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Abstract. The persistent discrepancy of about 3.5 standard deviations between the experimental measurement
and the Standard Model prediction for the muon anomalous magnetic moment, a,,, is one of the most promising
hints for the possible existence of new physics. Here we report on our lattice QCD calculation of the hadronic
vacuum polarisation contribution aZVp, based on gauge ensembles with N; = 2 + 1 flavours of O(a) improved
Wilson quarks. We address the conceptual and numerical challenges that one encounters along the way to
a sub-percent determination of the hadronic vacuum polarisation contribution. The current status of lattice
calculations of az"p is presented by performing a detailed comparison with the results from other groups.

1 Introduction

The anomalous magnetic moment of the muon, a,, has
been measured by the E§21 experiment at BNL [1] with a
total precision of 0.54 ppm, i.e.

a, = (g -2), =116592080(54)(33) - 107'". (1)

While the theoretical prediction based on the Standard
Model (SM) is known at the same level of precision, it
differs by 3.5 standard deviations [2]. This discrepancy is
currently one of the most intriguing hints for the possible
existence of physics beyond the SM. While the absolute
value of the theoretical estimate of a,, is dominated by the
contributions from QED, with only a small fraction com-
ing from strong and weak interaction effects, the situation
is completely reversed regarding the assigned uncertainty:
Indeed, the dominant errors arise from the strong interac-
tion, in particular from the hadronic vacuum polarisation
(HVP) and hadronic light-by-light scattering (HLbL) con-
tributions, aEVp and az"’l, respectively. New experiments,
which are designed to reduce the error even further, are
either being prepared (E34 at J-PARC [3]) or have started
data taking already (E989 at Fermilab [4]). Since the de-
sign sensitivity of both experiments exceeds the theoretical
uncertainty by far, it is of utmost importance to achieve a
significant reduction of the latter in the coming years.

The conventional method to determine the HVP con-
tribution, which enters the current SM estimate, proceeds
by expressing aﬂVp in terms of a dispersion integral over
the hadronic cross section ratio RM(s) = o(ete” —
hadrons)/o(ete” — u*u™), multiplied by a kernel func-
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tion [5-8]. In the low-energy regime one relies on ex-
perimental data for the R-ratio R"I(s), which implies that
the SM prediction is subject to experimental uncertainties.
While a dispersive framework to address aﬂlb] is being de-
veloped [9-19], the current SM prediction is still largely
based on hadronic models [20].

Simulations of QCD on a space-time lattice have
emerged as a versatile tool for the treatment of the strong
interaction in the non-perturbative regime from first prin-
ciples. Lattice QCD provides accurate estimates for SM
parameters (strong coupling a;, quark masses), decay con-
stants and form factors relevant for flavour physics, quan-
tities describing structural properties of the nucleon and
many other observables of phenomenological relevance
[21]. Recent years have also seen enormous progress re-
garding calculations of the hadronic contributions to the
muon g — 2 (see Ref. [22] for a review).

A first-principles approach to the muon g — 2 based on
lattice QCD avoids both the reliance on experimental data,
as well as model estimates. However, in order to have an
impact on tests of the SM, lattice QCD must deliver results
for aZVp with a total error well below 1% and a determina-
tion of azlbl at the 10 — 15% level. Whether or not this can
be achieved is also the subject of a planned White Paper
summarising the current status of the theoretical prediction
ahead of the first results from E989.

2 Lattice formalism and general issues

The hadronic vacuum polarisation contribution can be ex-
pressed as a convolution integral involving the subtracted
vacuum polarisation function, I[1(Q?) = 47 [I1(Q%)-T1(0)],
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i.e. [23, 24]
2 e R
a4 =(%) f d0* F(OHII(Q), @
T 0

where the integration is over Euclidean momenta, I1(Q?)
is obtained from the vacuum polarisation tensor

ifd4x i (-y) <J”(X)Jv(y)>
(0,0y — 6,y OHTI(QY), 3)

and J, = 3y, u—1dy,d—15y,s+...is the electromagnetic
current. The evaluation of the convolution integral using
lattice QCD data for the correlator is hampered by the fact
that the weight function f(Q?) is strongly peaked near the
muon mass, i.e. for |Q| ~ m,. Since |Q] is inversely pro-
portional to the spatial lattice extent L, the peak region cor-
responds to lattice volumes that are much larger than those
that can be realised in current simulations. Thus, there is a
lack of lattice data in the region where the integral receives
its dominant contribution.

