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STRONG UNIQUE CONTINUATION FROM THE BOUNDARY FOR
THE SPECTRAL FRACTIONAL LAPLACIAN

ALESSANDRA DE Luca!, VERONICA FELLI>*® AND GIOVANNI SICLARI?

Abstract. We investigate unique continuation properties and asymptotic behaviour at boundary
points for solutions to a class of elliptic equations involving the spectral fractional Laplacian. An
extension procedure leads us to study a degenerate or singular equation on a cylinder, with a homoge-
neous Dirichlet boundary condition on the lateral surface and a non-homogeneous Neumann condition
on the basis. For the extended problem, by an Almgren-type monotonicity formula and a blow-up
analysis, we classify the local asymptotic profiles at the edge where the transition between boundary
conditions occurs. Passing to traces, an analogous blow-up result and its consequent strong unique
continuation property is deduced for the nonlocal fractional equation.
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1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

In this paper, we prove the strong unique continuation property and derive local asymptotics from a point
o € 9N for the solutions to the following equation

(—A)°u=hu on £, (1.1)

where s € (0,1), 2 C R¥ is a bounded Lipschitz domain whose boundary is C*! in a neighbourhood of zq, h is
a measurable function on {2 satisfying suitable summability properties, which will be more specifically clarified
below (see (1.7)), N > 2s and (—A)?® is the so-called spectral fractional Laplacian.

Several results are available in the literature about the spectral fractional Laplacian and its interpretations.
See [1], [21], and references therein for a detailed overview. We mention that regularity properties for stationary
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2 A. DE LUCA ET AL.

equations are discussed in [16], while existence and uniqueness results for evolution equations governed by the
spectral fractional Laplacian are established in [4]. More closely related to the present paper are the results
in [29], where a strong unique continuation principle at nodal points is proved for fractional powers of some
divergence-type elliptic operators, including the case of the spectral fractional Laplacian. The techniques used
in [29] are inspired by those introduced in [12], which are based on a combination of a monotonicity formula
for an Almgren-type frequency function and a blow-up analysis. This local approach is made possible by the
extension results by [26], Theorem 1.1 and [7], Theorem 2.5.

The development of a monotonicity formula for the extended problem presents new difficulties when dealing
with boundary points. Indeed, since the point z( from which the unique continuation is sought after lies on 0€2,
the geometry of 92 can interfere with the monotonicity argument. This issue arises in the study of boundary
unique continuation also in the local case, which has been treated in [2, 3, 13, 19, 28] by monotonicity methods.
In the present paper, we face this difficulty by straightening the boundary with a local diffeomorphism; this
transfers the information about the geometry of 02 into a coefficient matrix in the operator, which turns out
to be a perturbation of the identity if the boundary is regular enough, see Section 3. Secondly, a Pohozaev
type identity is needed to differentiate the frequency function and to develop the monotonicity argument. To
this aim, we rely on a more general result contained in [14], Proposition 2.3, which is based on a Sobolev-type
regularity theory for a class of degenerate and singular problems. Furthermore, a blow-up analysis provides a
detailed description of the asymptotic behaviour of solutions to (1.1) at xg, giving a complete classification of
the order of homogeneity of asymptotic profiles, see Theorem 1.2 below. For this purpose, an important role is
played by an eigenvalue problem on a half-sphere under a symmetry condition, see (1.19).

The extension problem corresponding to (1.1) consists of a degenerate or singular equation on the cylinder
Q2 x (0, +00); a homogeneous Dirichlet boundary condition is imposed on the lateral surface 9§ x (0, +o00) and
a weighted Neumann-type derivative on the basis  x {0} is equal to the right hand side of (1.1), see (1.17).
Therefore, the formulation of the problem in terms of the extension leads us to study what happens near a
point of the edge, at which a transition between boundary conditions of a different type takes place. We observe
that this situation is quite different from the one that occurs in [10], where unique continuation from boundary
points is studied for the restricted fractional Laplacian; indeed, the extension problem corresponding to the case
treated in [10] is a degenerate or singular problem with mixed conditions that vary on a flat basis rather than
on an edge. In fact, the analysis carried out in the present paper highlights different asymptotic behaviors at
the boundary for the two operators, unlike what happens at internal points, where the locally equivalent form
of the extended problems induces the same blow-up profiles.

In order to introduce a suitable functional setting and give a weak formulation of (1.1), we recall the definition
of the spectral fractional Laplacian, which can be given in terms of the Dirichlet eigenvalues of the Laplacian,
see e.g. [8], [21] and [1]. From classical spectral theory, the Dirichlet eigenvalue problem

—Ap = pp, inQ,
p =0, on 99,

admits an increasing and diverging sequence {ur}rem 03 of positive eigenvalues (repeated according to their
multiplicity). Furthermore, there exists an orthonormal basis of L2(£2) made of the corresponding eigenfunctions
{©r}kem joy- Every v € L?() can be expanded with respect to the basis {¢r }ren 0} as

v= Z(vaDk)L2(Q)SDk in L*(9),
=1

where (v, or)r2(q) is the L2-scalar product, i.e. (v1,v2) 12() = [ v1v2 da.
We introduce the functional space

H*(Q) := {v € L*(Q): Zui(v,(pk)%z(m < +oo}

k=1
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which is a Hilbert space with respect to the scalar product

oo

(v1,v2)ms () 1= ZMZ(ULQOk)LQ(Q)(UZMPk)L?(Q)’ vy, v2 € H* (). (1.2)
k=0

A more explicit characterization of the space H*(£) is provided by the interpolation theory, see [4], Section 3.1.3
and [20]:

H() = [H3 (), LA = {gﬁ%) o O\ ()
00 ) =3

Here, denoting as H*(Q2) the usual fractional Sobolev space W*2(Q), H(£) is the closure of C°(Q) in H*(Q),
and

u?(x)

H2 (@) = {ueHO%(Q):/dex<+oo},

where d(z,09) := inf{|z — y| : y € 9Q}. We recall that H*(Q) = H(Q) if s € (0, 3], see [20]. Moreover, if
s # 3, the trivial extension by 0 outside 2 defines a linear and continuous operator from Hg(€2) into H*(R"),
see [6], Remark 2.5 and Proposition B.1. On the other hand, the trivial extension defines a linear and continuous

operator from H(%Z(Q) into H'/2(R™), as one can easily deduce from estimate (B.2) in [6]. Then

e H(Q) — H(RY), (1.3)
. v, in £,
v v =
0, in RM\Q,

is a linear and continuous operator.

It is easy to verify that, if v € H(Q), then the series Y7, 1§ (v, ¥r) r2(0)¢r converges in the dual space
(H*(€2))" to some F' € (H*(2))" such that (g o). (F@k)ms(q) = #i(V, 9r)r2(0)- Hence, for every v € H* (%),
we can define its spectral fractional Laplacian as

o0

(—Ayv = ui(v,0n) 200 € (H(Q))". (1.4)
k=1

Actually, the spectral fractional Laplacian is the Riesz isomorphism between H*(€2) endowed with the scalar
product (1.2) and its dual (H*(Q2))*, i.e.

(Hs (Q))* <(—A)SU1, ’UQ)HS(Q) = (Ul, Ug)Hs(Q) for all V1,02 € HS(Q) (15)

The spectral fractional Laplacian defined in (1.4) is a different operator from the usual fractional Laplacian
defined by the Fourier transform as

F((=A)w)(€) = [¢[**0(€) (1.6)

for any v € S(RY). Indeed, the spectral fractional Laplacian depends on the domain {2 and it is a global operator
in , while the fractional Laplacian is a global operator on the whole R™. Moreover, the eigenfunctions of the
spectral fractional Laplacian coincide with the eigenfunctions of the Dirichlet Laplacian, hence they are smooth
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up to the boundary if €2 is sufficiently regular; on the other hand, the eigenfunctions of the restricted fractional
Laplacian, defined by restricting the operator in (1.6) to act only on functions vanishing outside 2, are only
Holder continuous, see [24].

Within the functional setting introduced above, we can give the notion of weak solution to (1.1). To this
purpose, we assume that

he Whate(Q) (1.7)

for some ¢ € (0,1). We note that it is not restrictive to assume ¢ small. In view of (1.5), we say that a function
u € H*(Q) is a weak solution to (1.1) if

(u, @)=y = /Qh(:r)u(m)cﬁ(m) dz  for any ¢ € C°(9). (1.8)

The right hand side in (1.8) is finite in view of (1.7), the Holder’s inequality, and the following fractional Sobolev
inequality

[0l 2z ) < Kns [0l ey for any v € H§(9),

where

2N
2% = ——— 1.9
*T N =25 (1.9)

and K s > 0 is a positive constant depending only on N and s, see e.g. [11], Theorem 6.5 and [6], Remark 2.5
and Proposition B.1.

In order to establish a unique continuation property at a fixed point zy € 0f), we need to assume some
regularity on the boundary of {2 near xg; more precisely, we assume that there exist a radius R > 0 and a
function g such that

g€ CHY (RN R) (1.10)
and, up to rigid motions, letting x = (2, zy) € RV 7! x R,

0N By(zo) = {(a',zn) € Bi(zo) : zn = g(z')}, (1.11)
QN By(wo) = {(z/,2n) € Br(wo) : zn < g(a)}, (1.12)

where, for any r > 0 and z € RY,
Bl(z):={yeRY : |y —z| < r}. (1.13)

The spectral fractional Laplacian defined in (1.4) turns out to be a nonlocal operator on 2. As we intend to
use an approach based on local doubling inequalities, which are deduced from an Almgren-type monotonicity
formula in the spirit of [15], it is quite natural to deal with the local realization of the spectral fractional
Laplacian. This is obtained by the extension procedure described in [7] (see also [26] and [8]) which transforms
(1.1) into a singular or degenerate problem on a cylinder contained in a N + 1-dimensional space.

