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Abstract

This paper deals with some classes of Kirchhoff type problems on a double phase
setting and with nonlinear boundary conditions. Under general assumptions, we pro-
vide multiplicity results for such problems in the case when the perturbations exhibit
a suitable behavior in the origin and at infinity, or when they do not necessarily satisfy
the Ambrosetti-Rabinowitz condition. To this aim, we combine variational methods,
truncation arguments and topological tools.
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1 Introduction

In this paper, we study multiplicity results for some classes of double phase problems
of Kirchhoff type with nonlinear boundary conditions. More precisely, we consider
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the problems

VulP Vuld
—M[/ (' ‘W4 ¥ )dx]div(wuV’*Zw+a(x)|vm4*2vu):hl(x,u) inQ,
o\ p q

M [/ ('Wlp +a(x)w> dx] (\Vu|p_2Vu —|—a(x)|Vu|q_2Vu) v =hy(x,u) ondg,
Q P q (1 1)

and
—M(/ |Vu\pdx) Apu—M(/ a(x)qulqu)diV(a(x)qulq_ZVu):h](x,u) inQ,
Q Q

[M </ |Vu\pdx> [VulP=2Vu+ M (f a(x)ququx) a(x)\Vuqu2Vui| -v = hy(x,u) ond<,
Q Q
(1.2)
where along the paper, and without further mentioning, @ C RN, N > 1,is abounded
domain with C1¢- boundary 92, @ € (0, 1], v(x) is the outer unit normal of 2 at the
pointx € 92,1 < p <g < N, and

g < p*, a:Q—[0,00)isin L>(RQ), (1.3)

with p* = Np/(N — p) being the critical Sobolev exponent, see (2.4) for its definition.
We assume that M : [0, oo) — [0, 00) is a continuous function satisfying the following
assumptions:

(M) there exists @ > 1 such that tM(t) < 0.4 (t) for all t € [0, 00), where
1
M (1) :f M(7) dt;
0
(M>) forall T > O there exists k = k(1) > 0 such that M(t) > « forallt > t.

Moreover, h1: Q2 Xx R — Rand hy: 02 x R — R are Carathéodory functions
whose properties will be specified in the sequel, case by case. A classical model for
M verifying (M1)—(M>) due to Kirchhoff is given by M(t) = a + bt?~!, where a,
b>0anda+ b > 0.

Problems (1.1) and (1.2) are said of double phase type because of the presence of
two different elliptic growths p and g. The study of double phase problems and related
functionals originates from the seminal paper by Zhikov [28], where he introduced
the functional

u— / (|Vu|p +a(x)|Vu|") dx withl < p <gq, a() >0, (1.4)
Q

in order to provide models for strongly anisotropic materials. Indeed, the weight coef-
ficient a(-) dictates the geometry of composites made of two different materials with
distinct power hardening exponents p and g. From the mathematical point of view,
(1.4) is a prototype of a functional whose integrands change their ellipticity according
to the points where a(-) vanishes or not. In this direction, Zhikov found other mathe-
matical applications for (1.4) in the study of duality theory and of the Lavrentiev gap
phenomenon, as shown in [29-31]. Furthermore, (1.4) falls into the class of function-
als with non-standard growth conditions, according to Marcellini’s definition given in
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[22, 23]. Following this line of research, Mingione et al. provide different regularity
results for minimizers of (1.4), see [1, 2, 6, 7]. In [5], Colasuonno and Squassina ana-
lyze the eigenvalue problem with Dirichlet boundary condition of the double phase
operator, explicitly appearing in (1.1), that is,

u > div (|Vu|P—2w n a(x)|Vu|‘1_2Vu> , (1.5)

whose energy functional is given by (1.4).

Starting from [5], several authors studied existence and multiplicity results for
nonlinear problems driven by (1.5), such as in [8, 10-14, 17, 18, 21, 26] with the
help of different variational techniques. In particular, in [14] Fiscella and Pinamonti
provide existence and multiplicity results for Kirchhoff double phase problems but
with Dirichlet boundary condition. That is, in [14] we have

M [/ (lvzlp Tal) 'v;”q ) dx] div (|VulP"2Vu + a(x)|Vul72Vu) = f(x, u) in 2,
Q
u=>0 in 082,
(1.6)
and

-M (/ |Vu|”dx> Apu—M (/ a(x)qul"dx) div (a(x)qu|q*2Vu) = f(x,u) in ,
Q Q
u=20 in 092,

where the nonlinear subcritical term f satisfies the classical Ambrosetti—-Rabinowitz
(AR) condition, crucial to prove the boundedness of the so-called Palais-Smale
sequences.

The aim of the present paper is to provide different multiplicity results for some
classes of (1.1) and (1.2), that will heavily depend on the properties of the involved
nonlinearities. More specifically, in the first part of the work, we will study existence
of at least two constant sign solutions (more precisely, one nonnegative and one non-
positive), under the assumption that the nonlinearities satisfy some strong conditions
such as the superlinearity at +00. These results are inspired by the truncation argu-
ments used in [10], where the authors studied existence of constant sign solutions in
a double phase setting but without the Kirchhoff coefficient, namely, with M = 1.
However, the presence of the nonlocal Kirchhoff coefficient in (1.1) and (1.2) makes
the comparison analysis more intriguing than [10]. For this, our multiplicity result will
depend on the value M (0), beside the first eigenvalue of the Robin eigenvalue problem
for the p-Laplacian, as required in [10]. Other results for existence of solutions with
sign information in a double phase setting can be found, for example, in [15, 16, 25].

In the second part of the article we will study multiplicity of solutions in the case
when the nonlinearities on the right-hand side do not necessarily satisfy the (AR)
condition. In this direction, we can mention [17, 18] where they consider problems
(1.1) and (1.6) with M = 1, namely without the Kirchhoff coefficient. In [18], Ge et
al. exploit the classical mountain pass theorem and the Krasnoselskii’s genus theory in
order to prove existence and multiplicity results for (1.6), replacing the (AR) condition
with
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Fx,t) < F(x,s)+ Co, where F(x,t)=tf(x,t) —qF(x,t)and Cp > 0
(1.7

forae.x € Q,0 <t <sors <t <0, where F is the primitive of f with respect
to the second variable. On the other hand, in [17] Gasiiski and Winkert prove the
existence of two solutions of (1.1) with hy(x, 1) = f(x,1) — |t|P72t — a(x)|t]97%t,
with the following quasi-monotonic assumption for f

t— tf(x,t) —qF(x,t)is nondecreasing in RT and nonincreasing in R™, (1.8)

for a.e. x € Q. Because of the presence of a nonlocal Kirchhoff coefficient M in (1.1),
similar hypothesis to (1.7) and (1.8) can not work, even if we assume a monotonic
assumption for t — 6.4 (t) — M(¢t)t. This is a consequence of the fact that M in (1.1)
does not depend on the norm of W17 (), that is the functional space where we look
for the solutions to (1.1) and (1.2). Indeed, as shown in detail in Sect. 2, WLH(Q) is
a suitable Musielak-Orlicz Sobolev space endowed with a norm of Luxemburg type.
For this reason, we need different conditions for the nonlinearities in (1.1) and (1.2)
thanin [17, 18].

The paper is organized as follows. In Sect.2, we recall the main properties of
Musielak-Orlicz Sobolev spaces Wl*H(Q) and we state some technical lemmas con-
cerning the Kirchhoff coefficient M. In Sect. 3, for each problem we prove the existence
of two constant sign solutions, more precisely one nonnegative and one nonpositive,
combining the ideas of [10, 14]. In order to show the results, we require some strong
conditions on the nonlinearities, like the superlinearity at £00. We also point out
that the proofs depend on the first eigenvalue of the Robin eigenvalue problem for
the p-Laplacian. In the last part of the paper, namely Sect.4, we show the existence
of infinitely many solutions to a class of (1.1) and (1.2). In particular, we introduce
suitable assumptions for the nonlinearities in order to avoid the (AR) condition.