An alternative formulation in position space, sug-
gested by Bernecker and Meyer [25], is known as the time-
momentum representation (TMR)

1L,(Q)

hvp _ g 2 « >
a, = (ﬂ) jo‘ dt K()G(p), @)

GHou = =a Y (()J0)),

2
X

K@) = 4n? J; " do?* (0% [rz - é sin (%Qt)],

where G(#) denotes the spatially summed vector-vector
correlator. Empirically, one finds that the region 7 > 3 fm
contributes ~ 3% to the integral in Eq. (4). In order to de-
termine aZVp with a precision of 1% or better, it is clear
that G(¢) must be calculated with sufficient accuracy in the
long-distance regime. This, however, is a challenging task,
since the noise-to-signal ratio in G(¢) increases exponen-
tially with Euclidean time .

While both integral representations are equivalent in
the sense that they are formulated in terms of the current-
current correlator, the TMR turns out to be technically
simpler: this is due to the fact that detailed spectral in-
formation is available for the vector correlator in the long-
distance regime which is dominated by the isovector chan-
nel. Furthermore, the calculation of quark-disconnected
diagrams, which requires major computational resources
(see Section 3.5 below) is technically more straightfor-
ward.

The main challenges facing lattice QCD regarding a
calculation of aEVp with a precision that will have a deci-
sive impact on SM tests are the following: First, the sta-
tistical error of the evaluation of Eq. (4) should lie signif-
icantly below 1%. This implies that the vector correlator
G(f) must be accurately constrained for t > 3fm. The
long-distance regime of G(f) receives significant finite-
volume corrections for typical lattice sizes, i.e. for m,;L >
4, which have to be quantified. The isoscalar part of

G(t) requires accurate knowledge of the contributions from
quark-disconnected diagrams which typically exhibit a
high level of statistical noise. Finally, one must include the
effects of strong (m, # mg,) and electromagnetic isospin
breaking corrections. In the next section we will describe
how these issues are addressed in our recent calculation
[26-28].

3 Lattice calculation of a),"

Our calculations employ the gauge ensembles generated
by the CLS consortium, using Ny = 2 + 1 flavours of O(a)
improved Wilson quarks, at four different values of the lat-
tice spacing, a range of pion masses down to the physical
one and volumes satisfying m,L > 4 throughout. For a
description of technical details, including the definition of
the vector currents used to compute the correlator G(z), we
refer the reader to Refs. [26, 28, 29].

3.1 Controlling the infrared regime

The correlation function G(¢) of the electromagnetic cur-
rent defined in Eq. (4), can be split into a sum over the
quark-connected contributions from individual flavours
plus the contribution from quark-disconnected diagrams

G(1) = 3Gi(1) + 5G5(0) + 5G(1) + GaiseD). (5)

This expression holds in the isosymmetric case, m, =
my = my, with the numerical prefactors arising from the
electric charges in the definition of the electromagnetic
current. For the following discussion it is convenient to
consider the isospin decomposition of the vector correla-
tor, i.€.

G(t) = G'='(1) + G, (6)

where G'='(r) and G'=(r) denote the correlators in the
isovector and isoscalar channels (see Section 2.2.3 in [22]
for further details). Since the spectral function in the
isoscalar channel vanishes below the 3-pion threshold, one
expects G(f) to be dominated by the lowest-energy state in
G'='(t) as t — oco. We have studied three different and
complementary methods to accurately constrain the long-
distance regime of the isovector correlator G'='(¢):

The first makes use of a dedicated calculation of the
energy levels in the isovector channel, by observing that

Gl E Y A, )

where the energies w,, are related to the scattering momen-
tum k and the pion mass via w, = +/m2 + k* [30, 31]. Fig-
ure 1 shows that the 3—4 lowest-lying states saturate the
correlator for distances ¢t > 2 fm [26].

The second procedure, known as the “bounding
method” [32, 33], exploits the positivity of the spectral
sum for G'=!(¢), which implies that

0 < G(t) < G (1) e ) ®)

where w) is the ground state energy, and 7., denotes a
fixed timeslice above which one assumes that the isovec-
tor correlator is well described by the ground state. The
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Figure 1. The light quark contribution to the integrand of Eq. (4)
in units of m,, (black circles), compared to the corresponding re-
construction from the isovector contribution. Coloured symbols
show the accumulation of up to four lowest-lying states in the
isovector channel. Data have been computed for m, = 200 MeV.

bounds on G(f) can be significantly sharpened using the
knowledge from the dedicated calculation of G'='(¢) [26].
By subtracting the N — 1 lowest-lying states one defines
the correlator G(¢) via

N-1

GO =G - ) AL e, ©)
n=1

which satisfies 0 < G(¢) < G(foy) eV, where wy is
the energy of the Nth state. In Fig. 2 we show a compar-
ison of the ordinary and improved bounding methods ap-
plied to the determination of the (quark-connected) light
quark contribution to aﬁ\'p, as a function of #.,. One finds
that G(¢) saturates the bounds implied by the improved
bounding method already for #.,, > 1.5 fm, which, when
averaged over a few timeslices, leads to a stable and statis-
tically precise estimate of a,”.