More precisely, we consider the half-space Rf“ := RY x (0,00), whose total variable is denoted as
z = (z,t) € RN x [0,00). For any open set E C RY x (0,00), let H'(E,t72%) be the completion of C*(E)
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with respect to the norm

1

161l 12y 7= ( [+ \v¢|2>dz)

By [18], Theorems 11.11, 11.2, Remarks 11.12-(iii) and the extension theorems for weighted Sobolev spaces with
weights in the Muckenhoupt’s Ay class proved in [9], for any open Lipschitz set £ C RY x (0, 00), the space
H'(E,t'7%%) can be characterized as

HY(E,t'7%) = {v € I/Vlicl(E) : /Etk%(v2 +|Vo?)dz < +oo} .
We define
Ca := Q2 x(0,400), 9LCq := 00 x [0,400), (1.14)
and
11-2s)

HE p(Co, t'72%) = ernmwm 7

i.e Hjp(Co,t'7%) is the closure in H'(Cq,t'"?%) of C*(Cq U Q). Furthermore there exists a linear and
continuous trace operator

Trq : Hy ,(Ca,t'™2%) — H*(Q) (1.15)

which is also onto (see [8], Prop. 2.1). Moreover, in [8] it is observed that, for every v € H*(Q2), the minimization
problem

min {/ 725 Vw(x, t)]? dxdt}
weH 1 (Ca,t'™>%) Ca

Tro(w)=v

has a unique minimizer H(v) = V € Hg ; (Ca, t1=2%) which solves

div(t=>VV) =0, in Cq,
Tro(V) = v, on Q x {0}, (1.16)
V=0, on 08 x [0,400), '

—limy g+ tl_QS%—‘; = ks,N(—A)°v, on Q x {0},

where ks n > 0 is a positive constant depending only on N and s. Equation (1.16) has to be interpreted in a
weak sense, that is

/ tH=2VV Vo dz = ke n(v, Tro(¢))ms(q) forall ¢ € H&L(CQ, 1729y,
Ca
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in view of (1.5). Hence, if v € H*(2) solves (1.1), then its extension H(u) =U € H&7L(Cg,t1_2s) weakly solves

div(t'=2°VU) = 0, in Cq,
Tro(U) = u, on 2 x {0}, (1.17)
U=0, on 09 x [0, +00),
—lim; o+ t1_25%—[t] = Kks,Nhu, on Q x {0},
according to (1.16), namely
/ t'=2VU - Vodz = HS,N/ huTro(¢)dz  for all ¢ € Hj (Co,t'—>*). (1.18)
Ca Q

The asymptotic behavior at zo € 9Q of any solution U of (1.17), and consequently of any solution u of (1.1),
turns out to be related to the eigenvalues of the following problem

—divg(0 ' VsY) = p0y 3 Y, on St
limg,,, 0+ O3 VsY v =0, on§, (1.19)

Y € Hyga (ST, 00 ),

where
S:={0=(0,0n,0n41) € RN |02 + 6% + 6?\”1 =1},
S+ = {6 = (9/’0N79N+1) S S : 0N+1 > O}’
S’ :=8St = {9 = (9/,9N79N+1) €S: 9N+1 = O}7
and v is the outer normal vector to ST on §/, that is v = —(0,...,0,1). We consider the weighted space

L*(ST, Hzlv_ff) = {\I! : ST — R measurable : / 9]1\,__,_218\1/2 ds < +oo} ,
S+

where dS denotes the volume element on N-dimensional spheres. In order to introduce the space H, gd 4(ST, H}V_ff )

where problem (1.19) is formulated, we first denote by H I(S‘*,H}fo) the completion of C°(S+) with respect
to the norm

1/2
”(ﬁHHl(S*,G}V’fl“) = (/S+ 011\7_+218(¢2 + |VS¢|2)dS> .
Then we define
Hgdd(SJrvezlvfis) ={Ve Hl(S+79}vff) S0, 0N, On 1) =~V (0, —ON,ON11)} (1.20)

It is easy to verify that Hlyy(ST,0) %) is a closed subspace of H'(S*,0.%).
A function Y € H} (ST, 9]1\,__315) is an eigenfunction of (1.19) if Y # 0 and

/ ON VsY - Vs dS:p/ ON YT dS (1.21)
S+ S+

for all ¥ € H(}dd(SJr’ 9]1\7_-}-213)
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By classical spectral theory, the set of the eigenvalues of problem (1.19) is an increasing and diverging sequence
of positive real numbers {im }men j03- In Appendix A we explicitly determine the sequence {fim }mem {0}
obtaining that, for all m € N'\ {0},

m? 4+ m(N — 2s), if N >1,
Lo = ) L (1.22)
2m—1)*+(2m —1)(N —2s), if N=1.
Let, for future reference,
Vin be the eigenspace of problem (1.19) associated to the eigenvalue i, (1.23)
M,,, be the dimension of V,,, (1.24)
{Yyur :m €N\ {0} and k € {1,..., M,,}} be an orthonormal basis of L*(S*, H}fo) (1.25)

such that {Y,, p: k=1,..., My} is a basis of V,,.

Remark 1.1. Let Y be an eigenfunction of (1.19) associated to the eigenvalue m? +m(N — 2s). Then Y cannot
vanish identically on S'.

Indeed, if Y =0 on §', the function V(rf) := r™Y () would solve div(t!=2*VV) = 0 on RY*', satisfying
both Neumann and Dirichlet boundary condition on RY x {0}. This would contradict the unique continuation
principle for elliptic equations with weights in the Muckenhoupt A, class, see [15], [27], and [23], Proposition 2.2.

The main result of the present paper is a complete classification of asymptotic blow-up profiles at a point
xg € 09 for solutions of (1.16) and, in turn, for the corresponding solutions of (1.1).

Theorem 1.2. Let N > 2s and Q C RN be a bounded Lipschitz domain. Let xo € 0 and assume that there
exist R > 0 and a function g satisfying (1.10), (1.11), and (1.12). Let u be a non-trivial solution of (1.1) in the
sense of (1.8), with h satisfying (1.7). Then there exists mo € N\ {0} (which is odd in the case N = 1) and an
eigenfunction Y of (1.19) associated to the eigenvalue m2 + mqo(N — 2s), such that

A"ou( Az + z0) — |z|™0Y (%,0) as A — 07 in H5(By),
T

where B} := B{(0) has been defined in (1.13), u is trivially extended to zero outside Q! as in (1.3), and

Y(G’,9N76N+1)7 zfﬂN <0,

) (1.26)
0, zf9N > 0.

Y(0,0n,0n11) = {

Unlike the analogous result for the restricted fractional Laplacian established in [10], the order of homogeneity
of limit profiles does not depend on s and it is always an integer. This is a consequence of the regularity of the
eigenfunctions of (1.19), see Appendix A for further details. In particular, the eigenfunctions of (1.19), after an
even reflection through the equator Ox41 = 0, turn out to be smooth thanks to [25], Theorem 1.1; therefore,
they are much more regular than the solutions of the corresponding problem on the half-sphere appearing in
[10] and presenting mixed boundary conditions, which are responsible for a lower regularity.

Theorem 1.2 is proved by passing to the trace in the following blow-up result for solutions of the extended
problem (1.17).

Theorem 1.3. Let N > 2s and Q0 C RN be a bounded Lipschitz domain. Let o € 0Q and assume that there
exist R > 0 and a function g satisfying (1.10), (1.11), and (1.12). Let U be a non-trivial solution to (1.17) in
the sense of (1.18), with h satisfying (1.7). Then there exist mg € N\ {0} (which is odd in the case N =1) and
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eigenfunction Y of (1.19), associated to the eigenvalue m2 4+ mqo(N — 2s), such that, letting zo = (2, 0),

z

AU Az 4 z9) = |2|™0Y ( > as A — 07 in HY(B],t7%), (1.27)

k1

where B = {z = (z,t) € RY x (0,+00) : |2| < 1} and U is trivially extended to zero outside Cq.

In Theorem 6.1 a more precise characterization of the function Y appearing in (1.26) and (1.27) is given, by
writing it as a linear combination of the eigenfunctions Y,,,  with coeflicients computed in (5.45).
From Remark 1.1, Theorem 1.2 and Theorem 1.3 we deduce the following unique continuation principles.

Corollary 1.4. Let N > 2s and Q C RY be a bounded Lipschitz domain. Let xo € 0 and assume that there
exist R > 0 and a function g satisfying (1.10), (1.11), and (1.12). Let u be a solution to (1.1) in the sense of
(1.8) and U be a solution to (1.17) in the sense of (1.18), with h satisfying (1.7).

(i) If u(z) = O (|x — x0l*) as & — xg for any k € N, then u =0 in €.
(it) If U(z) = O (|z — (0,0)[¥) as z — (0,0) for any k € N, then U =0 on Cq.

The paper is organized as follows. In Section 2 we fix some notation used throughout the paper and recall
some preliminary results concerning functional inequalities and trace operators. In Section 3 we apply the local
diffeomorphism introduced in [2], see also [10], Section 2, to write an equivalent formulation of problem (1.17)
on a domain with a straightened lateral boundary in a neighbourhood of zg, see (3.6). In Section 4 we study the
Almgren-type frequency function associated to the auxiliary problem (3.6) and prove its boundedness, which is
used in Section 5 to develop a blow-up analysis. Finally in Section 6 we prove our main results and in Appendix A
we compute the eigenvalues of problem (1.19).

2. NOTATIONS AND PRELIMINARIES

In this section we present some notation used throughout the paper and prove some preliminary results
concerning functional inequalities and trace operators.
For every r > 0, let

Bf:={z¢ Rf"’l 2| < 1} St.=1{z¢ Rif“ sz =1l
B.:={z eRY : |z| <7}, S i={zeRY :|z| =71}

For every r > 0 we define the space
— Il —2s
Hé S+(B;",t1_23) = C>(BfUB.) B ),

as the closure in H1(B;}F t172%) of O (B} U BY).

Remark 2.1. Since B;" C Bl x (0,+00), the trivial extension to 0 is a linear and continuous operator from

H(},Sﬁr (B:_,tl_%) to Hé,L(CB;,tl_QS).

