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Abstract

We investigate the existence of solutions to the fractional nonlinear Schrodinger
equation (—A)*u = f(u) — pu with prescribed L2-norm [g |ul?* dz = m in the
Sobolev space H*(RY). Under fairly general assumptions on the nonlinearity
f, we prove the existence of a ground state solution and a multiplicity result in
the radially symmetric case.
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1. Introduction

In this paper we investigate the existence of solutions to the fractional Nonlinear

Schrodinger Equation (NLS in the sequel)

i = (—Aye - V(v (1)

where i denotes the imaginary unit and ¢ = 9 (z,t): RY x (0,00) — C. This

type of Schrédinger equation was introduced by Laskin in [I], and the interest in
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its analysis has grown over the years. An important family of solutions, known

under the name of travelling or standing waves, is characterized by the ansatz

(@, t) = e"u(z) (2)

for some (unknown) function u: RY — R. These solutions are self-similar and
conserve their mass along time, i.e. %\\¢(~,t)||L2(RN) =0atany t > 0. It is
therefore natural and meaningful to seek solutions having a prescribed L?-norm.

Coupling with , we arrive at the problem

(—=A)u = V(|u|)u — pu in RN,

||u||%2(RN) =m,
where s € (0,1), N > 2s, u € R, m > 0 is a prescribed parameter, and (—A)*
denotes the usual fractional laplacian. We recall that

u(@) — u(y)

(7A)SU(‘T) = C(Na S) lim y|N+2S Y,

e—0t RN\ B,(0) ‘37 —

-1

For further details on the fractional laplacian we refer to [2]. For our purposes,

where

and since the parameter s is kept fixed, we will always work with a rescaled
fractional operator, in such a way that C(N,s) = 1.
In order to ease notation, we will write f(u) = V(Ju|)u, and study the problem

—AYu= f(u) —pu in RN
(=4) fu) = p RY, ()

||UH%2(]RN) =m.
The role of the real number pu is twofold: it can either be prescribed, or it can
arise as a suitable parameter in the analysis of . In the present work we
will choose the second option, and p will arise as a Lagrange multiplier.
Since we are looking for bound-state solutions whose L2-norm must be finite, it

is natural to build a variational setting for (). Since this is by now standard,



we will be sketchy. We introduce the fractional Sobolev space
H*(RVY) = {u € L’(RY) | [u% gy < +oo} ,
where
2 _ u(@) — u(y)®
) = fo o

is the so-called Gagliardo semi-norm. The norm in H*(RY) is defined by

w=¢wm+m;my

which naturally arises from an inner product. We then (formally) introduce the

energy functional
1.2
1) = 5 Wy~ [ Flu)da
RN

where F(t) = fg f(o)do. A standard approach for studying (P, consists in

looking for critical points of I constrained on the sphere

Sm = {ueHs(RN) |/ u|2d:£:m}.
RN

The convenience of this variational approach depends strongly on the behavior
of the nonlinearity f. If f(¢) grows slower than |t\1+4ﬁs as t — +oo, then I is
coercive and bounded from below on S,,: this is the mass subcritical case, and

the minimization problem
min {I(u) | w € Sy, }

is the natural approach. On the other hand, if f(¢) grows faster than [¢|**%
as t — +oo then [ is unbounded from below on S,,, and we are in the mass
supercritical case. Since constrained minimizers of I on S, cannot exist, we

have to find critical points at higher levels.

When s = 1, i.e. when the fractional Laplace operator (—A)® reduces to the
local differential operator —A, the literature for (P,,) is huge. The particular

case of a combined nonlinearity of power type, namely f(t) = tP~2 + ut?=2 with
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2 < ¢ <p<2N/(N —2) has been widely investigated. The interplay of the
parameters p and ¢ add some richness to the structure of the problem.

The situation is different when 0 < s < 1, and few results are available. Feng et
al. in [3] deal with particular nonlinearities. Stanislavova et al. in [4] add the
further complication of a trapping potential. In the recent paper [5] the author
proves some existence and asymptotic results for the fractional NLS when a
lower order perturbation to a mass supercritical pure power in the nonlinearity
is added. It is also worth mentioning [6], where Zhang et al. studied the
problem when the nonlinear term consists in the sum of two pure powers of
different order. They provide some existence and non-existence results analysing
separately what happens in the mass subcritical and supercritical case for both

the leading term and the lower order perturbation.

Very recently, Jeanjean et al. in [7] provided a thorough treatment of the local
case s = 1 via a careful analysis based on the Pohozaev identity. In the present
paper we propose a partial extension of their results to the non-local case 0 <
s < 1. Since we deal with a fractional operator, our conditions on f must be

adapted correspondingly.

We collect here our standing assumptions about the nonlinearity f; we recall

that

Fﬁ%:Alﬂﬂda

and define the auxiliary function

F(t) = f(t)t — 2F(1).

(fo) f: R — R is an odd and continuous function;

f(t)

(fl) tlgl(l) |t|1+4s/N

ft)

(f2)  Jim || (N+25)/(N=25) —

0;

F(t)

(f3) t_1>1+moo W = F-090;
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(fs) The function t % is strictly decreasing on (—o00,0) and strictly

[t

increasing on (0, +00);

(fs) )t < 22 F(t) for all t € R\ {0};

: tr®)
(fG) tlgr(l) |t|2N/(N—28) = +00.

Remark 1. The oddness of f is necessary in order to use the classical genus
theory and to get a desired property on the fiber map that we will introduce in
detail in the next section (see for instance Lemma [J below). Assumption (f2)
guarantees a Sobolev subcritical growth, whereas (f3) characterises the problem
as mass supercritical. At one point we will need (f5) to establish the strict

positivity of the Lagrange multiplier .

Example 1. As suggested in [7], an explicit example can be constructed as
follows. Set an s = N(+EZS) for simplicity, and define

)= (245 o) + PE L Y

1+ |t]ows

4s
Nt

We briefly outline our results. Firstly, we show that the ground state level is

attained with a strictly positive Lagrange multiplier.

Theorem 1. Assume that f satisfies (fo)-(f5). Then (P,)) admits a positive
ground state for any m > 0. Moreover, for any ground state the associated

Lagrange multiplier p is positive.

Furthermore, we can prove some remarkable properties of the ground state level
energy with respect the variable m and its asymptotic behavior. We refer to

for the precise definition of the ground-state level F,,.

Theorem 2. Assume that [ satisfies (fo)-(fs). Then the function m v Ey, is
positive, continuous, strictly decreasing. Furthermore, lim,, o+ E,, = +00 and

limy, o0 B = 0.

Finally, we have a multiplicity result for the radially symmetric case.



65

70

75

Theorem 3. If (fo)-(f5) hold and N > 2, then (P,)) admits infinitely many

radial solutions (ug)y for any m > 0. In particular,

Hupy1) > I(ug)
for all k € N and I(ug) — +00 as k — +o00.

Our paper is organised as follows. Section [2| contains the proofs of some pre-
liminary lemmas that will be useful during the whole remaining part of the
paper. Moreover, we introduce a fiber map that will play a crucial role for our
purposes. In Section[3]we define the ground state level energy for a fixed mass m
and we start analysing its asymptotic behaviour near zero and infinity. Section
[ is devoted to prove our main existence theorem. Using a min-max theorem
of linking type and the fiber map cited previously, we construct a Palais-Smale
sequence whose value on the Pohozaev functional is zero and we show that a
sequence of this kind must be necessarily bounded. Finally, in Section 5] for the
sake of completeness, we discuss the existence of radial solutions. Here, we use
a variant of the min-max theorem already cited in Section [4] but this time we
are helped by the fact that the space of the radially symmetric functions with
finite fractional derivative is compactly embedded in LP(R™) for p € (2,2%).

