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UNIQUE CONTINUATION FROM A CRACK’S TIP
UNDER NEUMANN BOUNDARY CONDITIONS

VERONICA FELLI AND GIOVANNI SICLARI

ABSTRACT. We derive local asymptotics of solutions to second order elliptic equations at the
edge of a (N — 1)-dimensional crack, with homogeneous Neumann boundary conditions pre-
scribed on both sides of the crack. A combination of blow-up analysis and monotonicity ar-
guments provides a classification of all possible asymptotic homogeneities of solutions at the
crack’s tip, together with a a strong unique continuation principle.
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1. INTRODUCTION

In this paper we establish a strong unique continuation principle and analyse the asymptotic
behaviour of solutions, from the edge of a flat crack I', for the following elliptic problem with
homogeneous Neumann boundary conditions on both sides of the crack

—Au = fu, in BR\ T,
(1) otu 07w
EZI:ZEZT:ZO’ OHF7

where
Br={zeRY:|z| <R} Cc RN, N>2
I is a closed subset of RN =1 x {0} with C*'-boundary, and the potential f satisfies either assump-

tion (H1) or assumption below. The boundary operators 6’971 and 6%—1 in are defined
as

otu 0(‘) d@‘u (’)(’)

—_— = ——(u an = u —

ovt (935]\] BIJ; ov— axN Br /)’
where we are denoting, for all r > 0,

(2) Bf i={(z/,zn_1,7n) € B, :xnx >0}, B :={(2',xn_1,2n) € By : zy <0},

T
being the total variable x € RY written as z = (', 2y_1,2n5) € RV 72 x R x R.

The interest in elliptic problems in domains with cracks is motivated by elasticity theory, see
e.g. [24] [11]. In particular, in crack problems, the coefficients of the asymptotic expansion of
solutions near the crack’s tip are related to the so called stress intensity factor, see [11|. We refer
to [9] [10] [15] and references therein for the study of the behaviour of solutions at the edge of a
cut.

We recall that a family of functions F = {fi}ics, with f; : A — R, A C R, satisfies the strong
unique continuation property if no function in F, besides possibly the trivial null function, has a
zero of infinite order at any point x¢ € A. The first significant contribution to the study of strong
unique continuation for second order elliptic equations was given by Carleman in [§| for bounded
potentials in dimension 2, by means of weighted a priori inequalities. The so-called Carleman
estimates are still today one of the main techniques used in this research field and have been
adapted by many authors to generalize Carleman’s results and prove unique continuation for more
general classes of elliptic equations; among the numerous contributions in this area we mention
[4123][28][32] and in particular [25], where strong unique continuation is established under sharp
scale invariant assumptions on the potentials. Garofalo and Lin developed in [2I] an alternative
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approach to the study of unique continuation, based on local doubling inequalities, which are in
turn deduced by the monotonicity of an Almgren type frequency function, see [3]. In the present
paper we follow this latter approach and study the Almgren frequency function A around the
point 0 lying on the edge of the crack, defined as the ratio between the local energy function

B(r) = TLN/B NOLELE

and the local mass or height

i.e.

H(r)’

The boundedness of the frequency function N will imply a strong unique continuation principle
from the edge of I'. Furthermore, the monotonicity properties of the quotient N will allow us
to obtain energy estimates, which will be combined with a blow-up analysis for scaled solutions
to prove that any u € H'(Bgr \ T') weakly solving behaves, asymptotically at the edge of the
crack I', as a homogeneous function with half-integer degree of homogeneity. We mention that
an analogous procedure for classifying all possible asymptotic homogeneity degrees of solutions
by monotonicity formula and blow-up analysis was introduced in [18][19} |20 for equations with
singular potentials and adapted to domains with corners in [17].

The derivation of a monotonicity formula around a boundary point presents some additional
difficulties with respect to the interior case, due to the role that the regularity and the geometry
of the domain may play.

Among papers dealing with unique continuation from the boundary under homogeneous Dirich-
let conditions we cite [1} 2| [17][26]. Instead, for Neumann problems, we refer to [1] and [30] for
the homogeneous case and to [14] for unique continuation from the vertex of a cone under non-
homogeneous Neumann conditions. We also mention that unique continuation from Dirichlet-
Neumann junctions for planar mixed boundary value problems was established in [16].

The high non-smoothness of the domain B \ T at points on the edge of the crack causes two
kinds of difficulties in the proof of the Pohozaev type identity which is needed to estimate the
derivative of the Almgren frequency function, see Proposition[5.10] A first difficulty is a lack of
regularity that can prevent us from integrating Rellich-Necas identities of type (74). A second
issue is related to the interference with the geometry of the crack, which manifests in the form of
extra terms, produced by integration by parts, which could be problematic to estimate.

In [12], where homogeneous Dirichlet conditions on the crack are considered, this latter difficulty
is overcome by assuming a local star-shapedness condition for the cracked domain, which forces the
extra terms produced by integration by parts to have a sign favourable to the desired estimates.
The problem produced by lack of regularity is instead solved in [12] by approximating B, \ T" with
a sequence of smooth domains €2, , C B, and constructing approximating problems in €2,, ,,, whose
solutions u, converge in H'(B,) to the solution of the original cracked problem for r € (0, R) small
enough. Each function w,, is sufficiently regular to satisfy a Pohozaev type identity, in which it is
possible to pass to the limit as n — oo, obtaining the inequality needed to estimate the derivative
of the Almgren frequency function.

In the present paper we use a similar approximation technique, which however entails additional
difficulties and requires substantial modifications due to the Neumann boundary conditions. In
particular, the existence of an extension operator for Sobolev functions on €),, uniform with
respect to n, which is obvious under Dirichlet boundary conditions, turns out to be more delicate
in the Neumann case, see Proposition[4:2] Furthermore the different boundary conditions produce
remainder terms with different signs, requiring a modified profile for the approximating domains,
see Section [

Unlike [12], we do not require any geometric star-shapedness condition on the crack I'; limiting
ourselves to a Cll-regularity assumption, see (5) below. The removal of the star-shapedness
condition assumed in [12] requires a more sophisticated monotonicity formula, developed for the
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auxiliary problem (26)), obtained after straightening the crack I' with a diffeomorphism introduced
in [1] and used, with a similar purpose, in [13] for fractional elliptic equations, see Section[2] The
effect of this transformation straightening the crack is the appearance of a variable coefficient
matrix in the divergence-form elliptic operator, with a consequent adaption of the definition of
the energy E and the height H in (63) and (GG).

To state the main results of this paper, we introduce now our assumptions on the crack I' and
the potential f. We suppose that I' is a closed set of the form

(3) I':={(x1,0): 21 € [0,400)} if N=2

and

(4) = {(z",2n_1,0) eRY : g(2') < an_1} if N >3,
where

(5) g:RY2 R, geCHM(RYTY,

and

(6) 9(0) =0, Vg(0) =0.

Assumption (@) is not restrictive, being a free consequence of an appropriate choice of the Cartesian
coordinate system. We are going to study the behaviour of solutions to near 0, which belongs
to the edge of the crack I" defined in (3)—(4).

Furthermore we assume that f : B — R is a measurable function for which there exists
€ € (0,1) such that either

(H1) fEWEEH(BR\T),
or
(H2) N >3 and |f(z)| <c|lz|72"* for some ¢ > 0 and for all z € Bp.

For every closed set K C RY x {0} and 7 > 0, we define the functional space Hj 55 (B, \ K) as
the closure in H!(B, \ K) of the set

{ve HY(B,\ K) : v =0 in a neighbourhood of 9B, }.
A weak solution to (I) is a function u € H!(Bg \ T') such that

/ (V- V6 — fug) dy =0,
Br\T

for all ¢ € H(%,BBR(BR \T).
The following unique continuation principle for solutions to (I) is our main result.

Theorem 1.1. Let u be a weak solution to () with T' as in B)—{E) and f satisfying either (HI)
or (M2). If u(z) = O(|z|*) as |z| — 0% for all k € N, then u =0 in Bg.

In Theorem[7.5]l we provide a classification of blow-up limits in terms of the eigenvalues of the
following problem

CAgvp =, on SV,
(7) oty 9y
ovt v
on the unit (N — 1)-dimensional sphere SV =1 := {z € RV : |z| = 1} with a cut on the half-equator
Y= {(z,xn-1,0) €SV ian_g >0},
where, letting ey := (0,...,1),

8171 = {(:c’,:cN,l,zN) eSVN gy > 0}, sh-1 .= {(z',zN,l,:cN) eSNl.ay < 0},

0, on2,

the boundary operators 66% are defined as

oy

ot _vSi”l (w‘sfﬂ) ey and
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see Section [6]for the weak formulation of (7). In Section[6]we prove that the set of the eigenvalues
of (@) is {pu : k € N} where

k(k+2N —4
As a consequence of the classification of blow-up limits, we obtain the following unique continuation
result from the edge with respect to crack points.

Theorem 1.2. Let u be a weak solution to (1) with T as in B)—(d) and f satisfying either (HI)
or (H2). Let us also assume that u vanishes at 0 at any order with respect to crack points, namely
that either Trif u(z) = O(|2|F) as |z| = 0%, 2 € T, for allk € N or Trp u(2) = O(|z|F) as |z] — 07,
z €T, forall k € N, where Trff u, respectively Tri u, denotes the trace ofu‘
onI'. Then u=0 in Bp.

Bt respectively u|BE’

If N > 3, a combination of the blow-up analysis with an expansion in Fourier series with respect
to a orthonormal basis made of eigenfunctions of (7)), allows us to classify the possible asymptotic
homogeneity degrees of solutions at 0.

Theorem 1.3. Let N >3 and let u € H'(Br \T), u # 0, be a non-trivial weak solution to (I,
with T defined in B)—[) and f satisfying either assumption (HI) or assumption (H2). Then there
exist ko € N and an eigenfunction Y of problem (1), associated to the eigenvalue g, , such that,

letting
ko xT
P =lx2Y | — |,
(@)= laly ()

we have that
_ ko 1_ko . 2
AT2u(N) =@ and AT (Vppru) (A) = Vi@ in L7(By)
as A — 0%, where
(8) [:= {z: (', 2n_1,0) e RNy 20}
and Vp\r and V]RN\f‘ denote the distributional gradients in Br \ T and RN \ T respectively.