The third method to constrain the long-distance regime
of the isovector correlator makes use of the information
provided by the timelike pion form factor Fr(w) [34].
It provides a relation between F,(w) and the amplitudes
A, in Eq. (7), which requires knowledge of the Lellouch-
Liischer factor [35], which, in turn, is determined from the
scattering phase shifts [30, 31] (see Eq.(13) below). A
detailed study of this method in two-flavour QCD can be
found in Ref. [36].

3.2 Finite-volume effects

The long-distance regime of the vector correlator is closely
related to the issue of finite-volume corrections. The latter
can be determined by inserting the difference of the vector
correlator in infinite and finite volume, i.e.

2 [ee]
ady = () f dtR(0)[G(t,0) =GO, (10)
T 0

where G() is the correlator in finite volume, and G(t, )
is its infinite-volume counterpart. Realising that the long-
distance regime is most relevant for the estimation of the

G'=1(¢) has been listed Eq. (7), with amplitudes given by

|A |2 — 2k5 |F7|—(CL))|2
" 3nw? q¢'(q) + ko' (k)’

where k is the scattering momentum. Knowledge of the
pion form factor F,(w) allows one to determine the differ-
ence [G=1(t, ) — G'='(¢)] and thus the correction AaEVp.

In our evaluation of finite-size effects, we have em-
ployed the Gounaris-Sakurai (GS) representation [37] for
Fr(w), using the energy levels and amplitudes, (w,,A,),
as input. Alternatively, we have used m, and the cou-
pling g, taken from a dedicated calculation of F,(w) on
a subset of our ensembles [38], to work out [G'=!(¢, o) —
G'=1(1)]. We stress that the somewhat simplistic GS model
is used only for the determination of the finite-size cor-
rection but not for the treatment of the long-distance tail
of the correlator itself. In order to test the ability of this
approach to provide an accurate description of finite-size
corrections, we have compared the results for the integrand
computed at a fixed pion mass of 280 MeV for two dif-
ferent volumes, corresponding to m,L = 3.8 and 5.8, re-
spectively. Applying the correction to the data obtained
on the smaller volume produces values that are in excel-
lent agreement with those observed for m,L = 5.8. We
conclude that finite-size effects are well described by the
GS parameterisation of F,(w).

g=kL)2x,  (13)

3.3 Scale setting uncertainty

At first it may seem surprising that a dimensionless quan-
tity such as aZVP should be affected by the lattice scale.
However, the kernel K(¢) in Eq. (4) is actually a function
of (tmﬂ)z, and hence it is necessary to express the argu-
ment t/a of the vector correlator in units of the muon
mass. This requires the calibration of the lattice spacing a.
Furthermore, the quark masses enter the determination of
aZVp indirectly via their feedback onto the gauge field dur-
ing the generation of the ensembles. Therefore, the HVP
oo hvp . . .
contribution @, -~ depends on a set of dimensionless ratios
M, = m,/A,M, = m,/A,... where A is the quantity that
sets the scale [39]:

ap’® = ayP(My; My, Mg, M, ..). (14)

The relative error on the HVP contribution, AaZVp /aZVp,
which arises from the scale setting uncertainty AA/A is

given by

Ady | My 0T | AN (15)
ay® |ah® oM, A’
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Figure 2. Upper and lower bounds for the (connected) light quark contribution to aﬂ"p as a function of #.,, computed for a pion mass of
200 MeV. The right panel shows the bounds for the improved bounding method. Vertical lines indicate the interval over which the data
are averaged, yielding the horizontal band which is identified with the actual estimate.

where the ellipses represent derivatives with respect to
M,, My, .. .. The logarithmic derivative with respect to M,
can be worked out in terms of an integral representation:

5612“) hvp (07 2 0
g = +(;) fo datiOGn,  (16)

where J(f) = tK'(1) — K(). Using input for the cor-
relator and the representation of the kernel function de-
scribed in Appendix B of [39], the proportionality fac-
tor between AaZVp / aZVP and AA/A can be estimated to be
~ 1.8. Hence, the scale setting uncertainty must, at least,
be smaller by a factor two compared to the target preci-
. o hvp o .
sion in the determination of a,, . The contributions aris-
ing from the quark mass dependence have also been quan-
tified and turn out to be subdominant [39, 40]. In our cal-
culation, we use the lattice scale determined in [41], i.e.