Proposition 2.2. For every r > 0 there exists a linear and continuous trace operator
Tr: HY(B;},t'7%) — H*(B.)

such that the restriction of Tr to H'

0.5t (B;‘F7t172s)'

(B, t172%) coincides with the restriction of Trp, to Hé ot

In particular, for every r > 0,

TH(H) g (B, 6172)) C HY(B)).
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Proof. Thanks to Remark 2.1, the operator Trp: defined in (1.15) is well defined on H(isr (B}, t172%) and

TrB;‘(Hé S+(B,fr7t1*2s)) C H*(B!). Furthermore, as observed in [17], Proposition 2.1 and [5, 20], there exists a

linear, continuous trace operator Tr : HY(B;,t172%) — H*(B.). For every u € C°(B;* U B!), we have Tr(u) =

= Trp, (u). By density we conclude that Tr and Trp, are equal on H] . (B;F,t17%9). O

u|B/Tx{0} 0,8,

We observe that H(B} t172¢) ¢ WLL(B}), hence, denoting as Tr; the classical trace operator from
WLL(BF) to L'(S}), we can consider its restriction to H'(B;,t172%), still denoted as Try; from [22],
Theorem 19.7 and the Divergence Theorem one can easily deduce that, for any r > 0, such a restriction is
a linear, continuous trace operator

Try : HY(B;F,t17%) — L2(S;F,t17%) (2.1)
which is also compact. With a slight abuse of notation, from now on we will simply write v instead of Try(v)

on S;F.
We recall from [12], Lemma 2.6 the following Sobolev-type inequality with boundary terms.

Proposition 2.3. There exists a constant Sx.s > 0 such that, for all v >0 and v € HY(B;}F,+1729),

( | i dx> < Sn. ( /

where 2% is defined as in (1.9).

N -2
1725 Vo2 dz + i / 172892 dS> , (2.2)
+ 2r S

The following inequality will be used to obtain estimates on the Almgren frequency function.

Proposition 2.4. Let wy b% the N-dimensional Lebesque measure of the unit ball in RN. For any r > 0,
v € HY(B}F, t172%) and f € L=+2(B.) with € > 0, we have

N -2
/B/ fI Tr(v)|? dz < ny(r) (/B+ 1725 Vo)? dz + TS /s* 125y dS) , (2.3)
where
N(?\]Sig ) _4s2e
11(r) == Snawd T I, ey, T (2.4

Proof. By the Holder inequality
2 2 N(j*iif;) _4s%e
| T da < Iy 151, g gy R 75

Then (2.3) follows from (2.2). O

We also recall the following Hardy-type inequality with boundary terms from [12], Lemma 2.4.

Proposition 2.5. For any r > 0 and any v € H* (B, #1729)

N — 252 2 ’ N-2
s / =28 v(z)l dz < / A=2 (vy. 2 ) 4 + 5 / 172542 dS. (2.5)
2 Bf |22 Bf || 2r st
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The following Poincaré-type inequality directly follows from (2.5): for all > 0 and v € H'(B;\,#172%)

4r N —2s
1-2s, 2 1-25)7,,|2 1-2s,2
/B+t v sz(N—Qs)z (7"/B+t Vo] dz + 5 /5+t v dS). (2.6)

Remark 2.6. As a consequence of (2.6) and by continuity of the trace operator (2.1), for every r > 0

1/2
</ 172592 dS+/ t1_25|V1}|2dz)
St B

is an equivalent norm on H!(B;,¢1729).

3. STRAIGHTENING THE BOUNDARY
Let zp € 02, R > 0 and g satisfy (1.10), (1.11), and (1.12). Up to a suitable choice of the coordinate system,
it is not restrictive to assume that

We use the local diffeomorphism F' constructed in [10], Section 2 (see also [2]) to straighten the boundary of Cq
in a neighbourhood of 0; for the sake of clarity and completeness we summarize its properties in Propositions
3.1 and 3.2 below, referring to [10], Section 2 for their proofs. We consider the variable z = (y,t) € RY x [0, 00)

with y = (¢, y~n) = (y1,- -, yn). For future reference we define
Idy—1| 0 |0
My = 0 |—1[0 |, My:= ( Id]g* _01 ) , (3.1)
0 0|1

where Idy_; is the identity (N — 1) x (N — 1) matrix.
Proposition 3.1 ([10], Sect. 2). There evist F = (Fy,..., Fxy1) € CHYRNTLRN*Y) and ry > 0 such that
F|B : B;, — F(B,,) is a diffeomorphism of class C'1,
L)
F(y',0,0)= (4, 9(y),0) forally € RN,
Fx(y' yn,t) =yn +9(y')  for all (', yn,t) €RV I xR xR,

Fyxii(y,t) =t, forall (y,t) € RN xR,
aly,t) :=det Jp(y,t) >0 in By,

and

F{(y,yn,t) € B} - yy = 0}) = d.Ca N F(B}), (3.2)
F{(,yn.t) € B :yn < 0}) =CoNF(B)),

where 0L.Cq is defined in (1.14) and Jp(y,t) is the Jacobian matriz of F. Furthermore the following properties
hold:

i) Jp depends only on the variable y and

Jr(,yn) = Jr(y) = Idnt1 + O(ly|)  as |y| — 07,
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where Idn41 denotes the identity (N 4+ 1) x (N + 1) matriz and O(|y|) denotes a matriz with all entries
being O(ly|) as ly| — 0F;

i) a(y) =det Jp(y) = 1+ O(ly'[*) + O(yn) as |y'| = 0" and yy — 0;

. 9F; _ OFN41 . OFN4+1 _
i) B = "oy, =0 foranyi=1,...,N and =357 = 1.

For every r > 0, let
Q- :={(y,yn,t) € Bf 1yn <0}, (3.4)

so that F(Qy,) = Co N F(B;) in view of (3.3). If U € Hy 1 (Cq,t'~?*) solves (1.17), then the function

W=UoF € H(Q,,,t'"™%) (3.5)
is a weak solution to
div(t' =2 AVW) = 0, in Q,,, (3.6)
—limy_, o+ tl_zsa%—vf = ks, nhW, on Q. '

where Q! := {(y',yn) € B : ynv <0} for all » > 0, A = A(y) is the (N + 1) x (N + 1) matrix-valued function
given by

A(y) :== (Jp(y)  (Jr(y) ") |detJp(y)],

and
h(y) = a(y)h(F(y,0)). (3.7)
As observed in [10], Section 2, A has C%! entries (aij)jvjill and can be written as
D yn)| 0 >
Aly) = Al = ’ , 3.8
)= 407 w) = (PGP (5)
with
Idy-_1 +O(|y'|*) + Oyn) | Olyn) )
D(y, = 3.9
o) = Olyn) [T 00+ 0lm) (39)

where Idy_1 is the identity (N — 1) x (N — 1) matrix, O(yy) and O(]y’|?) denote blocks of matrices with all
elements being O(yy) as yy — 0 and O(|y'[?) as |y’| — 0 respectively. In particular, in view of (3.8)-(3.9) we
have

an;(y,0)=a;jn(y’,0)=0 forallj=1,...,N—1. (3.10)

Having in mind to reflect our problem through the hyperplane yny = 0, we define

~ / i <

Ay yn) = )
( ) MNA(Y', —yn)Mny, if yn >0,
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5 Dy, yn), if yn <0,
D(y,yn) == (, N/) LN (3.12)
MND(y7_yN)MN7 lny>07
with My, M}, as in (3.1), and
~ a(ylv yN)? if yn < 0,
a(y/,yN) = {a(y/ ), if gy >0 (3.13)

where a(y) = det Jp(y). We observe that the Lipschitz continuity of A and (3.10) imply that the entries of A
are of class C%'. Furthermore, A is symmetric and, possibly choosing ry smaller from the beginning,

T0o?

~ 1 ~ _
[A@W) | cgv+1 grvery <2 and 5\z|2 < A(y)z-2z <2z* forall z e RNTL 4 € B (3.14)

where ||| £(rN+1 gy+1y denotes the operator norm on the space of bounded linear operators from RV*! into
itself. We also observe that (3.8)-(3.9) imply the expansion

Aly) =Tdn1+O0(|yl) as |yl — 0*. (3.15)

Letting A and D be as in (3.11)—(3.12), we define

Aly)z - A —
u(z) == (Lz;z and f(z) = )z for every z = (y,t) € B;f, \ {0}, (3.16)
|2l p(z)
and
D(y)y =
B (y) = for every y € B . 3.17
W)= 200 Yy € B, (3.17)
Forevery z = (z1,...,2zn+1) € RNl and y € B, dA(y)2= is defined as the vector of RN+ with i-th component
given by
plagyon
hok=1 02

where (ak,h)kN,;T:ll are the entries of the matrix A in (3.11).

Proposition 3.2. Let u, 8, and 3’ be as in (3.16)—(3.17). Then, possibly choosing ro smaller from the beginning,
we have

<u(z) <2 forany z € B, \ {0}, (3.19)
wz)=1+0(z]), Vu(z)=0(1) as|z|—>0". (3.20)

N =

Moreover 8 and ' are well-defined and

B(z) = 2+ 0(2*) = O(|z]) as |2| — 07, (3.21)

T5(2) = A(y) + O(2]) = Tdn+1+0(|2]),  div(8)(z) = N +1+0(lz]) as|z| - 0%, (3.22)
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B'(y) =y +0(lyl*) = Olyl), div(8)(y) =N+O0(lyl) as |yl — 0" (3.23)
Proof. (3.19) easily follows from (3.14). We refer to [10], Lemma 2.1 for the proof of (3.20). As a direct con-
sequence, f and S’ are well-defined. From (3.21) and (3.22), whose proof is contained in [10], Lemma 2.2, we

derive (3.23), after noting that 8’ coincides with the first N-components of the vector 3. O

Remark 3.3. From the Lipschitz continuity of A observed above and Proposition 3.2 we have

~ 1
A e cOY(BE RNV e COY(BE), e COY(B}), B e CON B RNT) (3.24)
g € L2(B) ROV div(B) € L(B),), 8 € L*(B,,, RY), div(8') € L®(B},).
Remark 3.4. If v € Hj ;(Cq,t' %), then (vo F)\QT0 € HY(Q,,,t'72%) by Proposition 3.1, and
voF)(2)=0 forany z € {(¢ t)eEB yn =0 3.25
y Y,YN, ro YN

in view of (3.2). Equality (3.25) is meant in the sense of the classical theory of traces for Sobolev spaces; this
is possible thanks to the fact that H(E,t'72%) C W!(E) for any bounded open set E C RY x (0, 00).