A more precise version of Theorem [[.3] relating ko to the limit of a frequency function and
characterizing the eigenfunction Y, will be proved in Section[8] see Theorem[8:3]

The paper is organized as follows. In Section [2] an equivalent problem in a domain with a
straightened crack is constructed. Sections[3] contains some trace and embedding inequalities for
the space H'(B, \ T). Section[lis devoted to the construction of the approximating problems.
In Section[5] we develop the monotonicity argument, which is first used to prove Theorem [[.1] and
later, in Section [7] to perform a blow-up analysis and prove Theorem [I.2] taking into account
the structure of the spherical eigenvalue problem (7) studied in Section[6] Finally Theorem [I-3]is
proved in Section|[8]

2. AN EQUIVALENT PROBLEM WITH STRAIGHTENED CRACK

In this section we straighten the boundary of the crack in a neighbourhood of 0. If N > 3
we use the local diffeomorphism F' defined in [13] Section 2], see also [1]; for the sake of clarity
and completeness we summarize its properties in Propositions and [2:2]below, referring to [13]
Section 2] for their proofs. If N = 2, the crack is a segment and we simply take F' = Id, where Id
is the identity function on R?.

Proposition 2.1. [13] Section 2] Let N > 3 and T be defined in (d) with g satisfying (&) and
@©). There exist F = (F\,...,Fy) € CHY(RN,RN) and 1 > 0 such that F|, : B, — F(B,,) is
1

a diffeomorphism of class C11,

(9) F(y',0,0) = (v, g(¥/),0) for any vy’ e RN"Y, and F(IT'NB,)=TNF(B,),
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withT as in (). Furthermore, letting Jr(y) be the Jacobian matriz of F aty = (y',yn—1,yn) € By,
and

(10) Aly) = [det Jr(W)|(Tr ()~ (Jr () ™HT,

the following properties hold:
i) Jp depends only on the variable y" = (y',yn—1) and

(11) Jr(y) = Jr(y") =Tdn + O(ly"|) as |y"| =07,

where Idy denotes the identity N x N matriz and O(|y"|) denotes a matriz with all entries
being O(ly"]) as |y"| — 07;

ii) det Jr(y) = det Jr(v',ynv—1) = 1+ O(|y'|?>) + O(yn—1) as |y'| = 0% and yn_1 — 0;

o\ OF; _ OFN _ . _ OFN _ 1.
iii) By = o =0 foranyi=1,...,N—1 and oy = 1;

iv) the matriz-valued function A can be written as

(12) A(y) = A(y/vnyl) - ( D(y/’()yN_l) I det JF(ZE)/,nyl) ) ’

with

. Tdnos +O(y'P) + Olyn-1) Olyn—1)
(13) D“”””( B o |1+O(|y/|§)N+O(yN—1)>

where Idn _o denotes the identity (N —2) x (N —2) matriz and O(yn—1), respectively O(|y']?),
denotes blocks of matrices with all entries being O(yn—_1) as yn—1 — 0, respectively O(|y’|?)
as |y'| = 0.

v) A is symmetric with coefficients of class C%' and

(14) AW cwr gy <2 for ally € By,
(15) %|zz|2 <A(y)z-2<2|z]* forall z€RY and y € B,,.
We observe that
(16) A=1dy if N=2.
Moreover (12)- easily imply that
(17) Ay) = A(y") =1dy +O(ly"[) as |y"| — 0.
Under the same assuptions and with the same notation of Proposition[2:1] we define
(18) n(y) = % and  B(y) := % for any y € By, \ {0}.

Proposition 2.2. [13] Section 2] Under the same assumptions as Proposition[2.1} let i and (3 be
as in (I8). Then, possibly choosing r1 smaller from the beginning,

(19) S<u) <2 foranyy e By \ {0},

(20) u(y) =1+0(yl) aslyl — 07,

(21) Vuly) =O0(1) as |y| — 0%,

Moreover (3 is well-defined and

(22) Bly) =y +O0(yl*) = O(ly|) as ly| — 0%,

(23) Js(y) = Aly) + O(ly|) = Idn +O(lyl) as |y| — 07,

(24) div(B)(y) = N +O(lyl) as [y| — 0.
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We also define dA(y)zz, for every z = (21,...,2ny) € RN and y € B,,, as the vector of RY with
i-th component, for i = 1,..., N, given by

N
8akh
(25) (dA(y)zz); = hél a—inhZIm

where we have defined the matrix A = (agp)kn=1, .~ in (10).
Remark 2.3. For any measurable function f : F(B,,) — R we set
f:B, =R, f:=|detJp|(foF).

Then, in view of i) and ii) in Proposition the function f satisfies assumptions (HI) or
on B, if and only if f satisfies assumptions or (H2) on F(B,,).

It is easy to see that, if u is a solution to (I), then the function U := uo F belongs to H*(B,, \T')
and is a weak solution of the problem

—div(AVU) = fu, in By, \T,
(26) N
AVTU vt =AV-U v~ =0, onT,

where

V+U:V(U

le), V*U:V(U

B,), and v~ = —vt = (0,...,1).

T1

By saying that U a weak solution to we mean that U € H'(B,, \T') and

/ (AVU -V¢ — fUp)dy =0
B, \T

for all ¢ € Hy o5, (Br, \T).

3. TRACES AND EMBEDDINGS FOR THE SPACE H'(B,, \T)

In this section, we present some trace and embedding inequalities for the space H'(B,, \ T)
which will be used throughout the paper.
We define the even reflection operators

(27) R¥) (W yn-1,9n) = 0y, ynv—1, lyn|),
(28) R™()(Y,yn-1,yn) = 0¥, xn-1,—|yn]),

and observe that, for all » > 0, R* : H'(B, \T) — H'(B,) and R~ : H(B, \T) — H'(B,). We
have that R*(v), R~ (v) € LP(B,) for some p € [1,00) if and only if v € LP(B,); in such a case we
have that

(29) ||R+(U)Hip(BT) =2 HUH]Z;?(Bj) ) ||R_ (U)HiP(BT) =2 ”UH};P(B:) ’
and

1 _
(30) A (O A o N )

Furthermore, for every v € H'(B, \ T),

(31) / S ! < / VR dy+ / T |vvz<v>|2dy) |

Proposition 3.1. For any r > 0 there exists a linear continuous trace operator
vr : HY(B, \T) = L*(dB,).

Furthermore v, is compact.
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Proof. Since B;f and B, are Lipschitz domains, there exist two linear, continuous and compact
trace operators v~ : H*(B;") — L?(0B;F N0B,) and ~,” : H(B,”) — L*(0B,” N 0B,). By setting

D) e 4 ) ifyy >0,
) {w(v)(y), if yy <0,

we complete the proof. (I

Letting 7, be the trace operator introduced in Proposition[3.1] we observe that
1 _
(32) [ omras=5 ([ pmieRdast [ pre)tas)
9B, 0B, 0B,

for every v € H'(B, \ T'). With a slight abuse of notation we will often write v instead of ,(v)
on 0B,.

Proposition 3.2. If N >3 and r > 0, then, for any v € H' (B, \T),
2

N —2\2 2 N —
(33) (—) / L da g/ Vol dz + v? dS.
2 B, || B\ 2r B,
Proof. By scaling, [31, Theorem 1.1] proves the claim for R™(v) and R~ (v). Then we conclude
by (30), 1), and (32). O

Proposition 3.3. Let N > 2 and q > 1 be such that1§q§2*:% ifN>3and1<g< oo
if N =2. Then

HY(B,\T) C LYB,) for everyr >0
and there exists Sn,q > 0 (depending only on N and q) such that

—9)+2q 1
(34) [0l ) < S r 2 (/ o+ L ms),
" BT " JoB,

for all v >0 and v € H (B, \T).

Proof. Since

1
2
(/ |Vv|2dx+/ v2dS>
By 8B,

is an equivalent norm on H'(B;), from a scaling argument and Sobolev embedding Theorems it
follows that, for all ¢ € [1,2*] if N > 3 and ¢ € [1,00) if N = 2, there exists Sy 4 > 0 such that,
for all r > 0 and v € H'(B,),

(2—a)+2q 1
Iolain < Swar ™8 ([ [P aes [ i2as).
B, T JoB,

Using (29), (30), and we complete the proof. (]
Proposition 3.4. For any r >0, h € L2 7¢(B,.) with ¢ > 0, and v € H' (B, \ T), there holds

1
(35) / |hv* < (r) (/ |Vo|? do + —/ v? dS) ,
B Br\f T JoB,

where
2N + 4de

(36) M(r) = SN il g e 7777 and ge:= oo

(Br)

Proof. For any v € H' (B, \T)

2/qe
hlv?dx < ||h|| ~.. (/ vl dm)
/Tl | H ||[2+(B7‘) 7‘|

e 1
S 8N7‘16 ||hHL%+€(BT) TNiQe </B \f‘ |V/U|2 d‘r + ; /63 U2ds>
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thanks to Holder inequality and (34). O

Remark 3.5. If f satisfies (H2)), then f € L%"’e(BR), so that Proposition|3.4]applies to potentials
satisfying either (H1J) or (HZ2).

Remark 3.6. By (35), and (15), for any r € (0,71), h € L= T¢(B,), and v € H*(B, \T), we
have that

2
/ Vo2 dy < 2/ (AVv - Vv — ho?) dy + 2np,(r) / |Vol|? dy+—/ w* dS
B,\I' B\’ B\ T JoB,

and therefore, if 7, (r) < 1,

2 4np (1) 9
37 / VU2dy§7/ AV - Vo — ho? dy+7/ w? ds.
e N R Tl A VW T 2007 Jos,

4. APPROXIMATING PROBLEMS

In this section we construct a sequence of problems in smooth sets approximating the straight-
ened cracked domain. We define, for any n € N\ {0},

gn : R—=R, gn(t) = nt*
and, for any r € (0,7],

Qo ={( ynv-1,yn) € Br i yn—1 < gn(yn)}
and
Loy ={(" yn-1,yn) € Br : yn—1 = gn(yn)} = 0 N B;..
It is clear that, for every y € B, \ T, there exists a 7 € N\ {0} such that y € Q,,, for all n > 7.

Moreover Q,,,, N T = @ for any € (0,71] and n € N\ {0}. We also note that 2, ,. is a Lipschitz
domain and I';,  is a C2-smooth portion of its boundary.

Proposition 4.1. Let v(y) be the outward normal vector to Oy, », in y. Then

(38) y-v(y) <0 forallyely,,,
(39) Ay -v(y) <0 forally el .

Proof. As a first step we notice that

1

(40) gn(t) = tg,,(t) = nt* —

4 1
3 —ntt = —gnt‘l <0, gut)—tgl () <0

3
and that
1+ (g7,(yn))?

v(y) =

forally € I'y .