A~ = 8ty = 0.415(4)(2) fm.

3.4 Isospin breaking

The effects from strong and electromagnetic isospin break-
ing must be taken into account to obtain a lattice QCD

. hvp . . .
estimate for @, ~ whose precision can compete with that
of the data-driven dispersive approach. One way to in-
clude isospin-breaking effects is the so-called “stochastic
method” which is based on the direct Monte Carlo eval-
uation of the path integral in the presence of electromag-
netism. The effects of strong isospin breaking are incorpo-
rated either by choosing different quark masses, m, # my
or via reweighting techniques. The second method to
quantify the effects of isospin breaking is based on the per-
turbative expansion of the path integral in powers of the
fine structure constant @ = e?/4n and the mass splitting
mg —my, [42, 43]. A detailed comparison of both methods
was performed in [44].

The Mainz group has started to determine isospin-
breaking corrections to af,” using the perturbative ap-
proach [27, 45, 46]. In this way, isospin-breaking effects
can be extracted from additional correlators of the vector

0.0

vl.}en“.ren V'( ¥ m\Vi.‘reu

Figure 3. First-order electromagnetic correction to the renor-
malised hadronic vacuum polarisation function, at a pion mass
of 350 MeV [27]. Green and red bands represent different dis-
cretisations of the vector current.

current that involve insertions of the scalar density and ex-
plicit photon propagators (in Coulomb gauge), computed
on our existing iso-symmetric gauge ensembles. Since
the photon is a massless unconfined particle, one expects
strong finite-volume effects in the presence of electromag-
netism. Our calculations are based on the QEDy, prescrip-
tion [47] in which the spatial zero modes of the photon
field are set to zero. The necessary adaptation of QEDy, in
the presence of open boundary conditions, which are em-
ployed in the generation of most of our gauge ensembles,
is discussed in [46]. A list of the additional diagrams for
the vector correlator, as well as first results on the renor-
malisation factors of the electromagnetic current and the
renormalised hadronic vacuum polarisation function are
shown in [27] and Fig. 3.

Figure 4 shows a compilation of recent results for
isospin-breaking corrections obtained by different collabo-
rations. One finds that the typical size of isospin-breaking
effects is (5 — 10) - 107'°, which corresponds to a one-
percent correction to aEVp. While the separation of strong
and electromagnetic isospin-breaking effects is, in princi-
ple, scheme-dependent, the results indicate that the latter
are subdominant.
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Figure 4. Compilation of recent results for the isospin-breaking
correction 6aLB to the hadronic vacuum polarisation, determined
by ETMC [48], RBC/UKQCD [49], BMW [50] and Fermi-
1lab/HPQCD/MILC [51]. Solid circles denote the full (strong and
electromagnetic) isospin-breaking correction, while open sym-
bols represent strong isospin breaking only. The result marked
by the green cross is based on a phenomenological estimate.

3.5 Quark-disconnected diagrams

While the correlator G(¢) contains both quark-connected
and quark-disconnected contributions, the latter are diffi-
cult to quantify with the desired level of precision, owing
to the large computational cost when employing the con-
ventional source method (see, for instance, the discussion
in Section 2.3 of Ref.[22]). Therefore, stochastic meth-
ods are applied which, despite being numerically quite ef-
ficient, introduce stochastic noise in addition to the statis-
tical fluctuations due to the Monte Carlo integration over
the gauge ensemble. Several methods have been devised
to combat stochastic noise, such as performing a hopping
parameter expansion of the propagator [52, 53], low-mode
deflation [54], hierarchical probing and Hadamard vectors
[55], as well as the use of a Lorentz covariant coordinate
space formulation [56] instead of the spatially summed
vector correlator.

An important observation, reported initially in [57], is
the partial cancellation of the stochastic noise in the dif-
ference between the contributions of the light and strange
quarks, / — s. This has been exploited in a recently pro-
posed method [58] which uses the so-called one-end-trick
[59, 60] in the calculation of the [ — s contribution, com-
bined with the hopping parameter expansion applied to a
single heavy quark flavour. Our initial runs show that this
method outperforms hierarchical probing by more than an
order of magnitude in the case of the vector-vector corre-
lator.

