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On MRAs and prewavelets based on elliptic splines

Barbara Bacchelli and Milvia Rossini

Abstract We consider shift-invariant multiresolution spaces generated by
g-elliptic splines in R¢, d > 2, which are tempered distributions characterized
by a complex-valued elliptic homogeneous polynomial g of degree m > d.
To construct Riesz bases of L2(R?), a family of non-separable basic smooth
functions are obtained by localizing a fundamental solution of the operator
q(D), properly. The construction provides a generalization of some known
elliptic scaling functions, the most famous being polyharmonic B-splines.

Here, we prove that real-valued ¢ leads to r-regular multiresolution analysis,
with » = m — d — 1. In addition, we prove that there exist r-regular non-
separable prewavelet systems associated with not necessarily regular multire-
solution analyses. These prewavelets have m — 1 vanishing moments and the
approximation order of the prewavelet decomposition can be established.
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1 Introduction

The class Eq(Rd) of g-elliptic splines can be defined as the subset of
tempered distributions f on R? such that the differential operator ¢(D),
D = (0/0xy,...,0/0x4), applied to f is a measure supported on the integer
lattice Z¢ in R?; ¢ is a complex, homogeneous polynomial of degree m > d
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which is required to be zero in R? only in the origin, hence the use of the term
elliptic.

The first paper introducing multiresolution analysis (MRA) for elliptic
spline is [14] where a dyadic prewavelet decomposition of L?(R?) is provided.
In that paper, the authors introduced a special family of g-elliptic splines ¢
having Fourier transform of the form

¢="Tq ",

where T is a trigonometric polynomial which is zero only in the grid 27Z<
and there exists a positive integer s such that T'(w) — g(w) = O(|jw| %), as
w — 0. This implies that ¢(w) — 1 as w — 0. If we specialize that (D) is the
kth-iterate of the Laplace operator (k = m/2, m even) we obtain polyharmonic
B-splines, which include the elementary and high level k-harmonic ” B-splines”
defined by Rabut in his seminal papers [16,17] and all the ones introduced later
on (see e.g. [3,18,19,22]). MRAs based on polyharmonic B-splines have been
widely studied and explicit constructions of the filters can be found for instance
in [1,4,22].

More recently, in the two dimensional setting, the authors of [8] modify the
Laplacian of order a € Rar by a differential operator of Wirtinger type and

allow for ¢ less restrictive assumptions than [14] by requiring that ’(;Aﬁ(w)‘ —

¢ > 0asw — 0. When « is an integer, their special complex ¢ is a homogeneous
elliptic polynomial and the introduced scaling functions and prewavelets are
in E,(R?) (see also [23]).

In all the above cases, the resulting g-elliptic splines are non-separable
and non-compactly supported. Non-compactly supported scaling functions and
wavelets may have some drawback when we consider implementation aspects
and applications, then r-regularity, in the sense of Meyer [13], is a very de-
sirable property in order to produce reliable numerical results. Furthermore,
r-regularity of the MRA has important consequences from a theoretical point
of view, as for instance on the convergence properties of the projections onto
the multiscale spaces of functions in Sobolev spaces. We refer to the book [13]
for a basic treatment of the subject.

In this paper, we deepen the knowledge on elliptic splines with a particular
attention to r-regularity. As main results, we provide a class of scaling function
with less restrictive assumptions on ¢ than those in [14,8] and we prove r-
regularity of the MRAs corresponding to real-valued polynomials ¢, where r
is the degree of smoothness of the functions. Moreover, we show that for any
g-elliptic spline based MRA, a r-regular complex prewavelet system exists in
E,(RY).

More precisely, we introduce a new family LE,(R?) C E,(R?) of localized
g-elliptic splines which turn out to be valid scaling functions for generating
stationary MRAs of L?(R?). We provide a simple proof based on a result
that can be found in [10]. The novelty consists in requiring that ¢ =Tq?
is bounded and not null in the d-dimensional torus. Our definition includes
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those mentioned above and it is mainly motivated when dealing with complex-
valued polynomials g. The Fourier transform of ¢ may not be continuous, thus,
in that case, ¢ ¢ L'(R?). Refinability intrinsically binds the dilation matrix
A for Z¢ with the generating polynomial ¢ in a relation that, thanks to the
homogeneity of ¢, is always satisfied when A is a dyadic dilation. These scaling
functions are non-separable, non-compactly supported with algebraic decay at
infinity.

In the special case of real-valued polynomials ¢, we can introduce the La-
grange g-elliptic function A, just in terms of ¢, extending the definition given in
[11] for the polyharmonic case. We prove that A, is a localized g-elliptic spline,
then it is a scaling function, and that A, and any ¢ in LE,(R?) generates the
same MRA, associated with an admissible dilation A for Z?. Moreover, we can
prove that A, and its derivatives up to the order r := m — d — 1 exponen-
tially decay at infinity. Thus, the Lagrange scaling function A, is r-regular.
These results are attractive since we can say that when ¢ is real-valued, the
shift-invariant approximation spaces of the multiscale analysis are character-
ized essentially by ¢ and A and the resulting MRA is r-regular. For example,
the well-known MRAs generated by polyharmonic B-splines are r-regular, im-
proving our knowledge on these splines. We conclude the real-valued ¢ analysis
by discussing some interpolation properties of A,. In particular, the cardinal
interpolation problem for data of polynomial growth has solution in E,(R%)
and A, has the polynomial reproducing property up to the degree m — 1,
thus generalizing the known results for polyharmonic Lagrange splines (see
e.g. [11)).

Moving on to the aim of providing r-regular prewavelet basis in E,(R%),
we remark that in the mentioned literature the wavelet constructions depend
explicitly on a scaling function generating the MRA, so that one may suppose
an algebraic decay at infinity. Also, it is well-known that for any r-regular
MRA associated with a dilation A such that | det A| > (d 4+ 1)/2 there exists
a set of wavelets consisting of | det A| — 1 r-regular functions (see e.g. [24]).

In our approach, the MRA may not be r-regular and the scaling function
generating the approximation spaces is not explicitly involved in the prewavelet
definition that actually depends on the real valued polynomial |g|?. Thanks to
some characterizations of a set of wavelets given in Sect. 5.1 and to the regula-
rity properties shown for Lagrange elliptic splines associated with real-valued
polynomials, we can construct a family of r-regular complex prewavelets and
duals, for any complex-valued q. These non-separable elliptic splines depend
only on ¢ and A, have vanishing moments up to the order m — 1 and provide
approximation order m.

Finally, we provide some particular polynomials ¢ and associated scaling
functions in LE,(RY) together with prewavelets.

The paper is organized as follows. In Sect. 2 we give some notations and
definitions. In Sect. 3 we define the subspace LE,(R?) of tempered distribu-
tions of localized g-elliptic splines and we prove that they are scaling functions
generating MRAs of L2(R%). In Sect. 4 we define the Lagrange elliptic spline
in LE,(R?) associated with real-valued ¢ and we prove its properties. Sect. 5
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deals with the construction of a r-regular prewavelet systems. In Sect. 6 we
illustrate connections to prior definitions and some examples.