2. Preliminary results
We define the Pohozaev manifold
sz{ues’m ‘P(U)ZO},

where

2 N =

P(U) - [U}HS(RN) - % . F(u) dx.

Let us collect some technical results that we will frequently used in the paper.

The first two Lemmas will be proved in the Appendix. We use the shorthand
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Lemma 1. Assuming (fo), (f1), (f2), the following statements hold

(i) for every m > 0 there exists § > 0 such that

1
1 [ e vy < T(u) < [ul e gy

where u € By, and [u] . gy < 0.

(i1) Let (up)n be a bounded sequence in H* (RN ). Iflimy, oo [[tn || p2sae/n gy =

0 we have that

lim F(up)dr=0= lim F(uy,) dz.

n—-+oo RN n—-+o0o RN

(ii1) Let (Un)n, (Vn)n two bounded sequences in H*(RN). Iflim, oo ||vn || p2sas/n =

0 then

lim f(un)vp dz = 0.

n—-+4oo RN

Remark 2. An inspection of the proof of this Lemma shows that the inequality
/ F(u)do < = [u)?
g 0= e @)
holds true if u € By, and [u]g.gny < 6. It follows that
1.9
P(u) > ) [U]HS(RN)
for every u € B,, with [u]HS(RN) < 4.

In order to prove the next result we introduce for every u € H*(RY) and p € R

the scaling malﬂ
(p*u)(z) = e Fulels) xRV,
It easy to verify that pxu € H*(RY) and ||p * ul| 2wy = |Jull L2 ry).

Lemma 2. Assuming (fo), (f1), (f2) and (f3), we have:

2The notation p#u is standard in the theory of transformation groups, and is not ambiguous

since we never use convolution.
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(i) I(p*xu) — 0T as p — —oo0,

(i) I(p*u) — —00 as p — 00.

Remark 3. Assume f € C(R,R), (f1) and (f4). Then the function g: R - R
defined as

HO-2F@)
gty =4 WFE 7 7
0, t=0

is continuous, strictly increasing in (0,00) and strictly decreasing in (—o0,0).
Lemma 3. Assuming f € C(R,R), (f1), (f3) and (f4), we have
(i) F(t) >0 ift #0;

(ii) there exists (1,7), C RT and (1), CR™, |7F| = 0 as n — +oc such that

f > (245 ) Pl

for any g #1;

(iii) there exists (o;t), C RY and (o), C R™, |of| = o0 as n — +oo such

n

that

flod)at > (247 ) Flod)

for any n > 1.

PRrROOF. (i) By contradiction suppose F(tg) < 0 for some ty # 0. Because of
(f1) and (f3) the function F(t)/[t|****/N must attain its global minimum in a
point 7 # 0 such that F(7) < 0. It follows that

_ O -2+ F) F()
[[*+ ¥ sgn(r)

d F(t

)
dt |t2+% |, )

From Remark 3] it follows that f(¢)t > 2F(t) if ¢ # 0. Indeed, were the claim
false, there would exists ¢ such that f(¢)t < 2F(t). Choosing without loss of
generality ¢ < 0, we have that g(f) < 0. This and the fact that g(0) = 0 show
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that g must be strictly increasing on an interval between ¢ and 0. Finally, we

can have a contradiction observing that
4s
0< f(r)Tr —2F(7) = NF(T) <0.

(#t) We start with the positive case. By contradiction we suppose there is T, > 0

small enough such that

4s
< (24— | F(
s (245 P
for every t € (0,T,]. Remembering the expression of computed in the step
(i) we have that the derivative of F'(t)/|t|>+4/N is nonpositive on (0, T,], then

F(t) _ F(T.)

2+ = T2+4—;
«

>0 forevery te(0,7,],

that is in contradiction with (f1). The negative case is similar.
(#it) Being the two cases similar, we will prove only the negative one. Again,

by contradiction we suppose there is 7., > 0 such that
4s
fee<(2+ ~ F(t) for every t<-T,.

Since the derivative of F(t)/|t|****/" is nonnegative on (—oo,—T,], we can
deduce

F(_T’Y)

244
Ty

F(t
+

<
>N

for every t € (—o0,-T,],

)
s
N
which contradicts (f3).
Lemma 4. For anyt > 0 there results
4s

t)t 24— | F(t).

> (245 ) Fo)

Proor. We start proving that the inequality holds weakly. By contradiction

we assume

flto)to < (2 + ;{f) F(to)
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for some tg # 0 and without loss of generality we can suppose tg < 0. By step

(#4) and (i) of Lemma [3| there are Tmin, Tmax € R, where Tmin < to < Tmax < 0

such that
4s
flt < (2 + N) F(t) for every t € (Tmin, Tmax) (4)
and
4s
ft= (2 + N> F(t) forevery t € {Tmin,Tmax}- (5)
By we have
F Tmin F Tmax
( 2 L ( ; L ° (6)
|7—min| TN |Tmax| TN

Besides, by (5)) and (f4) must be

F(Tmin) _ ﬁ F(Tmin) E F(Tmax) _ F(Trnax)

= = 7
PEN A8 TN T A8 [T TP "

|Timin
and clearly (6)) and are in contradiction. From what we have just proved,
we have that F(t)/|t|*+4/Y is non-increasing in (—oc,0) and non decreasing in
(0,00). Hence, by virtue of (f4) the function f(¢)/[t|'T**/" must necessarily be

strictly increasing in (—o0,0) and strictly decreasing in (0,00). Then

(b)) [ 2

t
< (2+?5> f(t)%/o K| N di = f(t)t

[t

/—@|1+% dk

completes the proof.

Lemma 5. Assume (fo) — (f1), v € H¥(RN)\ {0}. Then the following hold:
(i) There is a unique p(u) € R such that P(p(u) *u) = 0.

(i) I(p(uw)*xu) > I(p*u) for any p # p(u). Moreover I(p(u) *u) > 0.

(iii) The map u — p(u) is continuous for every u € H*(RN).

(iv) p(u) = p(—u) and p(u(- +y)) = p(u) for ever u € H*(RN)\ {0} and
y € RV,

10



PROOF. (i) Since

1
I(p*u) = 562/)5 [u]és(RN) —e N /]RN F(eNPu) dx

it is easy to check that I'(p *u) is C* with respect to p. Now, computing
d 2ps 2 N -N [ Ne
dfpl(p*u):pep [U]HS(RN)_?G p/RNF(GQU) dzx.

and observing that

N ~
P(P* U) = 62’)5 [Uﬁ{s(]}gz\r) — 2756in /]RN F (e%u) dx

we deduce

dipl(p* u) = sP(p*u).

Remembering that by lemma

lim I(p*u)=0" and lim I(p*u)=—oc

p——00 p—00
we can conclude that p — I(p*wu) must reach a global maximum at some point
p(u); since

0= dipup(u) ww) = sP(p(u) % ),

we conclude that P(p(u) *u) = 0. To check the uniqueness of the point p(u),
recalling the function g defined in Remark we observe that F(t) = g(t)|t|*T~

for every t € R. Thus we obtain

N s
P(p*u) = e** [u]és(ﬂw) - %62”5 /IRN g(e%uﬂu\2+4W dx

N 2 3 1 d
— o208 {[u]zs(kw) -5 . g(eNTu)|u\2+4W dx} = gd—pI(p k).

Fixing ¢ € R\ {0}, thanks to Remark [3| and (f4), we notice that the function
Np
p—g (67t>

is strictly increasing. Thus, by virtue of the previous computations, it follows

that p(u) must be unique.

