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1 Introduction

The post-LHC generation of high-energy physics experiments will most likely be at lepton
colliders. The vast majority of extensive feasibility studies for such colliders have been, and
are, carried out by assuming electron/positron beams, with either a circular or a linear
geometry. An interesting alternative option is that of a u*u~ collider; while the technical
difficulties of controlling and accelerating muon beams remain significant, so are the benefits
stemming from building such a machine. Among these, a prominent one is the possibility
of achieving much larger c.m. energies w.r.t. those relevant to eTe™ colliders with much
smaller rings; to be definite, we shall assume that at the typical pu*u~ accelerator one will
have /s = O(1 — 10 TeV).

Because of the large collider energy, the incoming muons are expected to copiously
radiate before initiating the hard process; in fact, the particles produced during this
radiation phase may eventually undergo hard collisions themselves. Thus, the situation
is quite analogous to that of hadronic collisions, and indeed production processes can be

described in the same manner, namely by means of a collinear-factorisation formula
Ou+p— Sxl( /ledZQ i/ ut (z1)T 3/ (ZQ)@'Z'j_»((ZlZQS) , (1.1)

in which process-independent Parton Distribution Functions (PDFs, T; Jut and I /u*) are
convoluted with process-specific short-distance cross sections (6;;—x ), in which partons (z
and 7) that emerge from the muon beams collide in the hard process. This picture is of
course valid for eTe™ collisions as well; the difference between the two is that the larger pu+ ™
c.m. energies imply that the muon PDFs can be probed at values of their arguments (the



“Bjorken x”, z1 and z3 in eq. (1.1)) which are much smaller than their electron counterparts,
since when the outgoing system X is produced in the central region of a detector with
an invariant mass squared equal to @2, then 212 ~ V/Q?/s. With that being said, the
peculiarity of lepton colliders w.r.t. to hadron ones is that the majority of hard collisions
still result in large-invariant mass systems, and are due to partons whose identities are the
same as those of the respective beams, i.e. i = u* and j = pu~, since I,z /= (2) ~ §(1 — 2).
Conversely, when Q? < s, the production process is generally initiated by partons whose
identities are different w.r.t. those of the respective beams (i # p* and j # p~), since
for these partons the PDFs peak at small z’s. We point out that the set of such partons
includes the strongly-interacting ones, i.e. the quarks and the gluon.

It is therefore important, in the context of u*u~-collider studies, that muon PDFs
be available for all possible parton types. This necessity has recently been addressed by
two different groups [1-3], which have essentially used the same approach. In this paper
we follow a strategy that differs from that of refs. [1-3] in three major aspects; we shall
comment in detail about these in section 2. The technical features of our work are discussed
in section 3, and the resulting PDFs are presented in section 4, where we also give sample
predictions relevant to dijet production. Finally, we conclude and give an outlook on future
work in section 5.

2 DMotivations

There are three defining features of the PDFs of refs. [1-3]. Firstly, the strong-coupling
constant is set equal to zero for all scales below a certain threshold, ag(u) = 0 for p < Qy,
while above that threshold a perturbative RGE-evolved form is adopted.! Secondly, the
W and the Z bosons are regarded as partons, and included in the evolution above the
EW scale. Thirdly, the evolution starts from leading-order (LO) initial conditions, and is
leading-logarithmic (LL) accurate. We shall now comment on these aspects, w.r.t. which
our work has significant differences.

As far as the treatment of strong interactions is concerned, one must bear in mind that
lepton PDFs are naturally evolved starting from a scale pg of the order of the lepton mass,
and ideally strictly equal to the mass itself (lest spurious logarithms are generated in the
evolution [4]). By considering strongly-interacting partons, one is therefore in principle
forced to evaluate as at scales of the same order as Aqcp, thus outside of the perturbative
domain. As was said before, this problem is circumvented in refs. [1-3] by simply switching
QCD off below a scale Qo = O(1 GeV). Obviously, this is a purely technical procedure: no
dynamical mechanism is invoked that could result in this behaviour. More concerning, a
strategy of this kind can be seen as equivalent to a renormalon-inspired approach whereby
Qo is a free parameter whose value is completely unconstrained, and fixed a posteriori in
an observable-dependent manner (see e.g. ref. [5] for a discussion that focuses on cross
sections). In the context of PDF evolution it is unclear whether such a potential dependence
on the observable destroys PDF universality and, more pragmatically, how the value of Qg
should be chosen (ref. [2] sets Qo = 0.5 GeV and considers Qo = 0.7 GeV as an alternative

1Qo is denoted by pqcp and Qqcep in ref. [2] and ref. [3], respectively.



option, whereas in ref. [3] variations in the range 0.52 < Qo < 1 GeV are explored, the
default value being Qo = 0.7GeV). In this paper, we instead adopt a simple analytical
parametrisation [5] of ag which is valid for any non-null scale value and is inspired by a
dispersive approach; we shall discuss this in section 3.1.

