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1. Introduction

The Virtual Element Method (VEM) was introduced first in (Beirdo da Veiga,
Brezzi, Cangiani, Manzini, Marini and Russo 20130, Beirdo da Veiga, Brezzi, Mar-
ini and Russo 2014), as an alternative way of looking at Mimetic Finite Differences
for the approximation of (systems of) Partial Differential Equations. The unknowns
of the discretized problem, originally nodal values, in the VEM formulation became
instead functions or, if convenient, vector-valued functions, individuated by a set of
degrees of freedom that included nodal values or moments on edges and/or inside
the element (referring to a two-dimensional problem). In Mimetic Finite Differ-
ences these values where used “as if they were related to a polynomial function”,
and the corresponding polynomial functions were used in the construction of the
final discrete formulation. All this was done on polygons/polyhedra of very general
shape, thus allowing the treatment of very general decompositions. The basic idea
of Virtual Elements was “to associate with every suitable subset of degrees of free-
dom a corresponding function”, and then write the discretized problem in terms of
the corresponding functions, their values, their averages, and so on. Obviously, one
could not expect to associate a polynomial function with every subset of degrees
of freedom. Hence, the new (Virtual Element) strategy was: with every “set of
degrees of freedom” we associate a function that is not necessarily a polynomial
but rather a smooth function, solution of a PDE problem inside the element. These
functions in general are not computable (one could not dream of solving a bunch of
PDE problems inside each element of the decomposition!) but one would compute
their projections onto polynomial spaces out of the degrees of freedom, and then
use them in formulating the discretized problem. With time, the internal PDE’s
problems shifted from a simple Laplacian to more complex operators or systems of
PDE’s, connected (but, in general, not coincident) with the system of PDE’s to be
solved on the whole domain. Needless to say, all these element-by-element PDE’s
systems (with polynomial data) are never solved explicitly, but in the code one uses
suitable projections of their solutions onto polynomial spaces.

The final outcome of this approach is a Galerkin method, having the same struc-
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ture of the Finite Element Method. Furthermore, the two methods (VEM and
FEM) are perfectly compatible, and can coexist on the same mesh. Moreover,
somehow unexpectedly, some of the new techniques and ideas developed for poly-
gonal elements proved to have some interest also on elements of classical shapes,
like triangles or quadrilaterals, as shown in (Brezzi and Marini 2021).

In summary, the “general structure” of a VEM discretization amounts to:

i) generate adecomposition of the computational domain in polygons/polyhedra;

ii) define, inside each polygon/polyhedron, a finite dimensional space of func-
tions, typically solutions of PDE problems with polynomial data (as for in-
stance, a polynomial trace on each edge and a polynomial Laplacian);

iii) define a suitable set of degrees of freedom;

iv) individuate suitable polynomials, explicitly computable from the degrees of
freedom, obtained by projecting each of the above functions onto polynomial
spaces.

The above approach applies to an enormous variety of different PDE models, such
as, for instance, Heat Diffusion, Elasticity, Plate Bending, Fluid Flows, Magnetic
fields, and so on.

In the last decade, and soon after the publication of the first paper in 2013, Virtual
Elements have seen an enormous growth of interest in the Applied Mathematics
and in the Engineering community, thanks to their great ductility that makes them
applicable to many different types of problems. The number of applications and
variants is such that it would be difficult, if not prohibitive, to provide an exhaustive
list. Here we decided to mention only few of them, chosen as samples among those
that, to the best of our knowledge, appear to be particularly attractive in terms of
number of papers and/or variety of groups of researchers. For each subject we will
cite a couple of the most recent publications, and we refer to the references therein;
more references are provided within each Section of the present paper.

For topology optimisation important contributions were given by G.H. Paulino
and his group (Gain, Paulino, Duarte and Menezes 2015, Chi, Pereira, Menezes
and Paulino 2020). Significant contributions to contact problems were given by P.
Wriggers, B.D. Reddy and their groups (Wriggers, Rust and Reddy 2016, Cihan,
Hudobivnik, Korelc and Wriggers 2022). For geophysical applications, and in par-
ticular for discrete fracture networks, S. Berrone and his group (Benedetto, Berrone,
Borio, Pieraccini and Scialo 2016, Berrone and Raeli 2022) are worth mentioning.
For Helmbholtz problem we refer to I. Perugia & collaborators (Mascotto, Perugia
and Pichler 2019).

A key ingredient in all VEM applications is the integration on general polygons
and polyhedra; we refer to (Chin, Lasserre and Sukumar 2015, Chin and Sukumar
2021) for a detailed study of polytopal quadrature formulas.

For more methodology oriented papers we mention (Brenner, Guan and Sung
2017, Chen and Huang 2018) for results on a-priori estimates, (Mora, Rivera
and Rodriguez 2017, Gardini, Manzini and Vacca 2019) for eigenvalue problems,



(Beirdao da Veiga, Chernov, Mascotto and Russo 2016, Chernov, Marcati and
Mascotto 2021) for hp formulations, (Cangiani, Georgoulis, Pryer and Sutton 2017,
Beirdao da Veiga, Manzini and Mascotto 2019a) for a posteriori error analysis.

A “hot” subject regards the treatment of curved edges and faces, for which there
are some results, still not completely satisfactory in (Bertoluzza, Pennacchio and
Prada 2019, Beirdao da Veiga, Russo and Vacca 2019c¢, Beirdao da Veiga, Brezzi,
Marini and Russo 2020, Dassi, Fumagalli, Scotti and Vacca 2022).

An update on the VEM-literature could be obtained through a non-conventional,
although very effective, approach, consisting in looking (for instance in Google
Scholar) at the most recent papers citing the original paper (Beirdo da Veiga et al.
2013b).

In the present paper, following somehow the evolution and growth of the method
and its applications, we will discuss the basic ideas, starting from the simplest
Poisson problem, and then giving an overview on more general problems, namely,
plate bending, elasticity, and fluid flows equations.

An outline of the whole presentation is as follows. After setting, in Section 2,
the notation and some assumptions that will be used in the whole paper, in Section
3 we describe, on a simple Poisson problem, the basic approach to construct C°-
conforming approximations, in two and three dimensions. Section 4 is devoted to
the C%-non-conforming approximation of the same model problem, while Section
5 deals with C'-conforming approximations, taking, as a reference problem, a plate
bending problem. Section 6 is dedicated to the discretization of the spaces H(div),
H(rot), and H(curl). Two and three dimensional Face and Edge Virtual Elements
are illustrated in detail, and are shown to form exact sequences. The last two
Sections deal with specific problems: linear and nonlinear Elasticity in Section 7,
Stokes and Navier-Stokes in Section 8. Suitable discrete spaces are presented and
discussed, together with convergence results.

2. Preliminaries

In this Section we will define some common notation and introduce general assump-
tions that will be used throughout the paper. Other definitions and assumptions
will be introduced as needed.

Computational domain and mesh

We will denote by Q ¢ R?, d = 2 or d = 3, the computational domain of the
differential problem under study. We assume that € can be decomposed into
polygons (in two dimensions) or into polyhedra (in three dimensions). A generic
polygon will be denoted by E and a generic polyhedron by P. We will use the
general notation K to indicate a polygon or a polyhedron. The letter e will denote
an edge (of a polygon or a polyhedron) and f a face (of a polyhedron).

The number of edges and vertices of a polygon or a polyhedron K will be denoted
by N¢(K) and Ny (K) respectively; the “(K)” will be omitted when no confusion
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can arise. Obviously for a polygon N, = Ny. Similarly, N¢(P) will indicate the
number of faces of a polyhedron P.

The outward normal to K will be denoted by ng, sometimes with the superscript
or © to indicate that nx belongs to the face f or the edge e respectively. When no
confusion can arise, we will simply use the letter n. Similarly, in three dimensions
n¢ will denote the outward normal to the face f lying in the plane of f, and ng will
be that related to edge e. Tangent unit vectors will be denoted by ; in particular,
for an edge e, £, will be a unit vector parallel to e.

The diameter of an element K will be denoted by /x; a family of decompositions
of Q will be denoted by {7}, } 5, with h = max{hg, K € T} being a measure of the
size of the decomposition 7. On {7}, we make the following assumption:

f

Assumption 2.1 (Mesh regularity). There exists a positive constant o such that
for any K € {Tp}n:

e K is star-shaped with respect to a ball Bx of radius > o hg;

e (in three dimensions only) every face f of K is star-shaped with respect to a
disk By of radius > o hg;

e any edge e of K has length > o hk.

We remark that the hypotheses above, though not too restrictive in many practical
cases, could possibly be further relaxed, combining the present analysis with the
studies in (Beirdo da Veiga, Lovadina and Russo 2017b, Brenner et al. 2017,
Brenner and Sung 2018, Cao and Chen 2018).

Polynomials
Given an integer s > 0 and a domain O c R? (d = 1,2, 3), P;(O) will denote the
space of polynomials of degree < s restricted to O; as usual, P_; = {0}. When no

confusion is likely to occur, we will often use simply Py instead of Pi(0). With a
common abuse of language, we will often say “polynomial of degree s” meaning
actually “polynomial of degree < s”. If O = R? (d = 1,2, 3), its dimension 7 g is
given by:

(s+1D(s+2) s+ D(s+2)(s+3)
= — ", Ts,3 = :

2 6

When no confusion can occur, we will use the simpler notation ;. For s > 1 we
define

mg1=85+1, g2

PY(0O) = {qs € P,(O) such that / s dO = o}, 2.1)
O

and
Pi?om(O) := {homogeneous polynomials of degree s in the variables (x; — X;)}

where X; are the coordinates of the barycenter of 0. Next, for any non negative
integers m < n, we denote by P,,/,,, any subspace (fixed once and for all) of P, such
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that
Py =Pp © Ppjm- (2.2)
A common choice for P,,/,, will be
Pojm = Epi @+ @ B, (2.3)

Differential operators

With a usual notation the symbols V and A denote the gradient and the Laplacian
for scalar functions, while div and curl are the divergence and the curl of a vector
function. We recall that, in two dimensions, the curl operator has two incarnations
(as V and div) given by

rot(vy, v2) := Oxva — dyvy rot(¢) := (dyp, —0x ).

We will sometimes use the notation grad instead of V. Finally, for a vector
v = (vq, v2) we indicate by v+ the vector v = (v5, —vy).

For a face f of a polyhedron P, the tangential differential operators will be
denoted by the subscript 2, as in: divy, roty, roty, grad,, A, and so on.

Functional spaces

Throughout the paper we will follow the common notation for Sobolev spaces,
scalar products, norms, and seminorms (see (Adams 1975)). For m integer > 0 we
define

H™(O) := {v such that D% € L*(©), V|a| < m},

where

o 6|(t|v ~
D v_—ﬁxa‘---ax"”’ la| = a; + - ay.
1 n

With (v, w)o,0 (sometimes, just (v, w)o) and ||v||o,0 (sometimes, just ||v]|o) we will
denote the L>(O) scalar product and norm, whereas |v|,, 0 (sometimes, just |v|,,)
and ||v||;n.0 (sometimes, just ||v||,,) will denote, respectively, the H™ semi-norm
and norm. In particular, we shall use H'(O) (O c R4, d = 2,3), H*(O) (O c R?).
Moreover, we will also need:

e For O c R?:
H(div, O) := {v € [L*(0)]? such that divy € L*(O)},
H(rot, ©) := {v € [L*(®)]? such that roty € L*(O)}.

e ForO cR’:
H(div, 0) := {v € [L*(O)]? such that divy € L*(O)},
H(curl, ©0) := {v € [L*(0)]? such that curly € [L*(O)]*}.

(2.4)
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Projections onto polynomial spaces
o L2-projection

On O we will denote by Hg’o (or simply by ITY when no confusion can occur)
the L?(O)-orthogonal projection operator onto Ps(Q), defined, as usual, for
every ¢ € L*(O), by

/O (I19C) p, dO = /O epsdO  Vp, ePyO),  (25)

with obvious extension for vector functions [1>?: [L2(0]4 — [P,(0)]9 and
tensor functions H(S)’O: [L2(0)]9*4 — [P4(O)]9*4.

° H(l)-projection: the HSV’O operator

For every ¢ € H'(O) we denote by I1Y*“¢ (or simply by I1Y ¢ when no
confusion can occur) its projection onto the space P;(QO) with respect to the
scalar product of H'(0), defined as the solution, in P4(0), of

[ varp) g, a0 = [ 9o-94,00 Vg, <20,
O O

/ HSV’O(,D ds:/ @ ds.
00 a0

Moreover, given a function ¢ € L*(O) and an integer s > 0, we recall that the
moments of order < s of & on O are defined as:

/ Y gy dO for g, € P5(O).
O

(2.6)

Hence o assign the moments of W up to the order s on O will amount to assign a
number of conditions equal to the dimension of Py (Q). Typically this will be used
when these moments are considered as degrees of freedom.

Remark 2.2. A quantity (depending on a function living in a discrete space with
given degrees of freedom) is said to be computable if it can be determined directly
out of information provided by the degrees of freedom. This would require to
compute integrals of polynomials on polygonal and polyhedral domains (see, e.g.,
(2.5), and (2.6)). Among the various quadrature techniques we refer for instance to
(Chin et al. 2015, Chin and Sukumar 2021).

3. H'-conforming approximations

We will describe in this section the original Virtual Element Method (VEM), as
first introduced in (Beirdao da Veiga et al. 2013b). To fix ideas, we shall consider
the following model problem:

p
~Au=f inQ  u=0 onlp, 6—M=g onTy. (3.1
n
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In (3.1) Q c R? is a polygonal domain, with boundary Q = I'p UTy (I'p #
0, I'p NT'y = 0). The data f, g are given functions with f € L?(Q), and g, say, in
L*(T'y). Setting

Hyp, (@) :={v € H(Q) such thatv =0 on Tp},

a(u,v) ::‘/QVM-Vvdx, (3.2)
(@) = (Fv)0.0+ (8 Vory = /Q Fvde+ /F v,

the variational formulation of (3.1) is
findu eV := Hé,rp (Q) suchthat a(u,v)=£€(v) VvevV. (3.3)

Problem (3.3) has a unique solution thanks to Lax-Milgram Lemma. In particular,
a(-,-) is a symmetric bilinear form, continuous and elliptic, i.e.,

I M > 0such that a(v,w) < M|v|l1allwllie Yv,weV, (3.4)

da > 0 such that a(v,v) > cv||v||iQ YveV, (3.5)
and £(-) is a linear bounded functional, i.e.,
3 C > Osuch that [((v)] < C(|| fllo.@ + lIgllo.rp)IIVI[1e Yy EV. (3.6)

The Virtual Element Method, as all Galerkin methods, uses all the classical in-
gredients needed for approximating variational formulations: a decomposition 7y,
of Q into polygons E, and then an associated finite dimensional space V), C V,
a bilinear form a(-, -), and a linear functional £, (-). Then, the discrete problem
reads

find uj;, € Vj, such that a,(uy, vy) = €,(vy) Vv € Vi, 3.7
and we have to define Vj, aj(:, ), and £ (-) in such a way that problem (3.7) has

a unique solution and optimal error estimates hold. This will be done in the next
subsections, following the original approach of (Beirdo da Veiga er al. 2013b).

3.1. An abstract convergence result

Let us recall the assumptions needed to prove the abstract convergence theorem.
For every polygon E € Tj, of diameter g we denote by Vj £, af(-, 3, and af (-, ),
respectively, the restriction to E of Vj,, ap(-, ), and a(-, -), i.e.,

a(v,w) = Z aE(v,w) Yv,w eV,
E€Ty

E
apn(Vi, wp) = Z ayp,wp) Yvp, wy €V,
E€Th

(3.8)

On the bilinear form af (-, -) we make the following assumption.
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Assumption 3.1. There exists an integer k£ > 1 (that will be the order of accuracy)
such that for all &, and for all E in 7}, we have Pi(E) C Vg and

- k-consistency: for all p; € Px(E) and for all v, € Vi g,

af (pe.va) = a®(pr,vn) (3.9)

- stability: there exist two positive constants a. and o, independent of 4 and
of E, such that

Yvi € Vi @ af(vp,vp) < af(vh, vi) < @ afvp,vi). (3.10)

We notice that the symmetry of af , property (3.10), and the definition of a easily
imply the continuity of af with

12 12
ay; (up, vp) < (af(uh,uh)) <aE(Vh,Vh)>

@ (aE(”h,uh)>l/2 (aE(vh,vh)>1/ ? 3.11)

" lupll,e llvelle  forall up, vy € Viyg.

IA

Theorem 3.2. Under Assumptions 3.1 the discrete problem (3.7) has a unique
solution u;,. Moreover, for every approximation u; € V; of u, and for every
approximation u , of u that is piecewise in P, we have

u=unlio < C(lu=urlio+ lu =iz +Fn), (3.12)

where C is a constant depending only on . and a*, | - |1 7;, is the broken H'-norm,
and, for any &, &, is the smallest constant such that

tvp) = Cp(vp) < Fnlvalia Yvi € V. (3.13)

Proof.  Existence and uniqueness of the solution of (3.7) are a consequence of
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(3.10) and (3.5). Next, setting 0y, := uy — u; we have
@.|6nl] = @ a(Sn,Sn) < an(Sn.Sn)

= ap(un, 6) — an(ur, 6p) (use (3.7) and (3.8))

= 0u(Sn) = ) af (g, 6n) (use +uy)
E

= 6@~ . (af = s 81) + af (ur, 61) ) (use (3.9)
E

LCOEDY <af(u, s, S1) + aF 5h)) (add +u)
E

SO <af(u, e, S) +aE (g — 5h)) — a(u, 8p) (use 3.7))
E

= 06— ) (@ = s 1)+ @Bz = 1,6)) = €6n)
E

= 048n) = €8n)= Y (af Gur =, 60) + 0Bl = 1, 60) ).
E

Now use (3.13), (3.11), and the continuity of each a® to obtain

6uB 0 < C(Bu+lus —ualigy +lu—ualis ) Waha  (G.14)
for some constant C depending only on a. and a*. Then the result follows easily
by the triangle inequality. U
3.2. The local discrete spaces

We first recall the definition of the discrete spaces from (Beirdo da Veiga et al.
2013b). Let E be a generic polygon in 7. For k integer, k > 1, we define the local
space V| as

Vi(E) :={v e C°%E): Vie € Pr(e) Vedgee C OE, Av € Pro(E)}.  (3.15)
Denoting by N, the number of edges of E, the dimension of Vi (FE) is given by
dim Vi (E) = kNe + k(k — 1)/2.