2 Preliminaries

In this section we introduce the basic notation of our paper, the functional space where
we find the solutions to (1.1), (1.2) and we present some technical lemmas for M that
will be used in the sequel.

Forall 1 < r < oo we denote by L' () and L"(2; RV) the usual Lebesgue
spaces equipped with the norm || - ||. The corresponding Sobolev space is denoted
by W' (), endowed with the norm || - l1,7- On the boundary 92 of €2 we consider
the (N — 1)-dimensional Hausdorff measure o and denote by L" (9€2) the boundary
Lebesgue space with corresponding norm || - || 5. As matter of notations, forall € R
we set 1 := max{=+¢, 0} and similarly we denote by u™(-) := u(-)* the positive and
negative parts of a function u.

The function H: Q x [0, c0) — [0, c0) defined as

H(x,t) ==t +a(x)t? forae.x € Qandforallz € [0, 00),
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withl < p<gand0<ae L'(Q),isa generalized N-function (N stands for nice),
according to the definition in [9, 24], and satisfies the so-called (A») condition, that is,

H(x,2t) <29H(x,t) fora.e.x € Qandforall ¢t € [0, 00).

Then, we introduce the 7{-modular function g7y given by
o (u) ::f H(x, |u]) dx = / (|u|p +a(x)|u|q) dx. 2.1
Q Q
Therefore, by [24] we can define the Musielak-Orlicz space L7 () as
LH(Q) = {u Q- @| u is measurable and o3/ (1) < oo} ,
endowed with the Luxemburg norm
. u
litllgy = mf{,\ ~0: ox <X> < 1}.

From [5, 9], the space L"(Q)is a separable, uniformly convex, Banach space. On
the other hand, from [21, Proposition 2.1] we have the following relation between the
norm || - |7 and the H-modular function.

Proposition 2.1 Assume that u € Lt (), (uj); C LH(SZ), and ¢ > 0. Then,
() Ifu # O, then ||ully = ¢ if and only if 0 (5) —1;
c
@@Q) llullg < 1 (resp. =1, > D) ifand only if o (u) < 1 (resp. =1, > 1);
(iii) If Nullp < 1, then |ull%, < op(u) < ullf,;
(@) If llully > 1, then lull}, < or(u) < llulf,;
() lim |lu;lly¢ = 0 (resp. 00) if and only if lim o3¢ (u;) = O (resp. 00).
Jj—00 Jj—00
The related Musielak-Orlicz Sobolev space W!-71() is defined by
wiH Q) = {u e L"(Q) : |Vu| e LH(Q)} ,

endowed with the norm

leally, 7 := Nullm + 1Vullin. (2.2)
Along the paper, we write |Vu|ly := |||Vulllx and o (Vu) := 04(|Vul) in order

to simplify the notation.
We also define the complete H-modular function 07¢ as

o (u) = QH(Vu)+QH(M)=/Q(|VM|”+G(X)IVMIq+|u|”+a(X)|M|q)dX-
(2.3)
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210 A. Fiscella et al.

Hence, following the proof of [21, Proposition 2.1] we can relate 977 and the norm
| - Il1. as follows.

Proposition 2.2 Assume that u € W]’H(Q), (uj); C WI’H(Q), and ¢ > 0. Then,

(i) Ifu 0, then lull 3¢ = ¢ if and only if O (=) = 1;
c
@) llulli g <1 (resp. =1, > 1) ifand only if o (u) < 1 (resp. =1, > 1);
(i) If lully g < 1, then |lull{ 3, < @pg(u) < ullf 55
@) If Nl pg > 1, then |lull{ 5, < Gpg(u) < ull 55
(v) Lim |lujlly 1 = 0 (resp. 00) if and only if lim 034(u;) = 0 (resp. 00).
j—o00 j—o0

Forall 1 < p < N let p* and p, denote the critical Sobolev exponents of p,

defined as
N N -1
* = P aswellas p, = u 2.4
N—p N-p

Furthermore, we define the weighted space

)4

LI(Q) = {u : Q — R | u is measurable and / a(x)|u|? dx < oo} ,
Q

equipped with the seminorm

1/q
ltllga = (/ (o)l dx) .
Q

In a similar way we can define LI(; RY) and the associated seminorm. Thus, by
[10, Proposition 2.1] we have the following embeddings for LT (Q) and WHH(Q).

Proposition 2.3 Let (1.3) be satisfied. Then, the following embeddings hold:
() L(Q) — L"(Q) and WHT(Q) — WL (Q) are continuous forallr € [1, p];
(i) WET(Q) < LY1(Q) is compact for all vy € [1, p*);
(i) WE(Q) < L2(0Q) is compact for all vo € [1, py);
(iv) L1(Q2) — LH(Q) — LI(Q) are continuous;
) WI'H(Q) — LH(Q) is compact.

Let us define the operator L : W1 (Q) — (WI*H(Q))* such that
(L), v)3y = f (|Vu|”_2 + a(x)|Vu|4—2) Vu - Vo dx, 2.5)
Q

for all u, v € W-H(Q). Here, (W]’H(Q))* denotes the dual space of wiH(Q)
and (-, )7 is the related dual pairing. Then we have the following result, see [21,
Proposition 3.1-(ii)].

Proposition 2.4 The mapping L: WM (Q) — (WI’H(Q))* is of (S4) type, that is,
if uj—u in wlH(Q) and limsup(L(u;) — L(u),u; —u) < 0, then uj — u in

j—o00

wiH(Q).
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Now, we introduce some technical results related to the Kirchhoff coefficient M,
under the assumptions that (M;)—(M3) hold true. To this aim, we observe that inte-
grating (M) on (1,¢), when t > 1, gives

M) <. #D  forallt > 1. (2.6)

Moreover, we set

p q
dr(u) = / (ﬂ +a(x)ﬂ> dx. 2.7
Q\ P q

Thus, we have the following lemmas.

Lemma2.5 Letu € W]’H(Q) be such that ||u|; 7y > 1. Then, there exist Ay, Ay > 0
such that

o (Vi)Mgp (V)] + 0p(u) = Apllullf 5, 2.8)

and
MIVulIVully +MAVulg D IVulga +or@) = Aallullf - (2.9)

Proof We first prove (2.8). Since |lu||; 7 > 1, by Proposition 2.2-(ii) and (iv) we have
that

O (u) = ullf 5 > 1.

This in particular implies that

p | on (Vi) + ox@w) if 03 (V) = 172,
lull? 5, <

0 (Vi) + 03() < 209¢(u) if 03¢(Vu) < 1/2 and op¢(u) = 1/2.
(2.10)
First suppose that 07/(Vu) > 1/2. Then it follows that

1 1
o (Vu) = —op(Vu) = —.
q 2q

1 1

Therefore we can use hypothesis (M>) with T = % to find k =« (2—> > 0 such
q q

that

1
M(t) >« forallt > —. (2.11)
2q

Then equation (2.11) and the first line of equation (2.10) give

orH(Vu)M[pr(Vu)] + ox(u) = kor(Vu) + on(u)
> min{l1, k}03(u)
> min{1, K}||u||f’H. (2.12)
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Suppose now that p7(Vu) < 1/2 and o3 (u) > 1/2. Then the nonnegativity of M
and the second line of (2.10) give

1
oH(Vu)yM[pp(Vu)] + on(u) = Ellullfﬁ- (2.13)

Combining (2.12) and (2.13) gives (2.8).
Now, we prove (2.9). When o1 (Vu) < 1/2, by (2.10) we obtain

M| Vul|DIVull + M| Vull2 ) Vul2 >1P 2.14
UIVullp)IVully + M Vullg.o)ll ullq,a+QH(u)_§llulll,H. (2.14)