For what concerns the heavy EW vector bosons V = W, Z, we remind the reader that
the argument for treating them as partons amounts essentially to saying that, since m%/ < s,
one is in a regime of collinear dominance, where the boson mass is negligible, and its role is
thus similar to that of any light particle. In fact, the actual condition is whether m%/ < Q?
or not, where Q? is the invariant mass squared of the system produced in the hard collision.
However, as was discussed in section 1, for partons different from the muon (therefore
including the vector bosons), the cross section associated with invariant masses of the order
of the c.m. energy is very small, being strongly suppressed by the z — 1 behaviour of the
PDFs themselves. In order to be slightly more quantitative, let us consider the typical figure
of merit of collinear physics, which in the case of a vector boson V reads ay, /7 log(Q?/m?).
For this to have, say, the same value (0.067) as its analogue /7 log(s/m?) relevant to an
electron in a /s = 350 GeV collision (i.e. at the FCC-ee) one needs /Q2 ~ 2TeV. The
c.m. energy required for this value of Q? to correspond to a non-negligible cross section
depends of course on the process considered, but an average rough estimate would lead to
tens of TeV’s (see e.g. figure 1 of ref. [2]). This is in fact compatible with observations made
elsewhere (see e.g. refs. [6, 7]) that for true collinear dominance to be achieved in the case of
massive vector bosons, and thus for resummation to be necessary, the energies involved need
to be much larger than those suggested by naive logarithmic counting. We also point out
that with \/Q2? = 2TeV one has m?,/Q? ~ 2:1073; for comparison, (ay /7)% ~ 1.1-107%;
in other words, power-suppressed effects are larger than the coupling-constant factor of a
2 — 2 + n process relative to a 2 — n one.? Finally, we mention the fact that the inclusion
of EW heavy bosons in the set of partons implies that the evolution above the EW is carried
out in the unbroken EW phase. The practical consequence of this is that there will exist
PDFs associated with non-standard objects, namely the “Z/~ interference”, that are meant
to be convoluted with interference matrix elements (i.e. whose amplitudes on the left- and
right-hand side of the cut differ); matrix elements of the latter kind are presently not readily
available in codes that compute short-distance cross sections (see however refs. [8-10] for
recent progress). For all these reasons, in our approach we do not treat the EW heavy
vector bosons as partons, and we do not include them in the evolution of our muon PDFs,
regardless of the scale considered.

Finally, refs. [1-3] work at the LO+LL precision. This implies that the only non-null
initial condition is that of the muon (equal to (1 — z)), with all of the other PDFs generated
dynamically, with evolution equations based on O(«) and O(ay) splitting kernels. While
presently this is a sufficiently pragmatic choice (to which we shall also adhere for our phe-
nomenological predictions), a future increase of accuracy may prove very demanding, since

2Roughly speaking, power-suppressed effects are neglected in a PDF-based approach, but exactly
accounted for in matrix-element computations. A 2 — 2 4+ n process is representative of a VBF-type reaction,
that may be described by employing two EW-boson PDFs, whose final state is produced at the leading order
by a 2 — n reaction.



it will entail the computation of the next-to-leading order (NLO) splitting kernels relevant
to the heavy-boson sector. Conversely, our approach is based on a simpler QED+QCD
evolution, for which all of the required kernels and initial conditions are available at least to
NLO; we can thus easily obtain NLO+NLL-accurate predictions. Importantly, an additional
benefit of that is the capability of studying explicitly the small-z behaviour of the PDFs.

We conclude this section with an aside that concerns the assumptions on small-scale
physics that enter the muon-PDFs determination. If one focuses on the strongly-interacting
partons, it may be tempting to describe them as the convolution of the photon quark
and gluon PDFs with a function that gives the collinear-photon content of the muon.
The latter would be the Weizsdcker-Williams function [11, 12], or any other Equivalent
Photon Approximation (EPA), while the former ones would be taken from available fits
(for those currently relevant, see e.g. refs. [13-17]). The underlying idea here is that,
thanks to their data-driven determinations, photon PDFs would bypass the necessity of
a theoretical modeling of the small-scale behaviour of ag. Unfortunately, such a strategy
suffers from severe drawbacks that prevent one from using it in practice. In particular, the
quality of photon-PDF fits is generally rather poor, thus inducing systematic uncertainties
comparable to or larger than those stemming from the assumptions on ag in the infrared
region. Furthermore, EPAs cannot describe the full complexity of the photon content of a
lepton at arbitrary scales (for a discussion specific to this point, see e.g. section 4.2.3 of
ref. [18]). In addition to this, it is necessary to bear in mind that the partonic contents
of the muon are still predominantly given by the muon itself and the photon, while the
presence of the other charged leptons must be taken into account too. It is unclear how
to combine the evolution of these partons with that of the strongly-interacting partons
originating from the mechanism sketched above. Even if successful, such a combination
would entail evaluating the photon PDFs at scales of the order of the muon mass, which
poses the very problem one sought to avoid in the first place when introducing these PDFs;
obviously, this is true regardless of the quality of the photon-PDF fits, and thus applies
even if that quality were to improve in the future. For all of these reasons, we deem that
the usage of photon PDFs is not adequate for obtaining reliable muon PDFs, and we shall
not discuss this approach any further in this paper.

3 Technicalities

We obtain the muon PDFs by following the same procedure as in refs. [4, 19]: the evolution
equations are written in terms of an evolution operator and of the initial conditions in Mellin
space, solved there, and inverted numerically back to the z space. The only differences
w.r.t. what has been done in refs. [4, 19] are: a) the inclusion of the O(ay) splitting kernels;
b) the addition of the gluon as an active parton. Furthermore, we neglect the contributions
of the O(a?) splitting kernels, since these are on the same footing as their O(a?) and
O(aags) counterparts, which we ignore here. These changes do not entail any conceptual
modifications w.r.t. refs. [4, 19], and only a few minor practical ones; more details are given
in section 3.2. For consistency, we use LO initial conditions, but we note that the O(«)
(i.e. NLO) ones computed in ref. [18] do not require any changes when strong interactions



are included (the effects of the latter being of O(aay) or higher). We take into account
all parton-mass thresholds: each parton participates in the evolution only at and above
the corresponding threshold, set equal to its mass (whose value is in turn that of the
PDG [20]), as is done in ref. [19]; the starting scale of the evolution pyg is set equal to the
muon mass. Finally, lest the stability of the results be degraded, at large z’s we switch from
the numerical to the analytical solution, and are thus able to obtain a smooth behaviour in
the whole z € (0,1) range; we point out that the analytical z — 1 solutions of refs. [4, 19]
are unchanged when including strong interactions (both at the LL and the NLL accuracy).