Then, for all y € 'y, ,,,

o) o= 0L —gnyn)) _ 9n(yn) —yngn(yn)
() -y L o) (' gn(yn), yn) ESTATIE <

due to (40). We have then proved (and in the case N = 2 in view of (16)).
If N > 3, possibly choosing r; smaller in Proposition 2.1] for all y € T',, ,, we have that

V14 (gn,(un)2 AWy - v(Y) = gnlyn) (A + O(Y']) + O(yn—-1)) — det Jr(y) yn gy, (yn)
3

1 3 1
< ign(yN) - §yzvg;(yzv) = §(gn(yN) - gyzvg;(yzv)),

thanks to ii) in Proposition [2.I] (I2) and (I3). Then, by (40) we finally obtain (39) also for
N > 3. (]
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Let
RY = {y= (¢ ,yn-1,yn) €RY :yy > 0} and RY := {y = (¢, yn—1,yn) € R : yn <0}
For any r € (0,71] and n € N\ {0} let
(41) Q= NBF QL =0, N8B, Spp =00, NOB,.
For all n € N\ {0} we also define
K ={y= (" yn-1,yn) € RY :either yny_1 < gu(yn) or |y| > 1},
K. ={y=0yv-1,yn) € RY : either yn_1 < gn(yn) or |y| > r1}.
Since €, , is a Lipschitz domain, for any r € (0,71] and n € N\ {0} there exists a trace operator
Yot H Q) = L2(0Q1).
We define
(42) H&,SW(QMT) ={ue Hl(Qn,T) “Ynr(w) =0o0n S, }.

The following proposition provides an extension operator from Hj g (@) to H'(B;, \T) with
an operator norm bounded uniformly with respect to n.

Proposition 4.2. For any r € (0,71) and n € N\ {0} there exists an extension operator
(43) e Hos, Q) = H'Y(Bry \T)

such that, for any ¢ € Hy 5 (Qn.r),

(44) ,,Ol’r((b)‘ﬂnm = ¢a 7Oz,r(¢) =0 on Qn,h \Qn,ra 7Oz,r(¢) € I{(},E?BT1 (BTI \f)’
and

1/2
(45> ||§27T(¢)HH1(BT1\I~“) S Co ||¢||H1(Qnm) - CO</ (¢2 + |V¢|2) dy> )

n,r

where ¢y > 0 is independent of n, r, and ¢.

Proof. Tt is well known that, since K,f ~ and K- are uniformly Lipschitz domains, there exist

continuous extension operators & : H'(K;Y . ) — H'(RY) and &, : H'(K,, ) — H'(RY), see
29], [7] and [27]. Furthermore, since the Lipschitz constants of the parameterization of OK,f,
and 0K, ., are bounded uniformly with respect to n, there exists a constant C' > 0, which does

not depend on n, such that
(46) &n @)1 yy < C ol and - [l&n @) gy < Cllwllm g,

for all v € HY(K} . ) and w € H'(K,, ).

If $ € Hj g  (Q.,) then the trivial extension ¢4 of ¢+ to KT, belongs to H'(K,, ) and
the trivial extension ¢_ of ¢|Q, to K, belongs to Hl(K,;ﬁ). Then we define

n,r n

& (0-)y), ifye B,

which belongs to H(B,, \I') and satisfies (@5) in view of (46). Furthermore [@4) follows directly
from the definition of ETOM. (]

0 (¢)(y) — {ff{(q_br)(y), if /S Baj;a

The following proposition establishes a Poincaré type inequality for H017 s, , (Qn ,)-functions,
with a constant independent of n.
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Proposition 4.3. For any r € (0,71], n € N\ {0}, and ¢ € Hj g ()

2
(47) / $y < — / IVl dy
Qi —1Ja,,
and

N
48 ¢ 1 = /
(48) 160y, ( i

is an equivalent norm on H& s, T(an)'

1
2

[Vol? dy)

n,r

Proof. For any ¢ € C°°(Q,, ) such that ¢ = 0 in a neighbourhood of S, - we have that

div(¢*y) = 20V -y + N¢?
so that

N/ ¢2dy=—2/ ¢V¢-ydy+/ ¢Qy-ud5§/ ¢2dy+r2/ Vo2 dy,
Qp Qe T, Qp o Q

n,r

since y - v < 0 on Iy, by(38). Then we may conclude that

7,2
& dy < / Vo dy,
/szn,r N—-1Jq,,

forall ¢ € C (ﬁn,«) such that ¢ = 0 in a neighbourhood of S, . Since Q,, , is a Lipschitz domain,
(&D) holds for any ¢ € Hy g  (Qnr) by [6] Theorem 3.1]. The second claim is now obvious. [

From now on we consider on H} ¢ (§y,,) the norm || - HH[} . defined in “43).
Snyr S

Proposition 4.4. Let r € (0,r1), n € N\ {0}, h € L>+¢(B,) with ¢ > 0, and q. be as in (36).

Then, for any ¢ € Hy g (Qn.r),

N—1+r} e
N _ 1 1 SN7q€’I"1N+2

(49) / ¢ dy < &

n,r

My, [ 199y

Proof. We have, for every ¢ € Hj g (1),

2

| meta< | |h||§2,T<¢>|2dys||h||Lg+E(B)(/ |§2,T<¢>qﬁdy>
Qe B, T By,

4e
< Swart e, |

V& (o) dy
\[

1

N —1+17? e
<G SNar h||L%+E(BT)/Q Vol dy,
thanks to Holder’s inequality, (34), Proposition[£:2] and Proposition [£3] O

Hereafter we fix a potential f satisfying either (HL) or and define f := |det Jg| (f o F) as
in Remark[2:3] Thanks to Remark we have that f satisfies either or (H2) as well. If f
(and consequently f) satisfies (H2), we define

n, i f(y) >n,

(50) fnly) =9 fly), if|f(y) <n,

so that

(51) fn€L®(B,,) and |fu| <|f] ae. in B,, forallneN\{0}
and

(52) fn — fae. in By,.
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If f satisfies (HI), we just let

(53) fn:=f foranyn e N.

We observe that

(54) fo— f inL>T(B,) asn— oo

as a consequence of (51)), and the Dominated Convergence Theorem if assumption holds
and f,, is defined in (50)), in view of Remark[3.5] on the other hand is obvious if assumption
holds and f,, is defined in (53).

Since under both assumptions and we have that f € L%‘FS(BH) (see Remark [3.5),
by the absolute continuity of the Lebesgue integral we can choose r¢ € (0, min{1,r1}) such that

SN -1+

1 1
(55) 77);(7"0)<§ and ¢ N

f||L%+s(BTU) < Za

T% 4e
N+2e
1 Sque rl

where g. and 7y are defined in 39).

Let U = wo F, where u is a fixed weak solution to (I) and F is the diffeomorphism introduced
in Section[2] so that U weakly solves (26). For any n € N\ {0}, we consider the following sequence
of approximating problems, with potentials f,, defined in (B0)—(G3):

—div(AVU,) = foUp, in Qy0,
(56) AVUn v =0, on Fnﬂ“oa
'Yn,'r‘g(Un) = 7”117‘0(U)’ on S"v"‘U’

with ry as in (55). A weak solution to problem (56) is a function U, € H'(Q,,,) such that
Uy~ U € Hlg,  (Qur,)and

/ (AVU, -V — fuUnd) dy = 0
Q

n,rQ

for all ¢ € Hj g o Qo). IE Uy weakly solves (56), then Wy :=U — U, € Hj s, o Q) and

(57) /

271-,7‘0

(AT, - Vo~ [, Wad)dy = [ (AVU Vo~ £,U0)dy
Qn.ro
for any ¢ € H&»Sn,m (Qnrg)-
For every n € N\ {0}, let us consider the bilinear form

(58) By : H(%,Sn,m (Qn,m) X H(%,Sn,m (Qn,ro) — R, Bn(“a ¢) = /Q (AVU Vo — fnv¢) dy,

n.ro
and the functional

(59) Loi s, ) S B La@)= [ (AVU- Vo~ L,U6)dy,

Qg

Proposition 4.5. The bilinear form B,, defined in s continuous and coercive; more precisely

1
(60) Bu(6,0) = 7110l . (@, Jor all 6 € His, , (Qura).

n,rg

Furthermore the functional L, defined in (59) belongs to (Hj g o (Qn.r))* and there exists a
constant £ > 0 independent of n such that

(61) LalO) < CWblly, (@, for all 6 € His, ()

n,r0)
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Proof. The continuity of B, and easily follow from (T5),(51), and (55). Thanks to
Holder’s inequality, (51), (04), (35), (49) and (55)
1
~ 2 ~
fvras) ([ 16t de
Qg

1

1 1 B
< | 2IVUll 2,08 + B n§(ro) (/B \f VU * dz + o o U? dS) ||f25||H5’Sn’T0 (Qnrg) ?
o ro

1
2

Lol < 219U N ) 1803, 20y + < /|

0

thus implying (GI). O

Corollary 4.6. Let u be a weak solution to () and U = uo F. Let either (H1) hold and {f,} be
as in (B3), or (H2) hold and {fn} be as in B0). Let ro be as in (BB) and £ be as in Proposition
[£-5] Then, for any n € N\ {0}, there exists a solution W,, € Hj g o Qo) of E10) such that

(62) Wl (@) S

Proof. The existence of a solution W, of (57) follows from the Lax-Milgram Theorem, taking into
account Proposition[4L5] Estimate (62) follows from (60) and (6I) with ¢ = W,. O

We are now in position to prove the main result of this section.

Theorem 4.7. Suppose that f satisfies either or ((2), v is a weak solution of (1), and
U = woF with F' as in Section Let {fn}nen satisfies under hypothesis or
under hypothesis ([{2). Let ro € (0,71) be as (BH). Then there exists {Up}nen oy € H'(Br, \T)
such that U, weakly solves (56) for any n € N\ {0} and U, — U in H'(B,, \T) as n — oo.
Furthermore U, € H*(Qy.) for any r € (0,719) and n € N\ {0}.

