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1 Proof of Lemma 2

Besides the five possible configurations already listed in the proof of Lemma 1, the multi-labeled
model admits four additional configurations, due to the extension of the definition of LCA of two
labels. In the first three additional cases, two labels are assigned to the same node and the third
one to a different one. Withouth loss of generality, suppose that a and b label the same node. These
cases are: (i) LCA(a, b) = LCA(b, c) = LCA(a, c) and the LCA is a node in {a, b, c}, (ii) LCA(a, b) 6=
LCA(b, c) = LCA(a, c) and both LCA are nodes in {a, b, c}, and (iii) LCA(a, b) 6= LCA(b, c) = LCA(a, c)
and only LCA(a, b) is a node in {a, b, c}. The remaining case (iv) is the simplest one in which a, b,
c label the same node of T , implying that LCA(a, b) = LCA(b, c) = LCA(a, c).

Figure 2 in the main text reports cases (i) to (iv) from left to right.

2 Experimental comparison of MP3

We show here an experimental comparison of the different versions of MP3, demonstrating the reason
we decided to use MP3 σ as our default measure. We show in Figure S1 (a) that MP3 σ combines
the best aspect of MP3 ∩ and MP3 ∪ while MP3 G is, as expected, the average of the two. The same
result can be seen in Figure S1 (b), while Figure S1 (c) display the effect of the sigmoid, where as
the trees become less similar the value move towards the union.
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Figure S1: (a) Heatmaps displaying the scores between all the 150 simulate trees from the second
experimental setting. (b) Distribution of the similarities between the trees in the same class (Intra-
similarity) and in different classes (Inter-similarity) for the 5 classes. (c) Effect of label duplication
on the similarity scores. Similarities are the average of 15 trees generate from the same base with
the specified value of maximum duplication from the previous experiment.

3 Effect of label sliding

We present a comparison of the measure in the case of a label sliding from left to right on the
lowest level of a binary tree. The trees are compared against the first tree T0. When the label
slide to the same subtree no difference is found for all measure, as expected. On the other hand
we show a higher decrease in similarity for MP3 with respect to the other measure as the label
slides. Interestingly for the last two trees CASet and DISC collapse to the same value showing no
difference between the two. MLTD express very little difference between the last four trees.
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Figure S2: Effect of a label sliding from left to right on the lowest level of a binary tree.

4 Base tree for poly-occurring label experiment
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Figure S3: Base tree used for evaluating the effect of poly-occurring labels on the similarity scores.
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5 Base trees for Exp1 and Exp2
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Figure S4: Base trees used in Experiments 1 and 2.
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6 Base trees for Clustering experiment
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Figure S5: Base trees used in the clustering experiment. Tree 4 is a perturbation of Tree 3 and
Tree 5 is a perturbation of Tree 1.
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7 Trees for real data experiment

1:86047115, 1:214816224, 2:119751996, 
2:128466334, 3:10183865, 3:45000715,

3:134268978, 4:44709934, 6:117841041,
8:73849748, 10:88451726, 13:114566625,
17:42431756, 17:45696476, 17:79632553

1:42048662, 1:149903893, 2:38525435,
3:52595839, 6:132966457, 0:73464783,

10:87407144, 15:65489101, 19:17652964
8:113349840, 19:51219681

3:33099620, 3:52437750, 7:154561175,
8:131140197, 10:104590461, 5:127728882,

8:105263327

3:4878510, 4:10445618, 7:138313028, 
10:24820837, 20:30497690

2:80136761, 3:126226811, 
19:2226271, 20:41419958

11:6292024, 12:133358952, 22:21328822, 
18:18608851, 5:127728882-, 1:214816224-

3:49688508, 4:3189513, 8:17827164, 
8:110588046, 11:5221789, 12:40114846, 
17:7577018, 18:48513396, 8:105263327-

1:86047115, 2:119751996, 2:128466334, 3:45000715, 3:134268978, 
4:44709934, 6:117841041, 8:73849748, 10:88451726, 13:114566625, 