3.1 QCD at small scales

The setup just described, in particular the fact that po = m, and the inclusion of the O(as)
splitting kernels, requires that as(u) be computed for any > m,. As was anticipated in
section 2, we are able to do so by adopting the analytical parametrisation of ag of ref. [5].
We point out that, as for all approaches that assume a universal small-scale behaviour of
«g, this is expected to induce power-suppressed corrections of (’)(AépCD /Q%P) to observables
which, given the typical values of Q? relevant to u*pu~ collisions, we shall safely neglect
here. At the same time, using e.g. a dispersive approach [21], one sees that the singular
behaviour of QCD structure functions is unaffected [22] by the small-scale behaviour of ag,
and thus that the evolution equations are unchanged.

As far as the strong coupling constant is concerned, for a better phenomenological
treatment we use the two-loop QCD 3 function:?

Baep(as) = —boai — biad + O(ay), (3.1)
with
11C, — 2Nz
b= —£  — © 2
0 27 (3.2)
1702 — 5C, Ny — 3C: Ny
by = L , (3.3)

and the number of flavours Ny is understood to be that relevant to the scale range one
is working in. Thus, Ny = 5 for p > mp, Ny = 4 for m, < up < myp, and Np = 3 for
po < p < me (note that following refs. [19, 20] we assume ms < m,,). The exact solution
for as(p) of the RGE stemming from eq. (3.1) is:

RGE

dg () da Mg
—— =log —, (3.4)
/ag Bqen(a) 15

where ag is the input value of the coupling constant at the reference scale p1y. The coupling
constant to be used in the full scale range pg < p < oo is defined as the sum of a perturbative

and a non-perturbative part:

as(p) = a2 (1) + P (u) . (3.5)

3In principle, at this order the evolutions of as and a mix; we ignore such mixing effects here, which are

in any case expected to be negligible in practice (see e.g. ref. [23]).



As far as the former is concerned, we use:

APt 1/ (bolog [y(w)]) 1 < ppert -
S {GE‘GE(M 1> fipert o0

while for the non-perturbative part, we use:

1 ,np "
ol (1) = { T e (3.7)
0 W > Upert
N B y+0b 1+c\?
0= () 8

where b, ¢, and p are free, low-energy parameters, The auxiliary functions z(u) and y(u) are:

b

21
log (1) \ *] 23 p
y(u) = z(p) ll + () () = (3.9)
27 A(QQCD
where Aqcp is implicitly defined as follows:
1 1
f_ np
of = (). (3.10)
* bolog [y(up)] - bo g

All of the above can be restricted to one-loop accuracy by formally setting by = 0 everywhere.

We point out that the upper forms in egs. (3.6) and (3.7) guarantee a continuous
and smooth behaviour of as(p) at the Landau pole u = Aqcp, so they must be adopted
at small scales. Conversely, at large scales the difference w.r.t. the exact RGE solution
may be noticeable, and for this reason we have introduced the scale ppert at which we
switch from one functional form to the other. In practice, it is convenient to set fipert
equal to one of the quark-mass thresholds: of the two possible sensible options (m. and
mp) we choose the former: pipere = m. henceforth. With this, we proceed as follows:
we start by setting af; = 0.118 at py = m, = 91.18 GeV; with Ny = 5, this determines
alSE(1) = ag(p) for any y > my by means of eq. (3.4). When then iterate the procedure
al;{GE(

by setting ag = pf) at pp = my, so as to obtain as(p) in m. < p < my by solving

again eq. (3.4) with Ny = 4. We now switch to the upper forms in egs. (3.6) and (3.7) and,
by setting puy = me, ozé = a?GE(,uf), and Ny = 3, we determine Aqcp with eq. (3.10),%
after fixing the low-energy parameters as is indicated in the “def” column of table 1 [5].
This allows us to obtain ag(p) in ms < u < me, and therefore to iterate the procedure
just described, with the Ny = 2 value of Aqcp determined after setting py = mg and
af; = as(py). The procedure terminates with the matching conditions imposed at the
down-quark threshold. In other words, we do not impose any matching conditions at the
up-quark threshold (the up quark being the lightest of the quarks with our settings), and

therefore the parameters of ag have the same values for p € (0,m,,) as for p € (my, myg).

1At pf = me, the second term on the r.h.s. of eq. (3.10) has a relative impact on the determination of
Aqcp of O(107%), and can be thus ignored for all practical purposes. This is not true any longer when
matching conditions are imposed at the lower strange- and down-quark thresholds.



def dol do2 upl up2
b|0.25 0.2125 0.2875 0.2875 0.2125
c| 4 4.6 4.6 3.4 3.4
pl| 4 4 4 4 4

Table 1. Values of the non-perturbative parameters that appear in eq. (3.8). Those in the first
column are the default ones; the other columns report the variations we consider in this work.

LO(a) LO(b) LO(c) def dol do2 upl up2
Fi1(2GeV) | 0511 0417 0.543 0.469 0.440 0.455 0.504 0.487
F51(2 GeV) | 0450 0.344 0.497 0.400 0.393 0.395 0.406 0.404

Table 2. Values of the first two moments of ag for various settings of the low-energy parameters.
See the text for details.