If W is a solution to (3.6), let W be defined as follows

(3.26)

— W (y' t if (v’ t) €
W(y’,yN,t) — (yvva )) 1 (y:yN: ) QT‘(H
_W(y/7 _yNat)a if (y/7yN7t) € B?’-"(—) and YN > 0.

For the sake of convenience we will still denote W with W. Letting h be defined in (3.7), we also consider the
following function

~ h(y' yn),  if (v yn) € Q. ,
hy', yn) = 7(y/ uw) . (y/ un) )0 (3.27)
hy',—yn), if (¥ yn) € B}, and yy > 0.
It is easy to verify that W € H' (B} ,t'~2%) thanks to Remark 3.4 and
~ Ly
heWha*e(B] ) (3.28)
thanks to (1.7), (3.7) and Proposition 3.1. Furthermore W weakly solves
div(t*2sAVW) = 0, on B}, (3.20)
—limy_, o+ t1*255¢66—vf = &syNiNz Tr(W), on B;, ’
with & defined in (3.13), & in (3.27) and A in (3.11), namely
/ 2 AVW - Vo dz = /.;S,N/ RTe(W) Te(¢)dy for all ¢ € HY . (B, 117%). (3.30)
B, By, o

Thanks to Proposition 2.2, (3.28) and the Holder inequality, the second member of (3.30) is well-defined.



14 A. DE LUCA ET AL.

Remark 3.5. In [14], Theorem 2.1, it is proved that, if W € Hl(Bj;,tl_Qs) is a weak solution to (3.30) with
A and h satisfying (3.8), (3.11), (3.24), (3.19), (3.28), then

oW
V.W € H (B}, t'7%) and ltl—ZSW € H' (B, t*h) (3.31)

for all r € (0, 7). Furthermore

tl—?s

IVaW i1 (g 1oy + < ClW e gy, 1)

ow H
ot Hl(B,fT,tZS*l)

for a positive constant C' > 0 depending only on N, s, 7, 7o, ”h”WL%(B;O)’ ”A”WLDC(B,,J%,R(NJrUQ) (but

independent of W).

Remark 3.6. If W € HY(B;,#1729) is a weak solution to (3.30), the regularity result (3.31) and (2.1) ensure

o)

that, for all ¢ € HY(B;,t'725) and r € (0,7¢), t'~25 Try (DV,W - ) Try ¢ € L*(S;F); moreover the function

T0?

r [ t'723(DVW - 2)¢dS
st

is continuous in (0,7¢). Furthermore, since t1=2°9W ¢ HY (B, 12*71) for all r € (0,79) by (3.31), for all

¢ € HY(B},t172%) and r € (0,10) we also have t'=2*a2¥ ¢t € WLI(B;), so that Try (£ =2 a9V tg) € L1(S});
moreover the function

oW
7 / ti=25a—tpdS
i ot
is continuous in (0, 7). We conclude that, for all ¢ € H'(B;},¢'72%), the function
1—-2s( A 1-2s5/7) 172s~aW
2 AV - 2)p = 172 (DV,W - 2)o + ¢ G to
has a trace on S} for all r € (0,79) and the function

r [ tUE(AVW - 2)¢dS
st

is continuous in (0, 7).
The following result provides an integration by parts formula which will be useful in Section 5.

Proposition 3.7. Let W be a weak solution to (3.29). For all v € (0,70) and ¢ € H*(B;",t1729)

707

~ 1 ~ ~
/ =25 AVW - Vo dz = 7/ 2 (AVW - 2)pdS + ke n [ hTe(W) Tr(¢) da. (3.32)
B} rJst By



STRONG UNIQUE CONTINUATION FROM THE BOUNDARY FOR THE SPECTRAL FRACTIONAL LAPLACIAN 15

Proof. By density it is enough to prove (3.32) for ¢ € C* (Bi;:) Let r € (0,79). For every n € N, let

1, if 0<[z]<r—1,
M (2) == < n(r—|z|), if r— % <|z| <y
0, it |z >

Testing (3.30) with ¢n,, and passing to the limit as n — oo, we obtain (3.32) thanks to the integral mean value
theorem and Remark 3.6. O

Remark 3.8. For all r € (0,7¢] and any v € HY(B},t172%), thanks to (2.3), (3.14) and (3.19),

/ t1723|Vv|2dz < 2/ 2 AVy - Vo dz — 2HN,5/ ﬁl rH(U”2 da
B Bf B

’
s

N -2
+ 26,575, (T) / t1_25|V1}|2 dz + 5 / 172502 dS ) .
’ B r st

_1
26N,s’

Therefore, if n; (r) <

9 ~ ~
/ t1725|VU|2 e ——— = / t'1=25 AV - Vodz — KN,s / h| TY(U)|2 dx
Bt 1= 2kn,sm;(r) \ Bt B;

2(N —2 s!lp
( DA / 172502 5. (3.33)
s

+ (1 —26Nsm5, ()T

4. THE MONOTONICITY FORMULA

Let W be a non-trivial weak solution of (3.29). For any r € (0,79] we define the height function and the
energy function as

1 1-2s 2
1 o+ ~
D(r) = —x—5; (/B+ 12 AVW-VWdz—nN,S/B, h| TrW2dx> , (4.2)

respectively. Eventually choosing 7 smaller from the beginning, we may assume that

0y (r) < for all r € (0,7], (4.3)

4/€N,s

so that (3.33) holds for every r € (0,7¢].

Proposition 4.1. Let H and D be as in (4.1) and (4.2). Then H € WL ((0,70)) and

2 w
H'(r) = m/ tl‘”uW% dS+H(r)O(1) asr—0* (4.4)
r St v
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in the sense of distributions and almost everywhere, where v is the outer normal vector to B on S, i.e
v(z) = ﬁ Moreover, almost everywhere we have

H'(r) = ’I“JV‘F% Li 2B (AVW - )W AS + H(r)O(1)  asr — 0 (4.5)

and
H'(r) = %D(T) + H(r)O(1) asr—0%. (4.6)
Proof. The proof is similar to that of [10], Lemma 3.1 thus we omit it. O

Proposition 4.2. We have H(r) > 0 for every r € (0,ro].

Proof. Let us assume by contradiction that there exists r € (0,7¢] such that H(r) = 0. Then, from (4.1) and
(3.19) we deduce that W =0 on S;F. Thus we can test (3.30) with W, obtaining that

0 =/ AV - VW dz — HN,S/ b Te(W)|? dz
Bt B!
1 2
> 5 KN,sT5(T) ”vaLZ(Bi’,tl*zs) )

thanks to (3.33). Then, by (4.3) we can conclude that W = 0 on B;f; this implies that W = 0 on B, by classical
unique continuation principles for second order elliptic operators with Lipschitz coefficients (see e.g. [15]), giving
rise to a contradiction. O

The following proposition contains a Pohozaev-type identity for problem (3.29). For its proof we refer to [14],
Proposition 2.3, where a more general version is established exploiting some Sobolev-type regularity results.

Proposition 4.3 ([14], Prop. 2.3). Let W be a weak solution to equation (3.29). Then, for a.e. r € (0,79),

/S+ =2 AVW - VW dS — /-;N,S/S h| Te(W)|? dS’ (4.7)

’
T

A . pl2 -~ -~
:Q/S+ tHsVNIZ d dS—KN’S/B (divy (8 + 8 - V)| Te(W)|? dy

r

1 ~ 2 ~

+f/ tlf%AVW-VWdiv(ﬂ)dsz/ 2 J5(AVW) - VIV dz

T JBt T JBF

1—2s
T

1 ~ & ~
+ f/ 2 dAVW VW) - Bdz + / 2L AW . YW d,
T JBF B ©

where p and B are defined in (3.16), & in (3.13), B’ in (3.17), v is the outer normal vector to B;F on S, i.e
v(z) = iy and dS’" denotes the volume element on (N — 1)-dimensional spheres.

Remark 4.4. As in Remark 3.6, by the Coarea Formula we have

/i

o T (W) ? dar = / ( [ |hTr<W>2dS'> dp,
0 P

’
70
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hence p — [, h| Tr(W)|2dS’ is a well-defined L'(0,ro)-function, as a consequence of (3.28), (2.2) and the
Holder inequality.

Proposition 4.5. Let D be as in (4.2). Then D € W51 ((0,70]) and

AV -v|? 4s2¢
D’(r):2r28*N/ t1*257| VIZ d dS+O(r*1+m> {D(r” 5 H(r) (4.8)

Sk
as r — 0%, in the sense of distributions and almost everywhere.

Proof. By the Coarea Formula D € Wli)’cl(((), 70]) and

D'(r) = (25 — N)r2s—N-1 </ 2 AVW - VW dz — /iN,s/ 71‘ Te(W)[? dx)
B B,

42N ( / HBAVW - VW AS — ki, / ETY(W)ZdS’> (4.9)
Chs S

’
I

a.e. and in the sense of distributions in (0, 7). Using (4.7) to estimate the second term on the right hand side

of (4.9), for a.e. r € (0,79) we have

D'(r) =(2s — N)r2s=N-1 </ 2 AVW - VW dz — HN7S/ h| Tr(W)de> (4.10)
B B!,

+T25_N 2/ t1—25|AVW | V|2 ds — KN,s /
S;F H T JB

e (3/ =25 AVW - VW div(f) dz — 2/ t1—25Jﬁ(ZVW)-VWdz)
B B

r r

42N (3/ 12 AAVIVYIV) - Bdz + 28/ =22 Ayw VWdz) .
B r Bt 12

(divy (8)h+ B’ - VI)| Te(W)[? dy)

r
.