Proof. Let r9 € (0,71) be as in (B5). For any n € N\ {0}, let W,, € Hj g .o (Qnry) be the
solution to (57) given by Corollary [£:6] Then U — W,, weakly solves problem (56) and we define
Up :=U =&, (Wy), with £) . being the extension operator introduced in Proposition[£.2] We

observe that U, € H'(B,, \T'). To prove that U,, converges to U in H'(B,, \T') as n — oo, we
notice that

N—l—i—r%

2 2
U = Unllzs,\7) < 6 1Walla,.,,) < 4€6 N1

Q

n,rg

by Proposition[4:2] (47), and (60). Therefore it is enough to prove that

(63) lim (AVW,, - VW,, — f,W2)dy = 0.
n—oo Qnmo

Let

(64) Oy = (Bn \F) \ Qn,m
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for any n € N\ {0}. Since W,, € Hj g o Q) solves and U is a solution to (26), by Holder’s
inequality, (I4) and Proposition [£:2 we have that

(AVW, - VW, — fuW2) dy' -

/ (AVU - V(€. (W) — ful €0, (W) dy

‘ Qg Qo

[, ATV (W)~ U, W) dy

- [ AU TE, (7)) - KU, >>dy}

= [ avo e, ) - e, s [ (- pu e, o
o\ Br \I

—/()(AVU V(ES,, (W) — FuU €2, (W) dy

<

| 4y S, 0w - fU €, v >>dy} (= UL, (W) dy

By \T

< 2[VU 20, 1VER e Wl g, iy + Ml 2 e 0, 10N a0,y 00 Wil a5,
17 = Fall v 10 e ) 10 W)l s,

\Y N-1+4 TO N+25 ¢
< 400[? (2 VUl 20,) + VSNa.T1 ||f||L%+E(On) 10N Lo (0,

F=tall e,y Wlaccs,,y )

where ¢, is defined in and we have used (51)), (34), (@5), (47), and in the last inequality.
We observe that

N+2e
SN qeT

lim |O,| =0,
n—oo

where |0, is the N-dimensional Lebesgue measure of O,. Then, since VU € L?*(B,, \ T,
U € L%(B,,) by Proposition [3.3] and f € L= +€ (Br,), follows by the absolute continuity
of the integral and convergence 1i

We observe that f,U, € L?(,.,). Indeed, under assumption (HI)), by Remark[2.3]we have that
f € Wl’%"“(BT1 \f‘) and then, by Sobolev embeddings and Hélder’s inequality, we easily obtain
that f,U, = fU, € L*(Qn.,). Under assumption (H2)), f, is defined in (50) and f,, € L>(B,,),
hence f,Uy, € L?(Q 1y )-

Since T,y is C*°-smooth and f,,U,, € L*(Q., ), by classical elliptic regularity theory, see e.g.
(22| Theorem 2.2.2.5], we deduce that U, € H*(Qy ) for any r € (0,79). The proof is thereby
complete. (I

5. THE ALMGREN TYPE FREQUENCY FUNCTION

Let u € H'(Bg \ T') be a non-trivial weak solution to (@) and U = wo F € H'(B,, \T') be
the corresponding solution to 26). Let ro € (0, min{1,71}) be as in (B5). For any r € (0, r¢], we
define

1

T / nU*ds,
r 9B,
where 1 is the function introduced in (18), and

(66) E(r) := TN%/B \f(AVU VU - fU?)dy

(65) H(r):=

Proposition 5.1. If r € (0, r¢] then H(r) > 0.
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Proof. We suppose by contradiction that there exists r € (0,7¢] such that H(r) = 0. By (19), it
follows that U weakly solves (26) with the extra condition U = 0 on dB,.. Then by (37) we obtain
that U = 0 on B,. By classical unique continuation principles for elliptic equations, see e.g. [21],
we conclude that u = 0 on Bpg, which is a contradiction. (I

Proposition 5.2. We have that H € W,:! ((0,70]) and

1
r 9B, ov B,
2 oU N
= TN—_l/BTuU%dSnLH(T)O(l) asr — 07,

in a distributional sense and for a.e. v € (0,719).

Remark 5.3. To explain in what sense the term %—g in (67) is meant, we observe that, if VU is
the distributional gradient of U in By, \T, then VU € L*(B,,,R"Y) and ¥ := VU - € L?(B,,).
By the Coarea Formula it follows that VU € L%(9B,,RY) and 2% € L?(9B,) for a.e. r € (0,71).

Proof. For any ¢ € C§°(0,19) we define v(y) := ¢(|y|). Then we have

Caeewdy= [ ([ wras) oar
0 0 OB

r

- /B,TO ﬁ#(yw?(y)vv(y) ~ydy + /Bm ﬁu(y)w(y)w(y) -y dy

- 7/3 \F ﬁ(Qﬂ(y)v(y)U(y)VU(y) Y+ o) U (y)Vuly) -y) dy

T0 2 aU 0 1
= */ N1 </ w5 dS) o(r) dr—/ e (/ UQVuwdS)qb(r) dr,
0 0B, 0 0B,

which proves thanks to (21). Since r~"*1! is bounded in any compact subset of (0, rg], then, by
(@), @I) and the Coarea Formula, H and H’ are locally integrable so that H € W, ((0,70]). O

Now we turn our attention to E. Henceforth we let {f,} be as in (53), if f satisfies (HI)), or
as in (B0, if f satisfies (H2), and we consider the sequence {U,,} converging to U in H'(B,, \T')
provided by Theorem[£.7]

Remark 5.4. By Proposition [3.3] and (36), U,, — U in L%(B,,). Then, since f, — f in
L=%¢(B,,) by (54), from Hélder’s inequality it easily follows that

(68) lim |fU? = £ U2 dy = 0.
0

Moreover, if f satisfies (HI), Vf € L= *+¢(B,,,RY) and hence

(69) lim (Vf-B)(U* - UM dx =0,
n— o0 By \T

since the vector field 8 defined in (I8) is bounded in view (22]).

Lemma 5.5. If F,, — F in L*(B,,), then there exists a subsequence {F,, }ren such that, for a.e.
r € (0,79),

lim |FF —F, |dS=0 and lim F,, dS = / FdS,
9B,

™ N T

where the notation S, . has been introduced in (41)).

Proof. Let hy(r) :== [, |Fn — F|dS. Since, by assumption and the Coarea Formula,

To

lim |F — F,|dy = lim b (r)dr =0,
n—oo BTO n—o0 0
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we have that h,, — 0 in Ll(O, ro). Hence there exists a subsequence {h,, }ren converging to 0 a.e.
in (0,79). Therefore F,,, — F in L'(dB,) for a.e. 7 € (0,7¢). It follows that, for a.e. r € (0,7¢),

/ F,, dS— FdS = XS, T(Fnk —F)dS —|—/ (XSn, — 1)FdS — 0
s 4B, dB, ’ 9B, F

np,T

as k — oo, thus yielding the conclusion. O

Proposition 5.6. We have that E € Wl’l((O,ro]),

loc

1

(70) E(r) = P / UAVU -vdS = gH'(r) +rH(r)O(1) asr— 07"
0B,

and

(71) E’(r):(Q—N)%/ ~(AVU-VU—J‘:UQ)dy—i— N172/ (AVU-VU—fUQ)dS
r B,\T r B

r

in the sense of distributions and for a.e. r € (0,79).

Proof. The fact that E € WL ((0,70]) and (I) follow from the Coarea Formula and (35). To
prove (70) we consider the sequence {U,} introduced in Theorem[4.7] For every r € (0,7y) and
n € N\ {0},

1 , 1

since U,, solve and U,, € H*(Qy,) by Theorem Thanks to Remark [5.4]the Dominated
Convergence Theorem, and Lemma we can pass to the limit, up to a subsequence, as n — oo
in the above identity for a.e. r € (0,79), thus proving the first equality in (ZQ). To prove the
second equality in (70) we define

py)By) —y) Ay AWy -y

C(y) = = -
| | ly[?
Then, since ¢(y) -y =0 and ¢-(0,...,0,1) =0 on I, we have that
1
/ UAVU -vdS — uUa—U dsS = = ¢-V(U?)dS
aB, oB,  Ov 2 JoB,

1 . 2 _ ..N-—-1
5/@& div(Q)U?dS = r¥ "t H(r)O(1)

as r — 0, where we have used in the last equality the estimate

div(O)(y) = <V|“y(|y) - “lfjly) Bly) - v) + %(dww)(y) _N)=00)

which follows from Proposition[2:22] Then we conclude by (G7). O

The approximation procedure developed above also allows us to derive the following integration
by parts formula.

Proposition 5.7. There exists a set M C [0,r9] having null 1-dimensional Lebesgue measure
such that, for allr € (0,r9] \ M, AVU -v € L*(0B,) and

/ ~AVU-wdgc:/ qubdx—i—/ (AVU -v)pdS
B, \T B, OB,

for every ¢ € H'(B,, \T'), where AVU - v on B, is meant in the sense of Remark[53

Proof. Since U, — U in H'(B,, \ T) in view of Theorem[Z7] by Lemma [5.5] there exist a sub-
sequence {U,,} and a set M C [0,7¢] having null 1-dimensional Lebesgue measure such that
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AVU - v € L*(0B,) and AVU,, -v — AVU -v in L*(0B,) for all r € (0,79] \ M. Since
U, € H*(Q,,) for any r € (0,79) and n € N\ {0} by Theorem[£7] from (58] it follows that

/ (AVU, - V¢ — fuUnd) dy = / PpAVU, - v dS.
Qe Sn,r

Arguing as in the proof of Proposition[5.6] we can pass to the limit along n = ny as k — oo in
the above identity for all r € (0,79] \ M, thus obtaining the conclusion. O

Theorem 5.8. (Pohozaev type inequality) Under either assumption (HI) or assumption (H2),
for any r € (0,r9] we have that

|AVU - v|?

(72) r/ AVU-VUdSz%/
0B, OB, Hw

ds +/ (AVU -VU)div(B) dy
B\

AVU -y ~
+2/ MfUdy—i—/ (dAVUVU)-ﬁdy—Q/ Jg(AVU) - VU dy,
B\’ 12 B\ B\T

AL
which can be rewritten as
- AVU - v|?
(73) 7’/ (AVU~VU—fU2)dS22r/ [AVU -7 g
dB, dB, 14
+/ ~(AVU~VU)div(ﬂ)dy+/ (fdiv(B) +Vf-B)Udy
BT\F B

’V‘\F

+/ ~(dAVUVU)-ﬂdyﬂ/ Js(AVU) - VU dy
B\ B

AT
if [ satisfies .

Proof. By Theorem [£7] we have that U,, € H?(Q,,,.) for any r € (0,79) and n € N\ {0}. Then,
since A is symmetric by Proposition[2-I] we may write the following Rellich-Necas identity in a
distributional sense in €2, ,:

(74) div((AVU,, - VU,)B —2(8 - VU,)AVU,) = (AVU,, - VU, ) div(pB)
—2(8-VU,)div(AVU,) + (dAVU,VU,) - B — 2J3(AVU,) - VU,.
Since U, € H?(Q,) and the components of A and 3 are Lipschitz continuous by Propositions

and 2:2] then (AVU,VU,)B — 2(3 - VU,)AVU,) € WH(Q,,,.). Therefore we can integrate
both sides of (T4) on the Lipschitz domain €2, , and apply the Divergence Theorem to obtain, in

view of (I8) and (56),

AVU, - 2 Ay -
(75) 7’/ <AVUn~VUn2M> dS+/ (AVU, - VU L2 s
S H T 1%
AVU, -
:/ (AVU, - VU,) div(B) dy+2/ %fnzjn dy
Qo Qv

(dAVU,VU,) - Bdy — 2/ Js(AVU,) - VU, dy.
Qi

)

.
From Proposition[4:1] (15), and it follows that, for all n € N\ {0} and r € (0,79),
Ay-v

(76) / (AVU, - VU)LY 45 < 0,
.

We recall from Theorem[4.7]that U,, — U strongly in H'(B,, \f), while Propositions [2.1] and
imply that

(77) je L¥(Byy,R), B eL¥(By,RY), divseL™(B,,,R),

} € L®(B,,,RN").
i,j,h=1,...N

.....