We point out that the computation of ag(u) for any value p < m, would be (indirectly)
relevant to the muon PDFs only if we aimed at extracting the low-energy parameters of
eq. (3.8) from data (see eq. (3.11)), which we do not in this work. On the other hand,
what was done above allows one to use, without any modifications, this form of ag(u) when
including QCD effects in the PDFs of the electron (which we shall not do here).

There are a number of practical, as opposed to conceptual, differences w.r.t. what has
been done in ref. [5]. In particular, we work here at the two-loop level, rather than at the
one-loop one; we implement mass thresholds and continuity conditions at them; and we
use the exact RGE solution for the perturbative part of coupling constant for scales larger
than the charm mass. Conversely, the low-energy parameters b, ¢, and p have the same
default values as in ref. [5]. This does not need to be so, and in principle these parameters
should be fitted to experimental data. This is outside of the scope of the present work;
however, we remark that in ref. [5] a general compatibility (within O(20%) uncertainties)
with event-shape and structure functions data is established by computing the (a,b) = (1,1)
and (2,1) moments of ag according to the definition

I b

Fop(p) = % ; dfﬁ“ [as(ﬁ)} (3.11)
at u = 2GeV. In view of this, we have computed the same moments for different scenarios;
we report the results in table 2. The LO(a) column results from performing the same
computation as in ref. [5]: one-loop 8 function, with N = 3 evolution from ag(m;) = 0.118;
we find perfect agreement with table 1 of that paper. For the LO(b) and LO(c) columns we
also use a one-loop § function, but we now implement continuity conditions at the charm
and bottom thresholds, starting with an Nz = 5 evolution at the Z mass and setting there
ag(mz) = 0.118 and ag(my) = 0.135, respectively. Since ag(myz) = 0.118 is also the initial
condition chosen in ref. [5], the difference between the LO(a) and LO(b) results is entirely
due to using threshold conditions and the corresponding number of flavours in the latter
case, which gives significantly smaller values for the moments. Column LO(c) shows that,
in order to increase these moments with a variable-flavour-number evolution, one needs to
start from a much larger ag(m) value; this is actually consistent with what is observed
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Figure 1. Strong coupling constant as a function of the scale (in GeV), for various choices of the
low-energy parameters. The vertical dotted line indicates the value of the muon mass: for this work,
only the values to its right are relevant. See the text for details.

when fitting one-loop-evolved hadronic PDFs (see e.g. ref. [24]). The remaining columns in
table 2 report the results obtained with the two-loop, threshold-matched evolution discussed
at the beginning of this section; we see that those obtained with the default parameters are
slightly smaller than, but within 10% of, those of ref. [5].

The bottom line is that, for the present phenomenological needs, the default values of
the low-energy parameters that enter the non-perturbative part of ag(p) can be set as is
done in ref. [5]. Again, the ranges in which they can vary are best established by means
of comparisons to data. Absent those, a theoretical argument is that of choosing them
in a way that prevents ag(u) from being larger than one or smaller than zero (neither of
which conditions is guaranteed a priori by eq. (3.8)). By using this argument while fixing
the value of p (so as to have an extremely sharp decrease of power-suppressed effects) we
end up by tolerating +£15% variations w.r.t. the default values of the b and ¢ parameters.
These variations can be combined in the same or in opposite directions, resulting in the
four possible scenarios denoted by “dol”, “do2”, “upl”, and “up2” in table 1. These lead
to the predictions for the first two moments of ag reported in the four rightmost columns
of table 2.

The behaviour of as(p) as a function of y is shown in figure 1, for u > m,,.> The five
solid lines are the results for ag(u) as is defined in eq. (3.5), while the dashed line is the
result of the solution aRS® () of the perturbative RGE equation (3.4). The solid lines
correspond to the different choices of the non-perturbative parameters of table 1: black for
default, dark green for dol, light green for do2, dark magenta for upl, and light magenta

5We stress again that as(p) is a regular function for any p > 0. For example, in the case of the solid
black line we obtain as(0) ~ 0.594.



for up2. From the figure and the results of table 2 we infer that the low-energy parameter
variations we consider in this paper are quite conservative, and likely overestimate the true
uncertainty of the analytical model adopted for the strong coupling constant.

3.2 PDF evolution

Following the notation introduced in ref. [19], we adopt an evolution basis with a 5-
dimensional singlet sector, plus 13 non-singlet functions. For factorisation and renormal-
isation schemes both chosen equal to MS, we write the splitting kernels relevant to the
non-singlet and singlet evolution as follows

i=0 j=0

Plo,n) =33 (“;55 )>i <a2(7’:)>j P (2), (3.13)

i=0 j=0

respectively. As is customary, the coefficients on the r.h.s. of egs. (3.12) and (3.13) can be
further decomposed into their valence and sea components, by means of which one defines
in turn the standard + combinations.
With this notation, each of the non-singlet PDFs evolve according to:
ol
0log u?

