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1 Introduction

In the 18th century, with the work of mathematicians such as Euler, d’Alembert, La-
grange, and Laplace, the study of Partial Differential Equations (PDE’s) started having
a central role. In particular, this tool turned out to be extremely useful for analytically
describing a wide range of phenomena arising in physical science. During the mid-19th
century, with the work of many mathematicians including Riemann, PDE’s also became
a tool used to study problems originating from other areas of mathematics. This duality
of theoretical aspects of PDE’s and real applications was predicted for the first time by
H. Poincare in [98] and arrived at the present days. On the one hand, he claimed that
many problems arising in different areas (electricity, hydrodynamics, heat, magnetism,
optics, elasticity) present very common features, and they can be treated using similar
methods. On the other hand, he insisted on the importance of rigorous proofs, even if
the models were an approximation of the reality, since he was convinced that the theory
that would emerge from this study would have a significant impact on other branches
of Mathematics. For instance, we can mention differential geometry, real analysis and
functional analysis, topology, probabilistic models, algebraic geometry, chaos theory (the
interested reader can consult [29] for a complete survey on the history of PDE’s and on
the interactions with other research fields).

One of the aspects that has a particular importance in the study of PDE’s is the
existence of solutions of nonlinear Partial Differential Equations. This research field has
been extremely active in the last two centuries. A natural way to approach the problem
turned out to be the so-called Variational Methods. The idea behind these techniques
is to associate to the equation a functional. Choosing appropriately the functional, it
is possible to establish a one-to-one correspondence between the critical points of the
functional and the solutions of the PDE’s. In this spirit, one of the main results in order
to prove the existence of critical points is the Mountain Pass Theorem proved by A.
Ambrosetti and P.H. Rabinowitz in their seminal paper [3]. This article and the ideas
contained in it lead the way to the development of a sector of mathematics known in
literature as Critical Point Theory.

At the end of the previous century, Analysis on non-Euclidean settings started to be an
area under great development. This was due to numerous problems arising in Geometry
and Physics that lead to the study of some PDE’s set in particular on Riemannian
Manifolds. As a consequence of that, in order to apply the strategies used in the Euclidean
case, it was necessary to build a theory of Sobolev spaces on Riemannian manifolds and in
this direction the contributions of T. Aubin and E. Hebey were very relevant. After that,
the study of PDE’s set in particular on Riemannian manifolds attracted the attention
of many researchers, since they are usually quite challenging from a mathematical point
of view and existing techniques are inadequate to solve them. On the other hand, if
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analytical tools are not effective, the geometry of the manifold may help to solve some
issues and this make the problems taken under consideration deeply interesting.

Another very active research field in the last decades has been the study of Partial
Differential Equations driven by non-local operators. It is well known that the value
in a point of a local differential operator, such as the classical Laplacian, depends only
on what happens in a neighbourhood of the point, as suggested by the name. Unlike
them, the value of a non-local operator is influenced by what happen in the whole space.
Because of this feature, non-local operators turned out to be extremely useful to model a
wide class of situations in the real world. As a consequence of that, many researchers were
attracted by these operators, and they started studying them. Undoubtedly, the most
studied non-local operator is the fractional Laplacian and one of the first techniques to
obtain existence of solutions and qualitative properties of fractional differential equations
was proposed by L. Caffarelli and L. Silvestre in [33]. They showed that it is possible to
derive a fractional differential equation from a local equation in higher dimension. More
recently, with the publications of [I03] and [104], mathematicians started studying these
kinds of problem via Variational Methods without the Caffarelli-Silvestre extension.

In all the problems and techniques mentioned above, there is an issue that one usually
has to face, and it is the compactness. Here, with compactness we mean that the Sobolev
space in which we are looking for solutions of a given Partial Differential Equations is
compactly embedded into the Lebesgue spaces. When this is not true, the compactness
condition introduced by R. Palais and S. Smale, known as the Palais-Smale condition
or PS for short, does not hold in general and standard variational methods can not be
applied. Hence, one must rely on more sophisticated strategies which are still the subject
of great interest and study today.

In this thesis we are going to present some results for some Partial Differential Equa-
tions, driven by fractional operators or set on a Riemannian manifold, in which for some
reasons we have a loss of compactness, and the problem became demanding. The first
problem we are going to analyze is the existence of solutions for the fractional Schrédinger
equation with prescribed L?-mass. Here the loss of compactness is caused by the invari-
ance of R with respect to the non-compact group of translations. To solve the issue,
we will use some Concentration-Compactness arguments introduced for the first time by
P.L. Lions in [71] and [72]. The second equation we will take under examination is a
fractional p-Kirchhoff type equation critical in the sense of Sobolev. The presence of the
critical exponent prevents from having a functional associated to the problem that is
sequentially weakly lower semicontinuous and that satisfies the Palais-Smale condition.
The generalization to the fractional case of the second Concentration-Compactness Prin-
ciple of P.L. Lions (see [73|, [74]) will be crucial to carry out our analysis. After these
two problems, we will draw our attention to the Schrodinger equation set on Rieman-
nian manifolds in two particular cases. The first one is on a non-compact Riemannian
manifold with very general assumptions on the Ricci tensor, which are usually referred
as asymptotically non-negative. In this case, we will deal the non-compactness of the
manifold with a coercivity hypothesis on the potential in the differential operator. The
second one is on a homogeneous Cartan-Hadamard manifold with a nonlinearity with



an oscillating behaviour. Working on a Sobolev space where the functions have some
"symmetries" will enable us to recover the compactness and prove the existence of in-
finitely many solutions. All the problems were studied in collaboration of my Ph.D.
advisor Prof. Simone Secchi, Prof. Giovanni Molica Bisci from University of Urbino and
Alessio Fiscella from University of Milano-Bicocca. The content of chapters [3] [ [f] are
published respectively in [14], [I1], [I3]. Chapter [f] was accepted for publication, and a
paper version is available on [10].






2 Mathematical background

This chapter is devoted to introducing some mathematical concepts that will be useful
throughout the thesis. We will give some information on fractional Sobolev spaces and on
the fractional Laplace operator. After that, we will recall some rudiments on Riemannian
geometry and on Sobolev spaces on manifolds.

2.1 Fractional Sobolev spaces

In this section we will recall some basic notions on fractional Sobolev spaces. We will
present the topics without proofs, and we remind the reader to [4I] and the references
therein for a more detailed discussion.

We fix s € (0,1), an integer N > 2s and p € [1,4+00). We consider a general open set
Q in RV (also non-smooth is allowed). We define the fractional Sobolev spaces W*P (1)
as

WHP(Q) = {u € ILP(Q) | M € LP(Q x Q)} (2.1)
|z — y\
endowed with the natural norm

1
p P
lulbwesi= ([ dos [ D=L gy ) (22
p 1
[u]pys.p uy)l dxdy ’ (2.3)
wer@) = foso \35— ’NHP

is the so-called fractional Gagliardo seminorm of w.
The case p = 2 is very relevant and is somehow special, since the fractional Sobolev
space W52(€)) turns out to be a Hilbert space, usually denoted by H*(f2), with scalar

product
(u, v) oy = / uvdx + //QXQ y)z/’(;%)s — ) dz dy.

These spaces, introduced almost simultaneously, are a sort of intermediary spaces between
LP(Q) and WHP(Q).

Analogously to the case in which s is an integer, it is possible to define a critical
exponent that plays the same role in the embedding theorems. Namely, we define

«._ Np
ps L N I

where
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and we have

Theorem 2.1. Let s € (0,1) and p € [1,00) such that sp < N. Then there exist a
positive constant C' = C(N, p,s) such that, for any u € WP(RY), we have

p < )’
< c [, SO0 ey

Consequently, the space WP (RN) is continuously embedded in LY(R™) for any q € [p, p].

Remark 2.2. The notation ||-||; will denote the classic norm on the Lebesgue space
LI(RY). In the rest of the thesis we will also study some problems in bounded do-
mains Q, but since the functions can be extended equal to zero in RY \Q we will always
use the same notation for the norm of L4(£2).

Requiring a hypothesis of regularity on the boundary 2, it is possible to generalize the
celebrated Rellich-Kondrachov Theorem for fractional Sobolev spaces.

Proposition 2.3. Let s € (0,1) and p € [1,00) be such that sp < N. Let q € [1,p%),
let @ C RN be a bounded Lipschitz domain for WHP(Q) and let § be a bounded subset of

LP(Q). Suppose that
Ol
sup// dxdy < oo.
ueg Jaxa |$ - Z/|N+Sp

Then § is pre-compact in L1()

Remark 2.4. The last Proposition tells us that W*P(Q) << L9(Q2) compactly for all
q € [1,p5).

2.2 Fractional Laplacian

Fractional Sobolev spaces are strictly related to the fractional Laplacian operator. Before
giving its definition, it is necessary to fix some notation.
We denote with

S(RY) := {u e C®@RN) | sup [z*DPu(z)|< oV a, B € NN}
zeRY

where C°(RY) is the space of infinitely differentiable functions (functions that admits
continuous derivative of any order) and «, 5 are multi-indexes, i.e.

a=(ay,...,an),
with o; € N and
=t an.



2.2 Fractional Laplacian

With the symbol D? we mean

Bl

Dz
Bxfl'--ﬁx?vl\’

where
N
BI=_ 8i.
i=1

Now, for every u € S(RY) we can define the fractional Laplacian as

(—A)u(z) = C(N, s)P.V. / ule) —uly) .

RN ’J? _ y’N+25

. u(r) — u(y)
— C(N,s) 1 Wr) — W) 4.
(N, s) 0 RN\ B, (z) |T — y|N T2 Y

Here P.V. stands for "in the principal value sense" (as defined by the previous equation),
and C(N, s) is a dimensional constant that depends on N and s, precisely given by

For our purposes, and since the parameter s is kept fixed in all the problems we are going
to study in the next chapters, we will always work with a rescaled fractional operator, in
such a way that C(N,s) = 1.

At this point, the relation between the fractional Laplacian and the classical Laplace
operator for s = 1 may be not clear. This connection between the two operators is
more clear using an approach via the Fourier transform. Indeed, for any v € S (RN ) an
alternative definition for the fractional Laplacian is

(=A)u=F7" (g F (u),

where
1

= e %y (z) dx
FO= oy [

is the usual Fourier transform, .Z ! is its inverse and - is the scalar product in RV, It is
possible to show that these two definitions of fractional Laplacian are equivalent for any
u€eS (RN ). Furthermore, using the second one and standard properties of the Fourier
transform, it is straightforward to verify that when s = 1 the fractional Laplacian and
the Laplacian coincide. With this second definition via the Fourier transform, we also
have the following Proposition that relates the fractional Gagliardo semi-norm with the
L? norm of the operator.

Proposition 2.5. Let s € (0,1) and u € H*(RY) then

[W]Fe vy = 2C0(N, )7 [[(=A)2ull3
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As we did for the fractional Laplacian, if p # 2 we can also generalize the p-Laplace
operator to the fractional case. More precisely, the p-fractional Laplacian can be defined
up to a normalization constant as

(—Ap)su(l') — 92 lim ‘u(x) — u(y)\p*Q(u(:p) — u(y)) d

Y.
=0+ JRN\ B (0) |z — y|N+ps

Unfortunately, if p # 2, it is not possible to find an equivalent definition utilizing the
Fourier transform, so understating the relation of this operator with the classical p-
Laplace operator is more intricate. We remind to [25] where the authors proved that

. |u(z) — uly)”
| 1-— — = N p
im ( s)/RQN = g dx dy = C1(N, s, p) RN|Vu| dx
where (1 is a positive constant that depends on N and p. It is also worth mentioning [39]
where the reader can find a discussion on three different representations of the fractional
p-Laplacian.

2.3 Elements of Riemannian geometry

This section is devoted to recalling some basic concepts of Riemannian geometry and to
fix the notation. Throughout the thesis, we assume that the reader is already familiar
with the basic definition and results on Riemannian geometry, so we will not go into
detail about it. We remind the reader to the classical [42] 52 53], 54] and [65] for a more
in-depth discussion on these topics.

Let (M, g) be a d-dimensional Riemannian manifold where g is a (0, 2) positive definite
tensor and g;; are its component. We will denote the tangent space and the cotangent
of M at a point o € M with T, M and T M respectively. We recall that if f: M — N,
where NV is a d’~manifold the differential of D f,: T, M — Ty, N is defined as

Dfo(v)(h) :=v(ho f)

for all h € C*°(N) and v € T, M. From the notion of differential, if A is a covariant
k-tensor field of M we can define a covariant k-tensor field f*A on M defined as

(f*A)o (01, s 08) = Af(o) (Dfo(v1), - -, Dfo(vr))

for vy, ...,vx € Ty M called the pullback of A by f. If N is endowed with a metric g we
will say that f is an isometry if f*g = g. It is straightforward to verify that requiring
thatf is an isometry is equivalent to ask it preserves the scalar product, i.e.

<ng(’l)1), Dfa(v2)>f(o) = <Ul7 U2>0’

for v1,v9 € Ty M where (-,-); = g5(+,-). In the following, the group of all isometries
©: M — M will be denoted by Isomg(M). If S C M we can define

diam(S) = sup {d4(01,02) | 01,02 € S},



2.3 Elements of Riemannian geometry

where dg: M x M — [0,+00) is the geodesic distance associated to the Riemannian
metric g. We will denote with 9V the Levi-Civita connection associated with the metric
g. Fixed a chart, we will denote by 9., and dx® the orthogonal frame of T, M and T} M
respectively. From basic linear algebra, we have that

IVa, 0n; = T5i0n,
where Ffj are the so-called Christoffel symbols, and we are assuming the Einstein sum-
mation convention. For a general (p, q) tensor T', we will denote with VT the covariant

derivative of T" induced by the Levi-Civita connection that is a (p, ¢+ 1) tensor field that
in local coordinate is

J1 ]q p+1
g Ji+Jq — (9 JiJq — ig- zerl § ]1"'jq
( VT)Zl “Upt1 ( vazll T)iz---’ip+1 81:11 ]‘—"Lllk ’LQ --ikflaik+1...¢p+l

Jk J1 e Jk—10Jk+1" Jq
+ leaTiLg lp+1
k=1

In particular, given a function v € C*®(M) we denote by 9V*u the k-th covariant
derivative and by [9V*u| the norm that in local coordinates is defined as

IV ufP= g g (I ) (V)

Observe that for £ = 1 and with the classical Euclidean metric d;; we obtain the standard
norm of a vector in RY. When k = 1 we will drop the dependence of k in the covariant
derivative writing simply |IVu|.

Given a (1,1) tensor field T' that can be written as

T= TJZ&% ® da?
we define the contraction as the usual trace

C(T)=trT =T
and for a vector field X the divergence can be set as

divX :=C¥VX).
We point out that, exploiting the isomorphism between the tangent space and the cotan-
gent space induced by the metric at any point, it is possible to transform a (2,0) tensor
field in a (1,1) tensor field and compute the contraction.

Let u € C*°(M). The Laplace-Beltrami operator that is defined as

Agu :=tr(IVIVu).
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will be of particular relevance. It is possible to prove that in local coordinates this
operator has the expression

1 0 . ou
= —— Z]
Agu B (g \/detgaxj> .

det g

or

Ay = 09 (0~ i)

using the Christoffel symbols. We emphasize that we have defined A, with the “analyst’s
sign convention”, so that —A, coincides with —A in R? with its flat metric. Finally, we
recall that in local coordinates the Riemannian volume form can be expressed as

dvg := +/det(g)dz1 A ... Adzg.

Once one has defined dvy, it is possible to notice that it induces a measure on M. Namely,
it S € M we have

Voly(S) ::/ dvg.
S

2.4 Curvature

Given a Riemannian manifold (M, g), the Riemann curvature (1, 3)-tensor field defined
by

where XY, Z are vector fields and [, ] denotes the Lie brackets. Observe that through
the identification of the tangent space and the cotangent space, it is possible to see
Riem as a (0,4) tensor field. The idea lying behind this definition is to measures the
non-commutativity of the covariant derivative, and a as a consequence of that, how far
we are from being Euclidean. Despite this, the definition of the Riemann curvature
tensor should be considered more or less formal, and for a more precise geometrical
interpretation we rely on the notion of sectional curvature that we are going to introduce.
Namely, point-wisely the sectional curvature is defined as

(Riem(v1,v2)v1, v2)4

(v1,v1)0(V2, V2)0 — (V1,02)%

Secty (v1,v9) :=

for all vi,v9 € T, M. Multiple factors contribute to the importance of the sectional
curvature. As anticipated, the first is the geometrical interpretation. Indeed, from the
definition it is clear it is defined on two-dimensional subspaces of the tangent space,
where it corresponds to the notion of Gaussian curvature. Secondly, it characterizes the
manifold’s curvature completely. In other words, the curvature tensor Riem is determined
by the knowledge of Sect for all two-dimensional subspaces of the tangent.

At this point, we are ready to introduce a very important class of manifolds that will
play a relevant role in this thesis.

10



2.5 Sobolev spaces on Riemannian manifolds

Definition 2.6. A Cartan-Hadamard manifold is a Riemannian Manifold that is com-
plete, simply connected and has everywhere non-positive sectional curvature. We also
say that a Riemannian manifold M is homogeneous if for all o1, 09 € M there is an
isometry ¢ € Isomy(M) such that p(o1) = 0.

These manifolds are very studied in differential geometry because of their remarkable
properties. For instance, they are diffeomorphic to R by the Cartan-Hadamard The-
orem. In addition to that, from the Hopf-Rinow Theorem it follows that every couple
of points in a Cartan-Hadamard manifold could be connected by a unique geodesic line.
Sometimes, requiring hypothesis on the Riemann curvature tensor and on the sectional
curvature, turned out to be too restrictive. Then, it is necessary to further introduce a
notion of curvature that a significant importance in many contexts such as the Sobolev
Embedding Theorems. Moreover, some quantities appear with such frequency that they
deserve to be named. The Ricci curvature tensor is defined by

Ric,y(v1,v2) : = tr (vs — Riem(vy, v3)va)
d

= Z(Riem(vl, €i)V2, €i)o
i=1

where v1,v9,v3 € T, M and eq,...,eq is an orthonormal frame for T, M. The Ricci
curvature tensor can be seen as (0,2) or (1,1)-tensor field.

2.5 Sobolev spaces on Riemannian manifolds

This section is devoted to introducing some basic facts on the theory of Sobolev spaces
on Riemannian manifold. Let (M, g) be a Riemannian manifold. We start defining the
space

ClP(M) = {u € C®(M) | /Mygvju\pdvg <coj=1,.. k:}

for p > 1 and k € N. On this space, we can define the following norm
k

1
|lullkp= Z (/M’gvj ul? dvg> :

Jj=1

Now, we are ready to define the Sobolev space Hg P(M) as the closure of C’g P(M) with
respect to the norm ||-||y,. When M is compact, it is possible to prove that Hg’p(/\/l)
does not depend on the metric g, and all the results valid in the Euclidean case are
still true in general. Since in this thesis we are not interested in compact manifolds, we
will not go into details. On the other hand, if the manifold M is non-compact, strange
phenomena may appear, and we have to require some assumptions on the curvature
tensors.

Since the approach in the problem we are going to study in the next chapters will be
variational, we need a Sobolev embedding theorem to have an energy functional well-
defined also on the Lebesgue spaces. A result in this direction is the following. We will

11



2 Mathematical background

deal only with the case k = 1. Observe that when p = 2 we will drop the dependence of
pin H; P(M) writing simply H gl (M). Next Theorem was proved for the first time by N.
Th. Varopoulos in [110].

Theorem 2.7. Let (M,g) be a smooth, complete d-Riemannian manifold with Ricci
curvature bounded form below and such that

aien/{‘/l Vol, (Bs(1)) >0
where
By (1) :={§ e M | dy(§,0) <1}.
Then Hy?(M) < LI(M) continuously where 1/p =1/q—1/d.

Strengthening a bit the hypothesis on the curvature, it is possible to have a similar
statement without requiring the lower bound for the volume of small balls. This result
is contained in [55] and is due to D. Hoffman and J. Spruck (see also [54, Lemma 8.1
and Theorem 8.3])

Theorem 2.8. Let (M, g) a smooth, complete, simply connected Riemannian manifold
of non-positive sectional curvature. Then H;’p(/\/l) — LY(M) continuously where 1/p =

1/q—1/d.

12



3 Normalized solutions for the fractional
NLS with mass supercritical nonlinearity

In this chapter we investigate the existence of solutions to the fractional Nonlinear
Schrodinger Equation (NLS in the sequel)

.0y

o T (=A)* % = V([¢), (3.1)
where i denotes the imaginary unit and 1 = ¥ (z,t): RY x(0,00) — C is an unknown
function. This type of Schrodinger equation was introduced by Laskin in [64], and the
interest in its analysis has grown over the years. An important family of solutions, known

under the name of standing waves, is characterized by the ansatz
b, t) = elu(z) (3.2)

for some (unknown) function u : RY — R. These solutions are self-similar and conserve
their mass along time, i.e. %Hlﬁ(ﬂf)”gz 0 at any ¢ > 0. Therefore, it is natural and
meaningful to seek solutions having a prescribed L?-norm.

Coupling (3.1]) with (3.2]), we arrive at the problem

{(—A)Su = V(lu))u — pu in RV,

ull3=m,

where s € (0,1), N > 2s, p € R, m > 0 is a prescribed parameter, and (—A)® denotes
the usual fractional Laplacian.
In order to ease notation, we will write f(u) = V(|u|)u, and study the problem

{(—A)Su = f(u) —pu in RY,

lul|3=m.

(Prm)

The role of the real number p is twofold: it can either be prescribed, or it can arise as
a suitable parameter in the analysis of . In the present work, we will choose the
second option, and p will arise as a Lagrange multiplier.

Since we are looking for bound-state solutions whose L?-norm must be finite, it is
natural to build a variational setting for . Since this is by now standard, we will be
sketchy. To avoid confusion and ease notation, we stress that in this chapter the norm
in H*(RY) will be denoted with

lull= /lull3+ w2, -

13



3 Normalized solutions for the fractional NLS with mass supercritical nonlinearity

which naturally arises from an inner product. In the whole chapter we will denote with

Y g CCa B8 (CC KT Py

R2N |z — y[NF2

and with
(U, v) 2Ny = /]RN uv dx

for all u,v € H*(RY). We then (formally) introduce the energy functional
I(w) = L u? F(u)d
(u) = ) [U]Hs(RN) - N (u) dx

where F(t) = fot f(o)do. A standard approach for studying (P,)) consists in looking for
critical points of I constrained on the sphere

Spn = {u e H*®RY) | / uf? da = m} .
RN

The convenience of this variational approach dePends strongly on the behaviour of the
nonlinearity f. If f(t) grows slower than [¢|/'*~ as ¢ — 400, then I is coercive and
bounded from below on S,,: this is the mass subcritical case, and the minimization
problem

min {I(u) | u € Si}

is the natural approach. On the other hand, if f(¢) grows faster than |t|1+4ﬁs ast — 400
then I is unbounded from below on S,,, and we are in the mass supercritical case. Since
constrained minimizers of I on .5, cannot exist, we have to find critical points at higher
levels.

When s = 1, i.e. when the fractional Laplace operator (—A)® reduces to the local

differential operator —A, the literature for is huge (|57], [17], [16], [18], [59]). The
particular case of a combined nonlinearity of power type, namely f(t) = P2+ ut9=2 with
2 < q<p<2N/(N —2) has been widely investigated. The interplay of the parameters
p and g add some richness to the structure of the problem.

The situation is different when 0 < s < 1, and few results are available. Feng et al.
in [47] deal with particular nonlinearities. Stanislavova et al. in [I06] add the further
complication of a trapping potential. In the recent paper [114] the author proves some ex-
istence and asymptotic results for the fractional NLS when a lower order perturbation to
a mass supercritical pure power in the nonlinearity is added. It is also worth mentioning
[75], where Luo et al. studied the problem when the nonlinear term consists in the sum
of two pure powers of different order. They provide some existence and non-existence
results, analyzing separately what happens in the mass subcritical and supercritical case
for both the leading term and the lower order perturbation. The interested reader can
also consult [43], [67], [66], [38], [115].
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Very recently, Jeanjean et al. in [58| provided a thorough treatment of the local case
s = 1 via a careful analysis based on the Pohozaev identity. In this chapter we propose
a partial extension of their results to the non-local case 0 < s < 1. Since we deal with a
fractional operator, our conditions on f must be adapted correspondingly.

We collect here our standing assumptions about the nonlinearity f; we recall that

Plt) = /0 f(o)do

and define the auxiliary function

F(t) = f(t)t — 2F ().
(fo) f:R — R is an odd and locally Lipschitz continuous function;

f(t)

(fl) %E)I(l) ‘t‘1+4S/N

f(t)

(f2) tl>1+moo ‘t‘(N+2s)/(N—2s) -

0;

F(t)

(f3)  Jim TEEECA

(f1) The function t — ’t’i@/}\, is strictly decreasing on (—o0,0) and strictly increasing

on (0, +00);

. tf(t)
(fo) Jim |£[2N/(N=25)

(fs) fiHt < NQNQSF(t) for all t € R\{0};
= +00

Remark 3.1. The oddness of f is necessary in order to use the classical genus theory
and to get a desired property on the fiber map that we will introduce in detail in the
next section (see for instance Lemma [3.11] below). Assumption (f2) guarantees a Sobolev
subcritical growth, whereas (f3) characterises the problem as mass supercritical. At one
point, we will need (f5) to establish the strict positivity of the Lagrange multiplier p.

Ezxample 1. As suggested in [58], an explicit example can be constructed as follows. Set
QaN,s = N(]%/#;s) for simplicity, and define

4s QN |t| O 4s
t) = 24+ — )1 1+ [t]|ONs —— | |t| VT
)= (2 o (1 o)+ T80 ) ¥

We briefly outline our results. Firstly, we show that the ground-state level is attained
with a strictly positive Lagrange multiplier.

15



3 Normalized solutions for the fractional NLS with mass supercritical nonlinearity

Theorem 3.2. Assume that f satisfies (fo)-(f5). Then (Pn)) admits a positive ground-
state for any m > 0. Moreover, for any ground-state the associated Lagrange multiplier
[ 1S positive.

Furthermore, we can prove some remarkable properties of the ground-state level energy
with respect the variable m and its asymptotic behavior. We refer to (3.16)) for the precise
definition of the ground-state level F,,.

Theorem 3.3. Assume that f satisfies (fo)-(fs). Then the function m — E,, is positive,
continuous, strictly decreasing. Furthermore, lim,,, o+ Fp = +00 and limy, o Ep = 0.

Finally, we have a multiplicity result for the radially symmetric case.

Theorem 3.4. If (fo)-(f5) hold and N > 2, then (P,)) admits infinitely many radial
solutions (uk)r for any m > 0. In particular,

Tusr) > Twy)
for all k € N and I(ug) — +o00 as k — +oc.

The chapter is organised as follows. Section[3.I]contains the proofs of some preliminary
Lemmas that will be useful during the whole remaining part of the chapter. Moreover,
we introduce a fiber map that will play a crucial role for our purposes. In Section [3.2
we define the ground-state level energy for a fixed mass m and we start analyzing its
asymptotic behaviour near zero and infinity. Section [3.3]is devoted to proving our main
existence theorem. Using a min-max theorem of linking type and the fiber map cited
previously, we construct a Palais-Smale sequence whose value of the Pohozaev functional
is zero and we show that a sequence of this kind must be necessarily bounded. Finally,
in Section for the sake of completeness, we discuss the existence of radial solutions.
Here, we use a variant of the min-max theorem already cited in Section [3:3] but this time
we are helped by the fact that the space of the radially symmetric functions with finite
fractional derivative is compactly embedded in LP(RY) for p € (2,2%).