Furthermore, thanks to point ii) of Proposition 3.1, (3.13), (3.14), (3.19), (3.20), (3.21), (3.22), and (3.33), we
deduce that

rQS*Nfl/Bf*?S [(23 — N +div(8) + (1— 25)%) AV - VW — 2J5(AVIV) - VW} dz (4.11)

T

+r25_N_1/ t1-28(dﬁvwvvv)-,de:O(r)TZS—N—l/ 12| VW2 dz
B B

N —2s
2

=0(1) {D(r) + H(r)} asr — 0%,

where we used also the fact that dA VW VW = O(1)|[VW|2 as r — 0% by (3.18) and (3.24).
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In addition, recalling that i € Wl’%“'g(B;.l), from (2.3), (2.4), (3.24) and (3.33) it follows that

~ ~ s2c N -2
rQS*N’l/ (25 — N + div,(8)h + 8 - VA]| Te(W)[2dz = O (r—l+w“+zss) {D(r) + = “H)| (4.12)
B!
as r — 07. Combining (4.10), (4.11) and (4.12), we obtain (4.8). O
For every r € (0,r9] we define the frequency function
D(r)
= . 4.13
N0 = 303 (1.13)
Definition (4.13) is well-posed thanks to Proposition 4.2.
Proposition 4.6. We have N € W, ((0,70]) and
N -2
N(r) > —TS for every r € (0,7q)]. (4.14)
Furthermore, if v(z) := é is the outer normal vector to B;Y on S and

) (S 1722uw2 a8 ) (fg 01200 ag) — ([ -2 WAV - z/dS)2

V(r) == (fst 202 dS) 2

)

then
V(r) >0 forae. 1€ (0,r) (4.15)
and, for a.e. r € (0,rg),

N — 2s
2

452

N'(r) = V(r) = O (7135 {N(T) N

} asr — 0T, (4.16)

Proof. Since D € W ((0,70]) and + € WL1((0,79]) by Proposition 4.1 and Proposition 4.2, then

loc loc

N e WE((0,7]). Furthermore we recall that (3.33) holds for every r € (0, 7], thus

loc
N(r) > —kns(N = 28)n; (1), (4.17)

for every r € (0,79] and, in virtue of this, (4.14) directly follows from (4.3). Moreover (4.15) is a consequence of
the Cauchy-Schwarz inequality in L2(S;F,t172%). From (4.5), (4.6) and (4.8) we deduce that

D'(r)H(r) — D(r)H'(r) _ D'(r)H(r) — 5(H'(r))> + O(r)H(r)H'(r)
(H(r))? (H(r))?

= V() + O(r) + O(r— 1+ %) {N’(r) N 5 23]

N'(r) = (4.18)

O(r—Nt2s) 1-2s
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as r — 07. In order to deal with the last term in (4.18), we observe that, for a.e. r € (0,79),
/ B (AVW - )W dS = rN72ED(r) + H(r)O(rNT172%) asr — 07,
St

in virtue of (4.5) and (4.6). Thus, substituting into (4.18), we conclude that

N —2s

N(r) = V(r) + O(r~ '+ 5352) {./\/'(r) +

} as T — 07,

where we have used that 222 < 1 since ¢ € (0,1) and N > 2s. Estimate (4.16) is thereby proved.

N+2se

Proposition 4.7. There exists a constant C > 0 such that, for every r € (0,7¢],
N(r)<C.
Proof. From (4.15) and (4.16) we deduce that there exists a constant ¢ > 0 such that

N —2s

(N(r)+ 5 )z,crflm“i—i; <N(r)+N_25

> for a.e. r € (0,71),

19

(4.19)

(4.20)

for some 71 € (0, rg) sufficiently small. Hence, thanks to (4.14), we are allowed to divide each member of (4.20)

by N(r) + ¥522 obtaining that

N —2s\Y’
(log (N(T) + 5 s>) > —cr HNDE  forae. r € (0,71).
Then, integrating over (r,r1) with r < r1, we have

N -2 N +2 as?e N -2
N(r) < - 5 i + exp (c :T;Er{”z“> (./\/(7“1) + 5 S> for every r € (0,71),

which proves (4.19), taking into account the continuity of N in (0, 7¢].

Proposition 4.8. There exists the limit

7= lim N (r).

r—0+

Moreover v is finite and v > 0.
Proof. Combining (4.19) and (4.20), we infer that

/
(N(T) + al ; 28) > et RE <C’+ N;28>

for a.e. r € (0,71), hence

N -2 N—-2 N +2 2\
( 3 8+N(7’)+c< 3 S—i—C) %rl\?ﬁss) >0 forae. re(0,m).

(4.21)

(4.22)
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From this, it follows in particular that the limit v in (4.21) exists. Moreover, by (4.14) and (4.19) + is finite,

whereas (4.17) implies that v > 0.

Proposition 4.9. There exist co,¢ > 0 and 7 € (0,70) such that
H(r) <cor®  for all v € (0,70]
and
H(Rr) < R°H(r) forallR>1andr € (0, %].
Furthermore, for any o > 0 there exists a constant ¢, > 0 such that
H(r) > c,r®77  for all v € (0, 7).

Proof. By (4.21) we have N'(r) =~ + [; N”(t) dt; hence from (4.6) it follows that

= %N(r) +0(1) = %/TN’(t)dtJr 277 +0(1).

From (4.22) and up to choosing r1 smaller, it follows that, for a.e. r € (0,71),

/
H (T) > 7/§;r71+l\;lj—2225 + Zl

H(r) — r

for some positive constant x > 0. Then an integration over (r,r1) yields

H(Tl) N + 2se 4s%e 4s2¢ 71 2y
1 > el T N+2se N+2se 1 (7)
8 < H(r) ) — rs2e \1 " +log r

and thus

H N 2 4s2e
H(r) < () exp </~€44—;88€'va+2“> 2

for all » € (0,71], thus implying (4.23) thanks to the continuity of H in (0, o).
To prove (4.24), we observe that (4.26) and (4.19) imply that, for some 7 € (0,r9) and ¢ > 0,

H'(r)
H(r) —

for all r € (0,7),

S ol

whose integration over (r,rR) directly gives (4.24).
In view of Proposition 4.8, for any o > 0 there exists 7, € (0, 7] such that

2 2v+o

for all 7 € (0,75].

Integrating over (r,7,) and recalling that H is continuous in (0, ro], we deduce (4.25).

Proposition 4.10. There exists the limit lim,_,o+ r~2YH(r) and it is finite.

O

(4.23)

(4.24)

(4.25)

(4.26)
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Proof. By (4.23) it is sufficient to show that the limit does exist. In view of (4.6) we have

() = ZHOL =2 HO) gyt D) — 4 () + - OH ()

=2 H(r) (N(r) — v + 70(1))
22t ([ o vl aes [ v acs o)

as r — 07, Integrating over (r,7) with 7 € (0,7¢) small, we obtain that

f{(f) _HD _/ 2027 H(p) (/OPV(t) dt) dp (4.27)

727 727

+ [ oo 20w ([ o - vl )| an

Letting
F(0) o= 20 H(p)O(1) + 20~ H(p) ( / "W - v dt) ,

from (4.16), (4.19) and (4.23) it follows that f € L'(0,7) and hence there exists the limit

r—0+

lim /:f(p) dp = /OT f(p)dp < +oo.

On the other hand, in view of (4.15), there exists the limit

lim 7:2p*27*1H(p) </OPV(t) dt> dp.

r—0t J,.
Therefore we can conclude thanks to (4.27). O

5. THE BLOW-UP ANALYSIS

In the present section, we aim to classify the possible vanishing orders of solutions to (3.29). To this purpose,
let W be a non-trivial weak solution to (3.29) and H be defined in (4.1). For any A € (0,7¢], we consider the
function

VAz) = . (5.1)

It is easy to verify that V> weakly solves

{div(tleg()v)VV’\) on B\ .,

— limy_, o+ 151’25&(/\-)8(%A = Ko NAZR(A) Tr(V2),  on B y-1

0,
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where we have defined & in (3.13). It follows that, for any A € (0, 7],
/ 2 AN)VV - Vodz — KS,NVS/ h(A) Te(V*) Tr(¢) dy = 0 (5.2)
Bt By
for every ¢ € Hé o+ (B, t'72%). Furthermore by (4.1) and (5.1)
Hiag ¥

/ ONZN)|[VAO)[PdS =1 for any A € (0, 7). (5.3)
S+

Proposition 5.1. For every R > 1, the family of functions {V* : X € (0, %]} is bounded in H' (B, ¢'72%).
Proof. By (3.33) and (4.24), for all X € (0, ] with 7 as in Lemma 4.9, we have

1-2 A2 AZN 1-2 2 A*NRe 1-2 2
P2 TV Az = / i dzgi/ 125 V2 dz
/B; HQA) Jpt, H(AR) Jpt,
QRETN—2s 2(N = 2s) RN =25y om; (AR)

NAR) +

1 — )
= 1 - 2kn 415 (AR) 1 — 26,577, (AR)

which, together with (4.3) and (4.19), allows us to deduce that {VV*: X € (0, %]} is uniformly bounded in
L?(B},t172%). On the other hand, (3.19), a scaling argument, and (4.24) imply that

/ #1725 VA 2dS = ATN—v2s / A-2577248 < 2RN+1723H(R>‘) < 9RN+1-2s+c
. HON) g = H(\) — ’
SR SR)\

so that the claim follows from (2.6). O
Proposition 5.2. Let W be a non-trivial weak solution to (3.29). Let v be as in Proposition 4.8. There exists
mo € N\ {0} (which is odd in the case N =1) such that

7 = mo. (5.4)

Furthermore, for any sequence {\,} such that A\, — 0 as n — oo, there emist a subsequence {\,,} and
an eigenfunction U of problem (1.19) associated with the eigenvalue ji,, = m3 + mo(N — 2s) such that
H\IIHLQ(S*,@}V;%S) =1 and

W (An,2) .

z
2P0 (=) ask — +oo  strongly in H*(B],t17%). 5.5
et e () gly in BB 12) (55)

K

Proof. Let W be a non-trivial weak solution to (3.29) and {)\,} be a sequence such that A, — 07 as n — +oo0.
Thanks to Proposition 5.1, there exist a subsequence {\,,} and V € H*(B;,t'~2%) such that

VA~V weakly in HY(Bf,t'7%%) as k — +o0. (5.6)

For sufficiently large k we have \,, € (0,7¢) and thus Bj" C Bjn//\ , hence from (5.2) we deduce that
nk

/B+ 1172 A\, ) VV -V dz = Ko, NAZ /B/ R(An, ) Te(V %) Tr() dy (5.7)

1
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for every ¢ € HS S+(Bf',t1*25). In order to study what happens as k — +o00, we notice that the term on the
1

left hand side of (5.7) can be rewritten as follows
/ 172 A\, ) VV M - Vdz (5.8)
B

:/ tl_QS(g(Ank-)—IdN+1)VV)‘”k-V¢dz+/ =2V - Ve dz.
B} Bf

Therefore, in view of (3.15), Proposition 5.1 and (5.6), we conclude that

lim 1725 A\, ) VV M - Vpdz = / tH=2VV . Vodz. (5.9)
k—+o0 B;r ) B;r
As for the right hand side in (5.7), we have
8% [ R T Tro) dy (5.10)

: N-2
< X ia,, (1) ( / t1‘25|V¢2dy) ( [ ammwrmpde s S0 %fflVWdS>
e B B 2 st

thanks to Holder’s inequality and (2.3). By (2.4) and the change of variable z — A, x, we obtain that

1
2

(5.11)

k

4s2¢ .
N, (D) = Sxsoy ™ TN B 2

452¢ -
N(N+2se) HhH
Nk

= Shawy LA (B, )

Putting together (5.10) and (5.11), thanks to Proposition 5.1, (5.3), and (3.19) we infer that

lim Ai‘z/ h(An,-) Te(VA) Tr(¢) dy = 0. (5.12)
k—+o00 Bi

Passing to the limit as kK — 400 in (5.7) we conclude that V' weakly solves the following problem:

{div(t1_2SVV) =0, inBf, (513)

limy_, o+ tl_zs%—‘; =0, on Bj.

