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Extensions of automorphisms of self-similar groups
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Abstract. In this work, we study automorphisms of synchronous self-similar groups and
the existence of extensions to continuous automorphisms over the closure of these groups
with respect to the depth metric. We obtain conditions for the continuity of such exten-
sions, but we also construct examples of groups where such extensions do not exist. We
study in detail the case of the lamplighter group £ = Zg 2 Z.

1 Introduction

Let A be a finite alphabet with at least two symbols, and let A% be the corre-
sponding Cantor space of all infinite strings. A homeomorphism of A% is said to
be rational if there exists a transducer (i.e. Mealy machine) that implements the
function on infinite strings. There are two different versions of the rational group,
depending on the type of transducers we allow. A transducer that outputs exactly
one symbol for each symbol that it reads is said to be synchronous, and the group
of all homeomorphisms of A“ determined by synchronous transducers is the syn-
chronous rational group 84. If we instead allow transducers to output any finite
number of symbols at each step, we obtain the asynchronous rational group R4,
which includes 84 as a subgroup.

Subgroups of the synchronous groups 84 have received much attention in the
literature [2, 3, 12]. In addition to branch groups and self-similar groups such as
the Grigorchuk group, several other well-known groups can be represented by syn-
chronous automata, including free groups [15], GL,(Z) and its subgroups [8], the
solvable Baumslag—Solitar groups BS(1, m) [6], and the lamplighter groups R ? Z
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with R a finite ring [13]. In the case of the asynchronous rational group, it has
recently been proved that all hyperbolic groups embed into the group R 4.

Automorphisms of self-similar groups have been studied in detail before by
Lavreniuk and Nekrashevych [11] and Bartholdi and Sidki [4] giving sufficient
conditions for automorphisms to be induced by conjugation in Aut(74). In the
present paper, we focus on the study of some self-similar groups and their auto-
morphisms, and we investigate their continuity with respect to the depth metric
and whether they can be extended to automorphisms of the full group of tree auto-
morphisms of the infinite binary rooted tree. More precisely, since §4 < Aut(7y),
we define the depth metric on Aut(74) so that, for ¢, ¥ € Aut(Ty), we let

|A|—min{n€N\(lJ|A"7éW|A”} lf(p 7é w»

d(p.v) = {O oy
where A" is the n-th level of the tree T4. Given a self-similar group G < Aut(Ty4),
we will be concerned with its closure, and we will obtain some general results
about G and about the continuity of extensions of automorphisms of G, and show
examples with continuous extensions. However, examples with non-continuous
extensions exist.

Theorem 1.1. There exists an example of a self-similar group G < Aut(Ty4) and
an automorphism 0: G — G not admitting a continuous extension to G.

We specialize our machinery to the particular case of the lamplighter group
Ly = Zy 2 Z and get the following result.

Theorem 1.2. Every automorphism of L} admits a continuous extension for the
depth metric.

To prove Theorem 1.2, we need to study the structure of the group Aut(£Ly). Our
techniques give alternative proofs of two known results: we find another proof of
a theorem of Taback, Stein and Wong [14] describing Aut(£;) and another proof
of necessary and sufficient conditions for Aut(£z) to be finitely generated (such
conditions were first explored by Bachmuth, Baumslag, Dyer and Mochizuki [1]
in the more general setting of Aut(G) for G a metabelian group).

Our proofs are independent and elementary and focus on the structure of £
seen as the automaton group of a Cayley machine acting on a Laurent series given
by Steinberg and the second author in [13]. Recall that an integer k > 2 is square-
free if there exists no prime p € N such that p? divides k. We recover the follow-
ing result.
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Theorem 1.3 (Bachmuth, Baumslag, Dyer and Mochizuki). Let k > 2 have pos-
itive prime divisors pi, ..., ps. Then k is squarefree if and only if Aut(£y) is
finitely generated.

The paper is organized as follows. In Section 2, we recall all the relevant def-
initions. In Section 3, we study the depth metric and the closure of self-similar
groups in Aut(7y4) with respect to that metric. In Section 4, we study conditions
for the extension of an automorphism to be continuous and produce an example
where such an extension is indeed not continuous. In Sections 5 and 6, we focus
on the lamplighter group £; and determine completely its automorphism group
proving that it is made of uniformly continuous bijections. Finally, in Section 7,
we ask a few questions of interest for future work.

2 Preliminaries

Given a finite nonempty set A4, let A* denote the free monoid on A, and let ¢
denote the empty word. For a word u € A*, we write |u| to denote its length.
Given u,v € A*, we say that u is a prefix of v if v = uw for some w € A*.

We may identify A* with the regular A-ary rooted tree T4, where A™ is the set
of nodes, ¢ is the root and ua is a child of u for every u € A* and a € A (i.e. the
parent of u € AT = A* \ {&} is its maximal proper prefix). An automorphism of
T4 is then a permutation of A™ which preserves length and the prefix relation. We
shall often work with a canonical alphabet 4, = {0, 1,...,n — 1}, and we shall
use the notation 7, = Ty,,.

Note that Aut(7T4) is a subgroup of the symmetric group on A*. Every map
¢ € Aut(T4) induces an action on the boundary of Ty, i.e. the set A% of all right
infinite words agaias . ... Sometimes, it is more convenient to consider the action
of Aut(T4) on A®.

The group Aut(7y4) is canonically isomorphic to the infinite wreath product
S42842---, where S4 denotes the symmetric group on A. This infinite decom-
position involves the so-called local permutations, which we now define.

Given ¢ € Aut(T4) and u € A*, there exists some ¢, € Sy4 such that

(ua)p = (up)(agp,) foreverya € A.

We say that ¢y, is the local permutation induced by ¢ at vertex u. We also define
the cone automorphism ¢, 4+ € Aut(T4) through

wv)g = (Ue)(Veuax) (v e A").
We say that G < Aut(Ty) is a self-similar group if,
forallp € Gandallu € A*, ¢y~ €G.
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Finitely generated self-similar groups can be constructed with the help of finite
automata/transducers of a particular type. Indeed, we define a Mealy machine to
be a structure of the form M = (A4, Q,§, A), where

e A is a finite nonempty set (alphabet),

e ( is a finite nonempty set (state set),

e §: 0 x A — Q is afunction (transition function),
e 1:Q x A — Ais afunction (output function).