We notice that the space (3.15) contains the space Py (E), but is not reduced to it,
except if E is a triangle and k = 1, as it can be seen by a simple dimensional count.
The degrees of freedom for v;, € Vi (E) are given by

(D) : the values of v, at the vertices,

(D») : for k > 2 the moments /vhpk_z ds, Vpr—2 € Pr_o(e),V edge e

c

(3.16)

(D3) : for k > 2 the moments / ViPk—2dE  Vpr—2 € Pr_a(E).
E

Clearly, instead of the moments (D;) one could use the values at k — 1 distinct
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points on each edge, more in the spirit of Finite Elements:
(D) : the value of vj, at k — 1 distinct points on each edge e.

We observe that it is convenient to scale the degrees of freedom so that they all
have the same order of magnitude. The reason for this will be clear in the next
subsection; here, however, we do not enter the details of this issue, and we refer to
(Beirdo da Veiga et al. 2014) for a more detailed discussion.

Remark 3.3. The classical definition of “degree of freedom” for a generic local
finite element space Vi(K) (as given for instance in Ciarlet (1978)), says that a
degree of freedom is a linear functional L : Vi (K) — R, and a (finite) set {L;}
of degrees of freedom is unisolvent if the set of linear equations L;(v) = b; has
a unique solution for any choice of the b}s. Given a set of unisolvent degrees of
freedom in Vi(K), we can immediately define the corresponding dual basis {¢;}
for Vi (K) by requiring L;(¢;) = 6;;.

Here and in the rest of the paper we will associate with a polynomial space a set
of degrees of freedom, in the sense that statements like (D3) in (3.16) will mean
that, in practice, one has to choose a basis {m;} for Px_»(K) and then define the
degrees of freedom

Li(vp) = / vpm; dK, vy € Vi(K). (3.17)
K

These bases are typically chosen as shifted and scaled monomials (see for instance
(Beirdo da Veiga er al. 2014, Dassi and Vacca 2020)) or, for a better condition num-
ber behavior, in particular for high values of &, as suitable orthonormal polynomials
(Chernov et al. 2021, Beirao da Veiga, Chernov, Mascotto and Russo 2016e¢).

Lemma 3.4. The degrees of freedom (3.16) are unisolvent for Vi (E).

Proof. Since the number of dofs equals the dimension of Vi (E), it is enough to
show that a function v, having all the dofs vanishing is identically zero. Since vj,
is a polynomial of degree k on each edge, (D) = 0 and (D) = 0 imply that v, =0
on JE. This, together with (D3) = 0, gives

P
/|Vvh|2dE:—/thvth+/ v 2 s = 0
E E OE on

since Avy, € Pr_». Hence, Vv;, = 0, i.e., vj, = constant = 0 (since v;, = 0 on the
boundary I'p). O

3.3. Construction of a computable discrete bilinear form

From the definition (3.15) we see that the functions of Vi (E) are known on the
boundary of JE but not inside, unless we are willing to solve a PDE on each
element £, something that we do not want to do, not even in an approximate way.
Then, in order to approximate a” (-, -) we use a projection onto Py (E). We consider
the operator HZ defined in (2.6), for which we have the following Lemma.
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Lemma 3.5. The operator HZ is computable out of the degrees of freedom (3.16).

Proof. The left-hand side of (2.6) is a product of polynomials, and it is obviously
computable. Integrating by parts the right-hand side we have

9
/Vvh-qu dE:—/thqk dE+/ e LT (3.18)
E E OE on

and the two integrals are both computable from the degrees of freedom (3.16). [J

Then, a discrete bilinear form can be constructed, in each element E, and for
Vi, Wi € Vi(E), as

ar vp,wp) = a® (v, I wy) + SE(U =T v, (I =T )wy),  (3.19)

where S is any symmetric bilinear form to be chosen in such a way that it scales
like a®(-,-), and is positive on the kernel of IIY, i.e., there exist two positive
constant ¢y, ¢ such that

claE(vh,vh) < SE(vh,vh) < czaE(vh,vh) Vv, such that Hth =0. (3.20)

There are various recipes for S¥, the most commonly used being the so-called
dofi-dofi:
#dofs

SE(vh, wp) = Z dof;(vy) dof;(wp), (3.21)

i=1

where dof; is the i" degree of freedom. As we already anticipated, for condition
(3.20) to be satisfied, the degrees of freedom (3.16) must be properly scaled. Other
choices can be convenient, for example,

SEwn, wp) = hi! / vih wh ds, (3.22)
OE
(where hg is still the diameter of the element E), or
ovy Owy,
SEWp, wp) = h ——=ds, 3.23
Vi, Wh) E/aE 3 ar O (3.23)

where d/0t denotes the tangential derivative.
Lemma 3.6. The discrete bilinear form (3.19) is k-consistent and stable.

Proof. 'To prove consistency we observe that HZ Pk = Pk since HZ is a projection.
Hence, SE ((I =11} )vp, (I =11} )pr) = 0,¥v), € Vk(E) and Vpy € Py. Then, using
the definition (2.6) of HZ we immediately have

akwp, pr) = a“ (A v, pr) = a®(vn, pr). (3.24)
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To prove stability we use (3.20) and the definition (2.6) of HZ to obtain

E E/ Vv v E v v
ay, (p,vp) 2 a” A vp, g vp) +cra™ (v = v, v = I vp)
E v E v
=a”(vp, Mgvp) +cra™(vp — vy, va)

> min{1, c1 }@® i, I vi) + a® (v = T v, vi)) = awa®wp, vp).
Similarly,

E E/qV v E v v
ay p,vp) < a” L vp, I vp) + coa™ (v = I v, vip = T vp)
E v E v
=a”(vp, g vp) +c2a” vy — vy, vp)

< max{1, c2}(a® (v, T viy) + aZ vy = T vy, vi)) = @*a® (vi, vi).

U

As a consequence of Lemma 3.6 we have that the abstract estimate (3.12) holds.

3.4. Construction of a computable right-hand side

We begin by recalling here the original approximation of the right-hand side, as
introduced in (Beirdo da Veiga et al. 2013b). In Section 3.7 we will present an
alternative approach.

For the first integral in £(vj,) (see (3.2)) we can define an approximation f;, of f
directly computable from the degrees of freedom (D)-(D3) as follows. Denoting
by {V;} the Ny vertices of E, and recalling that TT" is the L2-projection onto Py,
we set:

_ 2ivi(Vi)

fork =1 / (M) f) ¥y, dE, with v, N
E v (3.25)

(fnsvidoe =
fork > 2 / M, f)vydE.
E

The case k = 1 needs a special treatment since in this case we do not have internal
moments among the dofs to be used as for k > 2.

With the choice (3.25) optimal error estimates are guaranteed. For k = 1 we
have, adding and subtracting f7},, and using the definition of the L?-projection and
standard approximation estimates:

oo — i Vot = / (Fon = fon+ [T — T F T) dE
£ (3.26)

= /(fvh = fvp)dE < Chellfllo,elvali,E-
E

For k > 2, using again the definition of the L2-projection, and standard approxim-
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ation properties we have

(fsvio.e = (fnsvido.e = /(fvh ~T0)_,fvi)dE
E

= /E (f =T, v — T _,vp) AE (3.27)

< Chiy ' flk-1.E helvalie
< Chgl fllk-r.E vali.k.

The boundary integral poses no problems, since our functions are polynomials on
each edge in 'y, and we might assume that we can compute the integrals to any
chosen accuracy.

3.5. The global problem - Error estimates
The global space V}, is obviously defined as a patchwork of the spaces (3.15):
Vi = {v € Hyp (Q): vy € Vi(E) VE € Ty} (3.28)

The degrees of freedom in V), are the natural extension of those defined in (3.16).
The global bilinear form and right-hand side are defined, as in FEM, by summing
over the elements of 7j,:

. E
ap(vp, wp) = Z ay Vi, wh),
E€Ty,

G = Y Fividos + ) (& Ve,

E<Ty, ecl'y

with aff(vh, wy,) defined in (3.19), and (f, vi)o.£ in (3.25). The discrete problem
is then

(3.29)

Find u;, € Vj, such that ap,(up, vy) = €h(vy) Yvy € V. (3.30)

With these choices the assumptions of Theorem 3.2 are satisfied, so that (3.12)
holds. In terms of order of convergence, the expected optimal order k holds, and
we have the following Theorem.

Theorem 3.7. Let u be the solution of (3.3), and let u;, be the solution of (3.30).
Under Assumptions 2.1 on the mesh it holds:

lu—uplio < Ch¥ulis g (3.31)

Proof. From (3.26)-(3.27) we have

tvp)—=lh(vp) = Z (f=frvio.e < ChM fllir.alvillie  Yvi € Vi, (3.32)
EeTy,

For every element E, let u, € Pi(E) be defined as the L>-projection of u onto
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Pr(E):
Uup € Pr(E): /(u —u )prdE =0, VE €Ty, Vpr € Pr(E). (3.33)
E

Standard approximation properties (see (Brenner and Scott 2008)) give
lu = wrlly, 75, < ChEJulksr 0. (3.34)

Let now u; € V), be the interpolant of u, defined locally through the degrees of
freedom (3.16):

uy = u at the vertices,

fork > 2 /(u —up)pr—2de =0 Vpr_y € Pr_s(e), Vedgee
. (3.35)

for k > 2 /(u —up)prk—2dE =0 Vpr_o € Pr_a(E).
E

The following interpolation estimate was proved (see (Mora, Rivera and Rodriguez
2015), (Brenner et al. 2017), and (Chen and Huang 2018)):

lu—uzllio < ChMulii1 0. (3.36)
Collecting (3.32), (3.34), and (3.36), from (3.12) we obtain the result. ]

3.6. Enhanced and Serendipity Virtual Elements

A comparison with Finite Elements, in terms of number of degrees of freedom,
and for a given degree k, shows that the boundary dofs are exactly the same, both
on triangles and on quadrilaterals, as expected, since they have to guarantee the
global continuity. Looking at (3.16) we see that the internal degrees of freedom for
VEM are as many as the dimension of Py_, for any polygon. Instead, the internal
dofs for FEM are equal to the dimension of P;_3 on triangles, and to that of Qy_3
on quads, where we recall that Q, are the polynomials of degree s separately in
each variable. Hence, on triangles VEM use k& — 1 dofs more than FEM, while
on quads FEM use (k — 1)(k — 2)/2 dofs more than VEM (see Figs. 3.1 and 3.2).
The ideal situation would be to have the minimum number of necessary degrees of
freedom, and hence it is desirable to eliminate as many as possible internal dofs.
In this respect triangular FEM are already optimal, and quadrilateral FEM have
been optimised through the serendipity procedure (see for instance (Arnold and
Awanou 2011)). Following (Ahmad, Alsaedi, Brezzi, Marini and Russo 2013),
and (Beirdao da Veiga, Brezzi, Marini and Russo 2016c¢), in order to eliminate as
many internal dofs as possible, and, at the same time, to allow the computation of
all the moments of order < k, we first define the local space

Vk(E) = {vh (S CO(E) P Ve € Pk(e) Ve C OF, Avh (S Pk(E)}, (337)
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with the degrees of freedom

(D7) = (Dy) (the same as in (3.16), plus

3.38
the moments of order up to k : / v pr dE, Vpr € Pr(E). ( )
E

Clearly the space (3.37) is bigger than (3.15), apparently in contradiction with
our first aim, but now, thanks to the additional dofs in (3.38), the Lz—orthogonal
projection onto Py is directly available from the internal dofs. Then we begin by

A

s
7

FEM k=1 FEM k=2 FEM k=3

VEM k=1 VEM k=2 VEM k=3
Figure 3.1. Triangles: dofs for FEM and original VEM

FEM k=1 FEM k=2 FEM k=3

VEM k=1 VEM k=2 VEM k=3

Figure 3.2. Quads: dofs for FEM and original VEM



THE VirRTUAL ELEMENT METHOD 17
defining locally a projection operator IT : H'(E) — Py (E) as follows:
IIxv € Pk(E) . / (Hkv - v)qk ds=0 qu € Pk(E). (339)
OE

Clearly, system (3.39) has a unique solution unless Px(E) contains polynomials
that are identically zero on the boundary, i.e., unless Px(E) contains bubbles. This
happens for k > 3 on triangles (b3 = product of the equations of the three edges)
and for k > 4 on “true” quads (b4 = product of the equations of the four edges). In
these cases we need to add internal conditions, namely:

/(Hkv —-v)qsdE =0Vqs € Pr_3 or /(Hkv —-v)gsdE =0Vq, € Py_y,
E E (3.40)

on triangles on quads

and then solve the system (3.39)-(3.40) in the least-squares sense. Once the polyno-
mial ITxv has been computed, we define the new space by “copying” its moments.
Namely, setting N = maximum degree of internal moments used to define I1; (and
clearly N = —1 in absence of internal moments), we introduce the new space

VS(E) :{vh eVi(E) s. t./(vh—l'lkvh)ps dE=0Vp, € P'™ N < 5 < k}. (3.41)
E

The degrees of freedom in (3.41) will be

(D) — (Dy) (the same as in (3.16)), plus
the moments / vppdE Vp € Py(E).
E
Fig. 3.3 shows that, on triangles, serendipity VEM have the same number of dofs

VEMS k=1 VEMS k=2 VEMS k=3

Figure 3.3. Triangles: dofs for serendipity VEM

as FEM (and actually the two spaces coincide), while Fig. 3.4 compares the dofs of
serendipity VEM and FEM (see (Arnold and Awanou 2011)). The number is again
the same, although serendipity FEM are known to suffer from element distortion
(see (Arnold, Boffi and Falk 2002)), while VEM do not, as shown in (Beirdo da
Veiga et al. 2016¢).
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FEMS k=1 FEMS k=2 FEMS k=3 FEMS k=4
VEMS k=1 VEMS k=2 VEMS k=3 VEMS k=4

Figure 3.4. Quads: dofs for serendipity FEM and VEM

Figure 3.5. Fake triangles: a quad on the left, a pentagon on the right.

Remark 3.8. From the above discussion one might think that the number of
internal moments necessary to define I1; depends on k and on the number of edges:
3 for a triangle, 4 for a quad. This is true on real triangles and real quads. With the
VEM approach the same geometrical entity (say, a triangle), might be considered
as a polygon, a quad, or a pentagon or a hexagon, according to the number of
points on its boundary that we consider as vertices (and then considering as edge
the portion of the boundary between two consecutive vertices). See Fig. 3.5.

In the VEM terminology Q is a quad, while Pisa pentagon, but the set of
bubbles is the same, equal to that on triangles: By = b3py_3. What really counts is
not the number of edges, but rather the number 7 of straight lines needed to cover
the boundary (here nn = 3 in both cases). Hence, the internal conditions necessary
to compute I, to be added to (3.39), are

[y =i, aE =0va, € 2y )
E

Remark 3.9. One might argue that static condensation could be a simpler pro-
cedure to reduce the number of internal degrees of freedom. This is true in two
dimensional problems, but it is not anymore the case for three dimensional prob-
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lems, where the reduction of dofs on faces is important. Static condensation on
faces might turn into a nightmare, while the serendipity approach works very well.

A typical variant of this procedure can be identified in the original enhancement
trick as designed first in (Ahmad et al. 2013). We consider again the space (3.37),
with the degrees of freedom (3.38). Then, using the boundary dofs and the moments
up to k — 2 only, we construct the HZ’E operator as in (2.6), and use it (mimicking
(3.41), with HZ’E instead of I1y) to define the moments of v of order k — 1 and k.
Thus, the new space is

VERE) = {vi € Ve(E) : v =Tvi)ps dE=0Vp, € P s = k= 1,k}. (3.42)
E

Remark 3.10. We observe that both Serendipity and Enhancement approach al-
low to compute the L’-projection onto P;. This can be used to compute an
approximation of the right-hand side simpler than the original one described in
(3.25). Setting fj, :=1II{_, f we have

F = fis Vot = /E (f ~T10_, v dE = /E (F =0, v — T0v)dE

< ChE Y fllk=1.6helvilie < CRENflk-1.EVAl1LE.

(3.43)

3.7. L?-projection of the gradient, and variable coefficients

From the degrees of freedom (3.16) we can compute, for any v;, € Vi(E), the
L2—projection of Vv, onto [Pr_(E)]?, defined as

/Hg—lvvh Q-1 dE = / Von qe-1dE  Vai-1 € [Pe1(E)])?. (3.44)
E E

In fact, the left-hand side is an integral of polynomials, and the right-hand side
becomes, after integration by parts,

/ Vvh cQk-1 dE = —/ Vh ddik_l dE+/ VhQk-1-R dS,
E E OE

and both integrals on the right-hand side are computable.

As pointed out in (Beirdo da Veiga, Brezzi, Marini and Russo 2016d), and exper-
imentally verified, in presence of variable coefficients the HZ operator produces a
loss of order of convergence for k > 3. For this reason the consistency part of the
discrete bilinear form needs to be changed. More precisely, if the problem to be
approximated is — div(k(x)Vu) = f, we choose

ar(vp,wp) = /K(x)H,?_leh- 0 Vw, dE + SE(I = T vy, (I = T1) Ywy,)
E

instead of (3.19). It can be easily seen that the two forms coincide for k£ = 1, but
not for k > 2. In presence of variable coeflicients the consistency property (3.9)
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cannot hold, but the consistency error can be controlled in terms of the right powers
of h. In fact, from the properties of the L>-projection we have, for any v;, € Vi (E)
and py € Pr(E),

aE (s pr) = aE (v pr) = / KT Vo = Vop) - Vi dE
E

= /(Hg_lwh — V) - (k(x)Vpr = 1Y k(x)Vpi) dE
E

< Chi|kVpili.elvilie.

This result will be used in the abstract convergence Theorem 3.2 with px = u,.
Consequently,

a¥ ) —abpug) < Chl|kVurli glvilie < Cehl||Vullr elvilie.

Hence, as shown in (Beirdo da Veiga et al. 2016d), the optimal estimate (3.31)
holds true.

3.8. Extension to three dimensions

As a model problem, we take now the natural extension in three dimensions of
problem (3.1).