In particular V is smooth on Bf' and V # 0 since, by (3.20), (5.6) and the compactness of the trace operator
n (2.1), (5.3) leads to

/S X ON3V?dS = 1. (5.14)

Now we aim to show that, along a further subsequence,

VX 5V strongly in HY (B, t172%) as k — +oo. (5.15)
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To this purpose, we first notice that a change of variables in (3.32) yields

/B+ 172 A\, ) VV e -V dz — /S+ ONZ AN, )YV e - 26 dS

— % [ FOw ) T (@) dy - (5.16)
B/

1

for any ¢ € HY(B;",t172%) and k sufficiently large.
From Proposition 5.1 and the regularity result contained in [14], Theorem 2.1 and recalled in Remark 3.5,
An
it follows that {V,V*} and {Try (tl_Qsavaitk)} are uniformly bounded in k in the spaces H(B;,t172%)
and HY(Bj,t**~!) respectively. Then, by the continuity of the trace operator Try from HY(Bi,t!=%)
to L2(ST,05 %) and from H'(BY,t**7!) to L*(S*,6%;]), we have that {Tri(V,V*w)} is bounded in
(L2(S+,05°%))" and { Try (#1722 2% ") 1 §s bounded in L(S*, 6% }). Therefore

2

61—25 av/\”k dS

N+1 ot

[oxzmvpas= [ ovmwapass [ o
S+ S+ S+

is bounded uniformly with respect to k. Taking into account (3.15), it follows that there exists f € L?(S+, 911\1_4-215 )
such that, up to a further subsequence,

ANy )YV -z — f - weakly in L*(ST,03.%) as k — +oc. (5.17)

Thus by (5.9) and after proving (5.12) when ¢ € H'(B;",t'72%) with the same argument (i.e. combining (2.3)
with (5.11)), passing to the limit as k — +oo in (5.16) we obtain that

/ t1*28vv-v¢dz:/ ON S fodS (5.18)
By S+

for any ¢ € H(B;,t'72%). Furthermore, by (5.17), combined with (5.6) and compactness of the trace operator
in (2.1), we have

lim 2 AN, )VVA 2 VA dS = [ #1725 fV dS. (5.19)

k—+o0o Jg+ S+

Hence, testing (5.16) with V*n» itself, taking into account (5.19), using (5.12) with ¢ = V*»+, and passing to
the limit as £ — +o00, we deduce that

lim 25 ANy, ) VYA - VYA dz = / 25 fV dS,

k—+o00 Bl+ S+

which, by (5.18) tested with V, implies that

lim 72 AN, )V VA YV A dz = /

k—+o0 Bi%— B

2| VV 2dz. (5.20)
.

1
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Writing the left hand side in (5.20) as in (5.8), by (3.15) and Proposition 5.1 we infer that

lim t1*25|vvm|2dz=/ 725 | VYV 2dz.
k—+oc0 Brr Bfr

This convergence, together with (5.6), allows us to conclude that VV*» — VV in L?(Bj", t'72%). In conclusion,
combining this with the compactness of the trace operator given in (2.1), (5.15) easily follows from Remark 2.6.
For any r € (0,1] and k € N we define

1

Hy(r) = TNTIoZs /S+ 12 (o) [V A2 dS,

1 —2s 4 s 7
D) = sy ([, £ A TV TVt [ RO ).

8
and

| N 1 _
Hy (1) ;:mL 173Y2dS, Dy(r) = m/w 2|9V de.

By Proposition 4.2 in the case h = 0, A = Idy41 and p = 1, it is clear that Hy (r) > 0 for any r € (0,1]. Thus
the frequency function

__ Dy(r)

Nv(r) = Hv(’r’)

r € (0,1]

is well defined. Furthermore by (4.21), (5.15), a change of variables, and a combination of (2.3) and (5.11), we
have

L o Dy(r)
V= kETOON()\nkr) = kgrfoo ACH Ny (r)  for any r € (0,1] (5.21)

and hence N7, () = 0 for a.e. r € (0,1]. Arguing as in Proposition 4.6 in the case h = 0, A = Idy1 and p = 1,
we can prove that

N () — gy L 17EV2S) ([ 2719V w2 4S) = (J #7HVITV ) as)’
v\r)=ar

(Jor 0-2ov2as)’

Therefore we conclude that

2
(/ t1_2SV2dS> (/ t1—2S|VV~u|’~’dS>:</ tl_QSV(VVw)dS) ae.r€(0,1)
st Chs Chy

where v = %, i.e. equality holds in the Cauchy-Schwartz inequality for the vectors V and VV - v in L2(SF, t172%)

M7
for a.e. 7 € (0,1). It follows that in polar coordinates

({;—‘:(rﬁ) = p(r)V(rf) for a.e. r € (0,1) and for any § € ST, (5.22)
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for some function r — p(r). By (5.22) we have

/ST+ P2V (VY - 1) dS = p(r)/

t1=2524ds. (5.23)
St

In the case h =0, A = Idyy1 and p =1, (4.4) boils down to H{, = W% fs:f tlfstaa—‘g dS, since the pertur-
bative term involves Vy, which now trivially equals 0. From this and (5.23) we deduce that p(r) = 2}12‘;(8). At

this point, we exploit (4.6) which, in the case h=0 A= Idyy1 and g = 1, becomes Hy, (1) = %Dv(r) and thus
implies

1
plr) = Ny (r) =7,
where we used also (5.21). Then an integration over (r,1) of (5.22) for any fixed § € St yields
V(rd) = r"V(0) =" ¥(9) for any (r,0) € (0,1] x ST, (5.24)
where ¥ := Vg, . In view of [12], Lemma 2.1, (5.13) becomes
YN =25+ )r 2O EW(0) + 12 divg (03 Ve U (0)) =0

for any (r,6) € (0,1] x ST, together with the boundary condition limg, ,, o+ 9]1\,1215 Vs¥-v=0onS. Since V*
is odd with respect to yny for any A € (0,7¢] by (5.1) and (3.26), then also V' is odd with respect to yn, so that
LS Hgdd(SJr,é?JlV_ff). By (5.24) and (5.14) we have ‘|W||L2(S+a9}v12f) =1, so that ¥ # 0 is an eigenfunction of
problem (1.19) associated to the eigenvalue v(y + N — 2s). From (1.22) it follows that there exists my € N\ {0}
(which is odd in the case N = 1) such that v(y + N — 2s) = mg(mo + N — 2s). Therefore, since v > 0 by
Proposition 4.8, we conclude that v = mg thus proving (5.4). Moreover (5.5) follows from (5.15) and (5.24). O

In Proposition 4.10, we have shown that there exists the limit limy_,o+ A™2YH()) and it is non-negative. Now
we prove that limy_,g+ A™2YH(\) > 0.
To this end we define, for every A € (0,ro], m € N\ {0}, k € {1,..., M.},

Omr(\) = /S X ON W (AO) Y5 1:(0) dS, (5.25)

i. {@mx(A)}mr are the Fourier coefficients of W(A:) with respect to the orthonormal basis {Y, k}m.k
introduced in (1.25). For every A € (0,79], m € N\ {0}, k € {1,..., M,,}, we also define

- 1
Tour(A) = — /B+ 2 (A = ) VW - 1 Vs¥ () d2 (5.26)
A

+/ #1725(A — Tdy 1) VIV - =
=N

+K?N7S/B E(y) Tr(W) Tr (Ymk(%)) dy,

’
A

where Idn 41 is the identity (N + 1) x (N + 1) matrix.
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Proposition 5.3. Let v be as in (4.21) and let mg € N\ {0} be such that v = mg according to Proposition 5.2.
For every k € {1,..., My, } and r € (0,7¢]

Om k(r) mOT—2m0—N+25 /r .
m ) = \™o 0, mo Tm d
o 0) = Am (£ 1) B0 it 0)

mg+ N — 2s
2mg + N — 2s

r s2e
+ \mo / p_mn_N_1+25Tm0,k(P) dp +0 ()\moJr 1\;1+255) (527)
A

as A — 0t.