We say that M is invertible if the function
AgiA— A, ar(q.a)A

is a permutation for every ¢ € Q. We define an action Q x A* — Q recursively
by

*q¢=4q,

e g(ua) = (qu,a)s (u € A*,a € A).

For every ¢ € Q, we extend A, to a function ;\\q: A* — A* by setting

. sjt\q =e,

. (ua)jk\q = (ui\q)(akqu) (ue€ A*,a € A).

If M is invertible, then Xq is a permutation of A*; indeed, Xq € Aut(T4). The
automaton group generated by M is the (finitely generated) subgroup of Aut(7}4)
generated by {A4 | ¢ € Q}. It will be denoted by §(-M). Automata groups are

precisely the finitely generated self-similar groups.
We present now some examples which will play an important role in the paper.

Example 2.1 (The adding machine). This is the invertible Mealy machine # de-
picted by
1/0 ojo

Q /)

é .
P o1 T 0

It is well known that §(A) = (X,,) is an infinite cyclic group. o

Example 2.2 (The Cayley machine of a finite group). Let H be a finite group. The
Cayley machine of H, introduced by Krohn and Rhodes in [10], is the invertible
Mealy machine € = (H, H,§, A) defined by

(h 1) = (h,W)r =hh' € H (hh' € H).
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If H is abelian, Steinberg and the second author proved in [13] that
9(€y) =~ HZ,

the wreath product of H and Z. If G = C; is the group of order 2, we get the
Cayley machine
0[0 0/1

NI

—_—
Pe >4

110

and the lamplighter group £5. O

3 The depth metric

Let A be a finite nonempty alphabet. We define a metric on Aut(74) as follows.
Given ¢, ¥ € Aut(Ty), let

2—mil’1{n€N|(0|A” #W‘An} lf(p # Wa

d(wﬂ)z{o fo =y,

where A" denote the n-th level of the tree Ty4. It is immediate that d is indeed an
ultrametric on Aut(74), which we call the depth metric. As remarked in [3], the
following result follows from Tychonoff’s theorem.

Proposition 3.1. The metric space (Aut(T4),d) is compact and therefore com-
plete. O

Let G < Aut(T4). We denote by G the topological closure of G in (Aut(Ty4), d).
Note that G, being a closed subset of a compact space, is itself compact (and
therefore complete).

The restrictions of the depth metric to either G or G will still be denoted by d
and referred to as the depth metric.

It is easy to check that G consists precisely of those ¢ € Aut(7y4) such that,

for all n € N, there exists ¢, € G such that ¢|4n = ¢y |47,

and is indeed the completion of (G, d). The study of this closure has been in-
troduced for branch groups by Bartholdi, Grigorchuk and Suni¢ (see [3, Defini-
tion 1.18]) under the name tree completion, which we also adopt. Note that G is
a subgroup of Aut(7y).
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Given n € N, we define the n-th level stabilizer of G < Aut(T4) to be
Stab, (G) ={p € G | ¢|4n =id}.
It is immediate that Stab, (G) < G for every n. Moreover, we have a chain
G = Stabg(G) 2 Stab;(G) 2 Staby(G) 2 -,

where each subgroup has finite index and

() Stab,(G) = {id}.

neN

Therefore, G is residually finite.

Write G, = G/ Stab,(G), and consider the discrete topology on the G,. By
considering the natural projections G, — Gy, for all m > n, we obtain a projec-
tive system. It is easy to see (see also [3]) that (G, d) is the projective limit of the
above projective system; hence it is a profinite group (in particular, it is a topolog-
ical group).

In general, the tree completion is a profinite group [3, 9], but it need not coin-
cide with the profinite completion of G, when we consider the profinite metric.
However, Grigorchuk remarks in [9] that the tree completion coincides with the
profinite completion if every finite index subgroup of G contains some Stab, (G)
(that is G satisfies the congruence subgroup property).

Note also that the topology on G induced by d is none other than the topology
of pointwise convergence: if we consider A* endowed with the discrete topology,
then lim,, 4 o0 ¢ = @ holds in G if and only if,

forallu € A*, lim wug, = ugp,
n—+o0o

i.e. each sequence (u ¢y, ), is stationary with limit u¢.

Lemma 3.2. Let G < Aut(Ty) be self-similar. Then G is also a self-similar sub-
group of Aut(Ty).

Proof. We have already noted that G < Aut(7). Let ¢ € G and u € A*. There
exists a sequence (¢™), on G such that ¢ = lim,_ 100 ¢™. Let v € A*. It fol-
lows easily from continuity that

W) (vguar) = (w)p = lim (g™ = lim ™) veyy)

= ( lim u(p( ))( lim vga( )) (u<p)( hm vga,(lA)*),

n—-+o0o n——+o00
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and hence vgy, 4+ = limy— 400 U‘P&)*' Since we are dealing with the topology of
pointwise convergence and v is arbitrary, we get ¢, 4+ = lim, 4o (pu'il*. Since
go(”) € G and G is self-similar, we have %74* € G and so @y 4+ € G. Therefore,
G is self-similar. |

Automata groups, being finitely generated, are always countable. However, the
next result shows that their tree completions are countable only in trivial cases.

Lemma 3.3. Let G < Aut(Ty).
() If G is finite, then G = G.

(ii) If G is infinite, then G is uncountable.

Proof. (i) True, since every finite subset of a metric space is closed. (ii) True, since
G is an infinite profinite group. O

We shall prove that G = Aut(Ty4) for an automaton group G only in trivial
cases. But we start with the following lemma, where the rank of a finitely gener-
ated group G denotes the minimum cardinality of a generating set of G.

We shall denote by ngn) the (rooted) subtree of T4 induced by the nodes A=".
It is immediate to see that Aut(Tlin)) =~ (Aut(Ty))/ Stab, (Aut(T4)). The follow-
ing result is well known (see for example Brunner and Sidki [7, Section 2]).

Lemma 3.4. Let A be a finite alphabet with |A| > 2, and let n > 1. Then
rank(Aut(Tjn))) >n.
We can now prove the following.