The first attempt that comes to mind, given a polyhedron P and an integer k > 1,
is to extend what we did in the two-dimensional case. Let 7j be a decomposition
of Q into polyhedra P. To begin with, we define the local spaces:

Vi(P) :={v), € C°(P) : vje € Pi(e) Vedgee C 3P,

Aovpr € Pr_o(D VY face f € 0P, Asvy, € Pr_o(P)}, (345)
with the degrees of freedom
(Dy) : the values of vy, at the vertices,
(D») : for k > 2 the moments /vh Pi-2ds, Vpr_2 € Pr_»(e),V edge e,
: (3.46)

(D3) : for k > 2 the moments /vh Pr—2df, Vpr_o € Pr_o(f),V face f,
f

(Dy) : for k > 2 the moments / Vi Pk—2 AP, Ypr_n € Pr_»(P).
P

Then, following the 2-dimensional path, for each P € 7j, and for each virtual
element function v;, we can define its Hé (P)-projection HZ’P vy asin (2.6), that is,
as the unique solution (up to a constant that can be easily fixed) in Py (P) of

/V(HZ’th)-Vpde:/Vvh-Vpde Vpi € Pi(P). (3.47)
P P

Unfortunately, when we attempt fo compute the right-hand side of (3.47) using the
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degrees of freedom (3.46), we have

/Vvh 'VpdeI/ vh%dS—‘/vh Apk dpP. (3.48)
P oP on P

Now, the second term in the right-hand side of (3.48) does not cause any trouble:
for py in Px we have that Apy € Pi_, and the term can be computed using the
degrees of freedom (D4) in (3.46). But for the first term in the right-hand side of
(3.48) we would need to know the moments of v; on each face up to the order k — 1
(the degree of %), while in (3.46) we have the moments only up to k — 2. The
way-out, as presented first in (Ahmad et al. 2013), is:

opi 0pk hom Phom

. h
Spllt W as a—n = Pk-2 +pk0,nll, Pk-2 € Pr-o, D1 €% _ys

Opi VA h (349
and replace /vh— df with /vpk_2 df + /(Hk’ vi)p df.
£ On £ £

In (3.49), HZ’fv 1 1s the two-dimensional projection of vy, as defined in (2.6), whose
computation, in turn, on each face f requires the moments of v; on f only up to the
order k — 2. One might consider this as a typical use of the approach described
in subsection 3.6, the so-called enhancement trick, which allows to have all the
moments up to the order k, and consequently the L?-projection onto P;. More

precisely, the enhancement trick is the following.

e For each face f we consider the space Vk (f) defined in (3.37), with the degrees
of freedom (3.38);

e In Vi(f) we can construct the operator HZ’f, for which only the moments of
degree up to k — 2 are needed, and use its moments of degree k — 1 and k to
define the enhanced space Vz“h(f) on each face as in (3.42);

e Finally, the enhanced space on the polyhedron P is given by

Ve (P) := {v), € COP) : vpyr € VE™ (D) V face f, Azvy, € Pr_a(P)}. (3.50)

Once the operator HZ’P has been computed, the local bilinear form can be defined,
for each P € 7}, and for each vy, wy, € V,i“h(P), exactly as in (3.19):

ap powr) = aP AP v, P wi)+ 8P = TPy, (1 =T Pywy). (3.51)

Let us turn to the right-hand side. The first term in £(vj) (see (3.2)) is treated
exactly as in (3.25), just by replacing the polygon E with the polyhedron P. Instead
the treatment of the boundary term needs some care, since now the functions in
V,fnh(P) are not known on the faces. Thanks to the enhancement trick we know their
projections onto polynomials, in particular of degree k — 1, on each face. Hence,

/fgvh df can be replaced by ‘/fgﬂg_lvh df, VfacefcIly. (3.52)

Here too, like in the 2D-case, we assume that the integrals to the right of (3.52) can
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be computed exactly. Then, adding and subtracting H2—1 g, and using the properties
of the L?-projection and classical estimates we obtain

/fgvh df — ‘/fgl'lg_lvh df

= /f(g - H,g_]g)vh df + /f((Hg_lg) Vp — gﬂg_lvh)df

(3.53)
= /f(g ~1 @) vy —T1Y_vi)df+0
< CH* Y2 gy jas P vilijas < € WM gliijasllvallip.
Finally, the global quantities are defined by collecting the local ones.
Vi = {vi € Hy - (Q) such that vy, p € Ve"(P) VP € T},
an(vp, wp) = Z afp,wn)  Yvp,wy € Vy,
PeTy (3.54)
th(vp) = Z (fnsvmo,p + Z (& T1)_vios Yvi € Vj.
PeTh, fcln

4. H'-nonconforming approximations

Nonconforming approximations for H! were first introduced and analyzed in (Ay-
uso de Dios, Lipnikov and Manzini 2016). In this section we will recall their
approach, applied always to the continuous model problem (3.1), with some modi-
fications in the treatment of the right-hand side. As for nonconforming Finite
Element approximations, the discrete spaces that we are going to introduce are
not subspaces of H'(Q), as they are made of functions which are only weakly
continuous at the interelement boundaries. Therefore we need some preliminary
notations. Let 7; be a decomposition of Q into polygons E, and let

H'(Tw) = | | H'®).
E€Th
Let &, be the set of edges of Ty, £ the set of internal edges, and E;? the set of

boundary edges. For a function v € H'(T},) (or a vector v € [H'(T3,)]?) we define
its averages and jumps on the edges as (see e.g. (Arnold, Brezzi, Cockburn and
Marini 2001))

-
{v}e := vy one €&y, he:=v oneegg, @.1)
[vIe:=vr"+v n~ oneecfy, [ve:=vn oneeé&?,

where v* is the restriction of v to the elements E* having the edge e in common,
and n* is the outward unit normal to E*. For an edge on the boundary, n is the
outward unit normal to 9Q2. With these definitions the following useful formula



THE VIRTUAL ELEMENT METHOD 23

holds for v and w in H'(T},) (see always (Arnold et al. 2001)):
> / oW s = > f[[vW]] vyde+ Y [lIv] - {Vwhde. (42)
OE on e e
EcTy, ee&y eely

Let u be the solution of (3.1). By integrating by parts and applying (4.2), taking
into account that [[ Vi ]||e = 0 on e € £ we deduce, for all v € HY(Tp):

a(u,v) = Z afu,v) = Z (/E—AuvdE+/a Z—uvds)

n
EeTy, EeTy, E

= (Fovma+ Y [I1v1- (Tu)ae

4.3)
=(f,v)oo+ Z /gvde+ Z /[[v]] -{Vu}de
ecl'y Y€ e¢Ty “¢
=to)+ Y [lv]-{Vu)de.
e¢I'n €
The term
Ni(,vy:= > [1v] - {Vu} ds (4.4)

e¢l'n €

is a measure of the nonconformity and needs to be estimated. To this end, we anti-
cipate that the discrete VEM-spaces that we are going to build, made of functions
weakly continuous at the interelements, will be subspaces of

H"™(Ty) := {v € H'(Tp) s. t. / [[vI-npi1ds=0Ve¢ Ty, Vpi_1 € Pr_i(e)}.

c

We can prove now the following Lemma.

Lemma 4.1. Let u be the solution of problem (3.1). There exists a constant C
independent of & such that the following estimate holds:

N, vy) < ChMullgsr @llvallig, Vv € HY(Th). (4.5)

Proof. We briefly sketch the proof, which is the same as for nonconforming Finite
Elements. Using the properties of the L2-projection and the definition of H'-"*(T},)
we have

Mo = Y, [y lde= Y [ () = (00, 9u) - o T ce

e¢ny € e¢lny Y€
= >0 (v} = {11)_ Vay) - ([Lva 1] = T([[va 1) de
e¢l'ny Y€

< S HVu} — {110_ Vublloe - I va 1 = T vi Dllo.e

e¢l'n
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where {Hg_qu} on an edge e is obtained by taking the average of Hg’_Eli Vu with

E* being the two elements having e as common edge.
Then, the trace inequality and standard approximation properties give the result.
O

We are now ready to introduce the nonconforming approximation of (3.1).

4.1. The local discrete spaces and bilinear forms

Let again E be a generic polygon in 7, and let n be, as usual, the unit outward
normal to each edge, in the clockwise orientation of the boundary. For £k > 1 we
define

VI(E) := {v, € C°E) : %l € Pr_i(e) Vedge e C IE, Avy € Py_o(E)}, (4.6)
(S

with the degrees of freedom given by

(D1) : the moments /vhpk_1 de Vpr-1 €Pr_1(e), Vedgee
€
4.7

(D5) : for k > 2 the moments / vipk—2dE Vpr-2 € Pr_o(E).
E

We underline that from the definition (4.6) it is clear that Py (E) C V(E).
Lemma 4.2. The degrees of freedom (4.7) are unisolvent for V,?C(E ).

Proof.  Since the number of dofs equals the dimension of V/“(E), it is enough to
show that a function v; having all the dofs vanishing is identically zero. Let then
v € VX(E) such that

/Vhpk—l de = OVpk_l S Pk_l(e)‘v’ edge e, and / VhPk-2 dE = OVpk_z (S Pk_z(E).
e E

Since Avy, € Pr_»(E), and %L:Ie € Pr_1(e) Ve, integration by parts gives

0
/|Vvh|2dE:—/thvth+/ vhﬁds:o.
E E OFE on

Hence, v, = constant which, together with (D) = 0, implies v, = 0. ]

Remark 4.3. The space (4.6) was the original space defined in (Ayuso de Dios
et al. 2016). Here we will use instead an enhanced space, that simplifies signi-
ficantly the treatment of the right-hand side. Without repeating the details of the
enhancement trick, exactly the same to what we did in the previous section, we
define the space

_ — 9
VE(E) = {vy € CYE) : %l € Py_i(e) Vedge e C OE, Avj, € Pr(E)}, (4.8)
€

with the degrees of freedom (4.7) plus the moments of order k — 1 and k. After
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computing the HZ operator as in (2.6) using only the degrees of freedom (4.7), we
define the enhanced space as

V]?C’enh(E) = {thVEC(E) : /(Vh - HZVh)Ps dE=0
E 4.9)

Vps € Bhom g =k 1,k}.

Once the local spaces VEC’e“h(E ) have been defined, we follow the same path of the
previous section in order to write the discrete problem. The local bilinear forms
are constructed as in (3.19)—(3.21):

a¥ vp, wi) = aB (Y v, T wi)+SE (I = T v, (1 =TI )wp).

k—Consistency and stability hold with the same arguments as in Lemma 3.6.

4.2. Construction of a computable right-hand side

Thanks to the enhancement procedure of Remark 4.3 the approximation of the
volume term in the right-hand side simplifies significantly with respect to the
original one, and goes exactly as in (3.43) of Remark 3.10. Thus, with f;, = Hg_l I

fvmo.e = (frovido.e < CREN fllielval e (4.10)

For the term on the Neumann boundary, denoting by H2—1 g the L2-projection
of g onto Px_(e) for each edge e C 'y, and setting

gne =T)_1g Ve cC Ty, 4.11)
we obtain
/gvh de — /Hg_lgvh de = /(g - Hg_lg)(vh - H,(z_lvh)de
€ € €

< Ch Y2 gt jpe B vilijne < C R |glicipellvalli g

4.12)

4.3. The global problem - Error estimates

The global space is defined as a patchwork of the spaces (4.6), with the addition of
a weak continuity condition at the interelements:

Vi¢ = {vy € H'(Th) : vag € V] (E) VE € Ty, and

4.13)
/[[Vh [l npr-1de=0Ve ¢ 'y, Ypr_1 € Pr_i(e)}.

The global bilinear form and right-hand side are defined, as usual, by summing
over the elements of 7j,:

E
an(Vi, wp) = Z ay Vi, wp),
EeTy,

th(vp) == Z (fn>vi)o,E + Z (8h>Vh)o,es

EeTy, ecl'n

(4.14)
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and the discrete problems is:

Find uy, € V;:C such that ap(up, vy) = h(vy) Vv, € V;:C. (4.15)

Theorem 4.4. The discrete problem (4.15) has a unique solution u, € V,*.
Moreover, under Assumptions 2.1 on the mesh it holds:

lu = unll, 7, < Ch*|ulksr @ (4.16)

Proof.  Since Assumptions 3.1 holds (the bilinear form is k-consistent and stable),
problem (4.15) has a unique solution u;,. Moreover, an abstract estimate similar to
(3.12) holds: for every approximation u; € V' of u and for every approximation
u, of u that is piecewise in Py, we have

lu—upl1,7, < C(Iu —ugl, 7, +u—uzli,7 +&n +‘Rh), 4.17)

where C is a constant independent of , | - |17 is the broken H'-norm, and, for
any h, &, and Ny, are, respectively, the smallest constants such that

) = vl < Fnlvaliz, N vi)l < Rulviliz, Yve € V. (4.18)

The proof of (4.17) goes like that of Theorem 3.2, with the addition of the non-
conformity term (4.4). Setting 65, = up, — uy, without repeating all the steps of the
proof, and using (4.3) we obtain

@l6nl? 7, < CuB0) = E@= Y, (af ur = wr, 61) + P ax = u, 1)) = N, 60)
E

< C (& + R+ lus = ualy 7, + = waly 73) 161173

and (4.17) follows by the triangle inequality. For the right-hand side we have, from
(4.10)-(4.12),

Con) = i) = D (F= fuvidoe+ ). (8= 8gn Ve
E€Ty, ecl'n (419)
< CH(If ko + Igheoory ) vnlig, Von € Vi

From (4.5), (4.19), and classical approximation results (see, e.g., (Brenner and
Scott 2008)) in (4.17) we finally have the optimal estimate (4.16). ]

5. H’-conforming approximations

With Virtual Elements it is quite easy to construct high-regularity approximations.
Here we shall deal with C! approximations, having in mind, as an example of fourth
order problem, a plate bending problem, in the Kirchoft-Love model:

DAw=f inQ, w= Z—W = 0 on 9L, (5.1)
n
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where D = Et3/12(1 — ?) is the bending rigidity, E the Young’s modulus, ? the
thickness, u is the Poisson’s ratio, and we assumed that the plate is clamped all-over
the boundary. In order to write the variational formulation of (5.1) we define

a(v, w) = D[(l—u) /Qw/,-jv/,-jdxw/QAwAvdx], < fiv >:/vadx. (5.2)

In(5.2),v;; = dv/0x;, i = 1,2, and we used the summation convention of repeated
indices. Throughout this section w/, will denote the normal derivative, w/; the
tangential derivative in the counterclockwise orientation of the boundary, and so
on. When no confusion occurs we might also use w,,, w;...

The variational formulation of (5.1) is then:

Find w € V := H}(Q) such that
(5.3)

aw,v) =< f,v> VveV.
In the following subsections we recall the discretization of (5.3) presented in
(Brezzi and Marini 2013) and (Chinosi and Marini 2016). For other approaches we
refer to (Zhao, Chen and Zhang 2016) and (Antonietti, Manzini and Verani 2018)
for nonconforming approximations, to (Antonietti, Beirdo da Veiga, Scacchi and
Verani 2016) for application to Cahn-Hilliard equation, to (Brenner, Sung and Tan

2021) for optimal control problems, and to (Wang and Zhao 2021) for conforming
and nonconforming approximations of contact problems.

5.1. The local VEM-spaces

Let E be a polygon in 7. The local spaces will depend on three integer indices
(r, s,m), related to the degree of accuracy k > 2 by:

r=max{3,k}, s=k-1, m=k-4. (5.4)
We set
Wy s m(E):={w e H*(E):w|c €P,(e), wye €Ps(e) V edge e, A’weP,(E)}. (5.5)
The degrees of freedom in W,  ,,,(E) are:

(Do) the values of w, w1 and w, at the vertices,

(D) for r > 4,the moments /w qr-4deVg,_4 € P,_4(e), Ye C JE,

e

5.6
(D») for s > 2, the moments /W/n gs—2de Vgs_» € Py_s(e), Ye C JE, (5:6)

c

(D3) for m > 0, the moments / wWamdE Vg, € Pu(E).
E

We note that the VEM space W, 5 ,,(E) will contain all polynomials Py with

k=min{r,s+1,m+4} > 2,
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which will be the order of precision. We point out once more that the above degrees
of freedom need to be properly scaled in such a way that they all have the same
dimension. For a discussion and details on this issue we refer to (Brezzi and Marini
2013).

Lemma 5.1. The degrees of freedom (5.6) are unisolvent for W, s ,,(E).

Proof. The proof follows the usual path. Since the number of dofs equals the
dimension of W,  ,,(E), it is enough to show that a function w having all the dofs
vanishing is identically zero. We first observe that (Dg) = 0 implies that w and Vw
vanish at the vertices of E. Therefore, on each edge, w is a polynomial of degree r
vanishing at the two endpoints with its tangential derivative. Hence, denoting by ¢
the edge variable and by #; and 7, the coordinates of the endpoints, w will have the
expression w = (¢ — 1)t — t2)2qr_4. Then, from the vanishing of dofs (D) we
deduce that w = 0 on each edge. Similarly, from the vanishing of (D) and (D)
we deduce that w,, vanishes identically on each edge. Indeed, on each edge w/,
is a polynomial of degree s vanishing at the two endpoints. Its expression is then
W/ = (t = 11)(t — t2)g5—2 which, together with (D3) = 0, implies w,,, = 0 on each
edge. Consequently,

w=0 w;,,=0 ondE.

Finally, this, together with (D3) = 0 and integration by parts twice give

P
/(Aw)sz:—/Vw - VAw dE+/ DY Aw ds
E E oE On

0A 0
:/wAzwdE—/ w wds+/ —wAwds:O
E oE  On oE On

since A>w € P,,,(E). Then it follows that Aw = 0, and since w = 0 on the boundary
we deduce that w = 0 in E. O

5.2. Construction of a computable discrete bilinear form

Like we did in Section 3 we begin by defining, for k > 2, an operator Hﬁ :
Wi s.m(E) — Pr(E) € W, 5. m(E) defined as the solution of

aF(y, )= a®W,q) Y € Wy s m(E), Vq € Pi(E)

5.7
/ (MYy —¢) ds =0, / V(Y — ) ds = 0. S
OFE OE

We note that for v € Py (E) the first equation in (5.7) implies (Hﬁv} Jij = Vvyij for
i, j = 1,2, that joined with the second equation gives easily

Mv=v VvePE). (5.8)

Hence, Hlé is a projector operator onto Py (E). We also observe that Hlé is comput-
able from the degrees of freedom (Dg)-(D3), as it can be easily seen upon integration
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by parts twice of the term a® (¥, g). Choosing af(v,w) = a® (13, TI{w) would
guarantee consistency, but not stability. Then, like we did in the previous section,
we add a stabilizing term, and set

ar (v, w) = a® (v, TItw) + SE( = T, (I = TIHw), (5.9)

where S¥ is any symmetric bilinear form to be chosen in such a way that it scales
like a® (-, -) and is positive on the kernel of 12, i.e., there exist two positive constant
c1, ¢ such that

crafw,v) < SE(,v) < c2af(v,v) Vv such that H,év =0.
Assuming, for example, that the degrees of freedom (5.6) are all scaled like the

vertex values, we can take
#dofs

SE(v,w) = hz? Z dof,(v) dof;(w). (5.10)
i=1

Lemma 5.2. The discrete bilinear form (5.9) is k-consistent and stable.