On the other hand, if o3 (Vu) > 1/2 we distinguish among three situations: either
[Vullfy > 1/4 and |Vu|ld , > 1/4; or |Vulh > 1/4 and |Vu|l, < 1/4, which

yields 2||Vullh, > Vulh + |Vulld 45 or |Vulh < 1/4 and |Vu|ld . > 1/4, which
yields 2(|Vulld o > IVullh + [ Vullg 4. Thus, by (M>) and Proposition 2.1, we get

MUVulDIVully + MAVulld O IVulld o
kon(Vu), if |Vullh, > 1/4and |Vuld , > 1/4,
> 1 £03(Vu), if |Vullh > 1/4 and |Vulld , < 1/4, (2.15)
Son(Vu), if |Vullh < 1/4and |Vulg . = 1/4,

A

withx = k(1/4) > 0 given in (M3) with T = 1/4. Combining (2.14) and (2.15) gives
2.9). O

Lemma 2.6 Leru € WET(Q) be such that llully 7 > 1. Then, there exist By, By > 0
such that .
Mg (Vu)] + o) < Bi(1 + IIMII‘II,H + IIMII?,H) (2.16)

and
A IVulb) + A (IVulld o) + o) < Bo(1+ ”””611,71 + ||u||{ff9H)- (2.17)

Proof Letus fixu € WI’H(Q) such that [lul[; 3, > 1. We first prove (2.16).
If o4 (Vu) > q, then ¢ (Vu) > égH(Vu) > 1, and so by (2.6) and Proposi-
tion 2.1 we get

(1 (1
1n vl < L1y v < L g2, 2.18)
P P

If conversely 014 (Vu) < g, then ¢ (Vu) < 014(Vu) < q. Therefore
MNpH(Vu)] < M, (2.19)
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where M = n%gx]/// (t) € (0,00) by (M3) and the continuity of M. Combining
t€[0,q
(2.18), (2.19) with Proposition 2.1 we obtain

(1
M (V)] + or(u) < M + pg L 1Vule? + or )

6
< M+l {75+ lul{ 4

In order to prove (2.17) we observe that, since ||u||; 7y > 1, from Proposition 2.2 we
have that 93/ (u) < ||u||‘11 4 We distinguish among four cases. If [[Vu|/, > 1 and
[Vullyq > 1, then

AMVulD) + A (NVulld ) + 0r ) < A WVuly + . (D)IVul&y + 01 (u)
< 2. ()or ()" + Dy (u)

< max{1, 2. (D} {%, + lul] ;).
(2.20)

If |Vull, < 1and |Vull, , > 1 it holds that

AANVulby + A (WVulld ) + 01 ) < M+ .2 )|Vull2% + 03w)
< M+ .4 (or@)® + By (u)

< max{1, M. . (D} + ulf + 1ullf 5.
(2.21)

with M = n%gvi] A (). I |[Vull, > 1 and [[Vull, , < 1 the estimate is the same as
tel0,

above. Finally, when [|Vul|, < 1 and ||Vu||q,a < 1, it holds that

AVulD) + AN Vuld o) + or) < 2M + Bw(u) < max{2M, 1}(1 + IIMII?,H).
(2.22)

Combining (2.20)-(2.22) we get (2.17). O

We now recall some basic properties on the spectrum of the negative p-Laplacian
with Robin boundary condition. We refer to the paper of Lé [19] for further details.
The p-Laplacian eigenvalue problem with Robin boundary condition is given by

— Apu=AulPu inQ,

(2.23)
|VulP2Vu - v =—BlulP>u ond,
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214 A. Fiscella et al.

with 8 > 0. Itis well known that there exists a smallest eigenvalue A1 , > 0 of (2.23)
which is isolated, simple, and can be variationally characterized by

/|Vu|de+ﬂ/ lulPdo

b= inf (2.24)
ueW P (), u#0 / ulPdx
Moreover, let uy,, be the normalized (that is, [Ju1,, || p = 1), positive eigenfunction

corresponding to A1 . It is known that u; , € int ( (£2) ) where
int (C1(§)+> - {u e C'@) : ux) > Oforall x 5]

We conclude this section with a result which will enable us to obtain the existence
of infinitely many solutions to (1.1) and (1.2). To this aim, let X be a Banach space.
We recall that a functional E: X — R satisfies the Cerami condition (C) if every
sequence (u;); C X such that

(E(uj)); is bounded and (1 + ||uj||1,H)E/(uj) —0inX*as j — 00 (2.25)
admits a convergent subsequence in X; see for instance [3]. We say that (u;); is a
Cerami sequence for E if it satisfies (2.25).

Let us now suppose that X is a reflexive and separable Banach space. It is well
known that there exist (¢;); C X and (e;’f)j C X* such that

=spanfe; : j € N} aswellas X* = span{e;f 1 jeN} (2.26)

and
| ifi=j,
rey=11"""1 (227)
0 ifi # j.
For all j € N we set
j 00
X; := spanf{e;}, Y= @Xi, VARES @Xi. (2.28)
i=1 i=j

We can then state the following result, given in [20, Theorem 2.9], which is a variant
of the classical Fountain theorem [27, Theorem 3.6] for functionals that satisfy the
Cerami condition instead of the Palais-Smale condition.

Theorem 2.7 Let E € C' (X, R) satisfy the Cerami condition (C) and be such that
E(—u) = E(u). Moreover, suppose that for every j € N there exist pj > y; > 0
such that

(i) bj := inf E(m) - oc0cas j— oo,
ueZj.llull=y;
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Multiple solutions to Kirchhoff type double phase problems... 215

i) a; = Eu) < 0.
(ii) a; Meymm:pj (u) <

Then, E has a sequence of critical points (u ) j such that E(u ;) — oo.

3 Constant sign solutions

In this section we prove the existence of constant-sign solutions to a class of (1.1) and
(1.2) with superlinear nonlinearities. More specifically, we consider

hi(x, 1) = —Dt1P 2 —a(x)|t)97%t — f(x,t) forae. x € Q,
ha(x, 1) = —Blt|P7%t forae. x € 0K, 3.1
forall t € R, where 8 > 0, ¢ > ¢ > 0 are parameters to be further specified, and

f is a Carathéodory function that satisfies suitable structure conditions stated below.
Then problem (1.1) can be rewritten as

VulP Vul?
—M[/ <‘ Ll gy Al )dx]div(wu\P*zw+a(x)|Vu|‘1*2w)
Q p q

= (¢ — Dul”2u —a@)|ul!*u — f(x,u) inQ,

VulP Vull
M |:./ (l . +a(x)| - )dx] ('Vulp_2Vu +a(x)|Vu|q_2VM) v =—Blul’?u ondQ.
e\ P q

(3.2)
We assume that the nonlinearity f: Q x R — R is a Carathéodory function such that

(f1) f is bounded on bounded subsets of Q x R;
(f2) It holds

fx, 1)

m
t—+oo |[|l]—2[

= oo uniformly for a.e. x € Q;

(f3) It holds

fx, 1)

1m
t—0 |l‘|p_2l

=0 uniformly fora.e. x € Q.

A classical model for f satisfying (f1)—(f3) is given by f(x,1) = w(x)|r[*?,
where k > ¢ and w € L°°(Q2) with infg w > 0. We say that u € WLH(Q) is a weak
solution to (3.2) if it satisfies

M [qu(vu)]/ (|Vu|P*2w + a(x)|Vu|‘f*2w) Vo dx
Q
+ / (z?lu|"_2u + a(x)|u|q_2u) @ dx
Q

- / (e 2u— feew) g dx - p f ul”2ug do
Q Q2
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216 A. Fiscella et al.

forall g € WHH(Q).
Our existence result for problem (3.2) reads as follows.

Theorem 3.1 Let (1.3), (M)—(M>), and ( f1)—(f3) hold true. Moreover, assume that
¥ > 0and
¢ >0 +max{l, M(O)}Aq p, 3.3)

where A1 p is the first eigenvalue of the Robin eigenvalue problem given in (2.24).
Then, there exist two nontrivial weak solutions i, u € WI'H(Q) N L% () to problem
(3.2), such thatu > 0 and u < 0.

