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1 Introduction

Among the powerful holographic tools available to study gauge theories at strong coupling,
probe brane holography provides a controlled framework with which to systematically in-
troduce heavy charged operators [1] or submanifold localized degrees of freedom [2, 3] in a
regime where the number of operators holographically sourced by the probe brane remains
parametrically small compared to the number of color degrees of freedom. By carefully
constructing the brane embedding to preserve supersymmetry on the intersection of the
curved conformal boundary of the ambient AdS space and the brane worldvolume, probe
brane holography has passed a number of precision tests through comparison to results
obtained by supersymmetric localization [4–6]. On the gravity side, taking the probe limit of
a brane embedding includes taking the brane tension to be parametrically large, which to
leading order freezes out the probe brane’s gravitational degrees of freedom and suppresses
backreaction onto the background geometry. This limit greatly simplifies the computation of
key physical quantities that characterize probe brane degrees of freedom such as the brane’s
on-shell action and contributions to Entanglement Entropy (EE), both of which will be the
primary focus of our holographic computations.

In the study of superconformal field theories (SCFTs), the d = 6 case has a distinguished
role. It is the highest dimension in which SCFTs exist; moreover, six-dimensional (6d) theories
spawn a large variety of theories in lower dimensions. The most famous example is the
N = (2, 0) theory on M5-brane stacks [7], but a lot more examples exist with N = (1, 0),
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engineered by orbifolds, M-theory walls, F-theory, IIA brane intersections [8–11]. The latter
also have holographic duals, the AdS7 ×M3 solutions in massive IIA [12–14].

Codimension-two defects in 6d SCFTs have played a role in their compactifications
down to four dimensions, appearing as punctures on an internal Riemann surface; see for
example [15–18]. On the other hand, codimension-four defects have been studied much
less. In N = (2, 0) theories these defects are provided by M2-branes [19–21] and can be
distinguished from the other codimension-four degrees of freedom, i.e. tensionless strings, by
how they fit in to the defect group of the theory [22]. In this paper we initiate the study of
codimension-four defects in the much more numerous N = (1, 0) theories.

Similar to ordinary standalone CFTs, conformal defects (DCFTs) can be partially
characterized by data expressed in the form of anomalies, e.g. for defect R-symmetry or
Weyl symmetry. Moreover, defect anomalies, like in their CFT counterparts, have long been
known to appear in the correlation functions of protected operators in the spectrum, e.g.
the displacement operator [23], and in other physical observables, e.g. defect transport and
heat capacity [24], and so are crucial quantities of study in many areas of physics [25]. Thus,
computing these defect anomaly data — both the defect R- and Weyl anomalies — gives us
robust information about the defect degrees of freedom and their physics for a novel class of
extended operators in strongly coupled 6d SCFTs with no known Lagrangian description. We
do this by using a combination of anomaly inflow, supersymmetric localization, and probe
brane holography. In particular, the anomaly inflow computation has been successful in
capturing anomalies of tensionless strings of 6d theories, as well as anomalies of codimension
two defects of N = (2, 0) 6d theories, such as punctures [26]. We refine the inflow mechanism
in presence of codimension four defects, hence providing a novel example of anomaly inflow
of such kind. Additionally, since there are an infinite family of lower dimensional theories
obtainable by partially twisted dimensional reduction of the ambient 6d theories that host
the defect systems we study, the computation of the anomalies of string-like defects in 6d
theories provides important information for a large class of deformations of 4d and 3d QFTs,
see e.g. [19]. Further for the defect systems that we study, the additional constraints provided
by preserving some amount of the ambient supersymmetries gives us a set of non-perturbative
formulae that connect the defect ‘t Hooft and Weyl anomalies, which will allow for precision
checks on our computations.

The generic form for the Weyl anomaly of a (super)conformal defect supported on a
two-dimensional submanifold, Σ, embedded a d-dimensional ambient space is1

Tµ
µ|Σ = 1

24π (aΣE2 + d1I̊I
2 + d2P [W ]Σ) (1.1)

where E2 is the two-dimensional Euler density built from the intrinsic metric of the defect
submanifold, I̊I2 is the square of the trace-free second fundamental form for the embedding,
and P [W ]Σ is the trace of the pullback of the ambient Weyl tensor to the defect. The
A-type [28] defect Weyl anomaly aΣ has been shown to obey a weak c-theorem [29, 30] and,
with a sufficient amount of supersymmetry preserved on the defect, to be related to defect R-
and gravitational anomalies [30]. The B-type anomalies d1 and d2 are strictly non-negative in

1Since our focus is on co-dimension four defects, there are only parity even defect anomalies [27].

– 2 –



J
H
E
P
1
2
(
2
0
2
4
)
1
5
3

reflection positive theories [27, 31], but do not obey any known c-theorem. However, relevant
to the cases we are interested, it is known that d1 = d2 for two-dimensional conformal defect
preserving at least N = (2, 0) defect supersymmetry [32, 33], and so in order to characterize
BPS string defects in six-dimensional N = (1, 0) SCFTs, we only need to compute aΣ and d2.
Crucial for our analysis below, these defect anomalies are known to control two quantities
that can be easily computed using probe brane holography: the log divergent part of defect
sphere free energy, which is uniquely determined by aΣ, and the universal part of the defect
sphere EE, which is fixed by a linear combination of aΣ and d2 [27, 34].

In section 2, we briefly review AdS7 solutions to type IIA SUGRA found in [12–14] and
their holographic dual description in terms of six-dimensional N = (1, 0) SCFT at large N .

In section 3, we construct solutions for embedding probe D4-brane into a generic AdS7×M3
background with non-trivial Romans mass.2 Further in this section, we carry out four
holographic computations that characterize the two-dimensional defect in the field theory.
First, we compute the defect contribution to the EE of a spherical region. Second, we compute
the aΣ anomaly from the free energy of a spherical defect and use the defect EE result to
obtain the B-type anomalies. In terms of the number of probe D4-branes qi and partitions
of D6-branes ri they can be succinctly written to leading order in large N as

aΣ = 24(q, r), d1 = d2 = 32(q, r) (1.2)

with scalar product taken with respect to the inverse Cartan matrix of AN−1. Third, we
holographically compute the expectation value of the string defect operator W on S1β/4π × S1,
which gives

⟨W ⟩ = exp [β(q, r)] . (1.3)

Lastly, we compute the defect gravitational anomaly from the Wess-Zumino action, which is
shown to be subleading at large N and contributes to the aΣ anomaly

aΣ = 24(q, r) + 1
2
∑

i

qiri . (1.4)

In section 4, we compare the probe brane results to anomalies computed via other
means. In section 4.1, we compare the expectation value of the torus Wilson surface
to the dimensionally reduced circular Wilson loop obtained purely in field theory using
supersymmetric localization of N = 1 SYM theory on S5. Despite the holographic computation
only computing the value at large N and the supersymmetric localization result being exact,
we find a precise match between the two expressions. Later, in section 4.2, we consider the
type IIB description of string defects in six-dimensional SCFTs. By the help of these string
constructions we study the 6d anomaly polynomial inflow onto the defect. In particular, we
compute the defect R-anomaly and successfully match the leading large N result for the aΣ
anomaly. As a byproduct we developed the inflow mechanism for (string) defects provided by
probe branes in IIB backgrounds engineering 6d SCFTs. This approach could be potentially
generalized to other type (non-string) of defects.

2Some fully back-reacted solutions for codimension-four defects exist [35–38], and it would be interesting
to compare our approach to those results; the AdS3 × S3 solutions appear particularly relevant.
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In appendix A, we explain the coordinate transformations used in section 3.1. In
appendix B, we consider a purely two-dimensional description of the D2-D4-D6 brane
system in terms of a quiver gauge theory. We demonstrate that the quiver description
correctly captures the subleading large N contributions (only) to the defect anomaly, i.e. the
gravitational anomaly. Differently from the BPS strings, which become tensionless at the fixed
point, the quiver which includes the defect does not capture the full defect degrees of freedom.
We argue that the quiver only provides the intrinsic degrees of freedom of the defect. However
it does not capture the bulk-defect ones, which are instead computed via anomaly inflow.

2 AdS7/CFT6

The starting point is the asymptotically AdS7×M3 background solutions to type IIA SUGRA
constructed in [12–14]

1
π
√
2
ds2 = 8

√
− α

α′′ds
2
7 +

√
−α

′′

α

(
dz2 + α2

α′2 − 2αα′′dΩ
2
2

)
,

eϕ = 34
(√

2π
) 5

2 (−α/α′′) 3
4√

α′2 − 2αα′′
,

B = π

(
−z + αα′

α′2 − 2αα′′

)
volS2 ,

F2 =
(

α′′

162π2 + πF0αα
′

α′2 − 2αα′′

)
volS2 .

(2.1)

Here ds27 is the line element on AdS7, dΩ2
2 is the line element on the unit 2-sphere S2,

prime denotes ∂z, and α is a C1 piecewise-cubic function on the interval z ∈ [0, N ] that
satisfies α > 0, α′′ < 0,

α′′′(z) = −162π3F0 (2.2)

almost everywhere, and appropriate boundary conditions at the endpoints of the interval.
The simplest possibility is α = α′′ = 0, which ensures smoothness, but at either endpoint it is
also possible to introduce D6-branes (with α = 0), O8-planes (α′ = 0), O6-planes (α′′ = 0).

NSNS flux quantization implies N ∈ Z, while for RR it gives

−α
′′(i)

81π2 ∈ Z , ∀i ∈ Z . (2.3)

F0 = n0
2π , n0 ∈ Z is locally constant, but can jump across D8-branes; these are restricted

to lie at integer values µ of z, which are in turn identified with their D6-brane charge. A
cartoon of the internal geometry is shown in figure 1.

The curvature and string coupling of any given solution can be rescaled and made
arbitrarily small by taking

N ≫ 1 µ/N finite . (2.4)

This is the regime relevant for holography.
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The simplest solution occurs when the Romans mass F0 = 0. (2.2) implies that α′′ is
constant, and (2.3) implies

α = 81
2 π

2kz(N − z) . (2.5)

k ∈ Z is interpreted as the F2 flux integer on the S2. There are k D6-branes at z = 0 and
−k anti D6-branes at z = N . The resulting IIA solution is the dimensional reduction of
the AdS7 × S4/Zk solution of eleven-dimensional SUGRA.