2 Basic notations and definitions

Let d be the dimension of the space R, and d > 2. We use standard notations
for the spaces L and (¥ with norms |||, p € [1,00], and we denote by ||
the usual Euclidean norm on R?. If z € C, the complex plane, then |z is the
usual modulus and we use the same notation for real z. N={0,1,2,...}. The
inner product between functions f, g in L2(R9), or between vectors =, y in R?
is denoted respectively as

d

(f,9) := /Rd f(m)mdx, <xz,y>:i= Zxkyk.

k=1

The space of locally square integrable functions which are 27Z%-periodic is
denoted by L?(R%/27Z%), and T? := (—m, n]¢ is the d-dimensional torus. We
use " for the Fourier transform, i.e. for any function f € L2?(R9), f(w) =
Jga f()e™"<*">dz. We also use ~ for the Fourier transform of distributions.
When f is a distribution, and ¢ € C?, f(() is the Fourier-Laplace transform
of f. Restricted to R, j? becomes the Fourier transform of f. All equalities
between functions and other related notions are interpreted in the distribu-
tional sense whenever possible. If a = (a1,...,aq) € N? is a multi-index,
lev]
| =0, g, 9°f = (8331)&18. . .{895,1)%’ and 8°f := f. C"(RY) is the set
of functions that are r times continuously differentiable on R?. According to
Meyer [13], given 7 € N, a function f on RY is r-regular if f € C"(R?) and for
each a € N with |a| <r

|0“f(z)| < cam(1+ |lz|)7", VzeR? VneN. (2.1)

If f is r-regular then f € L*(R%) N L?(R%).
Given a function ¢ in L?(R%) we denote by V (¢) the L2(R%)-closure of the set
generated by all linear combinations of its Z¢-translates

V(¢) == clospapay$ > cxd(- — k), cx € (2%

kezd

In this paper, a d x d matrix A denotes a dilation for Z%, that is AZ% C 7,
and the eigenvalues of A have modulus greater than one. A dilation matrix
enjoys the properties that |det A| is an integer > 2 and it gives the number
of cosets of the quotient group Z¢/AZ?. We denote by F a complete set of
representatives of this group, then |det A| = /. We assume that 0 € F. We
call F/ = F \ {0} and B = A”T. The identity matrix in R is denoted by I.

A multiresolution analysis (MRA) of L?(R) associated with (Z<¢, A) is a family
V ={V;};ez of closed subspaces of L?(R?) with the following properties
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Vj C Vj+1, j €7,

U,ez Vi is dense in L*(R?),

for all f € L*(RY) and all j € Z, f(-) € V; = f(A™1) € V,_1,

there is a function ¢ € L2(R?), which is called scaling function, such that
the set {¢(- — k)},cza s a Riesz basis of V.

In short, we will say that ¢ generates the MRA with dilation A. Clearly,
Vo = V() and if ¢ € C¥(RY), k € N, then Ujez Vi C CF(RY).
A MRA of L?(R%) is r-regular if there exists a r-regular scaling function ge-
nerating it (see e.g. [13,24]).

Throughout this paper, we denote by ¢ a complex-valued homogeneous poly-
nomial on R? of degree m > d

qw) == > qaw®, w R’ ¢, €C,

|a]=m

which is required to be elliptic, in other words, g(w) = 0 for some w € RY
implies that w = 0. Consequently, the following bounds hold for some positive
constants C1, Cs

Cy |lwll < lq(w)] < Callw]|% , w e RY. (2.2)

0 !

3 Localized g-elliptic scaling functions

Definition 3.1 The set Eq(Rd) of g-elliptic splines is the subspace of tem-
pered distributions f on R? such that the differential operator ¢(D) applied
to f is a measure supported on the integer lattice Z?¢ in R?. Symbolically

g(D)f(x) =Y axd(z—k), x€R?, ¢ €C, (3.1)
kezd

where D = (0/0z1,...,0/0z4) and 6(x) is the unit Dirac measure supported
at the origin.

It is known that every linear partial differential operator ¢(D) with con-
stant coefficients has a fundamental solution (see e.g. [12]). In our case there
exists a tempered distribution u such that ¢(D)u(z) = 6(z), z € R? whose
generalized Fourier transform (w) = (—i)™¢~!(w),w € R? has a pole of order
m at the origin. Due to the fact that Fourier transformation is an isometric
isomorphism on L?(R%), u ¢ L?*(R%) since u ¢ L?*(R%). Therefore, in order
to get a scaling function ¢ € E,(R%) (N L?(R?), we cancel the singularity at
the origin by multiplying ¢~ by an appropriate function. This is a classical
procedure to get localized basis functions used not only in wavelet theory but
in many contexts of approximation theory (see e.g. [5]).

The following definition introduces a family of tempered distributions ¢,
the localized q-elliptic splines, capable to generate MR As.
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Definition 3.2 The set LE, (R9) of localized g-elliptic splines is the subspace
of tempered distributions ¢ on R? defined by the formula of their Fourier
transform L

¢p:=Tq" (3.2)

where T and q enjoy the following properties:

(A1) T(w) is a bounded, 27Z%-periodic function such that T(w) # 0 for all
w € TN {0};

(A2) there is a positive constant ¢ such that
0< ‘(E(w)‘ <c forwe T (3.3)

Our definition generalizes and includes the ones of [14,16,17] and [8] by
relaxing the requests on the behavior of ¢(w) in a neighborhood of the origin.
We refer to Sect. 6 for more details.

Proposition 3.1 LE,(R?) CE,(R?).

Proof Let ¢ € LE, (R9). The periodicity of the tempered distribution T implies

that T satisfies
T(z) =Y bid(z — k),
kezd

where by = [, i <kw>T(w)dw. From (3.2), we can write g = T and by
inverting the Fourier transform we get

g(D)p(x) = > exd(z — k),

kezd
where ¢ = i™by, k € Z. That is, ¢ € E,(RY). O
We discuss now the properties of localized g-elliptic splines.

Proposition 3.2 Let ¢ in LE,(R?). Then the following properties hold:
—, Yw € RZ,

(i) \jﬁ(w)\ < T
(ii) ¢ € L2(RY).

(iii) ¢ € Cm4=H(RY).
(iv) As [lz]] = oo, ¢(x) = O(||lz[|7%), s € (d/2,d].

