, as M wvaries in 8,(C);

(ii) Under the same assumptions of (ii),

P(§1€A17-"7§n€An|§1Gca"'agn—kMECagn-ﬂ—M-&-lGCCw“,&NGCC)

=P €Ay,....neA |&1€C,.... & €0)
for any M in 8,,(C).
Proof. Denote Fyy := XV and, for each n such that 1 <n < N,

F,:={& €Ay,....6 €A}
EM . —{¢e,eC,....6nn €Colniriir €C, ... En € C°}

DM . = F, n EM)

Thus:
DM = e e Ay, 6n € Ap,bni1 €C, .. bnint €Cobninipr € CC, ... En € C°).

We shall show that (i) is tantamount to (ii) and (ii) entails (iii). It is trivial to prove
that (iii) implies (ii).

In order to show that (i) and (ii) are equivalent, we shall assume, without loss of
generality, that A;,..., Ay are such that P(F,,) is positive for each n > 1. We want to prove
that Condition 4.1.3 holds if and only if P(F,, | EELM)) does not depend on M, as M varies in

the following set:

U, ::{M:O,...,an:P(DSLM))>O}.

First, we show that, by Lemma A.9, Condition 4.1.3 is satisfied if and only if

21\; de; (An) al )
E =l O¢. (ge An :M, 1 Al,..., n—1 An,1 A .46
(ZiNzn iy | D) = MG € A € (A.46)
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does not depend on M (M € U,,), just when A;,..., A,_1 are such that, for each i < (n—1),
A; is either a descendant or the complementary of ge(A,). To prove this, let Ay,..., A, all
belong to the same m, (for some m) and denote N(n) = sz\in d¢,, and

Ay = ’

s

BC

m,j Otherwise,

as j=1,....kn and i = 1,...,n — 1. In virtue of exchangeability, by Lemma A.9, for any

m > 1 and any vector (M,41,1,- -+, Mpm+1k,,.,) summing up to (N —n + 1), letting

Mml:: Z Mm+Lj (1:177km)a

j5B77L+1, jCBm l

one can write

P(Nn)(Bm+1’j) = Mm+1,j;j = 1,...,km+1 |]\~/v(n)(Bm7j) = Mm,j7j = 17...,km, 61 c A17~-->§n S An,1>

km
= H P(N(n)(Bm+1,l) = Mpmy1,1: ge(Bmy1,1) = B, ; | N(n)(Bm,j) =Mpn,j, &€ A15,...,6n € An,j)a
j=1

which implies:

L(N(n)(B7n+l, ):8e(Bm+1,1)=Bm, ))|(Nny(Bm, »),r=1,....km, E1€A1,....En_1EAR_1) -

L(Nw)(Bmﬂ,z):ge(Bm+1,z):Bm,j)|(N(n)(Bm,j)7€1€A1,jv-"»gnfleA”*l’j). (A47)
Define
l if 61 S B7n+1,l C B"Laj
Vjii=
0 if ¢ GB%)J"
for j=1,....km, i =1,...,N. Hence, (A.47) becomes
L(N(n)(BmH,z):ge(Bm+1,l):Bm,j)\(N(m(Bm»T)’VT*i:T:L'”’km’i:Lm’nil) B
L(N(n)(Bm,-f-l,l)ige(er-f-l,l):Bmyj)l(N(n)(Bmvj)v‘/J'v’i:izl **** n—1)° (A.48)

Therefore, we can say that, for each 1 < j < k,,, and each A such that ge(A) = B, ;, N(n)(A)
and {V,; : r # j,i < n — 1} are conditionally independent given (N(n)(Bm’j), Viiti =
1,...,n—1).
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For this reason, let us assume that, for each 1 < n—1, A; is either a descendant or the
complementary of C' = ge(A,). In virtue of exchangeability, for each M € U,,, the conditional

expectation (A.46) is equal to

E(Y 0L, 06 (An)/M | Y201, 06,(C) = M. € Av,o. Gu € Apa)
E(YL, O, (An)lisy s (@)=nry &€ A &t € Ana)
M P(L, 0¢,(C) = M) [ & € Ay, €1 € Aya)
B (M B b, (An)lpon [ & € Aryv i &nar € Apr) (A.49)
- (Nz\jfn) MP(DS\_Q | &1 €A1, ., 61 € Apa) .
P& e A, DM e A 6y € Ayla)
- P(szj\—q | &1 €A1, 6n1 € Apa)