When F0 ̸= 0, α′′ is piecewise linear; it can be parameterized as

−α
′′(z)
81π2 = ri + (ri+1 − ri)(z − i) (2.6)

on each interval z ∈ [i, i + 1]. By eq. (2.3), the ri ∈ Z.
These AdS7 solutions were conjectured to arise from the near-horizon limit of NS5-D6-D8

brane diagrams, and this led to the identification of the dual SCFT6 [39]. We now give a
quick review focused on what we need in this paper; see [14, section 2.1] for more details.

The brane diagram can be described as follows. There are N NS5-branes along directions
012345, separated along direction 5. Between the (i−1)th and ith NS5-brane, ri D6-branes are
suspended, along directions 0123456; crossing the latter, there are also fi = 2ri − ri+1 − ri−1
D8-branes along 012345789. This brane diagram is depicted schematically in the black
part of figure 2.

The six-dimensional field theory engineered by this diagram is a chain of N − 1 vector
multiplets with gauge groups U(ri); there are hypermultiplets in each of the bifundamental
representations ri⊗ri+1, and fi in the fundamental ri. There are also N −1 tensor multiplets.

(2.6) tells us that the function r(z) ≡ −α′′/81π2 gives the ranks ri when evaluated at
z = i; conversely we can write

α(z) = −81π2 1
∂2z
r(z) . (2.7)

The integration constants in the double integral should be understood as being fixed by the
boundary conditions. As an example, when F = 0 all the ranks are equal, ri = k, and it
is easy to see that eq. (2.7) reproduces eq. (2.5).

An important piece of evidence for the AdS7/CFT6 conjecture we just reviewed came
from a holographic match of the a anomaly [14, 40]. At leading order in the limit eq. (2.4),
the gravitational result reads

a6d,hol =
64

189π2
∫
rα dz = −192

7

∫
r
1
∂2z
r dz . (2.8)

In the second step we have used eq. (2.7). On the other hand, the leading term in the field
theory computation is given by a Green-Schwarz term and reads

a6d = 192
7 (C−1)ijrirj , (2.9)

where Cij is the Cartan matrix of AN−1. Cij is a discrete analogue of minus a double
derivative: indeed

Cijrj = −ri+1 + 2ri − ri−1 ∼ −(∂2r)i (2.10)
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So its inverse is a discrete analogue of a double integral. Hence eq. (2.9) matches eq. (2.8)
when N ≫ 1.

To summarize the important lesson for our present purposes, in the holographic limit
we have

αi = 81π2(C−1)ijrj . (2.11)

As an example, we can again look at the F0 = 0 case, where ri = k and (C−1)ijrj = 1
2 i(N − i),

in agreement with eq. (2.5).

3 Probe brane holography

In this section, we construct embeddings for probe D4-branes in the asymptotically AdS7×M3
geometries reviewed in section 2 that are dual to BPS codimension-4 defects in six-dimensional
N = (1, 0) SCFTs. Using these solutions for embedded AdS3 branes, we characterize these
defects by computing their independent defect Weyl anomalies using probe brane holography.
First, we holographically compute the defect contribution to the EE of a spherical region in
the dual field theory; this furnishes for us a specific linear combination of the two independent
defect Weyl anomalies. Second, we compute the free energy of the defect wrapping S2 ↪→ R6,
which gives us the A-type defect anomaly aΣ. The value of aΣ matches the predicted value
computed from in-flow, and so, bolsters the standing of the holographic prediction for the B-
type anomaly d2. Lastly, compute the defect supersymmetry Casimir Energy (SCE), which is
obtained holographically from the on-shell action of a probe brane wrapping S1×S1 ↪→ S1×S5.

3.1 Probe D4-brane embedding

Throughout this section, we will work in Euclidean signature. The probe brane action is

Sprobe = T4

∫
M5

d5xe−ϕ
√
detP [g +B] + F − T4

∫
M5

eF ∧ P [C] , (3.1)

where
T4 =

1
16π4l5s

; (3.2)

M5 is the D4-brane worldvolume with coordinates xa, P denotes pull-back onto M5, and the
worldvolume gauge field F = B + 2πlsf . Throughout, we will work with convention ls = 1.

We will consider D4-brane probes of the factorized form

M̃3 × S2 ⊂ AdS7 ×M3 , (3.3)

where M̃3 ⊂ AdS7 and the S2 is the sphere appearing in eq. (2.1), whose z position we will
determine shortly. Our D4-branes will carry non-zero D2-brane charge j ∈ Z:

f = j

2volS2 . (3.4)

The position z of the D4 can be fixed by extremizing the action. This is implied by the
BPS condition, which in general reads Γ∥ϵ2 = ϵ1 for a D-brane, with Γ∥ the product of the
parallel gamma matrices and ϵa the supersymmetry parameters preserved by the solution.
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Figure 1. A cartoon of the internal three-dimensional space of the AdS7 solution. The black creases
represent the D8-branes, where the metric is continuous but not differentiable. The red locus represents
a D4-D2 bound state probe, to be discussed in the next section.

In our case, the ϵa are factorized in terms of Killing spinors ζ in AdS7 and internal spinors
χa [12, (A.4)]. Γ∥ is also factorized because of our assumption (3.3).

The internal part γ∥χ1 = χ2 of the BPS computation can be carried out efficiently
in terms of calibrations. It is in fact identical to that for a D8/D6 bound state in [12,
section 4.8], so we will be brief. (This happens because intersecting or overlapping D-branes
preserve supersymmetry if the number of Neumann-Dirichlet directions is a multiple of 4.)
The relevant condition is3

F = π
αα′

α′2 − 2αα′′volS2 . (3.5)

Using (2.1), (3.4), this implies

z = j . (3.6)

As anticipated, this coincides with the BPS position for a D8-brane with D6 charge equal
to j, which was already noticed below (2.3).

The case of a single D2 has to be treated separately; again this works in the same way as
a D6 extended along all of AdS7. The calibration analysis this time gives αα′′ = 0, which is
only true at the extrema of the interval, z = 0 and z = N . The resulting probe D4-D2 bound
state wraps an internal S2 at fixed z = j, which is schematically visualized in figures 1 and 2.

The probe brane action then takes the form

Sprobe = T4

∫
M5

d5xe3A−ϕf21 f2
√
gθθgϕϕ + F2

θϕ

∣∣
z=j

(3.7)

= 64π
81 T4vol(M̃3)

√
α′2 − αα′′


√−α

′′

α

√
2α2

α′2 − 2αα′′

2

+
(

αα′

α′2 − 2αα′′

)2


1/2

= 64π
81 T4vol(M̃3) αj ,

3In the language of [12], the calibration is Imψ1
+; alternatively, one can impose that the forms

(Imψ2
+,Reψ2

+,Reψ1
+) pull back to zero.
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Figure 2. The black part is a schematic representation of the NS5-D6-D8 brane diagram, taken
from [14]. The nodes, horizontal lines and vertical lines represent NS5-, D6- and D8-branes respectively.
The upper part of the diagram, where the NS5 are separated, is more useful to read the field theory.
The red vertical lines here represent additional D4-branes, which engineer line defects in the field
theory, to be discussed in the next section. The lower part, where the NS5-branes coincide, corresponds
to the conformal phase of the field theory, and resembles more directly the gravity solution. The
brane-creation effect changes the number of D6-branes, and leads to the creation of D2-branes,
represented by red horizontal lines. In the near-horizon limit, each D8 with D6s ending on it becomes
a D8-D6 bound state, and the D4 with D2s becomes a D4-D2 bound state.

where we introduced αj ≡ α(j). In the second line, we have used (2.1). Since the D2 charge
carried by the probe D4 brane eliminated the explicit z dependence, the action completely
factorized into a product of an integral over the volume form of the M̃3 and an integral over
the internal S2 geometry threaded by two-form flux.

In what follows we will consider a more general situation where there is a collection of qj

D4-branes with D2-brane equal to j. This will turn (3.7) into 64π
81 T4vol(M̃3) qjα

j . We will work
in the probe approximation: this requires qje

ϕ(j) ≪ 1, which by (2.1) is implied by qj ≪
√
N .

It is clear from the form of the on-shell action in eq. (3.7) that we will need to regulate
divergences coming from vol(M̃3) . To that end, we will use the holographic renormalization
scheme for probe branes developed in [41]. As a brief review, this is done by introducing
a large radial cutoff Λ in the background AdS7 geometry and computing the covariant
counterterms on the intersection of the radial hypersurface and the worldvolume of the probe
brane. We denote coordinates on this intersection by ya and the induced metric by γΛ. Since,
we have no worldvolume scalars turned on in our embedding, the only counterterm that we
need to compute is the volume of the intersection

SCT = −2π
9 T4

√
2rjαj

∫
d2y

√
γΛ , (3.8)

where the coefficient is fixed to cancel polynomial divergences in Λ appearing in vol(M̃3) . In
the subsections below, we denote the holographically renormalized probe brane action by

Sren = Sprobe + SCT . (3.9)

3.2 Spherical entanglement entropy

Here we compute the contribution of the probe string defect to the spherical entanglement
entropy (EE). For simplicity, we will consider a flat embedding of a two-dimensional defect
supported on R1,1 in R5,1, which will be taken as the conformal boundary of the AdS7 part

– 8 –
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of the background solution. Since we are working entirely within the probe limit, we do not
need to compute the backreaction and can compute the EE by using [42].

First, we consider the AdS7 part of the background geometry in flat slicing

ds27 =
1
u2

(du2 − dt2 + dx21 + dξ2 + ξ2dΩ2
3) , (3.10)

with the probe D4-brane wrapping {t, x1, u} and dΩ2
3 the line element on the unit S3.