Proof By (A2) in Definition 3.2 and by (2.2), ¢ is bounded on R¢ and ¢ =
O(|lw|I”™), as ||w|| — oc. Thus (i) holds and (ii) follows since m > d. Moreover,
Wl is in L3(RY) for |B] < m — d/2. Then ¢ belongs to the Sobolev space
H(R?) for t < m—d/2, and by the embedding theorem ¢ € C™~4~1(R9), and
(iii) is proven. To prove (iv), observe that since ¢ € L?(R%), ¢ decays better
than Hx||70l/2 as ||z|| — oo. Also, b € L*(R%), but ¢ is not required to be
continuous, thus, in general, ¢ ¢ L'(R?) and ¢ decays not better than ||xH_d
as ||z|| = oo. O
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Note that despite (iv) is true in the general case, a better decay is possible.
Given a dilation A for Z%, ¢ is refinable if

d(w) = S(B™'w)d(B'w) (3-4)

for some S(w) € L}(R?/27Z%). Replacing (3.2) in (3.4), we get

In order to obtain a 2wZ%-periodic measurable function S(w), ¢(w) and q(Bw)
need to cancel each other up to a scalar factor. Then the matrix B = AT and
q must satisfy

gw) _
J(Bw) (3.5)

for some constant . In particular, by virtue of the homogeneity of ¢, (3.5)
holds whenever A = 2%1¢ and x = 27

Despite the fact that functions in LE,(R?) may not be in L*(R?), we prove
that they are valid scaling functions.

Proposition 3.3 Any ¢ € LE,(R?) generates a MRAYV ={V; }ieza of L*(RY)
associated with (Z%, A), whenever A enjoys (3.5).

Proof If A enjoys (3.5), there exists S(w) = xT(Bw)/T(w) in L2(R?/2rZ%)

A

such that the refinement equation (3.4) holds. Since ¢ € L?(R?) (see Proposi-
tion 3.2), the 2wZ%-periodic series

Gw) = Z ‘(/#E(w + 27rkz)‘2

kezd

o~ ~

2
converges. If w € T, G(w) > (w)‘ and by (3.3) ‘gb(w)‘ > 0. Then G(w) > 0
in T¢ and by periodicity G(w) > 0 for w € RY. Observe that

o) _ Ja(w)| _ 1 .
G(w) Y okeza la(w + o2k)| 7% 14 |q(w)]? > ko la(w + o7k)| 2

Thus |¢|2/G is a continuous function equal to 1 at the origin. The thesis follows
by virtue of [10, Proposition 5]. O
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4 q real-valued and Lagrange function A,

In this Section, we assume that the homogeneous and elliptic polynomial ¢ is
real-valued. In this case, we can introduce a function A, in LE,(R?) that enjoys
some remarkable properties. The definition in the Fourier domain involves only
q, and it satisfies the interpolation property that characterizes a Lagrange
function: A,4(k) = o, k € Z%. Moreover, any ¢ in LE,(R?) generates the
same MRA V generated by Ay, that is, given a dilation A for 74 enjoying
(3.5), a g-elliptic MRA associated with (Z?, A) is essentially determined only
by the polynomial gq. Then we prove that A, and its derivatives up to the
order 7, exponentially decay at infinity, where r = m — d — 1 is the degree of
smoothness of the class LE,(R?). Thus, A, is r-regular. This property will be
used in Section 5 to construct r-regular prewavelet systems. Here, we deduce
that the MRA V is r-regular. Of course, the special case of real-valued ¢
includes the well-known polyharmonic scaling functions, where ¢ = | - |[|™,
m even, improving our knowledge on the MRAs generated by these splines.
Finally, thanks to the properties of A4, we show that the cardinal interpolation
problem of data with polynomial growth has solution in Eq(Rd) and A, has
the polynomial reproducing property up to the degree m — 1.

Let us consider the distribution A, defined by the formula of its Fourier
transform

~ o g (w)
AR ST 1)

We remember that d > 2, then m is even and ¢ has constant sign. By using
(2.2), we get
-1

< Ag(w ><—\|w||* S lw — 2mk|

kezd

Since m > d, A, is well defined as an absolutely convergent integral. Moreover,
A, is a continuous function with A,(0) = 1 and A,(27k) = 0,k € Z4\ {0} .
Let us introduce the 27Z%periodic distribution

P = qjl\q. (4.2)
Proposition 4.1 The following properties hold for Aq :

(i) A, € LE,(RY).
(ii) A4(k) = dok, k € Z°.
(iii) For any ¢ € LE,(R?), V(¢)=V(A,) and A, and ¢ generate the same MRA
V of L*(R?) associated with (Z%, A), whenever A enjoys (3.5).

Proof Let @ be defined as in (4.2). Clearly, /Tq = $¢~!. @ is bounded since
continuous. If w € T and k # 0 then w — 2wk € RINTY and q(w — 27k)#0.
Hence ®(w) # 0 for all w € T\ {0}, namely @ enjoys (A1) of Definition 3.2.
Since A,(0) = 1 it follows Ay(w) # 0 for all w € T?, and A, is bounded on
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T? because it is continuous; thus /Tq enjoys (A2) of Definition 3.2 and we can
conclude that A, € LE,(R?).

To prove (ii), we observe that >, . /Tq (w—27k) = 1, and for k € Z? we
can write

1 ~ ) 1 ~ )
A _ A i<k,w> — A ) i<k,w>
q(k) 2ni /]Rd q(w)e dw lEZd ) o q(w —2ml)e dw
1 ~ : 1 )
- - A ) i<k,w> — / i<k,w> — )
(2m)? /Td Z q(w wl)e dw ) s e dw = dop

lezd
Let us prove (iii). According to Proposition 3.3, let ¥ be the MRA generated
by A, associated with (Z%, A), where A enjoys (3.5). Let ¢ be in LE,(R?) with
¢ = Tq~ ', as in Definition 3.2. Consider the periodic distribution

where @ is defined in (4.2). If w € T¢ we can write H(w) = ¢7(w)//Tq(w). Since

A, is in LE,(RY), /Tq is positive in T? by (3.3). Indeed, by continuity, there

exists a positive constant a such that ’//l\q (w)‘ > a for all w € T¢ . Then

0<|Hw)| <ca, weT?,

where c is the positive constant in (3.3). By periodicity |H(w)| > 0,w € R
Moreover, H(w) € L?(R%/27Z%). Since

~ ~

$(w) = H(w)Ag(w),

by virtue of [10, C6, Lemma 4], V(¢)=V(A,) =V, and we can conclude that
¢ also generates the MRA V. O

Let V = {V;},czq be a MRA of L*(R) associated with (¢, A) generated by
a localized g-elliptic splines with real-valued q. We observe that every element f
in Vy is continuous and can be uniquely expressed as f(x) = >, cza f(k)Ag(z—
k). Then the MRA V consists of generalized splines in the sense of Meyer (see
13)).

Moreover, since for any ¢ in LE,(R?) V(¢)=V(A4,) = Vo, we can say that
the properties of the multiscale spaces V;, j € 74 depend only on ¢ and can
not be improved by the choice of Tin¢="Tq .

In general, T acts on the shape and decay of ¢, as it has already been
shown for example for polyharmonic B-splines (see e.g. [3,18,19,22]). We note
that A, meets the property //l\q = Ng ', where N is the Fourier expansion of
the continuous and periodic function . Thus, /Tq has quite the same form as

;#5, the infinite expansion giving the possibility of an exponential decay instead
of an algebraic one.
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Remember that exponential decay at infinity of Lagrange polyharmonic
splines was proven in [11]. Here, we improve that result by extending it to A,
and also to all its admissible derivatives, for any real-valued g.