Proof First of all we observe that hypothesis (f;) allows us to find a constant A =
A(Z) > 1 such that

fx, )t >¢|t|? forae x € Qandall t| > A. 3.4)

We start with the existence of a nonnegative solution of (3.2). From (3.4) we can take
a constant function 1 € (A, oo) and use the fact that p < ¢ to achieve

cul ™ = f(x,up) <0 forae. x € Q. (3.5)

Moreover we consider the cut-off functions b: @ x R — R and b; 02 xR—-R
given by

0 ift <0

bt(x,t)y={ctP™ = f(x,1) ifO<t<ug,

{ug_l — f(x,ug) ift > ug

0 ift <0

b;(x,t)= —BtP~l if0 <t <ug, (3.6)
—ﬂugfl if £ > ug

and set
t t
Bt (x,1) :=/ bT(x,s)ds aswell as B;(x,t) :=/ b;(x,s) ds, and
0 0
t
F(x,t) :=/ f(x,s)ds. (3.7
0

It is easy to verify that the functions in (3.6) and (3.7) are Carathéodory functions.
Moreover we consider the C!-functional J*: WI'H(SZ) — R defined by

J () :///[¢H(Vu)]+2”””5"‘1”””3,(4_/ Bt (x,u) dx—/ BE(x,u) do.
p q Q aQ (3.8)
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We aim to apply the direct methods of the calculus of variations to J . To this end,
we first show that J* is coercive. Indeed, let u € W7 (2) be such that |Ju|| .7 > L
Using hypothesis (M) and taking into account that p < g we have

1 1
MNP (Vu)] = EMWH(VM)M’H(VM) > q—eM[¢H(VM)]QH(VM)~

Furthermore, we see that, thanks to the truncations (3.6) and hypothesis ( f1), we have
that the last two terms in (3.8) are bounded. These facts together with (2.8) yield that
J T is coercive.

We then show that J is also (sequentially weakly) lower semicontinuous. Indeed,
let us take u € WLH(Q) and (u;); C Wl'H(Q) such that u ;—u in WLH(Q). By
Propositions 2.1-2.3 and [4, Theorem 4.9] there exists a subsequence, still denoted
by (u;);, such that, as j — oo,

N
wj — uin LP(Q) N LI(Q),  Vu;—~Vuin [LH(Q)] . (Vi) > €,
uj(x) — u(x) forae. x € 2, uj(x) — u(x) foro-a.e. x € 9L2.

We use the fact that ./ is increasing and continuous, ¢ is sequentially weakly lower
semicontinuous, and Bt and B; are Carathéodory functions bounded from below to
apply the Fatou’s lemma and achieve

. e, 1
J ) <A [,hm ¢>H(Vuj)] + lim inf <—||uj||ﬁ + —IIMjIIZ,a)
j—oo j—>oo \ p q
—f lim B(x,u;) dx—/ lim B;(x,u,)da
QJ 00 9Q J 00

. . %2 1
< lim Z[¢y(Vu;)]+ liminf (—Ilujllﬁ + —IIujIIZ,a>
J—> 00 Jj—>00 P q

—liminf/ B(x,uj) dx—liminf/ B;(x,u/) do
Q J aQ '

j—o00 — 00

< liminf J*(u;).

j—o00
Therefore, there exists a function # € WI’H(SZ) such that
J* (@) = inf |1+(u) ue WI’H(Q)] . (3.9)

Let us verify that i is not trivial. First of all, thanks to hypothesis (f3), for all ¢ > 0
there exists 6 € (0, 1) such that

F(x,t) < £|t|” for a.e. x € Q and for all |t] < 4. (3.10)
4
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We further define the function A : [0, c0) — [M (0), co) such that

M(0) ift=0

h(t) = A (s) L. (3.11)
max otherwise
s€(0,¢] S

Itis easy to see that £ is well-defined and continuous. These facts, together with (3.3),
guarantee that there exists 1 € (0, 1) such that

¢ > +max{l, h(t)}ry,p. (3.12)
Letu,, be the normaliz_ed eigenfunction, thatis ||u1 ||, = 1, corresponding to A1 .
Since uy,, € int (CI(Q)+), we can choose t» € (0, #1] sufficiently small so that
tuy,p € [0, 8] for all € (0, t2], which implies that
tuy,, € (0,up) forallx € Qand € (0, 12]. (3.13)
Moreover, let us choose #3 € (0, 2] such that
dr(V(tur,p)) <t forall t € [0, 13]. (3.14)

Taking (3.11) into account, (3.14) implies that

MNPV (tur,p)] < h(t)¢n(V(tuy, p))

for every t € (0, 13]. Then we use the truncations in (3.6) together with (3.10), (3.13),
(3.14), and (f>) to achieve

2 1
T (tur p) = M [$1(V (w1 )] + ;”tul.pnz + glltul,pllz,u

—/ B+(x,tu17p) dx—/ B;’(x,tulyp) do
Q Q2

= ( ) ” ”p h( )t ” ”q a 15 ”M p”q a
=n ll ;ul. ll ;Lll’ N 1, s
p P q r p q

t? t? »
_Cg'f'/QF(xatul,p) dx'f'/g;”ul,p”p,ag

tP 14
< max (1 b)) = (191,p15 + Bl pl] ) + ) 1Vl

P g tP tP
+0—+ *”ul,p”q,a —{—+eé&e—
p q p p

< (max{l, h@)}h,p+0 —¢ +8) I h) Vi, plig.a + llut,pllg.a ’
p q
(3.15)
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for every t € (0, 13]. Since p < ¢, we can choose 7 € (0, 13] such that

<0,

7P <§ — ¥ —max {I, h(tl)})\l,p - 8>+;q h(tl)Hvul,p”Z,a + ”ul,p“g,a
p q
(3.16)
where ¢ := %(g‘ — ¢ —max {1, h(t1)} A1,p) > O thanks to (3.12).
From (3.15) it follows that J +(?u1, ») < 0, therefore, by (3.9) we have
JE@) < T (tuy,p) < 0= J7(0),

which implies that # # 0. Let us now show the bound u € [0, ug]. We observe that
(3.9) implies that (J )" (@) = 0, that is,

M[¢H(Vﬁ)]f (IWV"ZWJFa(x)|V’u“lq‘2W)~V<0 dx
Q
+/ (ﬂ|ﬁ|1’—2i+a(x)|ﬁ|q—zﬁ)<pdx
Q
= | bT(x,Wedx+ | bi(x,Wedo (3.17)
Q R b

for all ¢ € wiH(Q). Choosing ¢ = —u~ € wlH(Q) in (3.17) and taking into
account the truncations (3.6) we get

M [pr (VIO (IVE (1 + IVETI§.a) + 17715 + 127 11,0 = 0. (3.18)
Since all the above terms are nonnegative, the equality in (3.18) is satisfied when
u~ = 0, which implies that # > 0.

We now choose ¢ = (i — ug)™ € WLH(Q) in (3.17) and take (3.6) once again
into account to achieve

M [qu(vﬁ)]/ (|vﬁ|1’*2vﬁ + a(x)|Vﬁ|‘1*2vﬁ) V(@ — uo)t dx
Q
+ / (MP—I + a(x)'i[q_l) (o —ug)t dx
Q
= f b (e, W)@ — ug)T dx +/ b;(x, W)W —up)t do
Q Q

_ / Cul™" = Fx,uo)) @ — up)* dx +/ (—Bul ™)@ — uo)* do
Q 0
<0, (3.19)

where the last inequality holds by (3.5) and the fact that #¢ > 0. On the one hand, we
see that

M [¢n(ViD)] / (IV&P Vi + a(@) |Vl 2Va) - V(@ - uo)* dx
Q
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=M [q&H(Vﬁ)]/ |Vi|? + a(x)|Vu|? dx, (3.20)
{'>up}
while on the other hand, exploiting the fact that ¥ > ug > 1, we get
0> / @P~ + a()@? @ — up) Tdx
Q
=/ P~ = uo) + a()u? " (@ — ug) dx
{u>ugp}
> / YW — ug)? +a(x)U — ugp)? dx. (3.21)
{i>uo)

Gathering (3.19), (3.20) and (3.21), we see that

M (¢ (ViD)] |Vi|? +a(x)|Vi|? dx

{U>ug)

+/ O (U — ug)Pa(x)( — ug)? dx <0,
{u>up}

which gives (& — up)* = 0, and therefore & < ug. This fact in particular implies that
i € L°°(R2). By definition of the truncations (3.6), i turns out to be a weak solution

to (3.2).