Following [42, 43], we map

t = R
√
ρ2 − 1 sinh τ

ρ cosh υ +
√
ρ2 − 1 cosh τ

, u = R

ρ cosh υ +
√
ρ2 − 1 cosh τ

,

x1 =
Rρ sinh υ cosϕ

ρ cosh υ +
√
ρ2 − 1 cosh τ

, ξ = Rρ sinh υ sinϕ
ρ cosh υ +

√
ρ2 − 1 cosh τ

,

(3.11)

which after a Wick rotation brings us to the seven-dimensional hyperbolic black hole [42]

ds27 =
dρ2

f(ρ) + f(ρ)dτ2 + ρ2dυ2 + ρ2 sinh2 υ(dϕ2 + sin2 ϕdΩ2
3) (3.12)

where the metric function

f(ρ) = ρ2 − 1 , (3.13)

and τ ∼ τ + 2π. The BPS probe brane embedding found in section 3.1 now wraps {τ, υ, ρ}.
The probe brane contributions to the thermal entropy in the hyperbolic black hole background
corresponds to the holographic computation of the BPS surface defect contribution to the
EE of a spherical region in the dual field theory.

More generally, one can consider (not necessarily BPS) probe brane embeddings in
seven-dimensional black hole solutions with metric function

f(ρ) = ρ2 − 1− ρ4h
ρ4

(ρ2h − 1) (3.14)

with the location of the horizon determined in terms of the inverse temperature β by

ρh = 1
3β

(
π +

√
π2 + 6β2

)
. (3.15)

This background is particularly useful for the holographic computation of Rényi entropies [44].
Moving to a branched cover of the black hole geometry τ ∼ τ + β with β = 2πn, the thermal
entropy in this background is dual to the nth-Rényi entropy

S(n) = 2πn
1− n

(F(2π)−F(2πn)), (3.16)

where F(β) = β−1Sren(β). Clearly from the bulk geometry, the limit n → 1 recovers the
seven-dimensional hyperbolic black hole background, and in the dual field theory S(n)|n→1 →
SEE [43, 44], which holographically

SEE = β2∂β(β−1Sren(β))|β→2π . (3.17)
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Computing the holographic renormalized on-shell action, we begin with

vol(M̃3) =
∫ β

0
dτ

∫ υc

0
dυ

∫ Λ

ρh

ρdρ = β

2 υc(Λ2 − ρ2h), (3.18)

where we have introduced a large radial cutoff Λ. The Λ2 divergence is regulated by eq. (3.8)

SCT = −32π
81 βT4υcΛ2ρ2hα

j . (3.19)

Using eq. (3.11), the linear divergence in υc in the black hole background is related to a
log divergence at small u = −ϵ

υc = log 2R
ϵ
, (3.20)

where R is the radius of the boundary spherical entangling surface that anchors the homologous
Ryu-Takayanagi surface [45] in the bulk. Thus, we find that the near boundary behavior
of the holographically renormalized action is4

Sren = − 8
81qjα

jT4vol(S2) βρ2h log
2R
ϵ

+ . . . . (3.21)

Using the form of ρh in eq. (3.15), we find the defect sphere EE is

SEE = 8
405π2 qjα

j log 2R
ε

+ . . . . (3.22)

In the F0 = 0 case, we can evaluate the previous quantities more explicitly using eq. (2.5).
For example eq. (3.22) becomes

SEE = 4k
5
∑

j

qjj(N − j) log 2R
ϵ

+ . . . . (3.23)

From [27, 34], we know that for a flat two-dimensional conformal defect embedded in
a CFT on a flat six-dimensional background the universal part of the defect sphere EE is
uniquely determined by defect Weyl anomalies:

SEE = 1
3

(
aΣ − 3

5d2
)
log 2R

ϵ
(3.24)

Further, we know that for a two-dimensional superconformal preserving at least N = (2, 0)
defect supersymmetry, the two B-type defect Weyl anomaly coefficients, d1 and d2, are
equal [32, 33], and so the universal part of the defect sphere EE, when combined with an
independent computation of either aΣ or d2, provides some measure of characterization of
the defect degrees of freedom via anomalies. In the next subsection, we will compute the
on-shell action for probe branes wrapping S2 and S1 × S1 in the boundary geometry, which
will give us independent predictions for aΣ and d2.

4For β ̸= 2π, the defect embedding is expected to get deformed; this deformation is not known analytically
and would not be BPS. However, we are evaluating the action, which on shell is stationary under small
deformations; so ∂βSren(β)|β→2π = 0, and we can use directly the expression (3.21) in (3.17) [46, 47].
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In addition to the defect sphere EE, which can be found by taking n→ 1 in eq. (3.16),
there are other limits of S(n) that contain interesting physical information (see e.g. [44]).
By setting β = 2πn and computing the renormalized on-shell action, we find that the nth
Rényi entropy is

S(n) = T4qjα
jvol(S2) vol(S̃2) log 2R

ϵ

2
(
1− 6n2 +

√
1 + 24n2

)
729n(1− n) + . . . . (3.25)

Taking the n → 0 limit counts the number of non-zero eigenvalues of the reduced den-
sity matrix:

lim
n→0

S(n) = 4
729nπ2 qjα

j log 2R
ϵ

+O(n0) . (3.26)

Taking the opposite limit, n → ∞, measures the largest eigenvalue of the reduced den-
sity matrix

lim
n→∞

S(n) = 4
243π2 qjα

j log 2R
ϵ

+O(n−1) . (3.27)

3.3 On-shell action

In this subsection, we compute the holographically renormalized on-shell action in eq. (3.9)
starting from eq. (3.7) for the cases where the boundary geometry of M̃3 is R2, S2, and
S1 × S1. In the latter two cases, the computations result in robust predictions for physical
quantities that will be compared to anomaly inflow and supersymmetric localization at large
N in the following sections.

3.3.1 R2

Here we compute the on-shell action for a probe D4-brane embedding into eq. (2.1) wrapping
AdS3 × S2 engineering a flat two-dimensional defect supported on R2 in the dual field theory
defined on a R6 background. We take the AdS7 to be written in flat slicing as in eq. (3.10).
We fix static gauge with ξ = 0 such that the full SO(4)N normal bundle symmetry is
preserved. Computing the pullback onto the worldvolume of the probe D4-branes, the
induced metric takes the form

ds2Σ
π
√
2
= f21 (dx20 + dx21) + f22du

2 + f23dΩ2
2. (3.28)

Computing the on-shell action eq. (3.7), only finding vol(M̃3) remains to be done. For
the embedding described above,

vol(M̃3) = vol(R2)
∫ −ϵ

−∞

du

u3
= vol(R2)

2ϵ2 , (3.29)

where we have introduced a small radial cutoff u = −ϵ. There are no subleading divergences,
and so the covariant counterterm action built out of the induced volume of the cutoff slice
u = −ϵ exactly cancels Sprobe leaving

Sren = 0 , (3.30)

as expected.
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3.3.2 S2

Since we are studying a particularly simple D4-D2 bound state system as a probe, we can
easily consider other AdS7 and AdS3 geometries that will reveal the anomaly. Instead of
using flat slicing in Poincaré coordinates, we can consider the background AdS7 geometry in
global coordinates with radial slices having H5 × S1 geometry using the map in appendix A,
which results in

ds27 = dσ2 + cosh2 σds2H5 + sinh2 σdφ2 , (3.31)

where the line element on the H5 is given in eq. (A.8). So (3.31) is essentially (3.12), but
with the defect now wrapping an equatorial S2 ↪→ S4 ⊂ H5. Thus, our D4-D2 bound state
probe can be embedded in such a way that it wraps the boundary submanifold ψ = π/2
at the boundary ρ → ∞ at fixed σ.

Computing the on-shell action in this background is straightforward:

Sprobe =
16
81T4(4π)

2αj
∫ log Λ

0
dρ sinh2 ρ = 32π2

81 T4α
j
(
Λ2 − 4 log Λ + . . .

)
. (3.32)

We have introduced a radial cutoff ρ = logΛ ≫ 1 and suppressed further subleading (finite)
terms. Note that in this curved space embedding, z = j still extremizes the action, and so we
can use this to evaluate the action on-shell. The counterterm action is computed from (3.8).
We can tune c1 to remove the Λ2 divergence, and so the holographically renormalized on-shell
action is

Sren = − 8
81π2 qjα

j log Λ . (3.33)

This log divergence is physical: it holographically computes the A-type Weyl anomaly
for a defect wrapping S2 inserted into the six-dimensional N = (1, 0) SCFT dual to the
ten-dimensional SUGRA solution above:

⟨OS2⟩ ≈ e−Sren = (Rµ)aΣ/3 (3.34)

where we have introduced the length scale R on the S2 along with the RG scale µ for
dimensional reasons. Equating

Sren = −1
3aΣ log Λ (3.35)

and using (3.33), we find a prediction for the A-type defect Weyl anomaly to leading order
in large N :

aΣ = 8
27π2 qjα

j . (3.36)

In order to compute the B-type anomaly, we insert (3.36) into (3.24) and use (3.22) to arrive at

d1 = d2 =
32

81π2 qjα
j . (3.37)
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We can express aΣ in terms of representation theoretic data, like for the Wilson surface
in the (2, 0) theory [27, 48]. Recalling eq. (2.11), we can rewrite

aΣ = 24qi(C−1)ijrj = 24(q, r) , d1 = d2 = 32(q, r) , (3.38)

where we defined the Killing form on the weight space:

(λ, λ′) ≡ λi(C−1)ijλ′j . (3.39)

As a simple example, consider the case where F0 = 0. All the ri = k, so r = kρW , where
ρW = (1, 1, . . . , 1) is the Dynkin label for the AN−1 Weyl vector. Moreover take a single
probe brane in position j: qj = 1, qi ̸=j = 0. We obtain

aΣ = 12k
∑

j

j(N − j) = 24k(λ, ρW ) = 3
4d2 (3.40)

where now

λ = (0, . . . , 0︸ ︷︷ ︸
j−1

, 1, 0, . . . , 0︸ ︷︷ ︸
N−j−1

) . (3.41)

3.3.3 S1 × S1

Even though we already have the two independent defect Weyl anomalies in hand, there
are other defect geometries whose partition function carry non-trivial information related to
anomalies. Here we consider the probe brane geometry dual to the Wilson surface operator
wrapping S1R6

× S1 ↪→ S1R6
× S5. The purpose of computing the on-shell action for this

probe brane configuration is two-fold. First, upon dimensional reduction along S1R6
, the BPS

Wilson surface operator descends to the circular Wilson loop W in N = 1 SYM theory on
S5. This opens up the possibility of comparing to exact results for ⟨W ⟩ obtained in the field
theory using supersymmetric localization. Second, the partition function Z of an SCFT
on S1β × Sd−1 has long been known to be related to the superconformal index I up to an
exponential pre-factor containing a term known as the supersymmetric Casimir Energy (SCE),
Z = e−βEcI that can be computed in terms of various anomalies [49–51]. In the case of a
superconformal field theory, the defect SCE can be related to Weyl anomalies and in the
case of superconformal defects, has been computed in several cases [52]. However, it only
has been rigorously proven to be related to defect anomalies for co-dimension four defects
in six dimensional N = (2, 0) SCFTs [53].