These properties can be derived from the fact that A, has a holomorphic
extension to a tube about the real axis. We use the following notations. If
¢ = (C1,.r, Ca) € C? then ¢ and J¢ denote the vector of the real and imaginary

parts of the components of ¢, [¢| = \/|G]* + ... + [Cal* I<]l o = maxj—1,.. 4q

I¢j] and ¢ = T[%, ¢o*. Clearly, || = [T, I¢G|™* < [I¢]|'). Given a subset
A? C RY and ¢ > 0, we denote by A? the following subset of C¢ = R + iR,
i2=-1,

Al={t=w+iv:weA?, |v|, <e}. (4.3)

Lemma 4.1 The functions /Tq and @, defined as in (4.1) and (4.2) respec-
tively, have holomorphic extensions to a tube RZ, for some positive €.

Proof Let w € T? and put

Flw)= Y ¢ '(w-27k) (4.4)

kezd\ {0}

which is a uniformly convergent series in T¢. Since ¢ is real valued q(w)F(w) >
0 and observe that for w in T? d(w) = g(w) [1+ g(w)F(w)]"" and /Tq(w) =
[1+g(w)F(w)] ™" Let ¢(€) be the analytic extension to C% of the polynomial
g. Since ¢ is homogeneous and elliptic, there is a positive € such that ¢(¢) #0,
€ € RINTY. Tt follows that if £ € T and j # 0 then & — 275 € RINT? and
q(¢ — 2m5)#0. Hence F extends analytically to T¢. By reducing ¢ if necessary,
we may assume that 1+ ¢(£)F(€) has no zeros in T%. It follows that & extends
analytically to T¢ and hence, by periodicity, it extends analytically to RZ.
Also, it is evident that /Tq has analytic extension in T¢. Since g(¢) # 0 in
RINTY, then by (4.2) this extension is analytic in all RY. O

Lemma 4.2 Let q be real valued and let « be a multi-index, with |a] < m —
d—1. Then

(i) the series Y cza 8/071(1(( + 27j) converges absolutely and uniformly in the
cube T4, for some & > 0;
(ii) the periodic distribution

Go(w) =Y 9N (w + 2mj) <™ @ +270> 1y e RY, (4.5)
jeza
has extension which is analytic in a tube RZ, for some e > 0.

Proof Let € as that in Lemma 4.1. The term with j = 0, 8/0‘\/1,1(() = (—27ri()°‘]1\q €),

is bounded in T¢ because of the analyticity of A, in RZ. Let j € Z%\ {0} be
fixed and assume ¢ = u + iv in T¢, namely, u € [—7,7]? and v € (—¢,¢)%. We



On MRAs and prewavelets based on elliptic splines 11

use the notation p; = (+27j = (u + 27j) +iv. When ¢ belongs to T¢ then p;
belongs to RA\T?. By virtue of analyticity of & = ¢ A4 and since it is periodic,
@ is bounded in RY. The following inequalities hold:

il = 19850 > Nl = 271l ] = 7 (1]l
18] < il < (3 + ) (1511 -

Then, by using (2.2), it is possible to choose ¢ small enough so that

5<uj>qéfj)

o~

15 Aq (1)

|04 (1) <,

where C' is a positive constant independent of p;. Since m — |a| > d + 1, then
(i) is proved. Since A, has analytic extension in RY, for some € > 0, then each
term of the series (4.5) has analytic extension in R? too. Let ¢ € TZ. Clearly,

‘@(C)] < ellelle 37

jend

3/0‘\/1q(C+27Tj)‘.

Then, for (i), (A?m extends analytically to T¢ and hence, by periodicity, it ex-
tends analytically to the whole RY. a

Now we are ready to prove the main result on regularity.

Proposition 4.2 Let g be real valued and let o be a multi-index, with |o| <
m —d — 1. Then there are positive constants C and c, depending on d, m and
a but independent of x, such that for all x € R?,

|0 Ay(z)| < C e =l (4.6)

Proof Since ’/Tq(w)‘ < Clw|™™, then @lq(w)‘ < K |w|m™ w e R Ac-
cording to the hypothesis |a| < m —d — 1, we can apply the Fourier inversion
formula and we can write

0 Ay(x) = (2m) "¢ [ 09 A,(w) <" dw

Rd
= (2m)~ ¢ Z /Td Ay (w + 2mj) <P @ F2I> gy,
jezd

= (27r)7d /er @m(w) dw,

where G, is the same of (4.5). Now, by virtue of analyticity of G, the set T¢
in the last integral can be replaced by S¢ = {§ €C?: R e T, and I¢ = fy} ,
where v = (71, ...,74), V& are constants, |y| = ¢/2, k = 1,...,d, (here € is the
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same as that in Lemma 4.2) and the sign of 7 is chosen so that < z,v >
/llz|| > 0,z # 0; then

0 )| = 2m) | [ 3 B+ 2mg) e el
59 jeza

< (2m)~de- el /S D>

jend

a/a\‘/lq(C"’_Zﬂ_]) dC =C e~ C”1H7

where C and ¢ are positive and independent from z. The convergence of the
series in the last integral is established in Lemma 4.2. O

Proposition 4.3 Let g be real valued of degree m > d and let r =m —d — 1.
Then

(i) Aq is r-regular.
(i) MRAs generated by localized q-elliptic splines are r-regular.
(iii) For any x € R4,

g(D)Ag(x) = > ard(w — k), and |ax| < Cexp(—c|kl), k € Z%, (4.7)
keZd

where C' and ¢ are positive constants independent of k.
(iv) If A is a dilation matriz enjoying (8.5) then A, meets the refinement equa-

tion
Ag(A™ ) = ) ledg(w — k),
keza

where the so called refinement coefficients I, = A,(A7'k), ke Z4, have
exponential decay, as ||kl — oo.