17:45696476, 17:79632553

8:113349840, 19:51219681
1:42048662, 1:149903893, 2:38525435, 

3:52595839, 6:132966457, 10:73464783, 
10:87407144, 15:65489101, 19:17652964

3:33099620, 3:52437750, 7:154561175, 
8:131140197, 10:104590461

2:80136761, 3:126226811, 
19:2226271, 20:41419958

3:4878510, 4:10445618, 
10:24820837, 20:30497690

3:49688508, 4:3189513, 8:17827164, 8:110588046, 
11:5221789, 12:40114846, 17:7577018, 18:48513396

11:6292024, 12:133358952, 
22:21328822, 18:18608851

1:86047115, 2:119751996, 2:128466334,
3:45000715, 3:134268978, 4:44709934,

6:117841041, 8:73849748, 10:88451726,
13:114566625, 17:45696476, 17:79632553

8:113349840, 19:51219681 3:33099620, 3:52437750, 7:154561175,
8:131140197, 10:104590461

1:42048662, 1:149903893, 2:38525435,
3:52595839, 6:132966457, 10:73464783,
10:87407144, 15:65489101, 19:17652964

2:80136761, 3:126226811, 
19:2226271, 20:41419958

3:4878510, 4:10445618, 
10:24820837, 20:30497690

11:6292024, 12:133358952, 
22:21328822, 18:18608851

3:49688508, 4:3189513, 8:17827164,
8:110588046, 11:5221789, 12:40114846,

17:7577018, 18:48513396

Figure S6: Trees used in the experiment on real data from Gerlinger et al. (2014). The upper tree
is the base tree proposed in Gerlinger et al. (2014) for patient RMH002, the second one is the tree
inferred by LICHeE, and the last one is the tree inferred by MIPUP (ipd parameter). We crafted
the first tree starting from the supplementary material of the corresponding paper whereas we built
the other two considering the trees reported in the MIPUP github repository.
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X:107378748, 7:38471937, 6:79509744, 2:45941915, 18:35514995, 13:101175664,
7:63755111, 2:152063932, 19:51485622, 1:115615358, 19:51485601, 6:43410792,

2:37229508, 10:105971797, 18:35515066, 1:161693298, 22:38071713, 19:1119929,
2:214486670, 2:210594921, 14:23826560

6:34950925, 13:92689525, 3:141497233
2:152063945, 20:3209183

6:79509700, 1:115615286, 
10:55582495, 2:242741301

2:45941842, 5:156642298, 
21:45413779, 11:107750898

2:28791757, 12:106824456, 14:104445157, 12:2285637, 
7:63755160, 7:80054858, 13:101175612, 14:74664338

7:38471807, 5:140431090, 2:131799024, 3:54008933, 
3:185238946, 5:58033578, 10:123340263, 2:162688700

1:159043124, 1:170404350, 1:188927398, 10:107030673, 
11:36903890, 12:988858, 12:2285637, 12:103526870, 12:106824456, 

13:23226901, 13:101175612, 14:96707335, 14:104445157, 2:28791757, 
2:45941842, 20:32746910, 20:59270170, 3:17768519, 3:123987727, 
4:91375841, 4:102470176, 4:137852235, 5:127728855, 6:3248228, 
6:79509700, 6:111211499, 7:63755160, 7:80054858, 7:121096062, 

7:141223355, 8:24429322, 23:154436740

2:131799024, 5:140431090, 7:38471807, 
9:14775852, 23:89177381

1:18702842, 1:55929709, 1:115615286, 1:154513581, 1:161693298, 
10:55582495, 10:71707093, 10:103881502, 10:105971797, 11:7924520, 
12:86618610, 13:109847060, 14:94089175, 14:96742405, 16:6059533, 

18:35515066, 18:55021734, 19:1119929, 19:4033507, 19:19459707, 
19:37858870, 19:51485601, 19:54968069, 2:37229508, 2:84931243, 

2:97582958, 22:19710966, 22:38071713, 4:73935291, 5:9570250, 
5:15310341, 5:20445228, 5:135388634, 6:1102387, 6:32549416, 
6:43410792, 7:29976211, 7:47819651, 7:51204012, 7:65601792, 

7:82545108, 8:442404, 8:2745345, 8:135303945, 9:1576946, 
9:35609023, 9:120700669, 9:127990318, 23:107378732, 8:40962969

1:245582899, 11:81631517, 15:98818617, 16:3283716, 
2:30143399, 20:3209183, 6:34950925, 8:143714924