Proposition 3.5. Let A be a finite alphabet with |A| > 2, and let G < Aut(T4) be
finitely generated. Then G < Aut(Ty).

Proof. Since G is finitely generated, it follows that G is topologically finitely
generated. However, it is well known that Aut(7y4) is not topologically finitely
generated.

We also offer a short proof not involving profinite groups. Suppose that we have
G = Aut(T}y). It follows easily from the definition of closure that G and G induce
the same automorphisms of Tjn) for every n € N. Hence every ¥ € Aut(Tj") ) is
a restriction of some ¢ € G. It follows that Aut(Tj")) =~ G/ Stab, (G) for every
n e N.
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By Lemma 3.4, rank(Aut(Tij))) > k + 1 for every positive integer k. If we
let m = rank(G), then we notice that

m + 1 < rank(Aut(T\" ")) = rank(G/ Staby,+1(G)) < rank(G) = m,
so we get a contradiction. Therefore, G < Aut(T}). |

In particular, we have G < Aut(7)4) for every automaton group over an alphabet
with at least two letters.

4 Automorphisms of an automaton group

4.1 General results

It is a natural question to inquire which endomorphisms of an automaton group
admit a continuous extension to (G, d). General topology yields the following
result.

Lemma 4.1. Let G < Aut(Ty), and let 0: G — G be a function. Then the follow-
ing conditions are equivalent:

(1) 6 admits a continuous extension to (E, d);

(ii) 0 is uniformly continuous in (G, d).

Proof. (i) = (ii). Since (Aut(Ty4),d) is compact by Proposition 3.1 and G is
a closed subset of Aut(7}), it follows that (G,d) is itself compact (and there-
fore complete — it is the completion of (G, d)). Hence a continuous extension of 0
to G is thus a continuous map over a compact set, so it is necessarily uniformly
continuous with respect to d, and its restriction is 6.

(i1) = (i). Every uniformly continuous transformation of (G, d) admits a con-
tinuous extension to its completion, which is precisely (G, d). o

Note that, if there is a continuous extension of the function 6: G — G to its
closure G, it is unique. If an automorphism admits a continuous extension, we
show that the latter is also an automorphism.

Proposition 4.2. Let G < Aut(Ty), and let 0 € Aut(G) be such that both 6 and
0~ are uniformly continuous. Then its continuous extension 0:G — G is also an
automorphism.

Proof. Let ¢, ¥ € G. Then there exist sequences (¢™),, and (y)), on G such
that ¢ = lim, 4+ go(”) and ¥ = limy— 400 1/f("). By continuity, we get

()8 = (( lim @™)( lim y™))§ = ( lim (o™y™))o

n—-+o0o
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_li‘}r“ (@™ y ™)) = ET (0™ 0) (v ™0))

= ( lim_(p™9)( lim_(¥9))

n—-+00
— (T M\G( 1; NG — (0B (D
(n_lilfoo‘p )G(n_lirfoo y)0 = (p0)(y0),

where the second equality follows from the fact that ¢, 1 respectively eventually
coincide with <p(”), w(") for n large enough, and so ¢ eventually coincides with
@™y ™ for n large enough. Therefore, 6 is a group homomorphism. Since 6~ 1 is
also a group homomorphism, it is easy to see that § and ! are mutually inverse.
Therefore, 6 € Aut(G). |

We can relate uniform continuity to stabilizers in the case of automorphisms.
Proposition 4.3. Let G < Aut(Ty), and let 0: G — G be an automorphism. Then
the following conditions are equivalent:

(1) 0 is uniformly continuous in (G, d);

(ii) for allm € N, there exists n € N such that (Stab,, (G))6 C Stab,, (G).

Proof. In fact, condition (i) is equivalent to the following equivalent statements:

for all m € N, there exists n € N such that, for all p, vy € G,
d(p,v) <2™" = d(pb,y0) <27
<> for all m € N, there exists n € N such that, for all p, ¥ € G,
Plan = Ylarn = (90)|am = (Y0)|am
<= for all m € N, there exists n € N such that, for all p, € G,
vy € Stab,(G) = (¥ 19)f € Stab,,(G)
<= forall m € N, there exists n € N such that
(Stab, (G))6 < Stab, (G). o

Corollary 4.4. Let G < Aut(Ty), and let 0: G — G be an inner automorphism.
Then 0 is uniformly continuous in (G, d).

Proof. By Proposition 4.3, since (Stab,(G))6 = Stab, (G) for every inner auto-
morphism 6 of G. |

Recall that a subgroup H of a group G is characteristic if o(H) < H for all
@ € Aut(G).
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Corollary 4.5. Let G < Aut(Ty4) be such that Stab,, (G) is characteristic for every
n € N. Then every automorphism of G is uniformly continuous in (G, d).

It is natural to ask whether or not an automorphism of a self-similar group is it-
self a restriction of a continuous automorphism of Aut(74). The following remark
is a necessary condition tying the existence of extensions to Aut(G) to extensions
to Aut(Aut(74)). In Subsections 4.3 and 4.4, we see examples where extensions
to Aut(Aut(74)) may or may not exist.

Remark 4.6. Given a self-similar group G < Aut(7T4) and 6 € Aut(G), we ob-
serve that, if there exists ¢ € Aut(Aut(74)) continuous such that ¢|g = 0, the
restriction | is indeed an element of Aut(G) and a continuous extension of 6.

4.2 Aleshin’s automaton and automorphisms

The following example shows that condition (ii) of Proposition 4.3 does not hold
for every automaton group. Let G be the automaton group generated by Aleshin’s
automaton

p
1[0

q 0[1 0(0,1]1
0l1 -
1/0
r.
We claim that Stab, (G) is not characteristic. Indeed, Vorobets and Vorobets [15]
proved that G is the free group on {/\p,/\q,k }; hence AI, > A, )Lp, Aq > /\q,
Ar = A, defines an elementary Nielsen automorphism 6 of G. The action of the
generators of G at depth 2 is described by the diagram

00
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~

It follows easily that A, A, € Staby (G) but (A,A¢)0 = A,A,Aq ¢ Staby(G). There-
fore, Stab, (G) is not characteristic.