804”‘

A€ L®(B,,,RV), { 5
h
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Furthermore, under assumption (HT)), we have that, by Sobolev embeddings (see Proposition[3.3)),
if N >3, then f, = f € LN(B,,) and U, — U strongly in L (B,,), whereas, if N = 2, then
fn = f € L20+9/0=9(B Y and U,, — U strongly in L1*9)/¢(B,,); then, since VU, — VU in
L?(B,,), Holder’s inequality ensures that

(78) fnUnAVU, -y — fUAVU -y in LY(B,,).

Under assumption (H2), we have that Hardy’s inequality (see Proposition [3.2), Proposition
and yield that

J

which, thanks to Proposition [3.2]again and the Dominated Convergence Theorem, easily implies
that

| oy (U, — U dygconstréﬁ/ ly|2|U, —U|?dy — 0 asn — oo

ro Br,

foyUn — fyU in L*(B,,),

thus proving (78) also under assumption (H2).
Then, thanks to the Dominated Convergence Theorem, (25), (Z8) and Lemmal[5.5] we can pass
to the limit in (78) as n — oo, up to a subsequence, and, taking into account (7€), we obtain

inequality (72).
If assumption (H1) holds then by (I8), (53) and Proposition[Z:2] we have that

AV, - _

:f/ (fdiv(ﬁ)+vf~ﬁ)U,§dy+r/ ngdS+/ fU2B-vdsS.
Qn,r Sn,r Tnr

We define
O,‘;T =0,N B;", O;T =0,NB,,
FTJ{W =I,N B;f, L. =Tn,NB,

where O,, is defined in (64). Taking into account that 8- v = % v =0on d0;, NIRY since
v=—(0,...,1) and holds, the Divergence Theorem yields that

(80) /F+ fU,%ﬂ.udS:—r/ fU2B-vdS

o a0}t .NdB,

+/O+ (fUﬁdiv6+U§Vf.5 +2fU, VU, .5) dy.

n,r

By (©8), (77), and Lemma[5.5] there exists a subsequence {f U2, 3 - v}en converging in L'(9B,)
and hence equi-integrable in dB,. for a.e. r € (0,r), hence

lim fU,%kﬂ cvdS =0 forae. re(0,m).
k=oc Joof, .noB,
Since VU,, — VU in L?(B}: ,RY), U,, — U in L%(B;t) and f € LN*2¢(B;" ) by (HI) and classical
Sobolev embeddings, from (77) and Hélder’s inequality we deduce that
fU, VU, -8 — fUVU -3 in L*(B}),
so that {fUnVUn - B}nen is equi-integrable in B}t . Therefore
lim fU VU, -Bdy =0 forallre (0,r0).

n—o00 Oj}:’l‘
Moreover, also {divB f U2 4+ U2V f - B}nen is equi-integrable thanks to and (69). It follows
that
lim (divB fU2 +Vf-BU2)dy =0 for all r € (0,70).

n—o0 O+
n,r
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Then from we conclude that

lim fU2 B-vdS=0.

k—o0 sz,r

In a similar way we obtain that limy_, . fr* fU,%kﬁ -vdS =0 so that
e

lim fU2 B-vdS =0.
k—o0 Fnk,r

Therefore (Z3) follows by passing to the limit in (75) and (Z3) as n — oo along a subsequence,
taking into account Proposition[4.1] the Dominated Convergence Theorem, (25), Remark [5.4] and
Lemmal[5.5] O

Proposition 5.9. For a.e. v € (0,79)

2
(81) E'(r) > QTQ*N/ M

ds +rt=% / (div(8) +2 — N)AVU - VU dy
dB,. H B, \I'

+r1*N/B . (f(div(8) + N —=2)+ Vf-B)U*dy

n TI_N/ ) (dAVUVU) - Bdy — 2r1_N/ i JB(AVU) - VU dy,
BT BrAL

if holds, and

A . vl? - .
(82) E'(r) 227«2”/ AL dS—rHV/ fU2d5+(N—2)7~1*N/ fU? dy
3B, H B, B,

A Cy o~
+7~1—N/ (AVa-VU)(div(8) +2 — N)dy +27~1—N/ MfUczy
B, \T' B

AL H
i Tl_N/ (dAVUVU) - B dy — 2r1_N/ _J3(AVU) - VU dy
BT B\T

if holds.
Proof. Estimates (8I)—(82) are direct consequences of (71), (72), and (73). O

We now introduce the Almgren frequency function, defined as
E(r)
H(r)’
The above definition of A/ is well posed thanks to Proposition

(83) N:(0,7) 5 R, N(r):=

Proposition 5.10. If either assumption (HI) or assumption [H2) hold, then N° € WL1((0,70])
and, for any r € (0,7¢),

(84) N(r) = =2n3(r).
Furthermore, for a.e. r € (0,79),

(85) N'(r) > V(r) + W(r)
where

2r ((fBBT VUL a8 ( fo, #U2AS) = ([, UAVU - VdS)Q) L

(faBT ok dS) 2

(86) V(r) =

(87) W(r) =0 (rHﬁ) (1+N@) asr— 0.
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Proof. Since 1/H,E € Wli)’cl((o,ro]), then N € VVli’Cl((O,ro]). Furthermore directly im-
plies (84).
By([ZQ), for a.e. r € (0,79)

oy EWOHE) — E@H@) _ BOHE) - 2520) | EnoQ)
= MO == ST HD
_E'(H(r) - 242N ( [, UAVU -vdS)’
- 0] + 0N ()

as r — 07. By Proposition[2.1] Proposition[2.2] and

/ ) ((AVU S VU)(div(8) + 2 — N) — 2J3(AVU) - VU + (dAVUVU) - ﬂ) dy
BT

< 0<r>/ IVUP dy
B[

som/ ~(AVU-VU—ﬁﬂ)dym(rﬁ)/ WU?dS as s OF.
B\ OB,

By (35), (37), and
/ fUQdng(rﬁ)/ ~|VU|2dy+O(r?V€+;2Ne)/ U2 ds
B, B\T 9B,
go(rﬁ)/ ~(AVU-VUdy—fU2)+O(r%)/ uU? ds
B\T 9B,

as r — 0T and, by (24), the same holds for [, (div— N + 2)fU? dy. In the same way from
it follows that, if holds,

/Bva-ﬁUQdygo(rﬁ)/B

asr — 0T,

Under assumption ([2), by Remark 23] 20), (I4), 36) 35), (37) and Holder’s inequality,

AVU -y = ~
[ uay=o6 [ vulfivdy
B\ Hw B\

(AVU-VUdy—fU2)+O(r%)/ pU?ds

AT 9B,

2

< 06 VUl 2y ( [ i dx)

W=

2 - 2
So(rﬁm) / (AVU-VU—fUQ)dw—r/ pu?ds | x
Br\f ’I’]f('r) OB,

~ 2
X (/ (AVU - VU — fU?) dy + —/ Mg dS)
B,\I' T JoB,

go(ﬁﬁ)/BT\f(AVU-VU—fUQ)dero(r—1+6+%)/6 pU® ds.

B

1
2

Under assumptions (f2)), thanks to Remark and (19),

fU%dsS =0 (r*7?) / ulU?ds.

dB,
Collecting the above estimates, we conclude that (87), and follow from (81))or under
hypotheses or (H2) respectively. From the Cauchy—Schwarz inequality we also deduce that
VY >0 a.e. in (0,79). d

0B,

We now prove that A is bounded.
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Proposition 5.11. There exists a constant C > 0 such that, for every r € (0,1¢],
(89) N(r)<C.
Proof. By Proposition [5.10]there exists a constant s > 0 such that, for a.e. r € (0,79),
N +1)(r) > W(r) > —rr w52 (N (r) +1).
Since A + 1 > 0 by (B4) and the choice of r¢ in (55)), it follows that
(log(N + 1)) > —rr~1H e,

An integration over (r,rg) yields

N + 26 A
N < <1 exp (225075 ) () + )
and the proof is thereby complete. (I
Proposition 5.12. There exists the limit
90 =1 .
(90) 7= lim N(r)

Furthermore 7 is finite and v > 0.
Proof. From Proposition and there exists a constant k > 0 such that

N'(r) > W(r) > —rr 552 (W (1) + 1) > —k(C + 1)r 5% for ae. r € (0,7).
Then

(N +2 e

d N + K(C 4+ 1)(N + E)Twi% >0

dr 4e
for a.e. r € (0,79). We conclude that lim,_,o+ N (r) exists; moreover such a limit is finite thanks
to and (84). Furthermore from and we deduce that v > 0. (]
Proposition 5.13. There exists a constant o > 0 such that, for every r € (0,79],
(91) H(r) < ar?.
Furthermore for every o > 0 there exist a, > 0 and v, € (0,79) such that, for every r € (0,7,],
(92) H(r) > a,r*e,

Proof. By (70), (85), (86), (87), and (89) there exists a constant £ > 0 such that, for a.e. r € (0,r¢),

H() 2,

2 (" 2 2 (" 2 4e 2
=—/ N’(t)dt+l+0(1)2—/ W(t)dt +O0(1) + =L > —gr= iz 4 =)
T 0 T T 0 T

r

It follows that, integrating between r and 7,
27y de
H(rg) > H(r) (T—O) exp <HN4L€267’0N“6>
r

for all r € (0,r¢], so that is proved. To prove(92) we notice that, by and (70), for every
o > 0 there exists 7, € (0,70) s.t.

H'(r) < 2y+o

for all r € (0,r,)

H(r)y = r
and an integration between r € (0,7,) and 7, yields
2v+o
H(re) < () r)
r
thus proving (92). O

Proposition 5.14. The limit lim,_,o+ 7~ 27H(r) exists and is finite.
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Proof. By (91) we only need to prove that the limit exists. For any r € (0,r9) we have that
d H 2r27 LB (r) — 291 H H(r)O(1 T
el (T) _ar (T) yr (T) +r (T) ( ) _ 2r—2y—1H(r) (/ Nl(t) dt + 7’0(1)) 7

dr r2v r4y

by (Z0) and Proposition[5.12} Thanks to Proposition[5.10] integrating between r and ro we obtain
H H o s
(93) # _HO) :/ 25727 H (s) </ (N () = W(t ))dt> ds

Ty r2Y
o
+/ 2572~ 1H ( /W dt> ds.