In order to show the existence of a nonpositive solution, we first fix the constant
function u; = —ug, then use equation (3.4) and the fact that p < ¢ to achieve

Clun|P2uy — f(x,u) >0 forae. x € Q.

Then we consider the cut-off, Carathéodory functions b~ : 2 xR — Rand bE 02 %

R — R given by

Clut)P2uy — f(x,uy) ifr <uy
b~ (x,t) = {¢|t|P 2t — f(x,1) ifu; <t <0,

0 ift >0
—Blui|P2uy ift <uy

by (x,1) =1 —Blt|P~*  ifuy <1 <0,
0 ift >0

set

(3.22)

t t
B (x,1) ::/O b~ (x,s)ds aswellas Bﬁ_(x,t) ::/0 b;(x,s)ds, (3.23)

@ Springer



Multiple solutions to Kirchhoff type double phase problems... 221

and consider the C'-functional J—: W' (Q) — R given by
_ L _ _
I ) = Mo (Vwl+ —lulp + —llullge — | B-(x,u)dx — | By (x,u)do.
P q Q IQ

Reasoning in a similar fashion as before we find a global minimizer u € wiH(Q)
of J~ such that u € [ug, 0]. By definition of the truncations (3.22) we see that u is a
nonpositive weak solution to problem (3.2). The proof is complete. O

Now, we consider problem (1.2) with %1, &> as in (3.1). Then we get

-M (/ |Vu|1’dx> Apu—M (/ a(x)IVu|qu) div (a(x)|Vu|q_2Vu)
¢ Q

= (¢ — MulP2u —a@)|ul!u — f(x,u) inQ,

[M(||W||;)|W|P—2w n M(||W||3,a)a(x)|ww—2w] v =BlulP 2 ondQ.
(3.24)
We say that u € WLH(Q) is a weak solution to (3.24) if

M(||W||§)/ |VulP~2Vu - Vo dx+M(||Vu||Z,a)/ a(x)|Vul?>Vu - Vo dx
Q Q
+/ (ﬁ|u|P72u+a(x)|u|’172u)<pdx
Q

=f (19|u|p_2u — fx, u))<p dx — ﬂf )P 2ug do
Q 0

holds for all ¢ € W1H(Q). The existence result concerning problem (3.24) reads as
follows.

Theorem 3.2 In the same hypotheses of Theorem 3.1, there exist two nontrivial weak
solutions W, u € W-M(Q) N L®(Q) to problem (3.24), such that i > 0 and u < 0.

Proof As before, we start by showing the existence of the nonnegative solution, fol-
lowing the proof of Theorem 3.1 until (3.7). Then we consider the C!-functional
Jt: whH(Q) — R given by

1 1 D 1
TF ) = —A (|Vullp) + =4 (IVulld o) + = lulp + = lulf.q
4 q 14 q
— / Bt (x,u) dx — / B;(x, u) do.
Q aIQ

Arguing as in the previous proof and thanks to (2.9) we have that 7T is coercive and
lower semicontinuous. Therefore, there exists & € WLH(Q) such that

JH@) =inf{TT@w) : ue whHH Q).
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In order to show that @ is nontrivial, we let u1 , € int (C!(2)) be the normalized
eigenfunction corresponding to the first eigenvalue A1, of problem (2.23), and choose
11, t» asin (3.12) and (3.13), respectively. Moreover, we choose 3 € (0, #2] such that

IV @ur Iy, IV@urp)llga <t forallz € [0, ],
and finally 7 and ¢ > 0 in order to satisfy (3.16). It follows that
TH(@) < T (turp) < 0=T40),

therefore & # 0. The proof that 0 < i < ug works as in the previous case, and thus &
is a weak, nonnegative, and bounded solution to (3.24).

In order to find the nonpositive solution we consider the functional 7~ : W'! HQ) >
R defined by

- 1 1 ) 1
J ) = ;/// (IVullp) + 6—1/// (IVullg.a) + ;IIMII;’Z + ;1||u||3,a

—/ B~ (x,u) dx—/ Bﬁ_(x,u) do,
Q a0

with B~ and BE given as in (3.22), (3.23), and reason as in the previous case. This
completes the proof of the theorem. O

We conclude this section pointing out that Theorems 3.1 and 3.2 generalize [10,
Theorem 4.2] in a nonlocal Kirchhoff framework. In any case, assumption (3.3) is
consistent with the constraint for ¢ requested in [10], when M = 1.

4 Infinitely many solutions

In this section we prove the existence of infinitely many solutions to (1.1) and (1.2)
when i1 and hy are symmetric. Throughout this section and differently from the
previous one, d€2 is assumed to be only Lipschitz. More precisely, we choose

hi(x,1) = f(x,0) —|t|P72t —a(x)|t|97%t forae.x € Q, forallt € R,
hao(x,t) = g(x,t) forae.x € 092, forallt € R, “.1)

where f : @ x R — Rand g : 92 x R — R are two Carathéodory functions that
satisfy the following assumptions:

(h1) there exist exponentsry € (p, p*) andry € (p, ps), andtwo constants cy,cp > 0
such that

1Fx, 0] < el (1 + |t|"*1) forae x € Qandall7 € R,

lg(x, )| <2 <l + |t|r2_1) fora.e. x € 9Q and all 1 € R;
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(hy) F(x,t) > 0and G(x,t) > 0 fora.e. x € Q and x € 02, respectively, and all
t € R, where

t t
F(x,t) :=/ f(x,s)ds aswellas G(x,1) ::/ g(x,s)ds.
0 0

Moreover it holds that

F(x,1)
1m
ltl>oo  |t]9?

= oo uniformly for a.e. x € Q.

(h3) It holds that
1
F(x,t) = —Qf(x, )t — F(x,t) >0 aswell as
q
1
gx,1) = —Qg(x,t)t -Gx,1)=0
q

fora.e.x € Qand a.e. x € 3R, respectively, and for every t € R;
(ha) There existty > 0,dy,d» > 0,51 > N/pand sy > (N — 1)/(p — 1) such that

F(x, ) <d|t|P"" F(x,t) forae.x € Q, forall |t| > 19,
G(x, ) <dp|t|P2G(x,t) forae.x € 02, forall |t]| > 19;

(hs) f(x,—t)=—f(x,t)and g(x, —t) = —g(x,t) fora.e.x € Qand a.e. x € I,
respectively, and all t € R.

Remark 4.1 When6 < p,/q,twosimple model functions f and g satisfying (&21)—(hs)
are given by f(x,7) = w(x)|t|"" "%t and g(x, 1) = z(x)|t|">~%¢, where w € L>®(Q)
with infg w > 0 and z € L (0R2) with infyq z > 0, and with parameters 7y > 0 and

N 6 1 o 0
st €| —, 1 , r € | g9, PA Jdp = — - ,Hw”oo AL ,
p q0—p s1— 1 r' infow 1 —qf

N—-1 g6 1zl 6
sme(~—, 12 ) , relq9, P2 ) iy = — - 2202 n29° 4.2)
p—1 ¢g0—p so— 1 ry’ infagez  ra—qf

We observe that such parameters in (4.2) exist since 6 < p,/q. Moreover, it can be
easily seen that this restriction on the choice of 6 is necessary if we want to have
models of this form.