Returning the probe brane computation, the coordinate transformation to take us to
a probe brane wrapping S1 × S1 is discussed in appendix A ending with the AdS7 metric
in eq. (A.16). We then take the periodicity around the S1R6

to be τ ∼ τ + 2πR6. On
the field theory side in the dimensional reduction along S1R6

to a Wilson loop wrapping
a great circle on S5, the five-dimensional Yang-Mills coupling is related to the radius of
the compactified direction by

R6 =
g2YM
8π2 . (3.42)
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Integrating over the S2 and the S1s wrapped in the boundary geometry, the on-shell action
takes the form

Sprobe=
128π3R6

81 T4qjα
j
∫ logΛ

0
dσ sinh2σ=−64π3R6

81 T4qjα
j

(
Λ2

2 −1+ 1
2Λ2+. . .

)
(3.43)

Again using eq. (3.8) as the counterterm action, the Λ2 divergence is regulated, and we find
the holographically renormalized on-shell action

Sren = −64π3R6
81 T4qjα

j . (3.44)

In order to more easily compare to the field theory computation, we define β = 4πR6, hence

⟨W ⟩ = exp
[

β

81π2 qjα
j
]
= exp

[
βqi(C−1)ijrj

]
, (3.45)

which in the F0 = 0 case gives

⟨W ⟩ = exp

β
2 k
∑

j

qjj(N − j)

 . (3.46)

In the following section, we will compare eq. (3.46) to the field theory calculation of the
expectation value of a circular Wilson loop in five-dimensional SYM theory on S5 computed
using supersymmetric localization.

Due to the nature of the holographic computation, it should not be entirely surprising
that ⟨W ⟩ can be expressed in a form similar to the defect Weyl anomalies. However, without
detailed knowledge of how the defect SCE of surface operators in six-dimensional N = (1, 0)
SCFTs should be related to defect Weyl anomalies, we cannot say what linear combination of
aΣ and d2 should be computed by ⟨W ⟩. In the case of a Wilson surface in the six-dimensional
AN−1 N = (2, 0) theory, however, it has been shown using chiral algebra methods that d2
alone appears in the defect SCE [53], which leads to the conjecture that the relation to the
defect Weyl anomalies in eq. (3.46) is not just superficial and that at large N the defect
SCE is given by Ec = d2/32, though a proof is lacking.

3.4 Defect gravitational anomaly

Here, we compute the defect gravitational anomaly from the worldvolume action of the
probe brane in the AdS7 ×M3 geometry in eq. (2.1). In the anomaly polynomial this is the
coefficient of the first Pontryagin class of the defect submanifold Σ:

I4 =
kr

2 c1(r)−
kg

24p1(T ) . (3.47)

p1(TΣ) = Tr(RT ∧RT )
8π2 is related by descent mechanism to the gravitational three-dimensional

Chern-Simons form,

p1 = 2πdCS3(RT ) CS3(RT ) =
1
4π tr

(
ΓT ∧ dΓT + 2

3Γ
3
T

)
, (3.48)
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where RT
a

b = (dΓT + Γ2
T )a

b = 1
2R

a
bµνdx

µ ∧ dxν is the curvature of Σ. Explicitly we have

tr(RT ∧RT ) =
1
4R

a
bρσR

b
aµνdx

µ ∧ dxν ∧ dxρ ∧ dxσ (3.49)

The anomaly appears in the partition function as a phase,

e2πiA = e
ikg

∫
M3

CS3(RT )
24 (3.50)

where for us M3 will be AdS3.
In order to evaluate the gravitational anomaly, we apply the strategy adopted in [54].

To start, we need to look at the worldvolume action of a stack of qi D4-branes wrapping
S2z=i ⊂ M3 and extending along AdS3. In particular we focus on the Wess-Zumino term
that includes the gravitational contribution,

SWZ
D4 = T4

∫
M8

Tr
[∑

n

Cn ∧ eF ∧
√
Â(2πRT )

]
5
, (3.51)

where the A-roof genus reads

Â(R) = 1− 1
24p1(TΣ) + . . . . (3.52)

If we ignore the term due to the non-abelian scalars, the term proportional to p1(TΣ) reads

SWZ
D4 ⊃ −qi

∫
M5

(C1 − C−1B2) ∧
1
24p1(TΣ) , (3.53)

where qi comes from the trace of the identity matrix. In addition we also accounted for the
IIA Romans mass contribution F0 which formally can be written as F0 = dC−1. Integrating
by parts and by using (3.51), we obtain

SWZ
D4 ⊃ −qi

∫
S2

z=i

(F2 − F0B2)
∫

AdS3

CS3(RT )
24× 2π . (3.54)

By inputting the eq. (2.1) and by integrating over S2z=i we get

SWZ
D4 ⊃ −qiri

∫
AdS3

CS3(RT )
24 . (3.55)

We now have to compare this result with the argument in (3.50). Considering multiple stacks
of D4-branes, we obtain the gravitational anomaly

kg = −
∑

i

qiri . (3.56)

This matches the field theory computation in eq. (B.18).
Let us now briefly comment on the computation that led to eq. (3.55) with an eye toward

section 4.2. First, notice that the defect gravitational anomaly is not directly captured by
inflow. Further, it does not have the same product structure of the bulk-defect degrees of
freedom, where the metric of the string lattice and its dual appear. A possible interpretation
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for this is that the gravitational anomaly accounts for the modes living only on the defect
and not interacting with the bulk six-dimensional SCFT. The latter does not capture the
inflow contribution, but it reproduces the gravitational anomaly computation that we just
performed in gravity purely from field theory. Finally we speculate that the gravitational
anomaly computation provides the only contribution to the subleading correction of the
defect aΣ anomaly in the large ri and N limit. In other words, the on-shell action provides
the leading contribution, whereas the WZ action gives the subleading one. This would work
exactly like in [54]. The total aΣ anomaly would then read [30]

aΣ = 3kr −
kg

2 = 24qi(C−1)ijrj +
∑

i qiri

2 . (3.57)

4 Anomalies from field theory and their string theory constructions

In this section, we test the holographic predictions provided by the probe brane computa-
tions in the previous section in two different settings. In the first subsection, we employ
supersymmetric localization to compute the expectation value of a circular Wilson loop
operator inserted in the antisymmetric representation of a necklace quiver gauge theory on S5.
This Wilson loop operator is thought to have UV completion to the string defect operator
studied in section 3.3.3, and so we compare the localization computation to the holographic
result for ⟨W ⟩. In the second subsection, we take a different approach. We first rely on
IIB/F-theory constructions of the 6d N = (1, 0) SCFTs to compute defect anomalies using
inflow arguments. We then use known non-perturbative relations between ’t Hooft anomalies
and the A-type Weyl anomaly for superconformal two-dimensional defects to compute aΣ.
In both cases, we find exact agreement with the probe brane results.

4.1 Necklace quivers and supersymmetry localization on S5

In this section, we demonstrate that the holographically renormalized on-shell action in
eq. (3.44) can be matched with the expectation value of the Wilson loop in the five-dimensional
N = 1 theory described by a circular quiver with k SU(N) gauge groups and the massless
bifundamental hypermultiplet between the two gauge groups that are next to each other.
This quiver theory can be regarded as a Kaluza-Klein (KK) theory whose UV completion
is the six-dimensional N = (1, 0) theory living on N M5-branes on the C2/Zk singularity
(see e.g. [55, section 4]).

Just like in section 2, this six-dimensional N = (1, 0) theory can be realized using the
Type IIA brane system consisting of k D6-branes in the 0123456 directions, along with N

NS5-branes in the 012345 directions; unlike in the general case, no D8-branes are necessary.
The defect is regarded as a D4-brane spanning the 01789 directions and is located between
the (j − 1)-th and j-th NS5-branes. The distance between such two NS5-branes gives rise
to a tension of a BPS string which is represented by the D2-brane in the 016 direction.
A D6-brane observer sees the D2 brane as a gauge instanton. The 2-4 and 4-2 strings
stretched between the D2-branes and D4-branes give rise to fermionic fields in the D2-brane
worldvolume. This is, in fact, precisely the T-dual of the D5-brane Wilson loops on the
D3-brane woldvolume studied in [56, section 4.1] (see also [57]). As pointed out in those
references, this brane system realizes the Wilson loop in 4d N = 4 super-Yang-Mills theory
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in the rank-s antisymmetric representation. The latter can be seen by integrating out the
fermions associated with the 3-5 and 5-3 strings, where s is the fundamental string charge
carried by the D5-brane. This argument therefore leads us to consider the Wilson loop in the
rank-j antisymmetric representation of each gauge group in the circular quiver. In particular,
we will show that the expectation value of the Wilson loop in question is related to the Weyl
anomalies of the D4-brane defects in such a brane configuration.