3.1 Preliminary results
We define the Pohozaev manifold
P ={u € Sy | P(u) =0},

where

2 N =

P(u) = [U]HS(RN) - F(u)dz.

2s JrN

Let us collect some technical results that we will frequently used in the chapter. We use
the shorthand

B, = {ue B*®Y) | [ul3< m}.

16



3.1 Preliminary results

Lemma 3.5. Assuming (fo), (f1), (f2), the following statements hold

(i) for every m > 0 there exists § > 0 such that

1
i [ e vy < 1 (u) < [ul e gy

where u € By, and [u] g« gy < 0.
(i1) Let (un)n be a bounded sequence in H*(RN). If hmn—H—ooHUnHQ_plWS: 0 we have that

lim F(up)dr =0= lim F(uy,) dz.

n—-+o00 RN n—-+o0o RN

(iii) Let (un)n, (Vn)n two bounded sequences in H3(RN). If limn_>+oo\|vnH2+%: 0 then

nglilw - f(up)vp dz = 0.

Proof. (i) It suffices to show that there exists ¢ > 0 such that

1
[ Flde < 3 ol e,

whenever u € B, and [u] g« gvy < 6. In order to show that, we start noticing that (fo),
(f1), and (f2) imply that for every e > 0 we can find C; = C}(g) > 0 such that

|F(0)|< et 40t 7. (3.3)

Hence, by (3.3]), using the interpolation inequality and the fractional Sobolev inequality
(see for instance [41, Theorem 6.5]), we get

/ |F(U)\d:v<s/ 2+ dw—{—C’l/ u| ¥ dg
RN RN RN

2s *
< em ¥ [[ull3,+C1 lul3:

2 *
<emn(C} [u]iIS(RN) +Cs [uﬁ{ss(RN)

2s 252
= [5mN C1+Cy [U]ES(RN)} [uﬁjs(RN) .

Choosing

the assertion is verified.

17



3 Normalized solutions for the fractional NLS with mass supercritical nonlinearity

(44) Since (fo), (f1) and (f2) hold, for every e > 0 there exists C3, Cy > 0 such that
£ ST ol ¥
and
[F(t)[< Z|t|%+c4’t’2+%’

which implies
~ 2N s
|F(t)]< elt|F=5+ (Cs + 2C) [t>F | (3.4)

By (3.4) we have
/N\F@n)\ dz < g/Nyun|N25st de + (Cs + 204)/
R R

]un]%% dx
N

R
2 2+
S 605 [UH]HS(IQN) + (03 + 204] Hu””%—‘%

2442
< eCs + (C3 4 2Cy) ||un‘|2+g_> 0
N

as n — +oo and € — 0. The proof of lim, o0 [pn |[F(un)| dz = 0 is similar.
(#i7). (fo), (f1) and (f2) imply that for every € > 0 we can find C7 > 0 such that

FOIS elt] V2 +Crlt ¥ (3.5)
Hence, by (3.5)), we obtain that

N+42s 4s
/ |f (un)||vn] dz < 5/ || N =25 |y | dv + 07/ |Un|1+N |vp| do
RN RN RV

%‘F%S N+4s
< ellunllag™ llonfl2; +Crllunlly s, lTonllor

xirgs N+44s
< eCsllun| Hs(ﬂzz\r)”UnHHS(RN)""CQ||un||HsI,V(RN)||UnH2+4WS

<eCio + Cll||vnH2+4ﬁs—> 0

as n — 400 and € — 0. This completes the proof of the Lemma. O

Remark 3.6. An inspection of the proof of this Lemma shows that the inequality

~ S
- F(u)dz < [ ey

holds true if u € By, and [u] yagny < 6. It follows that

1.0
P(u) > ) [U}HS(RN)

for every u € Bm with [u] s gyy < 6.
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3.1 Preliminary results

In order to prove the next result, we introduce for every u € H*(RY) and p € R the
scaling maplﬂ

(pxu)(z) = e%u(e”x) zeRN.

It is easy to verify that p*u € H*(RY) and ||p * ulla= ||ul|2.
Lemma 3.7. Assuming (fo), (f1), (f2) and (f3), we have:
(1) I(p*xu) — 0" as p — —o0,

(i) I(p*u) = —o0 as p — 00.

Proof. (i) Let us fix m := |lul|3. We observe that p x u € S,, and after a change of
variables we obtain

Np o) Pq,))2
2 e P(u(efr) — u(efy)) s 7,12
[Pl vy = /R2N |z — y|NT2s du dy = e** [ul . ) -

By virtue of the previous computation, choosing p < —1, Lemma (i) guarantees the
existence of a § > 0 such that if [p  u] ;s gry < 0 then

1oy s
Ze%’hd%qu)f;IOJ*U)ngp [l s )

thus

lim I(p*u)=0".

p——00

(74) For every A > 0 we define the function hy: R — R as follows:

F(t)
4N t#£0
ha(t) = { WP+ (3.6)
pY t=0.

It is straightforward to verify that F(t) = h,\(t)]t|2+4ﬁs—)\|t|2+4ﬁs. Moreover, from (fo)
and (f1) it follows that hy is continuous, whereas thanks to (f3) we have

hx(t) = +o00 as t — 4oo.

Putting together the divergence of the limit above at infinity and (f1), we can find A > 0
large enough such that hy(t) > 0 for every ¢t € R. Now, applying the well-known Fatou’s
Lemma, we obtain

N s N s
lim inf h)\(eTpu)|u|2+4W dx > / lim hA(GTPu)|u\2+4W dx = 0.

!The notation p  u is standard in the theory of transformation groups, and is not ambiguous since we
never use convolution.
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3 Normalized solutions for the fractional NLS with mass supercritical nonlinearity

Then, we observe that

1 4s 4s
I(p*u) = 3 [p * U]?_IS(RN) + )\/RN|p>k u|2+411\’ dz — /RN hy(p* u)|p * u|2+411V dr  (3.7)

1 Np

2ps 2 2448 Np o4 4s
= e*P [2 [u]HS(RN) +)\/RN|U| TN dx—/RN ha(e 2 w)|ul**~ dz|,
from which it follows immediately that

plg(r)lo I(p*u) = —o0.

O
Remark 3.8. Assume f € C(R,R), (f1) and (f4). Then the function ¢g: R — R defined as
A s
0, t=0
is continuous, strictly increasing in (0, 00) and strictly decreasing in (—o0,0).
Lemma 3.9. Assuming f € C(R,R), (f1), (f3) and (f1), we have
(i) F(t)>04ft#0;

(ii) there exist (1)), C RY and (1), CR™, |75|— 0 as n — +oo such that
4s
fnt > (24 ) F)

for anyn # 1;

(iii) there exist (o,}), C R and (0;,)n CR™, |0F|— 00 as n — 400 such that
4s
o)t > (243 ) o)

for any n > 1.

Proof. (i) By contradiction suppose F(tg) < 0 for some ¢y # 0. Because of (f1) and (f3)
the function F(t)/[t|>T**/N must attain its global minimum in a point 7 # 0 such that
F(7) <0. It follows that

d F(t)

4 _ SO -2+ %) F()
d g 2+% |

7|3+ ¥ sgn(r)

= 0. (3.8)

t=r1

From Remark it follows that f(t)t > 2F(t) if t # 0. Indeed, were the claim false,
there would exist ¢ such that f(¢)t < 2F(¢). Choosing without loss of generality ¢ < 0,
we have that ¢g(f) < 0. This and the fact that g(0) = 0 show that g must be strictly
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3.1 Preliminary results

increasing on an interval between ¢ and 0. Finally, we can have a contradiction observing
that

0 < f(r)7r —2F(r) = %F(T) <.

(71) We start with the positive case. By contradiction, we suppose that there is T, > 0
small enough such that

f)r < (2 + ?5) F(t)

for every t € (0,7,]. Recalling the expression of (3.8) computed in the step (i) we see
that the derivative of F(t)/|t|*t*/N is non-positive on (0,T,], then

F(t) _ F(T)

4s — 4s
t2+ N Ta2+ N

>0 forevery te(0,7T,],

that is in contradiction with (f1). The negative case is similar.
(7i7) Being the two cases similar, we will prove only the negative one. Again, by
contradiction we suppose there is T, > 0 such that

4
fir < (2 + ]\?) F(t) forevery t<-T,.

Since the derivative of F(t)/|t|****/" is non-negative on (—oo, —T,], we can deduce

F(t) _ F(-T,)

R o

for every t e (—o0,—T,],

which contradicts (f3). O

Lemma 3.10. Assume (fo), (f1), (f3) and (f1). For any t > 0 there results
4s
t)t 2+ — ) F(t).
s> (24 5) F)
Proof. We start by proving that the inequality holds weakly. By contradiction, we assume
4s
f(to)to < <2 + N> F(to)

for some ¢y # 0 and without loss of generality, we can suppose ¢ty < 0. By step (i7) and
(7i1) of Lemma there are Tmin, Tmax € R, where min < to < Tmax < 0 such that

flt < (2 + ?5) F(t) for every t € (Tmin, Tmax) (3.9)
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3 Normalized solutions for the fractional NLS with mass supercritical nonlinearity

and A
ft= <2 + S> F(t) for every t € {Tmin, Tmax}- (3.10)

N
By (3.9) we have
F min F max
(in) (7 2+ZS. (3.11)

‘ Tmax ’

N N

|7-min‘

Besides, by (3.10) and (f4) must be

F(Tmin) N F(Tmln) N F(Tmax) _ F(Tmax)
4s 4s > — 4s 4s (312)
‘2+N 45 | Tonin| 245 4s |Tmax‘2+ﬁ X

| Tmin ‘ Tmax ’

and clearly and are in contradiction. From what we have just proved,
we have that F(t)/|t|>T**/" is non-increasing in (—oc,0) and non-decreasing in (0, 00).
Hence, by virtue of (f4) the function f(¢)/[t|'***/" must necessarily be strictly increasing
n (—oo,0) and strictly decreasing in (0, 00). Then

4s 4s\ [P f(k) | qaas
2+ — | F(t) = — +
(2+%)r0=(2+7) [ P

<<2 >,1+N/||1+ % d = f(0)t

completes the proof. ]

Lemma 3.11. Assume (fo) — (f1), u € H*(RN)\ {0}. Then the following hold:
i) There is a unique p(u) € R such that P(p(u) % u) = 0.
i) I(p(u) *w) > I(p*u) for any p # p(u). Moreover, I(p(u) *u) > 0.
iii) The map u — p(u) is continuous on H*(RN)\ {0}.

v) p(u) = p(—u) and p(u(- +y)) = p(u) for all u € H*(RY)\ {0} and y € RY.
Proof. (i) Since

(
(
(
(i

Lo 2 -N, ¥
I(p*u):ie P [ul s @y — €77 x F(e2"u)dx,
it is easy to check that I(p* u) is C! with respect to p. Now, computing

N ~
—I(p*u) = se’s [u]és(Rw) - Ee_Np /RN F (e%u) dx
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3.1 Preliminary results

we deduce

d
d—p[(p xu) = sP(p*u).

Remembering that by Lemma (3.7

. _ Jr . _
pEI_nOOI(p*u)—O and plilglol(p*u)— 00
we can conclude that p — I(p * u) must reach a global maximum at some point p(u);
since

d
0= —I(p(u) xu) = sP(p(u) * u),
0
we conclude that P(p(u) * u) = 0. To check the uniqueness of the point p(u), recalling

the function g defined in Remark we observe that F(t) = g(t)\t\%% for every t € R.
Thus, we obtain

N s
P(p * u) = ¢2r8 [u]?{S(RN) _ %62178 /RN g(e%u)\u|2+4ﬁ dr
N Np 4s 1 d
— ,2ps 2 _Av Np o4 4s d _1d, .
0 (1, = 5 [ ¥ 0Pt ¥ o] = it e

Fixing t € R\{0}, thanks to Remark [3.8/and (f1), we notice that the function
Np
pr—g <eT t)

is strictly increasing. Thus, by virtue of the previous computations, it follows that p(u)
must be unique.

(74) This follows immediately from (7).

(iii) By step (i) the function u +— p(u) is well defined. Let u € H*(RY)\ {0} and
(tn)n € H3(RN)\ {0} a sequence such that u, — u in H*(RY) as n — +oo. We set
pn = p(uy,) for any n > 1. Let us show that, up to a subsequence, we have p, — p(u) as
n — +00.

Claim. The sequence (py,)y is bounded.

We recall that the function hy defined in noticing that by Lemma[3.9) (i) ho(t) > 0
for every t € R. We assume by contradiction that up to a subsequence p, — 400. By
Fatou’s Lemma and the fact that u, — u a.e. in RY, we have that

. Npn 4s
lim ho <e 2 un) up, TN d = oo.
n—-4o00 RN

As a consequence of that, by (3.7) with A = 0 and step (ii), we obtain

Npn

1 s
0<e 2 I(py * up) = 3 [Un]zs(RN) - /N ho (e 2 un> |un|2+4ﬁ dr — —c0  (3.13)
R
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3 Normalized solutions for the fractional NLS with mass supercritical nonlinearity

as n — +o00, which is evidently not possible. Then (p,), must be bounded from above.
Now we assume, again by contradiction, that p, — —oo. By step (ii) we observe that

I(pp * up) > I(p(u) * un),
and since p(u) * u, — p(u) * u in H5(RY), it follows that

I(p(u) * up) = I(p(u) * u) + op(1).
We deduce that
liminf I(py, * up) > I(p(u) * u) > 0. (3.14)

n—-+o0o

Since we have p, * u, C B, for m > 1, Lemma (7) implies that there exists 6 > 0
such that if [pn * un] g« (gry < 6, we have

1
1 [on * "U«n]lzqs(RN) < I(pn * un) < [pn * un]?{s(RN) . (3.15)

Since
[on * tn] g = € [un] o gy »

(3.15) holds for any n sufficiently large. Therefore, we obtain

lim inf I(p;, * uy,) = 0,

n—-+o0o

in contradiction to (3.14). The claim is proved.
The sequence (py,), being bounded, we can assume that, up to a subsequence, p,, — p*
for some p* in R. Hence, p, * u, — p* * u in H5(RY) and since P(p, * u,) = 0 we have

P(p* xu)=0.

By the uniqueness proved at step (i) we obtain p* = p(u).
(tv) Since f is odd by (fo), the fact that

Plp(u)  (—u)) = P (~(plu) # u)) = P(p(u) *u) = 0

implies p(u) = p(—u). Similarly, changing the variables in the integral, we can verify
that p is invariant under translation, and it is easy to check that

P(p(u) * u(- +y)) = P(p(u) * u) =0,
thus p(u(- +y)) = p(u). O
As we are going to see, the functional I constrained on P,, has some crucial properties.

Lemma 3.12. Assuming (fo) — (f1), the following statements are true:

(i) Pm # 0,
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3.1 Preliminary results

(Z'l) infuepm [U]HS(RN) > 0,
(iid) infucp,, I(u) >0,

() I is coercive on P, de. I(un) — 00 if (un)n C Pm and |upl gsgny— oo as
n — +00.

Proof. Statement (7) follows directly from Lemma [3.11] (7).

(74) Were the assertion not true, we would be able to take a sequence (uy)n C Py, such
that [un]gsgyy — 0, and so, by Lemma |3.5( (i) we could also find § > 0 and 72 so large
that [un] .y < 0 for every n = n. By R mark we would have

which is possible only for a constant w,,. But this is not admissible since u € S,,,. Hence,
the statement must hold.
(7ii) For every u € Py, Lemma (74) and (¢7¢) implies that

I(u) =1I(0xu) > I(p*xu) forevery peR.

Let § > 0 be the number given by Lemma (i) and set p := 1/slog (5/[ | s RN))
| (4)

Since 0 = [p * u] s (M), Using again Lemma we obtain
1 1,
I(u) > I(p*xu) > 1 [p*u]HS(RN) = 15

proving the statement.
(tv) By contradiction we suppose the existence of (), C Pr, such that ||uy,|| ;. ®N) ™
oo with sup,,~; I(u,) < ¢ for some c € (0,00). For any n > 1 we set

1
Pn = 5 log ([un]HS(RN)) and v, = (—pp) * Up.

Evidently p,, — 400, (vn)n C Sp and [’Un]HS(RN) = 1. We denote with

a = limsup sup / o, |? da:
(y,1)

n—=+00 ycRN

and we distinguish two cases.
Non vanishing: « > 0. Up to a subsequence we can assume the existence of a sequence
(Yn)n € RY and w € H*(RY) \ {0} such that

Wn =n(- +yn) = win H¥RY) and w, = wa.e. in RY.

Recalling the definition of the continuous function hy) with A = 0, remembering that
Pn — +00 as n — 400 and using the Fatou’s Lemma we have

lim ho ( -5 wn) ]wn|2+N dx = oo.
n—-4oo RN
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3 Normalized solutions for the fractional NLS with mass supercritical nonlinearity

By step (i7i) and (3.8]), after changing the variables in the integral, we obtain
0 < e 25 (uy) = e 2P I (py % vy) = —/ ho( = vn> |vn|2+N dx
RN

1
2
1 2452
:i_ ( )]wn| N dxr — —o0
as n — +00.

Vanishing: o = 0. By [102, Lemma II.4], we have that v, — 0 in LQJF%(RN) and by
Lemma (7i) we see that

lim eNp/ F (e%vn> =0 forevery peR.
RN

n—-+4oo

Since P(py * v,) = P(u,) = 0, by Lemma (73) and (i7i), we obtain

c> 1 (up) = I(pn *vy)

Np

1 1
> I(p*vy) =~ — e_Np/ F (eTvn) dx = —e*% — 0,(1).
2 RN 2
We can conclude choosing p > log(2c¢)/2s and letting n — +o0. O

Remark 3.13. Observe that if we assume the validity of (fp)—(f1) and we take a sequence
(tn)n C H*(RY) such that

P(up) =0, sup|lup|2 <400 and supl(u,) < +oo,
n>1 n>1

then repeating the arguments carried out in the proof of Lemma (iv) we get that
(tn)p is bounded in H*(RY).

We conclude with a splitting result a la Brezis-Lieb. A proof is included for the reader’s
convenience.

Lemma 3.14. Let f:R — R continuous, odd and let (u,), C H*(RY) a bounded se-

quence such that w, — u pointwise almost everywhere in RN . If there exists C > 0 such
that

@I (jH+)
then

lim |F(up) — F(up —u) — F(u)|de =0

n—-+o0o RN
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3.2 Properties of the map m — Fp,

Proof. Let a, b € R and € > 0. We compute

1
F(a+b) — Fa)| = /0 %F(aJrTb)dT

1
/ F'(a+ Tb)bdr
0

< C/Ol (Ia + 70 +a + Tb|22‘—1) |b] dr
< C (Jal+pl+2% " (Jaf b= 1) ) 1o
< (lal+ol+2% (Jaf (o) ) o
< C (Jabl+b? + 2% (|l bl +[pf ) ) -
We have used that 7 < 1 and the convexity inequality
la + b|2§—1§ 9251 (’a|2§—1+|b|2§—1) .

Now we use Young’s inequality twice:

2
a 1
bl < e— + —|b]?
jab| < &%+ oo
. 2 a|% 1 |bf%
[alP* ol < TG e
g 1%
Hence, choosing
2%—1
n=¢e %,

we get
|ab|-+b? + 2% <\a 22-1yby+yby%‘) < 5“22 n 2%192 b2 2% (yay22‘—1|b\+\b\2z)
<eC (a2 + \2a!2§) +C {(1 +e )b+ (1 + 51723> \2b|2§}
= ep(a) + e(b).
Applying [30, Theorem 2| with g, = u, — u and f = u we have the assertion. O

3.2 Properties of the map m — E,,

Under our standing assumptions (fo)—(f1), for every m > 0 we can define the least level
of energy

E,, = inf I(u). 3.16
nf (u) (3.16)

This section is devoted to the analysis of the quantity E,, as a function of m > 0.
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3 Normalized solutions for the fractional NLS with mass supercritical nonlinearity

Lemma 3.15. If (fo)—(f4) hold true, then m — E,, is continuous.

Proof. Let m > 0 and (my)r C R such that my — m in R. We want to show that
E,,, — En as k — 400. Firstly, we will prove that

limsup By, < Ep,. (3.17)

k—+o0

up = %ueSmk, keN.
V' m

It is easy to see that uj, — u in H*(R"), thus, by Lemma (131) we get
limg 400 p(ug) = p(u) = 0. Therefore,

For any u € P, we define

plug) xup — p(u) *u =0 in H*RY)
as k — 4+oo and as a consequence

limsup Ey,, < limsup I(p(ug) * ug) = I(u).

k——+oo k——+o0

Since this holds for any u, we obtain (3.17). The next step consists in proving

liminf E,,, > E,,. (3.18)

k—+o0

From the definition of Ej,, , it follows that for every £ € N there exists vy € P,y,, such

that

1
I(00) < B, + 7. (3.19)

We set

1

~ .
tp = <m> and Vg 1= v <) € Sm-
mg tg,

By Lemma and we get
By < I(p(0k) * 0k) < L(p(Vg) * vi) + |1 (p(0k) * Ox) — L(p(Tk) * vg)|
< I(vk) + [I(p(0k) * V) — I(p(0k) * vk)|

< Ep, + % + [ I(p(0) * 01) — I(p(Dk) * vg)|

1
=: Ep, + % + C (k).
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3.2 Properties of the map m — Fp,

To prove (3.18) we show that limy_, o C(k) = 0. Indeed, as a first step, we notice that

p * (v (Z)) = (p*v) (Z)’ and after a change of variable, we get

1

C(k) = ‘2 ( kN—2s — 1) [p(Vk) * vk]?{s(RN) - (tév - 1) /]RN F(p(vg) % vg) dx

IN

1 _ - -
. )tév 25 _ 1‘ [p(Dg) * vk}zS(RN) + |ti;v —1| /RN |F(p(0k) * vg)| dx
1 _
=5 ‘tkN 25 _ 1’ A(k) + |tr — 1| B(k).
Since t — 1 as k — +o0, it suffices to prove that

limsup A(k) < oo, limsup B(k) < oo. (3.20)

k——+o0 k——+o0

We divide the proof of (3.20) into three claims.

Claim 1: (vy)g is bounded in H*(RY).
Recalling (3.17)) and (3.19) we have that

limsup I (vg) < Epy.
k—+o00

Thus, observing that vy, € Py, and mj — m, from Remark it follows the validity
of the claim.

Claim 2: (y)y is bounded in H*(RY), and there are a sequence (y); C R and
v e H*(RY)\ {0} such that o(- + yx) — v a.e. in RY up to a subsequence.

To see the boundedness of (0f)y it suffices to notice that ¢ — 1 and the statement
follows by claim 1. Now, we set

a = limsup sup / |op,|? dez.
k—+o00 yeRrN J B(y,1)

If « =0, by [102, Lemma II.4] we get v — 0 in L2+4T\?(]RN). As a consequence of that,
we have

[l e = [ o ¥ ae= i [ R a0
RN RN

Ry
as k — 400, and since P(vi) = 0, by Lemma (7i), we deduce that

9 N

[vk]HS(]RN) = —

55 Jon F(vg) dz — 0.

In this case, by virtue of Remark we see that

[
0= P(Uk) Z 5 [vk]Hs(RN) 5
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3 Normalized solutions for the fractional NLS with mass supercritical nonlinearity

which is admissible only if v in constant. But this is in contradiction with the fact that
Vi, € P, Hence o must be strictly positive.

Claim 3: limsupy,_, , o, p(0x) < 0.

By contradiction we assume that up to a subsequence p(v;) — oo as k — 4o00. By
Claim 2 we can suppose the existence of a sequence (yx)r C RY and v € H*(RY)\ {0}
such that

(- +uyr) = v ae in RV, (3.21)

On the other hand, by Lemma [3.11] we get

p(Uk(- + yk)) = p(0k) = o0 (3.22)

and
I(p(U (- + yk)) * Ox(- + yr)) = 0. (3.23)

Now, taking into account (3.21)), (3.22)), (3.23) and arguing similarly as we have already
done to prove ([3.13)) we have a contradiction. The proof concludes by observing that by
Claims 1 and 3

lim sup||p(0) * Uk||Hs(RN)< c0- (3.24)
k—-+o0

Hence, by virtue of (fy) — (f2) and (3.24)), (3.20) holds true. O
The next result provides a weak monotonicity property for E,,.
Lemma 3.16. If (fo) — (f1) hold, then m — E,, is non-increasing in (0, 00).

Proof. Tt suffices to show that for all € > 0 and m, m’ > 0 with m > m’ we have

Ep < By + g (3.25)

Now, we take y € C2°(RY) radial such that

1 lz|< 1
@) =4e0.1] 1<ol<2
0 |z|> 2

and u € P,,. For every § > 0 we set us(z) = u(x)x(dz). By a result of Palatucci et al.,
see [95, Lemma 5 of Section 6.1], we know that us — u as 6 — 0%, and using Lemma
[3-11] (éii) we obtain

li = =0.

Jim p(us) = p(u)

As a consequence of that, we obtain

plus) * us — p(u) xu in H5(RY) (3.26)
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3.2 Properties of the map m — Fp,

as & — 07. Now, fixing § > 0 small enough, by virtue of (3.26]) we have

I(p(us) * us) < I(u) + (3.27)

<
1
After that, we choose v € C°(R") with supp(v) C B (0,1 + %) \ B (0, %) and we set

. 2
S

o
For every A < 0 we also define wy = ugs+ Ax0. We observe that choosing A appropriately
we have supp(us) Nsupp(A * 0) = (), thus wy € Sy,.

Claim: p(wy) is upper bounded as A — —o0.

If the claim does not hold, we observe that by Lemma (13) I(p(wy) *wy) > 0 and
that wy — ug a.e. in RY as A\ — —oco. Hence, arguing as we have already done to obtain
we reach a contradiction. Then the claim must hold.

By virtue of the claim

plwr) + A — —oco asA — —oo,

thus
[(p(w,\) + )\) * f)]iIS(RN) _ eQS(P(W)\)+)\) [f)]qus(RN) -0
implying
2s  N-2s
[(p(wn) +A) * 0llay 4o < Cll(plwn) + A) * D137 [(plwn) +A) # 0] iy = 0.

As a consequence, by Lemma (i), for a suitable A

I((plen) +X) +8) < 7. (3.28)
Finally, by Lemma and using (3.25)), (3.27) and (3.28) it easy to see that
Eun < I(pleon) *w3) = T(p(w) ) + I(pln) * (A7)
< I(p(us) xus) + I((p(wr) + A) * 0)
e €

<I -+ - < E,y

< (u)+4+4_ m! + €
completing the proof. O

The strict monotonicity of E,, holds true only locally, as we now show.

Lemma 3.17. Assume (fo) — (f4) hold true. Moreover, let u € Sy, and u € R such that
(—A) ut = f(w)

and I(u) = E,,. Then E,, > E, for every m’ > m close enough if u > 0 and for any
m’ < m close enough if u < 0.
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3 Normalized solutions for the fractional NLS with mass supercritical nonlinearity

Proof. Let t > 0 and p € R. Defining u; , := u(p * (tu)) € S,z and

1 o _ Np
a(t,p) == I(u,) = 515262’) [U]?{S(RN) — e NVr - F(te 2 u)da,

it is straightforward to verify that

Np Np

a _ 2ps 2 —N =k £
ﬁa(t,p)—te” [U]HS(]RN)_G p/RNf<te2u>e2uda:
= til—rl(ut,p) [u,p] -

In the case p > 0, we observe that u, — u in H*(RY) as (t,p) — (1,0). Moreover, we
notice that

I'(u) [u] = —pllull3= —pm < 0
and so, choosing d > 0 small enough, we have

da

T (t,p) <0 forany(t,p) € (1,14 6) x [-4,].