4.3 The adding machine and its automorphisms

We consider now the adding machine to illustrate some of the problems already
introduced and some others we intend to propose. Write ¢ = A, in the notation of
Example 2.1. Since 4 generates the infinite cyclic group §(4A) = (@), there exist
only two automorphisms of §(+): the identity and the automorphism 6 defined
by
"= o™ (nel).

The adding machine takes its name from the fact that it reproduces addition of
integers in binary form in the following sense: if u € A%, then ug” € A% is the
unique integer v in binary form such that v is congruent to % + n modulo 2™,
where W is the word w read in reverse order. It follows that

Staby (6 (A)) = (9*")

for every m € N. But then Stab,, (9 (#4)) is a characteristic subgroup of g (+4A) for
every m € N, and so every automorphism of § (+4) admits a continuous extension
to G by Lemma 4.1 and Corollary 4.5.

We also claim that every automorphism of §(+) can be actually extended to
an automorphism of Aut(7%). This is trivial for the identity automorphism, so we
only have to consider 8. We show that 6 is the restriction to §(+) of the mirror
image automorphism p of Aut(73).

Each ¢ € Aut(73) is fully determined by the local permutations ¢, (u € A3).
Let o € Aut(A%) swap 0 and 1. We define g € Aut(7>) by

(Pp)u = Qus  (u € A;) 4.1)
We must prove that p is an automorphism of Aut(7%). We start by showing that
u(ppu)o = uoy (4.2)

forall ¢ € Aut(72) and u € A3. We use induction on [u|. The claim holds trivially
for u = &; hence we assume that u = va with v € A3 and a € A;, and that (4.2)
holds for v. We have

u(pp)o = (va)(pu)o = ((v(ew))(a(pu)y))o = (v(Pn)o)(@pyso).
By the induction hypothesis, we get

u(pp)o = (vog)(aopys) = (vo)(ao))p = (va)op = uoy,

where ¢y50 = 0@ys since Sy, is abelian. Therefore, (4.2) holds.
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Now let ¢, ¥ € Aut(T3). For every u € A%, (4.1) and (4.2) yield

(Y)W = (@V)use = PuocVuop = Ouc V(oo
= (e)u (Vi) u(puy = (@) (Y 1))u:

hence (¥ ) = (pu)(¥ i), and so w is a group homomorphism. Since p is clearly
bijective, it is an automorphism of Aut(73). R

Finally, we show that 0 = p|g(4). Writing ¢ = A, it suffices to show that
@0 = pu. Letu € A5. We must show that

(©0)u = (). (4.3)

Note that (4.1) and the fact that the local functions are in S4, imply

(90_1)14 = Pup—1;
hence
@ = (@ D = @1 (4.4)
On the other hand,
(P)u = Quo. 4.5)

It follows easily from the construction of the adding machine that

id if v e 043,
Py = .
(01) otherwise.

Now uo € 0A% if and only if u € 143 if and only if up™! € 0A43; hence we have
$uc = Pyuy—1, and so (4.3) follows from (4.4) and (4.5). Therefore, 0 = ulga)-
and so every automorphism of § () is a restriction of some automorphism of
Aut(T3).

For 6 € Aut(g(+4)), we can also compute the subgroup of fixed points

Fix(0) = {y € §(A) [ Y0 = ¥}

Since "6 = ™", we have Fix(6) = {id}, hence finitely generated. We shall see
in the next section that this is not always the case.

4.4 A non-uniformly continuous automorphism

In this subsection, we prove Theorem 1.1 by describing a construction to show
that a direct product of automata groups is itself an automaton group. The direct
product result is well known (for example, see the construction mentioned in the
survey [5, immediately after Theorem 2.2] and Remark 4.8 below). However, to
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the best of our knowledge, the construction described in the proof below is new
and potentially of independent interest, and we will use it to show an application
afterwards.

Lemma 4.7. If G and H are automata groups, G x H is an automaton group too.

Proof. We can assume that G = §(A) < Aut(T4) and H = §(8B) < Aut(Tp)
are automata groups, where the automata 4 and B are such that the alphabets A
and B are disjoint. We now construct two new automata A’ and B’ on the same
alphabet C = A U B. The automaton A’ has the same states of # and has the
same transition and output function on the elements of A, while (b, ¢)§ 4 = ¢ and
(b,q)A 4 = b for all states g € A’ and b € B. In a similar fashion, B’ has the
same states of B and has the same transition and output function on the elements
of B, while (a,q)dg = g and (a,q)Ag = a for all states g € B’ and a € A.
Hence the transition and output functions behave as shown in the picture below:

blb ala
Q ala’ Q b|b’
p——— ¢ r—— 5.

Let € be the automaton given by the disjoint union of A’ and B’. Observe that
G(A') = (Q4) and §(B’) = (Q g), where Q 4 is the set of rational maps on the
alphabet A given by taking each state of +4 as the initial state of the automaton.
We also define Qg accordingly. By construction of 4’ and $’, it is clear that
gh =hgforallg € Gand h € H and that G N H = {1}; therefore, we have that
9(€) =~ G x H,and so G x H is an automaton group. |

Remark 4.8. The direct product construction mentioned in [5] constructs the di-
rect product of automata groups as an automaton group by taking the direct prod-
uct of the alphabets and produces a connected automaton for G x H, while the
construction above keeps previously existing connected components disjoint from
each other.

We will now use Proposition 4.3 and Lemma 4.7 to construct an example of
a non-uniformly continuous automorphism of an automaton group. Consider the
following automaton # obtained by taking the adding machine automaton and,
at each state, replacing the local permutation with its inverse (this construction is
what is usually referred to as the inverse automaton):

0/1 0[0,1]1

(Y e (2

p CIy



870 F. Matucci and P. V. Silva

and let p be the rational function arising from the automaton with initial state p.
By construction,

1 -2 01° -7 101° —-? 001° —% 1101° =7 ...,

and so, since each image through p will have a tail given by 01%, it follows that p
has infinite order and §(4A) = (p) = 7Z. Consider the following automaton B:

2|3,3|4 2|2,3[3,4/4

(Y a2 (1

y —— S,

and let r be the rational function coming from the automaton with initial state r.
By construction,

49 5T 240 5T 3049 T 43049 5T 23249 57 343249 T ...

and so, since each image through p will have a tail given by 24®, r has infi-
nite order and ¥ (8B) = (r) = Z. If we build the automaton € as in the proof of
Lemma 4.7, then §(€) = (p.r) = Z?. Let 6 € Aut(§(€)) be the automorphism
swapping p with r. We argue by contradiction that 6 is not uniformly continuous.
By Proposition 4.3, there exists a positive integer 7 such that

(Staby, ((€))) C Staby (§(€)).