11
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(#4) This follows at once from (i).

(ii7) By step (i) the function u — p(u) is well defined. Let u € H*(R™)\ {0} and
(un)n C H¥(RN)\ {0} a sequence such that u,, — u in H*(RY) as n — +oc.
We set p, = p(uy,) for any n > 1. Let us show that up to a subsequence we
have p, — p(u) as n — +oo.

Claim. The sequence (py, )y is bounded.

We recall that the function h)y defined in noticing that by lemma [3| (7)
ho(t) > 0 for every t € R. We assume by contradiction that up to a subsequence
pn — 400. By Fatou’s lemma and the fact that u, — v a.e. in R, we have
that

. Npn 4s
lim ho (e 2 un> |un|2+N dx = oo.
n—-+oo RN

As a consequence of that, by with A = 0 and step (ii), we obtain

1 n s
0.< e I(py *un) = 5 [unfr vy = / ho (75 un ) fun[2* ¥ dz = o0
RN
(8)

as n — 400 that is evidently not possible. Then (p,,),, must be bounded from
above. Now we assume, again by contradiction, that p, — —oo. By step (i)

we observe that

I(pn * un) = I(p(u) * un),
and since p(u) * u, — p(u) * v in H*(RY), it follows that
I(p(u) * uy) = I(p(u) * u) + o, (1).
We deduce that
lnlgir;of I(pn *un) > I(p(u) * u) > 0. (9)

Since we have p, * u, C B,, for m > 1, Lemma [l () implies that there

exists § > 0 such that if [p,, * un] . gny) < 0, We have

1 2 2
1 [pn * un]Hs(RN) < I(pn *up) < [Pn * un]Hs(RN) . (10)

12
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Since

[pn * Un] gy, = € [UH]HS(RN) ’
holds for any n sufficiently large. Therefore we obtain

liminf I(p, * u,) =0,

n—-+o0o

in contradiction to @D The claim is proved.
The sequence (p,), being bounded, we can assume that, up to a subsequence,
pn — p* for some p* in R. Hence, p, * u, — p* * u in H*(RY) and since

P(pn * upn) = 0 we have
P(p* xu)=0.

By the uniqueness proved at step (i7) we obtain p* = p(u).
(iv) Since f is odd by (fp), the fact that

Pp(u) * (—u)) = P(=(p(u) *u)) = P(p(u) * u) =0

imply p(u) = p(—u). Similarly, changing the variables in the integral, we can

verify that p is invariant under translation, and it is easy to check that
P(p(u) xu(- +y)) = P(p(u) xu) =0,
thus p(u(- +y)) = p(w).

As we are going to see, the functional I constrained on P,, has some crucial

properties.

Lemma 6. Assuming (fo) — (f4), the following statements are true:
(1) Pm #0,

(i1) infuep,, [ulg.@ny >0,

(iii) infuep, I(u) >0,

(iv) I is coercive on Pp,, i.e. I(un) — 00 if (un)n C Pm and [[uy || g=@myy — 00

as n — +00.

13
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PROOF. Statement (i) follows directly from Lemma [5] ().

(#4) Were the assertion not true, we would be able to take a sequence (), C Pr
such that [un] g~y — 0, and so, by Lemma (7) we could also find 6 > 0 and
n so large that [un]Hs(RN) < ¢ for every n > n. By Remark [2| we would have

1. .o

which is possible only for a constant u,,. But this is not admissible since u € S,,.
Hence the statement must hold.

(#i7) For every u € P,, Lemma [5| (4¢) and (i77) implies that
I(u)=1(0%u) > I(p*xu) forevery peR.

Let 6 > 0 be the number given by Lemma(i) and set 1/p := slog (5/ [u]Hs(RN)).
Since 6 = [p * u] . (g, using again Lemma (1) we obtain

1 1
I(u) > I(p#u) > S [p+ ul e vy = 152

proving the statement.

(iv) By contradiction we suppose the existence of (), C Pp, such that |u,, || gs @~y —

oo with sup,, > I(u,) < ¢ for some ¢ € (0,00). For any n > 1 we set

1
pn= log ([un]HS(]RN)) and v, = (—pp) * Up.

Evidently p,, — +00, (vn)n C Sy, and [”n]HS(RN) = 1. We denote with
a = limsup sup / v, |? dx
n—+oo yeRN JB(y,1)
and we distinguish two cases.
Non vanishing: « > 0. Up to a subsequence we can assume the existence of a

sequence (), C RY and w € H*(RN)\ {0} such that
Wn = (- +yn) = win H¥(RY) and w, — wae inRY,

Recalling the definition of the continuous function hy with A = 0, remembering
that p, — +00 as n — +o0o and using the Fatou’s lemma we have

. Npn 4s
lim ho (e 2 wn) lwn TN dx = oco.
n—-+4oo RN

14
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By step (4i7) and , after changing the variables in the integral, we obtain

]. n S
0< @72PTLSI(’LLn) — 672p"‘51(pn *Up) = = _/ ho (ew—g vn> |vn‘2+4ﬁ dz
2 RN
1 pn s
=— —/ ho (eNTw> |wn\2+4W dx — —o0
2 RN

as n — +00.
Vanishing: o = 0. By [8, Lemma I1.4], we have that v, — 0 in L>*% (RY) and
by Lemma [1] (i¢) we see that

lim eNP/ F (e%vn> =0 forevery peR.

n—-+oo RN

Since P(py, * v) = P(uy) = 0, by Lemma [5| (44) and (i), we obtain
> I(un) = I(pn *vy)

1
>Plp*vy,) = 562” - epr/

1
F (e%va de = —e?"* — 0, (1).
. 2

We can conclude choosing p > log(2c¢)/2s and letting n — +oo.

We conclude with a splitting result a la Brezis-Lieb. A proof is included for the

reader’s convenience.

Lemma 7. Let f: R — R continuous, odd and let (u,), C H*(RYN) a bounded
sequence such that u, — u pointwise almost everywhere in RN . If there exists

C > 0 such that
FOI<C (|t + 1)
then

lim |F(un) — F(up, —u) — F(u)|de =0

n—+o0o RN

15



PROOF. Let a, b € R and € > 0. We compute

bd
/ —F(a+7b)dr
0

dr
1
/ F'(a+7b)bdr
0

[F(a+b) = F(a)| =

SC/OI (|G+Tb|+\a+7b
< 0 (Jal + 10+ 2% (Jaf 1+ 1)) o
< C(Ial +[b] + 2% (|a2:—1 b 2;_1» b
< O (Jab] + 62+ 2% (Ja* ol + bl ) ).

%71 ol ar

We have used that 7 < 1 and the convexity inequality

2;71)

24 b

ja+ %71 <227 (Ja

Now we use Young’s inequality twice:

2
a 1
bl <e— + —|b)?
jabl < &%+ o
. 2 g2 1 [p%
a7 o] < % 5t :
e S
Hence, choosing
2% -1
n=e*,

we get

. . 21 . . .

Z-Up 4 b2 ) < €L b % 4 52 4 220 (Ja|2 b + (b
2 2¢e

2:) +C [(1 +e o+ (1 + 51*22) |2b|23}

= ep(a) + (D).

|ab| + b* + 2% (|a

<eC (a2 + |2a

Applying [9, Theorem 2] with g, = u,, — v and f = u we have the assertion.

16
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3. Properties of the map m — E,,

Under our standing assumptions (fy)—(fs), for every m > 0 we can define the

least level of energy

E, = ulergm I(u). (11)

This section is devoted to the analysis of the quantity FE,, as a function of

m > 0.