Proof. The proof goes exactly as that of Lemma 3.6, and we do not repeat it. []

5.3. Construction of the right-hand side

In order to build an approximation of the term < f,v > in a simple and easy way
it is convenient to have internal degrees of freedom in W, s ,,,(E), and this means,
according to (5.4), that k > 4 is needed. In (Brezzi and Marini 2013) suitable
choices were made for different values of k, enough to guarantee the proper order
of convergence in H>. Here we report the choice made in (Chinosi and Marini
2016) which makes use once more of the enhancement trick of (Ahmad ef al. 2013).
For that, we modify the definition (5.5). For k > 2, and r and s related to k by
(5.4), let Wi(E) be the new local space, given by

Wi(E) := {v € H*(E) : v|c € Pr(e), Ve € Py(e) Ve C IE, A%v € Pr_o(E)}.

The degrees of freedom in VT/k(E ) would be (5.6), plus the moments of degree k —3
and k —2, but for the construction of the operator H,f only the dofs (5.6) are needed.

Once H,f has been constructed, we copy its moments. More precisely, we define:

fork=2 WyE)={ve Ws(E), and / v dE = / HZAV dE}, (5.11)
E E

fork >3 Wi(E)={v € Wi(E), and /vpadE = / 1Y po dE,
E E

Pa €PYM @ =k -3,k -2}

It can be checked that the dofs (5.6) are the same, but the added conditions on the
moments allow now to compute the L?—projection of any v € W onto Py_»(E),

(5.12)
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and not only onto Px_4(E) as before. Taking then, in each element, fj as the
L*—projection of f onto the space of polynomials of degree k — 2, i.e.,

fap =T0_,f VE €T,

we obtain
<fovrp= < fivze= [T 0w dE < CHE el 613
E
We are now ready to write the discrete problem.

5.4. The global problem - Error estimates

Let 75, be a decomposition of € into polygons, satisfying the Assumptions 2.1. The
global space W), is defined as a patchwork of the spaces (5.11) or (5.12), depending
on the value of &:

Wy, = {v € H}(Q) : v|g € Wk(E) VE € Ty, }. (5.14)

The global bilinear form and right-hand side are defined by summing over the
elements of 7p,:

an(vwi) = ) appwn), < fivn>i= Y @ f o, (5.15)
EeTy, E€Ty,

and the discrete problem is
find wy, € Wy, such that ap(wp, vp) =< fh,vn > Vv € W (5.16)
We have the analog of Theorem 3.2.

Theorem 5.3. Under Assumptions 3.1 the discrete problem (5.16) has a unique
solution wy. Moreover, for every approximation w; of w in W), and for every
approximation w , of w that is piecewise in Py, we have

lw—whl,a < C<|W —wiba+Iw-—wxlo7 + I f - fh”W;l), (5.17)
where C is a constant independent of £, || - ||2,7;, is the broken H 2_norm, and
< f=fnvn>

ILf = fallw, == sup (5.18)

vhLeW, |vl’l|2,Q

Proof. Assumption 3.1 is satisfied thanks to Lemma 5.2. Following step by step
the proof of the abstract Theorem 3.2 the result (5.17) follows easily. U

If wy is the interpolant of w in W},, defined through the degrees of freedom (5.6),
thanks to the Assumptions 2.1 on the mesh we have

lw = willo.o < CH Y wllksro- (5.19)

Similarly,
lw = walla7, < CH wllxer.a. (5.20)
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Finally the following convergence Theorem hold.

Theorem 5.4. Let w be the solution of problem (5.3), and let w, be the solution
of the discrete problem (5.16). The following holds true

for k > 2, lw=whlha < CH wlia. (5.21)
Proof. Using (5.19), (5.20), and (5.13) in (5.17) the result (5.21) follows. ]
We conclude this section with a couple of remarks.

Remark 5.5. The lowest-order element of our family, corresponding to the choice
r =3,s = 1,m = =2, can be seen as the extension to polygons of the finite
element composite triangle known as reduced Hsieh-Clough-Tocher element. On
a triangle they have the same degrees of freedom (w,w/ ., w/, at the vertices),
they both contain P, and share the same order of accuracy, k = 2. Similar
considerations apply to the next-to-the-lowest element of the family (corresponding
tor =3,s5 =2,m = —1), that can be seen as the extension to polygons of the well
known finite element composite Hsieh-Clough-Tocher triangle. On a triangle,
the degrees of freedom are the same (w, w/,, w/, at the vertices and w/,, at the
midpoints of the edges), P3 is included in the local spaces, and thus the order of
precision is k = 3 for both.

6. H(div), H(rot), and H(curl)-conforming approximations

In a number of applicative problems, like for instance electromagnetism or diffusion
problems in mixed form, spaces like L?, H' or H? cannot be used alone. They
must be suitably coupled with other functional spaces, like H(div), H(rot), and
H(curl). In the present section we will show how to design VEM-discretizations
of such spaces.

Virtual Element spaces of H(div) type were initially introduced in (Brezzi, Falk
and Marini 2014) and later improved in (Beirdo da Veiga, Brezzi, Marini and Russo
2016b). Within the large literature involved in the application of such spaces to
advanced diffusion problems we here mention (Benedetto, Borio and Scialo 2017,
Benedetto, Borio, Kyburg, Mollica and Scialo 2022).

Afterwards, H(div) and H(curl) VEM spaces in two and three dimensions were
introduced in (Beirao da Veiga, Brezzi, Marini and Russo 2016a) and then improved
in a series of papers (Beirdo da Veiga, Brezzi, Dassi, Marini and Russo 20174,
2018b,a), also dealing with the magneto-static equations as a model problem.
Among the papers dealing with the application and extension of such spaces for
more advanced problems we here mention (Dassi, Di Barba and Russo 2020a),
(Beirdo da Veiga, Dassi, Manzini and Mascotto 2022b,a) and (Cao, Chen, Guo and
Lin 2022b, Cao, Chen and Guo 2022a).

Let us begin by introducing some further notation and definitions which will be
useful in the sequel.
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6.1. Polynomial spaces and exact sequences

In the following we will denote by i the mapping that to every real number c

associates the constant function (zero-degree polynomial) identically equal to c,

and by o the mapping that to every function (polynomial) associates the number 0.
Then we recall that we have the exactness of the following sequences:

e In dimension two:

i grad rot )
R P, [B_1]? P2 R (6.1)
or equivalently:
i rot div 0
R P, [Br_1]? P2 R (6.2)
are exact sequences.
e In dimension three:
i grad curl div 0
R P, [B_1]? [Pr_2]’ — P, —— R

(6.3)
is an exact sequence.

We recall that exact means that the image of every operator coincides with the
kernel of the following one. To better explain the consequences of these statements
we introduce some additional notation. Given an integer s, we define the following
polynomial spaces:

e in dimension two:
Gy = grad(Ps,1) C [P]%, Ry :=rot(Py) C [P]% (64)
e in dimension three:
G = grad(Bsn) € [B5], R, :=curl((By]’) € [B]%. (6.5)

We then set:

G¢ := a complement of Gy in [P]¢ 66)
RS := a complement of R in [P,]¢. '

In the original paper (Beirdo da Veiga et al. 2016a) we chose G5 and RS as the
L?-orthogonal complements of Gy and R, respectively. A more modern choice,
described in (Beirdo da Veiga et al. 2018a), is the following:

e in two dimensions:
gf = {xLPs—l}, 732 = {xPs_1}, (6.7)
e in three dimensions:

Gs = {x A [P’} RS = {xPs1}. (6.8)
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The choices (6.7), (6.8) are much easier to handle from the computational point of
view. Finally, we recall (see (2.1)) that Pg are the polynomials of Py having zero
mean value.

The following properties are consequences of the exact sequences above.

e In two dimensions: (6.1) implies that for all integer s:

(i) grad is an isomorphism from Pg to Gy_q
(i) v € [Ps]*> = roty =0 if and only if v € Gy (6.9)
(iii) rot is an isomorphism from G to the whole P;_j,

and equivalently (6.2) implies that

(i) rot is an isomorphism from Pg to Rs—1
(i) v € [Ps]> = divv =0 ifandonlyifv € Ry (6.10)
(iii) div is an isomorphism from RS to the whole P,_;.

e In three dimensions: (6.3) implies that

()vel[Ps]? = curly =0 ifand only if v € G
(ii)v € [Ps]*> = divv =0 ifandonlyifv € Ry
(iii) grad is an isomorphism from P(S) to Gy_1 (6.11)
(iv) curl is an isomorphism from Gg to R-;
(v) div is an isomorphism from R to the whole P;_;.
Properties (ii) of (6.9) and (ii) of (6.10), as well as properties (i) and (ii) of (6.11),
are just particular cases of well known results in Calculus.

From the definitions above (see also (Beirdo da Veiga ef al. 2016a)), we can
easily deduce that

e in two dimensions:
dim gk = dimRk =Tk+1,2 — 1, dim g,‘é = dim??,i =TTk-1,2 (6.12)
e in three dimensions:

dimGy = mp13 -1, dimRg =3 7m0 3 — Mre23 + 1, 6.13)
dimgz:dimRk_l :37Tk,3_77k+1,3+1’ dimR(]i:ﬂk_Lg '

For the sake of clarity we define yx 4 := dim Gx and og 4 := dim R.

6.2. Spaces H(div), H(rot), and H(curl)

The elements of our local Virtual Element spaces will be the solutions, within each
element, of suitable div-curl systems. In view of that, it will be convenient to recall
the compatibility conditions (between the data inside the element and those at the
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boundary) that are required in order to have a solution. We recall the spaces defined
in (2.4), for a polygon E

H(div; E) := {v € [L*(E)]? such that divv € L*(E)}, (6.14)
H(rot; E) := {v € [L*(E)]? such that rotv € L*(E)}, (6.15)

and for a polyhedron P
H(div; P) := {v € [L*(P)]® such that divy € L*(P)}, (6.16)
H(curl; P) := {v € [L*(P)]® such that curly € [L*(P)]?}. (6.17)

We now assume that we are given, on a simply connected polygon E, two smooth
functions f; and f,, and, on the boundary dF, two edge-wise smooth functions g,
and g;. We recall that the problem:

find v € H(div; E) N H(rot; E) such that:

divv = fy, rotv = f, inE (6.18)
v-n=gy on 0F
has a unique solution if and only if
/ divvdE = / gnds. (6.19)
E OE
Similarly the problem:
find v € H(div; E) N H(rot; E) such that:
divv = fy, rotv = f, inE (6.20)
v-t=g; on 0F

has a unique solution if and only if

/rotvdEz/ g; ds. (6.21)
E OE

In three dimensions, on a simply connected polyhedron P we assume that we are
given a smooth scalar function f; and a smooth vector valued function f, with
div f,. = 0. On the boundary dP we assume that we are given a face-wise smooth
scalar function g, and a face-wise smooth tangent vector field g, whose tangential
components are continuous at the edges of dP. Then we recall that the problem
find v € H(div; P) N H(curl; P) such that:
divv = fy, curlv = f, in P (6.22)
v-n=g, on 0P

has a unique solution if and only if

/divv dP:/ gnds, (6.23)
P aP
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and similarly the problem:

find v € H(div; P) N H(curl; P) such that:
divv = fy, curlv = f, in P (6.24)
V=8 on 9P

has a unique solution if and only if
f,-n=rotp g, ondP. (6.25)

For more details concerning the solutions of the div-curl system we refer, for
instance, to Auchmuty and Alexander (2001, 2005) and the references therein.

6.3. Two-dimensional face elements

These spaces are the same of Brezzi et al. (2014), although here we propose a
different set of degrees of freedom.
On a polygon E, for k integer > 1, we set:

szfl,ie(E) :={v € H(div; E) N H(rot; E) such that:
v - n € Pr(e) for each edge e of E, (6.26)
divv € Py_1(E), and rotv € P,_;(E)}.

We recall from Subsection 6.2 that, given:

e afunction g defined on JF such that g|. € Pi(e) foralle € 9E,
e a polynomial f; € P;_1(E) such that

/ fadE = / gds, (6.27)
E OE

e apolynomial f, € Pr_(E),
we can find a unique vector v € V;a]ie(E ) such that
v-n=gondE, divv=fg;inE, rotv=f.inE. (6.28)

The dimension of sza,ie(E ) is given by:

dim szfl,ie(E) = NedimPr(e) + (dimPy_1(E) — 1) + dim Py (E)
= Neﬂ'k’l + Tk-12 — 1 + Tk-1,2 (6.29)
= Neﬂ'k,] +27Tk_1’2 - 1.
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A convenient set of degrees of freedom for functions v in Vface(E ) will be:

(Dy): /v -n pr de for all edges e, for all pi € Pi(e),
€

(D»): / v-g8r,dE forall g, _, € Gk_o, (6.30)
E

(D3): /Ev -gydE  forall g5 € G,.

Recalling (6.12) we easily see that the number of degrees of freedom (6.30) equals
the dimension of Vface(E ) as given in (6.29).

Theorem 6.1. The degrees of freedom (6.30) are unisolvent for Vf“ce(E ).

Proof. Since the number of degrees of freedom (6.30) equals the dimension of
Vf“ce(E ), to prove unisolvence we just need to show that if for a given v in Vf‘lce(E )
all the degrees of freedom (6.30) are zero, that is if

/v -nprde=0 forall edges e, for all p; € Pr(e), (6.31)
€
/ v-gr,dE=0 forall g, ;€ Gy o, (6.32)
E
/ v-g dE=0 forallg; € G, (6.33)
E

then we must have v = 0. Assume that for a certain v € Vface(E ) we have (6.31)—
(6.33). Since v - n|c € Pi(e) Ve, (6.31) imply thatv - n = O on 0E. Using the fact
that divv € Py_; and setting gz := div v we have from (6.32)

/ |divy|*dE = / divv gg_ dE
E E
= / V- -ngg-1ds— / v-gradg;_;dE =0. (6.34)
OE E
Hence we have that div v = 0 which, together with v - n = 0 on JE, gives
/ y-gradpdE =0 forall ¢ € H(E) (6.35)
E

after an integration by parts. According to the definition of (6.26), rotv € Py_;.
Looking at (6.9; (iii)) we have then that rotv = rotg; for some g} € G;. Now the
difference v — g5 satisfies rot(v — ¢}) = 0, and as E is simply connected, it follows
that v = ¢} + grad ¢ for some ¢ € G, and some ¢ € H'(E). Then

/ lv|>dE = / v (g5 +gradp)dE =0 (6.36)
E E

since the first term is zero by (6.33) and the second term is zero by (6.35). ]



THE VIRTUAL ELEMENT METHOD 37

Remark 6.2. The degrees of freedom (D) in (6.30) are pretty obvious. A natural
variant would be to use, on each edge e, the values of v - n at k + 1 suitable points
on e. Moreover, the degrees of freedom (D») in (6.30) could be replaced, after
integration by parts, by

/divvqk_ldE forall gx_1 € PY_,. (6.37)
E

Finally, the degrees of freedom (D3) in (6.30) could be replaced by

/ rotv qx—1 dE forall gr—1 € Pr—q (6.38)
E

as we had in the original work Brezzi ef al. (2014).

Computing the L? projection

As already said, the virtual functions are not explicitly known inside the elements,
and their reconstruction is not straightforward. Hence, we use suitable projections
onto polynomials. Here we show how to construct the L? projection onto [Py (E)]?,
which is possibly the most convenient, and surely the most commonly used. We
point out that, thanks to the definition of the space Vface(E ), and to the degrees of
freedom (D3) in (6.30), the enhancement trick is not necessary here. Indeed, using
the same integration by parts applied in (6.34), the degrees of freedom (D7) and
(D») in (6.30) allow us to compute f divv gr_1 dE for all gx—; € Pr_1(E), and

since divv € Pr_;(E), we can compute exactly the divergence of any v € Vface(E ).
In turn this implies, again by using an integration by parts and (D) in (6. 30) that
we are able to compute also

/ v-g.dE Vg, € G, (6.39)
E
and actually

/ v-grad pdE V¢ polynomial on E. (6.40)
E
The above property, combined with (D3) in (6.30), allows to compute the integrals
against any g, € [Px(E)]? and thus yields the following important result:
Theorem 6.3. The L?(E) projection operator

) : VI%e(E) — [Pr(E)]? (6.41)

is computable using the degrees of freedom (6.30).

The global two-dimensional face space

Given a polygonal domain € and a decomposition 7j, of Q into a finite number of
polygonal elements E, we can now consider the global space

V344(Q) = {v € H(div; Q) such that v g € V}*(E) ¥ element E € T;}. (6.42)
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Note that in (6.42) we assumed that the elements v of Vface(Q) have a divergence
that is globally (and not just element-wise) in L>(Q). Hence the normal component
of vectors v € Vface(Q) will have to be “continuous” (with obvious meaning) at the
inter-element edges The global degrees of freedom are the natural extension of
the local degrees of freedom (6.30). It follows immediately that the dimension of
Vf“ce(Q) is given by

dim(Vfdce(Q)) = mj1 X {number of edges in Tj, }+

(27g—1,2 — 1) X {number of elements in 7}, }.

6.4. Two-dimensional Edge Elements

The edge elements in 2D correspond exactly to the face elements, just rotating
everything by 7/2. For the sake of completeness we just recall the definition of the
spaces and the corresponding degrees of freedom.

On a polygon E we set

edge(E) = {v € H(div; E) N H(rot; E) such that:
v - t|. € Pr(e) for each edge e of E, (6.43)
rotv € Pr_i(E), and divv € Pr_(E)}.

A convenient set of degrees of freedom for elements v € Ve ge(E ) is:
(Dy): /v -t prde for all edges e, for all py € Pr(e),
€
(D»): / v-rrodE forallriy_, € Ri» (6.44)
E

(D3) : /Ev -ridE  forall ri € R;.

Remark 6.4. Here too we could use alternative degrees of freedom, in analogy
with those discussed in Remark 6.2. In particular we point out that we can identify

uniquely an element v of Vedge(E ) by prescribing its tangential component v - £ (in
Pr(e)) on every edge, its rotation rotv (in ]Pk_l(E)), and its divergence divv (in
Pr-1(E)).