The expectation value of the Wilson loop in the rank-j antisymmetric representation ∧j

of five-dimensional N = 1 SYM with SU(N) gauge group was performed in [21, section 2.3]:

⟨W∧j ⟩ = exp
(
β

2 j(N − j)
)
, β ≡ g2YM

2πr (4.1)

where r is the radius of the five-sphere which the Wilson loop wraps. On the other hand, the
authors of [58, 59] also considered the circular quiver as described above, where the Wilson
loop was taken to be in the fundamental representation N of one of the SU(N) gauge groups
and in the trivial representation 1 of the others. They found that its expectation value turns
out to be equal to eq. (4.1) with j = 1, namely that of the Wilson loop in the fundamental
representation of the five-dimensional N = 1 SYM with SU(N) gauge group [58, 60]:

〈
W(N,1,...,1)

〉
= exp

(
β

2 (N − 1)
)

N→∞∼ exp
(
β

2N
)
, (4.2)

where the gauge coupling of each gauge group in the circular is taken to be equal to gYM.
Our main goal is to generalize these results, namely to compute the expectation value
⟨W(∧j ,∧j ,...,∧j)⟩ of the Wilson loop in the rank-j antisymmetric representation of every SU(N)
gauge group in the circular quiver.

To achieve this, we proceed as in [58, section 4.3], [59, section 3] and [21, section 2].
According to [59, (3.22)], the eigenvalue distribution of each SU(N) gauge group in the circular
quiver can be taken to be the same. We denote these by ϕi, with i = 1, . . . , N . The expression
of the partition function then simplifies, whereby in the large N limit it takes the form

Z ∼
∫ N∏

i=1
dϕi exp

−kN2

β

N∑
i=1

ϕ2i + k
N

2
∑

1≤i ̸=l≤N

|ϕi − ϕl|

 (4.3)

which is indeed a simple modification of the matrix model associated with five-dimensional
N = 2 SYM given by [21, (2.3)]. The latter can simply be obtained from eq. (4.3) by setting
k = 1. The saddle points are the same as in [21, (2.4), (2.5)]:

0 = −2N2

β
ϕi +N

∑
l,i ̸=l

sign(ϕi − ϕl) ; (4.4)

ϕi =
β

2N (N − 2i) , for ϕi > ϕl whenever i < l. (4.5)

Note that, upon evaluating the exponential function in the integrand of eq. (4.3) at the
saddle points, we find that the free energy F = − logZ obtained from above is indeed k times
that of the five-dimensional N = 2 SYM with SU(N) gauge group, as pointed out in [61,
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(3.11)], [58, (4.30)], and [59, section 4.3]. Let us now proceed with the computation of the
Wilson loop expectation value. Similarly to [21, (2.15)], this is given by

〈
W(∧j ,∧j ,...,∧j)

〉
∼
∫ N∏

i=1
dϕi exp

−kN2

β

N∑
i=1

ϕ2i + k
N

2
∑

1≤i ̸=l≤N

|ϕi − ϕl|+ kN
j∑

i=1
ϕi

 . (4.6)

Since the derivative with respect to ϕi of the last term in the exponential gives a constant
kN for all i = 1, . . . , j, the insertion of the Wilson loop does not change the eigenvalue
distribution. Evaluating the exponential function containing the last term yields

〈
W(∧j ,∧j ,...,∧j)

〉
∼ exp

kN j∑
i=1

ϕi

 ∣∣∣∣∣
(4.5)

∼ exp
(
β

2 kj(N − j)
)
. (4.7)

The argument of the exponential function is in agreement with the holographic prediction
for the surface operator wrapping S1 × S1 with vanishing Romans mass in eq. (3.46) for
a single defect qj = 1.

4.2 Anomaly inflow from type IIB

In this subsection, we derive the aΣ anomaly on the defect via inflow mechanism from the
F-theory construction of six-dimensional N = (1, 0) SCFTs [10, 55, 62]. These backgrounds
can be described in terms of type IIB string theory on a complex two-dimensional space with
a non-trivial fibration of the axio-dilaton. When the space is singular, IIB on the singularity
engineers the SCFT. If instead the space is resolved, which then denote by B, IIB provides a
definition of the tensor branch effective field theory (EFT) and corresponds to the scalars in
the tensor multiplets acquiring non-trivial vacuum expectation values. The full BPS physics of
the tensor branch EFT is determined by the geometric structure of the 2-cycles in B which read∫

B
βi ∧ βj = Ai ·Aj =

∫
Ai

βj = Ωij∫
B
βi ∧ αj = Ai ·Bj =

∫
Bj
βi = δj

i .

(4.8)

Here · denotes the number of intersections between cycles, weighted by signs so as to be
topologically invariant; βi, α

i, Bi, Ai generate the compact and non-compact cohomology
and homology:

βi ∈ H2
c (B), αi ∈ H2

nc(B)
Bi ∈ Hnc

2 (B), Ai ∈ Hc
2(B) .

(4.9)

The axio-dilaton depends on the coordinates of the base and it is interpreted as the complex
structure of a T2 fibered over B. Crucially, the axio-dilaton degenerates over some loci of B,
and the type of monodromy around these singular loci determines which D7-branes spans
the singular loci. Since we want to have supersymmetric configurations, the singular loci
themselves are the holomorphic 2-cycles of B. In addition, we associate a gauge algebra to
a given D7-brane, which can be trivial or non-trivial or even of exceptional type. The RR
four-form potential of type IIB is expanded as

C4 = Bi
2 ∧ βi (4.10)
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providing the dynamical anti-symmetric two-form fields Bi
2. The bosonic content of the

tensor multiplet is then completed by the real scalar modulus corresponding to

Vol(Ai) =
∫

Ai

J = Ωijϕ
j , J = ϕiβi , (4.11)

where J is the Kähler form of B. Lastly, we have D3-branes wrapping Ai, which are electrically
charged under C4 and therefore under the tensor multiplets. They form a lattice of BPS
strings whose pairing is given by Ωij .

This lattice of string operators plays a crucial role in determining the spectrum of defect
operators. In a four-dimensional gauge theory the “defect group” Λ∗

root/Λroot (where Λroot
is the root lattice of the gauge algebra and Λ∗

root is its dual) organizes the set of charged
operators that cannot be screened. On a basic level, the dual lattice tells us about the
non-trivial line defects that the theory supports. The geometric understanding of the origin of
these lattices from the brane picture (at least for SCFTs) can be lifted to a similar defect group
for six-dimensional theories [22], where now Λstring is the charge lattice of tensionless BPS
strings and Λ∗

string is the lattice of string defects that the theory supports. The six-dimensional
defect group is then given by Λ∗

string/Λstring, which determines the strings charged under
self-dual two-forms that cannot be screened.

4.2.1 Anomaly polynomial

The anomaly polynomial, I8, capturing the perturbative ’t Hooft anomalies for continuous
symmetries of six-dimensional N = (1, 0) theories has been well studied in [63–65] and can
be computed from the low-energy EFT on the tensor branch. The necessary condition is
that the tensor branch EFT contains the appropriate Green-Schwarz (GS) coupling to cancel
reducible gauge anomalies. That is, I8 ∼ (Igauge4 )2 where Igauge4 = 1/2trλ(Fg ∧ Fg), Fg is
the field strength of the gauge field, and λ is a representation of the gauge algebra. Let
us define the Dirac pairing of BPS strings,

Cij = −Ωij , (4.12)

where Cij is the same intersection paring introduced in (4.8). Then the GS coupling [66, 67]
takes the form

SGS =
∫

M6
CijB

i
2 ∧ I

j
4 . (4.13)

SGS couples the tensors to the gauge fields, but Ii
4 also contains characteristic classes of the

global symmetries like the first Pontryagin class of the tangent bundle p1(T ), as well as the
second Chern class of the SU(2)RI

-symmetry bundle c2(I).
Let us be more specific:

Ii
4 =

1
4Tr(Fi ∧ Fi) + yic2(I)−Kip1(T ) , (4.14)

where Tr ∼= trλ/Ind(λ) is the normalized trace over the index of the representation λ, and Fi is
the field strength of the gauge field associated to the D7-brane wrapping Ai; keeping in mind
that this can be the trivial gauge algebra as well. In addition we have that for a one-instanton
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background
∫
Σ4

1
4Tr(F ∧ F ) = 1 for a closed Σ4 ⊂M6. yi,Ki are coefficients such that also

mixed gauge-global anomalies are canceled, this is due to the fact that six-dimensional SCFTs
do not have two-form conserved currents [68]. This fixes

yi = (C−1)ijrj , ri = h∨gi
, (4.15)

where h∨gi
is the dual Coxeter number of the gauge algebra gi. In addition,

Ki = (C−1)ij(2− Cjj) . (4.16)

The GS contribution to the anomaly polynomial then reads

IGS = 1
2CijI

i
4I

j
4 . (4.17)

The origin of IGS from the IIB background was proposed in [64]. This comes in term
of a formal twelve-form which we then integrate over the IIB base B:

IGS = −1
2

∫
B
Z2 , dF5 = Z , (4.18)

where F5 is the five-form flux, and [69]

Z = 1
4

(
c1(B) ∧ p1(T ) +

∑
i

Tr(Fi ∧ Fi) ∧ βi

)
. (4.19)

c1(B) is the first Chern class of the base, and we have the relation with the anticanonical
bundle of B, ∫

B
c1(B) ∧ βi = CijK

j = (2− Cii), (4.20)

along with

F5 = H i ∧ βi , dH i = Ii
4 , −CijI

j =
∫
B
Z ∧ βi, Z = Ii

4 ∧ βi . (4.21)

We have assumed that dH i also contains a term proportional to c2(R), which is necessary
for the mixed anomaly cancellation. On the other hand it is not directly visible from
the IIB geometric construction because the R-symmetry is not manifest. Plugging (4.21)
in (4.18) we get (4.13).

The GS contribution can be also derived from the world-volume action of the D7-branes
where the following term should be present:∫

M6×Ai

C4 ∧ Ii =
∫

M6×Ai

Bj
2 ∧ βj ∧ Ii =

∫
M6

CijB
i
2 ∧ Ij (4.22)

In case of D7-branes the contribution proportional to Tr(Fi ∧ Fi) and p1(T ) come from
the Wess-Zumino term,

SWZ
D7 = µ7

∫
M8

Tr
[∑

n

Cn ∧ eF
]
8
, (4.23)

where we ignore the dependence on the scalar fields parameterizing the orthogonal directions.
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4.2.2 Anomaly inflow for BPS strings and surface defects

As we anticipated, the D3-branes wrapping Ai will provide the BPS strings charged under Bi
2.