Proof Properties (i) and (ii) are a transparent consequences of Proposition
4.2 and (iii) of Proposition 4.1. By (i) of Proposition 4.1, A, € LE,(R%), and
LE,(R%) C E,(R%) by Proposition 3.1, then by definition the equality in (4.7)
holds for some sequence of constants {a}, 5« - The proof of the exponential
decay of {ay };,cza is analogous to the proof of (4.6) in Proposition 4.2. Property
(iv) follows in view of the interpolation property (ii) of Proposition 4.1 and
because of the exponential decay stated by Proposition 4.2. a

Corollary 4.1 MRAs generated by polyharmonic spline-based scaling func-
tions are r-reqular. O

We end the Section by generalizing some properties that are well-known in
the polyharmonic case. More precisely, we prove that the cardinal interpolating
problem for data of polynomial growth has solution in the class Eq(Rd), for
any real-valued ¢, and A, satisfies the Strang-Fix conditions of order m — 1
[21], then it reproduces the polynomials up to the degree m — 1. We remark
that any polynomial of degree s < m — 1 is in E,(R%).
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Proposition 4.4 Let q be real valued of degree m > d and let r = m —d — 1.
Suppose that v = {vg},cza is a sequence of polynomial growth, then

Z vjAq(z — j), (4.8)

JEZD

is a tempered distribution in the class C"(R?), f, is in E,(R?), and f,(k) = v
for all k. Moreover, for any polynomial P of degree s <m — 1

P(z) =Y P(k)Ay(z — k), v € R, (4.9)
kezd

Proof Since the sequence v has a polynomial growth, |vx|l,, < K ||I<;H£; for

some N € N. According to Proposition 4.2, [0%A4(z)| < C ||x||;O(N+d+1) for
all & such that |a| < 7, and all the series

Yo v gz =)= 0" | D videle—34) |, lal<m,

JEZ JEZA

are absolutely and uniformly continuous on any compact subset of R%. Then
fo is a tempered distribution in the class C"(R?), with r = m — d — 1. Clearly,
fo(k) = vy, for all k, by (ii) of Proposition 4.1. Moreover

x):Zvlq(D) (z=1) Zleakéx—l— k)

lezd lezZd  keZd

Sltk=t Z Z via— | d(x — 1) Z did(x —t),

ez \tez? tezd

where the equalities hold because {a}, ;s has exponential decay (see (4.7)).
Thus £, is in E,(R?).

If w € T¢, and we can write /Tq in the form /Tq(w) =1+ q(w)F(w)]™t,
where F is defined as in (4.4). /Tq is analytic, then by a Taylor expansion about
w =0 we get

Ay(w) =1 =0(|w[?), w—o0.
Making a Taylor expansion of (4.1) about w = 2km, k # 0 we get
Ay(w) = O(J|lw — 2kx|™), w — 2k, for all k € ZN\ {0} .

Then A, satisfies the Strang-Fix conditions of order m — 1 [21] and we get
(4.9). O



14 Barbara Bacchelli and Milvia Rossini

5 Prewavelets
5.1 Preliminary results

Let V = {V,};ez be a MRA of L?(R?) associated with (Z¢, A). For any j € Z,
the wavelet space W;, is the orthogonal complement of V; in V;1,

Wj = Vj+1 S) Vj, j € 7.

It is clear that the space W; is the A7-dilate of Wy, j € Z. The spaces W,
j € Z are mutually orthogonal, and

L*(RY) = oW,

Given a finite set of functions ¥ = {¢"}, ., from L*(R?), we say that ¥
has ¢2-stable integer translates, or more simply that ¥ is ¢2-stable, if there
exist constants 0 < M; < My < +oo such that

2

Myl < |30 hiwt (= k)| < MR, (5.1)

vel kezd 2

for all h = {n" = {h{},cpa}, o, € C(Z7).

Clearly, ¥ = {¢"}, ., is (*-stable if and only if the family of functions
{¥"(- = k) }rega ep 1s a Riesz basis of the closure in L?(R%) of its linear span
S. In this case we say that ¥ = {¢"} ; provides a Riesz basis of S.

We use the following notations for the dilations and shifts of a function f
fiw =02 f(AT - —k), ke Z je, (5.2)

where here and in the sequel p := |det 4] .

A finite set ¥ = {1}, ; of functions in L*(R?) is called set of wavelets if
R = { ;k}uel,jez,kezd

is a Riesz basis of L2(R?) (see e.g. [2]). For every MRA with dilation A there

exists an associate wavelet set consisting of p — 1 elements [24]. In order to

find a set of wavelets, it suffices to find a set of p — 1 functions ¥ in W, which
provides a Riesz basis of W.

When the MRA V = {V, } ¢z is generated by a continuous scaling function
then UjeczV; C C°(R?) and we can give the following characterization of a set
of wavelets.

Proposition 5.1 Let V = {V;}jez be a MRA of L*(R?) with dilation A,
generated by a continuous scaling function and let ¥ = {4} ., be a finite
set of functions in Wy. Then W provides a Riesz basis of Wy if and only if
H0 =p —1, and ¥ has (%-stable integer translates.
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Proof We premise the following argument. Let ¢ € Vy be a continuous scaling
function generating the MRA V. Since {¢(- — k)},,c5a is a Riesz basis of Vy,

then the family {¢1,k = |det A|"? ¢(A - —k)}k . is a Riesz basis of V;. Since
€

each k € Z¢ can be expressed in the unique form k = As+ ), where s € Z¢ and
A € [, then if we define ¢*(x) := ¢p(Axz + \),\ € [ it is clear that {qb)‘}/\er
is a set of p functions which provides a Riesz basis of V;. We consider a set
U = {y"},¢; of functions from Wy, and let & = {¢} U¥. We have & C V.
According to [2, pag.33], since ® C C°(R?), & provides a Riesz basis of V; if
and only if #& = #f = p and & is £2-stable.

If ¥ provides a Riesz basis of W, then ¥ is ¢?-stable and & = {¢} UV is
(?-stable too. Since ¢ provides a Riesz basis of Vy, it follows that & provides
a Riesz basis of V. By the previous argument, & = p. But ¢ ¢ ¥, then
fo=p-—1.

Viceversa, if & C W, with ¥ = p—1 and ¥ is £2-stable, then, by definition,
¥ provides a Riesz basis of

S = closp2rayspan{y” (- — k), k € 7% v eI},

Since ¢ ¢ Wy, then & = {¢} UW¥ consists in p functions in V; C C°(RY) which
are (?-stable. By the previous argument, @ provides a Riesz basis of V;. But
again, ¢ ¢ Wy. Then S = W),. O

In view of the previous Proposition, and remembering that $f’ = p — 1,
we number the elements of a family of wavelets ¥ C W, by using the coset
representative symbology, that is, ¥ = {¢* } ey

In the following, we provide a sufficient condition to establish that a family
VU = {y*}rep is £2-stable whenever the functions ¢*, X\ € ', are generated
by one single function 1 according to the following definition:

PP = — A7), e (5.3)

We denote by £2(R?) the linear space of all functions f on R? for which

2

/md S lf@—k)|| da< oo

kezd
If f € L2(RY) is r-regular, 7 € N, then f € L2(R?).

Proposition 5.2 Let 1 € L2(RY) such that 12(0.}) = 0 if and only if w =
21 Bk, k € Z%. Then

(i) v has (?-stable integer translates;
(ii) the family ¥ = {Y }rep+ of functions defined as in (5.3) has (2-stable
integer translates.
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Proof Tt is known that ¢ has ¢2-stable integer translates if and only if

o~

sup |9 (w + 2771)’ >0 forall weR?

lERY

(see e.g. [9, Theorem 3.5]). We have to show that there is no w € R? such that
(w+27l) =0, for all I € Z°. (5.4)

By hypothesis, &(w) =0, iff w = 27Bk,k € Z%. Each | € Z% can be expressed
in the form | = Bk + p, | € Z4, i € (2, where 2 is a complete set of represen-
tatives of the distinct cosets of Z¢/BZ?, containing 0. Thus (5.4) is equivalent
to show that there is no w € R? such that @(w + 2w Bk + 27p) = 0, for all
k € Z? and p € £2. Chose k = 0. Then it is enough to prove that there is no
w € R? such that

-~

PY(w+2mp) =0, for all p € (2.