Remark 6.5. Obviously, here too we can define the L>—projection onto Py, ex-
actly as we did before, with R} taking the role of G;.

Given a polygonal domain Q and a decomposition 7 of Q into a finite number of
polygonal elements E, we can now consider the global space

eclge(Q) = {v € H(rot; Q) such that v . € Vedge(E )Velement E € Tp,}. (6.45)
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Note that the tangential component of vectors v € Vedge(Q) will have to be “continu-
ous” (with obvious meaning) at the inter-element edges The degrees of freedom

forv e Vedge(Q) are the obvious extension of the local degrees of freedom (6.44),

and the dimension of Vedge(Q) is

dim(Vedge(Q)) = 7.1 X {number of edges in Tj, }+

(27g—1,2 — 1) X {number of elements in 7}, }.

6.5. Three-dimensional Face Elements

The three-dimensional H(div)-conforming spaces follow in a very natural way the
path of their two-dimensional companions.
On a polyhedron P we set

V%¢(P) := {v € H(div; P) N H(curl; P) such that:

v - nP € Pr(f) for all faces f of P, (6.46)
divv € Pr_1(P), and curly € R;_1(P)}.

The dimension of Vface(P) is given by:
dim(Vfdce(P)) = Nr i p+dim Gy o +dim Ry— = Ny 2+Yk—2,3+0k-1,3. (6.47)

The local degrees of freedom will be:

(D) : /v -n', py df  for all faces f, for all p; € Pi(f),
f

(D7) : / v-grdP forall g,_, € Gr_o, (6.48)
P

(D3): /I;v -gydP forall g} € G.

It is not difficult to check that the number of the above degrees of freedom is given
by

Nfﬂ'k 2+ dim gk_g + dim g,i (6.49)
which equals the dimension of Vface(P) as given in (6.47).

Lemma 6.6. The degrees of freedom (6.48) are unisolvent for the space Vface(P)

Proof. The proof follows the same steps as in the two-dimensional case and is
therefore omitted. U

Remark 6.7. We note that also in the three dimensional case there are alternative
choices of degrees of freedom, similarly as in Remark 6.2.

Remark 6.8. Obviously, here too we can compute the L?—projection onto Py,
exactly as we did before (see Theorem 6.3).
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The global three-dimensional-face space

Having now a polyhedral domain Q and a decomposition 7, of Q into a finite
number of polyhedrons P, we can consider the global space:

Vi%(Q) = {v € H(div; Q) such that v|p € V;*°(P) V elements P € T,}. (6.50)

As we did for the 2D case, we note that the normal component of the elements of

V;a]ie(Q) will be “continuous” at the inter-element face. The degrees of freedom
for the global space V;aze(Q) are the obvious extension of the local ones already

described, and the dimension of Vga;e(Q) is

dim(ng‘ie(Q)) = 7y » X {number of faces in 7 }+

(Yk-2.3 + 0k-1,3) X {number of elements in 7y }.

6.6. Three-dimensional Edge Elements

We begin by introducing some additional notation that will be useful in the sequel.
For a smooth three-dimensional field ¢ on P, and for a face f with normal n},c,, we
define the tangential component of ¢ as

o=@ — (¢ np)np, (6.51)
while ¢, denotes the vector field defined on the boundary of P whose restriction on

each face f'is ;. Note that ¢; as defined in (6.51) is different from ¢ A nIfJ; indeed,
if for instance nlf, =(0,0,1) and ¢ = (¢1, 2, ¢3) then

¢r = (¢1,92,0) while @ Anp = (¢2,~¢1,0). (6.52)
Both fields ¢; and ¢ A n}; can be considered as two-dimensional vectors in the

plane of the face f.
We introduce moreover the following space.

Definition 6.9. We define the boundary space B(0P) as the space of v in [ L>(0P)]?
such that v¢ € H(div; f) N H(rot; f) on each face f of P, and such that on each edge e
(common to the faces f; and f3), vy, - £. and vy, - £, (Where &, is a unit tangential vector

to e) coincide. Then we define B,(0P) as the space of the tangential components
of the elements of B(dP).

Definition 6.10. We now define the boundary VEM space Bidge((')P) as
B‘;’(dge(aP) = {v € B,(0P) such that v¢ € V;d]fe(ﬂ on each face f € dP}. (6.53)

Recalling the previous discussion about the two-dimensional virtual elements

Vzedkge(f), we can easily see that for a polyhedron with N, edges and Ny faces

the dimension Sy of Bidge(ﬁP) is given by
Bk = Nemp1 + NeQrg_12—1). (6.54)
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The local spaces

On a polyhedron P we set

Vi (P) = {v | v, € B (P),
divv € Pr_1(P), and curlcurly € Ry_»(P)}. (6.55)

edge

In order to compute the dimension of the space V; = (P) we first observe that, given

a vector g in Be &

find a unique v in Ve 2(P) such that

(0P), a function f; in Py_q, and a vector f,. € Ry_2(P) we can

ve=gondP, divy = fzin P, and curlcurly = f, in P. (6.56)

To prove it we consider the following auxiliary problems. The first is: find H in
H(div; P) N H(curl; P) such that

curlH = f,in P,divH =0in P,and H - n = rot, g on 0P, (6.57)

that is uniquely solvable since

/ rot, gdS = 0. (6.58)
oP

The second is: find ¢ in H(div; P) N H(curl; P) such that
curly =Hin P,divyy =0in P, and y, = g on JP, (6.59)
that is also uniquely solvable since
H -n=rot,g. (6.60)
The third problem is: find ¢ € Hé (P) such that:
Ag = f;in P, (6.61)
that also has a unique solution. Then it is not difficult to see that the choice
v =y +grady (6.62)

solves our problem. Indeed, it is clear that (grad ¢); = 0O, that div(grad ¢) = f4
and that curl curl(grad ¢) = 0; all these, added to (6.57) and (6.59), produce the
right conditions. It is also clear that the solution v of (6.56) is unique.

Hence we can conclude that the dimension of Vedge

(P) is given by
dim V5 £ (P) = Bic + Th-1.3 + 0k-2.3 (6.63)

where B = dim Bidge(ap) is defined in (6.54).
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The local Degrees of Freedom

edge

A possible set of degrees of freedom for the space Vi (P)are the following:

o for every edge e:

(D) : /v -tpr de forall pp € Pr(e),
e for every face f: e

(D7) : /fv -ri df forall r; € Ri(f),

(6.64)
(D3) . /v =) df for all Fr—2 € Rk_z(f),
f

e and inside P:

(Dy) : ‘/Pv -ridP  forall ri € Ry,

(Ds) : / v-rrodP forall rp_p, € Ri_a.
P

The total number of degrees of freedom (6.64) is clearly equal to S as given in
(6.54) and the number of degrees of freedom (D5) is equal to gx_» 3. On the other
hand, using [6.11;v)] we see that the number of degrees of freedom (D4) is equal to
Tk-1,3, S0 that the total number of degrees of freedom (6.64) equals the dimension

of Vedg (P) as computed in (6.63).

Lemma 6.11. Thedegrees of freedom (6.64) are unisolvent for the space Vedge(P)

Proof. Having seen that the number of degrees of freedom (6.64) equals the
dimension of V (P) in order to see their unisolvence we only need to check that

avectorv € Vedge(P) that satisfies
/v-tpk de=0 Vedgeeof PandV pi € Pi(e), (6.65)
e
/fv -rydf =0 Vfacefof PandVr; € R} (f), (6.66)
'/fv -rrodf=0 Vfacefof PandV ry_o € Ri_»(f), (6.67)
/Pv ridP =0 Vr; e Ri(P), (6.68)
‘/Pv rk—2dP =0 Vri- € Ri-2P), (6.69)

is necessarily equal to zero.
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Actually, recalling the results of Section 6.4, it is pretty obvious that (6.65)-(6.67)
imply that v, = 0 on d P. Moreover, since curl curlv € R;_»(P), we are allowed to
take ri_p = curlcurl v as a test function in (6.69). An integration by parts (using

= 0) gives

0= / v -curlcurlv dP = /(curl v) - (curlv)dP (6.70)
P P

and therefore we get curly = 0. Using this, and again v, = 0, we easily check,
integrating by parts, that

/ v-curlodP =0 Ve € H(curl; P). (6.71)
P

Now we recall that from the definition (6.55) of Vedge(P) we have that divv is

in Pr_;. From (6.11); v) we then deduce that there exists a ¢¢ v € RC with
div g = div, so that the divergence of v — g} is zero, and then (since P is simply
connected)

v—gq; =curlp (6.72)

for some ¢ € H(curl; P). At this point we can use (6.71) and (6.72) to conclude as
in (6.36)

/|v|2dP:fv-(q2+curl¢)dP:/v-qidP+/v-curl<de:0.
P P P P
L]

Remark 6.12. As we did in the previous cases, we observe that the degrees of
freedom (6.64) are not the only possible choice. To start with, we can change the
degrees of freedom in each face, according to Remark 6.2. Moreover, in the spirit
of (6.56) we could assign, instead of (D4) and/or (Ds) in (6.64), curlcurly in
Ri—2(P) and/or div v in Py_;(P), respectively.

The global three-dimensional-edge space is defined as
ViE(Q) = {v € H(eurl; Q) s. t. vjp € V5 °(P) Velement P € T} (6.73)

and the degrees of freedom are the natural extension of the local ones defined in
(6.64). The dimension of ng,fe(g) is

dim(Vedge(Q)) = mtx.1 X {number of edges in 7}

+ (27 —1,2 — 1) X {number of faces in 7}
+ (Mg—1,3 + 0k-1.3) X {number of polyhedra in 7} }.

6.7. Virtual exact sequences

We show now that, for the obvious choices of the polynomial degrees, the set
of virtual spaces introduced in this Section constitutes an exact sequence. We
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start with the (simpler) two-dimensional case. Let VVC“(Q) denote the same H'
conforming space introduced in (3.28), and

VSIN(Q) = {v € L*(Q) such that v € Pr(E)Y element E € T}, (6.74)
Then, we have the following theorem:

Theorem 6.13. Let £k > 2, and assume that Q is a simply connected polygon,
decomposed in a finite number of polygons E. Then the sequences

j rad
R— v 225y Vs (@ —— vk @) 20 (675)
and
R — s vy Lo, viee ) Y, pelm ) 20 (6.76)

are both exact sequences.

Proof. We note first that the two sequences are practically the same, up to a
rotation of /2. Hence we will just show the exactness of the sequence (6.75).
Essentially, the only non-trivial part will be to show that

e a.l forevery v € Vzed]fel(Q) with rotv = 0 there exists a ¢ € Vve“(Q) such
that grad ¢ = v.

e a2 forevery g € VzeliTz(Q) there exists av € Vzed,fe](ﬂ) such that rotv = q.

We start with a.1. As Q is simply connected, we have that the condition rotv = 0
implies that there exists a function ¢ € H'(Q) such that gradp = v in Q. On
every edge e of 7Tj, such ¢ will obviously satisfy, as well:

0
a—Z — vt € Pr_i(e). 6.77)
Then the restriction of ¢ to each E € Ty, verifies:
¢|e € Pr(e) Ve € OE; Ap =divy € Pr_o(E) (6.78)

so that clearly ¢ € V)7'(Q).

To deal with a.2, we first construct a ¢ in [H'(Q)]? such that rot ¢ = g and
J qdQ
10Q
where # is the unit counterclockwise tangent vector to d€2 and |0€| is the length of

0Q. Then we consider the element v € V2e d]fel(Q) such that

Q-t= on 0Q, (6.79)

v-te:=TI)_,(¢p-t.)VedgeeinTy (6.80)
and, within each element E:

rotv =rotep = gq, divy = 0. (6.81)
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Clearly such a v solves the problem. O

Remark 6.14. The construction in the proof of a.2 could also be done if the
two-dimensional domain € is a closed surface, obtained as union of polygons. To
fix the ideas, assume that we deal with the boundary dP of a polyhedron P, and
that we are given on every face f of P a polynomial g¢ of degree k — 2, in such a

way that
> / grdf = 0. (6.82)
f

fedoP

Then there exists an element v € Bid_gf(aP) such that on each face f we have

rota(v|r) = gt. To see that this is true, we define first, for each face f, the number

T = /qfdf.
f

Then we fix, on each edge e, an orientation ¢, we orient each face f with the
outward normal, and we define, for each edge e of f, the counterclockwise tangent
unit vector #... Then we consider the combinatorial problem (defined on the
topological decomposition 7;) of finding for each edge e a real number o, such
that for each face f
> et th=1 (6.83)
ecof
This could be solved using the same approach used in the above proof, applied on a
flat polygonal decomposition that is topologically equivalent to the decomposition
of 0 P without one face. The last face will fit automatically, due to (6.82). Then we
take v such that on each edge v - ¢ € Pr_; with /e v - t. de = o, and for each face,
divvy =0, rotvy = gy.

We are now ready to consider the three-dimensional case. Let V;‘}?(Q) denote

the H'-conforming space obtained by gluing together the local spaces introduced
in (3.45), and let

ngim(g) = {v € L*(Q) such that vip € Pr(P)V element P € Tp,}. (6.84)
Then, we have the following theorem:

Theorem 6.15. Let k > 3, and assume that €2 is a simply connected polyhedron,
decomposed in a finite number of polyhedra P. Then the sequence

. . 1 )
R — V@) S V(@) 5 Vi @ s v @) — 0
’ (6.85)

is exact.
Proof. It is pretty much obvious, looking at the definitions of the spaces, that

e a constant function is in VY

1% (€) and has zero gradient,
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e the gradient of a function of V;'(Q) is in V; dkgf ,(€) and has zero curl,

e the curl of a vector in VU 1(Q) is in V;caze_z(ﬂ) and has zero divergence,

3, k-
o the divergence of a vector of Vga,ie_z(Q) is in V;lig (Q).

Hence, essentially, we have to prove that:

e b.1 for every v € V;flkgfl(g) with curlv = 0 there exists a ¢ € V;S?(Q) such
that grad ¢ = v.

e b.2 forevery T € fo(e_z(ﬁ) with div T = 0 there exists a ¢ € V;fikgfl(g) such
thatcurlp = 7

e b.3 forevery g € V§}2T3(Q) there exists a o € ng‘f{e_z(ﬁ) such thatdivo = q.

The proof of b.1 is immediate, as in the two-dimensional case a.1: the function

(unique up to a constant) ¢ such that grad ¢ = v will verify (6.77) on each edge.

Moreover, its restriction ¢; to each face f will satisfy grad, ¢; = v, and so on.
Let us therefore look atb.2. Givent € VSf?,iiz(Q) with div T = 0 we first consider

(as in Remark 6.14) the element g € Bedge((')Q) such that, on each face f C 9Q

k—1
rotz(g¢) = 7 - 1 (€ Pr—a(f)). (6.86)
Note that
Z /r-ngdf:/divrdg =0, (6.87)
fcon /f Q

so that the compatibility condition (6.82) is satisfied. Then we solve in € the
Div-Curl problem

divgy =0 and curly =7 inQ, with ¢, =g ondQ. (6.88)

The (unique) solution of (6.88) has enough regularity to take the trace of its
tangential component on each edge e, and therefore, after deciding an orientation
t. for every edge e in T, we can take

Ne = Hg_l(aﬁ te) on each edge e in 7j,. (6.89)
At this point, for each element P we construct ¢ € Bid_gle((')P) by requiring that

¢ -te =ne on each edge e,
¢ = . s . (6.90)
rot) ¢y = T - np and div ¢; = 0 in each face f C 9P.

Then we can define ¢ inside each element by choosing, together with (6.90),
curlp =7 and divp =0 in each element P. (6.91)

It is easy to see that the boundary conditions given in (6.90) are compatible with
the requirement curl ¢ = 7, so that the solution of (6.91) exists. Moreover it is easy
to see that all the necessary orientations fit, in such a way that curl ¢ is globally in

[L2(Q)]3, so that actually ¢ € V;fikgfl(Q).
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Finally, we have to prove b.3. The proof follows very closely the two dimensional
case: given g € V3CIZT3(Q), we first choose 8 € [H'(Q)]? such that

divB=qg inQ andf-n _qudQ (6.92)
=q Q= 109 .
where, now, |0Q] is obviously the area of Q. Then on each face f of T;, we take
o-nh =1 ,(B-nf) (6.93)

and inside each element P we take divo = ¢ and curlo = 0. Note again
that condition divo = ¢ is compatible with the boundary conditions (6.93) and
the orientations will fit in such a way that actually divo € L*(Q), so that o €
Vface (Q)
3,k—2\>%/
Ul

Remark 6.16. Although here we are not dealing with applications, we point out
that, as is well known (see e.g. Bossavit (1988), Mattiussi (1997), Hiptmair (2001),
Arnold, Falk and Winther (20060)), the exactness of the above sequences are of
paramount importance in proving several properties (as the various forms of inf-
sup, the ellipticity in the kernel, etc.) that are crucial in the study of convergence
of mixed formulations (see e.g. Bofi, Brezzi and Fortin (2013)).

6.8. A hint on more general cases

As already pointed out in the final part of Brezzi er al. (2014) for the particular
case of 2D face elements, we observe here that actually in all four cases considered
in this paper (face elements and edge elements in 2D and in 3D), we have at least
three parameters to play with in order to create variants of our elements.

For instance, considering the case of 3D face elements, we could choose three
different integers kj,, k- and k4 (all > —1) and consider, instead of (6.46) the spaces

Vi%(P) = {v € H(div: P) N H(curl; P) such that
- ng, € Py, (H)V face f of P,divv € Py, (P), curly € Ry, (P)}, (6.94)

where obviously k is given by k := (kp, kg, k). Taking, for a given integer k, the
three indices as k;, = k, kg = k-1, k, = k — 1 we re-obtain the elements in (6.46),
that in turn are the natural extension of the BDM H(div)-conforming elements.
Taking instead kp, = k, kg = k, k, = k — 1, for k > 0 we would rather mimic the
Raviart-Thomas elements. In particular, on simplices and for £ = 0 we recover
exactly the RT element.