Observe that, for every g € Aut(72), we have gzn = id at level n. In fact, by
induction, if gzn_l fixes level n — 1 pointwise, then even if it swapped some of the
children of level n — 1, we have that (gzn_] )2 = g2'7 would fix all such children.
Hence, in particular, pzn € Stab, (§(€)), and therefore,

r2" = (p*")0 € Staby (£(€)).

However, since r acts as the 3-cycle (2 3 4) at level 1, it follows that (2 3 4)2” = id,
and so 3 = |(2 3 4)| divides 2™, which is a contradiction and implies that 6 is not
uniformly continuous.

Another way to rephrase the previous counterexample is to consider the profi-
nite group Z[2] & Z[3] seen as the profinite closure of its dense subgroup Z & Z
and where the symbol Z[p] denotes the group of p-adic integers. If we consider
the automorphism of Z @ Z that swaps the two generators of the infinite cyclic
groups Z, then this automorphism does not extend to a continuous automorphism
of Z[2] @ Z[3]. Thus, Theorem 1.1 is proved.
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5 Cayley machines of finite abelian groups

In the current and following section, we work on proving Theorem 1.2. We follow
the notation from [13]. Let (H, +) be a finite nontrivial abelian group in additive
notation. We consider the action of (€ ) on the boundary of the tree Tg . For all
h,xo,x1,... € H, we have

(X0, X1, X2, .. JAp = (h + x0.h + X0 4 x1.h + X0 + X1 + x2....).

Leté = xo.Foreveryh € H,letay, = th—l. Since §(€y) = (Eh | h e H), we
also have
9(Cx) = (§.ap | h e H).

Note that
(x0, X1, x2,...)§ = (x0,X0 + X1,X0 + X1 + X2,...),
(X0, X1, X2,.. )E™! = (x0, —Xx0 + X1, —X1 + X2,...),

(x0, X1, x2,.. )0y = (h + x0, X1, x2,...).

We can identify (xg, x1, X2, ...) € H® with the formal power series

(o]
X =) xut" € H[[t]].
n=0
Then we have

X" =X(1—0)™, XEape™" =X +h(1—1)"

for all X € H|[[t]], n € Z and where of course we mean

(1—1)"" Zz
By [13], every ¢ € §(€g) admits a unique factorization of the form

@ = (E"ap ") (E oy, ET)ET,

withk e N;n;,me Z;ny <--- <ny; h; € H\ {l1}. By a slight abuse of nota-
tion, we identify elements 7 € H with the maps «y,, and thus we observe that

(H.& | [E"hE™™ E"WE"] (h. 1 € H:m.n € 1))

constitutes a relative presentation of §(€Cy) = H Z.
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5.1 Endomorphisms of the lamplighter group

We now fix k > 2 and consider the lamplighter group £, = §(€c, ). We identify
Cy with Zy, the integers modulo k under addition. We denote by ZZ the subgroup
of units of (Zg,-) (i.e. the integers modulo k coprime with k). Writing @ = o7,
we get a presentation of £ of the form

(0.8 | oF (Mg E" ™" (m.n € 1)) (5.1)
Note that Mo 1M1 ™k ™Mk has finite order if and only if
mo +myp + - +m =0.

Let Fin(£y) denote the subset of all elements of £ of finite order. Then Fin(£y)
is an abelian normal subgroup of £, and £/ Fin(Ly) is infinite cyclic. More-
over, Fin(£) is a direct sum of countably many cyclic groups of order k.

For every m € Z, we write B, = £"a&~™. It follows easily from (5.1) that
each x € £ can be written uniquely in the form

x = ([T Air)e".

nez

where r € Z and (i,), is a function Z — Zj with finite support (i.e. only finitely
many terms i, are nonzero). Moreover, x € Fin(£y) if and only if » = 0.

How can we characterize the endomorphisms ¢ of £;? Since £ is generated
by o and &, ¢ is fully determined by the images of « and &. It follows easily
from (5.1) that ag can be any element y € Fin(£;) and £ can be any element
z € £ indeed, the equalities y* = 1 and [z"yz™™, z"yz™"] = 1 follow from
the fact that z" yz=" € Fin(£}) for every n, and Fin(£}) is an abelian group of
exponent k.

Given functions (i), and (j,), from Z to Zj with finite support and r € Z,
and in view of the normal form defined before, the correspondence

o [T8. e ([180)
nez nez

induces an endomorphism of £y, which we denote by ¢(;,),,(j,),,r- Conversely,
every endomorphism can be written uniquely in this form. We next show that

leq)(in)n,(jn)n,r = 1_[ ﬂ;.ln—rm (52)

nez
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holds for every m € Z. This holds trivially for m = 0. Assume now that m > 0
and (5.2) holds for m — 1. Since Fin(£y) is abelian, we get

Brsinriimnr = ([T 87)6" (TT 827" )e (T 87)
nez nez

nez
— ¢ (1—[ ﬂflnfr(mfl))é—r

nez
— l_[ ﬁ;ﬂ;"“(lﬂ—l) — l_[ IBZn—rm .
nez nez
Thus (5.2) holds for every m > 0. Similarly, we show that it holds for m < 0.