Using the Mean Value Theorem, there exists £ € (1,t) such that

da _ a(t’ P) — a(l,p)
whenever (¢, p) € (1,1 + §) x [—6, 0], hence
o(t,p) = a(1,p) + (1 = 1) 2-alE, ) < (L, p). (3.20)

Since by Lemma (i13) p(tu) — p(u) = 0 as t — 1T, setting for any m’ > m close
enough to m

m/

t:=4/—€(1,1446) and p:=p(tu) € [-4,0],

m

and using (3.29) together with Lemma (7i) we obtain that
E,v <a(t,p(tu)) < a1, p(tu)) = I(p(tu) x u) < I(u) = Ep,.

The proof for p < 0 is similar, and we omit it. O

As a direct consequence of the previous two Lemmas, we have the following result.

Lemma 3.18. Assume (fo) — (fa) hold true. In addition, let w € Sy, and p € R such
that (—A)*u+ pu = f(u) with I(u) = Ey,. Then p >0, and if n > 0 it is By, > Epy for
any m' >m > 0.
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3.2 Properties of the map m — Fp,

To make a step ahead, we describe the asymptotic behaviour of E,, as m — 07 and
m — +00.

Lemma 3.19. Assume (fo) — (fa) hold true, then E,, — 400 as m — 0.

Proof. In order to prove the Lemma, we will show that for every sequence (uy), C
H*(RM)\ {0} such that

P(un) =0 and nll)lilooﬂunﬂgz 0
it must be I(uy,) — +00. We set

1
pn = log ([un]HS(RN)> and v = (=pn) * Un

Trivially [vn] o gy =1 and ||vp[2— 0. Moreover, thanks to these two facts we also have

by interpolation that v, — 0 in LQJF%(]RN), thus, by Lemma (i) we have

lim e_Np/ r (e%vn> da = 0.
n—-+o0o ]RN

Since P(pp * vyp) = P(uy,) = 0, using Lemma (7) and (i) we obtain that

1
I(up) = I(pn *vp) > I(p*vy,) = 562ps _ eNp/

Np
F (eTvn> dx
]RN

1
= 562” + on(1).

Since p is arbitrary, we get the statement as p — +oc. O
Lemma 3.20. Assume (fo) — (f4) and (fs). Then Ep — 0 as m — +oo.

Proof. We fix u € L°(RY) N S; and we set u,, = v/mu € Sp,. By Lemma m (17) we
can find a unique p(m) € R such that p(m) * uy, € Pp,. Since by Lemma (i) F is
non-negative, we get

1
0 < B < I(p(m) * up) < §e2p<m>5 [ vy - (3.30)
Thus, by (3.30]) it suffices to show that
lim VmePms = o, (3.31)

Using the function g defined in Remark and recalling that P(p(m) * u,,) = 0 we get

N 2s Np(m) 4s
2 2s 4s
Wy = g ¥ [ o (Vime™ 5 ) ¥ o
which implies
n%ijl})o\/me 7T =0. (3.32)
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3 Normalized solutions for the fractional NLS with mass supercritical nonlinearity

Now, using (fs) and Lemma for any € > 0 we can find § > 0 such that

~ 4s 1 2N
F(t)> —=F(t) > —|t|~v-2s
()= TP > -t

if [t|< d. Hence, taking into account the fact that P(p(m) * uy,) = 0 and (3.32)), we get

N1 _(Nios)p(m 3 Mot
ey = o L2 )/RNFW% ) do

4s
N1 (mep(m)s) N2 / u| Y% da
RN

— 2s¢

for m large enough. Then (3.31) holds and the proof is complete. O

3.3 Ground-states

We introduce the functional

Np(u)

W) = Tplu) =) = 56l — 0 [P (*50) o

Throughout this section we will assume that f satisfies (fo) — (f5)-

Lemma 3.21. The functional U: H¥(RY)\ {0} — R is of class C', and
AW (u) [p] = dI(p(u) * u) [p(u) * ¢]
for every u € H*(RN)\ {0} and p € H3(RY).

Proof. A proof appears in [58| for the case s = 1. Only minor adjustments are needed in
the fractional case, so we omit the details. O

For m > 0, we consider the constrained functional J: S, — R defined by J = ¥ g .
Lemma [3:21] yields the following statement.

Lemma 3.22. The functional J: S,, — R is C' and

dJ(u) [p] = d¥(u) [p] = dI(p(u) * u) [p(u) * ¢]

for any uw € Sy, and ¢ € TSy, where Ty, Sy, is the tangent space at uw to the manifold
Sm.-

We recall from [50, Definition 3.1] a definition that will be useful to construct a min-
max principle.

Definition 3.23. Let B be a closed subset of a metric space X. We say that a class G
of compact subsets of X is a homotopy stable family with closed boundary B provided
that
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3.3 Ground-states

(i) every set in G contains B,

(73) for any set A in G and any homotopy n € C ([0, 1] x X, X) that satisfies n(¢t,u) = u
for all (t,u) € ({0} x X) U ([0,1] x B), one has n ({1} x A) € G.

We remark that B = () is admissible.

Lemma 3.24. Let G be a homotopy stable family of compact subsets (with B =1()). We
set

Bmg = jaf ey ()

If E;, g > 0, then there exists a Palais-Smale sequence (uy)y, € P for the constrained
Junctional I|s,, at level Ep, g. In particular, if G is the class of all singletons in Sp,, one
has that ||u;, ||2— 0 as n — +oo.

Proof. Let (Ap), C G be a minimizing sequence of E,,, g. We define the map
n:[0,1] X Sy, — S

where n(t,u) = (tp(u)) * u is continuous and well-defined by Lemma (1) and (731).
Noticing n(t,u) = u for every (t,u) € {0} x S, we obtain that

D, :=n(1,A4,) ={p(u)xu|ueA,}eq.

In particular we can see that D,, C Py, for any n > 1, with m > 0. Since J(p(u) * u) =
J(u) for every p € R and u € S,,, we can observe that

max J(u) = max J(u) — Ep,g

u€Dn, u€An
thus, (Dy,)y is another minimizing sequence for E,, g. Now, using [50, Theorem 3.2| we

get a Palais-Smale sequence (v ) C Sy, for J at level Ep, g such that dist . gn) (vn, Dn) —
0 as n — 4o00. We will denote

pn = p(vp) and  u, 1= pn * Uy,

Claim: There exists C' > 0 such that e=2°7¢ < C for any n € N.
We start pointing out that

2
[Vn] Hs(RN)

lwnlire vy

6—2pns —

By virtue of the fact that (uy, ), C P, using Lemmal3.12| (i), we obtain that {[un]HS(RN)}
n

is bounded from below. Moreover, since D,, C P,, and that

max I = max J = E, g,
u€Dy, u€Dy ?
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3 Normalized solutions for the fractional NLS with mass supercritical nonlinearity

Lemma (iv) implies that D, is uniformly bounded in H*(RY). Finally, from
dist ;s (gvy (Un, Dn) — 0 we can deduce that sup,en [vn]pysgyy < 00. Thus, the claim
holds.

Now, from (u,) C Py, we get

I(up) = J(up) = J(vp) = Eng.

On the other hand, for any ¢ € T;,, S, we have

— = *% —Pn — % Pn
/RNUH[( pn) * ] dz /Rane Y (e Pmz) dx / e 2 vy (e’mx)yde

RN
— [ ourvpds = [ unpds=0
RN RN
implying (—py, * ¢) € T, Sy,,. Besides, by the claim

1(=m) % 0l s ey < 100 C, LIl g vy
Denoting by ||-||4,« the dual norm of the space (73,5,,)* and using Lemma we get

AT (un)llup« = sup  [dI(un) [$]|=  sup  [dI(pn *vn) [on * ((=pn) * ¥)]|
”"ZJHHS(RN)SI H"Z)HHSORN)SI
= sup  |dJ(vn) [(=pn) * Y]
€Ty Sm

”wHHs@RN)SI

< T @n)llvns sup — ([(=pn) * ¥l o vy

GCZ—"U.n Sm

”wHHS(IRN)Sl

< max{C, 1} [[dJ (vn)|lv,»— 0

as n — +oo remembering that (vy,), is a Palais-Smale sequence for the functional J.
We have just proved (uy), is a Palais-Smale sequence for the functional I|g,, at level
E,, ¢ with the additional property that (un), C Pn,. Finally, noticing that the family
of singleton of S, is a particular homotopy stable family of compact subsets of S,
and doing this particular choice as G, arguing similarly as we have just done, we can
obtain a minimizing sequence (D)), with the additional property that its elements are
non-negative: we only need to replace the functions with their absolute value. Moreover,
(An)n will inherit this property, and recalling that dist . g~y (vn, Dn) — 0 as n — 400
we have

[t [l2= llon * vy [l2= [[o, la— O.
This concludes the proof of the Lemma. O

Lemma 3.25. We assume (fo) — (fa) hold. Then there exists a Palais-Smale sequence
(un)n C P for the constrained functional Iig, at level Ey, such that ||luy ||2— 0 as
n — +00.
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3.3 Ground-states

Proof. We apply Lemma [3:24] with G the class of all singletons in S,. Lemma[3.12]imply
that E,, > 0, thus the only thing that remains to prove is E,, = E,, g. In order to do
that, as a first step, we notice that

Pmg = Jguay ) = 2 1l »u)

Since for every u € Sy, we have that p(u) x u € Py, it must be I(p(u) * u) > E,,, thus
Eng > Ep. On the other hand, if u € P, we have p(u) = 0 and I(u) > E,, g, that
implies Ep, > Ey, g. O

Lemma 3.26. Let (up)n C Sy be a bounded Palais-Smale sequence for the constrained
functional Iig, —at level Ey, > 0 such that P(u,) — 0 as n — +oo. Then we have the
existence of u € Sy, and g > 0 such that, up to a subsequence and translations in RY
Uy — u strongly in H*(R™) and

(=A) u+ pu = f(u).

Proof. Tt is clear that (u,), C Sy, is bounded in H*(RY) and is a Palais-Smale se-
quence. Together, these two facts enable us to assume without loss of generality that
limy, 400 [Un]HS(RN), limy, 400 fRN F(uy)dz, and lim, 4 fRN f(up)uy, dr exist. Be-
sides, |21, Lemma 3| implies

(—=A)’up + ppun — f(up) = 0 in HS(RN)*

where we denote

[ = 1 ( [ (up)up dz — [un]és(RNJ )
RN

m

By the assumptions made above, we can see that p, — p for some p € R and we also
have that for any (y,), ¢ RY

(=A) un(- + yn) + pn(- + yn) — f(un(- +yn)) = 0 in HS(RN)*' (3.33)

Claim: (up)y is non vanishing.
Otherwise, by [102, Lemma II.4] we would get u, — 0 in LZ“'%(RN). Taking into
account that P(u,) — 0 and using Lemma [3.5] (ii) we get

N -
[Un]qus(RN) = P(u,) + 2% /n F(up)dx — 0

S

and as a consequence of that,
1
Ep= lim I(un) =5 lim [un]f gy — lim F(u,)dz =0

n—-+oo 2 n—+oo n—+oo JpN

contradicting F,,, > 0. Then the claim must hold.
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3 Normalized solutions for the fractional NLS with mass supercritical nonlinearity

Since (uy), in non-vanishing we can find (y}), € RY and w; € By, \ {0} such that
Un(-+yl) = wiin H3(RY), up (-432) = wi in L _(RY) for p € [1,2%) and u,(-+y) — w
a.e. in RY. Now, we want to apply [20, Theorem A.1] with P(t) = f(t) and Q(t) =
|t|(N+25)/(N=25) and notice that

Jim f A+ un) = )] of da
Nl lim [ |Flual 5~ f)] dr (3.3
supp(¢p)
for any o € C°(RY). Hence, by and we get
(—A)’wr + pwr = f(wr) (3.35)

and through the Pohozaev Identity (see for instance [36, Proposition 4.1]) associated to
(3.35) we also have P(w;) = 0. Now, we set v} := u, — wi(- — y}) for every n € N.
Clearly vl (- +yb) = un(- + 1) —wi — 0 in H¥(RY), thus

— 1 I ANTERE 192 2
m= lm fun(+yh)la= T o} 3+w 3 (3.36)

By Lemma |3.14] we also have

Jim F(un(—%yi))dx::t/‘ Flo)de+ tim | Fol(+y)))de
RN

n—-+00 RN n—-+o0o RN

hence

Ep= lim I(up)= lim I(un(-+45)= lim IT(w:(-+9})+I(w)  (3.37)

n—-+o0o n—-+o00 n—+0o

= lim I(v})+ I(w).

n—-+o0o

Claim: limy, oo I(v}) > 0.
If the claim does not hold, i.e. lim, o I(v}) <0, (v}), is non vanishing, then there
exists (y2)n C RY such that

lim lvk 2 dz > 0.
note JB(y2,)

Since vl(- +yl) — 0in L2 (RY), it must be |y2 — yL|— oo, and up to a subsequence

vl (- +y2) = wo in H3(RY) for some wy € By, \ {0}. We notice
un (- +5) = vp( + ) @il =y +yn) = w2
thus, arguing as before, we get P(wz) = 0 and I(wz) > 0. We set

2

vp = —wa- = y) = un — Y wil- — yh)
/=1

38



3.3 Ground-states

and we observe that

: 2 . 5 )
ngg-loo [Ug] He(RN) = ngrfoo [Ui] Hs(RN) + [WQ]HS(]RN) - ZnEI_POO@l wa(- — y721)>HS(RN)
. 2
= HETOO [0711] HS(]RN) [WZ]Hs(RN) - 2nll>I£OO< 711( + yz),WQ>HS(RN)
: 2
— nEI—fI—lOO [Un]HS(RN) + [W]_]HS(RN) - [WQ]HS(RN)
— QnErfoown(. + y,ll),wl)Hs(RN)
2
- nll}rfoo Un I{S RN Ez: w@ Hs RN
=1
and

0> lim I(v))=1I(we)+ lim I(v2)> lim I(v2).

n—+4o00o n—-4o0o n—-4o0o

Iterating, we can build an infinite sequence (wi) C By, \ {0} such that P(wy) = 0 and

k
2
Z (Uk HS RN) [Un]HS(RN) < 0
/=1

for every k € N. However, this is a contradiction. Indeed, recalhng Remark for any
w € By, \ {0} such that P(w) = 0, we can find § > 0 such that [w]? > 0. Therefore,

the claim must be valid and lim,, oo I(v}) > 0.
Now, we denote by h := |lw1][3€ (0,m]. By virtue of the claim, (3.37) and the fact
that w; € Pp, we get

Hs(RN)

Ep=1I(w)+ lim I(})>1(w')>E,

n—-+o0o

but, recalling that E,, in non-increasing by Lemma [3.16] we obtain

I(wy)) =E, =E (3.38)
and
ngrfoo I(v ) 0. (3.39)

To prove that g > 0 it suffices to put together (3.35)), (3.38) and Lemma |3.18 In-
stead, to see that p is strictly positive, using (f5), Lemma and the Pohozaev identity

corresponding to (3.35)), we get
1 N -2
w= / <NF(W1) — 5 Sf(wl)w1> dz > 0. (3.40)
RN

ms

At this point, we suppose by contradiction that h < m, but taking into account (|3.35)),

(3.40) and Lemma we would have
I (wl) =Fk, > FE,
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3 Normalized solutions for the fractional NLS with mass supercritical nonlinearity

which is not compatible with (3.38). Thus h = m. Moreover, by (3.36) v. — 0 in

L*(RYM). It remains only to prove the strong convergence of (vl), in H*(RY). To do

that, it is sufficient to notice that by Lemm (i) we have limp 400 [pn F(v}) da =0,
(13.39)

and so we obtain the assertion thanks to O

Proof of theorem[3.3. Applying Lemma we obtain a Palais-Smale sequence (uy,), C
P at level E,, > 0 for the constrained functional I |Som - This sequence is bounded in

H*(RY) by Lemma and through Lemma we get a critical point u € Sy, at the
level E,,, > 0 that results to be a ground-state energy. Finally, since ||u,, ||2— 0 we deduce
that v > 0 and after applying the strong maximum principle we obtain u > 0. O

Proof of theorem[3.3 The proof is a direct consequence of Theorem and Lemmas
3.12] 3.15] [3.16] [3.19}, [3.20} O

3.4 Existence of radial solutions

This section is devoted to proving the existence of infinitely many radial solutions to
problem (P,,)). Before doing this, we recall some basic definitions and provide some
notation.

Denote by o: H¥(RY) — H*(RY) the transformation o(u) = —u and let X ¢ H*(RY).
A set A C X is called o-invariant if 0(A) = A. A homotopy n:[0,1] x X — X is o-
equivariant if n(t,o(u)) = o(n(t,u)) for all (¢,u) € [0,1] x X. Next definition is in [50]
Definition 7.1

Definition 3.27. Let B be a closed o-invariant subset of X ¢ H*(RY). We say that a
class G of compact subsets of X is a o-homotopy stable family with closed boundary B
provided

(i) every set in G is o-invariant.
(ii) every set in G contains B,

(7i7) for any set A in G and any o-equivariant homotopy n € C ([0,1] x X, X) that
satisfies n(t,u) = u for all (¢t,u) € ({0} x X)U([0,1] x B), one hasn ({1} x A) € .

)
We denote with H2(R™) the space of radially symmetric functions in H*(RY) and
recall that H5(RY) < LP(R) compactly for all p € (2,2%) (see [70, Proposition L.1]).

In order to prove the main result of this section, we need to build a sequence of o-
homotopy stable families of compact subsets of .S, N H (RN ). We point out that in the
above definition, the case in which B = () is not excluded. The idea is borrowed from
[58]. Let (Vi)r be a sequence of finite dimensional linear subspaces of H2(R™) such that
Vi € Via1, dim Vi, = k and (J;», Vi is dense in H3(RY). Denote by 73 the orthogonal
projection from HZ(RY) onto Vj. We recall to the reader the definition of the genus of
o-invariant sets introduced by M. A. Krasnoselskii and we refer to [100, Section 7] or [2]
chapter 10] for its basic properties.
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3.4 Existence of radial solutions

Definition 3.28. Let A be a non-empty compact o-invariant subset of H2(RY). The
genus y(A) of A is the least integer k such that there exists ¢ € C(H3(RY),R¥) such
that ¢ is odd and ¢(x) # 0 for all z € A. We set y(A) = oo if there are no integers with
the above property and ~(() = 0.

Let A be the family of closed o-invariant subsets of S, N H?(RY). For each k € N, set
Gr:={A e A[~(4) > k}
and

E = inf maxJ(u).
m.k A€eg, ucA ( )

Next, we give a result about the weak convergence of the nonlinearity f.

Lemma 3.29. Assume (fo)—(f2) hold true. Let (up)n C HE(RN). Ifu, — u in H(RY)
for some u € H(RY), then f(un) — f(u) in L%(RN).

Proof. We borrow some ideas from [88 Theorem 2.6]. We start exploiting the compact
embedding H(RY) < LP(RY) for any p € (2,2%). Hence, up to a subsequence, u, — u
in LP(R"Y) and a.e. in RY. From equation ([3.5), we get

| ()| ¥55 < Ol | ¥5 4 Clu [P V552
n —= 13 n n

for some C., C' > 0. As a consequence of that, recalling the fractional Sobolev inequality

and observing that 2%1‘2"‘; € (2,2%), we obtain that (f(uy)),, is bounded in LN (RM).

2N
Thus, there exists y € L¥+2 (RY) such that f(u,) — y. At this point, we fix a cover
(Qj)j of RY made of subsets with finite measure. For any v > 0, Severini-Egorov’s

< wv, such that u, — u

Theorem yields the existence of B c 2, with measure ‘B%

uniformly in €; \B{, Clearly, y = f(u) in \B% Now, we set
Q:={zeRV|y# f(w)} and Q;:={re|y+#flu)}.

Since v is arbitrary and (); C B{;, we have that (); is a set of measure zero. Furthermore,
it is easy to see that Q = U]oi1 Q;, therefore () has measure zero and the proof is
complete. O

From now on, we will always assume (fy) — (f5) hold until the end of the section.

Lemma 3.30. Let G be a o-homotopy stable family of compact subsets of Sy, N H;?(RN)
(with B =10) and set

Epng = inf J(u).
mo = Jg e

If Eyg > 0 then there exists a Palais-Smale sequence (up)n in Py, 0 HE(RY) for
I‘SmmHﬁ(RN) at level By, g.
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3 Normalized solutions for the fractional NLS with mass supercritical nonlinearity

Proof. Tt suffices to replace Theorem 3.2 with 7.2 of [50] in the proof of Lemma O

Lemma 3.31. For any k € N we have

(i) Gr # 0 and Gy, is a o-homotopy stable family of compact subsets of Sy, N HE(RY)
(with B =10),

(’LZ) Em7k+1 2 Em,k‘ > O

Proof. (i) It suffices to notice that for any & € N one has S,,, NV}, € A and that by [2]
Theorem 10.5]

Y(Sm N Vi) = k.

Thus Gi # 0. The conclusion is a direct consequence of the definition of A.
(1) By the previous step E,, ;. is well defined. Furthermore, recalling that p(u)*u € Pp,
for all w € A, where A is chosen arbitrarily in G, we have

J(u) = max I > inf |
max J(u) = maxI(p(u) * u) = inf I(v),

hence E,, ;, > 0. The other part of the statement follows easily from Gi 1 C G. O

Lemma 3.32. Let (uy)n C Sy N HE(RY) be a bounded Palais-smale sequence for Is,,
at an arbitrary level ¢ > 0 satisfying P(u,) — 0. Then there exists u € Sy, N HS(RY)
and p > 0 such that, up to a subsequence, u,, — u strongly in Hﬁ(RN) and

(—A)*u+ jiu = f(u).

Proof. By the boundedness of the Palais-Smale sequence we may assume u, — u in
HE(RN), u,, — u in LP(RY) for any p € (2,2%) and a.e. in RY. Besides, as already seen
in the previous section, using [21, Lemma 3| we get

(=A)up, + pntiy — fluy) =0 in (HS(RY))* (3.41)

where

fp = — ( [ (up)uy, dz — [Un]i[s(RN)> .
RN

m

Again, similarly to the proof of Lemma [3.26] we can assume the existence of p € R such
that p, — p, from which we derive

(—A)u+ pu = f(u). (3.42)

Claim: u # 0. \
If w = 0, then by the compact embedding u,, — 0 in L% (RN). Hence, using Lemma
3.5| (i4) and the fact that P(u,) — 0, we have [pn F'(uy)dz — 0 and

2 . N ~
[Un]Hs(RN) = P(u,) + %5 Jon F(uy)dx — 0,
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3.4 Existence of radial solutions

from which
1
c= lim I(up) =5 lim [ug)}. vy — lim F(uy)dz =0,

n——+oo 2 n—+oo n—+oo [pN

that contradicts the hypothesis of ¢ > 0. Now, since u # 0, as we obtained ((3.40))), we

get
1 N —2s
,u.:/RN <NF(U)— 5 f(u)u) dzx > 0.

ms

Since u, — u in H(RY), by Lemma
[ ) = s@luds —o.
RN

Indeed, the fractional Sobolev inequality implies that u € LNQiV% (RN ), and the multipli-

2N
cation by u turns out to be a continuous linear operator from L¥+2 (RY) into L'(R™N).
Now, observing that [pn f(un)(un — u) dz — 0 by Lemma (731) we get

lim [ (up)uy, de = f(u)udx.
RN

n—-4o00 RN

Finally, from (3.41]) and (3.42) one has

[u]?{S(RN) + M/RN u? dr = . f(u)udx
- ngrfoo - f(up)uy, de = ngrfoo [unﬁqs(RN) + pum,
and since p > 0,
i [l = Wy Jim [ adde=m= [ td
Thus u, — u in H(RY). O

Lemma 3.33. For any ¢ > 0, there exist § = (c) > 0 and k(c) € N such that for any
k> k(c) and any u € Py, N H(RY)

| mkull grsmmy< B8 implies  I(u) > c.

Proof. By contradiction, we assume that there exists ¢y such that for any g > 0 and any
k € N it is possible to find £ > k and u € P, N H(RY) such that

I(u) <o with [|meul| e grvy< B.
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3 Normalized solutions for the fractional NLS with mass supercritical nonlinearity

In view of that, one can find a sequence (k;); C N, with k; — 0o as j — oo, and a
sequence (uj); C Pm N HE(RY) such that

1
170, 05 | s vy < 7 and I(uj) < co (3.43)

for any j € N. Noticing that by Lemma [3.12] (iv) (u;); is bounded, up to a subsequence
we have u; — u in H3(RY) and L2(RY).

Claim: u = 0.

Since k; — o0, it follows that 7, u — u in L*(RY), hence

(T W) po vy = (W Ty ) pogavy = (U, W) 2oy

as j — o0.

On the other hand, using (3.43) we get m;,;u; — 0 in L?*(RY), thus the claim must
hold. Now, since HujHQ_F%% 0 by the compact embedding, (u;); C Py, N HE(RY), and
Lemma (ii), we obtain

N

) -
il ) = 55 . F(uj)dz — 0
as j — oo, which contradicts Lemma (ii). O

Lemma 3.34. E,, , — o0 as k — +00.

Proof. We assume by contradiction that there exists ¢ > 0 such that

liminf F,, . < c.
k—+oco ’

Denote with £(c) and k(c) the numbers given in Lemma Up to choosing a bigger
¢, we can find k > k(c) such that E,, ;, < c. Moreover, by definition of F,, j there must
be A € G, such that

max I(p(u) xu) = max J(u) < c.