We also point out that if we know a priori that (say, in a mixed formulation) the
vector part of the solution of our problem will be a gradient, we could consider the
choice kp, = k, kg = k — 1, k, = —1 obtaining a space that contains all polynomial
vectors in Gy, (thatis: vectors that are gradients of some scalar polynomial of degree
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< k + 1), a space that is rich enough to provide an optimal approximation of our
unknown.
Similarly, for the spaces in (6.55) one can consider the variants

ViE(P) = (o] v, € BRE(9P),
divv € P, (P), and curlcurly € Ry, _1(P)}. (6.95)

On the other hand, for nodal VEMs we can play with two indices, say k; and kx,
to have

ViSU(P) = {v | viap € B (OP) and Av € Py, o(P)}, (6.96)

and, needless to say, in the definition of BE”((?P), the degree of A, in each face
could be different from k.

6.9. Serendipity elements

Some of the discrete spaces appearing in the diagram (6.75) are not suitable for
practical computations. Indeed, as discussed in Section 3.8 for the space V;jﬁ‘(Q),
the chosen set of degrees of freedom only allows to compute projections of sub-
optimal order. A simple way out would be to enlarge the spaces and add degrees
of freedom, in the spirit of (3.37), but this would result in high computational
costs. The best choice is instead to make use of Serendipity variants of the above
spaces, which allow to reduce the number of degrees of freedom and still be
able to compute projections of the required order. An example of this strategy
was shown in Section 3.6, but here we have the additional difficulty that the
involved Serendipity projections need to be compatible with the exact sequence
structure. Such Serendipity sequences constitute the current state of the art of
Virtual Elements discrete complexes, and we refer the reader to (Beirdo da Veiga
et al. 2017a), (Beirdo da Veiga et al. 2018b), (Beirdo da Veiga et al. 2018a) for a
detailed description. Here we limit ourselves to show a brief example in the two
dimensional case, where the aim is to build the serendipity exact sequence (6.76).

In the following part we focus on a single sample element £, the global version
following trivially. Furthermore, for simplicity of exposition we assume thatn > k,
so that no polynomial bubbles exist on the polygon E (see Section 3.6).

For k integer, k > 1, we begin by enlarging the original scalar VEM-space (3.15)
as we did in (3.37), that we recall here (with a different notation):

W(E) = {v € COE) : vie € Pu(e) Ve € OF, Av e PU(E)},  (697)
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with the degrees of freedom

(D7) : the values of v at the vertices of E,

(Dy): for each edge e, the moments /v Pk-2ds Vpr-2 € Pr_o(e),

[

(6.98)
(D3) - / (Vv %) prdE Vpx € Pi(E).
E

Note that, using an integration by parts, it is easy to check that the set of degrees
of freedom (6.98) is equivalent to the set (3.38), where the moments fE vprdE
are assigned instead of (D3). We associate with the above space the enlarged

edge-space We(ig]e(E )
e‘]‘ge(E) = {v € [LX(E)]? : divv € P(E), rotv € Px_i(E), ;
(6.99)
Vie - te € Pr_y(e) Ve C aE},

with the degrees of freedom

(D) : the moments /(v ~t)pr-1ds Vpr_1 € Pr_1(e), Vedgee,
(S

(D») : the moments / v-x prdE Vpr € Pr(E), (6.100)
E

(D3) : /Erotv pY_dE Vpl_ e P} _(E).
It can be easily checked that such spaces form an exact sequence
] A%
R —— W (E) —— WX (E) O E) —250. (6.101)

On the other hand, W;(‘Ode(E ) and Wedge(E ) have a large number of internal degrees
of freedom, a particularly cumbersome situation when planning to use such spaces
on the faces of a polyhedron (in order to design their three dimensional counter-
parts). We therefore introduce the following Serendipity variants. Let us introduce
the projection operator IT5°% : WR°U(E) — Py(E), defined by

/ 0i(q -TIP% )0, pds =0 Vp € P(E),
oF (6.102)

/ (x - n)(g - Tg%*g)ds =0
OFE

It can be proven, see (Beirdo da Veiga et al. 2017a), that the above operator is well
defined. We can then introduce the Serendipity nodal space as:

SVIode(F) = {q e WU (E): / V(g —TI™%g) . x py dE = 0Vpy € Pk}. (6.103)
E

Clearly, a set of degree of freedom for § VIL‘Ode(E ) is given by (D) — (D3) in (6.98);



50

the set (D3) is not needed anymore. Analogously, after defining the space

S5 = grad Py @ x Py, (6.104)
we introduce the well defined operator l'Iedge : edge(E ) — edge
/ﬂ E[(v - e"gev) t][Vp-t]ds=0 Vp € Pi(E), (6.105)
/aE(v ~TI{y) - tds = 0, (6.106)
/E rot(v —M§=w)pd [ dE=0 Vp? | e PY_(E). (6.107)

We can now define the Serendipity edge space as:

SV (E) = {v e W (E): / (v —TE%) . x pe dE =0 Vi e]Pk} (6.108)

A set of dofs for SVedge(E) is given by (D)) and (D3) in (6.100). The above
projections have been carefully chosen so that the Serendipity spaces still form an
exact sequence:

: v
R —— SVIU(E) —— SV(E) ——— By y(E) —— 0 (6.109)

When compared with their counterparts in (6.101), the above spaces are smaller
but allow the same computability in terms of projection operators and have the
same approximation properties. We finally observe that interpolation and stability
estimates for Serendipity edge and face VEM spaces can be found in (Beirdo da
Veiga, Mascotto and Meng 2022) and (Beirdo da Veiga and Mascotto 2022).

7. The Elasticity problem

In the present section we introduce the Virtual Element Method for linear and
nonlinear elasticity, with particular attention in dealing with almost-incompressible
materials. After the development of the H'-conforming VEM of order k (Beirdo da
Veiga et al. 2013b), it was immediately recognized that (for k > 2) such discrete
space was also suitable for building a simple and effective displacement/pressure
inf-sup stable pair for incompressible elasticity. This observation lead to the con-
tribution (Beirdo da Veiga, Brezzi and Marini 2013a) where the authors introduced
a Virtual Element family for linear elasticity in primal form, robust in the incom-
pressible limit.

The main part of this section is indeed based on (Beirdo da Veiga et al. 2013a),
but with a more modern viewpoint on many details, such as the construction used
in the bilinear forms and the adoption of enhanced VE spaces. In particular,
we also present a different viewpoint on the same method, which sets the basic
background for generalization to nonlinear problems. In the final part of this
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section (mainly inspired from (Beirdo da Veiga, Lovadina and Mora 2015), see
also (Artioli, Beirdo da Veiga, Lovadina and Sacco 2017b)) we describe the VE
discretization of nonlinear elasticity problems in small deformations and comment
briefly on more complex problems such as inelasticity and large deformations (Chi,
Beirao da Veiga and Paulino 2017).

The present section constitutes only a brief introduction to the very wide re-
search area of VEM for Solid Mechanics. The main motivations of the success of
VEM in the solid mechanics engineering community were (1) the ease of combin-
ing/embedding the method with existing FEM codes, (2) the robustness to large
mesh distortions, (3) the possibility to automatically handle hanging nodes, (4) the
simplicity and efficiency of the formulation for the lowest order (1-gauss-node-
per-element) case. Among the many advances in the literature, we here mention
(in addition to the above) only a few sample papers regarding topology optimiza-
tion (Gain et al. 2015, Chi et al. 2020), contact problems (Wriggers et al. 2016),
Hellinger-Reissner elasticity (Artioli, de Miranda, Lovadina and Patruno 2018,
Dassi, Lovadina and Visinoni 20200), fracture and crack propagation (Hussein,
Aldakheel, Hudobivnik, Wriggers, Guidault and Allix 2019, Artioli, Marfia and
Sacco 2020), elastodynamics (Park, Chi and Paulino 2020), elasticity and plasticity
for finite deformations (Wriggers, Reddy, Rust and Hudobivnik 2017, Wriggers and
Hudobivnik 2017).

7.1. The linear elasticity problem

We consider the deformation problem of a linearly elastic body subjected to a
volume load and with given boundary conditions, under the hypothesis of small
deformations. In the main part of this section we will focus on the two-dimensional
case, while hints on the 3D (which is essentially analogous) will be given at the end.
Let Q be a polygonal domain, and let I' be its boundary. Let A and u be positive
coefficients (Lamé coefficients) and let f be a vector valued function belonging to
[L?(Q)]?. For the sake of simplicity we will use (homogeneous) Dirichlet boundary
conditions. The strong form of the equations read

Apuu=f inQ and u=0onl,

where the linear elliptic operator A, ,, is given by

1
A zﬂ(ul,xx + j(ul,yy + ”2,xy)) + /l(ul,xx + uZ,yx)
,L#u = | .
2ﬂ(§(ul,yx +up xx) + u2,yy) + A(ul,xy + u2,yy)

In order to introduce the corresponding variational formulation, we consider the
space

V= [H)(Q)]? (7.1)
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and the bilinear form

a(u,v) = 2/1/8(1!) : 8(v)dQ+ﬂ/div u divvdQ =2ua,(u,v)+da(u,v),
Q Q

(7.2)

where &(u) = (Vu + V'u)/2 represents as usual the symmetric gradient operator.

It is easy to see (possibly using Korn inequality in the presence of more general

boundary conditions) that there exist two constants, M > 0 and a > 0, depending
only on Q, A and g, such that

alvlly < aw,v)<M|vlly VYveV. (7.3)

We note that f € V’, and we denote by < f,v > the corresponding duality pairing
(that here coincides with the usual L? inner product). Then the variational form of
the problem reads:

Find u € V such that
(7.4)

a(u,v)=< f,v> VveV

that clearly has a unique solution, that belongs at least to [ H*(Q)]? for some s > 3/2
depending on the maximum angle in I'.

Remark 7.1. As it is well known, when the parameter 4 >> u, we fall into
the range of the so called “almost-incompressible” materials. In such case the
coercivity and continuity constants in (7.3) diverge. Unless specific care is taken
in the discretization, the accuracy of numerical methods will degenerate in such
situations; there is a large FEM literature in this respect (see for instance (Boffi
et al. 2013) and the references therein). The VEM scheme here proposed will be
robust also in the almost-incompressible limit.

7.2. The discrete spaces and problem

The method here described is taken from (Beirao da Veiga et al. 2013a) but with
a more modern viewpoint on some aspects. We refer also to (Artioli, Beirdo da
Veiga, Lovadina and Sacco 2017a) for a more engineering oriented introduction.
In order to introduce the discrete VEM space for the displacement field, we start by
the same scalar “enhanced” spaces introduced in section 3.6, that we recall here.
For k > 1 we set

Vi(E) :={v € CO(E) such that v|. € Pr(e) Ve € OE, Av € Pi(E),

7.5
and /(v - HZ’Ev)pS dE =0 Vpse€ P?"“‘(E),s =k-1,k}, (73)
E

where the operator HZ’E has been defined in (2.6). Note that also the simpler space
(3.15) could be chosen, but at the price of a less accurate load approximation. The
local VEM displacement space is then simply

Vi(E) = [Vi(E)]?, (7.6)



Tue VIRTUAL ELEMENT METHOD 53

with the corresponding degrees of freedom
(Dy) : the values of v at the vertexes of the polygon E;
(D) : for k > 2, the moments fev -pde Vp e [Pra(e)]?> Ve CIE; (7.7)
(D3) : for k > 2, the moments fE v-pdE Vp € [Pra(E)]%.

It is easy to check that [Px(E)]*> C V(E). Furthermore, by similar arguments as in
Section 3, we have that the following projection operators are computable in terms
of the dofs (7.7):

" ViE) - [Pu(E))?,
)5 : Vi(E) > [Pr(E)]?,
005 VV(E) > [P (B)2,
)" 0 divVi(E) — Pe_y(E).

(7.8)

The global discrete displacement space is given by
Vi ={v € Vsuch thatv|g € Vi(E) YE € Ty}

and the associated global dofs are trivially deduced from the local ones in the
standard FEM fashion.

We now define the local bilinear forms approximating the forms a,(-,-) and
ay(-,-)in (7.2) at the element level. We will introduce such bilinear forms written in
the most explicit way, which makes it easier to understand the particular treatment
for the volumetric term and the ensuing robustness in the incompressible limit.
Later we will show a different description of the same forms which is better
suited for generalization to nonlinear problems and for the implementation in an
engineering perspective.

For all E € T, and all vy, w;, € Vi (E) we define

al v, wh) = 2p /E ) E ewy) : M0F e(wy) dE
+ uSEI -1 Fwy, (=T Fywy), (7.9)
ak ,vnwn) =2 /E 0 (divv,) L5 (divw,) dE,
where the stabilizing form SE (-, -) is any symmetric and computable bilinear form
on V(E) that satisfies (cfr (3.20))
cilvili g < SEnvn) < calvall p Vi € Vi(E) with TPy, =0 (7.10)

uniformly in the mesh elements. The form S (-, -) can be taken equal to the (vector
version of) the choices already discussed in Section 3 (see (3.21)—(3.23)) directly on
the (properly scaled) dofs or on some boundary integrals. We note that the absence
of a stabilizing term for the volumetric form af’ , (-5 +) 1s aimed to obtain a scheme
that is robust also in the incompressible limit. Indeed, such choice corresponds to
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a relaxation of the volumetric constraint when A >> u, as it happens in PSRI Finite
Elements or mixed approaches to elasticity (Boffi ez al. 2013). The global versions
of the above forms are obtained as usual: for all v;,, w;, in V),

— E o E
auh(Vh,wn) = Z a, yVhsWn), Ay n(Vh, W) = Z ay ,(vi, wn),
E€Ty, E€Ty

anWh,wn) = aun(Vp, Wr) +ain(Ve, wp).
Finally, the discrete loading term is defined by

< [y >i= Z /EH%E(f)-vthz Z /Ef-H%E(vh)dE. (7.11)

EeTy, EeTy,
We are now able to present the VEM method for the linear elasticity problem

{Find u;, € Vy, such that

7.12
ah(uh,vh) =< fh,vh > Vvh S Vh. ( )

It is easy to check that the form a (-, -) is coercive on V, so that the above problem
has a unique solution.

Remark 7.2. An alternative form found in the literature (see, e.g. (Beirdo da
Veiga et al. 2013a)) for aih(-, -)is
af’h(vh,wh) =2u /E S(HZ’Evh) : S(HZ’Ewh) dE
+ uSEA =T F g, (=T Fyws) .

The more modern choice (7.9) is more appropriate for generalizations (such as
variable coefficients or, as we will see below, nonlinear problems).

An equivalent form of the same scheme

As already anticipated, we here introduce a different description of the same bilinear
form ay(-, -) which is better suited for generalization to nonlinear problems and for
the implementation in an engineering perspective. In the following we will denote
the Cauchy stress (associated to the present linearly elastic constitutive law)

o(e()) =2ue)+Atre()] Vv € H(Q),
and recall that the continuous bilinear form (7.2) can be written as
a(v,w) = / o(sv)) : e(w)dQ. (7.13)
Q
We consider the local elastic form (E € Tj)

akwp,wp) = aﬁ,h(vh, wp) + aih(vh, Wh), (7.14)
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see (7.9). By trivial calculations and definition of the L? projection, for any
vi € Vi(E),

A Hg’_El (divvy) =2 H,(Z’_E] (tr 8(vh)) =Atr Hg’fl (s(vh)) ,

where tr denotes the trace operator. Furthermore, by identical arguments, for all
vi € Vi(E)

H%_El (divvy) =tr Hz’fl (s(vh)) = H%_EI (s(vh)) 1,

with [ denoting the 2 X 2 identity tensor and A : B = }}; ; A;;B;; for all square
matrixes A, B. We now combine the two above identities in the definition of
af n (Vi wh), cfr (7.9). With some simple manipulation we obtain

af ,vnwp) = / ATLE (divvy) TTE (divwy,) dE
E
= / A5 (ew) 1 TE (e(wp)) dE - (7.15)
E
Therefore, the form (7.14) can be written as

al vy wp) = /E (ZMH%i(a(vh))+/ltrH2’ﬁ(8(vh))I> :10E (8(w),)) dE

+ uSEU -1 F ., (-1 F)w))

= / U'(HZLE] (8(1};,))) : H%ﬁ (s(wh)) dE
E

+ uSE =T By, (=T Fywa).

(7.16)
The above form is to be compared with the local version of (7.13). The expres-
sion (7.16) is equivalent to the original discrete form of the previous section, but
underlines that the VEM discretization is obtained simply by projecting the strains
on a local polynomial space and then applying the constitutive law. The expression
(7.16) is therefore suitable to easily generalize the present construction to small
and large deformation nonlinear problems, as it suggests the following systematic
approach: project the strains on a polynomial space and then apply the (nonlinear)
constitutive law before integrating on the element. More details will be given in
Section 7.4.

Finally, it is important to underline that the stabilization depends only on the
parameter u (and is therefore unaffected by large values of 1), which is what makes
the scheme robust in the incompressible limit. Also this idea is easily extendable
to more complex problems, by making the stabilizing form dependent only on the
deviatoric part of the stresses. See also, for instance, (Park, Chi and Paulino 2021).
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Extension to the 3D case

We here comment briefly on the three dimensional case. The extension of the
method here presented to 3D problems is quite straightforward, in light of the
previous developments for the scalar case. We simply replace the 2D scalar space
(7.5) with the scalar space described in Section 3.8, and then set

Vi(P) = [Vi(P)]? (7.17)

for each polyhedron P in the mesh 7. The local degrees of freedom are the trivial
vector valued version of those in (3.46). By the same arguments, it can be checked
that the 3D analogs of the projections appearing in (7.8) are still computable.
The rest of the construction (global space and related dofs, discrete bilinear form,
load approximation) is essentially identical. Although many results of the next
sections apply also to the 3D case with minor modifications, in the following we
will continue to work in the bi-dimensional framework for ease of presentation.

7.3. Convergence and robustness in the incompressible limit

The interpolation estimates for the scalar space discussed in Section 3 (formulae
(3.34) and (3.36) immediately apply also to the vector valued version (7.6). Since
also (7.12) is a classical linear elliptic problem, deriving error estimates for the
method would, in principle, follow the same identical steps (and obtain analogous
results) as for the Laplace problem. On the other hand such approach would not
lead to error estimates that are robust in the incompressible limit, i.e. in which
the constant involved in the error does not depend on the parameter A. In order to
obtain such estimates, one needs to resort to a mixed interpretation of (7.12), in
which an important role is played by the pressure variable p = A divu.

We here show the main intermediate results leading to the final convergence
Corollary 7.7, and refer to (Beirao da Veiga et al. 2013a) for the proofs. In the rest
of the section we assume the same mesh assumption 2.1 already stated in Section
2, which could be relaxed following the ideas in (Beirdo da Veiga et al. 2017b,
Brenner and Sung 2018).