Lemma 8. If (fo)—(fs1) hold true, then m — E,, is conlinuous.

PROOF. Let m > 0 and (my)r C R such that my — m in R. We want to show

that E,,, — E,, as k — +oo. Firstly, we will prove that

limsup E,,, < Ep,. (12)

k—-+4oco

For any u € Py, we define

Ug :ZM%uESmk, ke N.
m

It is easy to see that up — u in H*(R™), thus, by Lemma [5| (i3i) we get

limy 400 p(ur) = p(u) = 0. Therefore
p(ug) *up, — p(u) xu =0 in H*(RY)
as k — 400 and as a consequence

limsup E,,, <limsup I(p(ug) *u) = I(u).

k—4o00 k—+o00

Since this holds for any u, we obtain . The next step consists in proving

liminf E,,, > E,,. (13)

k—+oo

From the definition of E,,, , it follows that for every k € N there exists vy € Pi,
such that

1
I(v) < By + 7 (14)

17



We set

1

~ .
ty = <m> and 0 := v () €S,
mg Tk

By Lemma and we get

Enm < I(p(0k) * 0r) < 1(p(vk) * 0r) + [1(p(0k) * Ok) — I(p(Ok) * vi)|
< I(vg) + [I(p(0y) * O1) — I(p(Dr) * vg)|
< B+ 1+ () + 50) = 1@ v

1
= En, + z + C(k).

In order to prove we show that limy_, ;o C(k) = 0. Indeed, as a first step
we notice that p* (v (3)) = (p*v) (), and after a change of variable we get
1, oo i _
C(k) = 3 (tiv 25 _ 1) [p(k) * Ukﬁ{s(RN) - (tkN -1) . F(p(vg) * vy) dx
1 _ N -
< S0 1] o) # o m, + 8 = 1] [P0+ 00 da

—. % N2 1 A(K) + |t — 1| B(k).

Since tx — 1 as k — 400, it suffices to prove that

limsup A(k) < oo, limsup B(k) < co. (15)

k—+oo k—+oco

We divide the proof of in three claims.

Claim 1: (vg)y is bounded in H*(RY).
Recalling and we have that

limsup I(vg) < Epp.

k—+oco
Thus, observing that vy € P,,, and my — m if the claim does not hold, we

135 obtain a contradiction with lemma |§| (iv).

Claim 2: (%) is bounded in H*(RY), and there are a sequence (y;)r C R and

v € H*(RN)\ {0} such that 9(- + yx) — v a.e. in RY up to a subsequence .
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To see the boundedness of () it suffices to notice that ¢t — 1 and the state-

ment follows by claim 1. Now, we set

«a = limsup sup / |0k |? de.
k—+oo yeRN JB(y,1)
If & = 0, by [8 Lemma I1.4] we get &, — 0 in L2~ (RV). As a consequence

we have that

/ ok da = / o (b T ¥ da = t,;N/ |52t dz — 0
RN Ry RN

as k — 400, and since P(vy) = 0, by Lemma (), we deduce that
2 _ N
[Uk]Hs(RN) = 9s .

In this case, by virtue of Remark [2| we see that

F(vg)dz — 0.

1, 9
O = P(Uk) Z 5 [Uk]HS(]RN) 5

which is admissible only if vy in constant. But this is in contradiction with the

fact that vy, € Pp,,. Hence a must be strictly positive.

Claim 3: limsupy,_, , o, p(0x) < 0.
By contradiction we assume that up to a subsequence p(0y) — oo as k — +o0.
By Claim 2 we can suppose the existence of a sequence (yx)r C RY and v €

H*(RN)\ {0} such that
(- +yr) > v ae inRY. (16)
Instead, by Lemma [5] we get
p(0k(- +yr)) = p(0x) = 00 (17)
and
I(p(0k(- + k) * 0(- 4+ yx)) = 0. (18)

Now, taking into account , , and arguing similarly as we have al-
ready done to prove we have a contradiction. The proof concludes observing

that by Claims 1 and 3
limsup || p(0x) * vk || s mry < 0. (19)

k——+o00

Hence, by virtue of (fo) — (f2) and (19), holds true.
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The next result provides a weak monotonicity property for E,,.
Lemma 9. If (fo) — (f4) hold, then m — E,, is non-increasing in (0,00).

Proor. It suffices to show that for every € > 0 and m, m’ > 0 with m > m’

we have

Now, we take y € C2°(RY) radial such that

1 lz] <1
x(@)=141[0,1] 1<z <2
0 |z > 2
and u € Pp,. For every § > 0 we set us(z) = u(x)x(dz). By a result of Palatucci

et al., see [10, Lemma 5 of Section 6.1], we know that us — u as § — 07, and

using Lemma [5| (i44) we obtain
li = =0.
Jimp(us) = p(u)
As a consequence of that, we obtain
p(us) % us — p(u) xu  in H*(RY) (21)
as 6 — 0%. Now, fixing 6 > 0 small enough, by virtue of we have

I(p(us) * us) < I(u) + Z (22)

After that, we choose v € C2°(RY) with supp(v) C B (0, 1+ %) \ B (0, %) and
we set
. m- ||“6H%2(RN)
V= ———
HU”LZ(RN)
For every A < 0 we also define wy = ug + A * 0. We observe that choosing A
appropriately we have supp(us) Nsupp(A * 0) = ), thus wy € Sp,.

Claim: p(wy) is upper bounded as A — —oo.
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If the claim does not hold we observe that by lemma [5| (i7) I(p(wy) * wy) > 0
and that wy — us a.e. in RY as A\ — —oo. Hence, arguing as we have already
done to obtain we reach a contradiction. Then the claim must hold.

By virtue of the claim
plwr) + A — —oc0 asA — —oo,

thus

2s(p(wx)+A) [@]2

[(p(wr) + ) 5 B e vy = € mo@n) = 0

implying

[(p(wx) +A) #0204 vy < Cli(p(wn) +A) % 0l 2@y [(p(wn) + A) % 0] o gy = 0.

N (RYN)
As a consequence, by Lemma [1] (i), for a suitable A

I((p(wn) +A) ¥3) < - (23)

Finally, by Lemma 5[ and using , and it easy to see that

B < I(p(wn) xwa) = I(p(w) * us) + I(p(wn) * (A 9))
I(p(us) * us) + I((p(wn) + A) * )

3 9
I(u)+i+1§Em/+e

IN

IN

completing the proof.

The strict monotonicity of E,, holds true only locally, as we now show.

Lemma 10. Assume (fo) — (fa) hold true. Moreover, let u € Sy, and p € R
such that

(=A)° + pu = f(u)

and I(u) = E,,. Then E,, > E, for every m' > m close enough if p > 0 and

for any m’ < m close enough if u < 0.
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PROOF. Let t > 0 and p € R. Defining u; , := u(p * (tu)) € S,z and

1
alt.p) = Tury) = 526 [y oy = e [ Flte¥ ) do

it is straightforward to verify that

Np

9 2ps 2 -N Np Np
aa(t,p):tep (W= mry — € p/ﬂ@f(te?u)e?udm
=70 (ur ) [ p) -

In the case p > 0, we observe that u;, — u in H*(RY) as (t,p) — (1,0).
Moreover, we notice that

I/(U) [U] = _MHUH%Z(]RN) = —um < 0

and so, choosing § > 0 small enough we have

da

o (t,p) <0 for any (t,p) € (1,14 6) x [—4,4].