= P(&, € A, | DY),

Denote by h the number of A;, with ¢ < n — 1, that are descendants of C. If h = 0, by
exchangeability, the last term (A.49) is equal to P(&§; € A, | D(()MH)). Ifh>0,let (Iy,...,1)
be such that [y < --- < I, and A4;, C C for each ¢ < n — 1. Then, by exchangeability,
P, € A, | Ds\ﬁ) is equal to

P(fn GAn | fl GAll,...,fh GAlh,fh_H eC,---,ﬁM—i—h EC,EMJ,_}L.H GOC,...,&V S OC).

Therefore Condition 4.1.3 is tantamount to require that, whenever A1, ..., Ay are descendants
of C, for each n > 1 (fixed), P(&, € 4, | Dg\ﬁ) does not depend on M, as M varies in §,,(C).
At this point, one can see that Condition 4.1.3 is satisfied if (ii) holds, i.e. P(F), | E,SM)) is
constant w.r.t. M € 8,(C). In fact, for any n > 1 and any M in 8,,_1(C), M) = g(M=1)

n—1 = ’

and therefore

M M _

e, e A, |00y = PENED) _ PENEY) _ P EMY)
n n n—1) — = = A
P(FaNEM)  P(F, | BY) PR EY)

If n =1, then, for any M € §¢(C), P(& € Ay | D(()M)) = P(Fy | ESM)) = P(Fy | Efol)).
On the other hand, if P(¢, € A, | DSLA_Q) is a constant function of M € §,,(C) (for

each n > 1), so is P(F, | EflM)) too, since
P(F, | EM) = P& € Ay | D"T)P(& € Az | D7) Py € A | DY),

Now, let us prove that (ii) implies (iii). Denote C* to be C' and C? to be C°. Hence,
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by exchangeability, we can write:

P(£1€A1,...,§n€An|§1€C,...,€n60)

- ZP(gleAl,...,fneAn|§1eC,...,fneC,EHHeO“,...,gNeOtN—")

t1,.cs tN—n

'P(§7z+1 Eotl,...,gN S Ctv-n ‘fl GC,...,En EO)

(A.50)
= > Y PE €A & A | EM)
MES,(C) SN ¢, =1
Pl eCh, . ineCV G el 6 e0),
where the sum runs over all vectors (¢1,..., ty_,) in {0,1}¥ =", By (ii), (A.50) becomes:

PG ed,....6heA, |4 eC,... .6 e0)

=P €A, 5 €A | EQ) D P(€uny €CH x - x OV r

61607...,fn60)

= P(&1 € A1, 60 € An | BQMD),
and the proof is done. O
Proposition A.14. Assume that Conditions 4.1.1—4.1.8 hold. If Ay,..., A, belong to m,
for some m and P(&1 € Ay,...,&n—1 € Ap_1,&n € ge(Ay)) > 0, then
P(gn S An | 51 S Ala cee 7§n71 S Anflagn S ge(An))
= P(&n € An ‘ fn S ge(An),£1 € Az : ge(Al) = ge(An)7 1= 13 sy, — 1)
for each 2 <n < N.