Let the (piecewise polynomial) auxiliary space

O = {qn € L(Q) such that ¢;, € Px_1(E) VE € Tp,} .
We have the following inf-sup lemma.

Lemma 7.3. Let k > 2 and let the mesh assumptions 2.1 hold. Then there exists
a strictly positive constant 3, independent of /4, such that

Jo(divyy)g, dQ
sup =—————— 2 Blignllo.c Vgn € Q.
veev  vallie
Remark 7.4. For the particular case k = 1 the validity of the above inf-sup
condition is not assured and depends on the mesh family considered (for instance,



THE VIRTUAL ELEMENT METHOD 57

for k = 1 on a triangular mesh we obtain the famous pair P /Py which is well
known to fail in such respect). Positive results for a class of polygonal meshes can
be obtained by extending the ideas in (Beirao da Veiga and Lipnikov 2010). In
order to obtain inf-sup stability for any class of (shape-regular) meshes one would
need to add edge-bubbles, which would imply a simple modification of the space
with the addition of one degree of freedom per edge to the displacement space. We
do not dwell here on this variants, and assume in the following that k > 2.

By classical arguments borrowed from mixed FEM, cfr (Boffi er al. 2013),
Lemma (7.3) implies the existence of a Fortin-like operator, that is (in particular)
an optimal approximant in H' which “preserves” the projected divergence.

Lemma 7.5. Let k > 2 and let the mesh assumptions 2.1 hold. Then there exists
a positive constant C, independent of 4, such that the following holds: For all v
in the broken Sobolev space [HS(Ti)]?, 1 < s < k + 1, there exists v; € V}, that
satisfies

v =villi < Ch*wls.7

/ (divyr)gn dQ = / (divgndQ  Van € On.,
Q Q

where by | - |5 7;, we denote the corresponding H* broken Sobolev semi-norm.

The following convergence result bounds the error u — uy, in terms of the inter-
polation error u — u;. There is also a load approximation term (which is typically
neglected in FEM analysis by assuming exact integration of the right hand side),
a polynomial approximation term (stemming from the VEM approximation of the
involved bilinear forms) and an explicit volumetric term.

Theorem 7.6. Let k& > 2 and let the mesh assumptions 2.1 hold. Let u be the
solution of problem (7.4) and uj, the solution of problem (7.12). Let p = A divu
and py be its L? projection in Q. Let u; be as defined in Lemma 7.5, and let u
be any approximant of u piecewise in [Py ]?. Then there exists a positive constant
C, independent of 4 and A, such that

lu —unlly < C (Il —url +llu = uglh7 +1p = pillo+2ISf = Fullo) -
By combining the above theorem with Lemma 7.5 and standard polynomial

approximation estimates, we obtain the following convergence result.

Corollary 7.7. Let the same assumptions as in Theorem 7.6 hold. Let further-
more u, f be in the broken Sobolev space [H*(7})]? and p be in the the broken
Sobolev space H"Y(T,), 1 < s < k + 1. Then it exists a constant C, independent
of h and A, such that

s—1 2
lu —unlls < Ch*=" (luls,7, + 22| fls,7 + Pls=1,7) -

It is important to observe that also the auxiliary variable p is uniformly bounded
independently of A (see for instance Remark 3.1 in (Beirdo da Veiga et al. 2013a)),
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therefore the above result is indeed robust in the volumetric limit. We refer to
Lemma 2.4 in (Beirdo da Veiga et al. 2013a) for the corresponding error estimate
llw —wunllo.

7.4. Nonlinear elasticity

In the present section we briefly present the extension of the previous ideas to the
nonlinear case, focusing on small deformation elasticity and providing references
on further extensions. The main results of this section are based on (Beirdo da
Veiga et al. 2015), see also (Artioli ef al. 2017b) for a more engineering oriented
approach. As in the previous part of this section we assume homogeneous Dirichlet
boundary conditions for simplicity of exposition, the extension to more general kind
of boundary conditions (and loading types) being trivial.

Assuming a regime of small deformations and an elastic material, we are now
given a (general) constitutive law for the material at every point x € €, relating
strains to stresses o, through the function

o =0(x,Vu(x)) e R (7.18)
Given the law (7.18), the deformation problem reads
{—div o=f in Q, (7.19)
u=0 on 0Q.

Let now V denote the space of admissible displacements, which will, in particular,
satisfy homogeneous Dirichlet boundary conditions on 92 and be equal to the space
of its variations. The variational formulation of the elastic deformation problem
reads

Find u € V such that

(7.20)
/O'(x,Vu(x)) :Vr(x)dQ = / fx) - v(x)dQ Vv eV
Q Q

The VEM discretization of problem (7.20) follows the same approach discussed
previously for obtaining (7.16). We refer, for instance, to the book (Simo and
Hughes 2006) for a review on standard tools and terms in computational (small
deformation) solid mechanics. We here limit ourselves in recalling that typical
computational codes combine a finite element construction with a constitutive al-
gorithm, that is applied point-wise and, given the strains, computes the ensuing
stresses. Such algorithm also gives the constitutive tangent, which is the algorith-
mically consistent tangent do-/dVu and is needed in the Newton iterations.

We consider the same space Vj, in (7.6) of discrete displacements (or its 3D
variant) and write the discrete (nonlinear) problem

Find u;, € V}, such that

(7.21)
Ao n(UpsUR, Vi) = / fn-vndQ Vv, eV,
Q
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where the loading term is approximated as in (7.11), and the form is given by

achn(Whpsup,vy) = Z ‘/O'(x,Hg’iVuh(x)) :l'[%_Ele(x)dE
E<Ty E

+apwp) SE(U =T F)up, (1 - T F)vy)

for all wy,, up, vy, € Vi, with SE(-, -) the same stabilization form used for the linear
case (7.10).

The scalar ag(wy) > 0 is needed in order to introduce a scaling based on the
constitutive law also in the stabilization, and takes the role of the y parameter in
(7.16). Here, since the problem is nonlinear and the constitutive tangent depends
on the displacement u, this parameter needs to depend on the displacements (but
as usual is not required to be accurate, the only purpose being a stabilizing effect).
Different choices can be taken for ag(w},), for instance

oo 0,E
aE(wn) = |2 (xe, T Vwy)
with x g denoting the barycenter of E and || - || representing any norm on the fourth

order tensor space. We refer to the literature mentioned above and below for other
possible choices of ag(wp,).

In order to solve the nonlinear problem (7.21) a typical approach in the engin-
eering literature is using an incremental loading procedure combined with Newton
iterations. Such approach can also be applied here, we refer to equation (24) of
(Beirdo da Veiga et al. 2015) for the details. Note moreover that the parameter
ag can be made dependent on uj, at the previous loading step, thus avoiding the
calculation of the derivatives of ag in the Newton iterations.

It is important to observe that the methodology here described couples very
well with existing solid mechanics codes. For instance, given any “black-box”
constitutive algorithm for the constitutive law o~ and the associated tangent matrix,
this can be embedded directly into the above method. This inherent simplicity was
one of the reasons for the wide success that VEM enjoyed in the solid mechanics
community. We close this section by mentioning some important generalizations,
and recall that a wider overview on the VEM literature in solid mechanics can be
found in the introduction to this section.

Almost incompressible materials. As already anticipated, simply by rendering the
coeflicient ag(wy,) dependent only on the deviatoric part of the strains, the scheme
acquires robustness in the incompressible limit. Since such property is also related
to the inf-sup condition in Lemma 7.3, either k£ > 2 or certain restrictions on the
mesh are required (cfr the discussion in Section 7.3).

Inelastic materials. The extension to inelastic materials is trivial following the same
approach as for standard finite elements. One needs to keep track of the history
variables on each integration point during the incremental loading procedure and
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apply the inelastic constitutive law as a black-box algorithm. See for instance
(Beirdo da Veiga et al. 2015, Artioli et al. 2017b) for more details.

Large deformations. The approach for the large deformation case follows the
same pattern, and is based on a projection of the displacement gradients followed
by application of the constitutive law. Nevertheless the more complex geometric
setting and the potential large variation of the involved variables requires some
additional care. This may call for ad-hoc approximations of the determinant J of the
displacement mapping and for suitable rules for calculating the stability parameter
ar. What makes VEM particularly valuable in large deformation analysis is the
robustness of the method to mesh deformations, which is a critical aspect for such
problems. We refer the reader to (Chi ef al. 2017) for an introduction to VEM for
large deformation problems.

8. The Stokes and Navier-Stokes problems

In the present section we review some core results on divergence-free VEM for
incompressible fluid dynamics. The starting point is the construction introduced
in (Beirdo da Veiga, Lovadina and Vacca 2017) (see also (Antonietti, Beirdo da
Veiga, Mora and Verani 2014)) for the discretization of the Stokes problem.

In the above paper the authors propose a family of VEM velocity-pressure pairs
of general “polynomial” order which, in addition to being inf-sup stable, have
the important property that the discrete velocity space is contained in the discrete
pressure space. As a consequence it leads to a stable scheme that guarantees
a truly divergence-free velocity solution, as opposed to a relaxed divergence-free
condition as it happens in standard FEM. There are many advantages of divergence-
free schemes when compared to standard inf-sup stable ones, an example being
that the discrete velocity error is not polluted by the pressure. Although the above
VEM scheme is not pressure-robust (in the sense of (John, Linke, Merdon, Neilan
and Rebholz 2017)) it still retains many advantages when compared with standard
FEM (Boffi et al. 2013), in addition to the possibility of using general meshes.

Later, in (Vacca 2018, Beirdo da Veiga, Lovadina and Vacca 2018b), the the
method was extended also to the Navier-Stokes and Brinkman equations. In
(Beirdao da Veiga, Mora and Vacca 2019b, Beirdao da Veiga, Dassi and Vacca
2018a), the authors investigated the discrete Stokes complex structure laying be-
hind the VEM spaces, both in 2D and 3D, leading also to alternative schemes (for a
glimpse at the related FEM literature we refer to (Arnold, Falk and Winther 20064,
Falk and Neilan 2013)). Computational and implementation aspects where further
detailed and developed in (Dassi and Vacca 2020, Dassi and Scacchi 2020), while
in (Chernov et al. 2021) the authors studied the Ap version of the method. In (Liu,
Li and Nie 2020, Frerichs and Merdon 2022) some right-hand side modifications
were proposed to build a VEM scheme that is also pressure robust for the Stokes
problem. In (Beirdo da Veiga, Canuto, Nochetto and Vacca 2021) a model fluid
interaction problem is analyzed using mesh cutting techniques in combination with
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the above VEM approach. There have been also other developments on VEM for
fluid mechanics problems outside the divergence-free framework, some examples
being non-conforming methods (Cangiani, Gyrya and Manzini 2016, Liu, Li and
Chen 2017, Zhao, Zhang, Mao and Chen 2020, Liu and Chen 2019, Liu, Li and
Chen 2019), non-standard mixed formulations (Céceres, Gatica and Sequeira 2017,
Gatica, Munar and Sequeira 2018b, Caceres and Gatica 2016, Munar and Sequeira
2020, Gatica, Munar and Sequeira 2018a, Caceres, Gatica and Sequeira 2018) and
other derivations (Chen and Wang 2019, Wang, Wang and He 2020). Finally, a few
references about the application of other polytopal technologies (such as polygonal
FEM, polygonal DG, HHO, HDG) to fluid mechanic problems are (Natarajan
2020, Botti, Di Pietro and Droniou 2018, Di Pietro and Krell 2018, Aghili and
Di Pietro 2018, Castafién Quiroz and Di Pietro 2020, Lipnikov, Vassilev and Yotov
2014, Cockburn, Fu and Qiu 2017, Antonietti, Verani, Vergara and Zonca 2019,
Antonietti, Mascotto, Verani and Zonca 2022) while some references (among the
many) on FEM divergence-free and pressure robust methods are (Guzman and
Scott 2019, Guzman and Neilan 2018, Guzmén and Neilan 2014) and (Gauger,
Linke and Schroeder 2019, Linke and Merdon 20165, John et al. 2017, Linke and
Merdon 2016a).

8.1. The Navier-Stokes equations

We here briefly review the steady Navier—Stokes equation on a polygonal simply
connected domain Q C R? with d = 2, 3 (for more details, see for instance (Girault
and Raviart 1979)). We search a velocity field # and a pressure field p that satisfy

—vdiviem)+(Vu)u —Vp=f in Q,
divu=0 in Q, (8.1)
u=_0 on 0Q,

where v € R, v > 0 is the viscosity of the fluid and f € [L*(Q)]¢ represents the
volume source term. We here consider Dirichlet homogeneous boundary conditions
only for simplicity, the extension to different boundary conditions being trivial. Let
the continuous spaces

v [H@]  Q=Li@)= {q € LXQ) st /ng = o} ,
Q

The variational formulation of Problem (8.1) reads:

find (u, p) € V x Q, such that
va(u,v)+cu, u,v)+bw,p)=(f,») forallv €V, (8.2)
b(u,q)=0 forall g € Q
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where the continuous forms are

alu,v) = / em):e(v)dQ, b(v,q):= / g divvdQ,

@ @ (8.3)

c(w;u,v):z/(Vu)w-de Vu,v,weV, geQ.
Q

By definition, the velocity solution # lays in the kernel of the bilinear form b(-, -),
that corresponds to the functions in V with vanishing divergence

Z:={veV st divv =0} (8.4)

We can observe by a direct computation that, for a fixed w € Z, the trilinear form
c(w; -, -) is skew symmetric, i.e.

for a fixedw € Z cw;u,v) =—c(w;v,u) forallu,v € V.

Therefore, the trilinear form c(-; -, ), for w € Z, is equal to its skew-symmetric
part, defined as:

1
SV (w; u,v) = E(C(W; u,v)—c(w; v,u)) forallu,v,w € V. (8.5)

It is well known that (see for instance (Girault and Raviart 1979, Boffi et al. 2013))
the problem (8.2) is well posed assuming suitable bounds on the external load f
and the viscosity v. Such “diffusion dominated” assumption requires

Cllfllz
y=—>73 <
4

1, (8.6)

where C denotes the continuity constant of ¢(-; -, -) on Z with respect to the H I
norm. Note that the above assumption can be also stated by introducing the concept
of Helmholtz—Hodge projector (see for instance (John ez al. 2017, Lemma 2.6) and
(Gauger et al. 2019, Theorem 3.3)).

Remark 8.1 (Stokes problem). The Stokes model is simply obtained by neglect-
ing the nonlinear convective term in (8.1).

We close this section recalling the following useful polynomial decompositions,
see also Section 6.1:

[Pa(O)]* = VP11 (0) & (x*Pu-1(0)) fdim©) =2
[Ea(O) = VEu1(O) @ (x A [Basy(O)))  ifdim(O) =3,

where x* = (x2, —x1).

8.2. Virtual Element Spaces in 2D

In the present section we outline an overview of the “divergence-free” Virtual
Element spaces in the 2D case. In order to ease the reader, we will start by the
simpler spaces introduced in (Beirdo da Veiga et al. 2017), which are sufficient
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to treat the Stokes problem, and afterwards review the enhanced spaces of (Vacca
2018, Beirdo da Veiga et al. 2018b), which are suitable also for more complex
problems such as Navier-Stokes and Brinkmann. We here work at the local level,
that is defining the local spaces and the associated Degrees of Freedom at the
element level.

Note that we here focus only on the velocity space; the simpler pressure space
will be introduced later, directly at the global level.

Basic Virtual Elements

Let k € N, k > 2 represent the degree of the method (for the “lowest order” case
k =1, which is not part of the current family, we refer to (Antonietti ez al. 2014)).
We consider on each polygon E € Tj, the (local) discrete velocity virtual space

V3(E) == {v € [C°(E)]* such that rotAv € Px_3(E), div v € Px_i(E),

8.8
vie € [Pr(e)]* Ve C IE} (8.8)

where as usual the operators above are to be interpreted in the distributional sense.
We note that, in standard VEM fashion, the definition of Vi(E ) is associated to
a PDE within the element, in this case a Stokes-like variational problem on E.
Indeed, using (8.7) it is easy to check that the condition rotAv € Py _3 is equivalent
to the existence of ¢ € Px_3(E) such that Av + Vs = x*¢ for some s € L%(E); such
equation, combined with the remaining conditions in (8.8), represents a Stokes
problem on the element.

It is immediate to check that [Py(E)]*> C Vi(E ), which is important for the
approximation properties of the space, and that the dimension of Vf’l (E)is (recalling
that N, denotes the number of edges of E),

dim(VZ(E)) =2kNe+(k—-1)(k-2)/2+k(k+1)/2-1=2kNe+k(k—1)

where the correction by minus one is related to the data compatibility condition
ensuing from the Stokes theorem.
In Vi(E ) we set the following degrees of freedom:

(D) : the values of v at the vertexes of the polygon E;

(D) : the edge moments /v -pde Vpe [Pr_2(e)]* Ve € OE;

S

8.9
(D3) : the moments of div v /(div v)pdE Vp e Pg_l(E); ®9)
E

(Dy) : for k > 3, the moments of / v-xtpdE Vp € Pr_3(E).
E

Lemma 8.2. The degrees of freedom (8.9) are unisolvent for Vi (E).

Proof. It is trivial to check that the number of the operators (8.9) is equal to the
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dimension of Vi(E ). Therefore we only need to check that, if v € V;i(E ) vanishes
on all (8.9) then v = 0. Recalling (8.8) and since (D7) and (D3) in (8.9) vanish,
it follows immediately that v|sg = 0. Due to the Stokes theorem, such boundary
condition also implies fE divvdE = 0 which combined with divv € Py_;(E)
(check (8.8)) and the fact that (D3) vanish implies divv = 0. As a consequence we
can write v = roty for some ¥ € Hé (E). As a final preliminary result, we note
that, since rotAv € Pi_3 and due to (8.7), one can write

rotAy = rot(x*q) , q € Pr_3(E). (8.10)

An integration by parts, v|gg = 0 and v = roty now yields

/Vv:Vv:—/v-Av:—/rotw-Av,
E E E

which, combined with integration by parts, |5z = 0 and (8.10), yields

/Vv:Vv:/tp‘rotAv:/L//-rot(qu)
E E E
—/rotW(xlq):—/v-(qu):O
E E

where the last identity follows from the vanishing (D4) dofs. The above identity
clearly implies ¢ = 0 and the result follows recalling v = rot . U

Remark 8.3. We observe that the degrees of freedom (Dy)-(D3) in (8.9) allow
to compute v on the boundary of the element. Furthermore, the combination of
the Stokes theorem and (D3) allow to compute the polynomial divv € P_;(E).
Therefore such two quantities are fully computable.