We have computed the quark-disconnected contribu-
tion to Ggisc(?) (see Eq.(5)) on a subset of our gauge
ensembles. During our calculation we have found that
it is difficult to constrain the long-distance contribution
of Gyisc(#) to the integrand, since the signal is lost for
t > 1.5fm. We have therefore adopted another strategy,
which applies the bounding method to the isoscalar cor-
relator G/=°(r) which contains the disconnected contribu-
tion. Neglecting the contributions from the charm quark,
the positivity of the isoscalar spectral function implies that
the isoscalar correlator satisfies [26]

0< G < G tew) e, (17)

f=3.46
—20r B =3.55 e
B =370 —e—
_o5 | j
2 linear fit
30l 1/y singularity
735 1 1 1 1 1 !
0.01 0.02 0.03 0.04 0.05 0.06
(m% —m?2)? [GeV?
Figure 5. Results for the quark-disconnected contribution

(aZVp )aise computed on a subset of our gauge ensembles. Extrap-
olations to the physical mass are performed using two different
ansdtze in the fit.

Mainz/CLS 19
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(ah"P) gise - 1010

Figure 6. Recent results for the quark-disconnected contribution
(a,l}Vp )aise Teported by Mainz/CLS [26], RBC/UKQCD [49] and
BMW [50].

where we have assumed m,, ~ m,, since we do not have a
dedicated calculation of the mass of the w-meson at our
disposal. The quark-disconnected contribution (aEVp)disc
to the HVP is then obtained by subtracting the connected
contributions of the light (1) and strange (s) quarks from
the isoscalar part, i.e.

hv, hvp7=0 1 ., hvpyl hvp, s
(a/J p)disc = (ap P) - m(aﬂ p)con - (aﬂ p)<§0n (18)

In Fig. 5 we show the results for (aEVp )disc as a function of
(m% — m2)*. After extrapolating the results to the physical
mass, we obtain

(azvp)disc = (_232 +22+ 45) ) 10_10’ (19)

where the first error is statistical, and the second is esti-
mated from the ambiguity in the ansatz for the chiral ex-
trapolation. A compilation of recent results for the quark-
disconnected contribution is shown in Fig. 6.

3.6 Results at the physical point

Our results for the hadronic vacuum polarisation contri-
bution have been obtained on ensembles spanning a range
of lattice spacings and pion masses, including the physical
mass. We have subjected our results for aZVP for individ-
ual flavours to a joint chiral and continuum extrapolation
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Figure 7. Individual contributions to the estimate and variance of our result in Eq. (23). While the estimate of a,I}VP does not contain the
correction due to isospin breaking, the size of the correction from Ref. [48] has been added in quadrature to the error.

to the physical point. To this end we have investigated
several ansdtze, taking guidance from Chiral Perturbation
Theory [26]. In particular, for the light quark contribution
we have used and compared ansdtze that reproduce the ex-
pected singular behaviour as m,; — 0.

The fact that we have employed two different discreti-
sations for the vector current [61] allowed us to extrapolate
the results simultaneously to a common value at the phys-
ical point. Only for the charm quark contribution did we
observe large lattice artefacts for the data extracted from
the local-local vector correlator, so that we decided to ex-
trapolate the results from the local-conserved correlator,
which show much milder discretisation effects. At the
physical point we obtain (in units of 10~'%):

@) = 674+ 12 £35, 20)
(al};vp)s =545+24+0.6, @
( aﬁvp)" =14.66 + 0.45 + 0.06, (22)

where the first error is statistical and the second gives an
estimate of the systematic uncertainty. The latter is domi-
nated by the form of the ansatz for the chiral extrapolation
and the scale setting uncertainty. Our final result is ob-
tained by adding the quark-disconnected contribution from
Eq. (19) to the sum of the above estimates. We obtain

a? = (720.0 + 1244, +9.9,4) - 1070, (23)

Since our calculation of isospin-breaking effects has not
been completed, we have increased the systematic error by
adding in quadrature the result for the full isospin-breaking
correction from Ref. [48]. The pie charts in Fig. 7 show the
individual contributions to the estimate and the variance in
Eq. (23). The total uncertainty of our result is 2.2%.

4 Comparison, conclusions and outlook

Our result [26], shown in Eq.(23), is compared to other
recent estimates from lattice QCD [39, 48-50, 62—64] and
to the data-driven approach in Fig. 8.
The two leftmost panels of the figure show that lattice
estimates for the contributions of the strange and charm
hvp,s hvp\¢ o
quarks, (a, )* and (a, "), are in good agreement among

different groups, with the possible exception of the result
for (aZVP)C by PACS 19 [62]. Given that a range of differ-
ent discretisations are employed and that the strange and
charm quarks make only small contributions to the tail of
G (1), the observed consistency can be taken as an indica-
tion that lattice artefacts are under good control.