We note that there exists a constant x > 0 such that
2527 H(s) (sO(l) +/ W(t) dt)’ < ks IR

by Proposition[5.10] (89), and (]Q_QL[) Since s~ 'T¥¢% € L1(0, o), then

lim 23‘2V‘1H ( /W dt) ds
r—0+

exists and is finite. Moreover, since N7 — W > 0 by Proposition[5.10]

To

im [ 252 LH(s) ( /0 ) - W) dt) ds

r—0t J,

exists, being possibly infinite. Then the right hand side of (93) admits a limit as r — 0" and the
conclusion follows. (|

From the properties of the height function H derived above, in particular from estimate (92)),
we deduce the unique continuation property stated in Theorem [L.1]

Proof of Theorem[I.1) Let u be a weak solution to () such that u(z) = O(|z|*) as |x| — 07 for
all £ € N. To prove that v = 0 in Bg, we argue by contradiction and assume that w # 0. Then
we can define a frequency function for U = uw o F as in (G3), (G6) and (83). Choosing k € N
such that k > v+ %, we would obtain that H(r) = O(r**) = o(r®'*7) as r — 0, contradicting
estimate (92). O

6. NEUMANN EIGENVALUES ON SV=1\ %

In this section we study the spectrum of (7). We recall that p € R is an eigenvalue of (7) if
there exists ¢ € H1(SV¥=1\ )\ {0} such that

(94) / Ven-n\5t) - Vgn-1\5¢dS = u/ YpdS for any ¢ € HY(SN 1\ %).
SN-1\% SN-1\%

A Rellich-Kondrakov type theorem is needed to apply the classical Spectral Theorem to prob-
lem (7).

Proposition 6.1. The embedding H*(SY =1\ ¥) — L2(SN~1) is compact.

Proof. Let {¢y, }nen be a bounded sequence in H(SV 1\ X). We observe that S ™! and S~ ! are

smooth compact manifolds with boundary and that the sequences of restrictions {Qﬁn’SNfl}n N
+

and {én [~ }HGN are bounded in H'(SY ') and H*(SY ') respectively. Then we can extract

a subsequence {¢n, }ren such that {¢”|SN’1} converges in LQ(Sffl) by the classical Rellich-
+

neN
Kondrakov Theorem on compact manifolds with boundary, see [5]. Proceeding in the same way

for {fbnk_ ‘SNfl}neN in H'(SY71), we conclude that there exists a subsequence {¢nkh trhen which
converges both in L*(SY¥~!) and in LQ(Si\_f_l)7 hence in L2(SN—1). O

Proposition 6.2.
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(i) The point spectrum of (7)) is a diverging and increasing sequence of non-negative eigenval-
ues {uk tren of finite multiplicity and the eigenvalue po = 0 is simple. Letting Ny be the
multiplicity of ui and Vi be the eigenspace associated to g, there exists an orthonormal
basis of L?(SN=1) consisting of eigenfunctions {Yk.i}keni=1....N, such that {Yi}iz1. . N,
is a basis of Vi for any k € N.

(i) For any k € N

.....

(95) e = w

Moreover any eigenfunction of belongs to L>(SN1).

Proof. The proof of (i) follows from the classical Spectral Theorem for compact self-adjoint oper-
ators, taking into account Proposition[G.I] We prove now (ii). If x is an eigenvalue of (7) and ¥

. . . _ _2\2
an associated eigenfunction, let o := 7% + 4/ (%) + p and

W(r6) :=r°W(0), for any r € [0,00), 0 € SN71\ .

Since ¥ is an eigenfunction of (Z) then W is harmonic on B; \ T’ and %t/zv = %;ZV =0onT.
Therefore we deduce from [10] that there exists k € N such that o = % and so p = W.
Moreover from [10] it also follows that W € L>°(Bj) hence ¥ € L>°(SN1).

Viceversa, if we let £ € N and define W in cylindrical coordinates as

k

kt
W (', rcos(t), rsin(t)) := r2 cos (5) for any 2/ € RN72 r € [0,00), and ¢ € [0, 2],

then W is harmonic on Bj \ I and %t}f = %;KV =0 on I. Since W is homogeneous of degree
k/2, then

W (r) = r>0(g), for any r € [0,00), and § € SN "1\ %,
where ¥ =W . Then from

P (@m(@) + w\y(e) + ASNI\IJ(G)) =0, ref0,00), SN\,

we deduce that ¥ solves with p = W_ .

Remark 6.3. The traces of eigenfunctions of problem on both sides of ¥ (i.e. the traces of
restrictions to Sf ~1and Sf ~1) cannot vanish identically.
Indeed, if an eigenfunction ¥ associated to the eigenvalue py is such that the trace of \II‘SN,l
+

on ¥ vanishes, then the function W (x) := |z|*/2¥(x/|x|) would be a harmonic function in RV \ T
satisfying both Dirichlet and Neumann homogeneous boundary conditions on the upper side of
the crack, thus violating classic unique continuation principles.

7. THE BLOW-UP ANALYSIS

Throughout this section we let u € H!(Bgr \ I') be a non-trivial weak solution to with f
satisfying either (HI) or (H2), U = uo F € H'(B,, \T) be the corresponding solution to (26), 7o
be as in (B5) and r; be as in Proposition 2.1 For all A € (0,r), let

UAy)

96 WH(y) = ——=2L  for an € By-1,, L.
(96) () O Y Y € Byx-1, \

For any \ € (0,70) it is easy to verify that W* € H'(By-1,, \T') and W satisfies

Bxflrl

(97) /B L ACUTIP) - Voly) dy — ¥ / FOWWA 1)é(y) dy = 0
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for any ¢ € H5183A71T1 (Bx-1,, \T). In other words W is a weak solution of

—div(AA)VIWA) = X2 fF (A )W, in By-1,, \T,
(98) (

ANV vt = ANV WA~ =0, onT,

for any A € (0,r¢). Since By C By-1,, for all A € (0,79), it follows that, for any A € (0,7¢),

(99) /B AT Tt dy = [T W) dy =0

B1
for any ¢ € Hj yp, (B \ I). Furthermore by a change of variables, (96) and (65),

(100) / p(NO)|[W*(0)|2dS =1 for every A € (0,r¢).
SN—-1

Proposition 7.1. Let W* be as in ([@6). Then {W>}yc(0,r0) s bounded in H*(By \T).
Proof. We have

[ ooy =2 [ Uy < N+
Bi\l H(\) BA\T N 277f()‘) 1- 277;’()‘).
by (37). Then thanks to (89), (36), (55), (34), (19), and (100) we conclude. O

The following proposition is a doubling type result.

Proposition 7.2. There exists a constant Cy > 0 such that for any X € (0,7%) and T € [1,2]

1
(101) FH(T)\) < H\) < CLH(TN),

1
(102) / WA () Pdy < 2V / WA )P dy,

BT Bl
and
(103 [ wwrepa <o [ 9w )Ry,
BT\F Bl\F

Proof. From (89), (84), (70), and we deduce that there exist two constants £; > 0 and r2 > 0
such that, for any r € (0,ro),

2
r

2n¢(r) < H'(r) < 2N (1) + K1 R

r T H(r) — T ~r
Then (101) follows from an integration in (A, T'A) of the above inequality. Furthermore from (101}
we obtain that, for any A € (0,7) and T" € [1,2],

S_

o wkay =5 [ 00Rdr < sy [ vwk

:clzN/ (W (y)]? dy.
B
In the same way (103) follows from (101). O

Proposition 7.3. Let M be as in Proposition[5.7 and W* be defined in (9€). Then there exist
M >0 and Ao > 0 such that for any X € (0, \o) there exists Tx € [1,2] such that XTI\ ¢ M and

(104) / [VIWA2 dS < M/ (VWA + W) dy.
dBr, By, \I
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Proof. Since {W*},¢(0,r0,/2) is bounded in H(B; \ I') by Proposition[7.1] ([I02) and (I03), then
(105) limsup/ (VW2 + |[W?) dy < +oc.
A—=0+ JBo\T
By the Coarea formula, for any A € (0, %) the function
an(r) = [ (VWP AR dy
BT

is absolutely continuous in [1, 2] with weak derivative
gr(r) :/ (VW2 + (W) dS  for a.e. € [1,2],
9B,

where the integral f OB |VW)‘|2dS is meant in the sense of Remark[5.3] To prove the statement
we argue by contradiction. If the conclusion does not hold, for any M > 0 there exists a sequence
{An}nen C (0,79/2) such that lim,,,~ A, = 0 and

/ (VWA W2 dS > M [ (VW2 + W ]?) dy
0B, B\
for any n € N and r € [1,2]\ ﬁM, and hence for a.e. r € [1,2]. Hence
g, (r) > Mgy, (r) for any n € Nand a.e. r € [1,2].
An integration in [1, 2] yields

limsup g, (1) < e~ M limsup g, (2)
n—00 n—00

hence

liminf gy (1) < e lim sup g»(2).
A—0t A—0t

In view of (105), letting M — oo we conclude that

liminf/ (VWA + (WP dy = 0.
B\l

A—0t

Then there exists a sequence {p,, }ren such that We» — 0 strongly in H'(B;\I') as n — oc. Due to
the continuity of the trace operator «; defined in Proposition[3.]and (20), this is in contradiction

with (1I00). O
Proposition 7.4. There exists M > 0 such that
(106) / VWA 248 <D for all ) € (O,min {%0 )\0}) .

§N-1

Proof. Since

N3N H()\)
VWA 24 = 22— / IVU(A\y)|?dS = T3~ / VW2 ds,
/sm H(AT) Joby, Y HQOD) Jos,,

then, by (I01)), (102), (I03), (I04), and the fact that 1 < Ty < 2, for any A € (0, min {22, Ao }) we
have that

/ VIV 2 dS < 201 M (VWA [WAP) dy
SN—I

Br \T'

<Nty (VWA 4 WA 2) dy.
B\’

Therefore we conclude thanks to Proposition O

Thanks to the estimates established above, we can now prove a first blow-up result.
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Proposition 7.5. Letu € H'(Br\T), u # 0, be a non-trivial weak solution to (1)), with T defined
in @)-(@) and f satisfying either (HI) or (H2), and let U = uwo F be the corresponding solution

to (26). Let v be as in @0). Then

k
(107) there exists ko € N such that v = 30.
For any sequence {\,}nen with lim, oo A, = 0 there exists a subsequence {\,, }ren and an

eigenfunction W of problem (7) associated to the eigenvalue pu, such that || 2gn-1) =1 and

(108) Tny) — |ly|"¥ (i) strongly in H*(By \ T).
H(\ny) [yl

Proof. Let W be as in for any A € (0, min{%”, )\0}) and let us consider a sequence {\, }nen

such that lim, o, A, = 0. From Proposition [7.1] {W*™ : \ € (0, min {%0, )\0})} is bounded in

HY(By \T). Therefore there exists a subsequence {W*"+"r }, oy € HY(B; \ ') and a function

W € HY(B; \ T) such that W™ — W weakly in H(B; \ T'). By compactness of the trace

operator 7, (see Proposition[3.1), (20), and (100), it follows that

(109) W2dsS =1
0By

and so W # 0 on By \T.
By Holder’s inequality and (35) we have that, for every ¢ € H*(B; \ T),

(110)

