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INTRODUCTION
The distributed parameter system

conductivity % J potential 'Z source term

2fa() Lulx, D] = Lulx, 1) +f(x, ) in Dx T
IC, BC

An inverse problem

(u, f} =g

Why inverse problems ?
accessibility, ease of measurement, ...

Difficulties

The ODE for the unknown conductivity
a (x) u(x t) + a(x) u(x )=glx,1)inDXT

Under— vs. overspemflcatlon =3 (non—)ex1stence, (non—-)uniqueness

Key issues:
existence, uniqueness, stability

How to attain uniqueness, given existence ?
Supply a Cauchy datum to the ODE

What is stability (of the unique solution) ?
Given a(u, f) , b(v, ),

) find suitable Banach spaces & (data), & (parameters),
i) try to relate | v — u ”X tol|b-a ”Z by

|6 - a "Z < const. | v -

iy
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DEFINITIONS AND PROBLEM STATEMENT
State equation:

0 = (x0, x1) X (o, 11) =D X T

(au,), =qw U +f (d.w. = distribution — wise)

u(xi, 1) = u;(r),i=0, 1; 1C

The inverse problem: g . {‘a . :
given

fe CO (T H_l(D)) (source term)
UE 2 (potentigl) ‘
find Laadrellc
=y (conductivity)
s.t., |
(auy)x =q.w. U +f in Q&W
where

X:='Tw' D) N (T 20y

| a s { a | ae L(D(D), ‘:Im* o,

0 <ay=essinf a; esssup a =a
L D ’ D H}

Hp. {u,f}=>Fach

Aaa (reference solution)

Defect equation:

(Bvx)x —d.w. Vt (avx)x ’ Vi e T
where \Lseoono( poten-tzal

V=v—u ;, u,v €4

B:=b(v,f)—a(u,f)

Tsecond conaw.ch'\’ily/; bel® essintb 2a
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ASIDE:
LESS REGULAR DATA PAIRS
(UNIQUENESS CONDITIONS ONLY)

fe 2(T; H_l(D)) : (source term)
ue Uy (potential)

where g ‘

U.o:={u | ue I*(1; H'(D)); u € LX(T; H'(D));
€ C°T, O\ OV oy alnelle

the set of points where u, discontinuous is

S.(0) ={x() | x@®)e D, x() = °T) };

meas[S, ()] £ 0, ¥t € W

u, eBVY(D), VteT

I
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UNIQUENESS CONDITIONS:
1 — GENERAL

Classification

1)

2)A

3)

Type of information

LOCAL:  Cauchy problem
for the state or the defect equation

NON-LOC.: self—identifiability

Type of Cauchy problem : ‘
REGULAR: g—”(x, )£ 0, ¥xe D

: da _
either a(xp) known or 22 =0

SINGULAR: _gﬂ_(g (T),T) =0

Time span
‘dataatTt T
data in T
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ASIDE:
SPATIAL ANTIDERIVATIVES OF DISTRIBUTIONS

Let R e LZ(T; H 1(D)) a distribution

then { R[_l]}(: Lz(T; Llloc(D)) s.t., the antiderivative
<RH] | W)y == (R|we) +{c; |w),¥w W

where

W={w|w e [XT; HyD)); w, € LXT; HD));
w(.,t1)=0} the space of test functions

we(.,0) :=fxx[w(0', 1) — We(0—0) fD w(y, 1dy ]dO‘

0

2 :
| U)E(x) = cEexp[xzfe 2] a bell-function

Rem.: antidifferentiation, (.)H], is set valued

Notation ;
<h>,:= spatial average of he C" (T, (D)), 3
(= <h> D))

R[;” := antiderivative, which vanishes @ x

(requires & lim R )

X—=>X O
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