Proof. Let k € {1,...,Mp,,} and ¢ € D(0,79). Testing (3.30) with |z\*N*1+25¢(|z\)Ymo,;€(i‘), since Y, k

|z
solves (1.21), we obtain that ¢,  satisfies

N+1-2s L,
~ Pinok — f@;ng,k + T;meg,k = Cmo,k (5.28)

in the sense of distributions in (0,7g), where

"o A 7 / / ’ ’
0 oo Doy = s | 32y ([ HOO) TV )0 Yo (07,0008 )
0 A /

_/ro (/S t1zs(A—IdN+1)VW.V(|zN1+zs¢(|z)Ym0,k(|§))ds) dA.
0 X

Furthermore, it is easy to verify that Yy, x € L' (0,70) and

! (A) _ /\N+1723Cmn,k(/\)

mo,k
in the sense of distributions in (0, 7). Then equation (5.28) can be rewritten as follows

— (AZmotNHI=2s (\=mo, 0 (A))) = ATOTY (N (5.29)

mo,k

in the sense of distributions in (0,7¢). Integrating (5.29) over (\,r) for any r € (0,ro], we obtain that there
exists a constant ¢y, () € R which depends only on mg, k,r, such that

AT 0me k(N)) = —ATTNTIEZSY L (A) — mATEmom N2 (Cmo,k(T)+/ Pma*leo,k(P)dP>
A

in the sense of distributions in (0, ry). In particular we deduce that @, € VVli)C1 ((0, 7)) and a further integration
over (\,r) gives

_\m ng,k(r) mocmuyk(’r)
Pmo k(A) =A™ ( rmo (2mg + N — 2s)r2mo+N—2s (5.30)
mo+N—2s (" N 140

Ao mo sTm d

+ 72mU+N—25/A p ok(p)dp
’Iﬂo)\_’mo_N+2'S /T mo—1
—_— T d
2mo + N _ 95 Cmo,k(r) + N P mo,k(p) P
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for every A, r € (0,79]. Now we claim that
7o
[N, o) dp < . (5.31)
0

By the Holder inequality, a change of variables, (3.15), (5.1), Proposition 5.1, and (4.23) we have

- 1
/+ 1725 (A — Idy 1) VWV - = VeV, 1 () dz
B)\

2| :

- % t172s
< )\—mo—N—1+28 / t1—25‘(A _ IdN+1)VW|2 dz / —
BY B ||

% t172s
< —mgo—1 H t1—25 A2 /
< AL O(N) DY (/B+ wviras) (o

< const AT/ H(A) < const,

Ao N—142s (5.32)

9 2
VsYomok (7)] dz>

9 2
VsYomok ()] dz)

where we used the fact that

t1725
/B; |2[2

‘ 2

VsYmok(57)

1
D o= [ ([ Ay, oPas) a
0 S+
m3 + mo(N — 2s)
N —2s

Dealing with the second term of (5.26), from an integration by parts, the Holder inequality, (3.15) (5.1),
Proposition 5.1, and (4.23) it follows that, for every r € (0, ro],

T
/Afmng71+23
0
-
Sconst/ A~mo—N+2s / 25| VIV
0 N

— const (7‘7m07N+2S/+t1725‘VW| Vo ()] a2
B

|z

z z
mymmk (m) dS

Yoo ()] dS) dA

dx (5.33)

/+ 725 (A — Idy 1) VIV -
SA

"

+ (mo+ N — 23)/ A*"LO*N*H?S(/ 25| V|
0 Bf

< const (rfmﬁlx/H(r) +/ ATV H(N) d)\) < const 7,
0

Yoo (7] dz)dA)

taking into account that

dz =

2 )\N+2725
’  N+2-25

tl—2s
B+

A

Ymka (é)
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By the Holder inequality the third term in (5.26) can be estimated as

ATmo— N=1+2s /B h(y) Tr(W) Tr (Ymg,k(‘%)> dy (5.34)

’
A

< Ao N—142s (/B, m(y)HTr(W)\z dy)2 (/B/ ‘il(y” ‘Tr (Ymo,k(g))rdy>

1
2

1
2

N —2
< A7m07N71+2sn;1 \) t172s|vw‘2 dz + S A-257172 48
I ‘ BT 2A S;r

X
% / t172s
B

< Aoty ()VE) </ TR+ (V-2 [ H}V‘ffu()\H)W’\QdS)
B Sas

1
% (/\2/ (128
Bf

5‘25
< const /\7’”07117'%‘(/\) H()) < const P =

1

9 2
Yoo ()] dS)

L N —2s _
Vymo,k(m)‘ dz + 3\ /SJr t1=2s
A

1
2

1
2

N —2s

2
vymo,k(i‘)‘ dz +

|z

/ O |Ym0,k(e)|2d5>
S+

in view of (2.3), (2.4), (3.19), (4.23), (5.1), (5.3) and Proposition 5.1. Collecting estimates (5.32), (5.33) and
(5.34) we deduce that, for every r € (0, 7],

r r 5’25 45'25
/ prmom N=Iw2s Iy (p)| dp < const <r + / p—1+7z\?4'+zss dp) < constr NIz, (5.35)
0 0

thus proving (5.31). Moreover we have

0
/ P Ty ()] dp < +5x, (5.36)
0

as a consequence of (5.31), since in a neighbourhood of 0, p™e~1 < p=mo=N—142s,

Now we claim that, for every r € (0,7¢],

Cmo k(T) +/ P g k() dp = 0 (5.37)
0

To prove (5.37) we argue by contradiction. If there exists r € (0,79] such that (5.37) does not hold true, then
by (5.30), (5.31) and (5.36)
mo)\fmng+25

ok V) G TN s

-

(cmo’k(r) +/ pm“*leMk(p) dp) as A — 0T,
0

From this, it follows that

/ AN=I2515 L (0)[2dA = oo, (5.38)
0
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since N — 25+ 2myg > 0. On the other hand, from (5.25), the Parseval identity and (2.5) we deduce the following
estimate

T0
[ s [T ([ oziwoopas)ay

2
:/ A2 / =25 W 2 ds d)\:/ tHSMdz<+oo7
0 st B ||

which contradicts (5.38). Hence (5.37) is proved. From (5.37) and (5.35) it follows that, for every r € (0, ro],

T A
ATmom N2 Cmo,k(T)Jr/ P70 g 1 (p) dp‘ = Ao N2 / P oy k() dp
A 0
A 4s2%¢
< AfmngJrQS (/\2mg+N2s/ P7n0N1+2s|Tm07k(P)|dp> < const )\mu-‘rm' (5_39)
0
We finally deduce (5.27) combining (5.30), (5.37) and (5.39). O

Proposition 5.4. Let v be as in (4.21). Then

lim A™2YH(\) > 0. (5.40)

A—0t
Proof. By (3.20), the Parseval identity and (5.25) we have
H(\) :/ ONZ (A0 [W(X0)[ dS = (1 + O(A Z Z [om k(M) (5.41)
s+ m=1k=1

Let mo € N\ {0} be such that v = mg according to Proposition 5.2. We argue by contradiction and assume
that 0 = limy_,o+ A"2YH(\) = limy_o+ A™2™0 H()). In view of (5.41) this would imply that

lim A", x(A\) =0 for every k € {1,..., My, }.

A—0TF

Therefore, from (5.27) it follows that, for all k € {1,..., M,,,} and r € (0, 7¢],

(pmo,k(r) m0r72m07N+25

rmo + 2mo + N — 2s

T T
o — mog+ N — 2s Cmo—N—1+2s
/ PO gk (p) dp + / prmoT NI k(p)dp = 0,
0

2mo+ N —2s J,
so that, substituting into (5.27), we obtain that

m0+N72$

PmokN) = =+ N — 25

A
/\WLU / pinlo*N71+2sTmka(p) dp + O (/\m0+ N4i22i5)
0
as A — 07, Hence, from (5.35) we infer that

Omok(A) =0 (Amﬁlﬁﬁs) as A — 0" forall ke {1,..., My} (5.42)
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Moreover, estimate (4.25) with o = ]\,25225 implies that
1 252
——— =0 (AR ) asao ot (5.43)
H(A)

Since
Pmo,k(A) = \/W/S+ ONLIVAO) Yoy x(0)dS  for all k€ {1,..., My, }
by (5.25) and (5.1), from (5.42) and (5.43) we deduce that
/S+ O ZVA0)U(0)dS = O (AW) as A — 07, (5.44)

for every ¥ € Span{Y,,,r : k € {1,...M,,}}. By (1.24), (1.25), (2.1) and Proposition 5.2, for any
sequence )\, — 0T, there exist a subsequence \,, — 07 and ¥ € Span{Yy,,x : k € {1,... My, }} such that
||\I'IHL2(S+,011fo) =1 and

lim ON VA (0)W(0) dS = / ONZTIVPdS =1,
h—+o00 Jg+ S+

thus contradicting (5.44). O

Theorem 5.5. Let W be a non-trivial weak solution to (3.29). Let v be as in (4.21) and mo € N\ {0} be such
that v = mo, according to Proposition 5.2. Let {Yy, ktref1,.. m,,, ) be as in (1.25), with Vin, and My, defined
as in (1.23) and (1.24) respectively. Then

My
AW (Az) — |20 Z BrYmo k (ﬁ) as A — 0 strongly in H'(B],t'7%%),
z
k=1

where (B, ..., Bum,,,) # (0,...,0) and, for every k € {1,..., Mp,},

T—Zmo—N+2s mo + N — 2s

_ ¢m0,k(r) mo
Br = 4
2my + N — 2s

rmo T (2mo + N —2s)

/ PO gk (p) dp + / pmom N2y k(p) dp,
0 0

(5.45)

for all r € (0,79], where @,k is defined in (5.25) and Yy in (5.26).

Proof. From Proposition 5.2, (1.25), and (5.40) it follows that, for any sequence {\,} such that X\, — 07 as
n — 00, there exist a subsequence {\y, } and real numbers f1,..., B, such that (B1,..., B, ) # (0,...,0)
and

Mg

AW (A, 2) — |2 Z Bk Ymo k (é‘) as h — +oo strongly in H'(B;,t*7%). (5.46)
k=1
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We claim that the numbers Bi,... Sy, depend neither on the sequence {An} nor on its subsequence {Ay, }.
Letting @, x be as (5.25), for every k € {1,..., M,,,}

Hm AL g (An,) = lim ONZENTOW (A, 0)Y i 1 (0) AS = By, (5.47)

h—+oo h—+o00 S+

thanks to (5.46) and the compactness of the trace operator in (2.1). Combining (5.47) and (5.27) we obtain
that, for every r € (0,70, Sk = limp o0 A" @mg,k(An,) is equal to the right hand side in (5.45), thus proving
the claim. By Urysohn’s subsequence principle we conclude that the convergence in (5.46) holds as A — 07T,
hence the proof is complete. O

6. PROOFS OF THE MAIN RESULTS
The proof of Theorem 1.3 is obtained as a consequence of the following result.

Theorem 6.1. Let N > 25 and Q C RN be a bounded Lipschitz domain such that 0 € 9Q and (1.10)-(1.12)
are satisfied with xo = 0 for some function g and R > 0. Let U be a non-trivial solution to (1.17) in the sense
of (1.18), with h satisfying (1.7), and let

5 {U(Z% if z € Ca N F(B), (6.1)

0, ZfZEF(B;.Z)\CQ,
with F' and ro being as in Proposition 3.1. Then there exist mo € N\ {0} (which is odd in the case N = 1) such
that

Mo,
)Fm"ﬁ(kz) — |z|™e Z ﬁk?mo,k <|i> as A — 0% strongly in H* (B, t'72), (6.2)
z
k=1

where My, is as in (1.24),

Yo k(0',0n,0n41), if On <O,

) (6.3)
O’ Zf HN > 07

ﬁnu,k(gl,9N70N+1) = {

with {Ymo,k}ke{l,...,Mmo} being as in (1.25), and the coefficients By satisfy (5.45).