On the other hand, the D3-branes wrapping non-compact cycles Bi realize the N = (0, 4)
surface defects in the theory [22]. Since both objects are D3-branes, they source additional
terms in F5:

dF5 = Z +Qi (δ(4)(x⊥)dx⊥ + χ4(NΣ)) ∧ βi + qi (δ(4)(x⊥)dx⊥ + χ4(NΣ)) ∧ αi ≡ Z ′ (4.24)

where Qi are the BPS string charges and qi are the number of defects. x⊥ are the coordinates of
the space R⊥

4 ⊂M6 perpendicular to the BPS strings and surface defects in the six-dimensional
space-time. The tangent bundle TM6 of the background splits into the tangent bundle TΣ and
the normal bundle NΣ (with structure group SO(4)) of the defect submanifold Σ. So, as in [70],

χ4(NΣ) = c2(L)− c2(R) ,
p1(TM6) = p1(TΣ) + p1(NΣ) = p1(TΣ)− 2(c2(L) + c2(R)) .

(4.25)

The surface defect is a D3 probe in the geometric F-theory setup, which in a string theory
background can receive anomaly contributions from the bulk theory by inflow. Placing the
probe brane in the string theory background produces a bulk anomaly for a given symmetry.
This anomaly is then canceled by an anomaly for the probe brane [71, 72]. We can apply
the same logic here. We need to integrate the anomaly polynomial in the presence of the
D3 brane probe source given by (4.24). We can either start from IIB or directly from six
dimensions. Only the reducible part will contribute IGS to the inflow:∫

R⊥
4 ×B

IGS = −
∫
R⊥

4 ×B

1
2(Z

′)2 ⊃ −
∫
B
Ii
4 ∧ βi ∧ (Qjβj + qjα

j) = CijI
i
4Q

j − qjδ
j
i I

i
4 . (4.26)

The first term of (4.26) would now reproduce the one for the BPS strings computed in [70].
But let us focus on the inflow on the defect only, neglecting the inflow contributions on the
strings, setting Qi = 0. Plugging in (4.14) and (4.15),

I4(Qi = 0) = −qi(C−1)ijrjc2(I) . (4.27)

We need to convert the SU(2)RI
into the (0, 2) U(1)r superconformal R-symmetry, and for

this we use the result of [30, (4.28)],5

aΣ = 3kr −
kg

2 , r = (R− 2I) , (4.28)

recalling the definition of kr in (3.47).
The SU(2)RI

vector bundle, VI , splits in terms of its Cartan line bundle LI as VI = LI⊕L∨
I .

This implies that

c2(I) = −c1(LI)2 = −4c1(r)2 . (4.29)
5Note that the second equality in (4.28) is slightly different from [30, (4.28)], since we are using half-integral

charges with respect to R, I. We thus remove a factor of 2 in the formula [30, (4.28)].
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The factor of 4 comes from (4.28); we ignored the contribution from c2(R) since it vanishes
when Qi = 0. In the anomaly polynomial we have,

KIc2(I) = −4KIc1(r)2 =
kr

2 c1(r)
2, KI = −qi(C−1)ijrj , (4.30)

which implies that

kr = −8KI (4.31)

The inflow contribution to the surface defect aΣ anomaly of a generic six-dimensional
SCFT is then

aΣ = 24qi(C−1)ijrj . (4.32)

In the case where Cij is the Cartan matrix of su(N) and ri are the ranks of the su(ri) gauge
nodes of the six-dimensional linear quiver in the tensor branch, the aΣ anomaly we just
obtained in (4.32) matches the gravity computation (3.38).

5 Discussion

In this work, we have characterized the probe limit of large N = (0, 4) two-dimensional
superconformal defects in six-dimensional N = (0, 1) SCFTs at large N . We have constructed
BPS solutions for embedding AdS3 probe D4-branes in AdS7 ×M3 solutions of type IIA
SUGRA with non-trivial Romans mass [12]. For these probe brane embeddings, we have
computed the probe brane contribution to the holographic EE of a spherical region in the
dual field theory, the probe brane on-shell action for various AdS3 boundary geometries, and
the two-dimensional gravitational anomaly coming from the probe WZ action. The defect
EE and on-shell action uniquely fix the independent defect Weyl anomalies aΣ and d2 in
eq. (3.38) at large N , while the gravitational anomaly provides a subleading correction to aΣ
in eq. (3.57). These results provide novel holographic predictions for universal quantities that
are crucial for the study of the ubiquitous string-like defects in six-dimensional SCFTs.

With our holographic predictions for defect anomalies in hand, section 4 focused on
computations in field theory to verify our results by utilizing the various string theoretic
construction at our disposal. In particular on the field theory side, we found that the
expectation value of a circular Wilson loop in N = 1 SYM theory on S5 computed using
supersymmetric localization agreed exactly with the holographic computation of the on-shell
action of a probe D4-brane wrapping S1×S1 at the conformal boundary of AdS3. This match
mirrors similar computations done for Wilson surface operators in AN−1 six-dimensional
N = (0, 2) SCFTs, e.g [21]. In string theoretic constructions, we were able to compute
defect ’t Hooft anomalies using inflow arguments. Working in IIB, we showed that D3-branes
wrapping non-compact cycles receive a contribution from inflow to the R-anomaly in their
defect four-form anomaly polynomial that, using the non-perturbative relations between
defect ’t Hooft and Weyl anomalies in [30], matches the leading large N results for aΣ
obtained using probe brane holography.

The inflow contribution provides the leading order contribution of aΣ at large N and
ri and we argue that inflow captures the bulk-defects modes. On the other hand the
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subleading contribution coming from the Wess-Zumino action of the brane is reproduced
by the gravitational anomaly of the 2d quiver description of the system with the defect
inserted, which has been derived from the NS5-D2-D4-D6-D8 brane system. The 2d quiver
gravitational anomaly does not capture the inflow term and the anomaly inflow does not
capture the gravitational anomaly contribution to aΣ. For this reason, we argue that the
2d quiver describes the intrinsic modes of the defect and the anomaly inflow the bulk-defect
degrees of freedom. The latter are leading whereas the former are subleading at large N, ri.
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A Coordinate transformations

Let’s consider the flat Euclidean geometry

ds2 = δµνdx
µdxν (A.1)

where µ, ν = 1, . . . , 6. We start from a flat defect in the x5–x6 plane situated at x1 = x2 =
x3 = x4 = 0. Consider the conformal transformation xµ → x̃µ(x) that leaves R6 invariant
but maps the defect submanifold from R2 → S2 with radius R:

x̃1 = R
4|x|2 −R2

R2 + 4|x|2 + 4Rx1 , x̃a = 4R2 xa

R2 + 4|x|2 + 4Rx1 , (A.2)

where a = 2, . . . , 6 with inverse transformation

x1 = R
R2 − |x̃|2

2((R− x̃1)2 + δbcx̃bx̃c) , xa = R2 x̃a

(R− x̃1)2 + δbcx̃bx̃c
. (A.3)

The effect of this transformation is to map eq. (A.1) to

ds2 = R4

((R− x̃1)2 + δbcx̃bx̃c)2 δµνdx̃
µdx̃ν . (A.4)

Importantly the hyperplane x1 = . . . = x4 = 0 is mapped to x̃2 = x̃3 = x̃4 = 0 with
δµν x̃

µx̃ν = R2.
To make the defect geometry a bit clearer, use (x̃1)2 = R2 − (x̃5)2 − (x̃6)2 and x̃2 =

x̃3 = x̃4 = 0 to write the image of the line element of the defect submanifold geometry
under the conformal map as

ds2|Σ = R2 (R2 − (x̃6)2)(dx̃5)2 + (R2 − (x̃5)2)(dx̃6)2 + 2x̃5x̃6dx̃5dx̃6

4(R2 − (x̃5)2 − (x̃6)2)
(
R−

√
R2 − (x̃5)2 − (x̃6)2

)2 . (A.5)
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Then, using the coordinate transformation

x̃5 = R sinΘ sinΦ, x̃6 = R sinΘ cosΦ (A.6)

we find

ds2|Σ = R2

16 sin4Θ/2(dΘ
2 + sin2ΘdΦ2) , (A.7)

where the conformal factor can be removed by a residual SO(2, 2) transformation. So, the
defect submanifold embedding now takes the form S2 ↪→ R6.

Since we are ultimately interested in studying the geometry of the probe brane dual to
this defect, we write the AdS7 metric as (3.31), with

ds2H5 = dρ2 + sinh2 ρdΩ2
4 ,

dΩ2
4 = dζ2 + sin2 ζdΩ̃2

2 + cos2 ζdχ2 , (A.8)
dΩ̃2

2 = dθ̃2 + sin2 θ̃dϕ̃2 .

Starting from eq. (A.1), we first map to polar coordinates with

x1 = ϱ cos ζ cosχ , x2 = ϱ cos ζ sinχ ,
x3 = ϱ sin ζ sin θ̃ sin ϕ̃ , x4 = ϱ sin ζ sin θ̃ cos ϕ̃ , x5 = ϱ sin ζ cos θ̃ ,

(A.9)

which brings us to

ds26 = dϱ2 + ϱ2dΩ2
4 + (dx6)2 . (A.10)

Now, we can map to H5 × S1 by

ϱ = L sinh ρ
cosh ρ− cosφ, x6 = L sinφ

cosh ρ− cosφ , (A.11)

which gives

ds26 =
L2

(cosh ρ− cosφ)2 (dρ
2 + sinh2 ρ dΩ2

4 + dφ2) . (A.12)

Stripping off the overall conformal factor, we can extend this into the bulk with a formula
similar to (3.11):

ϱ = cosh σ sinh ρ
cosh σ cosh ρ+ sinh σ cosφ , x6 = sinh r sinφ

cosh σ cosh ρ+ sinh σ cosφ ,

z = 1
cosh σ cosh ρ+ sinh σ cosφ .