Proof. Let ge(A,,) = C and notice that any random sequence (71, ...,7N+1—n) such that

L(m,...,m\]+1,n)( ' ) = P((gnv cee 7£N) € - | 51 S Alv cee 7£n71 € Anfl)

trivially satisfies Condition 4.1.3. Hence, by Proposition A.4, one can write
P,cAy|& €A, .. .6m1 €Ann)
=P, eC|& €A, .., &1E€ A1)
BT 0 (An) | T, 06,(C) = M, €1 € Ay Gt € Auia)

for each M € §,,_1(C).
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Therefore,

P(fn GAn | fl €A1,-.-,§n—1 GAn—lyfn EC)
— P(gn eAn ‘ fl eAla"'agn—l eAn—l)
P eCl&eAr,. . 61 €A )

= B, 06 (An) | DN, 06,(C) = M, & € Ay, € € Apa),

(A.52)

for M in §,,_1(C).
The last term in (A.52), by (A.49), is equal to

PceAn|&ieAr,.. . .61 €A 1,6 €C, . 6nim1 €06 eC .. En € C°).

Hence, for each M in §,,_1(C),

P(fn c A, | & € Al,--~7£n—1 S An—l;fn S C,...,€n+M_1 S C,fn—i—M S OC,...,gN S Cc)

:P(gn EAn|€1 EAl,...,gn,1 EAnfl,fn EC)

(A.53)
By (A.52), we need to prove that
1 N N
M ]E(Z'L:’IL5EI (A’n) | Zi:n 651 (C) = M7 51 € A17 e ,gnfl € Anfl)
(A.54)
=P, €A, & eCéeAi=1,...,n—1:ge(A;) =C),
for each M in 8,,_1(C).
Denote
A(l): i:l,...,n
C¢ otherwise,
A ={& €eApy,....6 € A }-
By (A.48), the left-hand side of (A.54) is the same as
1
B, 06 (An) | 210, 06, (C) = M, A). (A.55)

Arguing as in (A.49), one realizes that (A.55) is equal to

P, e A, | A6 €C, .. énim—1 €C & €C°, ... En € C°),
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which, by exchangeability, becomes:

Py €An & €Ay, . 6n €A 61 €C, .. &him € Coépinr € CC, . €N € C°),
(A.56)
where h = [{i <n —1:ge(A;) =C}|,l1 <--- <lp and ge(A4;;,) = C.
Applying (A.53) (with h+1 in place of n and (A;,, ..., A4, , An) inplace of (A4, ..., Ay)),
(A.56) is the same as

P(§h+1 GAn|§h+1 60,51 GA[I,...,S}L EAlh)

that, by exchangeability, is equal to the right-hand side of (A.54), as desired. O

A.3 Random partitions

Lemma A.15. Fori=1,...,N, let a} be an exchangeable probability measure on (Z¢, Z?)
and p be a probability measure on Py for which (5.7) holds true. If (¢1,...,(N) s a random
vector such that

il

P{Cl eCi,...,CN ECN} = Z p(ﬂ')HOél*m‘(XjeﬂiCj)
i=1

TEPN
is satisfied for every Cq,...,Cn in Z, then it is exchangeable.
Proof. For every permutation o in Sy and for every subset I = {i1,...,4;} of {1,...,N}

define g, (I) = {o(i1),...,0(ix)}, and for every partition = in Py let f,(m) be the partition

whose blocks are given by

9o (i) i=1,...,|x7|

Observe that if F': Py x Sy — R is a function such that F(w, o) = F(f,(r),id) for

every 7 in Py, then

> F(ro)= Y F(rid). (A.57)
TePN TeEPN
Given (C4,...,Cy) in ZN, for every o in Sy and every 7 in Py set

||

F(’]T,U) = P(Cl S Ca(l)a”-vCN c CG(N),H = 7T) = p(w)Harﬂ”(xjemCo(j)).
=1
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Now, note that p(7) = p(fs(7))) and, moreover, that

|7| [fo(m)]
[T ot CemCoi) =TI ofoim (Kiesa ) Ci)-
i=1 i=1
Hence, by (A.57) exchangeability follows. O

Proof of Proposition 5.1. For every k=1,..., N let aj be defined by

k
aj(A; x By x ... Ap x By) = / [15=(x4-1B)) ar(da) (A.58)