With the choice (4.1) we have that problem (1.1) can be rewritten as

— M [$3 (V)1 div (IVul?">Vu + a(x)|Vul! V) = £, u) — [ulP2u —a()ul!"?u inQ,
M [¢3(Vi)] (IVu|P">Vu + a(x)|Vul!"2Vu) - v = g(x,u) on dQ.
“4.3)
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We say that u € WLH(Q) is a weak solution to (4.3) if it satisfies
M [¢H(W)]/ (|Vu|P*2w + a(x)|Vu|‘1*2w) Vg dx
Q
+ / (|u|”_2u + a(x)|u|q_2u> @ dx
Q

:/ f(_x,l/t)(p dx+/ g(-xsu)(p do
Q 9]

forall ¢ € W1H7(Q). We see that (4.3) is the Euler-Lagrange equation corresponding
to the functional 7 : W1 (Q) — R of class C! defined as

1 1
1) == A [pr (V)] + —ulh + = lullf . —f F(x,u) dx —/ G(x,u) do.
p q Q aQ

Now, we are ready to state the existence result to (4.3).

Theorem 4.2 Let (1.3), (M1)—(M>3), and (h1)—(hs) hold true. Then, problem (4.3) has
infinitely many weak solutions (u ) j with unbounded energy.

Theorem 4.2 generalizes [17, Theorem 5.9] where problem (4.3) was considered
with M = 1, namely without the Kirchhoff coefficient. Here, the function f satisfies
the crucial assumption (h4), different from the quasi-monotonic assumption (1.8)
assumed in [17]. Indeed, (1.8) can not work for problem (4.3), even if M satisfies some
monotonic condition. This is due to the fact that M in (4.3) depends on ¢3¢ (Vu) given
in (2.7) and not on the seminorm ||Vu| 4. Also, we do not have a proper equivalence
between ¢/ (Vu) and || Vu||7¢, but only the following relation

A

| 1
amln{IIVMH%, IVulg) < C_IQH(VM) < ¢pn(Vu)

IA

1 1 4 q
Son(Vi) = - max(|Vulfy, [ Vulf)

implied by Proposition 2.1.

We aim to prove Theorem 4.2 by means of Theorem 2.7. To this end, we first show
that 7 satisfies the (C) condition and then that assumptions (i) and (ii) of Theorem 2.7
are satisfied. We start with the following preliminary result.

Lemma 4.3 Any Cerami sequence (u;); of I is bounded in wiH(Q).
Proof Let (u;); be a sequence satisfying (2.25) with E = I. Hence, there exist C > 0

and ¢; > 0, with ¢; — 0, such that

gjillellin

(I (u}), )| < AP forallp € WhH(Q) and j € N (4.4)
JIL,

and
[{(uj)] <C forall j € N. 4.5)
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We claim that (u ) ; is bounded in wiH(Q).

Arguing by contradiction, we assume that ||u||; » — oo as j — oo and, without
loss of generality, that ||u;|l;7 > 1 for j sufficiently large. Set v; := u;/|lu;ll1 x-
It holds that ||vj|l;, 7 = 1, therefore there exists v € WH(Q) such that, up to a
subsequence,

vj(x) = v(x) forae. x € Q, vj — vin L" () N L"(8LQ) (4.6)
for all v; € [1, p*) and all v» € [1, p,), exploiting the reflexivity of WI*H(Q)
and Proposition 2.3-(ii) and (iii). We aim to show that v = 0. To this end, we set
Q* = {x € Q: v(x) # 0} and assume that |2*| > 0. Since |lu;|l; 4 — o0 as
Jj — oo, then

lujl = “”jul,H -|vj| = oo ae.in Q.

Taking into account (h;), we get

. F(x,uj) . F(x,uj)
oo = lim —ejz ' —8]~|vj|"9 fora.e. x € Q*.
j—oo ”u!”[fH j—oo |ujld

Then, Fatou’s lemma gives

F(x,u; Fx,u;i)v;i9°
lim [ 20D i, / PO w4 — oo, 4.7
i=eoJa Jluj||1%, j—o Jo 49

On the other hand, we use (2.25) together with the nonnegativity of G first and then
(2.16) to achieve

1 1
/Q F(x ) dx < M gp(V)) + -l + 0+ C

< Bi(1+ [lullf 5 + %) + C forall j € N.

Dividing by ||u ”LIIGH’ passing to the limit superior as j — oo and recalling that6 > 1,
we have

F(x,u;
lim sup/ (X—ZJ) dx < o0, 4.8)
j—oo J2 ul1%%,

which contradicts (4.7). In conclusion, Q* has zero measure, that is, v = 0 a.e. in Q.
Take now j € Nlarge enoughsothat ||u |1 7 > 1. By hypothesis (M), inequality
(2.25), together with (2.8) and the fact that & > 1, we have

1 1
C > 1(uj)=H¢pn(Vu;)]+ ;nujnz + gnu,-nz,a

—/ F(x,uj)dx—/ G(x,uj)do
Q 0

@ Springer



226 A. Fiscella et al.

1 1
> 5M[¢H(Vuj)]¢H(Vuj) + 59%(%’)
—/ F(x,uj)dx—/ G(x,uj)do
Q a0

Aq
> q—9||u,-||{’ﬁ—/QF(x,uJ-)dx—/mG(x,u,) do.

Since ||u |17 — oo as j — oo, from the previous inequality we have

L. F(x,uj) G(x,uj) Ay
lim inf —pdx + —pda >— > 0. “4.9)
j=oo | Ja llujlly 4 oo llujlly 4 q
We aim to show that
F(x,uj . G(x,uj
lim / P01 g = tim / G 15) 4y =0, (4.10)
J=ooda llujlly 4 j=ooJaq llujlly 4

which will eventually contradict (4.9). We first observe that, thanks to hypothesis (M)
together with (4.4) and (4.5), we have

L
C>1I(uj)— q—9(1 (uj),uj)
1
= M (Vujl - q—QMWH(V”j)]QH(V“.i)
1 1 1 1
(5= ) s (G- g ot

1 1
- /Q [F(x, uj)— q—ef(x, uj)uj:| dx — /asz |:G(x, uj)— q—eg(x, uj)uj:| do

Z/f(x,uj) dx—i—/ G(x,uj)do. 4.11)
Q 02

Foralla > Oandb > a,wenowset2;(a, b) := {x € Q: a < |u;(x)| < b}. Thanks
to (k1) and (4.6) it follows that

F(x,u; Uu; u;i|"
/ —( pj)dxfclf |111 + |J|p dx
Q;0.10) lujlly 44 Q;0.00) \Nujlly 5 rullujlly 4

ujllh 1 _
<o ’ﬂ + = Juj " P ;| dx
lujlly e 71 J2;0.0)

C t(’)’l—P ) .
<c ﬁ_’_—”v.i”p — 0 asj— o0, (4.12)
Il 11} 44 "
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being v = 0. On the other hand, by (44), (4.11), and Holder’s inequality, we have

F(x,u; F(x,u;
/ ( pJ) dx:/ ( ")|vj|pdx
Q;(t0.00) [1ujlly 44 Q.00 |Uj1P
1/s1
F(x,u)\" /
o () o] (e
Qj(to,00) lujlP Qj (to,00)

1/s1
1
<d/ (/ F(x,uj) dx) ||v,~||§s,
Q;(10,00) !

< dl‘/slcl/sl ||vj||§s, — 0 asj — oo, (4.13)
1

1/s

taking once again (4.6) into account, with v = 0, and since psi < p* thanks to (h4).
Combining (4.12) and (4.13), we get

F(x,uj
lim / (x—;tj)dx=0.
J=ooJa llujlly 4

Reasoning in a similar way and exploiting the fact that ps) < p, thanks to hypothesis
(hy4), we have
. G(x,uj)
lim ———do =0.
J=ee Jaq llujlly 4

Therefore, (4.10) follows, giving the desired contradiction. This allows us to conclude
that (u;) ; is bounded in W7 (Q). O

Lemma 4.4 The functional I satisfies the (C) condition.