Now we can derive
B ®G)n,Godnr LA, Gidn o’ = 1_[ pa-ter inmr'kik=rm (5.3)
nez

Indeed, using (5.2) twice, we get

ik—rm
ﬂm(p(i11)na(jn)n»r(p(i;;)lzz(j;é)nar/ = l_[ ﬂkk go(il;)n,(j;é)n’r/

keZ
A
= TT(TT#)
keZ neZ
_ 1_[ IBZkeZ ip—r'kik—rm
= n .
nez

It follows easily from (5.3) that

Plin)n . 1P )01 = Pli)n (@)1 Pin)n (01 5.4
Indeed, £ is fixed by both endomorphisms, and
(i O D@t = | | B sk = T ke e
nez nez
= 4%33)n. (002, 1%n)n s (051
We also get
(5.5)

Pin)ns (00 1P ), (00,1 = P kez t—kikIn(0)n,1-
This formula can be generalized for an arbitrary number of factors. For every

q > 2, we have
Lt POt = P Ty toprgan i@ OO
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where the k; take values in Z. Indeed, the case g = 2 is just (5.5) rewritten, so we
assume that (5.6) holds for ¢ > 2, and we prove it for g + 1. Using (5.5) and the
induction hypothesis, we get

P(iD),,0)0,1 PGS, 0001

T Pk et 1 i 00, 1P, (001

=9 (1) (@ (g+D)
(qu_HeZ(Zkl+<<<+kq=n—kq+1 lk] . lkq )lk a+1 )n>(0)n,1

=g (D) -(g+1)
(Zkl+“‘+kq+l ,1lk1 lk g+1 )n,(o)ns17

and so (5.6) holds.

5.2 Stabilizers in the lamplighter group and their generating sets

It is much harder to identify the automorphisms of £j. We start from studying the
following subgroup of Aut(£y):

Stabg, (§) = {¢ € Aut(Ly) | £ = &)

It is straightforward to check that (5.5) is equivalent to the following, for given
¢.¢’ € Stabg, (§):

if a(p—l_[ﬁm, and  ag —H:Bne’

Jj=1

r N
then agpe’ = l_[ 1_[ ﬂ%ﬂrne. (5.7)

j=1¢=1

We introduce some notation for specific automorphisms in Stabg, (§). Let (&)
be the function from Z to Zj defined by

1 ifn =0,
En = .
0 otherwise.

This function will be handy throughout the rest of the section. Let A denote the
inner automorphism of £y defined by xA = £x£~!. Clearly, A € Stabg, (£).

For every j € Z*, we define n; € Stabg, (§) by an; = a/. Note that o/ is
well defined since of = 1. If 7! denotes the inverse of j in Z%¥, then we have
njnj—1 =1=mn;-1n;, and so n; is indeed an automorphism.
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Finally, let m € Z and j € Z. We define y,; € Stabg, (£) by aym,; = B

Note that
A=vy11 and 7n; =yo,;. (5.8)

Since aA™ = B, holds for every m € Z, it follows easily that
Ym,j = A"n;. (5.9)
Lemma 5.1. Let p be a positive prime. Then

Stabg, (§) ={ym.j Im €L, j €Ly} = (A.n2,....1p-1).

Proof. We had already established that y,,,; € Stabg ,(§) forall m, j. Conversely,
let ¥ € Stabg, (§). Then we may write ¥ = (), (0),,1 for some function (i»)n
from Z to Zj, with finite support. As £¢~! = £, we may write ! = @G, (O)n,1
for some (i)))n. Since @ ¥ ~! = @, it follows from (5.3) that

g 1 ifn =0,
> i gk = (5.10)

kez 0 otherwise.
Assume that

supp((in)n) ={n € Z | in 0} = {s51,....5m} Wwiths] < < sp,.

Assume also that supp((i;,)n) = {s].....Sp} with ] <--- <s,,,. Then k > s5;
if and only if 51 + 5] — k < s7; hence

./ . ..
Z Lsi+s)—ktk = Ls|lsy # 0.

keZ

Similarly, k < s, if and only if s, + s;n/ —k > s;n/; hence

./ Y .
Z Lsmtspy—ktk = s/ bsm # 0.
keZ

In view of (5.10), we get s1 + 8] = Sm + Sps hencem = m’ = 1, soayy = ﬂ;sl‘
Thus ¢ = ys,,i,,, and the first equality of the lemma is established. The second
follows from (5.8) and (5.9). O

We consider now the case of powers of primes. Let p be a positive prime and
s >2.Givenm € Z \ {0} and r € Zps, we define an endomorphism 8, p of &£ps
by adm,pr = B’
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Lemma 5.2. Let p be a positive prime and s > 2. Then

Stabg s (§) = {@(i,).(0),.1 | there exists a unique m € Z such that p t im}
= (A’a r’jagm,pr | J € Z;s, m e Z \ {0}, r e Zp\)

Proof. We begin the proof by proving some inclusions as separate claims to clarify
the proof path.

Claim 1. We have
Stabg s (§) S {€(i,),.(0),.1 | there exists a unique m € Z such that p t im}.

Proof of Claim 1. Let ¥ = ¢(;,,.(0),,1 € Stabg (). Write ¥ ™' =91y (0),.1-
In view of (5.3), (5.10) holds; therefore we have Y ;< i’ rix = 1 (mod p*), and
thus Y "y ez i’ xix = 1 (mod p). It follows that there exists some m € Z such that
p does not divide i’ ,,,i,,,. We may assume that r and m are respectively the leftmost
and the rightmost integers n € Z such that p does not divide i,, so that r < m. Let
r’ and m’ be respectively the leftmost and the rightmost integers n € Z such that
p does not divide i;,, so that r’ < m’.

We claim that ZkeZ I/ +m—kik 7 0 (mod p). Indeed, if k > m, then p di-
vides iy, and p divides i zm/+m « if k < m (equivalenttom’ + m —k > m’). How-
ever, p does not divide i,/ ,,_,,im since both factors are invertible in Zs. Thus
Y ke imem—iik # 0 (mod p). Similarly, > "y c7 i/ . pix #0 (mod p). In view
of (5.10), we get m' +m =r' +r. Hence m' +m =r' +r <m’ + r, yielding
m < r and consequently m = r. Therefore, there exists a unique m € Z such that
p does not divide iz,. |

Claim 2. (A, 0, 8m pr | j € ZE. m € Z\{0}. 1 € Zps) C Stabg,, (£).

Proof of Claim 2. Let us now fix an m € Z \ {0} and an r € Zps to show that
Sm,pr € Stabg ; (§). In order to do so, we introduce

m = Pin)n, (00,1 |ip =1andi, = Oif% ¢ N}.