We next make an important observation. The dofs (8.9) allow to compute exactly
(cf. (2.6) and (2.5) and Definition 2.2) the following projection operators:

" VI(E) — [Pu(E)]*,
OE L VI(E) — [Proa(E)], (8.11)
Hg _El L VVI(E) — [Peo1(E)]>2.

We show here only a proof for the first item, as the last two follow by analogous
arguments. Looking at the definition of the H(l)—projection (2.6) we see that, in

order to determine, for any v € Vi (E), the polynomial HZ’EV we need to compute

/Vv :Vp forall p € [P(E)]%. (8.12)
E

Employing the polynomial decomposition (8.7) for A p € [Px_»(E)]?, we can write
Ap =Vgqi_i +xtqi_3 for some g;_ € Pr_1(E) and gy_3 € Py_3(E). Therefore,
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integrating by parts we deduce

/Vv:Vp:/ v-(Vp)n—/v-Ap
E AE E
=/ V‘(Vp)n_/V'(VQk—l+xJ-Qk—3)
1) E

=/ V‘((VP)"—Qk—1")+/diV VCIk—l_‘/V'xJ_Qk—S-
OE E E

Recalling Remark 8.3 and (D4) in (8.9), the above identity yields that (8.12) is a
computable expression.

We close this section mentioning a drawback of the above space. The properties
above show that the degrees of freedom (8.9) allow to compute exactly the L>-
projection H%_EZ onto P_», but not that onto Py.

Enhanced Virtual Elements

In this section we will apply the enhancement approach to define a new (velocity)
virtual space Vi (E), to be used in place of the space Vi(E ), in such a way that

the full projection H%E: Vi(E) — [Pr(E)]? is computable from the dofs (8.9),
without increasing the dimension of the space nor spoiling other critical properties
such as [Px(E)]*> C Vi(E). Such “enhancement approach” was introduced in
(Vacca 2018, Beirdo da Veiga et al. 2018b) taking inspiration from (Ahmad et al.
2013).

We preliminarily observe that in order to compute H,(Z’E v we obviously need to
compute

/ v prdE for any p; € [Pr(E)]>.
E

Using the polynomial decomposition (8.7), let gz+1 € Pr+1(E) and g1 € Pr—_1(E)
be such that p;, = Vggi1 +x*qgk—1. Then, using this and integrating by parts we
have

/V'PkdE:/V'(VQk+l+xJ_Qk—l)dE
E E

=/ v-nqk+1ds—/div vqk+1dE+/v-xlqk_1dE.
OE E E

The last integral is not computable, since the dofs (Dy4) in (8.9) allow to compute
fE v - x*q only for polynomials ¢ € Px_3(E) and not for g € Pr_1(E).

Therefore, in order to construct V;(E) we proceed as in the previous sections
for the simpler Laplace problem: we first enlarge the space in order to have
the computability of the missing moments, and then we introduce the so-called
“enhanced constraints” to recover the right dimension of the space.

(8.13)
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We then first introduce, on each element E € 7Ty, the augmented space
Wi(E) :={v € [C°(E)]? such that rotAv € Py_,(E), divv € Pr_i(E), 5.1
vie € [Pr(e)]? Ve C IE}. '

The degrees of freedom in W (E) will be, referring to (8.9),

(D1) = (D2) —(D3) plus  (Ds): /V'prdE Vp e Pr1(E).  (8.15)
E

Although the space Wy (E) has the right computability and approximation prop-
erties, it has too many degrees of freedom. We therefore reduce it and introduce
the “enhanced” VEM velocity space. We recall that, for any non negative integers
m < n, we denoted by P,,/,, any subspace (fixed once and for all) of P,, such that

Py =Pum © Pujm.
We define:
Vi(E) :={v € [CUE)]? s. t. v|e € [P(e)]* Ve C IE, totAv € Py_(E),

div v € Pr_1(E), /(V - HZ’EV) : xlp dE =0 Vp e Pk—l/k—3(E)}-
E
(8.16)
We point out that the important property
[Pi(E)]* € Vi(E)

still holds.
Furthermore, we show that as dofs in V;(E) we can take the same dofs set (8.9)
introduced for V%(E ).

Property 8.4. The degrees of freedom (8.9) are unisolvent for Vi (E).

Proof. A simple computation, following the same argument as in the previous
section, easily shows that

k(k+1) N k(k+1)

2 2
Since Vi (E) is obtained from Wy (E) by enforcing dim(P,_1,,_3(E)) linear con-
straints, from the above identity we immediately obtain

dim(V,(E)) > dim(V3 (E)).

dim(Wi(E)) = 2k Ne+ -1= dim(Vi(E))+dim(Pk_1/k_3(E)).

Therefore, since the number of dofs in (8.9) is equal to dim(Vi(E )), the proof is
concluded if we show that any v € Vi (E) that vanishes on all dofs (8.9) must
satisfy v = 0. A key observation is the fact that the operator

5 Wi(E) — [Pe(E)]?,

only depends on (8.9); the proof is identical to that shown for Vi (E) at the end of
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the previous section. As a consequence, since v vanishes on all linear operators
(8.9), it holds HZ’E (v) = 0. Therefore, from the definition of V(E), we also have

/ 14 -pr dE =0 Vp € Pk—l/k—3(E)-
E

The combination of the above equation and the fact that (D4) in (8.9) vanish for
v imply that the full enlarged operator set (8.15) vanishes for v. The proof is
concluded recalling that v € V,(E) € W (F) and that (8.15) is a set of unisolvent
dofs for W (E). ]

Finally, we have the following important result.

Property 8.5. The degrees of freedom (8.9) allow us to compute exactly (cf.
(2.5))

"2 Vi(E) — [Bu(E)].

Proof. We start from equation (8.13) and observe that the first two terms on the
right hand side are computable thanks to Remark 8.3, which clearly holds also for
the new space Vi (E). We therefore are left with the third term fE v-x*qr_1 which

we split as
/v-xlqk_ldE:‘/v-xlpk_3dE+/v-xlﬁdE
E E E

with pr_3 € Pr_3(E) and p € Pi_y/x—3. The first term above is computable from
D4 and the second one follows from the property built in the definition of the space
(8.16):

/v-xLﬁdE:/HZ’E(v)'xLﬁdE.
E E

8.3. Virtual Element Spaces in 3D

The aim of this section is to present the divergence-free Virtual Element spaces
in three dimensions. This is the natural extension of the 2D VEM of Section 3
combined with the ideas introduced for the 3D Laplace operators in Section 3.8.
We will keep our exposition rather brief and refer the reader to (Beirdo da Veiga
et al. 2018a) for further details. As in the previous section, we here focus on the
velocity space and work locally on the element.

As in Section 3.8, in order to define the velocity VEM space in 3D we proceed
in two steps: we first introduce suitable VEM spaces related to the faces of the
element, then we define the local spaces defined on the polyhedron.

Let as before k € N, k > 2 (for the lowest order case k = 1, that falls outside the
current family, we refer for instance to the velocity space introduced in (Beirdo da
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Veiga et al. 2022a)). We define on each face f of an element P € 7}, the (scalar)
face space

Vi(f) :={v € CO(f) such that Ay € Pryi(f), vje € Pi(e) Ve C of

o (8.17)
Jo =175 pat=0 Vp € Prayuao).

Note that the space Vi (f) is slightly different from that introduced in Section 3.8
for the Laplace problem, since the “enhancement” is here even more extreme; the
reason for this choice will be clear in what follows. One can easily see that Vi (f)
satisfies Px(f) € Vi (f) and that a set of degrees of freedom for Vi (F) is

(Dy) : the values of v at the vertexes of the face f;
(D) : the edge moments fe vpde Vp € Pr_s(e),VYe C of; (8.18)
(D3) : the moments ffvp df Vp € Pr_x(D).

Furthermore, with arguments similar to those used in Section 3, one can check that
the L? projection operator

T Vi = P (8.19)

is computable on the basis of the dofs (8.18). Note that thanks to the particular
definition of Vi(F) we are able to compute the projection in the richer space
Prs1 (F).

We are now able to present the 3D VEM “divergence-free” space for velocities;
we here present directly the more advanced space, suitable for both the Stokes and
the Navier-Stokes problems.

Vi(P) :={v € [CO(P)]? s. t. curlAv € [Pr_i(P)]?, div v € Pr_(P),
vie € [Vi(D]® Vfe aP,

/P (v =TI7Py) - (x A p)dP =0 Yp € [Brorjis(PI).

(8.20)

The second line of (8.20) defines the space V¢ (P) on the boundary of the element.
The first line states that the virtual functions are obtained solving a Stokes-like
problem in the element. Indeed, recalling (8.7) it can be checked that the condition
curlAv € P_; is equivalent to the existence of ¢ € Pr_;(P) suchthat Av+Vs =x A
q for some s € L(z)(P); such equation, combined with the condition div v € Py_(P)
in (8.8), represents a Stokes-like problem on the element. Finally, the last condition
represents an “‘enhancement” constraint.

It is easy to check that [Px(P)]? C V(P). Furthermore, with arguments similar
to the previous sections, one can show that the following linear operators constitute
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a set of unisolvent degrees of freedom for the space V(P):
(Dy) : the values of v at the vertexes of the polyhedron P;
(D) : the moments /e y-pde Vp e [Proa(e)]®Vedgee c OP;
(D3) : the face moments ffv -pdf Vp e [Proa(D]?; (8.21)
(Dy) : the moments of div v : /P(diV v)pdP Vp e ]Pg_](P) ;
(Ds) : for k > 3, the “moments” of /P v-(x Ap)dP Vpe [Pr_3(P)]? .

Another critical property is that the 3-dimensional versions of the projections in
(8.11) are computable on the space V(P). We here show only the proof for

" Vi(P) - [Br(P)],

and observe that in order to compute HQ’E v we need to compute

/ v-pdP forany p € [Pc(P)]°.
P

Using (8.7), let gx+1 € Prs1(P) and g _; € [Px—1(P)]? be such that p = Vg, +
X A qy_;. In turn, the polynomial g, _; can be split as q,_; = q;_3 + q;_;, with
g3 € [Pk3(P))? and ;_; € [Pi—1/x-3(P)]>. By an argument analog to that
used in the 2D case, it is easy to check that div v € P;_;(P) is computable using
the above dofs. Then, an integration by parts and trivial steps yield

/v-pde:/v-(qu+1+x/\qk_l)dP
P

P
= /v-nqk+1df—/divvqk+1dP+/v-(x/\qk_1)dP
f P

fcoP P

=> /Hgflv-nqkﬂdf—/div v qrsr dP
f P

fcoP

+/ ye(x A qk_3)dP+/ "y - (x AGy_y)dP.
g g (8.22)
All the above terms are computable. The first one since Hgflv is computable on
each face (see (8.19)), the second one since div v is known and computable, the
third one using (Ds) in (8.21) and the fourth one since HZ’P v is computable. Note
that the first term motivates the need for the particular definition used in (8.17).

8.4. The discrete VEM problem

Let 7;, be a decomposition of the domain Q ¢ R? with d = 2,3 into general
polytopal elements. In order to keep the same exposition in 2D and 3D, we will
here indicate the generic element with the letter E (thus representing a polygon if
d =2 and a polyhedron if d = 3).
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For any E € Ty, let Vi (E) denote one of the enhanced velocity VEM spaces
introduced in the previous sections ((8.16) in 2D, (8.20) in 3D, respectively). The
global velocity VEM space is defined by

Vi :={v €V suchthat v|g € Vi (E) forall E € T}, (8.23)

and the global dofs are given by standard dofs assembly as in FEM. The discrete
pressure space is given by the piecewise polynomial functions of degree k — 1, i.e.,
the local and global pressure spaces are simply given by

On(E) :=Pr_1(E)  VEE€T,,
On={g€Q st qre€QpkE) forallE € T,}.

We recall the following results stating some interpolation properties of the velocity
space (see Proposition 4.2. in (Beirdo da Veiga ef al. 2017) and Theorem 4.1 in
(Beirao da Veiga et al. 2018b)) and the inf-sup stability of the pair (V,, Q) (see
Proposition 4.3 in (Beirao da Veiga et al. 2017)).

(8.24)

Proposition 8.6. Under the mesh assumption 2.1, let v € [H%(T;)]¢ with 1 <
s < k + 1. Then there exists v, € V}, such that

v =vallo+hlIVY = Vvpllo < h° [vls,7,
where the hidden constant depends only on k and the shape regularity constant o.

Proposition 8.7.  Given the discrete spaces V, and O, defined in (8.23) and (8.24)
respectively, there exists a positive constant 3, independent of 4, such that

b(Vh, Clh) -
sup  ———— > Bllgnllo  forall g, € Qp.
vpeVyu, vp#0 ||Vvh||0

We now define computable discrete local forms, following a construction similar
to that shown in Section 3.7:

aft(u, y) = ‘/E (Hg’_Els(u)) : (Hg’_Elg(v)) dE + SE ((1 _ HZ’E)u, (I - H%E)v>

(8.25)
cZ’E(W; u,v) = / [(H%_Elv u) H,?’Pw] -Hg’Ev dE, (8.26)
E
1
CZkCW’E(w; u,v) .= —(CZ’E(W; u,v)— CZ’E(W; v, u)) > (8.27)

2
forallw,u,v € V,(E), where clearly
o) Evy + (v )T
2
and the symmetric stabilizing form S¥: V;,(E) x V,,(E) — R satisfies

IVv[3 x < SE@, v) < IVwll5  forallv € Vi(E) NKer(IT)F).  (8.28)

l'[z’Es(v) =
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The condition above essentially requires the stabilizing term SE (v, v) to scale as
||Vv||(2)’ - Possible choices for the stabilization are the same already discussed in
Section 3.3.

The global virtual forms are defined by simply summing the local contributions:

ap(u,v) = Z ar,v), cpwiu,v):= Z S E(wiu,v), (8.29)
EeTy, EeTy,

forall w, u, v € V. We point out that

e the symmetry of aj(-,-) together with (8.28) easily implies that ay(:,) is
continuous and coercive with respect to the H'-norm;

e the discrete trilinear form ¢y (-; -, ) is skew-symmetric and is continuous with
respect to the H'-norm.

Finally the discrete right hand side is defined by the computable quantity

Frov)= ) / e fvde= ) / fOYEydE forallv € Vy. (8.30)
EeT, E EeTy, E
Referring to the discrete spaces (8.23), (8.24), the discrete forms (8.29), the b(-, -)
form in (8.3) and the approximated load term (8.30), the virtual element approx-
imation of the Navier-Stokes equation is given by

find (uy, prn) € Vi, X Oy, such that
vap(up, vyp) +cp(up; up,vp) +bwn, pr) = (f, vi) forall vy € Vy,
b(un, gn) =0 for all g5, € Q.
(8.31)
A crucial observation is that definitions (8.23) and (8.24), along with Proposition

8.7, imply that div V;, = Qy,. Therefore the discrete kernel is a subspace of the
continuous kernel Z (cf. (8.4)):

Zy :={vy € Vy suchthat b(vy,q,) =0 forallg, € O} C Z. (8.32)

Consequently, the second equation of (8.31) implies that the discrete velocity
ujp € Vy is exactly divergence-free.
The well-posedness of the discrete problems is stated in the following theorem.

Theorem 8.8. LetC represent the continuity constant of the form c(-; -, -) in Z,.
Under the data assumption

. Clifnllz,

y = 1, (8.33)

av?
with the usual definition of dual norm, Problem (8.31) is well-posed.
8.5. Convergence results and exploring the divergence-free property

We here briefly underline the main benefits of the proposed VEM scheme, in
addition to the capability (shared by any VEM scheme) of using general polytopal
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meshes. The divergence-free property and the kernel inclusion (8.32) entail a range
of advantages:

e The error components partly decouple, as shown in the converge results
below. Namely the influence of the pressure in the velocity error is weaker
with respect to standard inf-sup stable elements (see (Beirdo da Veiga et al.
2018b));

e the scheme in (8.31) is equivalent to a suitable reduced problem. The internal
divergence-moments dofs (D3 in (8.18) for d = 2, D4 in (8.21) for d = 3) and
the associated pressures dofs can be automatically ignored in the final linear
system (see (Beirdo da Veiga et al. 2017));

e the proposed Virtual Element enjoys an underlying discrete Stokes complex
structure (see (Beirdo da Veiga er al. 2019b, Beirao da Veiga et al. 2018a));

o the space V), is uniformly stable also for the Darcy equation (see (Vacca
2018)).

We finally state a convergence result for the proposed Virtual Element scheme
(8.31). We refer to Theorem 4.6 in (Beirdo da Veiga et al. 2018b) for the proof.

Proposition 8.9. Under the assumptions (8.6), (8.33) and 2.1, let (u, p) e VX Q
be the solution of Problem (8.2) and (u;,, pr) € Vi, X Q}, be the solution of Problem
(8.31). Assuming that u and f belong to [H**'(7;,)]¢ and p € H*(T},) we have

lw —unlli < K xi@) + K52 (f), (8.34)
P = pullo < K xs(p) + WX xa@) + K2 xs(f). (8.35)

where the y;, i = 1,..,5 are suitable functions independent of /4 (but which may
depend on the material parameters, k and o).

Note that the velocity error does not depend directly on the discrete pressures, but
only indirectly through the presence of the higher order loading term in (8.34).
Indeed, the velocity error of classical mixed FE methods would have an additional
term, of order O(/h¥), depending on the exact pressure p. In some situations the
partial decoupling of the errors stated in (8.34) induces a positive effect on the
velocity approximation.

Remark 8.10. In the context of the approximation of the Navier—Stokes equation,
a numerical method is said to be pressure-robust (see e.g. (John er al. 2017)) if
the discrete velocity solution depends only on the Helmholtz—Hodge projector of
the load f (as it happens for the exact velocity field). For instance, if the load
is a gradient field then the continuous velocity vanishes, and the discrete velocity
computed with a pressure-robust method vanishes as well. Thus method (8.31) is
not pressure-robust, as it does not guarantee such property. On the other hand the
dependence on the full load is much weaker with respect to standard mixed schemes
thus leading, for instance, to a higher rate of convergence whenever the load is a
gradient. Modified schemes have been proposed in (Liu ef al. 2020, Frerichs and
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Merdon 2022) in order to get a fully pressure-robust VEM scheme. Such approaches
have the drawback of requiring a suitable Raviart-Thomas interpolation of the test
functions with respect to a sub-triangulation of the mesh 7j,.
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