Using the Mean Value Theorem, there exists £ € (1,t) such that

dox _ oz(t,p) — O‘(lv ,0)
a(&p) - t—1
whenever (¢, p) € (1,14 ) x [—4, d], hence
alt,p) = a(L,p) + (¢t~ 1) (e, p) < a(L,p). (24)

Since by Lemma [5| (¢ii) p(tu) — p(u) = 0 as t — 17, setting for any m’ > m

close enough to m
m/
t:=4/—€(1,146) and p:=p(tu) € [-4,4],
m
and using together with Lemma [5| (i4) we obtain that
Ey < alt, p(tw) < a(1, p(tw)) = I(p(tu) 5 ) < I(u) = En.
The proof for p < 0 is similar, and we omit it.

As a direct consequence of the previous two lemmas we have the following result.
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Lemma 11. Assume (fo) — (f1) hold true. In addition let v € Sy, and p € R
such that (—A)*u + pu = f(u) with I(u) = E,,. Then >0, and if > 0 it is
E,. > Ep for any m' >m > 0.

To make a step ahead, we describe the asymptotic behaviour of E,, as m — 0T

and m — +oo.

Lemma 12. Assume (fo) — (fa) hold true, then E,, — 400 as m — 0F.

PRrOOF. In order to prove the Lemma, we will show that for every sequence

(un)n C H*(RN)\ {0} such that

P(un) =0 and nEIJIrloc ||un||L2(RN) =0

it must be I(u,) — +oo. We set

1
Pn ‘= ; 10g ([U'TL]HS(RN)) and v, = (_pn) * U,

Trivially [vn] . gyy = 1 and [Jvg||p2gy) — 0. Moreover, thanks to these two
facts we also have by interpolation that v, — 0 in L2+ (RM), thus, by Lemma
(ii) we have

lim e‘N”/ F (e%vn) dz = 0.
n—-+4oo RN
Since P(py, * vp) = P(uy) = 0, using Lemma [5| (¢) and (é¢) we obtain that

1
I(un) = I(Pn * Un) > I(P* Un) = 562ps — €Np/ F (e%vn) dx

RN

1
= 562’35 + o, (1).

Since p is arbitrary, we get the statement as p — +oo.

Lemma 13. Assume (fo) — (f4) and (fs). Then E,, — 0 as m — +oo.

PrOOF. We fix u € L®(RY) N S; and we set u,, = /mu € Sp,. By Lemma
(#4) we can find a unique p(m) € R such that p(m) *u,, € Pp,. Since by Lemma

(i) F is non negative, we get

1
0< By < Ip(m) * ) < 5 [ulfy. vy (25)
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Thus, by it suffices to show that

lim +/me’(™® = 0. (26)

m—o0

Using the function g defined in Remark [3] and recalling that P(p(m) * u,,) = 0

we get
N s Np(m) s
ey = o [ o (vime 4 ) ¥
which implies
lim_/m e =0, (27)

Now, using (fs) and Lemma for any € > 0 we can find § > 0 such that

~ 4s 1 2N
F(t) > —=F(t) > —|t|~¥-2=
0> 2 > Ly

if [t| < §. Hence, taking into account the fact that P(p(m) * u,,) = 0 and (27),
we get

Np(m)

N1 ~
[u]?qs(sz) = %Ee_m”s)p(m) /RN F (x/me 2 u) dx
N1
>
T 2s¢

Np(m)

(\/%ep(m)s)lvgs/ F(x/rne 2 u) dx
RN

for m large enough. Then holds, and the proof is complete.

4. Ground states

We introduce the functional

1
W(u) = I(p(u) * u) = 5e2p(u)s [l gy — NP /RN P (e—

Lemma 14. The functional ¥: H*(RN)\ {0} — R is of class Ct, and

d¥(u) [¢] = dI(p(u) * u) [p(u) * ]

for every u € H*(RN)\ {0} and p € H*(RY).
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PROOF. A proof appears in [7] for the case s = 1. Only minor adjustments are

needed in the fractional case, so we omit the details.

For m > 0, we consider the constrained functional J: S,, — R defined by

J = ¥g,,. Lemma [I4] yields the following statement.

Lemma 15. The functional J: S,, — R is C* and

dJ (u) [p] = d¥(u) [g] = dI(p(u) * u) [p(u) * ¢]

for any uw € S, and ¢ € T,S,,, where T,S,, is the tangent space at u to the
manifold Sy, .

We recall from [11 Definition 3.1] a definition that will be useful to construct a

min-max principle.

Definition 1. Let B be a closed subset of a metric space X. We say that a class
G of compact subsets of X is a homotopy stable family with closed boundary B
provided

(7) every set in G contains B,

(i3) for any set A in G and any homotopy n € C ([0,1] x X, X) that satisfies
n(t,u) = wforall (t,u) € ({0} x X)U([0,1] x B), onehasn ({1} x A) € G.

We remark that B = ) is admissible.

Lemma 16. Let G be a homotopy stable family of compact subset with (with
B=10). We set
Eng = inf J(u).
G ,Llllég lgleajx( (u)
If E.,g > 0, then there exists a Palais-Smale sequence (upn)n € P for the
constrained functional I|s, at level Ey, g. In particular, if G is the class of all

singletons in Sy, one has that ||u, || 2@~y — 0 as n — +o0.
PrROOF. Let (A,), C G be a minimizing sequence of E,, g. We define the map

n: [0,1] X Sy — S
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where n(t,u) = (tp(u)) * u is continuous and well defined by lemma [5| (#4) and
(#i1). Noticing n(t,u) = u for every (t,u) € {0} x S,, we obtain that

D, :=n(1,A,) ={pu) xu|ueA,} €G.

In particular we can see that D, C P,, for any m > 0, with m > 0. Since

J(p(u) xu) = J(u) for every p € R and u € S,,,, we can observe that

= E
max J(u) = max J(u) = By g

thus, (D) is another minimizing sequence for E,, g. Now, using [11, Theorem
3.2] we get a Palais-Smale sequence (vy,),, C Sy, for J at level E,, g such that

dist s (mny (Un, D) — 0 as n — +00. We will denote

pn = p(vy) and  wuy, = py, * Uy,

Claim: There exists C' > 0 such that e=2»% < C for any n € N.

We start pointing out that

2
[Vn] s (RN)
—
[Un]Hs(RN)

e—Qpns —

By virtue of the fact that (u,), C P, using lemma [6] (it) we obtain that
{[un] HS(RN)} is bounded from below. Moreover, since D,, C P,, and the fact

that

max [ = max J = E,, g,
u€D, ueDy, ’

Lemma |§| (iv) implies that D,, is uniformly bounded in H*(RY). Finally, from
dist(vy,, Dn) — 0 we can deduce that sup, ey [vn] . mn) < 00. Thus the claim

holds.

Now, from (u,) C P, we get
I(uy) = J(up) = J(vn) = Epmg.