Nf=145 i=1
for every Ai,..., A in 2 and every By,..., By in Y. Since k; is an exchangeable kernel, it
follows that o™ is exchangeable for every k. Hence Lemma A.15 yields the thesis. O

Proof of Proposition 5.2. Expressions (5.9) and (5.10) follow from (5.6), (5.4), and the ex-
changeability of the (£,7)s, while (5.11) can be deduced from (5.9). As to (5.12), note first
that

N
E[f(€0)] Elg(6)] = D wiwg Myy Myy. (A.59)

Lk=1

Moreover, it is easy to check that

N
E(f(€)9(&)=>_ > p(m) My (fo)+> ST p(m) My (f) My (9)-

i=1 7€Ppn:1,2€m; i#j me€Pn:lem; 2€T;

At this stage, rewrite w; as t; + Z;Y:I Ti; to get (5.12). O

In order to prove Propositions 5.3 and 5.4, we need two simple preliminary results.

Lemma A.16. The conditional law of 7 given (£(n), n(n)) turns out to be the same of the

conditional law of T given £(n) and coincides with (5.15).

Proof. Let A:= Ay x---x A, and B := By X --- X B,, with A; in 2" and B; in Y for every
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i=1,...,n. Given 7 in Py, let 7 := 7|, and v := |7|. Observe that

El7e(n) (m) Lgmyea, n(n)e Byl

= p(m II) E
4 )ngo;]vp( : { > gern 2(@) Tigp,=m,y T a0, ()

—p(m) Y o) E| '

Trmm,y [licy @m (§F) Tieren,cn, a5y e {Xjer,

B ey -1

Lg=ny TIo1 @r(€) Lerenyen, 451 Be; X jer,
MEP 2gern PO Lia=qpy Tz @16, (&)

B ey -1

= p(ﬂ)/x TT @ma (@) Taienyen, 4,y e {xjex Bs}
Yi=1

Znepy AU Lg=my [T, am, (2:)
D gery P@) Lig=ny TTizy ajq, (z:)
= p(m) Ellienyca, nimyeny | IE(N)) = 7]

— P{# =, &(n) € 4, n(n) € B},

w(dzy) ... p(dxy)

which yields the thesis. O

Lemma A.17. The conditional law of £(n, N) given (§(n), n(n), ) turns out to be equal to
the conditional law of £(n, N) given (£(n), ©) and it is given by (5.14).

Proof. Take any Ain ZV~" BinY", C in 2™, and 7 in Py, and observe that

P({&(n,N) € A} [ n(n) € B,{(n) € C, 7 =)

_ P{n(n) € B[{(n,N) € A,{(n) e C,7=n} P{{(n,N) € A|{(n) € C,7 =7}
P{n(n) € B|¢{(n) € C,7 =7}

whenever P({(n,N) € A) >0 and P(n(n) € B, {(n) € C, # =) > 0. Now, it is immediate
to check that P{n(n) € B |{(n) € C,&{(n,N) € A, 7 =n} = P{n(n) € B|&(n) € C, 7 =7},

and then the thesis follows. O

Proof of Propositions 5.3 and 5.4. First of all, note that

Len,N), n(n,N)[e(n)n(n),7 (ATns1 - .. dTN dYn - .. dyn)

=gpndTpt1...dey [ En), T) ho N (dynt1 ... dyn | (&1, &ns Tntt, - -, 2N), n(n), T).
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Hence, by means of Lemmas A.16 and A.17, one gets

Le(n,N)n(n, N g mn(n) (ATns1 - Aoy dynaga - - dyw)

=D Latemanm) (™) Letn.)ntm )l ).z (@2ns1 - drydyngs - dy)
= ZTg(n) (ﬂ') gn(dxn-‘rl .oodaey | f(n), ﬂ-)'

P N(AYnt1 ---dyn | (&1, &ns Tnga, -5 2N), n(n), ™).

At this stage both propositions follow easily. O
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