1:18702842, 1:55929709, 1:78032946, 1:115615286, 1:154513581, 1:159043124, 1:161693298, 1:170404350, 1:186261383, 1:188927398, 
1:248869969, 10:55582495, 10:71707093, 10:103881502, 10:105971797, 10:107030673, 10:133486157, 11:7924520, 11:36903890, 

11:107750898, 11:128218739, 12:988858, 12:2285637, 12:14856407, 12:50859599, 12:86618610, 12:103526870, 12:106824456, 
13:23226901, 13:101175612, 13:109847060, 14:23826560, 14:24458172, 14:32870929, 14:59333125, 14:74664338, 14:74753190, 

14:94089175, 14:96707335, 14:96742405, 14:104445157, 15:98864731, 16:775813, 16:6059533, 16:64214991, 17:6153515, 17:7576897, 
17:26851545, 18:35515066, 18:55021734, 19:1119929, 19:4033507, 19:19459707, 19:31962121, 19:37858870, 19:51485601, 19:54968069, 

2:28791757, 2:37229508, 2:45941842, 2:54570864, 2:84931243, 2:97582958, 2:116269918, 2:210594921, 2:214486670, 2:242741301, 
20:19953277, 20:32746910, 20:49487061, 20:59270170, 20:61957466, 21:43645837, 21:45413779, 22:19710966, 22:38071713, 22:45283999, 

3:17768519, 3:123987727, 3:138223058, 4:44939148, 4:73935291, 4:91375841, 4:102470176, 4:137852235, 4:153690908, 4:169182097, 
5:9570250, 5:15310341, 5:20445228, 5:127728855, 5:135388634, 5:156642298, 6:1102387, 6:3248228, 6:11213615, 6:24547529, 6:32549416, 
6:43410792, 6:79509700, 6:111211499, 7:4296130, 7:29976211, 7:47819651, 7:51204012, 7:63755160, 7:65601792, 7:80054858, 7:82545108, 

7:121096062, 7:141223355, 8:371036, 8:442404, 8:1975748, 8:2557388, 8:2745345, 8:24429322, 8:29332085, 8:53791614, 8:135303945, 
9:1576946, 9:16917400, 9:35609023, 9:120700669, 9:127990318, X:2408374, X:107378732, X:138867418, X:154436740

1:245582899, 11:81631517, 15:98818617, 16:3283716, 
17:1554124, 2:30143399, 20:3209183, 6:34950925, 

8:40962969, 8:143714924

10:123340263, 2:12789692, 2:131799024, 2:162688700, 
20:11639405, 3:49847839, 3:49847840, 3:54008933, 

3:185238946, 4:26526103, 5:58033578, 5:140431090, 
7:38471807, 8:95470606, 9:14775852, X:89177381

11:59132274, 17:38652607, 4:187838926

Figure S7: Trees used in the experiment on real data from Eirew et al. (2015). The upper tree is
the base tree proposed in Eirew et al. (2015) for case SA501, the second one is the tree inferred
by LICHeE, and the last one is the tree inferred by MIPUP. We obtained these trees from the
supplementary material of DiNardo et al. (2019).
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1:18702842, 1:55929709, 1:78032946, 1:115615286, 1:154513581, 1:159043124, 1:161693298, 
1:170404350, 1:186261383, 1:188927398, 1:248869969, 10:55582495, 10:71707093, 10:103881502, 

10:105971797, 10:107030673, 10:133486157, 11:7924520, 11:36903890, 11:107750898, 
11:128218739, 12:988858, 12:2285637, 12:14856407, 12:50859599, 12:86618610, 12:103526870, 

12:106824456, 13:23226901, 13:101175612, 13:109847060, 14:23826560, 14:24458172, 14:32870929, 
14:59333125, 14:74664338, 14:74753190, 14:94089175, 14:96707335, 14:96742405, 14:104445157, 

15:98864731, 16:775813, 16:6059533, 16:64214991, 17:6153515, 17:7576897, 17:26851545, 
18:35515066, 18:55021734, 19:1119929, 19:4033507, 19:19459707, 19:31962121, 19:37858870, 