Instead, for any ¢ € T,,,, S, we have

- - — gy (e Pn _ New o on
/RNUH[( pn) * Y] dx /Rane V(e ’mx) do /RNe vy, (ePrx) ¢ dx
:/ (pn*vn)wdm‘:/ uppdr =0
RN RN
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implying (—p, * 1) € T, Spm. Besides, by the claim

1 (=pn) # v l2- ey < w02 C L1 vy

Denoting with || - |« the dual norm of the space (TS, )* and using Lemma [10]

we get
ldI(un)up e = sup  |dI(u) W]l = sup  [dI(pn * va) [pn % (—pn) % ¥)]|
YET Yy, Sm YETw,, Sm
”"/"HHS(RN)Sl ”wl‘HS(RN)Sl
= sup  |dJ(vn) [(=pn) * ¢ |
YETw,, Sm
”"/)HHS(RN)Sl

<N T (V) ||, Sup [[(=pn) * Yl s )

”’l/)HHS(RN)Sl

< max{C, 1} [|dJ (vy)]lu, .« — 0

as n — +oo remembering that (v, ), is a Palais-Smale sequence for the func-
tional J. We have just proved (uy, ), is a Palais-Smale sequence for the functional
Is,, at level E,, g with the additional property that (uy,)n, C Py,. Finally, notic-
ing that the family of singleton of \S,, is a particular homotopy stable family of
compact subsets of S,,,, and doing this particular choice as G, arguing similarly
as we have just done, we can obtain a minimizing sequence (D,,),, with the ad-
ditional property that its elements are non negative: we only need to replace the
functions with their absolute value. Moreover, (A,,), will inherit this property,

and recalling that dist(v,, D,) — 0 as n — +0o we have

1, [ 2@yy = llon * vy, 2@y = v, [ 2@yy — 0.
This concludes the proof of the lemma.

Lemma 17. We assume (fo) — (f1) hold. Then there exists a Palais-Smale
sequence (Un)n C Pm for the constrained functional I|g,, at level E,, such that

luy, | 2 ey —+ 0 as n — +o0.

PrROOF. We apply lemma [L6| with G the class of all singletons in .S,,. Lemma
[6]imply that E,, > 0, thus the only thing that remains to prove is E,, = Ep g.
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In order to do that, as a first step we notice that

Eng= ,}122* max J(u) = ulensfm I(p(u) *u).

Since for every u € S, we have that p(u) xu € Py, it must be I'(p(u) xu) > E,,,
thus E,,g > E,. On the other hand, if u € P,, we have p(u) = 0 and
I(u) > E, g, that implies E,,, > E,, g.

Lemma 18. Let (up)n C Sy be a bounded Palais-Smale sequence for the con-
strained functional I|s,, at level E,, > 0 such that P(u,) — 0 as n — +o0.
Then we have the existence of u € Sy, and p > 0 such that, up to a subsequence

and translations in RN, u,, — u strongly in H*(RN) and
(—A)*u -+ pu = f(u).

PROOF. It is clear that (u,), C Sy, is bounded in H*(RY) and is a Palais-Smale
sequence. Together, these two facts enable us to assume without loss of general-
ity that limy,— + o0 [Un] e (rvys My 00 Jon F(uy) de, and limy, 4 oo [pn f(Un)uy, do

exist. Besides, [12, Lemma 3] implies
(—=A)5up, + pintin — flun) — 0 in HS(RN)*

where we denote

m

Wy, = — ( f(un)un de — [u”]ifs(RN)) ’
RN

By the assumptions done above we can see that p, — u for some p € R and we

also have that for any (y,), C RY

Claim: (up,), is non vanishing.
Otherwise by [8, Lemma I1.4] we would get u,, — 0 in L2+ (RN). Taking into

account that P(u,) — 0 and using lemma [1] (i7) we get

N -
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and as a consequence of that,

. 1 ) .
B = lim T(un) =5 T funlpe @y = Jim () do

contradicting F,, > 0. Then the claim must hold.
Since (uy,)n in non vanishing we can find (yl), C RY and w; € B,, \ {0} such
that w, (- + y)) = wi in HS(RY), u, (- +yL) = wi in L} (RY) for p € [1,2]

and u, (- +y.) = w a.e. in RY. Now, we want to apply [I3, Lemma A.1] with
P(t) = f(t) and Q(t) = |t|V+29)/(N=29) and we notice that

lim |[f (un(-+yn) = fw1)] ¢| da
n—-+0oo RN
< el tim [Funl+38) — )| do (29)
"0 Jsupp(y)

for any ¢ € C°(RY). Hence, by and we get
(=A)%wi + pwn = flwr) (30)

and through the Pohozaev Identity (see for instance [14, Proposition 4.1]) asso-
ciated to we also have P(w;) = 0. Now, we set v} := u, —wi(- — y}) for
every n € N. Clearly vl(- +y}) = un(- + yL) —wi — 0 in H3(RY), thus

m= lm fun(+ g laeny = lim b2, + lorl3any (31)

By lemma [7] we also have

lim F(un(-+yh))de = / F(wy)dz+ lim Ful(-+yl)) dx
RN

n—-+4oo RN n—-+oo RN

hence

Ep= lm I(u,)= lim I(u,(-+yb) = lim I(w(-+yb) +I(w) (32)

n—-+oo n——+00 n——+o0o

= lim I(v})+ I(w).

n—-+o0o
Claim: lim,, o I(v}) > 0.
If the claim does not hold, i.e lim, oo I(v)) < 0, (v}), is non vanishing, then

there exists (y2),, C RY such that

lim lvt]? > 0.
n=tee Jp(y2 1)
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Since vi(- +yl) — 0in L2 _(RY), it must be |y2 — yl| — oo, and up to a

loc

subsequence v} (- + y2) — wy in H¥(RY) for some wy € By, \ {0}. We notice
un(-+yn) = vn (- +un) Fwr( —yp +y) = w2
thus, arguing as before, we get P(wz) =0 and I(w2) > 0. We set
2
v =vp — (= yl) = e — > wil-—yh)
=1
and we observe that

. 2 . 2 .
lim ["U?J s = lim [’U}L] Hs(RN) + [WQ]i{S(RN) —2 lim <”U71Law2(' - yEL»HS(]RN)

n——+oco Hs(RN) n——+oco n—-+oco
T 172 2 . 1 2
- ngrfoo [’Un] Hs(RN) + [w2]HS(RN) - 2nll>r—{-100<vn( + yn)’w2>Hs(RN)

. 2 2 2
= m fun]pe gy + @l @) = Weli @y

—2 lim <un(~+y}l);W1>H3(RN)

n—-+4oo

2
= Jim_[un] o) ; el g
=1

and

0> lim I(v})=TI(ws)+ hm I(v?) > lim I(v?).

n——+oo n—-+oo n—-+oo

Tterating, we can build an infinite sequence (wy) C By, \{0} such that P(wy) =0

and

k

2
Z wi] HS(RN < [un]Hs(RN) < o0
=1

for every k € N. Though, this is a contradiction. Indeed, recalling remark 2] for
any w € By, \ {0} such that P(w) = 0, we can find § > 0 such that [w]és(RN) > 0.
Hence, the claim must hold and lim,, o I(v}) > 0.

Now, we denote with h := ||w1||2LQ(RN) € (0,m]. By virtue of the claim, and
the fact that wy € P, we get

Ep=1I(w)+ lim I(v})>I(w") > E,

n—-+oo

30



205

210

215

but, recalling that F,,, in non-increasing by lemma [9] we obtain

I(wh)=E,=Ep (33)
and
. 1y _
ngr}rloo I(v,) =0. (34)

To prove that p > 0 it suffices to put together , and Lemma Instead,
to see that u is strictly positive, using (f5), lemma and the Pohozaev Identity

corresponding to , we get

P /RN (NF(wl) _N - 28f(w1)w1> da > 0. (35)

ms

At this point, we suppose by contradiction that h < m, but taking into account

, and Lemma, we would have

I(wl) =k, > FE,
which is not compatible with . Thus h = m. Moreover, by v — 0
in L2(RY). Tt remains only to prove the strong convergence of (v}),, in H*(RY).
To do that, it is sufficient to notice that by lemma (#4) we have limy, 4 o [pn F(v

and so we obtain the assertion thanks to .