Now, recalling Lemma (4ii) and (iv) we get that the map ¢ : A — P, N H(RY)
defined by ¢(u) = p(u) * u is odd and continuous. Thus, setting A := ¢(A4) C Py, N
H3(RY) we have

max I(v) < ¢
veEA

and

v(A) > v(A) > k > k(c) (3.44)
by the properties of the genus. On the other hand, Lemma implies that

inf ||7ro 0| s > B(c) >0,
vezH k(e) Ul s mvy = B(c)
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3.4 Existence of radial solutions

and after setting

p(v) = LI O LA anyv € A

17k 0l s V)

we get
v(A4) < 7(8(4)) < k(c)

noticing that ¢ is odd, continuous and that ¢(A) C Vi(e)- That is against (3.44). There-
fore K, ), — oo as k — +oo. O

Proof of Theorem[3.7) For each k € N, by Lemmas and one can find a Palais-
Smale sequence (up)n C P N HE(RY) of the constrained functional T S,z (RN ab level
Epnr > 0. By Lemma m (up)n is bounded and by virtue of Lemma [3.32| we deduce
that (P,,) has a radial solution uy, such that I(uy) = E,, ;. Moreover, using Lemmam

(74) and Lemma [3.34] we get

I(ugs1) > I(ug) >0 forany k>1

and I (u) — oo. O
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4 A perturbed fractional p-Kirchhoff
problem with critical nonlinearity

In this chapter we are concerned in the study of the problem

_ p .
<a +b o W dx dy) (=Ap)%u = |[ulP*?u + Ag(x,u) inQ

(Po)
u=0 in RV\Q

where @ c RY is a bounded domain with Lipschitz boundary 99, Q = R2V \O and

O = Q° x Q° a and b are strictly positive real numbers, s € (0,1). If 1 < p < 2 we

require N > 2ps while if p > 2 we suppose N > p?s. Here, p! := Np/(N — ps) denotes

the critical exponent for the Sobolev embedding of W*P(R") into Lebesgue spaces.
Problem can be seen as a non-local stationary generalized version of the classical

Kirchhoff equation

L
ph 0%u — <p0 + % |8 d:n) D2, u+ 60+ g(x,u) =0 (4.1)
0

for t > 0 and 0 < z < L, where u = u(t,x) is the lateral displacement at time ¢ and
position z, £ is the Young modulus, p is the mass density, h is the cross section area,
L the length of the string, pg is the initial stress tension, ¢ the resistance modulus and
g the external force. As pointed out by Murthy in [ITI], Kirchhoff in [60], attempting
to generalize the well known d’Alembert equation of the vibrating string, introduced
this model taking into account not only the transversal displacement. At a later time,
the Kirchhoff equation found application in various fields. Indeed, Alves et al. in [I]
emphasized that the solutions u of the Kirchhoff equation can also describe a process
which depends on the average of itself such as the population density. Moreover, opera-
tors such as the one introduced by Kirchhoff also arise in phase transition phenomena,
continuum mechanics, population dynamics, game theory, nonlinear optic, and minimal
surfaces. The interested reader can consult [9], [32], [33], [34], [79] and the references
therein. The interest in generalizing this kind of problems to the fractional case is not
only for mathematical purposes. In fact, Fiscella and Valdinoci in [48] constructed a
model for the vibrating string in which the tension of the string is related to non-local
measurements of the displacement of the string from its rest position. In recent years,
the fractional quasilinear Kirchhoff case has attracted the attention of many researchers.
For instance, Franzina and Palatucci in [49] and Lindgren and Lindqvist in [69] studied
some properties of the eigenvalues of (—A)®. Furthermore, Brasco and Lindgren in [26],
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4 A perturbed fractional p-Kirchhoff problem with critical nonlinearity

Di Castro et al. in [40] and Iannizzoto et al. in [56] obtained some results regarding
the regularity of solutions involving the fractional p-Laplace operator. Also the attention
to the fractional quasilinear case has grown considerably in the last years. We refer to
[5L 6] for results on existence, multiplicity and concentration of positive solutions for a
singularly perturbed fractional p-Schréodinger equation by means of variational methods
and the Lyusternik-Shnirel’man theory. Pucci et al. in [99] obtained a multiplicity result
for the so-called Kirchhoff-Schiodinger equation in RY where a potential was added to
the Kirchhoff operator. Xiang et al. in [I12] proved the existence of a non-trivial weak
solution to a problem driven by a non-local operator with a more general kernel than the
one taken into consideration here. Moreover Xiang et al. in [113| proved the existence of
a non-trivial solution for a problem with the fractional p-Laplace operator and a critical
exponent. It is also worth mentioning [81] where the authors obtained the existence of a
sequence of non-trivial solutions by using the symmetric mountain pass theorem under
the assumption that the nonlinear term f satisfies a superlinear growth condition. We
finally cite [7], where the authors investigate fractional p-Kirchhoff type problems in RY
with subcritical, critical and supercritical growth.

The aim of the present chapter is to generalize to the fractional quasilinear case some
results obtained by Appolloni et. al in [12] following the approach proposed in [45].
We point out that to the best of our knowledge these results we are going to prove
are new even for the local case s = 1. The main mathematical difficulty we have to
face in order to study existence of solutions for problem is the presence of the

term |u|Ps~2u. Due to the lack of compactness of the embedding W*P(Q) < LPs(Q),
the energy functional associated to problem is not even weakly sequentially lower
semicontinuous. Moreover, the validity of the Palais-Smale condition is not ensured.
In order to overcome these difficulties, we will invoke the concentration-compactness
principle developed by Lions in [73] and [74] and generalized to the p-fractional case
by Mosconi and Squassina in [90]. Helped by this result and choosing the quantity
aN=2ps)/ps)p, adequately, we will show that the functional associated to the problem is
weakly sequentially lower semicontinuous and satisfies the Palais-Smale condition at any
level. In addition to that, while in the semilinear case p = 2 the minimizers for the
best Sobolev constant are completely characterized, if p # 2 we can only rely on some
asymptotic estimates at infinity. As regards studying the different levels of energy on
which the solutions are, we will use a fiber type approach. Defining appropriately a map
depending on a parameter, we will identify a parameter 5\8 that will play a crucial role
in establishing whether the ground state is attained at a negative level. Since we will
assume that the function g has a subcritical growth, for the sake of simplicity at the
beginning we will focus our attention on the auxiliary problem

_ p .
<a +b o W dx dy) (=Ap)%u = |[ulP*?u in Q

u=0 in RV\Q.

(Pa,b)
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Throughout the chapter we will denote with

l|u|P= /RZN lu(z) — u(y)[P dz dy.

|£C _ y|N+ps

Since the solutions of (7)) must satisfy some kind of boundary condition, we introduce

the space
X3P(Q) = {u e WPRY) |u=0ae in RN\Q),

Remark 4.1. The norm ||| is equivalent to [|-||y« gy in Xg*(9).

We define the functional Z: X7*(Q2) — R by

2
2

*
S

a b 1
T(u) == —|Ju|lP+=—||ul|*’ - = ||u
() := Zlull+5 Il |

whose critical points are weak solutions to . To see a complete summary of the
notation used we refer the reader to the next section and Chapter The chapter is
structured as follows. Section [.1]is devoted to introducing the notation and to collect
some preliminary lemmas. In Section we give the proof of the main results for the
auxiliary problem Finally, in Section @ we investigate the existence of solutions
for problem 1) To conclude the section, we collect here the main results we are going
to prove along the chapter.

Theorem 4.2. Let

(N 2 )N—2ps

— ps ps

L(N,p,s) :=2ps—————%—;
N-vS5p

where Sy p, is the best Sobolev constant defined in (4.2)) below. The functional Z is sequen-

—2ps

N
tially weakly lower semicontinuous on X3P () if and only if a= » b > L(N,p,s).

Theorem 4.3. Define
N —2ps
(N —2ps) »s

N—ps N

(N —ps) » SI,

PS(N,p, s) := ps

If a\N=2ps)/psp > PS(N,p,s), the functional T satisfies the compactness Palais—Smale
condition at any level c € R.

Remark 4.4. We point out that PS(N,p,s) > L(N,p,s) in our setting. Indeed, this

inequality is equivalent to
N—ps

( N )Ps > 2,
N — ps -

or
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4 A perturbed fractional p-Kirchhoff problem with critical nonlinearity

The generalized Bernouilli inequality
14+z)" >14rx, r>1, 2>-1

and the assumption that N > 2ps yield

N—ps

pSs ps N —ps ps
1 >1 . =2.
< +N—ps) =t DS N —ps

We next prove an existence result for ground states of problem |D
Theorem 4.5. Let a, b € RT such that a N —2p3)/psp > L(N,p,s), and set
(3 = inf {Z)‘(u) | uwe X3P(Q)\ {O}} for any X > 0.
There exists XS > 0 such that for any A > Xg there exists u§ € X3P(Q) \ {0} satisfying
TMu3) = 15 < 0.
Theorem 4.6. Let A = XS. The following statements hold:

(i) if aN=2)/Psh > L(N, p, s) then there evists u € X3P(Q)\{0} such that Vs = T =
0
0;

(ii) if alN=209)/Psh = L(N,p, s), then u = 0 in the only minimizer for L -
0

The following Theorem states a sort of stability when the quantity aN—2$)/Psp con-
verges to L(N,p, s).

Theorem 4.7. Let (ag)i, (bp)r be sequences of real positive numbers such that ai, — a,
b, — b and a,gN_zps)/psbk N L(N,p, s). Setting A\, := Xg(ak, br) we have that A\, — 0 as
k — oo. Furthermore, if (ug)r C X7 (Q)\ {0} satisfies Ay = A§(ug) then ug/|ugl|— 0
and

[y e

[k |[P

5P

Next statement describes the situations for mountains pass solutions.

Theorem 4.8. If A > XS and a(N=2p3)/psp > PS(N,p,s), then there exists a v§ €
X3P\ {0} such that T*(v5) = ¢ and (IA)/ (v3) = 0 where

S := inf 7 (h
¢ = luf, max (h(C))

and
3= {h e O ([0,1], X57()) | h(0) =0, A1) = ux} .

The last two Theorems analyze what happens to the set of solutions of 1D when
A< A
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4.1 Abstract framework and preliminary results
Theorem 4.9. Assume aN—29)/Ps)p > PS(N,p,s). There exist § > 0, r > 0 such that
for any \ € (XS -0, X(S)) the value
= inf {T(w) | w e X§P(Q), |lull> 7

is attained at a function w} € X*(Q) satisfying |[w3||> r.

Theorem 4.10. Suppose a\N=29)/P5)p > PS(N,p,s). For any A € (Ag — 8, Xy) there is
vy € XgP(Q)\ {0} such that T*(v§) = ¢§ and (I)‘) (v3) =0, where

= hlélrf; Crg[gg]f (h(C))

and
A ={heC([0,1],X57(Q2)) | h(0) =0, h(1) = wi}.
4.1 Abstract framework and preliminary results

We consider the potential operator A, associated to the functional w — |u||?/p on
X;P(Q), i.e. the operator A,: XgP(Q) — (X57(Q))" such that

—u(y) P72 (u(z) — u v(z) —v
(A,,(u),v) _ /RNXRN ‘U(l') (y>‘ ‘(x E ;‘NJrs(py»( ( ) (y))dl‘ dy

for every u, v € X77(Q). Trivially,

(Ap(),u) = JJul”,  [(Ap(u),v)] < JulP~Hv]| -

Lemma 4.11. If a sequence (uy,), converges weakly to u in X" (Q) and

(Ap(up), up —u) — 0,
then ||u, — ul|— 0.
Proof. We refer to [4] for a proof. O

The following Lemma will be particularly useful in the proof of the Palais-Smale con-
dition.

Lemma 4.12. Let g € RN, ¢ € (0,1) and u € LP*(RY). Suppose that either U = B(q, )
and V =RY, or U =RY and V = B(q,¢). Then,

p
hm// ’“(N)LS dzdy =0
=0l Ju Jvaflo—yl<ey [T —y[N PSP

and

p
lim// (y)]\|[+sdxdy:0
=0 Ju Jvafa—y[>e} |7 — y[V TP
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4 A perturbed fractional p-Kirchhoff problem with critical nonlinearity

Proof. The verification of the two limits is similar to [48, Proposition 7|. We omit the
details. O

Proposition 4.13. Let (uy), C X7P(Q) be a bounded sequence. Suppose that ¥ €
C®(RYN) is such that 0 < ¥ < 1, 9 = 1 in B(0,1) and 9 = 0 in RN \B(0,2). For
g€ RN, let ¥ (z) =0 (£2). Then

&€

_ P
lim lim lun (y)|P [Ve(z) = Ve ()] drdy = 0.

e—0n—oo [pan ’:L‘ —y|N+pS

Proof. The verification of the limit is similar to [48, Theorem 2|. We omit the details. [

We conclude this section recalling that the best Sobolev constant is defined as

ull?
Ssp = . lul (4.2)
ueXy?(Q)
A natural conjecture is that all the minimizers for S, are of the form V(|- — z¢l|/e),
where 1
V(x) = N—ps

<1 + \:c|z’%1) ?

in analogy to the case p = 2 and s = 1 (see for instance [68]). Unfortunately, this problem
is still open and we can only rely on some asymptotic estimates at infinity proved by
Mosconi et al. in [89].

4.2 Weakly sequentially lower semicontinuity and validity of
the Palais-Smale

Proof of Theorem[{.4 We start assuming

N-—2ps

a 7 b>L(N,p,s).
Take a sequence (un), C Xy7(2) such that u, — u in X;?(2). Recalling that the
embedding X7(2) — L4(Q) is compact for every q € [1,p%) by Proposition we
deduce u, — uw in L1(Q) for all ¢ € [1,p}) and in particular u,(x) — u(z) a.e. in RY as
n — 0o. At this point we use [96, Lemma 3.2] getting
[un = ul[P= |Jun|["=[lu[P+o(1) asn — oco. (4.3)

Furthermore, we observe

a2 =l = (a2l ([l [P+ [e]P)

= ([lun = ul[P+o(1)) (lun — ul["+2[ulP+o(1)) (4.4)
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4.2 Weakly sequentially lower semicontinuity and validity of the Palais-Smale

where we used (4.3)). We also apply the classical Brezis-Lieb Lemma (see |30, Theorem
1]) to get
gi—||u||£;si+o(1). (4.5)

s

Now, we assemble (4.3)), (4.4]), (4.5) and we compute

a b 1
Z(un) — Z(u) = » ([[unl[?=[lul”) + % (] P—lul?P) — p (Hun

*
il

ltn —u

* *
il )

a b
= ];llun - UHer% (lun = P42 ul P |uwn — ul|?)

— —*Hun—u
S

Pito(1)

_rs
a b Ss.pf .
> 2 _ylra P i/ — qllPs 1
_pHun ull +2pHun ull . [tn — u[P=+o(1)
_rs
a b Ss.p’ *_
= |lun — ul? 2;+%Hun—UHP—%Hun—UH”S Pl +o(1) (46

s

as n — oo, where we also used the Sobolev inequality given in (4.2). We introduce the
auxiliary function

P3

a b Set o«
=~ 4 (P _ 5P p5p >0
fS,p(C) P + QPC p; C ) C -
and we notice that f,, attains its global minimum at the point

1

b pt s \ Pi—2p
Msp = <2p2 jpsz’p) '

Besides, one easily verifies that

N—2ps

AN —4ps 1 _ S S
@ P02 LN, pys) & foplmsg) = (0= b YN, p ) V) 2 0. (@)

From (4.6) and (4.7)) it follows that

liminf (Z(uy,) — Z(u)) > liIgianun —ull? fop(llun —ul|) >0,

n—oo
proving the sufficiency implication. In order to prove the other part of the theorem.
we argue by contradiction. Under the assumption that Z is sequentially weakly lower
semicontinuous we suppose that

N—2ps
a » b< L(N,p,s). (4.8)
Consider a minimizing sequence (uy), C Xy7(Q) for (4.2). Since problem (4.2)) is ho-

mogeneous, we can assume that the sequence (uy), is bounded on X3 (). As a conse-
quence, up to a subsequence, we have u, — u in X" (Q) for some u € X77(2)\ {0}. Set
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4 A perturbed fractional p-Kirchhoff problem with critical nonlinearity

L :=liminf,_,||u,| and observe that exploiting the sequentially weakly semicontinuity
of the norm, we get 0 < |ju||< L. Now, there exists a subsequence (up, ); such that
limy_yo0 ||tin, ||[= L. We have already seen that the function f,, has a minimum in my,
which is global since p > p} —p > 0 implies lim¢—, 4o fsp(¢) = +00. At this point, we
set ¢ = m, /L. On the one hand, also (cuy,); is a minimizing sequence for Sy, so

lim inf Z(cu,,) < hm inf Z(cup,, )

n—oo k—o00
= lim inf(jcup, || fs p(llcun, [) = (eL)? fs p(cL)
—00
= (eL)? fsp(msp) < lleull” fsp(msp) < lleull”fsp(lleul) — (4.9)

where in the second to last inequality we used the inequality f,,(ms)p) < 0, since

—2ps
a e ob< L(N,p,s). On the other hand, from the Sobolev inequality it follows

P
a b Ss.’

[eull? fsp(l[cull) = BIICUH“r [l cul|?— ;’f [l cul|Ps
S

a .
< —|lcu p+7 cu 2p—/cup8da;:l'cu. 4.10
pll | 2p” | - Q\ | (cu) (4.10)
Coupling (4.9) and ( we get
liminf Z(cuy,) < Z(cu). (4.11)
n—oo

The strict inequality in @ would contradict the weakly sequentially lower sequentially
of the functional Z, so in @ the equality must hold. However, this means that cu
would be a minimazer for , but recalling that v = 0 in RY \ 2, we have a contradiction
with [27, Theorem 1.1] since 0 < ||ul|< L. O

Remark 4.14. In the second part of the previous proof, we assert that the weak limit
u of a minimizing sequence (uy), for Ss, is different from 0. Since the embedding
X5P(Q) = L%(Q) is not compact, in general it is not true that u # 0, but it is always
possible to modify (uy,)y, making it still remain a minimizing sequence for S, in order
to have the desired property. Since these arguments are standard, we prefer to omit the
details to make the proof more concise.

Proof of Theorem[[.3 Let (un), C Xg¥(2) be a (PS). sequence, i.e. Z(u,) — ¢, and
7' (up) — 0 as n — oo. From (4.2) it follows that

P’s‘

b 1 b Ssp .
Z(u) = *IIUII”+ pHUIIQ” pe /IUV’S dw>*HU||p+*HUH2p el U1/
S

S

Recalling 2p > p;, we can deduce that the functional Z is bounded from below. As a
consequence of that, we have that the sequence (u,), is bounded since Z(u,) — ¢ as
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4.2 Weakly sequentially lower semicontinuity and validity of the Palais-Smale

n — oco. Thus, we are allowed to suppose

u, = u  inXyP(Q)
up, = u in LY(Q) for all g € [1, p¥)

up, = u a.ein RV,

Exploiting the Holder inequality, we can deduce the boundedness of the sequence (uy,),
also in the space of measures M(Q). At this point, invoking [90, Theorem 2.5] there
exist two Borel regular measures p and v such that

_ p .
/ |un (@) — un(y)| dy—* p and |unP—* v in M(Q)
RN

‘LIZ o y’NJrSp

where

v=lulf + v, (4.12)

jeJ

and

lu(z) —

p= / Nﬂ,p dy + ZMJ zj (4.13)
RN | y| jEJ

with

vi=v{zi})  p=n{z;})

and the set J is at most countable. We also have

P

pi > Saprl”. (4.14)

We claim that the set J is empty. If the claim were false, there would exist at least an
index jo € J and a point x;, with v, # 0 associated to it. Pick ¢ > 0 and consider a
cut-off function such that

0<9.<1 inQ
Ue =1 in B(xj,,¢€)
v =0 inQ\ B(xj,,2¢).

We also notice that the sequence (u, ), is bounded in X3*(Q), hence

lim Z'(up) [u,de] = 0.

n—o0
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4 A perturbed fractional p-Kirchhoff problem with critical nonlinearity

As a consequence of that

o(1) = I’(un) [une]
(@ + bllun|[") x

/Iun — ()2 (un(2) — un(y)) (un(@)9e(x) — un(y)de(y))

o — |V i
—/]un]pS'ﬁg dx
Q

Un (1) — un(Y)P~2 (up(2) — up, V() — I,
= (a + b||un|P) [/Qun(y)| (z) ()l (’x(y)|N+ps(y))( (z) (v)) dz dy
/19 ‘%\L:U— ‘Jl\ﬁ(pz)’ dxdy] —/Q|un|p;195dm. (4.15)

We estimate the first term of Z’(uy, ) [u,9:] with the Holder inequality, obtaining

— Up, _2unm—un (x) — V.
(a+b\un|!p)/gun(y)‘“”($) )" (|x_(y)|N+ps(y))(19( ) (y))dxdy

p—1 1
|un () — un(y)|” ’ / Ve () = 9= (y)I” g
< p
<C ( e dx dy Q|un(y)\ P— e dx dy
: 0. = 0.\
< p
<C ( Qlun(y)\ = g dz dy

for some constants C' > 0, C' > 0. Now, Proposition yields

- [Ve(2) = V= (y)I”
p =
S 15, Jean e O s oy =0,
so that
lim lim (a + blju,|/P) x
e—0n—o0
_ p—2 _ _
" / un(y)\un(x) Uun(y)| (|Zn($;|N+1;2(y))(195(3:) 9-(y)) dody—=0. (416)
o —
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4.2 Weakly sequentially lower semicontinuity and validity of the Palais-Smale

Now, exploiting (4.13]), we have

_ p
lim (a + blfun|”) / De(ay D) —tnl0) g
n o0 Q

_ P
> lim a/ e (x) [un(x) err(yﬂ dz dy
n—oo | Jg2N \B(mjo,2s)c><ﬂc |z — y|N+ps

+ |$_ |N+ps zray

u(z) — uly)”

> a/ ¥,
= N
R2N \ B(x,,26)° x Q¢ |z — y[NHPs

[u(e) = u(y)? L

dx dy + ap;j,

Thus

p .
im%nhm (a + b||un|| )/ Ve () | MLEE dx dy > apj, + buj, . (4.17)

Furthermore, it follows from (4.12)) that

lim lim /|un|p§19g dx = lim/|u]p§198 dx + vj, = vjq,. (4.18)
e—0 0

e—0n—o0 Q

At this point, from (4.15)), taking into account (4.16)), (4.17)), (4.18) and using (4.14) we
deduce

_ps pS

_Ps Ps_q
2 2
0 > apjy + by, = vig = apy + b, — Ss” 1y = iy (“ +bjo — Ssp” g ) '
(4.19)

We define )
fs,p(C) =a+b(— S, (%71 for ¢ > 0.

We observe that the function }s,p has a global minimum in

p
Ps pE—2p
Mgy = | bSsh,—
ps_p

0 7 b > PS(N,p,s) & Ty (ap) = a— b N3 PS(N, p,5) T35 >0,

and that

Hence ..
_Ps Ps_
a + b, — SN; ujg > 0.
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4 A perturbed fractional p-Kirchhoff problem with critical nonlinearity

and the only admissible case in (4.19)) is pj, = 0. From this, recalling (4.14]), we also
have vj, = 0 that is absurd. Hence J = (), which means

lim /|un|p§ dx = / |u[Ps da.
This coupled with (4.5) implies
Uy = u  in LP5(Q).

From this and the Hélder inequality it follows that

n—oo

lim / |t |P* =2t (w0 — ) dzz = 0, (4.20)
Q
Computing the derivative of Z(u,) along u, — u, we get
0= lim Z'(uy) [uy — ]

n—o0

= lim [(a + blun|?)
» / [ () — un ()"~ (n (%) = un(y)) ((un — w)(x) — (un —u)(y)) dx dy
Q

‘.%' - y‘N-i-ps

—/!un|2z_2un(un —u)dx
Q

= nh_)rglo (a + bHunHQ) X
Jun () = un ()2 (un(2) — un () (un — u)(x) = (un — u)(y))
X/Q ]w—y[NJ”DS dx dy

which implies

/ [un (%) = un ()"~ (un(2) — un(y)) (n — u)() = (un —u)(y))
Q

dedy — 0 (4.21)

o — | VP
since (up)n is bounded in X7 (). Along a subsequence, u, converges weakly to u in
X;P(Q2), and Lemma implies that u,, — v in X" (Q) as n — oco. O

4.3 The perturbed problem

In this section, applying the result obtained in Theorem we investigate the existence
of solutions of different kind of the perturbed problem

_ P .
<a +b o W dx dy) (=Ap)%u = |ulP>?u+ A\g(x,u) inQ

(Poy)
u=0 in RV\Q

where as before a, b are real positive parameter, € is a bounded domain and A > 0.
As for g, we make the same assumptions present in [12], but adapted to the case of the
fractional p-Laplacian. Namely, we make the following assumptions:
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4.3 The perturbed problem

(H1) ¢9:22 xR — R is a Carathéodory function such that g(x,0) =0 a.e. in Q;

(H2) g(x,t) > 0 for every t > 0 and g(x,t) < 0 for every t < 0 a.e. in €. In addition,
we require that there is a g > 0 such that g(z,t) > p > 0 a.e in Q and for every
t € I, where I is some open interval of (0, c0);

(H3) there is a constant ¢ > 0 and ¢ € (p, p%) such that |g(z,t)|< c¢(1+[¢t[?97!) a.e. in
(Hy) limy_0 g(x,t)/|t|P~1= 0 uniformly with respect to = € (.

Using a variational approach, we investigate the existence of critical points of the
functional defined on the space X;(2)

T) = Sl ol =l [ Gl
t
where we denote with G(x,t) = [ g¢(z,7)dr. Before starting the analysis of our problem
0
we need to prove some technical results that will be useful up to the end of the section.

Remark 4.15. For the reader’s convenience, we remember the definitions of the functions

P

S 14
Fupl) 1= 5 o7 = 2
P
and

- -
Fap(Q)=a+b—Ss," ¢r !

defined in the previous section. We also recall that these functions have a unique local
minimum attained respectively at

b p* ps | PE—2p
Ms,p = [22?; i pSs?p] )

and

* o5
ps | Ps—2p
- p 2
Mg p = [b o Ssip .

Be81des fsp(msp) > 0 if and only if A b > L(N,p,s) and fsp(msp) = 0 when

L(N,p,s). Similarly fs’p(m&p) > 0 if and only if aN=25)/Psp > PS(N, p, 5)
and f&p(ms,p) = 0 when a(V=2p%)/psp = PS(N,p, s).

Proposition 4.16. Let u € X7(Q)\ {0}. We have that:
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4 A perturbed fractional p-Kirchhoff problem with critical nonlinearity

(i) for every ¢ > 0 it holds

a b
,up_,_icpu% Cpspu >f |l up
pH | o [[u p [ullp:> fop(Cllull)llu]

S

(ii) for every ¢ > 0 it holds

allulP+0¢P [ull*P = [|ullpz PP > F (¢l -

Proof. We only prove (), since (i) follows in a similar way. Considering v = 0 in RV \Q,
taking into account [27, Theorem 1.1] and the Sobolev inequality, we have

a b 1 . .
p |2 p D 2p_ Ps—D Ds
pIIUH +2pC [[ull ZC [lwllp

f2 *
o H“”pZ (Clfull)?:

a P b
(Gl +;<<Hu||> -
a U ps
> 2 (€l + 55 (Gl 7 (el (4.22)
Il

We are now going to prove that the functional Z* is sequentially lower semi continuous
and satisfies the Palais-Smale condition for ¢ and b large enough.

Lemma 4.17. Let a,b € RT, (ug)r C X3P () and Ay — X >0 as k — oo:
(1) if aN=23)/psh > L(N,p, s) and up — u in X3P(Q) then

TM(u) < liminf T (uy,);

k—o00

(2) if aN=29)/25p > PS(N,p,s), T*(u) — ¢ and (IA)/(uk) — 0 then (ug)y is conver-
gent to some u in X3P () up to subsequence.