=P,®L, (3.14)

which applies to the following 13 cases when p > m; (since there we consider the evolution
with N; = 3 lepton, N, = 2 up-type quarks, and Ny = 3 down-type quarks, denoted
collectively by f in the last line of eq. (3.15)),

Ty — Pa
Dy = [ + e — (- + T, ) N
I3 =T-40L++0,-+T4+—2(0-+40+) «— P
1—\uc = Fu+rﬂ_ (F0+FE) — PJ . (315)
Lys =Ty 4+ T;— (Ts + 1) — Py
I =T+ 15— (I + FE) — Pj—
Ff,NS = Ff — Ff — Pf_

In general, the perturbative coefficients of the 4+ combinations of the kernels stemming from
eq. (3.12) that are relevant to eq. (3.15) are non-null, except for:

Pl:t(l,O) _ Pli(2,0) _ Pli(l,l) —0. (3.16)

The singlet evolution occurs in a five-dimensional space, that corresponds to the following

three linear combinations:
Ny
I =Y (T +1+) (3.17)
l
Ny
Iyw = (L +Ta) (3.18)

u
Ny

Iva =Y Ty+Ty), (3.19)
d



in addition to the photon (I’;) and gluon (I;) densities. It is written thus:

o O o o O

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

qu I_‘Eu
8 FEd de
— | I =P I:
('“)log/ﬂ i ® I}:l 9
Y v
Pg Fg
with the conventions of eq. (3.13) for the perturbative coefficients. Explicitly, up to the
NLO we have:
9 o 0o o onPLY
o 2 o o 2npLY
PO =1 ¢ 0 0 0 0 :
0 0 0 O 0
1,0 1,0 1,0
Pe” Pg” 0 0 Py
PO oN, PEEO 9N, pIZ0) 0 0 2N,PZY
aN PEY PO Lo, PYEY g o 2N, P20
P(20) — 0 0 0 0 0 5
0 0 0 0 0
2,0 2,0 2,0
PRY Py 0 0 Pg”
0D g 0 2N, POY 0
+(0,1) (0,1)
0 P 0 2N 0
0,1 0,1 0,1 0,1
Py Pq(d) P«Ez oPRY o
0 0 0 0 0
PO 1N, P 2N, IR 2N, PS> 2N, P
S S S
oN Py PO o PO oGPy aNgPRY?
0,2 0,2 0,2 0,2
P PO oA pd
0 0 0 0
P 0 0 2N, PAY 2N, Y
+(1,1) (1,1) (L,1)
0 P 0 2NV 2N Py
P =1 0 0 0 0 0
1,1 1,1 1,1 1,1
PV PUD 0 PSY R
1,1 1,1 1,1 1,1
PV EEY 0 REY R

The entries of the matrices in egs. (3.21)-(3.25) can be found in, or easily derived from the

results of, refs. [25-29].

~10 -



As is shown in refs. [4, 19, 30], the evolution equation of eq. (3.20) (and analogously
for its non-singlet counterparts of eq. (3.14)) is conveniently solved in Mellin space, where
it is re-expressed in terms of an evolution operator, thus:

(K)

) — a0 s () R ) (3.20
where the index K understands a dependence on the chosen factorisation scheme (see
refs. [18, 30] for more details). We stress that the evolution kernel Mg{,{) coincides with the
Mellin transform of the matrix P that appears in eq. (3.20) (or with its scalar counterparts
P, that appear in eq. (3.14) for the non-singlet densities) only if the factorisation and
renormalisation schemes are both chosen equal to MS — in all of the other cases, Mg{,{) is
constructed starting from P following the procedure described in refs. [19, 30]. Furthermore,
the kernel ME\I,{) depends on parameters whose values are determined by the mass range
one considers, and specifically by the number of lepton and light-quark flavours which are
active there. Therefore, eq. (3.26) is solved in the range uy < pu < my, with my a fermion
threshold, and p; = max(pg, mg_1), starting with a k value for which pu; = po, and with
continuity conditions imposed at the thresholds.

As far as such a solution is concerned, we note that eq. (3.26) has the same structure as
its counterpart in ref. [19], except for the fact that it differs from the latter in a single practical
aspect. Namely, in ref. [19] we have considered the cases where I\\/JIS\If) does not depend
on i, neither directly nor through «a(u) (this corresponds( t;) the MS UV-renormalisation

scheme where the running of « is neglected); where M ]5( depends on p only through

a(p) (this corresponds to the MS UV-renormalisation scheme); and finally where M%Q
has a direct dependence on p, but o does not run (this corresponds to the a(m,) and G,
UV-renormalisation schemes). Thus, here we have to deal with the last possible case not

)

p (through ag(p)), and « is running. It turns out that we can still solve the corresponding

already taken into account in ref. [19], namely that where MS{,{ has a direct dependence on
evolution equation in a similar manner as in ref. [19], i.e. by relying on a path-ordered
approach. However, we do so in two different ways, that correspond to choosing different
evolution variables; the relevant solutions are then used to validate each other by means of
mutual cross-checks. The first evolution variable we adopt is:

2
I=log=; (3.27)

My
as was already said, py is the lower end of the current mass range. For each value of [, we
obtain g by simply inverting eq. (3.27), i.e. u* = u? exp(l), and we then evaluate both ()

and ag(p). The second evolution variable is:

1 o)
t= lo ) 3.28
20 % o) 525
with 8y the LO coefficient of the QED S function, in the range where the evolution is taking

place, defined according to what follows:

do(p)
dlog 2

= Bqep (@) = foa® + pra® + O(a). (3.29)
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In this case, we can immediately obtain a(u) by inverting eq. (3.28):
_ 2wfBo t
a(p) = alpr) ™" (3.30)

In order to obtain ag(u) for any p > pr, we first solve the QED RGE eq. (3.29) to obtain
p from ap)

p? = pj exp [BQED (Oé(ﬂ)) — Bqep (Oé(ﬂl)ﬂ ; (3.31)
with the Bqgep function at the NLO given by
da 1 51 ( a )
B az/iz——— o , 3.32
qep(@) BqEep(a) Boa  (Bo)? s Bo + a p1 (3:32)

and we then evaluate ag(u).