PROOF (OF THEOREM . Applying lemma we obtain a Palais-Smale se-
quence (upn)n C Py, at level E,,, > 0 for the constrained functional g, . This
sequence is bounded in H*(RY) by Lemma |§| and through Lemma |18 we get
a critical point u € S, at the level E,, > 0 that results to be a ground state
energy. Finally, since [u,, || 2~y — 0 we deduce that u > 0 and after applying

the strong maximum principle we obtain u > 0.

PROOF (OF THEOREM . The proof is a direct consequence of Theorem [1{and

Lemmas [6] [8 0} [[2] [13]

5. Existence of radial solutions

This section is devoted to prove the existence of infinitely many radial solutions
to problem (|P,,). Before doing this, we recall some basic definitions and we

provide some notation.
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Denote by o: H*(RY) — H*(RY) the transformation o(u) = —u and let X C
H*RYN). Aset AC X is called o-invariant if ¢(A) = A. A homotopy 1: [0, 1] x
X — X is g-equivariant if n(¢,o(u)) = o(n(t,u)) for all (¢t,u) € [0,1] x X. Next
definition is in [I1] Definition 7.1].

Definition 2. Let B be a closed o-invariant subset of X C H*(R™). We say
that a class G of compact subsets of X is a o-homotopy stable family with closed

boundary B provided
(i) every set in G is o-invariant.
(#4) every set in G contains B,

(#it) for any set A in G and any c-equivariant homotopy 1 € C ([0, 1] x X, X)
that satisfies n(t,u) = w for all (¢,u) € ({0} x X) U ([0,1] x B), one has
n({1} x A) € G.

We denote with HZ(R”Y) the space of radially symmetric functions in H*(R")
and recall that H?(RY) < LP(R) compactly for all p € (2,2%) (see [I5, Propo-
sition 1.1]).

In order to prove the main result of this section, we need to build a sequence
of o-homotopy stable families of compact subsets of S,, N HZ(RY). We point
out that in the definition above, the case in which B = () is not excluded. The
idea is borrowed from [7]. Let (Vi) be a sequence of finite dimensional linear
subspaces of H?(R") such that Vi C Vi41, dim V4 = k and Uk21 V3, is dense in
H:(RYN). Denote by 7 the orthogonal projection from Hf(RY) onto Vj. We
recall to the reader the definition of the genus of o-invariant sets introduced by
M. A. Krasnoselskii and we refer to [I6 Section 7] or [I7, chapter 10] for its

basic properties.

Definition 3. Let A be a nonempty compact o-invariant subset of HS(RY).
The genus y(A) of A is the least integer k such that there exists ¢ € C(HS(RY), R¥)
such that ¢ is odd and ¢(x) # 0 for all z € A. We set v(A) = oo if there are no
integers with the above property and (@) = 0.
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Let A be the family of closed o-invariant subset of S, N H:(RY). For each
k €N, set

Gr i ={A € A|~(A) >k}
and

s ff g 00,

Next, we give a result about the weak convergence of the nonlinearity f.

Lemma 19. Assume (fo) — (f2) hold true. Let (u,), C HS(RN). If u, — u in
HERYN) for some u € HE(RY), then f(u,) — f(u) in L%(RN).

PROOF. We borrow some ideas from [I8, Theorem 2.6]. We start exploiting
the compact embeding H3(RY) < LP(RY) for any p € (2,2%). Hence, up to a
subsequence, u, — u in L?(RY) and a.e. in RY. From equation , we get

£ ()| 7555 < Cllun| ¥5 + Cluy, M5

for some C., C > 0. As a consequence of that, recalling the fractional Sobolev

inequality and observing that Q%igz € (2,2%), we obtain that (f(u,)), is
bounded in L%(RN). Thus, there exists y € L~ (RYN) such that f(u,) —
y. At this point, we fix a cover (£2;), of RY made of subsets with finite measure.
For any v > 0, Severini-Egorov’s Theorem yields the existence of BJ C ;, with

measure ’B{)| < v, such that u, — u uniformly in Q; \ BJ. Clearly y = f(u) in

Q; \ BJ. Now, we set

Q:={zeRV |y#flu)} and Qj:={zeQ;|y# flu)}.

Since v is arbitrary and Q; C B

7, we have that @); is a set of measure zero.

Furthermore, it is easy to see that Q = U;’il Qj, thus @ has measure zero and

the proof is complete.

From now on, we will always assume (fo) — (f5) hold until the end of the section.
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Lemma 20. Let G be a o-homotopy stable family of compact subset of Sy, N
HE(RYN) (with B=0) and set

E := inf .
m,g = Inf maxJ(u)

If Epg > 0 then there exists a Palais-Smale sequence (uy,)n in Py, N HE(RY)

Jor Iis, . nus®n) at level By, g.

PrOOF. It suffices to replace Theorem 3.2 with 7.2 of [I1] in the proof of Lemma
LLO

Lemma 21. For any k € N we have,

(1) Gx # 0 and Gy, is a o-homotopy stable family of compact subsets of Sy N
H3(RN) (with B=10),

(ZZ) Em7k+1 > Em’k > 0.

ProOF. (i) It suffices to notice that for any k € N one has S, NV}, € A and
that by [I7, Theorem 10.5]

’V(Sm n Vk> =k.

Thus G, # 0. The conclusion is a direct consequence of the definition of A.
(13) By the previous step E,,j is well defined. Furthermore, recalling that

p(u) *u € Py, for all u € A, where A is chosen arbitrarily in G, we have

= I :.fI
ma J(u) = max I(p(u) * w) = inf T(0),

hence E,, ;, > 0. The other part of the statement follows easily from Gy C Gj.

Lemma 22. Let (up), C Sy N HE(RY) be a bounded Palais-smale sequence
for Iis, at an arbitrary level ¢ > 0 satisfying P(u,) — 0. Then there exists
u € Sy NHERYN) and > 0 such that, up to a subsequence, u,, — u strongly
in H:(RY) and

(—A) + pu = f(u).
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PROOF. By the boundedness of the Palais-Smale sequence we may assume u,, —
win H(RY), u, — u in LP(RY) for any p € (2,2¢) and a.e. in RY. Besides,

as already seen in the previous section, using [I2] Lemma 3] we get
(—A)"up + pnn = f(un) =0 in (H(RY))* (36)

where

1

Mn = % ( - f(un)un dr — [u’n]ilb(]RN)) !

Again, similarly to the proof of Lemmal[I8] we can assume the existence of u € R

such that p, — p, from which we derive

(=8) + pu = f(w). (37)

Claim: u # 0.
If w = 0, then by the compact embedding wu,, — 0 in L2+%(RN). Hence, using

Lemma [1| (i) and the fact that P(u,) — 0, we have [;x F(uy)dz — 0 and

N .
[Un]?{s(ﬂw) = P(uy) + 2*/ F(uy,)dr — 0,
S JrN

from which

. 1 2 .
c= lm Iun) =75 Hm [un[yegy) = lim F(un)de=0,

that contradicts the hypothesis of ¢ > 0. Now, since u # 0, as we obtained ,

we get

pim /RN <NF(u) N 3 2Sf(u)u) dz > 0.

ms

Since u,, — u in H$(RY), by Lemma
[ 1)~ fwuds 0.
RN

Indeed, the fractional Sobolev inequality implies that u € L~ (RM), and the

multiplication by u turns out to be a continuous linear operator from L LESE (RM)

35



265

into L'(RY). Now, observing that [;y f(uy)(un —u)dz — 0 by Lemma (#i)

we get

lim flup)uy de = flwudez.
RN

n—-+o0o RN

Finally, from and one has

gy +os [ ude= [ flwudo
RN RN
= ngrfoo - flup)uy, de = ngr}rloo [un}is(Rw) + pm,

and since p > 0,

. 2 2 . 2 2
Iim |u,|5s = |ul%. lim us der=m = u’ dx.
oo [ ’ﬂ]H (RN) [ ]H (RN)» nSrtoo Jpn n -

Thus u, — u in H$(RY).