Proof. Since the proof is essentially the same of Theorems and [£:3] we omit it. O

At this point fix A > 0 and u € X{§(€2). For all ¢ > 0 we define the fiber map

Mu( A\ o TA _a i 2 2 T
TV =T (Cu) = pC”IIUI!p+2pC Pllul[*— HUIP A/ G(z,Cu)d

Proposition 4.18. Let A € R be non-negative and u € X;P () \ {0}. Then it is
possible to find a neighbourhood Vy of 0 such that JM(¢) > 0 for every ¢ € Vi N (0,00).
Furthermore JV(¢) — 0o as ¢ — oo. In particular, the map ¢ — JM(C) is bounded
from below.
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4.3 The perturbed problem

Proof. Fix € > 0 small and L > 0 arbitrary large. Observe that (Hs) implies

/ SIGAS P 5/ uf? dw (4.23)
on{jui<ty  CP Q

for ¢ small enough. On the other hand, (Hs3) and (Hy) implies
|G, )< C([tP+[E])

for a.e. x € Q and all t € R. Thus,

[ G gce( [ pdeser [lar) < ey
on{ju>ry  CP ON{jul>L} o

for L large enough and ¢ small enough. Coupling (4.23]) and (4.24)), keeping in mind that
Q= {|ul|< L} U{|u|> L}, we get

a b (PP : G(z,Cu)
j)\,u Y |: u p_‘_i P u 2p_ > u pi—A/ 7’dx
(= ¢ |l g Pl === llullyz = | =5
a b CPs—P *
> P | 2 ullP4+— P[P — 22— [[u||Ps — A Pi1)|.
> ¢ [puun + 5Ol == Jullfi=e (ulfy+ )]

Applying the Sobolev inequality, selecting ¢ adequately and taking ¢ even smaller if
needed we get the first part of the assertion. To conclude, it is sufficient to notice that
G has subcritical growth and that p < ¢ < p¥ < 2p. O

Now we fix u € X;”(2) and we consider the system

T =0
(T =0 (4.25)
TM(C) = infomo TM(0)

in the unknowns A and (.

Proposition 4.19. Let a,b € RY such that a'N=2P9)/Psh > L(N,p,s). For any u €
XoP(92)\ {0} there is a unique X = \§(u) that solves (4.25).

Proof. The statement follows as in [12, Proposition 4]. O

Corollary 4.20. Let u € X7 (Q) \ {0}. The number N(u) is the only parameter such
that
inf J¥®(¢) =0.
et (©)

In addition,

inf
¢€(0,00)

g <O if A > A (u)
J (C){zo if0 < A< A (uw).
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4 A perturbed fractional p-Kirchhoff problem with critical nonlinearity

Proof. The assertion comes as an immediate consequence of the proof of Proposition
4.19 O

Now we define
Ao = inf Ao (w).
0 uGXS‘lp(Q)\{O} O( )

We emphasize that XS is independent from u. In addition, as we are going to see, Xg has
a key importance in determining at what level of energy the minimum is attained. The
next Proposition exhibits the relation between )\8 and the parameters a and b.

Proposition 4.21. The following statements hold:
(i) if aN=29)/Psh > L(N,p,s) then Xy > 0;

(i) if aN=2P9)/Psh = L(N,p,s) then Xy = 0. Furthermore, if (up)x C X3P(Q)\ {0} is a
sequence such that A§(ur) — 0 as k — oo, we have that uy/||uk||— 0 and

— Ssp-

Before giving the proof we need some estimates on the minimizers of (4.2]). Consider
the function wu. s(r) defined on [89, Lemma 2.7|. In particular, the support of u. 5(r) is
compact and there exists R > 0 such that

Ug,§ (T) =U; (T)a

for r < R, where

Ua(r) = Usa) = Nl_p,sv(’”““')

€
E P
and U is a minimizer for (4.2)) whose existence is guaranteed by [89 Proposition 2.1].
Now, take the rescaled function

N —ps
L (

we(x) == (55)_m Uz 5(2).

We point out that we omitted the dependence of § since is not relevant for our purposes
and can be fixed arbitrarily. Taking under consideration this rescaling, from [89, Lemma
2.7] it follows

N N—ps * N __ N
lwe|P< SZye 20 +O(1),  ||we|[B> S& e 70 — O(1).

From this, denoting with v, := w,/||w.|| the normalized function we get

*

" _bs N—ps 1~ N-ps N—ps
lod=1, ol 557 +0 (F75) , uels ste #0540 (£5) 2o

as ¢ — 0.
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4.3 The perturbed problem

Proof of Proposition[{.21. (i) We start noticing that the function u — A§(u ) is well de-
fined and homogeneous of degree zero. Indeed, considering a solution (¢, A§(u)) of (4.25) -
and a > 0, observing that J**(¢) = J**(a() and (J™ au) €)= (7™ “) (aC) we get
that also (g, A (u)) solves (4.25) with au. From the uniqueness of the parameter \j(au)
it follows that Aj(au) = Aj(u). To see the positivity of A§, we argue by contradiction
supposing Ay = 0. If so, there would be a sequence (ug)r, C XgP(Q) \ {0} such that
Ak = A§(ur) — 0. Exploiting the homogeneity of the map u — A§(w), it is not restric-
tive to assume ||ug||= 1. Now, Proposition implies the existence of (; > 0 such that
Tk (() = 0, that is

a b 1 A Gz, Cru)
— oG = el p—Ak/dSCZO-
p 2p* p;‘” I i o &

Applying Proposition [£.16] we obtain

G(ﬂj‘, Cku)

@ da. (4.27)

a b 1 * pre
Fop(Ce) < =+ o-Cf = —llukllz ™" = )\k/
o po2pt pr PR 0
From hypotheses (Hz) and (Hy) it follows that for any € > 0 there is a positive constant
¢ > 0 such that |G(x,t)|< S|t[P+Z[¢[? for a.e. € Q2 and all t € R. As a consequence,

the sequence ((x); must be bounded, and up to subsequence it converges to some ¢ > 0.
Finally, letting k£ — oo and taking into account Remark from (4.27)) we obtain

G($, Ckuk)

dr =0
Ch

0< fs,p(Z) = lim )\k/Q

k—00

which is impossible.
(ii) Up to a translation, we can suppose that 0 € €. In virtue of the estimates in

(4.26)), we have

A, Ve — g D i 2p sz

%—Ajgc%u<%0xwwm

<O flO) - 520 eﬁl ) =2 [ Gl cusllal) do.

S
Selecting as ¢ = my, we get

D5

TN (mey) < =320 (5675 ) — /Q Gla,mopve((al)) dz.  (4.28)

N
Claim: There exists a constant C7 > 0 such that fQ G(xz,mysuc)dx > Cier® as e — 0.

Indeed, hypothesis (H2) asserts the existence of p > 0 such that g(z,t) > x5 where I
is an open interval of (0,00) and x; is its characteristic function. Hence we can find a
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4 A perturbed fractional p-Kirchhoff problem with critical nonlinearity

B > 0 such that G(z,t) > G(t) := ufg x1(7)dT > 8 for any ¢t > a where o :=inf I > 0.

At this point, we have
mS
w> [ Gloma))as = | G (i (i) )
le|<R el

/G z, ms pUe(|2]))
/|:1:<R (IIwEH M)) de (4.29)

/ < ,pa p(p 1)U(>> dx
[Jwe €
N/ G <ms,pw€(w)> wN " dw
0 [[wel|

YeR _
> wN/ G <m87pm> wN " dw.
0 €

With the change of variable © = /ey (4.29) becomes

1 é( 5 p(p 1 Y )
/.ngep Twep® "V D

| \/

v

v

|
(S

=

/ G(z, mspve(|z])) dz > €
Q

1
N Re P _ N—ps
= wNEP/ G <ms’p£_P<P1> U (w)> w " dw
0 [[we |
_p1
N [l s —ps
ZwNep/ G( 3L e~ o =D U (w )) wN " Ldw
0 [[we]]

We point out that if

N _p=1
D™ wi- 1>U(w)2a forwe[(),e G R],
stH

then

p—1 p—1
e PP R 5 e PR C p—1
/ & (ms,pws(w)> WV dw > /3/ WV dw = YLV
0 [|we || 0 WN

_p-1
Since w € [O, g R] , and recalling that w. is monotone decreasing by [89, Proposition

2.1] and [27, Theorem 1.1], we have

Msp (,)U( ) > Map - B 1>U<—,0213), (4.30)
[|we || [|we ||

Now, applying again [27, Theorem 1.1], for € small enough we have

ps N—ps

1 e\ ek _p1 3 p=1 \ T pod
§U°° (5 »? R> <U <5 »? R) < §UOO <€ »? R)
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4.3 The perturbed problem

where Uy, is a constant that can be supposed positive without restrictions. From this,

[-26) and (@E30) we get

Msp =51 [ (w) > Use msp 2<;p31)R =
[[we | [Jwe |
U, R 5T

- S,p 2 1 N—ps Z «
5§p—%()<spm—n>

restricting eventually R, and the claim is proved.
At this point, exploiting the claim, from (4.28) it follows

N [ P N-p?s
jk,va (ms,p) < gr? <—pj:pO <EP2(P1>> - )\Cl> <0
S

for e sufficiently small. As a consequence, A\j(us) < A. Since all arguments above are
independent of the choice of A\, we may let A — 0 and obtain XS = 0. To prove the
remaining part of the Proposition, take a sequence (uy)r C XyP(Q) \ {0} such that
Ak = Ay (ug) — Ay = 0. Analogously to part (i), it is not restrictive to assume [Jug|= 1,
up, — u and that there exists ¢ > 0 such that

Ao ]chdx‘_'o' (4.31)

Putting together assumptions (Hs), (Hy) and (4.31]), we can see that, up to subsequence,
¢x — ¢ and |]uk|]§i—> v as k — oo. Letting k& — oo in (4.31)), we get

a b
,_|_7<p
p 2p*

P
P

a b 7p: —-p
@ b
P 2p D

v =0.

s

Since aN=2P8)/Psh = L(N, p,s) it is easy to see that v = S;pp , implying that (ug)g is
a minimizing sequence for Sy ,. Finally, suppose by contradiction u # 0. By the lower
semicontinuity of the norm we have [|ul|[< 1. From this, taking under consideration
Remark and Theorem we obtain

_ vk

p
o<y ber Sl
P 2p P

S

ZP? -p

|22

_)\k/GUUCkUk ):0,

which would imply that u is a minimizer for (4.2)). However, this is not possible if we
compare |27, Theorem 1.1] and the fact that v = 0 in RV \Q. O

*__ * a b
Z“ﬂMWS7+—?—
p  2p

k—o0

b
< limsup ( —Ck
p
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4 A perturbed fractional p-Kirchhoff problem with critical nonlinearity

Proposition 4.22. If A < g then infe~g JV(¢) = 0 for any u € X3*(Q)\ {0}. On

the other hand, if X > X, there exists u € X3P(Q)\ {0} such that infe~q TM*(C) < 0.

Proof. The proof follows closely the line of [12, Proposition 6] O
We are now ready to prove Theorem [£.5] and Theorem [£.6]

Proof of Theorem[{.5 The thesis comes as in |12, Theorem 2|. O

Proof of Theorem .0 (i) Consider a sequence (A\y)r C R such that A\, \, Ay. In virtue
of Theorem [4.5(we can ﬁnd a sequence (ug)r C X7 (2)\{0} such that 83, = T (ug) < 0.
Similarly to what we have done in Proposition @7 after choosing ¢ > 0 we have

G, )] < S|P+t (4.32)
p q
for all t € R and a.e. in 2. As a consequence of that
a b 2 1 p*
=g ||P+ =g || P ——||us||: < )\k/Gx,uk dx
pH | 2p|! | p;H [ ; (@, ug)

e C ~
< Ak <pHUkH£+qHUkHZ> < C (urlP+lurll) (4.33)

for some C' > 0 since X37(€) — LY(Q) continuously for any v € [1,pt]. Since 2p > p?
the sequence (|lug||), needs to be bounded and we are allowed to suppose uj — u in
X5 (82). Now, on one hand we use Lemma [1.17](1)] and we get

Zx(s’(u) < lim ianr’“(uk) <0.

k—o0

On the other hand, Proposition implies that 7 (v) > 0 for any v € X;7(Q). Hence,
the only admissible scenario is

A
t5s =175 (u) = 0. (4.34)
In order to show that u is a non-trivial minimizer, we start noticing that

s

Ssp” .
*H wllP+5 HUkHQP—%IIUkII”S
2p 5

b
f||uk||”+*Huku%*Huknp« M / G, up)

where we used the fractional Sobolev inequality. Dividing by ||ug|[P and exploiting (4.32]),
we obtain

~ £ C
sn(llu < MNC | =+ —u q_p>.
F(lugl) < A (p e
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4.3 The perturbed problem

for some C. If u = 0, recalling that XJP(Q) < LP(Q) is compact, we would obtain
fsp (llugl]) = 0 as k — oo since € > 0 is arbitrary. However, Remark yields

fop (lull) =2 fop(msp) >0
since aN=2P9)/Psh > (N, p, s). This contradiction shows that u # 0.
(i3) Proposition [4.21[(i7)] implies Ay = 0, so
3 a b 1 *
T (1) = —||u|P+=—||u|| 2P — = |ulP
(u) = Zllul"+o - [[ullz
At this point, keeping in mind Remark [£.15] and Proposition [£.16] we have

T (u) > [[ull? fop(|lu]) > 0

for all uw € XP(Q2) \ {0}. In virtue of the inequality above, recalling that ([£.34) still
holds, it is evident that the infimum can be achieved only if u = 0. O
Corollary 4.23. If a\N=29)/Psh > L(N,p,s) and u € X3P(Q) \ {0} is such that lyy =
T (u) then Ng = \§(u).

Proof. Observe that (X(S), u) solves ([4.25) and conclude by recalling the uniqueness. [J

We are now in position to give the proof of Theorem [£.7 We point out that in the

next proof we will highlight the dependence on Z* and J** from a and b by writing
. >\ AU
respectively 77, and J, b

Proof of Theorem[{.7]. Up to translations it is not restrictive to assume 0 € €. Recall
the function v, considered after the statement of Proposition [4.21] and select { > 0. We
have

v a b p: *
Tai(O) = e e~ S uelfi= [ GlaCunlla)) da
cps
FO gp(p 1) /G z, Cu=(|z])) dx

s

< Cpfip(C) -

where we denoted with f the map fsp emphasizing the dependence on the parameters
ag, br. We choose ¢ = m » Where we called mk » the point in which fk attains its
minimum, and since m’;p —> msyp as k — oo, we get

P
. A, Ve ms,
kh_)ngo jak’bk(m’;p) < - pspO <€P<P 1) — )\/&]G(x,msypvg(ﬂ))dx. (4.35)

At this point, as we did in Proposition [4.21] we estimate

N
/ Gz, me pve(|2])) dz > Crer®,
Q
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4 A perturbed fractional p-Kirchhoff problem with critical nonlinearity
and from (4.35) we get

ag,bp\"'7S,
S

A\ N p: N—p2s
hm Tve (m p) < j)‘ Us(m&p) <er? | — ’pO <5p§(p1)> -1 <0

Thus, choosing k big enough and a small €

j:;:;fk (mf,) <0.
Hence, from Corollary Ak < A§(ve)(ak, b)) < A. Now, we point out that no restric-
tions were made on A so we are free to let A — 0 and deduce that A\, — 0 as k& — oo.

In order to prove the remaining part of the statement, we recall that in Proposition
we proved that the map v — A\j(u) is homogeneous degree zero. As a consequence
of that, it is not restrictive to suppose ||ug||= 1 and ux — u. Arguing as for , it is
possible to find (i > 0 such that

ap . bk Cks pr / (z Ckuk
—+ —=( — g 3 — Ak dr=20 4.36
» apSk [Jurll, (4.36)

Furthermore, combining and (4.32)) and (4. 36|) we can deduce the boundedness of (Cr)k
—> v as k — oo.

Hence, passing to the limit in we obtain

b — 1 e
g—i_icp_i*fycps pZO.
p 2 P

S

A

From a(N=2P$)/Psh = (N, p, s) it follows v = Spﬁp implying that (ug)g is a minimizing
sequence for the optimal Sobolev constant. Finally we can see u = 0. In fact, if we
assume u # 0 we have that ||u/|< 1 exploiting the sequentially lower semicontinuity of
the norm. From this, Lemma [£.17](1)] and Remark [4.15] we obtain

o %

P

L oa b :
2C ; 28 TPy _p+2pc ; [
<ipint (% 4 Doy = S T, [ Glnlm )

Q Ck

So, u is a minimizer for S, but this is in not admissible since u = 0 in R \Q as shown
in |27, Theorem 1.1]. O

At this point, we start giving the proofs regarding the existence of mountain pass
solutions. Namely we are going to prove Theorem [£.8]
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4.3 The perturbed problem

Proof of Theorem[]-8 Fix ¢ > 0. Recalling ([4.32)) and that X7 () < L¥() continu-
ously for any v € [1, p}] we obtain

b N
:ﬂao>(i—xcﬁnuw+mﬁw%—mmwhacmw (4.37)

selecting C' > 0 appropriately. At this point, to conclude the proof, it suffices to argue
as in |12, Theorem 5| O

After analyzing the situation to the case A > X\ we focus to the case A\ < XAj. In

particular we are interested in looking for local minimizer or mountain pass critical point
of T

Proposition 4.24. If A\ < \; then it is possible to find r = r(s), M = M(s) > 0 such
that
inf {I’\(u) |ue XJP(Q), |ull= 7’} > M. (4.38)

Proof. Fix e > 0. From (4.37) and \ < Xg it follows
a — b . —
IMmz(p—£cﬁuwmbﬂmﬁ—aw%—£mmw

for any u € XP(Q). Choosing ¢ such that a/p — \jCe > 0 we obtain the assertion. [J

After showed the validity of the previous proposition we can finally prove the remaining
two theorems.

Proof of Theorem[{.9. Consider the number r given by Proposition and argue as
in [12, Theorem 6. O

Remark 4.25. It is immediate to see that i — 0 as A — XS. In fact, take a function
u € XJP(Q) such that Ay = A§(u) whose existence was shown in Theorem and notice
that _

0§Z§§I’\(u)—>0 as A—))\g.
Remark 4.26. The function w3 obtained in the previous theorem is a critical point for

the functional 7%, and more precisely it is a local minimizer.

Proof of Theorem [[.10, Observe that max{Z*(0),Z*(w5)} < M, recall ||w5||> M and
(4.38). Hence, we have a mountain pass geometry. Furthermore, the Palais-Smale con-
dition holds as showed in Lemma [f.17 At this point, in order to conclude, it suffices to
apply the Mountain Pass Theorem (see [3]). O
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5 Schrodinger equation on
Cartan-Hadamard manifolds with
oscillating nonlinearities

Let (M, g) be a d-dimensional homogeneous Cartan-Hadamard Manifold with d > 3.

The aim of this Chapter is to study

—Ayw+w = (o) f(w) in M

1 (Py)
w € Hy(M)

where —A, denotes the Laplace-Beltrami operator, « € L'(M) N L>®(M) \ {0} is a.e
positive, f : R — R is a continuous function and A > 0 a real parameter.

The stationary nonlinear Schrédinger equation is undoubtedly one of the most attrac-
tive topics in nonlinear analysis. In the last years many researchers studied this equations
under various hypothesis on the nonlinear term and in different setting. Among them,
the study of the nonlinear Schrédinger equation on Riemannian manifold has received a
particular attention recently. Faraci and Farkas in [44] using variational methods proved
a characterization result for existence of solutions for the Schréodinger equation with a
divergent potential in a non-compact Riemannian manifold with asymptotically non-
negative Ricci curvature. In the same setting of this Chapter, Molica Bisci and Secchi in
[86] proved some existence and non-existence results for a similar problem, while Appol-
loni et al. in [I0] showed the existence of three critical points for the energy functional
associated to a perturbed problem. Kristaly in [61] proved a multiplicity result for the
equation without a potential and with M = S?. We also quote [87] where Molica Bisci
and Vilasi obtained an existence result regarding positive solutions which are invariant
under the action of a specific family of isometries and [24] where Molica Bisci and Repovs
showed the existence of positive solutions when the nonlinear term is critical in the sense
of Sobolev. Tt is also worth mentioning [35] where Cencelj et al. by applying the Palais
principle of symmetric criticality and suitable group theoretical arguments are able to
prove the existence of non-trivial weak solutions.

Motived by the great interest in this field, in this Chapter we are going to study
the Schrédinger equation on a non-compact homogeneous Cartan-Hadamard manifold
with a nonlinear term f that oscillates near zero or at infinity. As regards oscillating
nonlinearities there is a wide literature dealing with this kind of problems with numerous
differential operator. To the best of our knowledge, one of the first contribution in
this direction was given in [5I] by Habets et al. where the authors exhibit that the
problem they are considering admits an unbounded sequence of solutions with d = 1
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5 Schrodinger equation on Cartan-Hadamard manifolds with oscillating nonlinearities

with a technique based on phase-plane analysis and time-mapping estimates. At a later
time, Omari and Zanolin in [093] were able to show the existence of infinitely many
solutions for a problem with a general operator in divergence form building a sequence of
arbitrarily large negative lower solutions and a sequence of arbitrarily large positive upper
solutions. More recently Anello and Cordaro in [8] proved the existence of a sequence
of critical points converging to zero with respect to the L* norm for a problem with a
nonlinear oscillating term at zero. In the same spirit of the previous one, Molica Bisci
and Pizzimenti obtained in [23] similar results for the p-Kirchhoff problem analyzing also
what happens in presence of oscillations at infinity. Finally, Molica Bisci and Radulescu
in [85] showed the existence of a sequence of invariant solutions tending to zero both in
the Sobolev norm and in the L* norm on the Poincaré ball model.

One of the main task we have to face in order to study Problem is the loss
of compactness of the embedding Hy(M) < L?(M) due to the non-compactness of
the manifold M. In order to overcome this difficulty, we will use an embedding result
for a Sobolev space which is invariant under the action of a certain group proved by
Skrzypczak and Tintarev in [105] generalizing the well known fact that the embedding
HNRY) — LI(RY) is compact for all ¢ € (2,2*) for functions invariant under the group
of the rotations. Coupling this fact with the principle of symmetric criticality proved
by Palais in [94] and the continuity of the superposition operator, whose validity is
established in [76] for the Euclidean case and generalized to manifold in [54, Proposition
2.5], we will consider an auxiliary problem with a truncated nonlinearity and we will
show the existence of infinitely many local minima. We emphasize that in dealing with
the case of oscillations near zero we will assume no growth condition on the nonlinear
term f. The Chapter is organised as follows. At the end of this Section we collect
our main results. In Section [5.I] present the abstract framework. In Section [5.2] we
prove Theorem showing the existence of infinitely many critical points for the energy
functional associated to (P, and with both L and Sobolev norm going to zero. In
Section [5.3| we address the problem of oscillations at infinity proving Theorem More
precisely, given a group G that acts on M we will denote with

Fixp(G) := {0 € M | p(0) =0 for all p € G}.
the fixed points of G. The following hypothesis will be crucial in the sequel:

(HE) G is a compact, connected subgroup of the isometries Isomg (M) of (M, g) such
that

Fixp(G) = {oo}

for some point og € M.

To ease notation, since now to the end of the Chapter we will denote by

[[wll:= (/Mlng(U)Ideg +/le(0)2dvg)§-

The main results we are going to prove during the rest of the Chapter are the following.
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Theorem 5.1. Assume that (HE) holds and let o € L*(M) N L®(M) \ {0} be a a.e.
positive map such that a(o) = a(dy(oo,0)). Moreover, let f:R — R be a continuous
function for which

(fo) there exist two sequences (t;); and (t;); with lim t; =0 and 0 < t; <t such that
J j—+oo J J

F(t;) = S[up/]F(t),

where F(t) := /0 f(r)dr;

(f1) there exist a constant K1 > 0 and a sequence (§;); C (0,+00) with jEToogj =0
such that .
lim (&)

Jj—+oo 5]2

o +OO,

and

inf F(t) > —KF(&;).
Jnt Fl1) > —KiF(g)

Then for every X > 0 it is possible to find a sequence (w;); C H5(M) of non-negative
and not identically zero solutions of (P)|) such that

li i|= i j = 0.
i = tim ;e v

Theorem 5.2. Assume that (Hg) holds and let o € LY (M) N L®(M) \ {0} be a a.e.
positive map such that a(o) = a(dy(og,0)). Moreover, let f:R — R be a continuous
function such that f(0) > 0 for which

(f}) there are a constant Ko > 0 and q € (2,2* — 1) such that
f)]< K1+ [¢]7);

(f1) there are two sequences (t;); and (t}); with jgrfoo tj = 400 and 0 < t; <t such
that

F(t;) = S[uP/]F(t);

(f3) there is a constant K3 > 0 and a sequence (§;); C (0, +00) with jgrfoo §; = oo such
that

F(E:
lim 7(5]) = 400,

j—+o0

and

inf F(t) > —K3F(£)).
tel[g,gj] (t) > 3 (§J>

Then for every X > 0 it is possible to find a sequence (w;j); C HL(M) of non-negative
and not identically zero weak solutions of (Py)).
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5 Schrodinger equation on Cartan-Hadamard manifolds with oscillating nonlinearities

5.1 Abstract framework

We begin introducing the notion of coerciveness for a group acting continuosly on the
manifold.

Definition 5.3. A group G acting continuously on M is said to be coercive if for every
t > 0 the set
{0 e M | diam Go < t}

is bounded, where
Go:={p-0|peG}.

As we will see later being coercive will play a determining role to have compact embed-
ding for Sobolev spaces invariant under the action of a group G. Despite the coerciveness
of a group G has a clear geometrical meaning, it is a property that in most cases turns
out to be difficult to verify. In order to overcome this problem, we introduce a condition
that is equivalent in a Cartan-Hadamard manifold.

As pointed out in [105, Proposition 3.1 in a simply-connected Riemannian manifold
with non-positive Sectional curvature, a subgroup G of Isomy(M) satisfies (H/Y) if and
only if it is coercive. For the sake of completeness we write down here the Proposition
omitting the proof.

Proposition 5.4. Let M be a simply connected complete Riemannian manifold, and
assume that the Sectional curvature is non-positive. Let G be a compact, connected sub-
group of Isomgy(M) that fizes some point o9 € M. Then G is coercive if and only if G
has no other fixed point but og.

There are several examples present in literature of homogeneous Cartan-Hadamard
manifold with a group acting transitively on it, fixing only one point. For instance, R?
equipped with the Euclidean metric and the special orthogonal group SO(d) or SO(d;) x
... X SO(dp) where 3% d; = d with d; > 1. Another common example is the Poincaré
model H? := {z € RY : |z|< 1} endowed with the metric

4
glj(x) = (1 — ’x‘g)Q(sij

with the same choices as above for the group. In addition to that, we can also consider
the set P(d,R) of the symmetric positive definite matrices with determinant equal to
one. It turns out that it has a structure of homogeneous Cartan-Hadamard manifold and
that the special orthogonal group O(d) acts transitively on it, fixing the identity matrix
I;. For further detail we suggest the reader to consult [31, Chapter I1.10], [46], [62] and
[63, Chapter XIIJ.

Now we fix a point o9 € M and a group G satisfying (H¢;'). We consider the Sobolev
space

HL(M) ={w e Hgl(/\/l) lp®w=uw for all p € G}

where
e®w:=w(p ' o) forae oc M.
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5.2 Oscillation at the origin

In virtue of the previous Remark, we are able to state the following compactness result.
Lemma 5.5. If G satisfies (H{Y), then the embedding
HE(M) < LY(M)
is compact for all v € (2,2%) where 2* :=2d/(d — 2).

Proof. According to [54, Lemma 8.1 and Theorem 8.3| or [55] the embedding H} (M) <
L¥(M) is continuous for all v € [2,2*] and co-compact for [I09, Chapter 9]. At this
point, taking into account Proposition we can apply [105, Theorem 1.3] to complete
the proof. O

5.2 Oscillation at the origin

In this Section, we investigate the existence of solutions for problem
—Ayw+w = Aa(o) f(w) in M
w e Hj(M)

where f represents a continuous function that oscillates near 0. More precisely, since now
till the end of the Section the function f satisfies hypothesis (fy) and (fi) of Theorem
As an immediate consequence of these hypothesis we have the following Lemma.

Lemma 5.6. If f:R — R is continuous and satisfies (fo) and (f1), then f(0) = 0.