X [ FounA et dy‘

By

< N, (1) ( [ wwrrays [ |WA|2ds>
B\l 0B,

By (36) and a change of variables we have that

(111) )\277f(>\)(1) = SN,Qe)\2 (/B

= SN AT ey, O a8 A 0%,

From (I10), (111), the boundedness of {W*} in H'(B; \T) (established in Proposition[7.1) and
of the traces (following from Proposition[3.1), we deduce that

(112) Jdim A3 /B F O T, )Wk (y)ly) dy = 0,
1

1 1
2 2

(/Bl\f IVo|* dy + /631 ¢” dS)

_ . =
|f(Ay)| =z dy)

1

for every ¢ € H'(B; \ I).
Let ¢ € Hj 5p, (B1\T). We can test (39) with ¢ to obtain

(113) /B \F AN T, y) VWA D () - Vo (y) dy

= ()\’nk T)\nk )2 B f()\nkT)\nk y)WAnkTAnk (y)(b(y) dy)
1

for any k € N. Since W™+ Dne — W weakly in H(B; \ T'), by ([[7) we have that
(114) im [ AQw T, ) VW (y) - Voly) dy = / VW - Vo dy.
k=00 B \F k Bi\I'

Therefore, for any ¢ € HOI,BBl (B; \T') we can pass to the limit as k — oo in (II3) thus obtaining,
in view of (114) and (112]),

/ VW - Védy =0,
Bi\T
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i.e. W is a weak solution of

—AW =0, on B\ T,
(115) oW oW s
ovt v ne

We note that, by classical elliptic regularity theory, W is smooth in B; \f‘
In view of (@8] and Propositions[T.3]and [5.7] by scaling we have that, for every ¢ € H'(B;\T),

(116) /B \F A, T, ) VWD () - Vg (y) dy

— A Ta ) [ FOn Ta, p) W (1) g(y) dy
B,

- /63 (AAn, Tx,, ) VWD () - 1) 6(y) dS.

Thanks to Proposition[Z.4land (I4) there exists a function h € L?0Bj) such that
(117) (A, T, ) VWA Do (y) 1) = b weakly in L2(0By),

up to a subsequence. By the weak convergence WD < W in HY(B; \f‘), (@, (I12), and
(117), passing to the limit as k — oo in (1106), we obtain that

(118) ~vvv-wmyz/ ho dS
B\l 0B,

for any ¢ € H(B; \f‘) From the compactness of the trace operator v; (see Proposition[3.1]) and
(117) it follows that

lim (A, T, y) VWA D () o)y WA D () dS = / hW dS.
k—o0 9B, k 0B,

Therefore, recalling estimates (I10), (111, and the boundedness of {W*} in H'(B; \T), choosing
¢ = WD in (TT6) and passing to the limit as k — oo, we obtain that

(119) Jim A, T, y) VWA g o dy = / AW dS.
= JBI\T 9B
From (II8) and (I19) it follows that
Jlim A Ty, y) VWA Do g AT dy = / VW2 dy
= JBI\T B1i\T
and so, thanks to (17),
(120) WD 5 W strongly in H'(By \ T).

For any k € N and r € (0, 1) let us define

Ek(’l‘) = r27N/ ~(A()\nkT>\nk y)VW)\"k'TA"'k .VW)\"kank
B, \I'

- ()\nkTAnk )Qf()\nkT)\nk y)lWA"kTAnk |2) dy)

Hy(r) := TlfN/ H(/\nkTAnkyﬂW)‘"kTA"k |dS, and Ni(r) :=
OB,

By a change of variables it is easy to verify that, for any r € (0, 1),
B BT, 1)

121 _ _ _ S
( ) Nk‘ (T) Hk (T) H()\nk T)\nkT‘) N()\nk )\nkT)
For any r € (0,1), we also define
Hy (r) = '™ / WI2dS,  Ew(r) =" / YWPdy and Aw(r) = 220
OB, Br\f Hw(’l“)
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The definition of Ny is well posed. Indeed, if Hy (r) = 0 for some r € (0,1), then we may
test the equation (II5) on B, with W and conclude that W = 0 in B,. Thanks to classical
unique continuation principles for harmonic functions, this would imply that W = 0 in B;, thus

contradicting (109).

Thanks to (I20), (TTI0)-(TII) together with the boundedness of {W*} in H'(B;\T), (I7), 0D,
and Proposition[5.12] passing to the limit as k — oo in (IZI])) we obtain that

(122) Nw (r) = kILH;oNk(T) = kILH;ON(AnkTAnk r) =~ for any r € (0,1).

Then Ny is constant in (0,1). Following the proof of Proposition inthecase f=0and g=0
(where g is the function defined in (5)—(6)), so that A = Idy and p = 1, we obtain that

o ((F, 1881 45) (o, 9755) ~ (i, W0 08)")
>
(Jo, W2ds)” -

for a.e. v € (0,1). It follows that ([, [X]* dS) ([, W2aS) = (f,p, W5 ds)2 for a.e.

r € (0,1), i.e. equality holds in the Cauchy-Schwartz inequality for the vectors W and %—VX in
L?(9B,) for a.e. r € (0,1). It follows that there exists a function ((r) such that

0= Ny (r) >

(123) %—W(TG) = ((r)W(rf) for any §# € S¥71\ ¥ and a.e. 7 € (0,1].
v
Multiplying by W (r) and integrating on S™¥~1 we obtain
/ W orywroyas = cr) [ w2or) ds,
SN—1 v SN-1

so that ((r) = Hw ) 2 by Proposition[5.2]and (122). Integrating (I23) between r € (0,1) and

2Hw ()
1 we obtain that

W(rf) =r"W(16) = r"¥(9) for any § € S¥71\ ¥ and any r € (0, 1],
where ¥ = Wign-15. Then ¥ € H'(SN~1\ ¥); furthermore, substituting W (rf) = r7¥(f) in
(I15) we find out that ¥ is an eigenfunction of (7)) with (7 + N — 2)v as an associated eigenvalue.
Hence by Proposition [6.2] there exists kg € N such that (y + N — 2)y = w
from Proposition [5.12] that v > 0, we then obtain (107).

To conclude the proof it is enough to show that W — W strongly in H'(B; \f‘) (possibly
along a subsequence). Since {W*7+ } ey is bounded in H'(B; \T) by Proposition [} there exists
a function W € HY(B; \T') and T € [1,2] such that WA — W weakly in H'(B; \ ') and
Ty, — T, up to a subsequence.

Moreover, since {W*"+Dni } oy and {|[ VW T ni ey converge strongly in L2(B;) by (120),
they are dominated by a measurable L?(Bj)-function, up to a subsequence. Similarly, thanks to
(I0T), we can suppose that, up to a subsequence, the limit

H(\, T
¢:= lim HOwDy,)

exists and it is finite and strictly positive. Then for any ¢ € C°(B;) we have that

lim [ W (y)d(y)dy = lim T / WA (T, y)6(Th,, ) dy
k—o0 k— oo k B

. Recalling

T;nlk
H(M\,, Ty, ) o
lim T — k7 W= Ang "k T d
11m An H(Ank) /B » k (y)¢( Anky) Yy
T%nk

=TN/¢C W(y)o(Ty)dy = /< | W(y/T)é(y) dy,

B, By
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thanks to the Dominated Convergence Theorem. By density the same holds for any ¢ € L?(B;).
It follows that Whne — /W (-/T) weakly in L?(B;). Hence, by uniqueness of the wealk limit, we
have that W () = /(W (-/T) and W — /(W (-/T) weakly in H'(B; \ T'). Furthermore

lim [ VW ()P dy = lim T3 /B VWA (T, v dy

k—o0 By \F T*I \F

Any
= ]Jm TN_QiH()\nkTAnk)/
B

T)\n An 2
k—o0 Ang H(Ank) D |VW o (y)| dy

1 \[
T*"k-

—rN [ WP = [ VOV /D) dy,
Byo1\[ Bi\T
Then we can conclude that W — W = /W (-/T) strongly in H*(B; \ T'). Moreover, by

compactness of the trace operator y; (see Proposition [3.1), (20), and (I00), we deduce that
Jom, W2dS = 1. Then, since W (r) = r'# ¥(0), we deduce that

W(r0) = /CW (%9) - <%>%T%U\P(9) - (Tik) W (r6)

and
7 ¢ 2 ¢
1= W?ds = W2ds = ——,
2B, % Jop, T*o
thanks to (T09). Therefore W = W and the proof is complete. O

We are now in position of prove Theorem

Proof of Theorem[I.2] Let us assume that Trj" u(z) = O(|z|*) as 2| = 0, 2 € T, for all k € N
(a similar argument works under the assumption Trp u(z) = O(|z|¥)). Letting U = u o F, by the
properties of the diffeomorphism F' described in Proposition[2.1] we have that Trli' U(z) = O(|z|%)
as |z| — 0T, so that, for all k € N,

(124) INFTE U o pymmy = 0 as A — 0%,

On the other hand, if, by contradiction, u # 0, by Proposition and classical trace theorems
there exist kg € N, a sequence ), — 07, and an eigenfunction ¥ of problem such that

Tt U\, -
(125) lim ITre U zsinry Hﬂf (Iylw (i))’ _#0,
n—00 H(\,) r ly] L2(B;NT)
where the above limit is nonzero thanks to Remark Combining (124) and ([I25) we obtain
that
JHEM,

lim %:O for all k € N,

n— o0 n
thus contradicting estimate ([92). O

8. ASYMPTOTICS OF THE HEIGHT FUNCTION H(\) AS A — 01, WHEN N >3

In dimension N > 3, we can further specify the behaviour of U()\-) as A — 0T, deriving the
asymptotics of the function H()\) appearing as a normalization factor in the blowed-up family
(96). Let {Yi.ilkeni=1.. N, be the basis of L2(SV~1) given by Proposition [6.2] Let N > 3,
u € HY(Bg \T') be a weak solution to (1), with T' defined in ([3)—(4) and f satisfying either
or (H2), and let U = u o F be the corresponding solution to (26). For any X € (0,7), k¥ € N and
i=1,..., Ny we define

(126) oni()) = /S _ UCOYi(0)dS
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and
Ven-1Yg
(127) Thi(\) ::f/ (A Tdy)vu - Yo Yo/l
B\l |y
7 Y
+ f(y)U(y)Yk,i(y/lyl)der/ (A= 1dN)VU - =Yi(y/lyl) dS.
BA BBA |y|
Proposition 8.1. Let kg be as in Proposition Then, for anyi=1,..., Ng, and r € (0,7¢],
ko ko 2N +ko—4 [T _N+1-%0 .
(128) ) =N (1R o)+ g [ Trols) ds
I{ior_N+2_k0 Koy ko
_— 2 7 Yy, i(s)d A2 A— 0t
+2(N+k072)/08 Ko,i (S) s)—|—0( ) as A —

Proof. For any k € N and any i = 1,..., N we consider the distribution ¢x; on (0,r9) defined as
T0 -
o0y {Coits @05y = /O w(N) ( /S FOOUO)Yk0) dsg) dx
[ @190 S (Nl Yo/ 191
By \T

for any w € D(0,1).
Since Yy ; € L .(0,79) by (I27), we may consider its derivative in the sense of distributions.
A direct calculation shows that

(129) Thi(N) = AV 1Gi (V)

in the sense of distributions on (0,7¢). From the definition of (g ;, , and the fact that Yy ; is a
solution of we deduce that

N -1 I
— i) — T‘P%,i()\) + A—ka,i(k) = Ci,i(N)

in the sense of distribution in (0,r(); the above equation can be rewritten as
—ON TR T o (N)) = AV TR G (),

thanks to (@5). Integrating the right-hand side of the equation above by parts, since (129) holds,
we obtain that, for every r € (0,79), k € Nand i = 1,..., Ny there exists a constant ¢y ;(r) such
that

. k "okl
A o) = AN () — SAT N (ck,i(r>+ A s* 7 Tra(s) ds>

in the sense of distribution on (0,70). Then ¢y () € W21 (0,79) and a further integration yields

loc

(130) ©ri(A) = A% <T§<Pk,¢(7’> +/ SiNJrli%Tk,i(S) ds)
A

- g)\g (/ s NHLIR (Ck,i(r) +/ £ (1) dt) ds
A s
2N +k—4 "
a8 (ot + g [ ) )

& kg i (r)yr N2k RAN+23 /T k_q
— A2 . i t27°Y it dt | .
2AN+k—2)  2NtE—-2) cki(r) + N kai(t)

Now we claim that, if kg is as in Proposition[7.5] then

(131) the function s — S_NH_kTOTko,i(s) belongs to L'(0, 7).