We claim that @, is a submonoid of endomorphisms of &£,s. It certainly contains
the identity. Let i,/ = > ez i _xik- By (5.5), we have

90(1,,),,,(0),7,190(1,,)”,(0),,,1 - (p(l )ns(0)n,1-

Now i = Zkezi’kik If k # 0, then =% ¢ N or £ ¢ N hence i/ ;ij = 0.
It follows thatz(’)’ = ijio = 1. Suppose now that f ¢ N. For every k € 7, we have
L k ¢ N or - ¢ N; hence i, _;ix = 0, and soz = 0. Thus ®,, is a monoid.
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We define now a function A from ®,, to the polynomial ring Z s [x] as follows.
Given PG, (0)n,1 € Dy, let

(p(in)n,(o)n,lA = Z imkxk‘
keN

Since i, can only be nonzero for n € mN, the function A is injective. We show
that it is a monoid endomorphism with respect to the multiplicative structure of
Zps[x]. Clearly, it preserves the identity. Consider now an equality

Plin)n ) 1P Ol = P ()1 G.1D
in ®,,. We must show that
(X ) (X i) = 3
keN keN keN
which is equivalent to

Z Imk, r/nkz itk = Z lmkx

ki1,k2eN keN

and therefore to
> imjimkem; = imk (5.12)

holding for all k € N.
On the other hand, it follows from (5.5) and (5.11) that

imk = D Imk—tit- (5.13)
leZ
Since iy =i, = 0if ;. ¢ N, (5.13) implies (5.12), and so A is a monoid homo-
morphism.
We prove next that

s

60, = 1. (5.14)

Since A is an injective monoid homomorphism, it suffices to show that

(Sm,pr/\)ps =1, ie. (1+ prx)ps =1.
In view of Newton’s binomial theorem, this is equivalent to

p’ s
Z (l; )(prx)j =0.

J=1
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Thus it suffices to show that s
| (p . )pf (5.1)

forj =1,..., p%.
Givenn € Z \ {0}, let

nv, = max{k € N | pk divides n}.
Write also Ov, = oo. Given j € {1, ..., p®}, we can write

PP =2 =G =D
. = e

(5.16)

Since (p* —i)vp =iv, fori =1,...,j —1, it follows that p does not divide
neither the numerator nor the denomlnator of p— and since jv, < j, p di-
vides the numerator but not the denominator of p . Since both sides of equa-
tion (5.16) represent a positive integer, (5.15) holds and so does (5.14). Therefore,
Sm,pr € Stabg  (£). |

So far, Claims 1 and 2 established that
Stabge  (§) S {€(i,),.(0),.1 | there exists a unique m € Z such that p f i}

and
(Asnj8m,pr | j € Ly, m € Z\{0}, r € Zps) C Stabg (£).

To complete the proof of the lemma, we show the following claim.

Claim 3. For every ¢(;,),,.(0),,1 Such that there exists a unique m € 7 with p not
dividing ip, there exists some 0 € (A, 0j,8m.pr | j € Z7, m € Z\ {0}, r € Zps)
such that <p(l-n)n,(0)m10 =1

Proof of Claim 3. Up to replacing ¢,,),,.0),,1 DY @Gip)n, ), 1 A" n;-1 if needed,
we may assume that ip = 1 from now on.
We use a double induction scheme. Let ¥ = ¢(;,,),,.(0),,,1- and define

ty =min{iyv, | n € Z\{0}}, uy =|{n € Z\{0} | invp = ty}|.

We start by considering the case ty, > 5. Take r € Z such that i,v, = ty, and
let ' = ¥8,—i,. By (5.5), we have

W/ = (p(in_iri;1—r)na(0)nal :
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Lets’ = [§].If n —r # 0, then p*’ divides both i, and i,_,; hence iyiy_, = 0.
Butif n = r, then i, — i;i,—r = 0; hence V' is obtained from { by replacing i,
by 0. Applying successively this procedure, we end up by obtaining the identity
function; hence the claim holds in the case ty, > %

We consider now the case ty =1 < % and we assume that the claim holds for
all ¥’ such that ¢ty > . Take r € Z such that i,v, = ty, and let ' = ¥, _;,.
By (5.5), we have

w, = (p(in_irin—r)ns(o)nsl °

Ifn =r,theni, —iyip—r = 0.1f n # r, then

(in — irip—r)vp > min{(iyVp, (irin—r)vp)} = min{(inVp.irVp + in—rvp)}

> min{(inVvp, 2ty )}:

hence either ' = 1, or tyr > ty,, or tys = ty, and Uy’ < uy,. Therefore, the claim
follows by induction. m|

By putting together Claims 1, 2 and 3, we finish the proof of Lemma 5.2. O

Lemma 5.3. Let p be a positive prime and s > 2. Then Stabg (&) is not finitely
generated.

Proof. Suppose that Stabg  (§) is finitely generated. In view of Lemma 5.2, it
admits a generating set of the form Ay, where

Ay = {/\snjagm,pr | ] € Z;:, M <m<M,re Zps}

for some M > 1.

Since Stabg (§) is abelian by (5.4), we may write Sprs,p = YAl for some
Ve (Apy \{A}) andt € Z. Thus

ay = by pA T = E (Bl )E = BiBYys -

Since the set of automorphisms ¢y;, ), (0),,,1 satisfying i € Z;S contains Aps and
is closed under composition in view of (5.5), it follows that ¢t = 0, and so

Sms.p € (Am \ {A}).

Using (5.4) once again, we may write

SMs.p = P01 D) )1
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for some @Dy, (0),,1: - - -+ @ ),,(0),,1 (note that Aps \ {4} is closed under in-
version in view of (5.14)). By (5.6), we get

b} =
Ms,p (p(Zkl+---+kq nl]((l) (q))na(o)ml’

hence comparing the M s components yields

— (1) ()
pP= Z lkl : lk,,
k1+...+kq=
It follows that i, (1) . (q) # 0 for some k1, ..., ky € Z satisfying

k1+-~-—|—kq=MS.

In particular, l( ). (q) # 0. Given the structure of the elements of Aps \ {1},
it follows that M 5 k1, ....kg <M. Since k1 + .-+ ky = Ms, there exist

at least s nonzero elements among k1, .. kq, and so it follows that p divides
-(1) -(q) (1) -(q)

at least s elements among i PRGN Ky ® and SO z o k, = = 0, a contradiction.