Proof. We first notice that

h—0+ h h—0+ h o

by (fo). Thus, exploiting the continuity of f we have

F(0)= lim f(t;) <o.

j—+o0

On the other hand, suppose by contradiction that f(0) < 0. Then, again the continuity
of f implies that f(t) <0 for all ¢ € [0,0) for some § > 0. Then, we would have

im L (&)

j—+oo 5]2

<0,

in contradiction with (f1). O

The relation a(o) = a(dy(0g,0)) is a symmetry condition which replaces the radial
symmetry of a is R?.
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5 Schrodinger equation on Cartan-Hadamard manifolds with oscillating nonlinearities

Proof of Theorem[5.1 Let A > 0. Since t; — 0 and & — 0 as j — +o00, we may
assume that 0 < t; < ¢ and 0 < §; < o for some tg > 0 and for every j. Let
k= max {|f(t)|| t € [0,%p]}. In view of Lemma we define the continuous truncated

function
f(t[)) if t >t

h(t) =< f(t) if0<t<tg
0 ift<0
and we consider the auxiliary problem
—Ajw+w = Aa(o)h(w) in M
w € HL(M).
We also set the energy functional associated to Problem

(o)
Je(w) = ;||w]2—)\/M a(o) (/0 h(r) dT) v,

and we emphasize that Jg ) € C1(HL(M),R) thanks to Lemma and that is is
sequentially lower semicontinuous. Now, for all j € N we define the set

IE]G = {w e H5(M) |0 < w(o) < th a.e in M} .

We divide the remaining part of the proof in 6 steps.
Step 1: the functional Jg ) in bounded from below on ]E]G and attains its infimum on

E]G at a function u]G € EJG Clearly for all w € E]G
w(o)
/ h(t)dr
0

/M a(0) ( /O " dT> dv, < /M a(0)

< Ii/ a(o)w(o) dvg < kllall Lt
M

dvg

and so
Jaa(w) = —kllell Lt (5.1)
At this point set

G :
v = inf Jg o (w).
J wGEJG G7( )

From the definition of infimum, for all £k € N we can find wy € EJG such that

1
LJG < J(;)\(wk) < L]G + E

From this it follows

wi (o)
wi]|* = Jaa(wg) + A/M afo) (/0 h(T) d7'> dvy

< allallaty + 45 +1
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5.2 Oscillation at the origin

which implies that (wy); must be bounded in Hé(/\/l) Then, up to a subsequence, we
can assume wy — uJG for some uJG € H}:(M). In order to prove that ujG € IEJG it sufficient

to notice that the set EJG is closed and convex, thus weakly closed. Now, exploiting the
sequentially lower semicontinuity of Jg ) we get

¢ < Jg, N @) < hmlnf Ja(wg) < jG

hence
LJG = JG’)\(UJG).

Step 2: for all j € N one has that 0 < UJG(U) <tj a.e. in M.
In order to show that, we set the Lipschitz continuous function g;: R — R

t]’ ift>t]’
0j(t) =<4t H0<t<t
0 ift<O

we can consider the superposition operator Tj: H; (M) — H; (M) defined as
Tjw(o) := gj(w(o)) a.e. in M.

From [54, Proposition 2.5] it follows that T} is a continuous operator. Furthermore, if
we restrict T} to the G-invariant functions we have T;: HL(M) — H}L(M). In fact, one
can readily see that

o ® Tyw(o) = Tjw(e " o) = (gjow)(¢~ " o)

= 0j(w(e™" - 0)) = gj(w(0)) = (¢j o w)(v)
=Tyw(o) ae. in M

for all w € H,(M) and ¢ € G. In addition, from its definition, it is clear that Tjw € EY
for all j € N. At this point we set UG =T u and

XJG:: {aGM\tj<ujG(a)§t;- }.
Observe that for all 0 € X jG one has
* _ 7., G ot
vg (o) = Tjuj (o) = t;.

Now, exploiting (fy) we get
UJG(O') ”2:,;‘(0)
/ h(r)dr < sup / h(r / h(r)dr :/ h(t)dr,
0 te(t; th] 0

'Ué;,j(o')
/ h(r)dr >0 (5.2)

thus
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5 Schrodinger equation on Cartan-Hadamard manifolds with oscillating nonlinearities

for all o € X]-G. Moreover, taking into account the fact that [V ;(o)|= 0 a.e. in XjG,
we obtain

Pl 1 = [ () PV o)) g
+ [ ()P @)P) v,

_ _/G|9vuf(a)|2dvg+/a (22— [uS(0)2) du, (5.3)
X]. X

J

||7)6,j

IN

G ¢ G 2
- /XJG’gva’j(a) — Vg () dvg - /xf |u§ (o) — t;]” dug
— —/ 9Vvg (o) — IVu§ (o)) dvg — / |u§ (o) — v (o)
M »

G
= —”'Ua,j — Uy H2

At this point, in virtue of (5.2]) and (5.3)), recalling v € }EJG we have

v 2= luS 2 vg ;(0)
0 < Jants,) —Jaa) = PN [ o) ([ heyar ) ang
M ’LLJ-G(O')

1 vG,5(@)
gt~ P [ ato) ([ by ar ) au,
XjG ’U,JG(O')

1 e
< _§||Ué,j — Uy ||2

IN

From this, we can deduce

G
”UZ‘,]’ — Uy H2: 0.

Since vg; ; # u]G except on X jG , we deduce that Vol, (X jG ) =0 as desired.

Step 3: the function u¢ is a local minimum for Jg.x in the Sobolev space HE (M) for

j
all j € N,
In order to do that, we select w € H}(M) and we set

28 = {o € M| w(o) ¢ [0.4;]}
for every j € N. Recalling the superposition operator defined in step 2 we set
tj if w(o) > tj
vi(o) == Tiw(o) = Cw(o) if 0 <w(o) <t
0 if w(o) < 0.

Now, on the one hand one can easily see that

w(o)
/ h(r)dr =0

*(0)

for every o € M\ Z]-G. On the other hand, if o € ZJ-G only three alternatives can occur
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5.2 Oscillation at the origin

1. If w(o) <0 it is immediate to see

w(o) w(o)
/ h(r)dr = / h(r)dr = 0.
v 0

*(0)

2. If t; <w(o) <t} we have

3. If w(o) >t} we obtain

w(o) w(o)
/ (7| dr :/ Ih()] dr < K(w(o) —t,). (5.4)

5 (o) tj

At this point set

C = &l oo (mysup .
M (t—1;)"

where v € (2,2%). From this and from ([5.4) we have

w(o) w(o)

/ ao) (/ h(T) d7'> dvy S/ alo) (/ h(r) dT) dvy
M vy (o) {w>t}} vi(o)
w(o)

< / a(0) ( / \h(7)1d7> dv,
{w>t}} v} (o)

w(o)
< ||O‘||L°°(M)/ </ h(T) dT) dvg (5.5)
{w>tl} v} (o)

< C/M(w(o) —t;)" dvg
< C/Myw(a) 4 do,.

Denote with

o |wll v (1)
= sup —_—
werL(Mnfoy [l
and observe that is finite by Lemma[5.5] From (5.5) we deduce
w(o)
/ a(0) (/ h(r) dT> dvy < C[lw — 21" (5.6)
M v; (o)
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5 Schrodinger equation on Cartan-Hadamard manifolds with oscillating nonlinearities

Now, we compute
]~ [|v} (2 2/ (*Vw(o) P =7 Vi (a)[?) dvg+/ (lw(o)P=1v}1?) dug
M M
> /ZjG]ng(a)|2dvg + /ZjG’_|w(a)\2dvg + /Z]G’Jw(a) — t;]* dvy
= / |YVw(o) — 9Vv§(a)|2dvg —I—/ lw(o) — U;(J)|2dvg (5.7)
z8 VAl

i
+ [ ) =t v,
J
= w1
where
ZjG’Jr ={o€ ZjG |w(c) >0} and Z].G’f ={o€ ZJG | w(o) <0}.

Coupling (5.6)) and (5.7) we get

o NwlP=]lvz) ()
Joa(w) — Jgr(v;) = ————— =X [ «a(o) h(T)dr | dvg
’ o 2 M vi (o)

1
> 5w = v P =ACY[lw — v

In view of that, recalling JG’)\(U;) > JG,,\(uf) since v} € EJG, we obtain

1 _
Jealw) 2 Jaauf) + = 15 = 3¢l = 312 5.5
At this point, we notice that
€ G G G x
lw = vf < flw = ui [+ [lug — vill= llw = uf [+ Tiu;” — o5l

thus, exploiting the continuity of the superposition operator, it is possible to find a § > 0
such that

1
P2«
||w Uj” — 4)\071,

if |lw — uJGHS . Hence, from (5.8)) we get

Jaa(w) > JG,,\(U?)

that means uJG is a local minimizer.
Step 4: If
L]-G = inf Jg(w).

G
weEj
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5.2 Oscillation at the origin

then

lim § = lim ||uJGH: 0.
j—o0 j—00

Recalling that u]G € IEJG and that L]-G = JGV,\(ujG) we have

g G 2 G 2 _ G u]G(U)
/M| Vui (o)|* dvg + /M]uj (0)7 dvg = Jaa(uf) + )\/M a(o) (/0 h(r)dr | dvg

. W (o)
— G4 /M a(0) ( /O h(r) d7> v, (5.9)

G
<+ )\/ﬁHaHU(M)t;
At this point, we notice that the function wg = 0 belongs to ]EJG and so

LJG = inf_ Jaa(w) <O0.
wek;

From this and we can deduce
Jim [[uf|= 0
since t; — 0 as j — oco. Furthermore, recalling we obtain
—kllall it < <0

which implies

lim L]G =0.
J]—00

Step 5: for all j € N we have
LjG < 0.
In order to do that, we select j € N and 0 < a < b such that

essinfa(o) > ap >0 (5.10)
oAb

where

Ab = BUo(a+b)\B00(b_a)

a

and, after fixing € € (0,1) we define the function

0 if o € M\ AL
: b
= o(0) = 1 if o c A,
a — |dyg(00,0) = b]

=T if o € A%\ AL,
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5 Schrodinger equation on Cartan-Hadamard manifolds with oscillating nonlinearities

It is straightforward to verify that 07 , € H},(M) since at each point its value depends

only on the distance from 0. Moreover, one can easily verify that supp(d<,) C A% and
95 plleo ()< 1. At this point we define the map pg: (0,1) — R where

/A ~a(0) dv,

£Q

Ig(e) =
’ /A a(o) dvg

a\AZ,

and we notice that
lim p4(e) =0, lim p4(e) = +oo.

e—0t e—1—

In view of that, it is possible to find g9 € (0, 1) such that

where K7 > 0 is the constant given in hypothesis (fi). From (f1) we also have the
existence of an index ko, with &, < t; such that for every k > kg

&k /
ao) dv
/0 h(T)dr 1 A A (o) dvg

gpa

> R
& 2 1955112

-1

From this, (f1) and (5.10)) it follows

gkﬁz(?b(a')
/ ao) / h(t)dr | dvg
Ab 0 B

1€k 055 12
& £x9%0, (o)
/ ao) (/ h(T) dT) dvg / a(o) / h(t)dr | dvg
200 0 ANAL o 0
= + 2|[,950 (|2
AR &ellvgll
&k t
/ ao) < h(T) d7'> dvg / a(o) ( inf / h(T) dT) dvg
Aba 0 AB\AY t€[0,¢k] Jo
- 1 A &0 12
&k &k
/ a(0) ( / h(r) dT> v, / a(0) ( / h(r) dT> v,
Abja 0 APNAL 4 0
> — K
&0 IIP &l II2
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5.2 Oscillation at the origin

(o) dug /ng h(r)dr 1

o
= >

1952117 & 2)

gpa

for all £ > kg. Now, from the definition of {kﬁe p it is clear that §k192?b € E]G Hence
Jaa (fkﬁfff ) < 0 and as a consequence of that L < 0 as desired.
Step 6: the function u]G
space Hg1 (M) for all j € N.
Since HuGH Lo M)—> 0 as j — 0o, up to relabel the indexes, we can assume the existence
of a sequence (u; &) C H, (M) such that

is a local minimum for the functional Jg ) in the Sobolev

||ujG||L°°(M)§ lo- (5.11)

At this point, in virtue of the Principle of Symmetric Criticality of Palais (see [94] for
details), to conclude the proof, it is sufficient to show that Jg ) is invariant under the
action of G. Consider first [|-||. For all ¢ € G and w € H, (M) we have

o ® w|? = /M|gv<so®w><a>|2dvg+ / (o ® w)() ] du,

:/M|9V(w( \deg+/ (o™ - o) dv,

- / <D90§0_1 o V’U)( o U)’ Dgp@—l-a ng(90_1 ’ J)>U d’Ug
/ lw (e 2 dv,

= / (IVw(p™ - 0),9Vu(p™ - 0)) 1., dvg + / |w(ep 2dv, (5.12)
M

_ / OVW(5), V()5 dupoyeg + / 0 (3)[ dvgyory-g
M M

= / (PVw(a), ' Vuw())s dug +/ [w(@)[? dvg = ||w]|?
M M

since ¢ is an isometry and preserves scalar products. Furthermore

ol ) = aldy(00,07'0)) = aldg(p™" - 00,070)) = aldy(00.)) = a(o)

which implies
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5 Schrodinger equation on Cartan-Hadamard manifolds with oscillating nonlinearities

_ /M () ( /0 " dT> dv,.

Putting together (5.12)) and (5.13]) we obtain
Jap(p ® w) = Joa(w)

hence, applying the Principle of Symmetric Criticality of Palais, we have that each ele-

ment of the sequence uf is a critical point of the functional Jg » and a weak solution of

(Po). Furthermore, recalling Step 2 and ([5.11)) we also have that uJG is a solution of our
original problem (Py]). O

Example 5.7. Let f:R — R be defined by
94/t sin <1> — 2v/t cos (1> ift>0

Vit Vit
0 ift <0,

ft) =

whose primitive is

t 3/2 . i .
(0 = [ seas={" () vz
0 0 ift < 0.

As in [§] one can check that conditions (fo) and (f1) are satisfied.

5.3 Oscillations at infinity
In this Section we investigate the solutions of problem

—Ayw+w = Aa(o) f(w) in M
w e Hy(M)
where f: R — R is a continuous function that oscillates at infinity. Preferring a variational

approach, we define the energy functional J)y: H; (M) — R associated to problem (|Py])
where

Iw) = gluwlP=r | ao)Plu(o)) dv,

t
and F(t) := / f(7) dr. As regard the right hand side of (Py]), we make on the nonlinear

0
term f the hypothesis (f})-(f4) of Theorem till the end of the Section. As we already
did in the previous Section we will fist look for solutions for a truncated problem and
then we will show that they also solves (P,]). In order to do that, we start defining the

function .
h(t) i {f(t) it >0
f(0) ift<0
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5.3 Oscillations at infinity

and considering the auxiliary problem
—Agw +w = Aa(0)h(w) in M
w € HL(M).

We associate to problem ({Paf) the functional

w(o)
Ja(w) = ;||w||2—)\/M o(0) (/0 h(r) dr) o,

and we point out that Jg € C'(H}L(M),R) and again thanks to Lemma that is
sequentially lower semicontinuous. We emphasize that non-negative critical points of
Jax(w) are also critical point for the functional Jy.

Proof of Theorem[5.3. Since some arguments of the proof are very similar to the ones
described in Theorem [5.1] we will omit them. Fix A > 0. We start for every j € N setting

]E]G ={we HL(M) |0 < w(o) < ti a.ein M}

Step 1: the functional Jg ) in bounded from below on IE]G and attains its infimum on
EJG at a function wJG € IEJG
From hypothesis (fj) we obtain

a1
) h(T)d K ! <t;)
< t.
/0 (r1)dr < K, 5t )

As a consequence of that

(t/)qul
J
Ja(w) > =AKalle| iy | 85 + g+l

which implies that Jg  is bounded from below on EJG for every j € N. At this point, by
following the line of Step 1 in Theorem we can find ug; such that

LJG := inf JGA(’LU) = JG,)\(U

G
wEEJG )

J

Step 2: for all j € N one has that 0 < uJG(o) <tj ae. in M.

The statement follows following closely the line of the proof of Step 2 on Theorem
Step 3: the function uJG is a local minimum for Jg ) in the Sobolev space HE (M) for
all j e N

To show this, we choose w € H,(M) and we set

Z¢ = {o e M|w(o) ¢ [0,t;]}
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5 Schrodinger equation on Cartan-Hadamard manifolds with oscillating nonlinearities

for every j € N. Recalling the superposition operator defined in step 2 of Theorem [5.]
we set

tj if w(o) >t
vi(o) == Tiw(o) = Cw(o) if 0<w(o) <t
0 if w(o) < 0.
Now, on one hand one can easily see that
w(o)
/ h(r)dr =0

*(0)

for every o € M\ ZjG. On the other hand, if o € Z]-G we analyze the situation according
to the three different possible alternatives.

1. If w(o) <0 it is immediate to see

2. If t; < w(o) <t} we can show
w(o)
/ h(7)dr <0.
(o)
arguing similarly to Step 3 in Theorem
3. If w(o) > t’ we obtain

w(o) w(o)
/ |h(7)|dT:/ (7| dr (5.14)

7 (o) tj

At this point set

o Kallaleg (a4 D(E— 1) + @ 1
. q+1 t>t) (t —tj)att .

From this and (5.14)) we have

w(o) w(o)
/ a(o) (/ h(T) dT) dvgy < Hoz\Loo(M)/ (/ |h(T)|dT> dvg  (5.15)
M v5 (o) M v5 (o)

< /M (w(o) — v2)" du,.
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5.3 Oscillations at infinity

Denote

. [w|l a1 ag)
7= sup _
werfmngop 1wl

and observe that is finite by Lemma [5.5] From (5.15) we deduce

(@) ]
/ a(o) (/ h(r) d7> duy < 5w — o[, (5.16)
M v; (o)

At this point, the conclusion is achieved as in Step 3 of Theorem [5.1]
Step 4 We have that

lim inf LJG = —00.
j—00

Replacing (f1) with (f}) and repeating the calculations done in Step 5 of Theorem
we can find a constant £ > 0 and a divergent sequence ({x)x such that

Jaa(u55,) < —R[| 05017

for k > ko (see the proof of Theorem for the definition of 19276). At this point, we

notice that we can find a subsequence (tj;/g)k so that typ > & and 050 € Eﬁ Then
lim § < lim J 9°0,) < — lim &0
< lim Jea(Eedgy) < — lm RlIEI,

2— —
k—oo 7k H o

Q.

From this, we can conclude using the definition of inferior limit getting

lim inf LjG = —00.
j—00

To conclude the proof, it is sufficient to argue as in Step 6 of Theorem proving that
Ja,x is invariant under the action of the group G and applying the Principle of Symmetric
Criticality of Palais. O

To conclude we exhibit an example of a nonlinearity that satisfies hypothesis ( f})-(f3).

Example 5.8. Consider the function

2(d — 1) d_ | 3 1 23(2d—1) 3 )
—  Z+4d- —1 3(d—2) >
(1) = 12 td-2 sin (\/Z) —|—3t cos (ﬁ) ift>0

0 ift<0

whose primitive is

F(t) = {2523é sin (%) t>0

0 t<0.

Hypothesis (f()) is trivially satisfied since the trigonometric functions are bounded and

L <2 -1 and 2(2d — 1)

SRAT ) g,
d—2 3[d—2)
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5 Schrodinger equation on Cartan-Hadamard manifolds with oscillating nonlinearities

In order to see the validity of (f]) one can choose for instance

t = [g(1+4j)r and  t = [g(3+4j)r.

It is easy to check that F' is decreasing in the interval [tj,t;-], hence

F(t;) = sup F(t).
teft; t)]

To prove that f satisfies (f3), we choose & = t; — +00, so that

9d—1
F(E Sd=2 2
lim LEJ) = lim S 5— = lim &% = +oo
Jj—+oo §j Jj——+o0o gj Jj——+oo J
Moreover,
. 9d—1 d—1
inf F(t) = F (tj) = (j-1) 7 = = (§)*72 = —F(&),

t€[0,¢5]

which shows that (f5) is verified with K5 = 1.
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6 Multiple solutions for Schrodinger
equations on Riemannian manifolds via
V-theorems

The study of existence and multiplicity of solutions to semilinear partial differential equa-
tions of Schrodinger type is by far one of the richest fields in Nonlinear Analysis, where
Variational Methods and Critical Point Theory provide a powerful setting for existence
results. The occurrence of more than one solution to such equations is guaranteed, at
a basic level, by some symmetry condition together with the use of topological indices
such as the genus or the relative category as we already saw in Chapter [3] and [5] We
refer to the classical monograph [107] for a survey.

Semilinear elliptic equations of Schrédinger type are typically set in the whole Eu-
clidean space R% d > 3, which has a rather poor geometric structure. Multiplicity
results may then appear as a consequence of the presence of potential functions with
suitable properties. The situation is much different if R is replaced by a more general
Riemannian manifold M, since the geometry of M may influence the existence of one or
more solutions to the equation. Analysis on Manifolds and Geometric Analysis become
the necessary language to work with these problems: we refer to [15], 53] 54 [65, [83] and
to the references therein for an introduction. For the sake of brevity, we will assume that
the reader is familiar with the basic definitions of Riemannian Geometry, and we refer
to Chapter

In this chapter, we will consider a d-dimensional smooth complete non-compact Rie-
mannian manifold (M, g) with d > 3. The aim of this chapter is to study the existence
of solutions for problem

{—Agw +V(o)w = afo) f(w) + Aw  in M (Py)

w(oc) =0 as dg(og,0) — 00,

where a € LY(M)NL>®(M), a > 0 a.e. in M, f:R — R is a continuous function, A € R
is a real parameter. We assume that V: M — R is a continuous function such that

(Vl) vg = ianeM V(O’) > 0;
(Va) there exists og € M such that

lim V(o) = +oc.

dg(c0,0)—00

The nonlinearity f:R — R is a continuous function that satisfies
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6 Multiple solutions for Schrodinger equations on Riemannian manifolds via
V-theorems

(f1)
lim M =0;
t—0 ‘t’
(f2) there results
f(@)

t—+o00 |t|r—1

where r € (2, d2_d2)7
t
(fs) 0 < rE(t) < f(t)t for all ¢ € R\{0} where F(t) = / £(r) dr.
0

To introduce the main assumptions on the manifold (M, d), we suppose that there
exists a function H:[0,00) — R of class C! such that

/ tH(t) dt < oo
0

and

(Ric) for some G¢ € M there results

Ric(ug) () > (1 — d)H (dy(50, ).

Moreover, we will assume throughout the chapter that
inf Vol, (B,(1 0
inf Vol (B (1)) >

where

B,(1) :={¢ € M| dist(&,0) < 1}.

Since we want to prove a multiplicity result for , a natural approach could be based
on Morse Theory, see [37, [78]. Unfortunately, Morse Theory requires in general more
regularity of the Euler functional associated to the variational problem, and this would
require a more regular nonlinearity f in .

We propose here a different approach via V-Theorems, a family of variational tools
which were introduced by Marino and Saccon in [77] to study the multiplicity of solu-
tions of some asymptotically non-symmetric semilinear elliptic problems with jumping
nonlinearities. More precisely, we will make use of the sphere-torus linking Theorem
with mixed type assumptions (see [77, Theorem 2.10]). The main condition of this the-
orem can be roughly summarized in these terms: the Euler functional constrained on a
closed subspace must not have critical values in a certain prescribed range with “some
uniformity”. A rigorous definition is as follows.
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Definition 6.1. Let A be a Hilbert space and Z: X — R a C! functional. Let also X’
be a closed subspace of H, a, b € RU{—o00,00}; we say that Z satisfies the condition
(V) (Z,X,a,b) if there exists v > 0 such that

inf {||PxVZ(w)||| a < Z(w) < b, dist(w, X) <~} >0

where Py:H — X denotes the standard orthogonal projection. In the following, we will
refer to it as (V)-condition for short.

In order to make the chapter self-contained, we also write the statement of the V-
theorem.

Theorem 6.2. Let H be a Hilbert space and X;, i = 1,2,3 three subspaces of H such
that H = X1 & Xp ® X3 and dim X; < oo for i = 1,2. Denote with Px;:H — X; the
standard orthogonal projection. Let T: H — R a CY1 functional. Let p,p, p", p1 be such
that p1 >0, 0 < p/ < p < p” and define

A= {w € X ® A | P/ < HPXQU)HS p,/’ HPzYleS Pl} and T = aXlGBXQA’

Soz = {U} € Xy Ay | ||’U)”: p} and Boz = {’LU € Xy P Xy | ||wH§ p} .

Assume that
a' =supZ(T) < inf Z(Sa3) = a”.

Let a and b such that a’ < a < a” and b > supZ(A). Assume (V) (Z, X, & X3,a,b) holds
and that (PS). is verified for all ¢ € [a,b]. Then T has at least two critical points in
T ([a,b]). Moreover, if a; < inf Z(Bag) > —oco and (PS). holds for all c € [a1,b], then
T has another critical level in [ay, da'].

We define the Sobolev space
Hy (M) :={w € Hy(M) | [[w|*< oo}

where throughout the chapter we denote by

poli= ([ vwiof aey + [ Voo an,) "

the norm induced by the scalar product

(wy,wa) = /M (IVwi(0),9Vwsa(o))gdvg + /M V(o)wi(o)wa(o) dvy.

We recall that under the assumptions we made on the potential and the manifold, the
embedding H{,(M) < LI(M) is continuous for any g € [2,2*]. Furthermore, as a result
of the Hypothesis (V1) and (V3) we also have the following Lemma, whose proof can be
found in [44] Lemma 2.1].
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6 Multiple solutions for Schrodinger equations on Riemannian manifolds via
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g Srﬂ/ i /,’* g

|
\

_e

Figure 6.1: The topological situation described in Theorem
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Lemma 6.3. Let M be a complete, non-compact d-dimensional Riemannian manifold
satisfying the curvature condition (Ric) and infyepaq Volg (By(1)) > 0. If V' satisfies (V1)
and (V2) the embedding H{,(M) < LI(M) is compact for all q € [2,2%).

V-Theorems turned out to be a powerful tool when one is interested in studying the
multiplicity of solutions for nonlinear equations. In particular, in [97] Pistoia proved
the existence of four solutions for a superlinear elliptic problem on a bounded domain
of R%. At a later time, in the same spirit of the paper of Pistoia, Mugnai proved in
[01] the existence of three solutions for a superlinear boundary problem with a more
general nonlinearity. V-Theorems are useful also when one deal with problems with
higher order operators, as showed in [80] by Micheletti, Pistoia and Saccon. It is also
worth mentioning [82] where Molica Bisci, Mugnai and Servadei showed the existence of
three solutions for an equation driven by the fractional Laplacian on a bounded domain
of R? with Dirichlet condition and a general nonlinearity. When one draws his attentions
to problems settled in unbounded domains, the situation is completely different. Indeed,
in order to apply the sphere-torus linking Theorem it is necessary to split the space on
which is defined the functional in three linear subspaces, two of them finite dimensional,
while the third infinite dimensional. When € is a bounded domain of R? it is well known
that the embedding H'(2) < L?(Q) is compact. As a consequence of that, the resolvent
of the Schrodinger operator or the Laplacian is compact and with standard arguments
it is possible to prove that the spectrum of these operators is discrete and that the
eigenfunctions are dense in the space under considerations. So, a common approach to
select the three subspaces is to consider the whole space as a direct sum of eigenspaces.
Unfortunately, this strategy fails in the case of unbounded domains, since the spectrum of
the Schrodinger operator or the Laplacian is not even discrete in general. A contribution
in this direction was given by Tehrani in [108] where the existence of two solution for
the Nonlinear Schrodinger equation in R?. Following the characterization of the essential
spectrum of a Schrodinger operator present in [22], they are able to decompose the space
and apply the theorem. The drawback of their approach is that they don’t give sufficient
conditions on the potential to ensure the existence of eigenvalues subsequent to the first
one. A recent result was also obtained by Mugnai in [92] proving the existence of at least
two solutions for an equation in which the nonlinearity is allowed to have an exponential
growth in R2.