The path-ordered approach relies on a discretised solution, which is explained in details
in section 5.2. of ref. [19]. Here, we limit ourselves to mentioning that, in view of the more
complicated scale dependence of MS\I,() w.r.t. that of the cases studied in ref. [19], and of the
more extended scale range w.r.t. that relevant to the electron PDFs, we have re-assessed
the dependence of the PDFs upon the number of discrete steps by means of which the
evolution operator is constructed. Denoting by nj the number of discrete steps in the k"
mass-threshold interval, and by n = )", nj; the total number of steps, we have found very
stable solutions with 50 < nj; < 1000 and 1000 < n < 2000: with these ranges, the muon
and photon PDFs exhibit a relative variation of @(10~7), while for all of the other partons
the effect is of O(107%). As such, the impact of the variations of these discrete parameters
on the PDFs is totally negligible; we point out that this also allows us to conclude that
the inclusion of the scale dependence of ag does not lead to any qualitative or quantitative
changes w.r.t. the findings of ref. [19)].

As was already mentioned, for the phenomenological results presented in this paper
we retain only the O(ag) and O(«) kernels, i.e. those of egs. (3.21) and (3.23) respectively.
We also point out that the basis of the non-singlet functions in eq. (3.15) is only one among
several equally sensible choices; we have verified, by also adopting the basis suggested in
ref. [31], that our results are basis-independent.

4 Results

In this section we present our predictions for the muon PDFs, and for the dijet cross sections
that result from them. In particular, we are interested in assessing the uncertainties that
stem from the parametrisation of the strong coupling constant at small scales. In order to
do this, in addition to our own approach which has been discussed in detail in section 3.1, we
have also implemented the strategy of refs. [1-3], where ay is set equal to zero for u < Q.
We shall refer to these two approaches as “analytical” and “truncated”, respectively. In both
of these cases, the uncertainties are defined as the envelopes of the variations of the relevant
low-energy parameter(s) — for the analytical approach, these are given in table 1, whereas
for the truncated approach we take Qg € [0.52,1.0] GeV [2, 3]. We point out that there is
a fundamental difference between the uncertainties thus computed with the two methods.
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Namely, while the low-energy-parameter ranges are to a certain extent always arbitrary, the
lower end of the )y range is necessarily an unstable point, since small variations towards
lower values induce progressively larger envelopes (as one moves towards the Landau pole of
the perturbatively-computed «y); this behaviour has no analogue in the analytical approach
we employ in this work.

4.1 Results for the PDFs

In this section we focus on the PDFs as standalone objects. In general, the muon PDF is
utterly dominant, and its size dwarfs that of the PDFs of all of the other partons; in this
sense, the situation is quite analogous to that of the electron PDFs. However, this statement
is only correct at intermediate and large z values: at z — 0, other partons dominate. As was
already discussed in section 1, the large c.m. energies expected at muon colliders render the
z — 0 region quite relevant for certain production processes. Therefore, in view of the fact
that this constitutes a novelty w.r.t. what happens at eTe™ colliders, we shall concentrate
on this z region in the following. However, we stress that our PDFs do treat the large-z
region without any approximation or discontinuity, and as their electron counterparts [4, 19]
they can be straightforwardly used to study the production of large-mass systems as well.

Before proceeding to show explicit results, we mention a couple of features of the PDFs
(with the analytical low-scale approach) that serve as cross checks. Firstly, we find that by
not including the O(ay) splitting kernels (i.e. by performing a pure-QED LL evolution, with
all of the partons except for the gluon, which cannot be generated in this way) the PDFs of
all the leptons and of the photon change by a negligible amount (a relative O(10~°) factor
or smaller) w.r.t. to our default O(as) + O(«a) coupled-evolution PDFs. Conversely, the
PDFs of the quarks display relative differences of tens of percent; typically, the inclusion of
QCD splitting kernels results in enhancing (depleting) the PDFs at small (large) z values.
Overall, and consistently with basic expectations, the enhancement has a much larger effect
than the depletion, since quark PDFs decrease with z (see later). Secondly, while by default
we use two-loop coupling constants in our evolution, we have verified that, by employing a
one-loop expression for ag, the lepton and photon PDFs change by a relative O(1079) factor.
While the effect on the quark and gluon PDFs is much larger (up to 10% at p = 30 GeV), it
is basically driven by the differences between the two RGE solutions for as (at p = me,
the two-loop value of ag(u) is about 17% larger than its one-loop counterpart, if an initial
condition ag(my) = 0.118 is adopted for both evolutions).

In table 3 we report the fractions of muon momentum carried by either individual
partons or combinations of partons, at ;4 = m . In addition to the central values, we show
the fractional uncertainties due to the choices of the low-energy parameters. We note that
the central values stemming from the analytical and truncated approaches are essentially
identical or very close to each other. In fact, this is an artifact of the definition of the
momentum fraction, that weights each PDF by a factor of z, which thus suppresses the
contributions of the small-z region; as we shall show later, the differences between the two
approaches increase with decreasing z. One can also observe a reasonable agreement with
the results in the last line of table 1 of ref. [2], where the same quantities are reported. As
far as the uncertainties associated with the low-energy parameters are concerned, for both
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an. tr.

po | 97.8502+000% g7 8502+0.00%
v | 2.075610:00%  2.075610-00%

S| 0.02657099%  .0265+000%

g | 0.03327005%  0.03337055%
g | 0.00567010%  0.0055"101%

Table 3. Fractions of momentum carried by the muon, the photon, all of the leptons different
from p~ (1), all of the quarks (3 ¢q), and the gluon, computed with the PDFs based on the
analytical (left column) and truncated (right column) low-energy approach. The results are obtained
at p=mg .