Observe that there is at most one p € 2 such that QZ(w + 2mp) = 0. Indeed,
if there were two distinct values p/, u” € 2, we would have p’ — p” = BI, for
some [ € Z% which is impossible unless p/ = p”. Since #£2 = |det B| > 2, we
get a contradiction.

If ¢ € L2(RY), clearly ¥* € L2(R?), A € F' as well. Then, in order to
prove (ii) we use [9, Theorem 4.1,(i)]. Precisely, we prove that the sequences
(YMw + 27l))eza, A € F' are linearly independent. We must show that there
is now € R* and ¢ = {ca},¢fs # 0 such that

Y e w+2ml) =0 foralll €z (5.5)
Aef’

Since 1//;‘(w) = @(w) e~ <@ ATA> “and every | € Z@ can be expressed in the
form | = Bk + p, where k € Z% and p € (2, it follows that (5.5) is equivalent
to

(Z (c,\ e—z’<w,A*1,\>) (e—i<27ru,A1>\>)> $(w + 21 Bk + 27p) = 0, (5.6)

AEF’

for all k € Z% and p € £2. By hypothesis, @(w) = 0 if and only if w = 27 BI,
1 € Z%. We choose k = 0 into (5.6). As before, we observe that there is at most
one g € §2 such that ¢ (w + 2mug) = 0. Hence

Z (C)\ €7i<w,A_1)\>> (€7i<27r;1,,A_1)\>) =0, forall = 'Q\{,LLO}
AEF’

We finish the proof by proving that the system has only the null solution ¢ = 0,
which is a contradiction. In fact, for any po € {2 the matrix

H = |:e—i<27r,u,A71)\>:|
pE\{po},\EF’
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is non singular. To this end, let us consider the matrix

J= 67i<27r/1,,A_1/\>:|
HENRNEF

1
It is known that —.J is a unitary matrix (see for example [6, Lemma 2.3]),
p

and so J~! = p~1J7T. Since every element of .J is nonzero, then every element
of J~! is nonzero too. This is equivalent to say that every minor of J of order
p — 1 is nonzero as well. In particular, the matrix H is nonsingular for any
Lo € £2. O

We can join Proposition 5.2 with Proposition 5.1 to state the following
useful result.

Proposition 5.3 Let 1 € L2(RY) such that zZ(w) = 0 if and only if w =
2Bk, k € Z%. Then the family ¥ = {1/)’\})\€F, of functions defined as ™ =
(- — A7IN), A € F’ provides a Riesz basis of Wy if and only if ¥ C Wy. In
this case W is a set of wavelets. a

It is well known that corresponding to a Riesz basis R, there is a unique

dual Riesz basis R relative to R. If R is of the form R = {1/;;.‘,€}X [
*Ixer jez ke

we call ¥ = {{/JVA}A the dual set of ¥ and the pair (¥, ¥) is called wavelet
er’

system, in the sense that every function f € L?(R?) can be obtained equiva-
lently from R or R :

F@) =323 3 (590) ehula) (5.7)

JEZ keZd NeF’

=303 (F ) v,

JEZL keZd NeF’

Finally, we remark that any two functions in R, as well as two functions in 75,,
are orthogonal across different levels j,I € Z. However, two functions in the
same level may be not orthogonal. In this case the functions in R and R are
called prewavelets.

5.2 g-elliptic r-regular prewavelets and duals

As usual, let g be an elliptic and homogeneous polynomial of degree m > d
and A be a dilation for Z¢ which enjoys (3.5). Let V = {V }jez be a MRA of
L*(R%) associated with (Z%, A) generated by a scaling function ¢ € LE,(R?).
We underline that ¢ is not required to be real-valued and thus the MRA V
may not be r-regular. Nonetheless, we can generate a complex non-separable
prewavelet system (¥,¥) enjoying the very desirable properties of being r-
regular and of having a certain of number vanishing moments.
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Let us consider the polynomial
2
lqI” = a3,

which is real-valued, homogeneous and elliptic, of degree 2m. We make use of
the Lagrange function A = in LE|,2(R?) to define a finite set ¥ = {*}, .,
of r-regular functions which provides a Riesz basis of the space Wy. Thanks
to the structure of the wavelet spaces W;, R = {w;\,k})\eflvkezdhjez is a Riesz

basis of L2(R?).

Proposition 5.4 LetV ={V;}, ;. be a MRA of L*(R%) associated with (Z%, A),
and generated by ¢ € LE,(R?). Let 1 and 1> be defined as follows:

Y :=q(D) Ay2(A), (5.8)

Pr = — AN, Ner. (5.9)

Then 1) is r-regular and the set ¥ := {¢/\}>\ep provides an r-reqular Riesz
basis of Wy, with r =m —d — 1.

Proof The polynomial |g|* is real valued, then by Proposition 4.3 A2 is in the
class C?m~4=1(R%) and it is (2m — d — 1)-regular. Since ¢(D) is a differential
operator of order m, it follows that 1) and consequently 1)*, A\ € [/, are (m —
d — 1)-regular. In particular, 9 is in £2(R?). The Fourier transform of 1) is
given by R R

PY(w) = imp_lé(B_lw)/l‘q‘z(B_lw). (5.10)
Observe that @(5) =0, iff ¢ = 2nBk, k € Z9. This follows from (5.10), since
g(B71€) = 0iff € = 0, and A 2(B1€) = 0iff &€ = 27Bk, k € ZN\ {0}
Then 1 satisfies the hypotheses of Proposition 5.3 and, in order to prove that
¥ provides a Riesz basis of Wy, we have only to show that ¥ C Wj. First, let

us show that ¢ is in V;, and consequently 1* € Vi, A € F'. Let ¢ = Tq™ .
According to (4.1) we can write

g~ (B~'w)
> keza |‘1‘72 (B~'w + 2km)
T(B~'w) ¢~ (B~w)

Y(w) = impflq(Bflw)

= imp_l —= ) , W € Rd'
T(B-'w) Yyepalal”* (B-1w + 2kr)
That is, R R
Y(w) =i"p 1S(B7'w)p(B'w), weRY (5.11)
with )
S(w) w e R

- D kezd T(w + 2k) |g| 2 (w + 2km)’

It is now sufficient to prove that S(w) is in L?(R%/27Z). We observe that
there is no w € R% such that the equality T(w + 2k7)|q| > (w + 2k7) = 0 is
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satisfied for all k € Z%. Since f|q|_2 = (Z@‘l, this is equivalent to say that
there is no w € R¢ such that

d(w+2rk) =0 for all k € Z%. (5.12)

To the contrary, suppose that there exists such an w € R%, but then T (w+
2rk) = 0 for all k € Z%. Let | € Z? be such that ||w + 27| < 7. By (A1) of
Definition 3.2 this implies w + 27l = 0, i.e. w = —2nl for such a [. Choosing
k =1in (5.12), we get ¢(0) = 0, which is a contradiction. Thus, S(w) is in
L2(RY/27Z%).