Proof Let (uj); C WLH(Q) be a sequence satisfying (2.25) with E = I. Thanks to
Lemma 4.3 we have that () ; is bounded in WLH(Q). Therefore, taking into account

Propositions 2.1-2.3 and the reflexivity of Wl’H(Q), there exist a subsequence, still
denoted by (), and u € WI'H(Q) such that

H Heon "
wj—uin Q). Vu—Vuin [LM@], dn(Vuy - ¢,
wi—uin WQ),  uj o> uin LY@ N L@ NL20Q).,  (4.14)

as j — oo, with vy € [1, p*) and vy € [1, py).

We aim to show that such (u ;) ; is strongly convergent in WI’H(Q). Let us distin-
guish between two possible situations. We first assume that ¢ = 0. Therefore, since
¢ (v) = o (v)/q = O0forallv e WLH(Q), thanks to Proposition 2.1-(v) we have
Vu; — 0in [LH(Q)]N. Thus we can conclude that u; — u in W!"71(Q) as j — oo,
with u constant a.e. in €2.

On the other hand, let us suppose £ > 0. Thanks to (4.14) and Proposition 2.4 it
suffices to show that

limsup(L(u;) — L(u), u; —u) <0,

j—o00
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where L is the functional defined in (2.5). Taking into account hypothesis (%1), the
boundedness of (u;);, the convergences in (4.14), and applying Holder’s inequality
we obtain that, as j — oo,

'/ fl,uj)wj—u)dx
Q

< 61/ (1 + |Mj|r‘_1> luj —ul dx
Q

< (||u,- — el A+ [ 7 e~ u||,1) =0, (4.15)

as well as

‘/ gx,uj)uj —u)do
a0

=< cz/ (1 + |Mj|r2_1) luj —ul do
a0

< 2 (luj — ulhae + Ju; 2 o0 Nt =l a0) = 0,
(4.16)
similarly,
‘/Q |uj|p_2uj(uj —u)dx| < ||uj||p71||u —ujllp, =0, 4.17)
and finally
‘/Qa(x)lujlq_zuj(uj —u)dx| < IIMjIIZ,_alHu —ujllga — 0. (4.18)

Thus, by means of (2.25) and (4.14)—(4.18) we get

o(1) = (I'(uj), uj — u) = M [$pr(Vuj) | (L(uj), uj — u)
+/ |uj|p72uj(uj—u) dx—l—/ a(x)|uj|q72uj(uj—u) dx
Q Q
—f f(x,uj)(uj—u)dx—/ gx,uj)uj —u)do
Q Q2

= ME(L(u;),u; —u)+o(l) asj— oo. (4.19)

Moreover, thanks to Holder’s inequality and Proposition 2.1, given ¢ € (L)Y
such that ||¢||7¢ = 1 it holds that

/ (|Vu|”_2Vu + a(x)|Vu|q_2Vu) ~¢ dx
Q

-1 =1 -1 1
= | IVulP7 gl dx + | a(x) @ [Vul' a(x)7|¢| dx
Q Q

—1 -1
< IVully ol + IVullga Illg,a
—1 —1
< max{||Vullp™ ", I Vullg o Jor (@)

p—1 qg—1
= max{||Vullp *, [Vulga }-
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This implies that the functional
Heon " 2 2
P e [L (sz)] l—>/ (|Vu|p_ Vi + a(x)|Vul?™ Vu) - $dx
Q

is linear and bounded. Therefore, by (4.14) we have

(L), uj —u) = / (|Vu|”_2Vu +a(x)|Vu|q_2Vu) -V(uj—u)dx - 0as j —> oo.
Q

(4.20)
Combining (4.19)—(4.20), using Proposition 2.4 and taking into account that M (¢) > 0
thanks to (M>), we conclude that u; — u in wWLH(Q) as Jj — oo. This completes
the proof. O

We now point out that, since W' () is a reflexive and separable Banach space,
there exist two sequences (e;); € W7 (Q) and (e); C (Wl’H(Q))* that satisfy
(2.26)—(2.28).

Then we can state the following lemma, which is strongly inspired by [21, Lemma
7.1]. First of all, for all j € N we set

Bj = sup llull,, aswellas &;:= sup el s 00, 4.21)
u€Zj, lully =1 ueZj, ully =1

where Z; is defined in (2.28) and r, 7 are chosen as in (/7).
Lemma 4.5 It holds that

lim B; = lim &; = 0.

j—oo j—oo

Proof The claim for (8 ;)j is the content of [21, Lemma 7.1], then we are left to
show that lim &; = 0. From (4.21), for all j € N we choose u; € Z; such that

j—00

il 2 = 1 and

1
§j =< llujllr.oe+ 7 (4.22)

Since (u ) j is bounded in the reflexive space wl ’H(Q), thanks to Proposition 2.3—(iii)
there exists u € WI’H(SZ) such that

wj—uin WhQ),  u; — uin L2 (39Q). (4.23)

Moreover, fix k € N. From (2.27) it follows that (eZ, uj) = 0, for all j € N big
enough. Then we have

(ef,u) = lim (e}, u;) =0 forallk € N.
Jj—00

This implies that u = 0 in Wl’H(Q). Then, by (4.23) it holds thatu; — O as j — oo
in L"2(9€2). Therefore, from (4.22) we have the conclusion. m|
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We are now ready to prove Theorem 4.2.

Proof of Theorem 4.2 Thanks to hypothesis (h5) and Lemma 4.4 we have that [ is
an even functional and satisfies the (C) condition. Thus we are left to verify that
conditions (i) and (ii) of Theorem 2.7 hold true. We start with condition (i). By (A1)
we have that

1"
F(x,t) <c <|t| + 1 ) fora.e.x € Q (4.24)
r
as well as "
t
G(x,t) <c <|t| + 1 ) fora.e. x € 992, (4.25)
n

forall# € R. Thus, forall u € Z; with |lul[; 7 > 1, thanks to (2.8), hypothesis (M),
(4.21), (4.24), (4.25), and the Holder’s inequality, we have

| n
IUOEi55(A“¢H(VMH¢H(VM)+ENKM»'—Cl(”Wh-%ﬂ%%—)
lull2.
+Qownm+i%fﬁ>

z ﬂ ”u”p —C] |Q|(V171)/r| el + ||Lt||;:
~ q6 IL'H 1 "

_ ”u||r2 90
+c (0(9)(’2 DI ull,, a0 + +22

= C (Wl = B Nl g = B Nl = 85 Nl g — 7 Nl ) - (426)

for a suitable C > 0.

Set now r := max{ry,72} > p and n; := max{B;,§;}, with B; and &; given in
(4.21). By Lemma 4.5, we have that n; < 1if j € N is sufficiently large. Hence, by
(4.26), for all u € Z; with |lull; 3y > 1 and j € N big enough, we get

Iw) = CL—4n; llully 5 lullf 4 - (4.27)

Let us choose

) ( 1 rlp
yj = S0 )

Then y; — oo as j — oo, since n; — 0 as j — oo thanks to Lemma 4.5 and the
fact that 7 > p. Inequality (4.27) yields that, for all u € Z; with [lull; y = v},

c , .
I(u)ziyjaoo as j — oo,
which gives the validity of condition (i).
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In order to prove condition (ii) we argue by contradiction. Therefore we assume
that there exists j > 0 such that for each n € N\{0} we can find a function u, € Y;
with |[u, ||, > n and I(u,) > 0. Let us define, for each n, v, = u,/l|lu,ll1,#. Of
course, ||v,ll1, ¢ = 1. Since (Y, || - |l1,7¢) is a finite dimensional Banach space, it
follows that there exists v € Y; such that, up to a subsequence,

lv, = vl — 0

as n — oo. Since also |[v|l1 3¢y = 1, setting A := {x € Q2 : v(x) # 0}, it follows that
|A| # 0. Therefore, arguing as in the proof of Lemma 4.3, thanks to (h,) we conclude

that P
lim / w dx = +oo. (4.28)
mmeeJa up ”?'H

On the other hand, as 7 (u,) > 0, and thanks to the nonnegativity of G and (2.16), we
have that

/F(x,un(X)) dx 5/ F(x,u,(x)) dXS/ F(x,u,(x)) dx + I(uy)
A Q Q
1 1
=///[¢H(Vun)]+—||un||§+—llun||3,a—/ G(x,u,) do
p q a0

1 1
< M pn(Vun)] + ;Ilunllg + 5llunllg,a

9
< Bi(1 A+ [lunll 5 + Nl 50)- (4.29)

Dividing both extremes of the previous inequality by ||u;, ”(11,971 and passing to the limit,
a contradiction with (4.28) follows.