Lemma 23. For any ¢ > 0, there exists 5 = (c) > 0 and k(c) € N such that
for any k > k(c) and any u € P, N HZ(RY)

| mrullgsmry < B implies  I(u) > c.

PROOF. By contradiction, we assume that there exists ¢y such that for any
B >0 and any k € N it is possible to find ¢ > k and u € P,,, N H(RY) such
that

I(u) < co with [[mpull gs@yy < 8.

In view of that, one can find a sequence (k;); C N, with k; — oo as j — oo,

and a sequence (u;); C P, N HE(RY) such that
1
||7T]<;.7.Uj||Hs(RN) < ; and I(uj) < Co (38)

for any 5 € N. Noticing that by Lemma |§| (iv) (uj); is bounded, up to a
subsequence we have u; — u in H(RY) and L?(RY).
Claim: u = 0.
Since k; — oo, it follows that 7, u — u in L*(RY), hence
(wkjuj, U)L2(]RN) = (Uj, iju)LZ(RN) — (U, U)Lz(]RN)

as j — oo.
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On the other hand, using we get mp,u; — 0 in L*(RY), thus the claim

must hold. Now, since ||uj||L — 0 by the compact embedding, (u;); C

= ®y)

P N HE(RY), and Lemma [1| (43), we obtain

2 N

[u]'}Hs(RN) = g - F(’U,]) dr — 0

as j — 0o, which contradicts Lemma [6] (i7).

Lemma 24. E,, ;, — oo as k — +00.
PRrROOF. We assume by contradiction that there exists ¢ > 0 such that

liminf E,, < c.
k——+oo ?

Denote with 3(c) and k(c) the numbers given in Lemma Up to choose a
bigger ¢, we can find k > k(c) such that E,, , < c. Moreover, by definition of
E,, 1, there must be A € G;, such that

max I(p(u) xu) = max J(u) < e

Now, recalling Lemma (ii7) and (iv) we get that the map ¢ : A — P,,,NH?2(RN)
defined by ¢(u) = p(u) * u is odd and continuous. Thus, setting A := p(A) C
P N HE(RY) we have

max I(v) < ¢
and
(A) = 9(A4) > k > k(c) (39)
by the properties of the genus. On the other hand, Lemma [23] implies that
il’l£||7Tk(c)U||Hs(RN) > ﬂ(C) >0,
vEA
and after setting

o(v) = _TRQY gy anyv € A

||7Tk(6)v||HS(]RN)
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we get

Y(A) < (o(A)) < k(e)

noticing that ¢ is odd, continuous and that ¢(A) C Vi(c)- That is against .

Therefore E,, ; — 0o as k — +o00.

PROOF (PROOF OF THEOREM [3]). For each k € N, by Lemmas [20] and [21] one
can find a Palais-Smale sequence (uy), C P, N H(RY) of the constrained
functional I|s, ~ps®~) at level Ey, ;> 0. By Lemma |§| (un)n is bounded and
by virtue of Lemma [22| we deduce that (P,,) has a radial solution u such that
I(uy) = Ep, . Moreover, using Lemma (it) and Lemma we get

I(ugy1) > I(ug) >0 for any k > 1

and I(ug) — oo.

6. Appendix

PrOOF (PROOF OF LEMMA [1]). (i) It suffices to show that there exists § > 0
such that

[Pl de < 3l
whenever u € B, and [U]Hs(RN) < 4. In order to show that, we start noticing
that (fo), (f1), and (f2) imply that for every € > 0 we can find C; = Ci(g) > 0
such that

|F(u)| < et ™ + Cy|t| 7. (40)

Hence, by , using the interpolation inequality and the fractional Sobolev

inequality (see for instance [2, Theorem 6.5]), we get

/ |F(u)|d$§€/ [T ¥ dm—l—Cl/ | P dae
RN RN RN

2%
L5 (RN)

2s
<em¥ Hu||iz;(RN) +Cyllu
2s 2 27
<emn™(Cy [U]Hs(RN) +Cy [U]Ijs(RN)

2s 2% -2 2
= {emN C1+ Cy [U]HZ(RN)} [u}HS(RN) :
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Choosing

1 Ll < 1 >zz
E = ——>;— an =
8m27501 02

the assertion is verified.
(i) Since (fo), (f1) and (f2) hold, for every e > 0 there exists C3, C4 > 0 such
that

() < S5 + Colt2+ ¥
and
|[F(t)] < glﬂﬁ Ot R,
which implies
|F(t)] < elt| 7% + (C5 + Cy) [t|>TF . )
By we have

/ |F(uy)| dx < 5/ || o2 dx+/ [up 2T R da
RN ]RN RN

o5 2442
S 505 [un]Hs(RN) + (03 + 04} |‘un‘|L2+%(RN)

<eCq+ (03 + C4> ||un||

s ¥ ®y)
as n — 400 and € — 0. The proof of lim, 4 o fRN |F (u,)|dx = 0 is similar.
(#5i). (fo), (f1) and (f2) imply that for every € > 0 we can find C7 > 0 such
that

F(B)] < elt| 75 4 Crft[' R, (42)

Hence, by (42)), we obtain that

N+2s
[ il de < [ ¥
RN

vn\dm+07/ [t |1+ v | dz
RN

s N+4s

2(N+2s) 2(N+2 )
<s||un||L2*(RN)annLgs(RN)+o7|| ol
N+4s
2(N+2s 2(N+2s
< 508”“71”}1 (RN)”'U””H (RN +CQ||un||H( (&N) Un | ;Jrls()RN)

2(N+2e)
< eCyo + Crl|vn|] IR TR

as n — +oo and € — 0. This completes the proof of the Lemma.
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PROOF (OF LEMMA [2)). (i) Let us fix m := ||UHL2(RN) We observe that pxu €

S and after a change of variables we obtain

Np _ 2
2 eVP(u(z) — u(y)) 2
[ ulgeany = /]RZN |z — y[N+2s dzdy = " [uly. ) -

By virtue of the previous computation, choosing p <« —1, Lemma |l| () guaran-

tees the existence of a § > 0 such that if [p * u] zr. gn) < 0 then

1 S S
1620 [l vy < T(pxu) < € [ulf gy

thus
lim I(pxu)=0".
p—>—00

(#i) For every A > 0 we define the function hy: R — R as follows

PO 4N t£0

4
jo*+ %

ha(t) = (43)

A t=0.

It is straightforward to verify that F(t) = hy()[t2t> — At[2T~. Moreover,
from (fy) and (f1) it follows that hy is continuous, whereas thanks to (f3) we

have
ha(t) = +o0 as t— +o0.

Putting together the divergence of the limit above at infinity and (f1), we can
find A > 0 large enough such that hy(¢) > 0 for every ¢ € R. Now, applying the

well known Fatou’s Lemma, we obtain
lim inf h(e = )|u|2+% dx 2/ lim hy(e E )|u|2+4ﬁs dx = cc.
p—oo  JpN RN P—r00

Then, we observe that
1 s
I(p*u) = 3 [p*uﬁ{s(RN) +)\/ |p*u\2+4W dm—/ Alp*u) |p*u|2+N dx
RN
(44)
= 2rs [1 [u]? + )\/ |u|2+4TVS dx —/ Tﬁ |u|2+N dx
- 2 Hs(RN) )
RN

from which it follows immediately that

lim I(p*u) = —o0.
p—r00
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