(A.13)

This turns (dz2 + dϱ2 + ϱ2dΩ2
4 + dx26)/z2 into eq. (3.31). Figure 3 illustrates this coordinate

change. The defect wraps the S2 ↪→ H5 at the conformal boundary of H5 at ρ→ ∞, ζ = π/2.
The probe brane wraps {ρ, θ̃, ϕ̃} in the bulk AdS7 geometry and an S2 in the internal space.
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Figure 3. Starting from the flat R6 slicing (horizontal blue dotted lines) of AdS7, the map in
eqs. (A.9) and (A.11) brings us to H5 × S1 sliced AdS7. The conformal boundary ∂AdS7 in this new
coordinatization can be reached by taking either σ → ∞ at fixed ρ which lands in the bulk of H5 or
ρ→ ∞ at fixed σ which simultaneously takes us to ∂H5 × S1.

We can follow a similar map that brought us to a spherical defect in H5×S1 to bring us to a
defect wrapping S1×S1 in S5×S1. We start with eq. (A.10), and instead of eq. (A.11), we take

ϱ = L sin ς
cosh τ − cos ς , x6 = L sinh τ

cosh τ − cos ς , (A.14)

which brings us to

ds26 =
L2

(cos ς − cosh τ)2 (dτ
2 + dς2 + sin2 ςdΩ2

4) . (A.15)

The boundary metric, up to a conformal factor, is now R× S5. Compactifying the τ direction
with periodicity τ ∼ τ+β gives us S1β×S5. Extending this geometry into the AdS7 bulk we get

ds27 = dσ2 + cosh2 σ dτ2 + sinh2 σ dΩ2
5 . (A.16)

The probe now wraps (σ, τ) and a great circle at the S5 equator as well as the internal S2.

B Two-dimensional quiver gauge theories

As reviewed in section 2, the six-dimensional theory is realized on the stacks of D6 branes
ending on the NS5 branes. The defects we are considering are as in the upper part of figure 2.
For completeness we also include the string-like objects realized by D2 branes ending on D4
branes. All in all we end up with the brane intersection in (B.2). For simplicity of the analysis,
we do not consider the contribution of the D8 branes in the above configuration, but will briefly
comment about their contributions to various anomaly coefficient at the end of this appendix.

D6
· · ·

NS5
r0 r1 r2 rN rN+1

D2
Q0 Q1 Q2 QN QN+1

q1

D4

q2 qN

(B.1)
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0 1 2 3 4 5 6 7 8 9
D6 × × × × × × × - - -
D2 × × - - - - × - - -
D4 × × - - - - - × × ×
NS5 × × × × × × - - - -

(B.2)

The two-dimensional N = (0, 4) gauge theory on the D2 brane worldvolume is described
by the linear quiver in (B.3), which can be obtained in a similar way to those in [73] and [74].

Q1 Q2 QN

k1 k2 kN

Q0

D6

D2

D4

k0 kN+1

QN+1

n1 n2 nN

<latexit sha1_base64="GXXtl4/p+5DOGUXnN04NqbNs5r0="></latexit>r0
<latexit sha1_base64="ad+Yr54pJnC8GK4mknPDlTxdPP4="></latexit>r1

<latexit sha1_base64="QywS6QB80zrBwTGpaJZyA+AHEtU="></latexit>r2
<latexit sha1_base64="bun9sfmwUwHpjb+X3oxGMztmIeQ="></latexit>rN

<latexit sha1_base64="L2WnMuu8lbSxdthuXFDjIgdqlpQ="></latexit>rN+1

<latexit sha1_base64="B/kdYkIxem7xU7D1UIHrbUn10M4="></latexit>q1
<latexit sha1_base64="4aS62z+Lr40b/RV/ImrmLWwNqUg="></latexit>q2

<latexit sha1_base64="tY0g5Y9I+4QjDyYRJcu9dt9Pwis="></latexit>qN

<latexit sha1_base64="aQdLXwax+58Sr1KGhjsOMkUY01E="></latexit>

Q0

<latexit sha1_base64="dIcpA6h3H+LF5cCs5E7HInMXoes="></latexit>

Q1

<latexit sha1_base64="1OIUt4TCW05l+4qkR1e/wiGOyIs="></latexit>

Q2

<latexit sha1_base64="vgAdZ9wVti93i0JQOh4/IjDbI78="></latexit>

QN
<latexit sha1_base64="fHoz8/0HXYHsEQXU9YcxyMxsj/Q="></latexit>

QN+1
(B.3)

Let us explain the above quiver diagram as follows. First, we have the circular (gauge)
nodes in the center row, which are stacks of Qi D2 branes (the Q0 and QN+1 nodes give rise
to U(Q0) and U(QN+1) flavor symmetries respectively). The boxed nodes on the top row are
stacks of ri D6-branes. The boxed nodes in the bottom row are stacks of qi D4-branes. The
length of the row is determined by the number of NS5 branes (N). We take 0 ≤ i ≤ N + 1
with q0 = qN+1 = 0. We label each field in the quiver as follows.

ki ki+1

ni ni+1

Qi+1Qi
X(i)eX(i)

⌅(i)

 (i)

⌥(i)

⇥(i)

Y (i)

Ỹ (i)

�(i)�̃(i)

e⌦(i)

⌦(i) B(i)

eB(i)

⌃(i) ⌃(i+1)
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Q(i+1)

<latexit sha1_base64="NpMNKsIi2qcLXjia2zN+6lCLCGY="></latexit>ri
<latexit sha1_base64="PJVz9MmJBM1phi2Bm9IfLgiMgvk="></latexit>ri+1

<latexit sha1_base64="wRkGSOR+FhxlAPQFTygTMplAq+Y="></latexit>qi+1
<latexit sha1_base64="0Zm45TSKOv7MnOy9DZMIDel3Igw="></latexit>qi

(B.4)

• The N = (0, 4) vector multiplet consists an N = (0, 2) vector multiplet U (i) and an
adjoint N = (0, 2) Fermi multiplet Θ(i). The vector multiplet U (i) also contains the
N = (0, 2) field strength Fermi multiplet Υ(i). These Fermi multiplets are denoted by
dashed green loops in the above diagram.
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• The solid green lines are N = (0, 4) twisted hypermultiplets built out of N = (0, 2)
chirals (Y (i), Ỹ (i)) transforming in the adjoint representation of U(Qi).

• The horizontal lines connecting the Qi nodes comprise an N = (0, 4) hypermultiplet in
the bifundamental of U(Qi)× U(Qi+1) which in N = (0, 2) language contains chirals
(X(i), X̃(i)) [solid] and Fermi multiplets (Γ(i), Γ̃(i)) [dashed].

• The red dashed diagonal lines from the top left corner to bottom right corner are
Fermi multiplets Ψi charged under U(ri−1) × U(Qi). The red dashed diagonal lines
from the bottom left corner to top right corner are Fermi multiplets Ξi charged under
U(Qi)× U(ri+1).

• The vertical red solid lines are N = (0, 4) hypermultiplets in the bifundamental of
U(ri)× U(Qi) built out of chiral multiplets (Q(i), Q̃(i)).

• The vertical black dashed lines are Fermi multiplets Σi charged under U(ri)× U(qi). If
there are no D4 branes in the game qi = 0 for all i, then these multiplets are absent.

• The vertical blue lines are N = (0, 4) hypermultiplets charged in the bifundamental of
U(qi)×U(Qi). These multiplets decompose in N = (0, 2) language as a Fermi multiplet
(Ω(i), Ω̃(i)) and chiral multiplet (B(i), B̃(i)).

The E-term potentials for the various Fermi multiplets and superpotential terms can
be written in a similar way as in [73]. Explicitly, the E-terms are

EΘ(i) = [Y (i), Ỹ (i)] +Q(i)Q̃(i) EΓ(i) = Y (i)X(i) − Y (i)X(i−1)

EΓ̃(i) = −X̃(i)Y (i) + X̃(i−1)Y (i) EΞ(i) = X(i)Q(i+1)

EΨ(i) = Q̃(i)X(i) EΩ(i) = Y (i)B(i) − Y (i)B(i−1)

EΩ̃(i) = −B̃(i)Y (i) + B̃(i−1)Y (i) EΣ(i) = Q̃(i)B(i)

(B.5)

and the superpotential terms are

WΘ(i) = X̃(i)ΘX(i) −X(i−1)ΘX̃(i−1) WΓ(i) = X̃(i)Ỹ (i)Γ(i) − Γ̃(i−1)Ỹ (i)X(i−1)

WΓ̃(i) = Γ̃(i)Ỹ (i)X(i) − X̃(i−1)Ỹ (i)Γ(i−1) WΞ(i) = Ξ(i)Q̃(i+1)X̃(i)

WΨ(i) = Ψ(i)X̃(i)Q(i) WΩ(i) = B̃(i)Ỹ (i)Ω(i) − Ω̃(i−1)Ỹ (i)B(i−1)

WΩ̃(i) = Ω̃(i)Ỹ (i)B(i) − B̃(i−1)Ỹ (i)Ω(i−1) WΣ(i) = Σ(i)B̃(i)Q(i) .

(B.6)

Gauge anomaly cancellation. Let us compute the anomaly for quiver (B.3). First, the
gauge anomaly of the U(1)i subgroup of the U(Qi) gauge group is given by

Tr(γ̂3JU(1)i
JU(1)i

) =
∑

j: chiral
q2j −

∑
j:Fermi

q2j = 2ri − ri+1 − ri−1 (B.7)

where γ̂3 is the two-dimensional chirality matrix. The gauge anomaly cancellation thus
determines 2ri = ri+1 + ri−1 and is independent of qi.

This last point deserves a bit of comment. This result is quite different from the gauge
anomaly cancellation in [75]. The key difference is that there is an additional pair of chiral
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multiplets (B, B̃) in the construction above that soaks up the anomaly from the (Ω, Ω̃) Fermi
multiplets which are present in [75]. In the latter case, the ni are fixed by gauge anomaly
cancellation to be 2ri − ri+1 − ri−1.