Thus, we can apply Theorem 2.7 to obtain a sequence of critical points of / with
unbounded energy. The proof is thus complete. O

We now aim to show existence of infinitely many solutions to (1.2), where /1 and
h, are chosen as in (4.1), that is,

— M (IIVullp) Apu — M (I Vulg.q) div (a(x)|vu|q*2vu)
= f(x,u) — ulP2u —a@)|u)f%u inQ,

[ M (IVal) 1901720 + M (IVul0) @)l Vul=2Vu ] v = g(x.uw) on 922,
(4.30)

We say that a function u € WLH(Q) is a weak solution to (4.30) if
M(IIVMII,';)/ |VulP2Vu - Vo dx + M(|Vul§ o)
Q
f a()|Vu|9"2Vu - Vo dx + / (|u|p_2u + a(x)|u|q_2u> o dx
Q Q

=/ flx,we dX+/ glx,u)p do,
Q Q2
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is satisfied for all ¢ € WLH(Q). In this case, (4.30) is the Euler-Lagrange equation
associated with the energy functional Z : W7 (Q) — R given by

1 1 1 1
Zu) = —A(\Vulp) + —A(\Vuld ) + = lulh + =lullf o
)4 q p q

—/ F(x,u) dx—/ G(x,u) do.
Q 02

Our multiplicity result for (4.30) reads as follows.

Theorem 4.6 Let (1.3), (M|)—(M>), and (h)—(hs) hold true. Then, problem (4.30)
has infinitely many weak solutions (u ;) j with unbounded energy.

Here, we point out that assumption (%3) could allow us to prove the boundedness of
a Palais-Smale sequence for Z, but justin W17 (€2). This fact is not enough considering
T setin WhH(Q), with W (Q) < W!-P(Q) by Proposition 2.3-(i). For this reason,
we exploit the same ideas employed in the proof of Theorem 4.2 in order to prove
Theorem 4.6. That is, we start by showing that Cerami sequences of 7 are bounded.
Then we use this property to show that Z satisfies the (C) condition. Finally we apply
Theorem 2.7 to 7.

Lemma 4.7 Any Cerami sequence of I is bounded in wiH(Q).

Proof The proof works exactly as in Lemma 4.4, with (4.8) and (4.11) following from
(2.9) and (2.17), respectively. O

Lemma 4.8 The functional I satisfies the (C) condition.

Proof Let (uj); C wLH(Q) be a sequence satisfying (2.25) with £ = Z. Thanks
to Lemma 4.7, (u;); is bounded in Wl’H(Q). Hence, by Propositions 2.1-2.3 and
the reflexivity of wlH(Q), there exist a subsequence, still denoted by (u;);, and
u € WHH(Q) such that

M T Hon T
wj — uin L(Q),  Vu;—Vuin [L (Q)] IVusl, = £,

IVuillga = € uj—uin Wh(Q),  u; — uin LV (Q) N L™ (09),
4.31)

as j — oo, with v; € [1, p*) and vo € [1, py). We apply (2.25) together with
(4.15)—(4.18) and (4.31), to have

o(l) = (I/(uj), uj—u)= M(IIVung)/sZ IVujIP_ZVuj ~(Vuj; — Vu) dx
+ M(||Vu; ||Z,a)/9a(x)|wj|q—2wj - (Vuj — Vu) dx
—1—/ |u/|p_2uj(uj—u) dx—i—/ a(x)lujlq_zuj(uj—u) dx
Q Q

—_ s . P d — , . . d
‘/Qf(x ”])(u] u) dx /;mg(x M])(MJ u)do
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:M(zz,’f;)fgz IVuj|P~2Vu; - (Vuj — Vu) dx

+M(€Z)/;2a(x)|Vuj|q_2Vuj - (Vu;j—Vu) dx+o(l) as j—oo.
(4.32)

We need now to distinguish between two situations, that depend on the behavior of M
at zero.

Case 1: Let M verify M (0) = 0.

Since £, > 0 and £, > 0 in (4.31), we further distinguish among four subcases.
Subcase 1.1: Let £, =0 and £, = 0.

By (4.31) we have ||Vu;ll, — 0 and ||Vu;lly,« — 0as j — oo, which thanks to
(2.1) and Proposition 2.1 implies that Vu; — 0in [LH(Q)]N. Hence, u; — u in
WI'H(Q) as j — oo, with u constant a.e. in 2.

Subcase 1.2: Let £, = 0 and £, > 0.

From (4.32) and (M>) we have

lim [ a(o)|Vu;|972Vu; - (Vu; — Vu) dx = 0. (4.33)
Q

j—o00

Moreover, since (Vu ;) ; is bounded in (L? ()N thanks to (4.31), it follows that

lim sup
Jj—o0

/ |Vuj|”_2Vuj - (Vuj — Vu) dx| < lim sup ||Vuj||£7] Vu; — Vull,
Q

j—o0o
< ¢4~ lim sup | Vu,; — Vul|, = 0.
j—o00

Then we have

‘lim (L(uj), uj — l/l) =0.
j—o00

This fact, together with (4.20) and Proposition 2.4, allows to conclude that u; — u
in WL (Q).

Subcase 1.3: Let £, > 0 and £, = 0.

The proof works exactly as in Subcase 1.2, hence we omit the details.
Subcase 1.4: Let £, > 0 and £, > 0.

It follows that

Him | |Vu|P™2Vu-V(u; —u) dx =0, (4.34)
j—)OO Q
as well as
lim / a(x)|Vu|!*Vu - V(u; —u) dx = 0. (4.35)
/—)OO Q
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Therefore (4.32), (4.34), and (4.35) yield
M) f (|wj|l’—2wj - |Vu|”_2Vu> - (Vuj — Vu) dx
Q

+ M(ZZ)/ a(x) (|Vuj|q*2w,- _ |Vu|‘1*2w) - (Vu; — Vu) dx = o(1)
Q
as j — oo. (4.36)

Exploiting the convexity of the two Laplacian operators of p and g types and the fact
that a(x) > 0 a.e. in 2 thanks to (1.3), we get

(|wj|P—2wj _ |Vu|p_2Vu) - (Vu; — Vu) > O ace. in 2,

a(x) (qujl"_ZVuj - |vu|‘1—2w) - (Vu; — Vu) > 0 ace. in 2.
Therefore, from (4.36) we have

min { M (¢h), M(¢)} limsup(L(u;) — L), uj —u) <0,

J—>00

being M (Eﬁ), M (EZ) > 0 thanks to (M>). Hence we can use Proposition 2.4 and
(4.31) to conclude that u; — u in WiH(Q) as Jj — oo. This completes the proof of
Case 1.

Case 2: Let M verify M(0) > 0.

Since by (M3) we have that M(Zg), M(Zg) > O for £p, £4 > 0, we can argue exactly
as in Subcase 1.4 to get the conclusion. O

Proof of Theorem 4.6 The proof works exactly as for Theorem 4.2, with (4.27) and
(4.29) following from (2.9) and (2.17), respectively. O
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