In the present chapter, we want to extend the results quoted previously in two di-
rections. The first one is to give sufficient condition that will enable us to completely
characterize the spectrum of the operator taken into account. Secondly, the problem we
want to investigate is settled in a non compact Riemannian manifold and, as far as we
know, results as the one we are going to prove are not present in literature. One of the
first contribution for the Nonlinear Schrodinger equation on Riemannian manifolds was
given in [44], where Faraci and Farkas established a necessary and sufficient condition for
the existence of non-trivial solutions with hypothesis on the manifold equal to the ones
we will assume. More recently, Molica Bisci and Secchi in [86] showed the existence of
at least two solutions for requiring A large enough under our assumptions on f.
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The main result of the chapter is a multiplicity result for problem (P,|) whenever A is
sufficiently close to an eigenvalue of —A,.

Theorem 6.4. Assume f:R — R and V: M — R are continuous functions that verify
respectively (f1) — (f3) and (Vi) — (Vo). For every eigenvalue A\, of —Ag, there exists
w > 0 such that if A\ — p < XA < A\, then problem admits at least three non-trivial
and sign-changing weak solutions wy, wa and ws. Furthermore, these solutions belong to
L>®°(M) and for each i € {1,2,3} there results

lim wi(o) = 0. (6.1)

dg(o,00)—+00

The proof of the previous Theorem is based on a precise description of the spectral
properties of the operator —A, + V which governs (Py). In Section we list in detail
these properties, since they seem to be new in the setting of a non-compact manifold M.

Remark 6.5. The boundedness of our solutions and their decay at infinity (6.1]) follow
from [44] Theorem 3.1]. This Remark applies to the eigenfunctions considered in Theorem

[6.17] as well.

To the best of our knowledge, our results are new even in the Euclidean case M = R,
d > 3. In this case, our assumptions on V can be relaxed, and we can rely on some
conditions introduced in [I9] which ensure both the discreteness of the spectrum of the
operator —A+V and the necessary compact embedding of the Sobolev space H %,(Rd). In
our setting, the compactness of the embedding of H{,(M) into LP(M) for all p € [2,2*)
follows from |44, Lemma 2.1]. As a concrete example, we propose the following result.

Theorem 6.6. Assume V:R? — R is a function in L2, (R?) which verifies V(x) > Vo >
0 for almost every x € R and

dy
lim / —— =0
lz|—+00 /B, (2) V (¥)
Then the same conclusions as in Theorem[6.4] hold for

1

(1 faf)?
w(z) =0 as |x|— oo,

2d
2, — |.
where r € ( ’d—2>

6.1 A setting for (P))

—Aw+V(z)w = lw|" 2w+ Aw in RY

Let us consider

{—Agw +V(o)w =a(o)f(w) + Aw in M
w(o) = 0 as dg(0g,0) = 00,
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6.1 A setting for (Py)

where o € LY (M) N L®(M)\ {0} is a non-negative function and f satisfies assumptions
(f1) = (f3)-

In order to find solutions for problem ({P,)) we introduce the energy functional associ-
ated to the problem. Namely, let J)y: H‘l/(/\/l) — R be such that

Iw) = gllP=F el [ alo)Fu(o) du,

By virtue of the embedding results presented in the previous sections, this functional is
well-defined, and it is standard to prove that it is of class C'. Moreover, as is well known,
critical points of Jy correspond to weak solutions of problem (|P))), i.e.

mwzxwwmm+ﬂﬂwmmww@mg

for any ¢ € H{,(M). More in general, one can show that the derivative of the functional
Jy along a function v € H{,(M) is

J\(w) [w] = (w,v) — Mw, v) r20m) — /M a(o) f(w(o))v(o) dug. (6.2)

Now, take s € [2,2*) and consider its conjugate exponent s’ such that 1/s+1/s" = 1.
We select a function h € L* (M) and we focus on the equation

Syw=h o€ M. (6.3)

where Sy == —A, + V.
By applying the classical Riesz or Lax-Milgram Theorem, one can easily show that the
problem above has a unique weak solution. In virtue of that, we are able to define

Sy LS (M) = HE(M)
h o — w=58,"h

where A;lh is the only weak solution of ([6.3)), which means

(S hy 0) = (hy @) 12(m). (6.4)

Remark 6.7. We emphasize that the operator Sy, 1is compact. Indeed, it is possible to
write it by the composition of two maps

Syt

L¥(M) —L (HL(M))" =X HL(M)

where the first is compact, recalling that Hi, (M) < L*(M) is compact and applying

[28, Theorem 6.4]. Since H{,(M) is a Hilbert space, there is a unique element called the
gradient of J) and denoted VJ, such that

(VI (w),v) = Jy(u) [v]. (6.5)
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It is also possible to verify that the gradient of Jy can be written as

VI (w) = w— S, Qw + af(w)). (6.6)

We begin our analysis by proving a technical lemma that will provide some useful
estimates we will use throughout the chapter.

Lemma 6.8. If f:R — R is a function that satisfies (f1) — (f3), then we have the
following estimates:

(i) for any e > 0 there exists a constant A > 0 such that
f(6)] < 2e Jt| +rAT ¢ (6.7)

and
F(t) < et® + A5 |t (6.8)

for every t € R;
(ii) for any e > 0 there exist Ay, A5 > 0 such that

()] < Az + A5 |t (6.9)

for every t € R;

(#i1) there exists As, Ay > 0 such that

F(t) > As|t|" — A4 (6.10)

for everyt € R.
Proof. The verification of the three inequalities is standard, and we omit the details. [

We end this section by proving that the functional J) satisfies a good compactness
condition in Critical Point Theory.

Definition 6.9. We say that a sequence (w;); C H{,(M) is a Palais-Smale sequence at
level ¢ € R, (PS), sequence for short, if Jy(w;) — ¢ in R and J§(w;) — 0 in (HL(M))"
as j — oo. Furthermore, the functional J) is said to satisfy the (PS),. condition if every
(PS). sequence for Jy admits a strongly convergent subsequence in H‘l/ (M).

Proposition 6.10. Let f be a map that satisfies (f1)—(f3) and A > 0 a real parameter.
Then, (PS). condition holds for every ¢ € R for functional J).

Proof. Let (w;); C H{;(M) a (PS). sequence for functional .Jj, i.e.

Ja(wj) = ¢ in R (6.11)
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and
Ji(w;) =0 in Hi (M) (6.12)

as j — oo. We first prove that (w;); is bounded in H{-(M), adapting the ideas of [I16],
Proof of Theorem 6.1]. We proceed by contradiction, assuming without loss of generality

that p; = ||w;|| = +o00 as j — +oo. Let us set v; = w;/p;, so that we may assume that
v; = v in H{;(M) and v; — v strongly in L?(M).
Now,

e+ o(1) = In(wy) = glhuylP=3lhwy B~ [ a(o)Pluwy(o)) dv,

hence L Flw;(o))
2 wjil\o
o(l) == vil|5— alo dvg,
W= 3l [ 0@ =5
and ” Lo
lim alo) (wg(“)) dvg = = — =|v]l3. (6.13)
J—=+00 J pm p] 2 2

We consider

Mo ={o e M]w(o) # 0},

and we notice that w;(o0) — +oo when o € My. From Lemma [6.8] (ii7) it is straightfor-
ward to verify

lim it):

t—oo 12

thus, applying the Fatou’s Lemma, we get

F .
lim a(o) (w](g)) dvg = o0.
i=%0 J [[w |
This obviously implies that
F .
lim a(U)M dv, = +00. (6.14)
J=to0 S m Pj

Comparing (6.13)) and (6.14) we must conclude that Voly(Mg) = 0, which means that
v =0 a.e. on M and in particular v; — 0 strongly in L?(M). From

Cllwil|> (VIx(w;), wj) = [lw;]|*=Allw; 13— /M a(o) f(wj(o))w; (o) dvg

we see that

lim a(a)f(wj(U—W dvg -1— AH”H%Z 1.
J—+oo M pj
Therefore
. rF(w;i(o)) — f(w;(o))w;(o r AT r
i [ a() A RO gy, E 1 A= § - 1
J—+o0 J pm Py 2 2 2
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Coupling this with assumption (f3), we conclude that § < 1, against the assumption

that r > 2. This contradiction implies that (w;); is a bounded sequence in Hy,(M).
We can now use and Remark (see also [107, Proposition 2.2] for a general

approach) to conclude the proof. O

6.2 Geometry of the V-Theorem

As mentioned at the beginning of the chapter, our aim is to prove an existence result
through the so-called V-Theorem. In order to apply this tool, it is necessary to split the
space in three closed subspaces, two of finite dimension and one of infinite dimension.
Furthermore, the functional is required to have a precise geometrical structure. A stan-
dard decomposition of H‘l/(./\/l) into three subspaces can be made through an adequate
selection of some eigenspaces associated to the operator Sy,. The following theorem char-
acterizes completely the spectrum of the resolvent of the Schrodinger operator under the
assumptions that guarantees the compact embedding Hi, (M) < L¥(M) for s € [2,2*).

Theorem 6.11. The following statements hold true:

(a) the smallest eigenvalue of problem (6.19) is positive, and it can be characterized as

A= min |w|? (6.15)
wEHL (M)
HWHLQ(M>:1
or analogously
lw]?

A=

)

wer, (M0} [[0]220 0,

(b) there is a non-negative eigenfunction e; € HY,(M) that is an associated eigenfunc-
tion to A1 where the minimum in (6.15)) is attained. Moreover, |e1]/r2(n=1 and
A= el

(c) the eigenvalue Ay is simple, i.e. if w € Hl,(M) is such that

/M(QVw(U),chp(U))gdvg 4 /

[ Vieyoyetoydn, = [ wio)ola)av,

M

for any p € H‘l/(./\/l) then there exists £ € R such that w = ex;

(d) the set of eigenvalues of problem (6.19)) can be arranged into a sequence (M) such
that
)‘1<)‘2§)\3§-'-§)\k§)\k+1§'--

where limy_,oo A\ = +00. Moreover, every eigenvalue can be characterized as
Me+1:= min ||| (6.16)
weEL

||w||L2<M):1
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or equivalently
2
Ak41 := min H?;)H
weEkL ||wHL2(M)
where
Ey :=span{ey,...,er};

(e) for any k € N there is an eigenfunction ey, € E,i‘_l associated to the eigenvalue g
such that the minimum in (6.16)) is attained, i.e. |lex||r2r)=1 and

A = llexl% (6.17)

(f) the eigenfunctions (ey)r are an orthonormal basis for L>(M) and an orthogonal

basis for Hj,(M);
(g) each eigenvalue has finite multiplicity. Namely, if A\ is such that
Mool < A= oo = Megh < Mottt (6.18)
for some h € Ny, then span{ey, ... ,exip} is the eigenspace associated to \y.

Proof. All these results are a byproduct of the classical theorems of functional analysis
on the basic properties of compact self-adjoint operators defined on Hilbert spaces. As a
consequence of that, we will omit the proof, and we remind the interested reader to [84]
where an elementary proof is presented that can be easily adapted to our new setting. [

We point out that the previous Theorem completely describes the set of solutions of
the eigenvalues problem

w(o) =0 as dg(0g,0) — 00. (6.19)

{—Agw +V(o)w = w in M
The condition w(o) — 0 as dgy(o, 09) = +oo follows from Remark
In this section, we are going to show that the functional Jy associated to problem
possesses the geometrical structure required by (V)-Theorem under the assumption
we made on the nonlinearity f and the potential V. Before doing that, for the sake
of simplicity, we fix some notation. Henceforth, k positive and h non-negative will be
integers such that
Ak—1 <A = oo = Aptrh < Mitht1
We define
X1 = Ek—h X2 = span{ek, ce €k+h}a X3 = ElglJrh.

We point out that the existence of such integers h and k is guaranteed by Theorem [6.11
Next Lemma generalize the Poincaré inequality to the case in which the functions
belong to eigenspaces or its orthogonal.
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Lemma 6.12. Let k € N. The following inequalities hold:

(a) if w € Eif then
ol Mo ol na (6.20)

(b) if w € Ey, then
Hw||2§ )\k||w||%2 M) (6.21)
(M)

Proof. We start with the case (a). Since w € Ej- we can write
o0
w = Z ;€4
j=k+1

for some coefficients o; € R. Thus, we compute

o0

||w||2: <waw> = Z a?)\j > )\k+1||w”%2(M)
j=k+1

where we used Theorem (f), (6.17) and the Bessel-Parseval’s identity (see for in-
stance |28, Theorem 5.9]). On the other hand, when w € Ej we have

k
w = E ozjej.
Jj=1

As a consequence, similarly as we did above we get

K
lwl?= > adX; < MellwlZzu-
j=1

O]

Next Proposition will show the functional J verifies the desired geometrical property
we need to apply the V-Theorem.

Proposition 6.13. If assumptions (f1) — (f3) hold and X\ € (Ax—_1,Ag), then there are
p, R, R € R, with R' > R > p > 0 such that

sup Iy < inf
{weX; | |w|<RYH{weX1®Xs | [Jw|=s} {weXo®Xs | |lwl|=p}

for all s € [R, R']
Proof. We start showing

inf Jy>0
{weXo® Xy | [lwll=p}
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choosing p adequately and observing that Xo @& X3 = EkL_l. Applying twice the Holder
inequality, we get

2 2
[ a@lo@)R vy < ol el (6.22)
and
[ @l dy <l gl (6.23)

From Lemma[6.8] (i), (6.22)) and (6.23]) we obtain

1 A .
W) = S-Sl == [ a@lu@)Pdo, - 45 [ a@le()
M M

1 2 A 2 2 € r
> sl =gl —ellol s, ol Al e ol ey

Now, recalling H{,(M) — L¥(M) for every s € [2,2*] continuously, it is possible to find
C > 0 such that

1 2 A 2 2 r
Tw) = gl Py —<Clal g wlP=A5Cloll e "

Finally, Lemma yields

1 A 2 5 r
nw) =[5 (15 ) ~<Cllol g, [ lol=a5Clal g ol

7= (M)

At this point, choosing € > 0 such that

1 A
“(1-2) - . 0
2( Ak) Cllol g, >

and p sufficiently small, the desired assertion is proved. On the other hand, it is possible
to prove
sup Jy <0.
{weXy | |lwl|<R}H{weX19X2 | |lw[|=R}
Indeed, in the case w € X7, from Lemma and (fs3), recalling o > 0 for a.e. 0 € M,
it follows that

A1 — A
I(w) < THWH%%M)S 0.

Instead, when w € X; @ X5 it suffices to use Lemma (#i7) to obtain
1
Ta(w) < 5 llwl*-As /M a(o)w(o)[" dvg + Adllaf| L1 (-

Since X7 @ Xo has finite dimension all norms are equivalent, then choosing R > 0 big
enough it is straightforward to see that » > 2 implies Jy(w) < 0. O
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6.3 Validity of the (V)-condition

This section is devoted to showing the validity of the (V)-condition introduced in Def-
inition [6.1] Before proving the main result of this section, we need two preliminary
Lemmas.

Proposition 6.14. Assume Hypotheses (f1) — (fs) hold. Then for every o > 0 there
exists , > 0 such that for each X € [Ag—1 + 0, Ne+n+1 — 0] the only critical point u of J
constrained on X1 @ Xz with Jy(u) € [—6,,0,] is the trivial one.

Proof. By contradiction, we suppose the statement false. So, we assume the existence
of o > 0, a sequence p; C [Ay—1 + 0, \i+n+1 — 0] and a sequence (w;); C X1 @ X3 of
non-trivial critical points, i.e.

(VJp;(wj), ) =0 forany p € X1 © X3 (6.24)
such that
jginoo Jyu; (wj) = 0. (6.25)

Since (w;); C X1 @ X3, we can choose ¢ = w; in (6.24]). As a consequence we have
0 =y Pl | o) us()uso) doy (6.26)
Then, we notice that (6.26]) can be rewritten as

0=24,,(w;)+2 [ alo)F(uy(o)) dvy — [ alo)fluw;o))u(o) duy

M M
Exploiting (f3) in we obtain
0 < 2J, (wy) + (2 7) /M (o) F(wy (o)) dv,. (6.27)
Reordering the terms in we get
0<(r—2) /M o(0)F(w;(0)) dvg < 27, (wy). (6.28)
Putting together and we obtain
lim a(o)F(w;(o)) dvg = 0. (6.29)

Now, recalling w; € X1 @ X3 for all j € N, we are able to find wy; € X1 and w3 ; € X3
such that w; = wy j + ws;. At this point, on the one hand, we test (6.24) with ¢ =
wi,; — w3; and exploiting the properties of orthogonality of wy ; and w3 ; we have

0= (Vi (wj), w1j — ws,;)

2= llws 1P = w172 vy 105 03,1172 0 (6.30)

= |lw;

~ [ alotwio) wns(o0) ~ wsy(o) do,
M
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6.3 Validity of the (V)-condition

Rearranging (6.30) and applying Lemma we get

/M ol0) f(w;(0)(wi(0) = ws,j(0)) dvg = [[w 3 |* ~llws 4lI* = pjllwnlI72 pg)

2
+ willws sl 72 m)
"
< ||w1,j||2—|\w3,jH2—)\ T lwe 51
k—1
+ [[ws ]| (6.31)
k+h+1
Ak—1 — ) 9 Mj — Methtl 3
= Aijllwl,jﬂ +])\7Hw3,jH
k—1 k+h+1
0 0
< ——||w1,j||2—)\ [[ws, 5|
—1 k+h+1
20
<3 [l (6.32)
htht1

On the other hand, thanks to Holder and the continuous embedding H{;(M) < L™ (M),
we have

/M a(0) (w;(0) (w1 4(0) — w3, (0)) dvg| < of (w)ll oo gy lons — ws e an
< Cllaf (wi)ll 1 g 1wyl (6.33)
for some C > 0, where we used

2 [|ws 2= [|w;]*.

(w1 —ws j,w1; —wsj) = [lwy;

Coupling ((6.31)) and (6.33]) we have

20 2
—Cllef (wi)ll prr gy llwsll < v [[wj]]
from which it follows that
20
22yl Cllaf ()l oy (6:31)
Then, we use Lemma (7i) and we obtain
[ e sl duy < [ o) (42 Al D] 635)

Recalling that for any a,b > 0 we have
(a+b)" <27 (a" +b"),
it follows from (|6.35)) that

/

[ tato) iyl vy < (240l ong) + @457 [ (alo))” fuld. (630
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Finally, we exploit Lemma in (6.36) and we obtain

T A € T
| lato Nl vy < @wwy ) ZHM)WWWM
+(245)" L lallptyy / o)) dvg.  (637)

From (6.29), (6.34) and (6.37), we can deduce that (w;); is bounded in H{,(M). Hence,

up to a subsequence
Wwj = Wee  in HYy(M).

Furthermore, recalling that H,(M) < L"(M) is compact, we have

Wj = Weo in L"(M),
wj(0) = wee(0) for ae. 0 € M

as j — oo. Now, from (6.34), Lemma (7) and the Minkowski inequality it follows

25 oof (wj)l
o< o llof (Wi)ll o pny
CAktnt [y
r—1
(/ [a(o) (2e|wj|+rAT|w,|" )] T dvg) '
< (6.38)
[
” r—1 r:l
4e (f/vl a(o)™T|w;| T dvg) + 21 AS (fM T w;|" dvg)
- [

Recalling that the embedding H{,(M) < L*(M) is continuous for every s € [2,2*] we
deduce from (/6.38]) that

20

0< —
CAgthtt

<C (2e + A5 ||w;||"72) (6.39)

for some optimal C' > 0. With similar estimates, it is straightforward to check that

(o) f(w;(0))| 7T < Cfla(o)| 7T +C5|w;(0)|"

and

(0 F (w;(0))|< C5lw;(0)P+CFw; (o)

choosing adequately Cf, C5, C5, C; > 0. Hence, the general Lebesgue dominated conver-
gence Theorem [101l Section 4.4, Theorem 19| implies

lim oz(cr)F(wj(cr))dvg:/ a(o)F(we(0)) dug (6.40)
j—oo Jag M
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and
lim [ Ja(o)f(w;(0)[= dvy = /M|a<o>f<woo<a>>|r’“1 o, (6.41)

J—00 M

Coupling and , keeping into account (f3), we see that we, = 0 is the only
admissible case. At this point, only two possible scenarios are possible. The first one is
that w; — 0 in H{,(M), but if that were true, letting j — oo, utilizing , then we
would have

20

— 2 <2C
CAiyhe1 —

0<

which is impossible since € > 0 is arbitrary. The second one is that there exist n > 0
such that ||w;||> n for each j € N. In this case, firstly we notice that from we, = 0 and
£(0) =0 it follows

lim [ |a(o) f(w;(e))][7T dvg = 0. (6.42)
Jj—oo J g

Then, thanks to (6.42)), (6.34) becomes
20m
Akth+1

0< <0,

which is clearly a contradiction. ]

In the sequel, given a closed subspace Y of H{,(M) we will denote with Py: H{,(M) —
Y the usual orthogonal projection.

Proposition 6.15. Suppose f satisfies (f1) — (f3), X € R and let (wj); C H{,(M) be a
sequence such that

(Ja(wy)); is bounded (6.43)
Px,wj — 0 in Hy(M) (6.44)
Px,ax, VI (w;) = 0 in Hiy(M). (6.45)

Then (w;); is bounded in Hi(M).
Proof. We argue by contradiction, and we suppose that
|wj]|— oo (6.46)

as j — oo. Normalizing we assume up to a subsequence

Wy oyl
— Wo in Hyy (M)
[l v
and w:
—J 5 we  in LY(M) (6.47)
s

as j — oo for all s € [2,2%).
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Clearly, we can write
wj = Px,w; + Px,px;W; (6.48)

with Px,w; — 0. Recalling , and we have
(Pxi0x; VA (wj), wj) = (VIx(wj), ws) = (Px, VI (w;), w))
— oy 2=l 2 p— /M a(o) f(wy(0))w;(0) dvy  (6.49)
—(Px, (wj — Syt Qwj + af (wy))) s wy)
By orthogonality we get
(Px,w,v) = (Px,w, Px,0x,v + Px,v) = (Px,w, Px,v)

and
<U), PX2U> = <PX1€9X3w + Px,w, PX2U> = <PX2w7 PX2U>

for every w,v € HJ,(M), which means that Px, is a symmetric operator. In virtue of
that, we have

(Px, (wj = 8" (Awj + af (wy))) ,ws) = || Pxywy||*=A(Sy 'wy, Px,w;)
— (S, (af(wy)) , Px,wj). (6.50)

Recalling (6.4]) we get
MPxyws, Sy wg) + (Pxywy, Syt (af (w))))

= )\||PX2wj||%2(M)+ /M a(o) f(wj(o))Px,wj(o) dvg (6.51)

Inserting (6.50) and (6.51]) in (6.49) we obtain

(Pxyox, V() w5) = 2 (1w;) + 2 / (o) P(w;(0)) dvg
M
Py PN Py 2 0~ /M (o) f (w; (0))w;(0) dv

+ [ alo)rwi(o) Pryu(o) do, (6.52)
M

Reordering the terms in (6.52) and using (6.43), (6.44), (6.45) and (6.46) we get

1
ol (2 /M () F(w;()) dv, - /M o(0) f(w; (0))w;(0) dv,
—|—/M a(o) f(wj(o))Px,w; dvg) —0 (6.53)
as j — o0.
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Clatm: wse =0
We first need to show

—0 (6.54)

as j — 0o. As a first step, observe that all eigenfunctions are bounded by [44] Theorem
3.1]. Moreover, having X5 finite dimension, all norms are equivalent. Therefore, from

(6.44) it follows that

1 Px,w;ll oo (pg) = 0
as j — oo. Then, from Lemmal6.8] (¢)

%Aﬂ@wwm+mwxwmwwﬁmwmrw@

<
[Jw;lI"

Applying the Hélder inequality twice and recalling HJ,(M) < L*(M) it follows

eCllalliany "ATIPR =0l o 15 e

[Jw; |7~ [[w |
for some C' > 0. Now, the validity of (6.54)) follows from the boundedness of the sequence
w;/||w;|| in L"(M). In virtue of (6.54)), combining (6.43)) with (f3), we obtain

2 [ al)Fluy(o) oy~ [ afo)f(us(o))us(o)dv,

[l "

o(1) =

from which we deduce
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At this point, Lemma (#i7) implies

/M a(o)|w;|" dv, ) Adllel| 1 1
[Jw; [l — Asllws As||w; ||

/ (o) F(wy (o)) dv,.
M

Combining this with (6.56])) we get that a(o)|w;(o)|"—= 0 a.e. in M as j — oo, but then
the claim follows because of the positivity a.e of a. Now, we observe that

I(w;) 1 Al wy 1 /
0 =-—= - — a(o)F(wj(o)) dvg.
usl? 2 2| ol ey~ TP S
Recalling w;/||wj||— 0 in L?(M) we obtain
! / (o) F(w; (o)) dv, — (6.57)
— o (o = .
Tas? Jua o)) dvg = 5

as j — oo. Furthermore, from Lemma (131) it follows

1
s 2

Agllel| L 1 /
al(o)|w; ()| dv, < + a(o)F(w;i(o))dv,. (6.58
|, oo dny < SR 4 [ ato) o)) v (65

Because of (6.57)), the second member of (6.58) is bounded and so there exist a C' > 0
such that

[ a@lus@)r o, < gl (6.59)
M

At this point, applying Lemma (i), the Holder inequality and (6.59), we notice

| Pxcyw; || oo (an)
[Jw;?

1 r—1 .
(A2\|a\|L1<M>+A5 /M\a<o>|r|a<a>| 2wy ()] )

r—1

1 A r
sl sl [ [, a@ st g

[Jwj 2 ;|7 [Jw; ][>

< || Pxyw;|| pee

~1-1 1
Al AC Tllallziag

[[w;|? lJw; |7

< || Pxywj| Lo

which implies

lim M : =0. (6.60)
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Dividing (6.52) by ||w;||* and using (6.43)), (6.44), (6.45) and (6.60) we get

oz (L a@rte) dn — [ a@iwe)u )i, ) o

as j — 00. To conclude the proof, we argue as did in (6.55|) to obtain

1
lim - [ a(o)F(wj(o))dvy = 0. (6.61)
J—00 2 M
Clearly, (6.57)) and (6.61)) are not compatible. O

Proposition 6.16. Assume f satisfies (f1) — (f3). For any o > 0 there exists n, > 0
such that for any n',n" € (0,n,), with n' < 1" we have that V (Jx, X1 ® Xs3,7',n") is
verified for all A € (Ag—1 + 0, \ktht1 — 0).