The following equalities show that 1/* is orthogonal to any elliptic spline
f in V() :

= () ard(-— k), App(A-=X) = > cxdjy2(Ak = X) =0,

kezd kezad

where the last equality holds since A # Ak, for all k € Z% and X € [’. Recalling
that Wy = V1 © Vy, we have proved that & C W,. a

We note that the family ¥ introduced in Proposition 5.4 is a generalization
of the one given in [14] with A = 2I. However, in that paper the Lagrange
function is defined in dependence on the scaling function, that is not our case.
Moreover, the regularity results here stated are new to our knowledge.

In the following Proposition the dual set ¥ of ¥ is defined. Note that this
space is generated by the shifts of one function @ whose definition in the
Fourier domain depends only on the Fourier transform of the generator .

Proposition 5.5 Let ¢ and Y X\ € [/ be defined as in Proposition 5.4. Let
1 be defined in the Fourier domain as follows:

(5.13)

and let
PN = — ATV, A e F (5.14)

Then 12; 1s r-regular and the set U= {{/;’\} provides a r-regular Riesz
AEF’

basis of Wy with r = m — d — 1. Moreover,
(9,0 =) = drudio, (5.15)

forall \,p € F' and | € 7.2
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Proof Let 1 = m — d — 1. The r-regularity of Jt/\ € F' follows from the
r-regularity of the generator . Let us show that ¢ is r-regular. It is known
that, if f is r-regular and g is defined by the condition g(w) = n(w) f(w) for
a 21Z%periodic C™ function n(w), then g(x) is r-regular ([24], Lemma 5.13).
Let us consider (5.8) defining 1. By Proposition 5.4, ¢ is r-regular. If we look

at (5.13) which defines 1, it is clear that it suffices to show that the function

-1

~ 2
n(w) := Z ‘w(w+2k7r)‘ (5.16)
kezd
is C*°. Since ¥ € L'(RY), then t(w) := Y,z i(w—&—Qkﬁr)‘Q is C* ([24],

Corollary 5.14). Moreover, 1 satisfy the hypotheses of Proposition 5.2, then ¢
has ¢2-stable integer translates, and it follows t(w) > 0 and n(w) € C=(R?).

So, {/zvq is r-regular.

Let us show that ¥ provides a Riesz basis of Wy. We can apply Proposition
5.3. Since {/; is r-regular, then {/; is in £2(R?). We observe that {/;(5) =0 iff
1;(5) = 0, namely iff ¢ = 2Bk, k € Z¢ (see the proof of Proposition 5.4). Let
us show that ¥ C Wj. Definition (5.13) implies that 1 = Y kezd (- — k),
{br}pega € 2(Z%). Since 1) is in Vi, Yisin Vy, as well as ¢, A € F'. Moreover,
by using (5.8), (5.14), * = > keza bk@(D)A g2 (A- =X\ — Ak), and by using an
argument similar to the one used for Y in Proposition 5.4, we can conclude
that ¢ is orthogonal to any f in Vy. Then ¥ C W.

Finally, we show the duality relation (5.15). By the Parseval identity, and
writing R? as Urezd (Td + 27rk) , we get

(7:/;)\,1/1/‘(. — l)) = (27T)*d &)\(w)mei<l,w>dw
Rd
= (27T)*d/ pi<lw> Z iA(WJFQWﬂ)de.
T ez
By a straightforward calculation,
3 A w4 2mB)h (w + 2mB) = e AT >,
Bezd

IfA=p,

(7;)\’1/’“(' _ l)) _ (27T)7d/ ei<lw>=i<0w> gy — 5y o
Td
If A # p, since for all [, Al + p is an integer different from A,
(ZZ’\’I//“(' B l)) _ (271_)7d/ 6i<l,w>67i<A_1(Afu),w>dw’

Td
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and by the change of variable £ = ATw, we get
(J)\, 1/},u( _ l)) _ (27T)7dp71/ 6i<Al+,u,§>67i<)\,E>d§ —0.
Td
(]

According to the above construction, R = {J;k}AGF/,kGZd,jGZ is the dual

basis of R = {wﬁk}AeF’,keZd,jGZ’ and (¥,¥) is a system of prewavelets con-
sisting of r-regular functions, with r =m —d — 1.

5.3 Vanishing moments and approximation order

We conclude this Section by discussing the number of vanishing moments of the
prewavelets and their duals. Vanishing moments is a very desirable property
since it guarantees that the prewavelet representation (5.7) of piecewise smooth
function is sparse. Moreover, it provides the approximation order.

The prewavelets and their duals are in the form * = (- — A71)) and
{p“ = {/JV( — A71)\), X € F/, then it suffices to consider the generators ¢ and {E
Since 1 has 2-stable integer translates, ¥, 1, as defined in (5.10), (5.13) have
the same behavior around w = 0 and the number of their vanishing moments is
the same. Due to the r-regularity of ¢ and v, for each multi-integer «, |a| > 0,
their moments of order « are well defined. The function ’(ZJ\ is analytic and n(w),

as defined in (5.16), belongs to C°°(R?), then {/; is analytic too. Recalling that
A}42(0) = 1 and using the bounds (2.2) for g, we get

o~

B(w), D(w) = O(lw]™), w0,

and
/ 2 () dx = 9°9(0) = 0, / (@) de = 0°5(0) = 0, |a| <m—1.
R4 R4

Therefore, the system of prewavelets (¥, ) has m — 1 vanishing moments.

This prewavelet system satisfies the decay hypotheses in [20, Theorem 4],
so that the vanishing moment property for IZ provides the corresponding ap-
proximation order for the prewavelet decomposition (12).

Proposition 5.6 Let the prewavelet system (¥, @) be defined as in Proposi-
tion 5.4, and Proposition 5.5. Then for any function f in the Sobolev space
H™, the decomposition (12) has approzimation order m :

oY S Y (R SC(E)fIIHm< ! ) ,

<G €L keZd NEF ) lul —e

where p is a minimal (in module) eigenvalue of A, ¢ > 0, |u| —e > 1.
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6 Prior definitions and examples

In order to highlight the results studied in this paper, we discuss some examples
both related to prior definitions and to the more general Definition 3.2.

Elliptic splines were initially studied in some details in [14]. In this sem-
inal paper, the authors provide dyadic MRAs and prewavelet decomposition
of L2(R%) based on a class of functions ¢ with ¢ = qul where the homoge-
neous and elliptic polynomial ¢ of degree m > d and T satisfy the following
conditions:

(B1) Tisa trigonometric polynomial

T(w) = g cpe <he> 1 e RY
kezd

such that T(w) # 0 for all w € T\ {0} ;
(B2) T(w) — q(w) = O(||w]||+%) for w — 0 and some positive integer s.