By contrast, the results for the connected light-quark
contribution, (aj;),,,, show a much higher degree of
scatter even though there is a certain degree of correla-
tion among different estimates: For instance, the calcula-
tions by Aubin et al. [64] and Fermilab-HPQCD-MILC
(FHM 19) [63] share a subset of the same gauge ensem-
bles. Furthermore, most groups employ a similar formal-
ism to quantify finite-volume effects. A weighted average
of the results for (aEVp)lwn yields y?/d.of. = 14.62/6 ~
2.44 which illustrates that the scatter among the results is
large compared to the quoted total uncertainty. By con-

trast, weighted averages of the estimates for (a;, ) and

(aEVP)S yield y?/d.o.f. ~ 1 in either case. These observa-
tions call for further scrutiny of the light connected contri-
bution, in particular regarding the estimation of the tail of
G(t) as well as finite-volume effects.

Similar comparisons of isospin-breaking corrections
and quark-disconnected contributions are shown in Figs. 4
and 6. While the agreement of isospin-breaking effects
among different groups is quite good, the same cannot be
said for the quark-disconnected contribution which, in the
case of our own calculation, turns out to be a factor two
larger in magnitude than what has been reported by other
collaborations. Using a new technique that takes inspira-
tion from Refs. [58-60], we are currently computing the
quark-disconnected contribution with much higher statis-
tical accuracy and over a wider range of ensembles than
reported previously.

The comparison between lattice estimates and the re-
sult from dispersion relations, which is represented by the
red vertical band,' shows that the overall precision of lat-
tice calculations is not yet sufficient to distinguish between
the data-driven approach and the “no new physics” sce-
nario, which is represented by the green band in the right-

As a representative example we display the result from [7], noting
that a similar result with a slightly larger error has been published in [8].
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Figure 8. Recent results for the hadronic vacuum polarisation contribution from Aubin et al.

[64], Mainz/CLS [26], Fermi-

lab/HPQCD/MILC (FHM) [63, 65, 66], PACS [62], ETMC [48, 67, 68], RBC/UKQCD [49] and BMW [50]. From left to right
the panel represent the charm, strange, light (connected) and total contributions to aﬂ"p. The vertical red line indicates the result from
the data-driven analysis of Ref. [7]. The green vertical band corresponds to the “no new physics” scenario.

most panel of Fig. 8. The latter corresponds to the differ-
ence between the experimental result for a, and the SM
prediction without the leading-order HVP contribution.
Further efforts are underway to reduce the overall un-
certainty of lattice estimates for both the hadronic vacuum
polarisation and hadronic light-by-light scattering contri-
butions. The status, prospects and opportunities for lattice
calculations applied to the muon (g — 2) will also be dis-
cussed in a White Paper which is currently in preparation.

Acknowledgements. This work is partly supported by
the Deutsche Forschungsgemeinschaft (DFG, German Re-
search Foundation) grant HI 2048/1-1 and the DFG-
funded Collaborative Research Centre 1044 The low-
energy frontier of the Standard Model, as well as by
the Cluster of Excellence Precision Physics, Fundamen-
tal Interactions, and Structure of Matter (PRISMA* EXC
2118/1) funded by DFG within the German Excellence
Strategy (Project ID 39083149). Calculations for this
project were performed on HPC clusters at the Helmholtz-
Institut Mainz and at JGU Mainz. Additional computer
time has been allocated through project HMZ21 on the su-
percomputer system JUQUEEN at NIC, Jiilich. The au-
thors gratefully acknowledge the Gauss Centre for Super-
computing e.V. (Www.gauss-centre.eu) for support by pro-
viding computing time on Hazel Hen at HLRS Stuttgart
under project GCS-HQCD. We are grateful to our col-
leagues in the CLS initiative for sharing ensembles.

References

[1] G.W. Bennett et al. (Muon g-2), Phys. Rev. D73,
072003 (2006), hep-ex/0602035

[2] M. Knecht, General discussion on g—?2, in these pro-
ceedings (FCCP 2019) (2019)

[3] M. Abe et al., PTEP 2019, 053C02 (2019),
1901.03047

[4] J. Grange et al. (Muon g-2) (2015), 1501.06858

[5] K. Hagiwara, R. Liao, A.D. Martin, D. Nomura,
T. Teubner, J.Phys. G38, 085003 (2011), 1105.3149