Proo]f. By contradiction, we suppose that there is ¢ > 0 such that for any 1z > 0 we can
find A € [M\g_1 + 0, \eans1 — 0) and ' <’ such that

(v) (JS\a Xl @ X?n 7],7 T]”)
does not hold. If so, it is possible to find a sequence (w;); C H{-(M) such that
J5(wy) € [0, 1"]
dist(w;, X1 @ X3) =0 as j — oo (6.62)
Px,ex;VJ;(w;) =0 as j — oo. (6.63)

Because of that, Proposition can be applied, thus (w;); is bounded in H{(M).
Hence, up to a subsequence,

w; — Wee  in H{(M) (6.64)

Wj = Weo in L*(M) for all s € [2,2%) (6.65)
wj(o) = we(0) a.ein M
as j — oo. Now, arguing as we did to obtain ([6.36)), we can find Ai, ;1; > 0 such that

[ 1) £y @) dvg < 25+ 25 [ fus(o)r d,
M M
Since w;j — wao in L"(M) there is C' > 0 such that
/ (o) f (w; ()| 7T dv, < C.
M
Then, recalling that S, lisa compact operator,

Pyiox, 57" (Aws +af(w))) = Priax, 57" (Awae + af(ws)) . (6.66)
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Recalling , we have
Px,ax; VI (w)) = wj — Px,w; — Py e x, 5" (S\wj + ozf(wj)) .
Since that, , and we deduce
w; — Px,ox, S‘;l <5\woo + af(woo))

in H{-(M) as j — co. Now, on the one hand, from (6.5) and (6.63) it follows

(VI3 (w)), ) = (wj, @) = Nwj, @) 12 (m) — /M a(o) f(wj(@))p(a) dvg =0 (6.67)
for any ¢ € X1 @ X3 as j — oo. O
On the other hand, from (6.64) and (6.65)) we also have

(VI5(w)), ) = (woo, ) = Mwso, ) p2(m) — /M a(o)f(wj(o))p(o) dv, — (6.68)

for any ¢ € X7 ® X3. Coupling and we get that wy is a critical point for
J; constrained on X; @ X3. Then, we can apply Proposition @ to obtain ws = 0.
But, since J(w;) > 1, wj = woo in H{,(M), exploiting the continuity of J5, we obtain
J5(weo) > 0. This is a contradiction, as J5(0) = 0.

6.4 Proof of Theorem [6.4]

We begin with a technical result.
Lemma 6.17. If f verifies (f1)—(f3) then

lim sup Jy(w)=0
>\—>>\k weEk+h

Proof. We start noticing that from Lemma (131) it follows
li = —
D Alew) = oo

for all w € Egqp, thus
sup Jy(w) is achieved.

weL
Now, by contradiction we suppose there is a sequence 7; — Ay as j — oo and a sequence
(wj)j C FEj4p such that

Jr(wj) = sup Jy(w)>7y (6.69)

weEL 1 p

for some v > 0. We split the proof analyzing separately the case (w;); bounded and
unbounded. In the first one, since the weak and the strong topology coincide, we can
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6.4 Proof of Theorem

SuUppose w; — Weo i K1 p. In order to reach a contradiction, keeping into account
and letting j — oo, it suffices to apply Lemma to obtain

Y < J/\,C (woo) = (/\k+h - >\k) - / OJ(O')F(wOO(O')) dvg < 0.
M
Instead, if (w;); is unbounded, we can assume [jw;||— oo as j — oo. From Lemma
(%) it follows

1 T;
0 <y < Jpy(wy) < §Hwy'Hz—gJijHia(M)—Asij'\I’Lr(M)+A4!!a!!L1(M)-

Exploiting again the fact that on the finite-dimensional subspace Ej i all norms are
equivalent, the right-hand side of the above inequality goes to —oo concluding the proof.
O

Proof of Theorem[6.4. We want to apply [77, Theorem 2.10]. We start choosing o > 0.
In correspondence of that, thanks to Proposition there are n,,7,n” > 0, with
n' < n"” < n,such that V (Jy, X1 @ X3,n',n") is verified for all A € (A\g—14 0, Akt-ht1—0)-
Exploiting Lemma, we also have the existence of g > 0, with g < p such that

sup Jy(w) <7/
WEF,yp,

for A € (Ay — 0, \i). At this point, recalling Propositions and all hypothesis of
Theorem 2.10 in [77] are satisfied, and we have the existence of two non-trivial critical
points w; and we such that

Inw;) € [n',n"]  (i=1,2).

The third critical point ws is a consequence of the classical Linking Theorem. Further-
more, from Lemma [6.17], choosing A sufficiently close to A, we can see that

In(w;) < sup  Jy(w) < Jy(ws), (i=1,2)

wEL,

proving that wy, we, ws are distinct. ]

111






Bibliography

1]

2]

3]

[4]

[5]

(6]

7]

8]

19]

[10]

[11]

[12]

C. O. Alves, F. J. S. A. Corréa, and T. F. Ma. Positive solutions for a quasilinear
elliptic equation of Kirchhoff type. Comput. Math. Appl., 49(1):85-93, 2005.

A. Ambrosetti and A. Malchiodi. Nonlinear analysis and semilinear elliptic prob-
lems, volume 104 of Cambridge Studies in Advanced Mathematics. Cambridge
University Press, Cambridge, 2007.

A. Ambrosetti and P. H. Rabinowitz. Dual variational methods in critical point
theory and applications. J. Funct. Anal., 14:349-381, 1973.

V. Ambrosio. Multiple solutions for a fractional p-Laplacian equation with sign-
changing potential. Electron. J. Differ. Equ., 2016:12, 2016. Id/No 151.

V. Ambrosio and T. Isernia. Multiplicity and concentration results for some nonlin-
ear Schrodinger equations with the fractional p-Laplacian. Discrete Contin. Dyn.
Syst., 38(11):5835-5881, 2018.

V. Ambrosio and T. Isernia. On the multiplicity and concentration for p-fractional
Schrodinger equations. Appl. Math. Lett., 95:13-22, 2019.

V. Ambrosio, T. Isernia, and V. D. Radulescu. Concentration of positive solutions
for a class of fractional p-Kirchhoff type equations. Proc. Roy. Soc. Edinburgh Sect.
A, 151(2):601-651, 2021.

G. Anello and G. Cordaro. Infinitely many arbitrarily small positive solutions for
the Dirichlet problem involving the p-Laplacian. Proc. Roy. Soc. Edinburgh Sect.
A, 132(3):511-519, 2002.

D. Applebaum. Lévy processes—from probability to finance and quantum groups.
Notices Amer. Math. Soc., 51(11):1336-1347, 2004.

L. Appolloni, G. M. Bisci, and S. Secchi. Multiple solutions for Schrédinger equa-
tions on Riemannian manifolds via V-theorems. arXiv:2203.08/82.

L. Appolloni, A. Fiscella, and S. Secchi. A perturbed fractional p-kirchhoff problem
with critical nonlinearity. Asymptotic Analysis, 2022.

L. Appolloni, G. Molica Bisci, and S. Secchi. On critical Kirchhoff problems driven
by the fractional Laplacian. Calc. Var. Partial Differential Equations, 60(6):Paper
No. 209, 23, 2021.

113



Bibliography

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

23]

[24]

[25]

[26]

114

L. Appolloni, G. Molica Bisci, and S. Secchi. Schrédinger equation on cartan-
hadamard manifolds with oscillating nonlinearities. Journal of Mathematical Anal-
ysis and Applications, page 126853, 2022.

L. Appolloni and S. Secchi. Normalized solutions for the fractional NLS with mass
supercritical nonlinearity. J. Differential Equations, 286:248-283, 2021.

T. Aubin. Nonlinear analysis on manifolds. Monge-Ampére equations, volume 252.
Springer, Berlin, 1982.

T. Bartsch and S. de Valeriola. Normalized solutions of nonlinear Schrédinger
equations. Arch. Math. (Basel), 100(1):75-83, 2013.

T. Bartsch and N. Soave. A natural constraint approach to normalized solutions of
nonlinear Schrodinger equations and systems. J. Funct. Anal., 272(12):4998-5037,
2017.

J. Bellazzini, L. Jeanjean, and T. Luo. Existence and instability of standing waves
with prescribed norm for a class of Schrodinger-Poisson equations. Proc. Lond.
Math. Soc. (3), 107(2):303-339, 2013.

V. Benci and D. Fortunato. Discreteness conditions of the spectrum of Schrodinger
operators. J. Math. Anal. Appl., 64:695-700, 1978.

H. Berestycki and P.-L. Lions. Nonlinear scalar field equations. I. Existence of a
ground state. Arch. Rational Mech. Anal., 82(4):313-345, 1983.

H. Berestycki and P.-L. Lions. Nonlinear scalar field equations. II. Existence of
infinitely many solutions. Arch. Rational Mech. Anal., 82(4):347-375, 1983.

F. A. Berezin and M. A. Shubin. The Schrédinger equation, volume 66 of Mathe-
matics and its Applications (Soviet Series). Kluwer Academic Publishers Group,
Dordrecht, 1991. Translated from the 1983 Russian edition by Yu. Rajabov, D. A.
Leites and N. A. Sakharova and revised by Shubin, With contributions by G. L.
Litvinov and Leites.

G. M. Bisci and P. F. Pizzimenti. Sequences of weak solutions for non-local el-
liptic problems with Dirichlet boundary condition. Proc. Edinb. Math. Soc. (2),
57(3):779-809, 2014.

G. M. Bisci, D. Repovs, and L. Vilasi. Existence results for some problems on
Riemannian manifolds. Comm. Anal. Geom., 28(3):677-706, 2020.

J. Bourgain, H. Brezis, and P. Mironescu. Another look at Sobolev spaces. In
Optimal control and partial differential equations, pages 439—455. 10S, Amsterdam,
2001.

L. Brasco and E. Lindgren. Higher Sobolev regularity for the fractional p-Laplace
equation in the superquadratic case. Adv. Math., 304:300-354, 2017.



[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

Bibliography

L. Brasco, S. Mosconi, and M. Squassina. Optimal decay of extremals for the
fractional Sobolev inequality. Calc. Var. Partial Differential Equations, 55(2):Art.
23, 32, 2016.

H. Brezis. Functional analysis, Sobolev spaces and partial differential equations.
Universitext. Springer, New York, 2011.

H. Brezis and F. Browder. Partial differential equations in the 20th century. Adv.
Math., 135(1):76-144, 1998.

H. Brézis and E. Lieb. A relation between pointwise convergence of functions and
convergence of functionals. Proc. Amer. Math. Soc., 88(3):486-490, 1983.

M. R. Bridson and A. Haefliger. Metric spaces of non-positive curvature, volume
319 of Grundlehren der mathematischen Wissenschaften [Fundamental Principles
of Mathematical Sciences|. Springer-Verlag, Berlin, 1999.

L. Caffarelli. Non-local diffusions, drifts and games. In Nonlinear partial differential
equations, volume 7 of Abel Symp., pages 37-52. Springer, Heidelberg, 2012.

L. Caffarelli and L. Silvestre. An extension problem related to the fractional Lapla-
cian. Comm. Partial Differential Equations, 32(7-9):1245-1260, 2007.

L. Caffarelli and E. Valdinoci. Uniform estimates and limiting arguments for non-
local minimal surfaces. Calc. Var. Partial Differential Equations, 41(1-2):203—-240,
2011.

M. Cencelj, I. Faragd, R. Horvath, and D. D. Repovs. On nonlinear Schrédinger
equations on the hyperbolic space. J. Math. Anal. Appl., 492(2):124516, 12, 2020.

X. Chang and Z.-Q. Wang. Ground state of scalar field equations involving a
fractional Laplacian with general nonlinearity. Nonlinearity, 26(2):479-494, 2013.

K. Ching Chang. Infinite dimensional Morse theory and multiple solution problems,
volume 6. Boston: Birkh&auser, 1993.

S. Cingolani, M. Gallo, and K. Tanaka. Normalized solutions for fractional non-
linear scalar field equations via Lagrangian formulation. Nonlinearity, 34(6):4017—
4056, 2021.

F. del Teso, D. Gomez-Castro, and J. L. Vazquez. Three representations of the

fractional p-Laplacian: semigroup, extension and Balakrishnan formulas. Fract.
Cale. Appl. Anal., 24(4):966-1002, 2021.

A. Di Castro, T. Kuusi, and G. Palatucci. Local behavior of fractional p-minimizers.
Ann. Inst. H. Poincaré Anal. Non Linéaire, 33(5):1279-1299, 2016.

E. Di Nezza, G. Palatucci, and E. Valdinoci. Hitchhiker’s guide to the fractional
Sobolev spaces. Bull. Sci. Math., 136(5):521-573, 2012.

115



Bibliography

[42]

[43]

[44]

[45]

[46]

147]

48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

116

M. P. a. do Carmo. Riemannian geometry. Mathematics: Theory & Applications.
Birkh&user Boston, Inc., Boston, MA, 1992. Translated from the second Portuguese
edition by Francis Flaherty.

M. Du, L. Tian, J. Wang, and F. Zhang. Existence of normalized solutions for
nonlinear fractional Schrodinger equations with trapping potentials. Proc. Roy.
Soc. Edinburgh Sect. A, 149(3):617-653, 2019.

F. Faraci and C. Farkas. A characterization related to Schrédinger equations on
Riemannian manifolds. Commun. Contemp. Math., 21(8):1850060, 24, 2019.

F. Faraci and K. Silva. On the Brezis-Nirenberg problem for a Kirchhoff type
equation in high dimension. Calc. Var. Partial Differential Equations, 60(1):22,
2021.

C. Farkas and A. Kristaly. Schrodinger-Maxwell systems on non-compact Rieman-
nian manifolds. Nonlinear Anal. Real World Appl., 31:473-491, 2016.

B. Feng, J. Ren, and Q. Wang. Normalized ground states for the fractional non-
linear Schrodinger equations. arXiv e-prints, page arXiv:1907.03433, July 2019.

A. Fiscella and E. Valdinoci. A critical Kirchhoff type problem involving a nonlocal
operator. Nonlinear Anal., 94:156-170, 2014.

G. Franzina and G. Palatucci. Fractional p-eigenvalues. Riv. Math. Univ. Parma
(N.S.), 5(2):373-386, 2014.

N. Ghoussoub. Duality and perturbation methods in critical point theory, volume
107 of Cambridge Tracts in Mathematics. Cambridge University Press, Cambridge,
1993. With appendices by David Robinson.

P. Habets, R. Manésevich, and F. Zanolin. A nonlinear boundary value problem
with potential oscillating around the first eigenvalue. J. Differential Equations,
117(2):428-445, 1995.

E. Hebey. Sobolev spaces on Riemannian manifolds, volume 1635 of Lecture Notes
i Mathematics. Springer-Verlag, Berlin, 1996.

E. Hebey. Introduction a l'analyse non linéaire sur les variétés. Paris: Diderot
Editeur, 1997.

E. Hebey. Nonlinear analysis on manifolds: Sobolev spaces and inequalities, vol-
ume 5. Providence, RI: American Mathematical Society (AMS); New York, NY:
Courant Institute of Mathematical Sciences, New York Univ., 2000.

D. Hoffman and J. Spruck. Sobolev and isoperimetric inequalities for Riemannian
submanifolds. Comm. Pure Appl. Math., 27:715-727, 1974.



[56]

[57]

[58]

[59]

[60]

[61]

[62]

[63]

[64]

[65]

[66]

[67]

|68]

[69]

[70]

Bibliography

A. Tannizzotto, S. Mosconi, and M. Squassina. Global Holder regularity for the
fractional p-Laplacian. Rev. Mat. Iberoam., 32(4):1353-1392, 2016.

L. Jeanjean. Existence of solutions with prescribed norm for semilinear elliptic
equations. Nonlinear Anal., 28(10):1633-1659, 1997.

L. Jeanjean and S.-S. Lu. A mass supercritical problem revisited. Calc. Var. Partial
Differential Equations, 59(5):174, 2020.

L. Jeanjean and T. Luo. Sharp nonexistence results of prescribed L?-norm solutions
for some class of Schrédinger-Poisson and quasi-linear equations. Z. Angew. Math.
Phys., 64(4):937-954, 2013.

G. Kirchhoff. Vorlesungen iiber mathematische Physik. Erster Band: Mechanik.
Vierte Auflage. Herausgegeben von W. Wien. Mit 18 Figuren im Text. Leipzig: B.
G. Teubner. X und 464 S. gr. 8°, 1897.

A. Kristaly. Asymptotically critical problems on higher-dimensional spheres. Dis-
crete Contin. Dyn. Syst., 23(3):919-935, 2009.

A. Kristaly. New geometric aspects of Moser-Trudinger inequalities on Riemannian
manifolds: the non-compact case. J. Funct. Anal., 276(8):2359-2396, 2019.

S. Lang. Fundamentals of differential geometry, volume 191 of Graduate Texts in
Mathematics. Springer-Verlag, New York, 1999.

N. Laskin. Fractional Schrodinger equation. Phys. Rev. E (3), 66(5):056108, 7,
2002.

J. M. Lee. Introduction to smooth manifolds, volume 218 of Graduate Texts in
Mathematics. Springer, New York, second edition, 2013.

G. Li and X. Luo. Existence and multiplicity of normalized solutions for a class of
fractional Choquard equations. Sci. China Math., 63(3):539-558, 2020.

M. Li, J. He, H. Xu, and M. Yang. Normalized solutions for a coupled fractional
Schrédinger system in low dimensions. Bound. Value Probl., pages Paper No. 166,
29, 2020.

E. H. Lieb. Sharp constants in the Hardy-Littlewood-Sobolev and related inequal-
ities. Ann. of Math. (2), 118(2):349-374, 1983.

E. Lindgren and P. Lindqvist. Fractional eigenvalues. Calc. Var. Partial Differential
Equations, 49(1-2):795-826, 2014.

P.-L. Lions. Symétrie et compacité dans les espaces de Sobolev. J. Functional
Analysis, 49(3):315-334, 1982.

117



Bibliography

[71]

[72]

73]

[74]

[75]

[76]

7]

78]

[79]

[80]

[81]

[82]

[33]

[84]

118

P.-L. Lions. The concentration-compactness principle in the calculus of variations.
The locally compact case. I. Ann. Inst. H. Poincaré Anal. Non Linéaire, 1(2):109—
145, 1984.

P.-L. Lions. The concentration-compactness principle in the calculus of variations.
The locally compact case. II. Ann. Inst. H. Poincaré Anal. Non Linéaire, 1(4):223~
283, 1984.

P.-L. Lions. The concentration-compactness principle in the calculus of variations.
The limit case. I. Rev. Mat. Iberoamericana, 1(1):145-201, 1985.

P.-L. Lions. The concentration-compactness principle in the calculus of variations.
The limit case. II. Rev. Mat. Iberoamericana, 1(2):45-121, 1985.

H. Luo and Z. Zhang. Normalized solutions to the fractional Schréodinger equations
with combined nonlinearities. Calc. Var. Partial Differential Equations, 59(4):Pa-
per No. 143, 35, 2020.

M. Marcus and V. J. Mizel. Every superposition operator mapping one Sobolev
space into another is continuous. J. Functional Analysis, 33(2):217-229, 1979.

A. Marino and C. Saccon. Some variational theorems of mixed type and elliptic
problems with jumping nonlinearities. volume 25, pages 631-665 (1998). 1997.
Dedicated to Ennio De Giorgi.

J. Mawhin and M. Willem. Critical point theory and Hamiltonian systems, vol-
ume 74. New York etc.: Springer-Verlag, 1989.

R. Metzler and J. Klafter. The restaurant at the end of the random walk: recent
developments in the description of anomalous transport by fractional dynamics. J.
Phys. A, 37(31):R161-R208, 2004.

A. M. Micheletti, A. Pistoia, and C. Saccon. Three solutions of a fourth order
elliptic problem via variational theorems of mixed type. Appl. Anal., 75(1-2):43~
59, 2000.

X. Mingqi, G. Molica Bisci, G. Tian, and B. Zhang. Infinitely many solutions for the
stationary Kirchhoff problems involving the fractional p-Laplacian. Nonlinearity,
29(2):357-374, 2016.

G. Molica Bisci, D. Mugnai, and R. Servadei. On multiple solutions for nonlocal
fractional problems via V-theorems. Differential Integral Equations, 30(9-10):641—
666, 2017.

G. Molica Bisci and P. Pucci. Nonlinear problems with lack of compactness, vol-
ume 36 of De Gruyter Ser. Nonlinear Anal. Appl. Berlin: De Gruyter, 2021.

G. Molica Bisci, V. D. Radulescu, and R. Servadei. Variational methods for nonlocal
fractional problems, volume 162. Cambridge: Cambridge University Press, 2016.



[85]

[36]

[87]

[33]

[89]

[90]

[91]

[92]

193]

[94]

[95]

[96]

[97]

(98]

Bibliography

G. Molica Bisci and V. D. Radulescu. On the nonlinear Schrédinger equation on
the Poincaré ball model. Nonlinear Anal., 201:111812, 18, 2020.

G. Molica Bisci and S. Secchi. Elliptic problems on complete non-compact Rie-
mannian manifolds with asymptotically non-negative Ricci curvature. Nonlinear

Anal., 177(part B):637-672, 2018.

G. Molica Bisci and L. Vilasi. Isometry-invariant solutions to a critical problem on
non-compact Riemannian manifolds. J. Differential Equations, 269(6):5491-5519,
2020.

D. R. Moreira and E. V. Teixeira. On the behavior of weak convergence under
nonlinearities and applications. Proc. Amer. Math. Soc., 133(6):1647-1656, 2005.

S. Mosconi, K. Perera, M. Squassina, and Y. Yang. The Brezis-Nirenberg problem
for the fractional p-Laplacian. Calc. Var. Partial Differential Equations, 55(4):Art.
105, 25, 2016.

S. Mosconi and M. Squassina. Nonlocal problems at nearly critical growth. Non-
linear Anal., 136:84-101, 2016.

D. Mugnai. Multiplicity of critical points in presence of a linking: application to
a superlinear boundary value problem. NoDEA Nonlinear Differential Equations
Appl., 11(3):379-391, 2004.

D. Mugnai. Four nontrivial solutions for subcritical exponential equations. Calc.
Var. Partial Differential Equations, 32(4):481-497, 2008.

P. Omari and F. Zanolin. Infinitely many solutions of a quasilinear elliptic problem
with an oscillatory potential. Comm. Partial Differential Equations, 21(5-6):721—
733, 1996.

R. S. Palais. The principle of symmetric criticality. Comm. Math. Phys., 69(1):19—
30, 1979.

G. Palatucci and A. Pisante. Improved Sobolev embeddings, profile decomposition,
and concentration-compactness for fractional Sobolev spaces. Calc. Var. Partial
Differential Equations, 50(3-4):799-829, 2014.

K. Perera, M. Squassina, and Y. Yang. Bifurcation and multiplicity results for
critical fractional p-Laplacian problems. Math. Nachr., 289(2-3):332-342, 2016.

A. Pistoia. An application of a variational theorem of mixed type to a superlinear
elliptic problem. J. Math. Anal. Appl., 237(1):303-319, 1999.

H. Poincaré. Sur les equations aux dérivées partielles de la physique mathématique.
American Journal of Mathematics, 12(3):211-294, 1890.

119



Bibliography

[99]

[100]

[101]

[102]

[103]

[104]

[105]

[106]

[107]

[108]

[109]

[110]

[111]

[112]

120

P. Pucci, M. Xiang, and B. Zhang. Multiple solutions for nonhomogeneous
Schrodinger-Kirchhoff type equations involving the fractional p-Laplacian in RY.
Calc. Var. Partial Differential Equations, 54(3):2785-2806, 2015.

P. H. Rabinowitz. Minimax methods in critical point theory with applications to dif-
ferential equations, volume 65 of CBMS Regional Conference Series in Mathemat-
1cs. Published for the Conference Board of the Mathematical Sciences, Washington,
DC; by the American Mathematical Society, Providence, RI, 1986.

H. Royden and P. M. Fitzpatrick. Real analysis. New York, NY: Prentice Hall,
2010.

S. Secchi. Ground state solutions for nonlinear fractional Schrédinger equations in
RN. J. Math. Phys., 54(3):031501, 17, 2013.

R. Servadei and E. Valdinoci. Mountain pass solutions for non-local elliptic oper-
ators. J. Math. Anal. Appl., 389(2):887-898, 2012.

R. Servadei and E. Valdinoci. Variational methods for non-local operators of elliptic
type. Discrete Contin. Dyn. Syst., 33(5):2105-2137, 2013.

L. Skrzypczak and C. Tintarev. A geometric criterion for compactness of invariant
subspaces. Arch. Math. (Basel), 101(3):259-268, 2013.

M. Stanislavova and A. Stefanov. Ground states for the nonlinear schrédinger
equation under a general trapping potential. Journal of Fvolution Equations, 2020.

M. Struwe. Variational methods, volume 34 of Ergebnisse der Mathematik und threr
Grenzgebiete (3) [Results in Mathematics and Related Areas (3)]. Springer-Verlag,
Berlin, second edition, 1996. Applications to nonlinear partial differential equations
and Hamiltonian systems.

H. T. Tehrani. A multiplicity result for the jumping nonlinearity problem. J.
Differential Equations, 188(1):272-305, 2003.

K. Tintarev and K.-H. Fieseler. Concentration compactness. Imperial College Press,
London, 2007. Functional-analytic grounds and applications.

N. T. Varopoulos. Small time Gaussian estimates of heat diffusion kernels. I. The
semigroup technique. Bull. Sci. Math., 113(3):253-277, 1989.

A. S. Vasudeva Murthy. On the string equation of Narasimha. In Connected at
infinity. II, volume 67 of Texts Read. Math., pages 58—-84. Hindustan Book Agency,
New Delhi, 2013.

M. Xiang, B. Zhang, and M. Ferrara. Existence of solutions for Kirchhoff type
problem involving the non-local fractional p-Laplacian. J. Math. Anal. Appl.,
424(2):1021-1041, 2015.



Bibliography

[113] M. Xiang, B. Zhang, and V. D. Radulescu. Superlinear Schrodinger-Kirchhoff type
problems involving the fractional p-Laplacian and critical exponent. Adv. Nonlinear
Anal., 9(1):690-709, 2020.

[114] T. Yang. Normalized solutions for the fractional Schrédinger equation with a
focusing nonlocal L?-critical or L?-supercritical perturbation. J. Math. Phys.,
61(5):051505, 26, 2020.

[115] M. Zhen, B. Zhang, and V. D. Radulescu. Normalized solutions for nonlinear cou-
pled fractional systems: low and high perturbations in the attractive case. Discrete
Contin. Dyn. Syst., 41(6):2653-2676, 2021.

[116] W. Zou and M. Schechter. Critical point theory and its applications. New York,
NY': Springer, 2006.

121



	Acknowledgements
	Introduction
	Mathematical background
	Fractional Sobolev spaces
	Fractional Laplacian
	Elements of Riemannian geometry
	Curvature
	Sobolev spaces on Riemannian manifolds

	Normalized solutions for the fractional NLS with mass supercritical nonlinearity
	Preliminary results
	Properties of the map m ↦E_m
	Ground-states
	Existence of radial solutions

	A perturbed fractional p-Kirchhoff problem with critical nonlinearity
	Abstract framework and preliminary results
	Weakly sequentially lower semicontinuity and validity of the Palais-Smale
	The perturbed problem

	Schrödinger equation on Cartan-Hadamard manifolds with oscillating nonlinearities
	Abstract framework
	Oscillation at the origin
	Oscillations at infinity

	Multiple solutions for Schrödinger equations on Riemannian manifolds via ∇-theorems
	A setting for (P_λ)
	Geometry of the ∇-Theorem
	Validity of the (∇)-condition
	Proof of Theorem 6.4

	Bibliography