T T T I_ j T j 1 101§ T T T T T T T T T

i (2)

-4 35 3 256 -2 15 -1 -05 O 0 0.1 02 03 040506 07 08 09 1
log0(2) z

Figure 2. PDFs at u = 30 GeV. The contents of the two panels are identical, the only difference
between the two being the variable on the x axis. Apart from the case of u*, the antifermion PDFs
coincide with those of the corresponding fermions, and are not shown. Also not shown is the strange
PDF, since it coincides with that of the down. Finally, on these scales the u+ and e~ results cannot
be distinguished from one another.

the analytical and the truncated approach they are negligible for the muon, photon, and
lepton contributions. They remain relatively small in the case of the quarks and the gluon;
however, what one can see there is that the uncertainties of the truncated approach are
about a factor of ten larger than those stemming from the analytical approach, which is an
example of the general features discussed at the beginning of section 4.

In figure 2 we show the PDFs of all partons at 1 = 30 GeV (as a representative scale
relevant to the production of a small-mass system) as a function of either log;, z (left panel)
or z (right panel). The PDFs are obtained with the analytical low-energy approach, and
correspond to the default low-energy parameters. The relative impact of these PDFs is
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Figure 3. Ratios of individual PDFs over their sum, at 4 = 30 GeV. The contents of the two panels
are identical, the only difference between the two being the variable on the x axis. Apart from the
case of u™, the antifermion PDFs coincide with those of the corresponding fermions, and are not
shown. Also not shown is the strange PDF, since it coincides with that of the down. Finally, on
these scales the ™ and e~ results cannot be distinguished from one another.

presented in figure 3, where we plot the ratios of the individual PDFs over the sum of all of
them. The plots show clearly the dominance of the muon PDF as z — 1. Conversely, as
one moves towards z = 0, all of the other partons become increasingly important (bar for
the non-muon leptons) — still, the muon PDF remains larger than the photon PDF for
z 2 0.5, larger than the gluon PDF for z = 0.017, and larger than the PDF of the largest
among the quarks (the up quark) for z = 0.004. At small z the largest PDF is that of
the photon; however, the gluon has the steepest slope of all partons, and in particular its
PDF increases faster than the photon one for z — 0. The cumulative impact of the quark
PDFs is also non negligible in that region. These facts, coupled with the trivial observation
that short-distance cross sections mediated by strong interactions are much larger that
those stemming from electroweak interactions, imply that a muon collider constitutes a
very favourable environment for clean studies of low-mass hadron-induced systems.

We have considered the same plots as in figures 2 and 3 for several scales, up to 10 TeV.
Qualitatively, we have found the same patterns as at 30 GeV; quantitatively, in the small-z
region the relative impact of the PDFs of the strongly-interacting partons grows with the
scale. Having said that, we point out that, given the collider energy, larger scales are mostly
associated with larger z values; when such scales are relevant, in order to probe small z’s
one needs to focus on very boosted systems.

We now turn to consider the dependence of the PDFs on the approach chosen for the
small-scale behaviour of ag, as well as that on the relevant low-energy parameters. We
summarise our findings in figure 4; the left-side panels, obtained at u = 30 GeV, have
the same layouts as the right-side ones, obtained at u = 1TeV. The upper panels show
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Figure 4. Dependence of the gluon, u-quark, and d-quark PDFs on the low-energy parameters. See
the text for details.

the ratio of the PDFs obtained with the default parameters in the truncated approach
over their counterparts in the analytical approach. While there are differences among
the partons considered, broadly speaking the analytical approach gives larger (smaller)
PDFs than the truncated one for z < 0.05 (z 2 0.05). These differences are largest at
the smallest z values: e.g. for z = 1074, the analytical-approach PDFs are larger than the
truncated-approach ones by 20 — 30% at u = 30 GeV, and by 10 — 15% at u = 1TeV. This
information has to be taken together with that on the uncertainties due to the choices of the
low-energy parameters. In the lower panels figure 4 we display such fractional uncertainties
for the analytical (dashed curves) and truncated (dot-dashed curves) approaches; the curves
represent the envelopes, computed as was explained at the beginning of section 4. One
sees here the local (in z) version of what has been observed in table 3: the analytical
approach gives significantly smaller uncertainties than the truncated one. In both cases,
the uncertainties decrease with the scale. We shall soon see (section 4.2) the implications of
these facts on selected observables.

4.2 Results for dijet cross sections

In this section we report our predictions for dijet total rates. We work with LO short-
distance cross sections (i.e. at O(ata™) with n + m = 2); as such, jets coincide with partons
(i.e. there is no need for a jet-finding algorithm), and are defined by means of the simplest
acceptance cuts:

p > p, 9] <. (4.1)
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o(p$™® = 10 GeV) [pb] an. tr.
1.30% 10.23%
O(OK%) 18-33:.25% 15'00J—r10.99‘7£>
~-ind. 8.24700% 75675717
+1.11% +8.04%
total 26.587 5y 22.57 0

Table 4. Total dijet rates for p** = 10 GeV, in pb.

o (ps"t =100 GeV) [fb] an. tr.
9 +0.03% +0.46%
O(a3) 41.38 5 gaen AL1T Gerey
. +0.01% +0.24%
~-ind. 90.03 % 0002 89.67" 350
+0.00% +0.28%
total 136.917 g0 136.357 ey

Table 5. Total dijet rates for pc** = 100 GeV, in fb.