Proof. If U is a non-trivial solution of (1.17), then the function W defined in (3.5) and (3.26) belongs to
HY (B}, t'72%) and is a non-trivial weak solution to (3.29). Letting

= W(z), ifz€ Q,,,
0, if z€ Bf\ Qp,

where 9, is defined in (3.4), by Remark 3.4 we have We H'(B;,#'72%). Moreover Theorem 5.5 implies that
)\_m"W()\z) — <T>(z) strongly in H'(B]",t*7%) as A — 0%,

where

Mg

#) = ™ Y i ()

k=1
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with S as in (5.45). Hence, by homogeneity,

AW (Az) = B(2)  strongly in H' (B, '72%) as A — 0" forallr > 1. (6.4)
We note that
AT (Az) = AW (AGA(2)) and  V <UA(2)> Y (%ﬂ”) (Gr(2))Ja, (2) (6.5)

where

Ga(z) :== %F‘l()\z) for any A € (0,1] and z € %F(BTJ).

From Proposition 3.1 we deduce that

Gr(2) =2+ O0(\) and Jg,(2) =Idys1 +O(N) as A — 0"
uniformly respect to z € Bf'. It follows that, if fy — f in L2(BF,t'72%) as A — 0T for some 7 > 1, then
froGy— fin L3(Bf,t172%) as A — 07. Then we conclude in view of (6.4) and (6.5). O
Proof of Theorem 1.3. Tt follows directly from Theorem 6.1 up to a translation. O

Passing to traces in (6.2) we obtain the following blow-up result for solutions to (1.1).

Theorem 6.2. Let N > 25 and Q C RY be a bounded Lipschitz domain such that 0 € 0Q and (1.10)-(1.12)
are satisfied with xg = 0 for some function g and R > 0. Let u € H*(Q) be a non-trivial solution of (1.1) in the
sense of (1.8), with h satisfying (1.7), and let u(x) = t(u) with ¢ defined in (1.3). Then there exists mg € N\ {0}
(which is odd in the case N = 1) such that

My )
A7) — |z|™e Z ﬁk?mo,k (ﬁ,O) as A — 0T strongly in H*(B}),
x
k=1

where My, is as in (1.24), {}A/moﬂk}ke{lwamo} are defined in (6.3) and the coefficients By, satisfy (5.45).

Proof. As observed in [8] and recalled at page 6, if u € H*(Q2) is a non-trivial solution of (1.1), then its extension
H(u) = U is non-trivial solution to (1.17). Hence the corresponding function U defined in (6.1) satisfies (6.2)

~

by Theorem 6.1. Since @ = Tr(U), the conclusion follows from Proposition 2.2. O
Proof of Theorem 1.2. It follows directly from Theorem 6.2 up to a translation. O
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APPENDIX A. NEUMANN EIGENVALUES ON THE HALF-SPHERE UNDER
A SYMMETRY CONDITION
In order to determine the eigenvalues of (1.19), we first need the following preliminary lemma.
Lemma A.1. Let m, N € N\ {0} and let u € C™(RN)\ {0} be a positively homogeneous function of degree m,
e

u(Az) = \"u(x) for every X > 0 and x € RY. (A1)

Then u is a homogeneous polynomial of degree m.

Proof. Let a = (a1,...,ay) € NV be a multindex, |af := Zf\il a;, and z% = z{*...z%? for any
vector x = (z1,...,zy5) € RY. By Taylor’s Theorem with Lagrange remainder centered at 0, for any z € RV
there exists ¢ € [0, 1] such that

olely N ooy, N
u(z) = Z CQW(O)QS + Z caamia(t:r)as ,
lal<m |a]=m

alely
S E ey o
Oxy b0z y

alely
ox™

where ¢, > 0 are positive constants depending on o and stands for By (A.1), one can easily
prove that BB‘ZL“ is a positively homogeneous function of degree m — || for all o with || < m. Thus, combining

this fact with the continuity of %, it is clear that aalzL“ (0) = 0 for every a € NV with |a| < m. On the other
alely

alely
x> x>

hand, for every o € NV with |a| = m, (0), being a homogeneous

function of degree 0. It follows that

is constant and exactly equal to

dloly,
u(z) = Z caW(O)m” for every x € RY,
T
la|=m

hence proving the claim. O
Proposition A.2. All the eigenvalues of problem (1.19) are characterized by formula (1.22).

Proof. We start by proving that if y is an eigenvalue of (1.19), then u = m? + m(N — 2s) for some m € N\ {0}.
If i is an eigenvalue, then there exists a non-trivial solution Y of (1.19). A direct computation shows that Y is
a weak solution to (1.19) if and only if the function

U(z) = |2]Y (ﬁ) , zeRVHL
z

with

N-2 N —2s\?
V= ®+ ( 5 S) + 1, (A.2)

belongs to H}'

IOC(RfH, t172%) is odd with respect to yx and weakly solves

{div(t”SVU) =0, inRY*t, (A3

lim,_, o+ t1*23‘?9% =0, onRY.
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Hence, if p is an eigenvalue of (1.19), there exists a solution U of (A.3) which is odd with respect to yx and
positively homogeneous of degree v. The regularity result in [25], Theorem 1.1 ensures that U € C’OO(Bf' ). Then
there exists m € N\ {0} such that v = m and so u = m? + m(N — 2s) thanks to (A.2). We notice that the
case m = 0 is excluded since in that case u = 0 and 0 is not an eigenvalue. Indeed, if by contradiction 0 is an
eigenvalue, letting Y be an eigenfunction of (1.19) with associated eigenvalue 0 and choosing in (1.21) ¥ =Y,
we would have Y constant and Y # 0, hence Y ¢ H! ,(S*,60’) which is a contradiction (see (1.20)).

Viceversa, in order to prove that the numbers given in (1.22) are eigenvalues of (1.19), we need to show that,
for any fixed m € N\ {0}, there actually exist an eigenfunction associated to m? + m(N — 2s) if N > 1 and
an eigenfunction associated to (2m — 1)2 + (2m — 1)(N — 2s) if N = 1. Equivalently, for any fixed m € N\ {0}
we have to find a non-trivial solution to (A.3) which is odd with respect to yy and positively homogeneous
with degree m if N > 1 and 2m — 1 if N = 1. To this end, we observe that equation div(t!~2*VU) = 0 can be
rewritten as

1-—2s
t

AU + U, = 0. (A.4)

We first consider the case N = 1. If n = 2m — 1 with m € N\ {0}, we consider the following homogeneous
polynomial of degree 2m — 1, odd with respect to y1,

m—1

Upm(ya,t) = Y apyp*tHe2m—2h=2, (A.5)
k=0
with ag, ..., am—1 € R. A direct computation shows that U; ,, is a solution of (A.3), and equivalently of (A.4),
if and only if

—2[(m — k)% — s(m — k)]
k(2k +1)

ay = ag—1 forall ke {l,...,m—1}.

Thus, for example choosing ag := 1, we have constructed a non-trivial solution to (A.3) which is odd with
respect to y; and positively homogeneous of degree 2m — 1.

To complete the proof of (1.22) in the case N = 1, it remains to show that, if n = 2m with m € N\ {0},
then n? +n(N — 2s) is not an eigenvalue of (1.19). To this aim, we argue by contradiction and assume that
(2m)? + 2m(N — 2s) is an eigenvalue of (1.19) associated to an eigenfunction ¥. Then the function defined as

z

v =1 (). 2=y eR,

|2

with

N -2 N —2s\?
v=- $+\/( 3 S> + (2m)2 4+ 2m(N — 2s) = 2m

is a non-trivial solution to (A.3), odd with respect to y;. Hence, if we consider the even reflection of U with
respect to ¢, namely the function U(yy,t) := U(y1, |t]), U is a solution of div(|¢|'=2*VU) = 0 in R?. Then, by
[25], Theorem 1.1 we deduce that U € C*°(R?). Moreover, U is positively homogeneous of degree v = 2m,

therefore from Lemma A.1 it follows that U is a homogeneous polynomial of degree 2m, namely

2m

ﬁ(yh t) _ Zakyfm*ktk
k=0
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where ap = 0 if &k is odd since U is even with respect to t. In this way U turns out to be even also with respect
to y; and this contradicts the fact that U is non-trivial and odd with respect to y;.

If N =2 and m € N\ {0} is odd, then we consider Us(y1,y2,t) := Ut 5 (y2,t), where Uy, is defined in (A.5)
and n € N\ {0} is such that m = 2n — 1. Such Us is a positively homogeneous solution of (A.3) of degree m,
odd with respect to yo. If m € N\ {0} is even, i.e m = 2n with n € N\ {0}, then we define

n—1
Us(yi,ye,t) = > agy?FHiyan=2—1,
k=0
with ag,...,an,—1 € R. A direct computation shows that Us is a solution of (A.3), and equivalently of (A.4), if
and only if

—[2(n — k)% — 3n 4+ 3k + 1]
(2k2 + 5k + 3)

ap41 = ap forall ke {0,...,n—2}.

Then, choosing for example again ag = 1, we obtain that Us is a solution of (A.3) which is positively homogeneous
of degree m and odd with respect to ys, as desired.

If N > 2, for any m € N\ {0} there exists a harmonic homogeneous polynomial P # 0 in the variables
Y1y, YN—1, of degree m — 1. Then Uy(y1,...,yn—1,Yn,t) := P(y1,...,yn—1) yn is a non trivial solution to
(A.3) which is odd with respect to yny and positively homogeneous of degree m.

O
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