[6] M. Davier, A. Hoecker, B. Malaescu, Z. Zhang, Eur.
Phys. J. C77, 827 (2017), 1706.09436
[7]1 A. Keshavarzi, D. Nomura, T. Teubner, Phys. Rev.
D97, 114025 (2018), 1802.02995
[8] M. Davier, A. Hoecker, B. Malaescu, Z. Zhang
(2019), 1908.00921
[9] G. Colangelo, M. Hoferichter, M. Procura, P. Stoffer,
JHEP 09, 091 (2014), 1402.7081
[10] G. Colangelo, M. Hoferichter, B. Kubis, M. Procura,
P. Stoffer, Phys. Lett. B738, 6 (2014), 1408.2517
[11] G. Colangelo, M. Hoferichter, M. Procura, P. Stoffer,
JHEP 09, 074 (2015), 1506.01386
[12] G. Colangelo, M. Hoferichter, M. Procura, P. Stoffer,
Phys. Rev. Lett. 118, 232001 (2017), 1701.06554
[13] G. Colangelo, M. Hoferichter, M. Procura, P. Stoffer,
JHEP 04, 161 (2017), 1702.07347
[14] V. Pauk, M. Vanderhaeghen, Phys. Rev. D90, 113012
(2014), 1409.0819
[15] V. Pascalutsa, V. Pauk, M. Vanderhaeghen, Phys.
Rev. D85, 116001 (2012), 1204.0740
[16] J. Green, O. Gryniuk, G. von Hippel, H.B. Meyer,
V. Pascalutsa, Phys. Rev. Lett. 115, 222003 (2015),
1507.01577
[17] A. Gérardin, J. Green, O. Gryniuk, G. von Hippel,
H.B. Meyer, V. Pascalutsa, H. Wittig, Phys. Rev.
D98, 074501 (2018), 1712.00421
[18] I. Danilkin, M. Vanderhaeghen, Phys. Rev. D95,
014019 (2017), 1611.04646
[19] F. Hagelstein, V. Pascalutsa, Phys. Rev. Lett. 120,
072002 (2018), 1710.04571
[20] A. Nyffeler, Phys. Rev. D94, 053006 (2016),
1602.03398
[21] S. Aoki et al. (Flavour Lattice Averaging Group)
(2019), 1962.08191
[22] H.B. Meyer, H. Wittig, Prog. Part. Nucl. Phys. 104,
46 (2019), 1807.09370
[23] B. Lautrup, E. de Rafael, Nuovo Cim. 64A, 322
(1969)



EPJ Web of Conferences 234, 01016 (2020)
FCCP2019

https://doi.org/10.1051/epjconf/202023401016

[24] T. Blum, Phys. Rev. Lett. 91, 052001 (2003),
hep-1at/0212018

[25] D. Bernecker, H.B. Meyer, Eur. Phys. J. A47, 148
(2011), 1107.4388

[26] A. Gérardin, M. Ce, G. von Hippel, B. Horz, H.B.
Meyer, D. Mohler, K. Ottnad, J. Wilhelm, H. Wittig,
Phys. Rev. D100, 014510 (2019), 1904.03120

[27] A. Risch, H. Wittig (2019), 1911.04230

[28] A. Gérardin, M. Ce, G. von Hippel, B. Horz,
H. Meyer, D. Mohler, K. Ottnad, J. Wilhelm, H. Wit-
tig (2019), 1911.04733

[29] M. Bruno et al., JHEP 02, 043 (2015), 1411.3982

[30] M. Liischer, Nucl. Phys. B354, 531 (1991)

[31] M. Liischer, Nucl. Phys. B364, 237 (1991)

[32] C.Lehner, in RBRC Workshop on Lattice Gauge The-
ories (2016)

[33] S. Borsanyi, Z. Fodor, T. Kawanai, S. Krieg, L. Lel-
louch, R. Malak, K. Miura, K.K. Szabo, C. Tor-
rero, B. Toth, Phys. Rev. D96, 074507 (2017),
1612.02364

[34] H.B. Meyer, Phys. Rev. Lett. 107, 072002 (2011),
1105.1892

[35] L. Lellouch, M. Liischer, Commun.Math.Phys. 219,
31 (2001), hep-1at/0003023

[36] F. Erben, J.R. Green, D. Mohler, H. Wittig (2019),
1910.01083

[37] G. Gounaris, J. Sakurai, Phys. Rev. Lett. 21, 244
(1968)

[38] C. Andersen, J. Bulava, B. Horz, C. Morningstar,
Nucl. Phys. B939, 145 (2019), 1808.05007

[39] M. Della Morte, A. Francis, V. Giilpers, G. Her-
doiza, G. von Hippel, H. Horch, B. Jiger, H.B.
Meyer, A. Nyffeler, H. Wittig, JHEP 10, 020 (2017),
1705.01775