30 VERONICA FELLI AND GIOVANNI SICLARI

To this end we will estimate each terms in (I27). Thanks to (I7), Hélder’s inequality, a change of
variables and Proposition[7.1] we have that

/ (A—Tdy)VU - Vv -1V, (y/]y])
B\ |y|

< const (/ i |VU|2dy> (/ ) |VSN1Yk0,i(9/|y|)|2dy>
BT BT

< consts T s H(s) (/ CIVWEy))? dy) < const s’V 1 /H(s).
Bi\T

| Vv -1 Yo i (y/ly])]

dy
lyl

dy

< const/ ly||VU
BT

N

From Holder’s inequality, (35), (I9), and Proposition [Z1]it follows that

(/B |f(y)|Yk207i(y/|y|)dy)

s

2

[ Fwveyiia) < ([ 1Fows)

s

S\

< const sN DT\ /H(s).

s

3 3
< const s Wi (/ ~|VU|2dy+sN2H<s>> (/ ~|wko,z-<y/|y|>|2dy+sN2)
B

Furthermore, in view of (7)), for a.e. s € (0,70) we have that

/ (AIdNWUiYko,i<y/|y|>ds\ < consts / VU |[Yi 45/l dS
OB, |?J| OB,

and an integration by parts and Holder’s inequality yield, for any r € (0, ro],

T kO _ _k_U
/o s (/63 |VU||Yko,z-<y/|y|>|dS) ds =1~ N*2F [ VUV (y/ )]

BT

k " 0
s(woze ) [fant ( / |VU||Yko,i<y/|y|>|dS> ds
2 ) Jo BT
< const (7‘1_%0 VH(r) +/ s F vV H(s) ds) ,
0

reasoning as above. In conclusion, combining the above estimates with (I07) and (91]), we obtain
that, for any r € (0, 7],

T s K .
(132) / e | |Try.i(s)| ds < const (Tl_kTO VH(r) Jr/ P A S H(s) ds)
0 0
r 2e— N de
< const (T +/ §NT2 ds) < const rN+z2e
0
which in particular implies (I31). By (I31), it follows that, for every r € (0, ro],

ko [ ko 2N +ko—4 [T _nii_ko koCry i (r)r— N2 —ko
133 A i i L S Th i(s)ds — 0,
(133) 2 (r 2 Pk, (T)+2(N+k0—2)//\ s 2 Thy,i(s)ds 3N 1 ko —2)

) (AL) —o (A*N”*%”) as A — 0F

ko
2

and s — s2 Ty, i(s) belongs to L(0,rg).
Next we show that for every r € (0,rq)

(134) Cko,i(r) + / tkTo*lTkoﬁi(t) dt = 0.
0
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We argue by contradiction assuming that there exists r € (0,r9) such that (134) does not hold.
Then by (I30) and ([I33)
koA N+2-73 " ko 1
135 i)~ i t2 T i (t) dt A= 0t
(139) i)~ g (e [ T T ) as
From Hélder’s inequality, a change of variables, and

r0 0 2
/ M3 one (N2 dX < / ANV=3 (/ |U()\9)|2dS> d\ = / |U2 dy < 400
0 0 sN-1 B, Yl

thus contradicting (I35). Hence (I34) is proved.
Furthermore from (132) and (134)

r A
(136) ’A—N”—%“(cm(rwr/ tkTO_lTkmi(t)dt)’:)\_N”‘%o / £ 1T () dt
A

0

k A k
< AN / N2t t_N+1_TTko,i(t)‘ dt
0

S
<\? / ‘t’NH’%OTkU,i(t)‘ dt =0 (A—N‘fzﬁ%(’) as A — 0.
0
Then the conclusion follows form (130), (134), and (136). O

Proposition 8.2. Let « be as in (90). Then
lim r*YH(r) > 0.

r—0t

Proof. For any A € (0,79) the function U()\:) belongs to L2(SN¥~1). Then we can expand it in
Fourier series respect to the basis {Yk,i}keN7i:1,___7Nk introduced in Proposition

oo Ng

)=> > eri(MYi,; in 2SN,

k=0 i=1
where we have defined ¢, ;(A\) in for any k € N and any i = 1,..., Nj. From (20), a change
of variables and the Parseval identity

oo Ng
(137) H()\):(1+O()\))/SN71U2()\9)CZS 1+00) Y loni (V)
k=0 i=1

We argue by contradiction assuming that lim,_,q+ r?Y H(r) = 0. Then by (I317), letting ko be as
in (107,
(138) lim A\~ ©Okoi(A) =0 foranyi=1,..., Ng,.

A—0t

From (128) it follows that

_ko 2N +ko—4 [" _Nii1_ke
(139) o)+ gy ey ) 9 Tt d
k T7N+27k20 T ko
+M/ 52 MMy i(s)ds =0

for any r € (0,79) and any i = 1,..., Ng,.

In view of [@G), (I26), (I32), and ([I36), (I39) implies that
(140) \/H(A)/ WY, dS = grg i(N) = O(Aﬁ“?”) as A — 0F
SN—I

for all i = 1,..., Ni,. From (92) with o = N+2 we have that \/H a G AT Py ina
neighbourhood of 0, so that (140) implies that

(141) WYy, dS = O(A%) —o(1) as\—0F

SN-1
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foralli=1,..., Ng,.
On the other hand, by Proposition [.5land continuity of the trace map v (see Proposition[3.1)),

for every sequence \,, — 07, there exist a subsequence {\,, } and ¥ € span{Yy, ; : m =14,..., Ng,}
such that
(142) W) p2@v-1y=1 and W — ¥ in L*(SV71).

From (I41) and (I42) it follows that

0= lim WA W dS = [[W]|72gn -1y = 1,

k—oo JgN -1

thus reaching a contradiction. ([

We are now ready to prove he following result, which is a more complete version of Theorem[I.3]

Theorem 8.3. Let N > 3 and let u € H'(Br \T') be a non-trivial weak solution to (1), with T
defined in (3) (@) and f satisfying either assumption (1) or assumption (2). Then there exists
ko € N such that, letting N be as in Section[5

(143) lim N (r) = @.

r—0t 2
Moreover if Ny, is the multiplicity of the eigenvalue p, of problem and {Yko,i}izl,___71vk0 s a
L2(SN=1)-orthonormal basis of the eigenspace associated to puy,, then

(144) )\_%Ou()\-) —® and AF (Vearuw) () — Ven\p® i L*(By) asA— 0%,

where

(1,..an,) #(0,...,0) and, for all i € {1,2,..., Ni,},

(145) oy = rko/? /SM u(F(r0))Yk,,i(0) dS

L (roN—t s

i /0 ( NG aNarR | Thea(s)ds
for any r € (0,79) for some ro > 0, where we have defined Ly, ; in ((2Z7) and F is the diffeomor-
phism introduced in Proposition[2_1]

Proof. (143) directly comes from (107). Let U = wo F and {\,}nen be a sequence such that
lim;, 00 A, = 0F. By Proposition[7.5]land Proposition[8.2]there exist a subsequence {\,, }ren and
constants as, ..., an, such that (a1,...,an, ) # (0,...,0) and

Ny,
_ko Q

k ~
A2 U y) = 1912 ) 0V (%) in HY(B;\I') as k — co.
i=1
Now we show that the coefficients as, ..., ax,, donot depend on {\, },en nor on its subsequence
{Mns }ken. Thanks to the continuity of the trace operator v; introduced in Proposition[3.1]
ko Nko
An? UAn,) = Y oYy in XSV ask — oo

i=1
and therefore, letting ¢y, ; be as in (126) for any ¢ =1,..., Ni,,

ko
lim x’%”@ko,i@nk) = lim A KO0 (X 0) Vi 4(0) dS = Zaj/ Yio.j Yeo.i dS = .
k— oo §N-1

k— -
oo JgN-—1 =1
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On the other hand by (128)

.\ _ko _ko 2N +ko—4 [T _nii_ho
A= o i (Any ) =17 %,,z'(r)er/o s NI Ty, () ds

k0T7N+27k0 " kg 1
o F-ly,
TN TR —2) /0 8% houls) ds,

foralli=1,..., Ng, and r € (0,7¢], where we have defined Yy, ; in (I27). We deduce that

ko ON +ko—4 [T i1 ko
146 P = 2 i —_—— + 2 T i d
( ) & r (lpk()a (r) + 2(N + kO _ 2) /0 S k07 (S) S

koTﬁN+2ik0 " kg 1
v ¢RIy, (s)d
+2(N+k:0—2)/052 kosi(s) ds

and so «a; does not depend on {\, }nen nor on its subsequence {A,, }ren thus implying that
k k Nk[)
(147) AU = 7Y iV (I?yl) in HY(B; \T) as A — 0%,
i=1

To prove (144) we note that

kg

A Fu(ha) = A FUNGA(2), ¥ (A*’%"U(Agg)) —Vv (A*TU(A:E)) (GA(@))Jas (x),

where Gi(z) = +F~!(A\z) and F is the diffeomorphism introduced in Proposition 21 We also
have by Proposition[2.T]that

Gia(z) =2+ O(\) and Jg(z)=Idy+O(N)

as A — 07 uniformly respect to x € By. Then from (I47) we deduce (I44) and (I45) follows from
(6) and (TZ6). O
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