Condition (B2) implies that ¢(w) — 1 for w — 0; moreover, it is proved
that ¢ algebraically decays at infinity at least of order d + 1 + s, thus ¢ €
LE,(R?) N L(RY).

We note that for complex ¢ and real T (B2) is never met. While, for
example, if m is even and ¢ is an elhptlc polynomial of the form ¢(w) =
2ljl=m/2 ajw? a; € C, then a possible T is 2 ljj=my2 @ sin? (w/2).

If g(w) = ||w||™, m even, we get the polyharmonic B-splines. These func-
tions are characterized by special choices of T which lead to different orders of
decay at infinity (see e.g. [3,16-19,22]). Actually, they are refinable functions
with respect to any dilation matrix which is a similarity, that is, A = pAq
where A is an orthogonal matrix and g is a real number such that |det A] is
an integer > 2 (see e.g. [10]).

In [14], following the ideas given in [7] and [15], a prewavelet generator v
is defined in terms of a Lagrange function A explicitly involving the scaling
function ¢, namely

"t~

2
i da? ABT 6

A=

and 120 =
ZkeZd

Comparing (6.1) with (4.1) and (5.8), it is clear that A= /qulz and ¥ = 1.
Actually, (4.1) and (5.8) are a different formulation of (6.1). The advantage is
that the prewavelet generator ¢ just depends on ¢, and it is evident that its
smoothness and decay are independent of 7T'. Indeed, we have proven that this
construction provides r-regular prewavelet system, with r =m — d — 1.

2
(- +27rk)‘

Formulas based on (6.1) have been used to generate MRAs and prewavelet
decomposition of L2(R?) based on polyharmonic B-splines (see e.g. [1,4,18]).
However, in these cases, ¢ is real-valued and according to Proposition 4.3 we
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don’t even need to define the periodic function T to design both the MRA and
the prewavelet decomposition. In fact, when ¢ is real-valued, any localized ¢-
elliptic spline generates the same MRA generated by the Lagrange g-elliptic
spline (4.1). Moreover, the MRA and the prewavelets are r-regular. We illus-
trate the real-valued case in two dimensions by showing the Lagrange scaling
function A, and the prewavelet generator .

In Fig. 6.1 we consider the polyharmonic case ¢(w) = [lw||* and the pre-
. . . . . 11
wavelet generator v associated with the quincunx dilation matrix A = 11

Since |det A| = 2, only one prewavelet spans the spaces W; and both A, and
1) are 1-regular.

Fig. 6.1 g(w) = ||w||*. Left: Aq. Right: 1.

In Fig. 6.2 we consider the elliptic polynomial g(w,ws) = 10 w$ + w$ and
the prewavelet generator ¥ associated with the dyadic dilation matrix. In this
case, both A, and the generator v are 3-regular.

Fig. 6.2 g(w1,w2) = 10wl + w§. Left: Aq. Right: 1.
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A different class of two dimensional g-elliptic splines scaling functions can
be found, as a particular case, in [23] where according to (6.1), the authors pro-
vide a prewavelet generator ¢ associated with complex isotropic polyharmonic
B-splines in R?. These functions have Fourier transform ¢ = Tp~! where

plwi,ws) = (W +wd)* (w1 —iw)Y, a € R, NEN, 2a+N >2, (6.2)

T is a 2nZ%-periodic function such that T(w) # 0 for all w € T\ {0} that
enjoys

7] =2, with o) = [l + O(l), w—0, (63

where v is a suitable trigonometric polynomial.

Clearly, ’(Z(w)
functions generating MRAs of L?(R?) associated with scaled rotation dilation
a b
—ba)’

When « is an integer, then p is a homogeneous elliptic polynomial of degree
2a+ N > 2 and it is evident that ¢ is in LE,(R?). As it is observed in that
paper, the prewavelet generator v is independent of any particular scaling
function in LEp(RQ). Here, according to Proposition 5.4, we can say that ¢ is
(2a + N — 3)-regular. In Fig. 6.3 the real and imaginary part of ¢ associated
with A = 21 are depicted for a = N = 1.

— lasw — 0, and it is proven in [8] that these ¢ are scaling

matrices, i.e. similarities of the form <

Fig. 6.3 o =n = N = 1. From left to right, real and imaginary part of .

We have to mention that the function (6.2) was initially proposed in [§]
where several rotation covariant scaling functions are obtained with real valued
T enjoying (6.3). In that paper it is required that T is a bounded, 27 Z>2-periodic
function such that T(w) # 0 for all w € T2\ {0}, and that ‘a(w)‘ —c>0as
w — 0. But the construction of the prewavelets follows a different approach
from (6.1) and the resulting functions are bounded, uniformly continuous and
slowly decay at infinity like ||z||~", where » depends on 7.



On MRAs and prewavelets based on elliptic splines 25

The class LE,(R?) especially motivates for complex polynomials ¢ when
the conditions given in the above mentioned literature are disregarded. In
order to provide an appropriate example, we generalize (6.2), (6.3) for a € Ny
integer. More precisely, we consider the two dimensional homogeneous and
elliptic polynomials of degree 2a + nN > 2

q(wi,w2) == (Wi 4+ wd)* (W —iwd)N, a €Ny, n,N €N, (6.4)

and let 7' be a 2rZ2-periodic function such that f(w) # 0 for all w € T\ {0}
that enjoys

‘j—\“ = VOt-'rnN/Q’ V(W) — ||W||2 + O<||(U||4>, as W —s 07 (65)

where v is a trigonometric polynomial.

Fig. 6.4 a = N = 1,n = 2. From left to right, top to bottom: real and imaginary part of
¢, real and imaginary part of 1.

Polyharmonic B-splines are obtained when n/N = 0. If n = 1 we get the class
introduced in [8,23] corresponding to a € Ny.

We note that ’(E‘ is positive apart from the grid 2772 and

N 2 1, 2ynN/2
6| = ((“’1% + O(|lwl?), as w — 0.

¢(W) w%n ¥ w%n)N/Q
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Fig. 6.5 a=N=1,n=2. |p(w)|, w € T

The case n > 2 is new and ‘q@(w)‘ has no limit as w — 0, but condition (A2)

of Definition 3.2 is satisfied, thus ¢ belong to LE,(R?).
In order to specify a particular scaling function in the class LE,(R?), we
chose T in the form (6.5) as follows,

~ a+nN/2
T(wy,ws) = (sin2 % + sin? %)

If nN is even T is a trigonometric polynomial. According to Proposition 5.4,
when we define the prewavelet generator ¢ by (5.8), ¢ is r-regular with r :=
2a+nN — 3, and the set ¥ := {wk})\ep provides r-regular Riesz basis of W.
In Fig. 6.4, we show for « = N =1 and n = 2 the real and imaginary part of
the scaling function and of the prewavelet generator associated with A = 21,
which is 1-regular. The oscillating behavior in a neighborhood of the origin of

‘5) is highlighted in Fig. 6.5.
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