[40] M. Della Morte et al., EP] Web Conf. 175, 06031
(2018), 1710.10072

[41] M. Bruno, T. Korzec, S. Schaefer, Phys. Rev. D95,
074504 (2017), 1608.08900

[42] G.M. de Divitiis et al., JHEP 04, 124 (2012),
1110.6294

[43] G.M. de Divitiis, R. Frezzotti, V. Lubicz, G. Mar-
tinelli, R. Petronzio, G.C. Rossi, F. Sanfilippo,
S. Simula, N. Tantalo (RM123), Phys. Rev. D87,
114505 (2013), 1303.4896

[44] P. Boyle, V. Giilpers, J. Harrison, A. Jiittner,
C. Lehner, A. Portelli, C.T. Sachrajda, JHEP 09, 153
(2017), 1706.05293

[45] A. Risch, H. Wittig, EP] Web Conf. 175, 14019
(2018), 1710.06801

[46] A. Risch, H. Wittig, PoS LATTICE2018, 059
(2018), 1811.00895

[47] M. Hayakawa, S. Uno, Prog. Theor. Phys. 120, 413
(2008), 0804 .2044

[48] D. Giusti, V. Lubicz, G. Martinelli, F. Sanfil-
ippo, S. Simula, Phys. Rev. D99, 114502 (2019),
1901.10462

[49] T. Blum, P.A. Boyle, V. Giilpers, T. Izubuchi, L. Jin,
C. Jung, A. Jiittner, C. Lehner, A. Portelli, J.T. Tsang
(RBC, UKQCD), Phys. Rev. Lett. 121, 022003
(2018), 1801.07224

[50] S. Borsanyi et al. (Budapest-Marseille-Wuppertal),
Phys. Rev. Lett. 121, 022002 (2018), 1711.049860

[51] B. Chakraborty et al. (Fermilab Lattice, LATTICE-
HPQCD, MILC), Phys. Rev. Lett. 120, 152001
(2018), 1710.11212

[52] G.S. Bali, S. Collins, A. Schifer, Com-
put.Phys.Commun. 181, 1570 (2010), 8910.3970

[53] V. Giilpers, G. von Hippel, H. Wittig, Phys. Rev.
D89, 094503 (2014), 1309.2104

[54] T. Blum, P.A. Boyle, T. Izubuchi, L. Jin, A. Jiittner,
C. Lehner, K. Maltman, M. Marinkovic, A. Portelli,
M. Spraggs, Phys. Rev. Lett. 116, 232002 (2016),
1512.09054

[55] A. Stathopoulos, J. Laeuchli, K. Orginos (2013),
1302.4018

[56] HB. Meyer, Eur. Phys. J. C77, 616 (2017),
1706.01139

[57] A. Francis, V. Giilpers, B. Jager, H. Meyer, G. von
Hippel et al., PoS LATTICE2014, 128 (2014),
1411.7592

[58] L. Giusti, T. Harris, A. Nada, S. Schaefer, Eur. Phys.
J. C79, 586 (2019), 1903.10447

[59] M. Foster, C. Michael (UKQCD), Phys. Rev. D59,
074503 (1999), hep-1at/9810021

[60] C. McNeile, C. Michael (UKQCD), Phys. Lett.
B556, 177 (2003), hep-1at/0212020

[61] A. Gérardin, T. Harris, H.B. Meyer, Phys. Rev. D99,
014519 (2019), 1811.08209

[62] E. Shintani, Y. Kuramashi (PACS), Phys. Rev. D100,
034517 (2019), 1902.00885

[63] C.T.H. Davies et al. (Fermilab Lattice, LATTICE-
HPQCD, MILC) (2019), 1902.04223

[64] C. Aubin, T. Blum, C. Tu, M. Golterman, C. Jung,
S. Peris (2019), 1905.09307

[65] B. Chakraborty, C.T.H. Davies, G.C. Donald, R.J.
Dowdall, J. Koponen, G.P. Lepage, T. Teub-
ner (HPQCD), Phys. Rev. D89, 114501 (2014),
1403.1778

[66] B. Chakraborty, C.T.H. Davies, P.G. de Oliviera,
J. Koponen, G.P. Lepage, R.S. Van de Water, Phys.
Rev. D96, 034516 (2017), 1601.03071

[67] D. Giusti, V. Lubicz, G. Martinelli, F. Sanfilippo,
S. Simula, JHEP 10, 157 (2017), 1707.03019

[68] D. Giusti, F. Sanfilippo, S. Simula, Phys. Rev. D98,
114504 (2018), 1808.00887