19:51485601, 19:54968069, 2:28791757, 2:37229508, 2:45941842, 2:54570864, 2:84931243, 
2:97582958, 2:116269918, 2:210594921, 2:214486670, 2:242741301, 20:19953277, 20:32746910, 

20:49487061, 20:59270170, 20:61957466, 21:43645837, 21:45413779, 22:19710966, 22:38071713, 
22:45283999, 3:17768519, 3:123987727, 3:138223058, 4:44939148, 4:73935291, 4:91375841, 
4:102470176, 4:137852235, 4:153690908, 4:169182097, 5:9570250, 5:15310341, 5:20445228, 

5:127728855, 5:135388634, 5:156642298, 6:1102387, 6:3248228, 6:11213615, 6:24547529, 
6:32549416, 6:43410792, 6:79509700, 6:111211499, 7:4296130, 7:29976211, 7:47819651, 

7:51204012, 7:63755160, 7:65601792, 7:80054858, 7:82545108, 7:121096062, 7:141223355, 
8:371036, 8:442404, 8:1975748, 8:2557388, 8:2745345, 8:24429322, 8:29332085, 8:53791614, 

8:135303945, 9:1576946, 9:16917400, 9:35609023, 9:120700669, 9:127990318, X:2408374, 
X:107378732, X:138867418, X:154436740, 1:245582899, 11:81631517, 15:98818617, 16:3283716, 

17:1554124, 2:30143399, 20:3209183, 6:34950925, 8:40962969, 8:143714924, 10:123340263, 
2:12789692, 2:131799024, 2:162688700, 20:11639405, 3:49847839, 3:49847840, 3:54008933, 
3:185238946, 4:26526103, 5:58033578, 5:140431090, 7:38471807, 8:95470606, 9:14775852, 

X:89177381, 11:59132274, 17:38652607, 4:187838926

Figure S8: Edge case tree used in the experiment on real data from Eirew et al. (2015). We obtained
such a tree by collapsing all nodes of the MIPUP’s tree from Figure S7 in a single node.

8 Example of computation of MP3

To better understand how to compute MP3, in this section we report a detailed example on trees
with repeated labels.

In Figure S9 we present two trees: the tree on the left, that we will refer to as Tree A, is
composed of six nodes and does not include any repeated label, whereas the tree on the right, that
we will refer to as Tree B, is composed of six nodes and only five distinct labels.

In Figure S10 we report the 20 possible MTTs of Tree A and in Figure S11 we report the 20
possible MTTs of Tree B.

Note that the MTTs of Tree A are unique, whereas the MTTs of Tree B are not. Indeed, since
the label c appears twice, two MTTs of Tree B have the same labels (a, c, and f) and, by chance,
the same shape (top right of Figure S11). Notice that the same MTT is in the multiset of MTTs
of Tree A (top right of Figure S10) but appears only once.

In Figure S12 we report the set of MTTs shared between Tree A and Tree B. This set is composed
of seven MTTs and note that the MTT of the triplet (a, c, f) appears only once. This means that
the MTT of that triplet will appear twice in MB(a, c, f), once in the MA(a, c, f) u MB(a, c, f), and
once MB(a, c, f) \MA(a, c, f).

Overall, we have the following (we refer the reader to Section 2.2 of the main document for the
notation):

• |λ(A)| = 6

• |λ(B)| = 5

• |I| = 10, i.e., the number of the triplets over the multiset {a, b, c, e, f}

• |J | = 35, i.e., the number of the triplets over the multiset {a, b, c, c, d, e, f}
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• MP3∩ = 7/10 = 0.7

• MP3∪ = 7/35 = 0.2

• MP3σ = 0.2 + σ(0.7)×min{0.7− 0.2, 0.2} ' 0.22384

a

b c

fd e

a

b

fc

e

c

Figure S9: Two tumor progression trees. Tree A (left) is composed of six nodes and six different
labels, whereas Tree B (right) is composed of 6 nodes and five distinct labels.
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Figure S10: Minimal tree topology of each triplet of nodes in Tree A.
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Figure S11: Minimal tree topology of each triplet of nodes in Tree B.
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Figure S12: Shared Minimal tree topologies shared between Tree A and Tree B. Note that the
MTT of the triplet (a, c, f) appears only once.
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