The collider energy is y/s = 10 TeV, and we consider pS"* = 10 GeV and pS"* = 100 GeV; the
factorisation and renormalisation scales are set equal to p(Tj ),

We point out that in the presence of EW interactions the definition of the partonic
content of a jet constitutes a non-trivial problem (see e.g. ref. [32] for an extended discussion
of this matter). By working at the LO most of the complications can be avoided, and we can
obtain sensible results by considering only light quarks and gluons when defining the jets.
Conversely, since we are working at an u™u~ collider, the initial-state and intermediate
partons can be light quarks, gluons, leptons, and photons. In summary, the results of
this section have been obtained by employing the 2 — 2 matrix elements relevant to

the processes:
p1+p2 — p3+pa, (4.2)

with
P1,P2 € {Qia%gal;t,’Y}, Pp3,ps € {szq_ug} . (43)

In view of this, the intermediate s- or t-channel partons are light quarks, gluons, or photons.

The total dijet rates within the acceptance cuts of eq. (4.1) are given in the last line of
tables 4 (for pS"* = 10 GeV) and 5 (for pS"* = 100 GeV) — note the different units employed
in these two tables. In addition to these, we also report the results for the sum of the
O(a?) contributions (first line), i.e. of the pure-QCD processes, and for the sum of the
photon-induced contributions (second line), i.e. those with v7, g, and ~yg partonic initial
states. Thus, the differences between the results in the third line and the sum of their
counterparts in the first and second lines is equal to the sum of the O(a?) contributions of
the four-fermion processes.

These results complement, and confirm, those for standalone PDFs that we have
discussed in section 4.1. In particular: a) the low-energy-parameter uncertainties of the
analytical approach are always much smaller than those of the truncated one; b) these
uncertainties are significantly larger with pS" = 10 GeV than with pS** = 100 GeV; in the
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latter case, those stemming from the analytical approach are essentially negligible;® ¢) at
pStt = 10 GeV, the central values stemming from the analytical and truncated approaches are
fairly different from one another. Moreover, they are not within the low-energy parameter
uncertainty ranges; this underscores again the fundamental difference between the two
approaches, which plays an increasingly important role as one probes smaller z values,
i.e. not only for small-mass systems, but also for those that feature large longitudinal
boosts. We conclude with two additional observations. Firstly, the low-energy parameter
uncertainties of the photon-induced contributions stem entirely from the corresponding
quark- and gluon-PDF uncertainties (i.e. these are negligible in the case of the vy channel;
as it was discussed section 4.1, the photon PDF is fairly stable against the variations of
these parameters). Secondly, the relative impact of the four-fermion contributions grows
with pS®: it is negligible at pS"* = 10 GeV, and becomes equal to about 4% of the total at
pStt = 100 GeV, where it is overwhelmingly due to the [T]~ channels.

5 Conclusions and outlook

We have computed the PDFs of the unpolarised muon in the context of a coupled QED-QCD
evolution; the set of partons is constituted by the leptons, the light quarks (including the
¢ and b quarks), the photon, and the gluon. Our work differs in several notable ways
w.r.t. those in the literature [1-3] that have studied the same topic. Firstly, we adopt a
dispersive-inspired parametrisation of ag that allows one to compute it for any scale values,
including those of O(Aqcp) and below. This implies that the resulting predictions are stable
w.r.t. the variations of the low-energy parameters that control the small-scale behaviour
of ag, at variance with what happens in the truncated approach of refs. [1-3], which is
inherently unstable. An additional benefit of our approach is that its low-energy parameters
can be fitted to data (typically, of eTe™ event shapes or of hadronic structure functions)
without loss of predictive power in the context of uu~ physics, since they are assumed to
underpin the universal features of small-scale ag. Secondly, we do not consider the heavy
electroweak vector bosons as partons. In essence, even for collider energies of tens of TeVs,
the cases where the boson masses are negligible, and the resummation of the large logarithms
they induce is important, are extremely marginal; conversely, vector-boson mass effects
are ubiquitous, and this suggests that a treatment based on perturbative matrix-element
computations is to be preferred. Thirdly, while in this paper we limit ourselves to presenting
LL-accurate predictions, in order to facilitate the comparison with the results of refs. [1-3]
in terms of the aspects mentioned above, we have shown that an increase of precision does
not entail any new conceptual features, and can thus be easily achieved.

From a practical viewpoint, the muon PDFs are computed in the same manner as
was done for their electron counterparts in refs. [4, 19]: in particular, they take into
account all lepton and light-quark mass thresholds, and are continuous and smooth over
the whole z € (0,1) range. As such, they do not present any qualitatively new feature in

5Note that there the uncertainty on the total is smaller than that on its major components, i.e. the O(a2)
and photon-induced contributions. This is due to the fact that, with such small numbers, the usual envelope
computation with discrete sets of parameters would have to be promoted to a continuous parameter scan.
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the z — 1 region, where the muon-parton PDF is hugely dominant. Because of this, in
our phenomenological studies we have only considered the small-z region, either by looking
directly at the PDFs, or by computing dijet cross sections with small transverse-momentum
cuts. The overall conclusion is that the different treatment of the small-scale behaviour
of ag w.r.t. that of refs. [1-3] induces visible difference both for the central values and for
the uncertainties associated with low-energy parameter variations, which in our case are
significantly smaller.

As a follow-up of this work we shall compute the PDFs at the NLL accuracy in the
QED, QCD, and mixed QEDxQCD contributions. While interesting in itself, the crucial
advantage of our ability to do so is that it gives us the possibility of studying in more
detail the small-z behaviour of the PDFs and, if need be, to resum the large logarithmic
contributions that potentially arise there.
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