The non-abelian gauge anomaly is obviously more involved but we have all the information
we need from the list of matter multiplets above:

Tr(γ̂3JSU(Qi)JSU(Qi)) = (TQ(□) + TQ̃(□))ri − TΞ(□)ri+1 − TΨ(□)ri−1

+ TX(□)Qi−1 + T
X̃
(□)Qi+1 − TΓ(□)Qi−1 + TΓ̃(□)Qi+1

+ (TB(□) + T
B̃
(□))qi − (TΩ(□) + TΩ̃(□))qi

+ TY (adj) + T
Ỹ
(adj)− TΥ(adj)− TΘ(adj)

= ri −
1
2(ri+1 + ri−1),

(B.8)

where TF (R) denotes the index of the representation R of SU(Qi) in which the field F

transforms. We used the convention that the indices of the fundamental and antifundamental
representations are T (□) = T (□) = 1

2 and that of the adjoint representation is T (adj) = Qi.
This reproduces the abelian gauge anomaly cancellation.

R-symmetry. The two-dimensional N = (0, 4) gauge theory in question has R-symmetry
so(4)R

∼= su(2)+R×su(2)−R. Let R±[F ] be the charge of the field F under the Cartan subalgebra
of su(2)±R. The R-charge assignment to each field is constrained by the following conditions:

• We assume the R-charges of the fields are independent of the superscript (i), and so we
write R±[F (i)] = R±[F ] for any field F .

• Each superpotential term carries R-charge R±[W] = +1.

• For each Fermi multiplet f , the corresponding E-term has charge R±[Ef ] = R±[f ] + 1.

• R±[Υ] = 1 since Υ is in the multiplet that contains the field strength.

As pointed out in [73], the fields Γ(i) and Γ̃(i) are singlets under su(2)+R × su(2)−R:

R±[Γ] = 0 , R±[Γ̃] = 0 . (B.9)

Moreover, as pointed out in [76, 77] and [73, p. 10], it is possible to have a single N = (0, 2)
Fermi multiplet which is consistent with N = (0, 4) supersymmetry. However, for this to
happen, the chiral fermion should be a singlet under su(2)+R × su(2)−R. Thus,

R±[Ξ] = 0 , R±[Ψ] = 0 . (B.10)

Taking these into account, we obtain the following R-charge assignment:

Υ Θ Y Ỹ X X̃ Q Q̃ B B̃ Γ Γ̃ Ω Ω̃ Ξ Ψ Σ
R+ 1 1 1 1 0 0 1 1 0 0 0 0 0 0 0 0 0
R− 1 −1 0 0 1 1 0 0 1 1 0 0 0 0 0 0 0

(B.11)
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SU(2)D flavor symmetry. Our quiver theory also has an SU(2)D flavor symmetry that
transforms the N = (0, 4) adjoint twisted hypermultiplet (Y (i), Ỹ (i)) as a doublet for each
i. We assign their charges under the SU(2)D Cartan subalgebra as

D[Y (i)] = 1 , D[Ỹ (i)] = −1 . (B.12)

Since the superpotential terms have transform trivially under this symmetry, from (B.6) we
find that the consistent charge assignment is as follows:

Υ Θ Y Ỹ X X̃ Q Q̃ B B̃ Γ Γ̃ Ω Ω̃ Ξ Ψ Σ
D 0 0 1 −1 0 0 0 0 0 0 1 1 1 1 0 0 0 (B.13)

Note that Υ(i) and Θ(i), residing in the N = (0, 4) vector multiplet, transform trivially in
the SU(2)D flavor symmetry.

Gravitational, R-symmetry and SU(2)D anomalies. The four-form anomaly polynomial
of the two-dimensional quiver gauge theory contains the following terms:

1
2KR+c2(R+) + 1

2KR−c2(R−) + 1
2KDc2(D) + kgp1(T ) , (B.14)

where KR± are R-symmetry anomalies, KD is the SU(2)D symmetry anomaly, and kg is
the gravitational anomaly of the quiver theory:

KR± = Tr(γ̂3JSU(2)±R
JSU(2)±R

) , KD = Tr(γ̂3JSU(2)D
JSU(2)D

) , kg = Tr γ̂3

c2(R±) = c2(SU(2)±R) , c2(D) = c2(SU(2)D) ,
(B.15)

For the R-anomalies, the left moving fermions in the Fermi multiplets ψ contribute
−R[ψ]2 and the fermions in the chiral multiplet χ contribute (R[χ]− 1)2, where R[X] = RX

denotes either R+[X] or R−[X]. The counting results in

KR =
N+1∑
i=0

[
QiQi+1

(
(RX − 1)2 + (R

X̃
− 1)2 −R2

Γ −R2
Γ̃

)
−Qiri+1R

2
Ξ −Qiri−1R

2
Ψ

]

+
N∑

i=1
qi

[
Qi
(
(RB − 1)2 + (R

B̃
− 1)2 −R2

Ω −R2
Ω̃

)
− riR

2
Σ

]

+
N∑

i=1
Qi

[
Qi((RY − 1)2 + (R

Ỹ
− 1)2 −R2

Υ −R2
Θ) + ri(RQ − 1)2 + ri(RQ̃ − 1)2

]
.

(B.16)

Explicitly, using (B.11), we have

KR =

2∑N
i=1 riQi if R = R−

2∑N
i=1(qi −Qi)Qi + 2∑N

i=0QiQi+1 if R = R+ .
(B.17)

On the other hand, the gravitational anomaly can be obtained from by replacing (RF −1)2
and R2

F in (B.16) by 1 for every field F :

kg = −
N∑

i=1
riqi +

N∑
i=1

(2ri − ri+1 − ri−1)Qi = −
N∑

i=1
riqi , (B.18)

where we have used the gauge anomaly cancellation to obtain the last equality.
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Finally, the SU(2)D anomaly can be computed by replacing (RF − 1)2 and R2
F in (B.16)

by D[F ]2, where D[F ] is the charge of F under the Cartan subalgebra of SU(2)D given
by (B.16) for every field F . The result is

KD = −KR+ = 2
N∑

i=1
(Qi − qi)Qi − 2

N∑
i=0

QiQi+1 . (B.19)

To summarize, the terms (B.14) in the four-form anomaly polynomial of the two-
dimensional quiver theory can be written as

1
2KD

[
c2(D)− c2(R+)

]
+ 1

2KR−c2(R−) + kgp1(T )

=
(

N∑
i=1

(Qi − qi)Qi −
N∑

i=0
QiQi+1

)[
c2(D)− c2(R+)

]

+
(

N∑
i=1

riQi

)
c2(R−) +

(
−

N∑
i=1

riqi

)
p1(T ) .

(B.20)

It is instructive to compare this result to [70, (2.5)] in the case of qi = 0. According
to [70, Page 7], the coefficient of c2(R−) in (B.20) coincides with that of c2(I) in [70], and
so we identify our SU(2)−R with their SU(2)I . Moreover, the coefficient of

[
c2(D)− c2(R+)

]
when qi = 0 can be written as 1

2
∑N

i,j=1CijQiQj where Cij is the Cartan matrix of the AN

algebra. This is in agreement with the coefficient of c2(L)− c2(R) of [70, (2.5)] when their
ηij is taken to be the Cartan matrix Cij . We thus identify our SU(2)D − SU(2)+R with their
SU(2)L − SU(2)R. Finally, we see that for qi = 0 the gravitation anomaly kg vanishes, in
agreement with the coefficient of p1(T ) and c2(L) + c2(R) of [70, (2.5)] when ηij is taken to
be the Cartan matrix Cij , whose diagonal elements are precisely 2. This is also consistent
with (B.19), namely the coefficient of c2(D) + c2(R+) in our anomaly polynomial is zero.
This leads to the identification of our SU(2)D + SU(2)+R with their SU(2)L + SU(2)R. The
R-symmetry of the two-dimensional theory in our notation is SU(2)+R × SU(2)−R and in their
notation is SU(2)R × SU(2)I . We therefore identify

SU(2)−R ≡ SU(2)I , SU(2)+R ≡ SU(2)R , SU(2)D ≡ SU(2)L , (B.21)

in our and their notations, respectively.
We can compute the defect anomaly from the formula (4.28), namely

aΣ = 3kr −
1
2kg . (B.22)

Note that the anomaly polynomial (B.14) contains the terms 1
2KR+c2(R+) = −1

2KR+c1(r)2
and 1

2KR−c2(R−) = −4
2KR−c1(r)2 = −2KR−c1(r)2, where we have used the fact that

c2(R+) = −c1(r)2 and c2(R−) = c2(I) = −4c1(r)2; see (B.21), (4.28) and (4.29). Recalling
that we adopt the convention 1

2krc1(r)2 in the anomaly polynomial, we thus obtain

kr =

−4KR− for SU(2)−R
−KR+ for SU(2)+R .

(B.23)
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Applying the formulae (B.17) and (B.18), we obtain

aΣ =

−24∑N
i=1 riQi + 1

2
∑N

i=1 riqi if R = R−

−6
(∑N

i=1(qi −Qi)Qi +
∑N

i=0QiQi+1
)
+ 1

2
∑N

i=1 riqi if R = R+ .
(B.24)

We extract the defect anomaly by setting the BPS string charges Qi = 0.
We finally comment on the insertion of fi D8-branes, which span the 012345 789 directions,

in the brane system which engineers 6d theories intersecting the i-th D6 segment. The extra
contribution to 2d quiver gauge theory is provided by D2-D8 states that are fiQi (0, 2) Fermi
multiplets.6 In addition, the cancellation of the gauge anomalies (B.8) and (B.7) now requires

2ri − ri+1 − ri−1 − fi = 0 (B.25)

which is equivalent to the 6d irreducible gauge anomaly (proportional to tr(F 4) in the 6d
anomaly polynomial) cancellation condition. All the R-charge assignments are the same
as RΞ(i). Therefore, the KR± and KD will receive contributions from fiQi (0, 2) Fermi
multiplets accordingly. The gravitational anomaly remains unchanged since it explicitly
depends on the gauge anomaly cancellation condition (B.18). We conclude that the addition
of D8 branes does not change the defect anomaly contribution, but it changes the BPS
strings R-symmetries anomalies.
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