Therefore, Stabg  (§) is not finitely generated. ]

5.3 Automorphisms of the lamplighter group

We consider next the automorphisms of &£;. Assume that ¢, ), ,(j,),,r 1S an auto-
morphism of £. Since Fin(L) U {£"} generates a proper subgroup of &£ unless
r = =£1, we can write

Aut(£r) = Auty (£5) U Aut_(£x),

where Auty (£y) denotes the set of automorphisms of the form ¢(;,),,.(j,)n,1 (the
positive automorphisms) and Aut_ (£ ) denotes the set of automorphisms of the
form @;,),,.(ju)n,—1 (the negative automorphisms). Let ¢ be the endomorphism
of £ defined by ¢ = o and £¢ = £71. It follows that ¢ € Aut_(&£y). It is easy
to check that Aut4 (Ly) is a (normal) subgroup of index 2 of Aut(£j) containing
Stabg, (§). Thus

Aut(£y) = Auty (L) x Ca. (5.17)

Lemma 5.4. Let k > 2. Then

0. AUt+ (ik) - Stabik (E)’ gD(in)n ,(jn)nal = q)(in)n ,(0)551

is a surjective group homomorphism.
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Proof. Let ¢y, .Giw)ns1s L, Gin,1 € AUt+(Lr). By (5.3), we have
(P G A P G 1O = P(Eyer if—gia)ns0n,1 = Lln)n, (0,190, (0)n,1
= (@) G)ns19) (i), G 10)-

Hence o is a monoid endomorphism from Aut4 (£ ) into the monoid of endomor-
phisms of £y fixing §. If we take @7y, (j1),.1 = wanl)n,(jn)n,l’ it follows that
(@G- Gn 1O @) (e 10) = 1.
Similarly,
@@ 1O P Gdn10) = 1.
Therefore, o is a (group) homomorphism from Auty (£) into Stabg, (£). Since

o fixes all the automorphisms from Stabg, (£), it is surjective. |

Lemma 5.5. Let k > 2 and r € Z. Let (in)n and (jn)n be functions with finite
support from 7. to Zy. Then the following conditions are equivalent:

D PGy, (ndnr € AUULE)

(i) @Gi)n.0),.1 € Stabg, (§) and r = £1.

Proof. (i) = (ii). We have already remarked that (i) implies r = +1. If r = 1,
then ¢(;,),,,(0),,1 € Stabg, (§) follows from Lemma 5.4. Hence we may assume
that r = —1. Composing with { = ¢(,,),..(0),,—1> We get

i Gon1b = ([T )¢ = T B2 = 1 81,

nez nez nez
£0nnnn—1¢ = ((TT81)67)e = (TT 8% )¢ = (TT 8¢
nez nez nez

hence q)(l'n)n,(jn)n,_lé‘ = (p(i—n)ns(j—n)nsl € Aut+ (xk)’ and so

Pli—n)ns(0),,1 € Stabg, (§)
by the preceding case. Let 91y, (0),,1 = (p(in)m TRE It follows from (5.3) that
S {1 ifn =0,
lp—tel—k = .
kez 0 otherwise.

But then, for i, =i, we get

ifn =0,
D ki =

iz, 0 otherwise.

—n°

Replacing —n — k by n — k, we get ;7). 0),,1 (p&nl)n )17 and so (ii) holds.
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(il)) = (i). Assume first that r = 1. Write
u=[]A0r and v=u"G) o,
nez
Let i be the endomorphism of £ defined by ayy = ago(jr})n .1 and £y = vé.
In view of (5.2), we get
QPG Gn)n AV = CP (i), (0) 1Y = O

and
EQinm G 1 ¥ = WY = (ol o) DWE) = &;
hence ¢, (ju)n,1¥ = 1. Similarly, we can show that ¥ ¢ ,),,.(j,).,1 = 1: hence

Plin)n (o1 € AUU(L). _
Assume now that r = —1. We have O‘Z‘/’(in)n,(jn)n,—l = HneZ ﬁ”{l and

—1
ECPG)n,Gndnm1 =& Plin),Gndns—1

=t 8,7 = (H Bl )E = (]‘[ﬂ i),

nez nez
Thus $0@,)m.Gums—1 = Plin)n,(=ju—1)n,1» Which is an automorphism by the pre-
ceding case. Since ¢ is an automorphism, S0 iS ©(;,),,,(jn)n,—1- O

Lemma 5.6. Let u, v > 2 be coprime integers. Then £, = (a, &) < L.
Proof. By (5.1),

(o, & | [E"at™™ . E"at™"] (m,n € L))
is a presentation of &£, and

(. § [ " [E"at™™ . §"ag™"] (m.n € 1))

is a presentation of &£,,. Let H = (aV, &) < £p. We claim that H = («¥, &) < Ly
is isomorphic to £,,.

Indeed, it follows from the given presentations that o > «, & + & defines
a surjective homomorphism 6 from £,, onto H. Suppose that

w = (nl; ,8,2”)5’ € Ker 6,

where (i), is a function from Z into Z, with finite support and r € Z. Then
1 =w0 = ([1,ez Bn'™)E" yields r = 0 and uv | viy for every n. Thus u | i, for
every n, and so w = 1. Therefore, 8: £,, — H is an isomorphism. o
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Lemma 5.7. Let pq, ..., ps be distinct positive primes with t > 2. Let c1 > 2 and
¢2,...,¢t > 1. Then Stab‘;gptlfl (&) is a homomorphic image of Stab;gptlfl ot &).

Proof. Writeu = p{',v = p5?>...pi" andk = uv.Let H = (a’,§) < £yp. By
Lemma 5.6, we have H =~ £,,.
We define

w:Stabg, (§) — Staby (§), ¥ — V|q.

We show that Hy» C H for each v € Stabg, (§). Indeed, we may assume that
ay =[l,ez ,3,,” for some function (i), from Z into Zj; with finite support.
Since £y = £ and ' = [,z L, we get Hy € H. This implies that o is
a (group) homomorphism.

We show next that w is surjective. In view of Lemma 5.2, it suffices to show
that

A 8mpr | J €L, meZ\{0}, r € Zps} CImw

(after translation from &£,, to H).

Clearly, A in H (defined by a¥ > £aVE~! and £ — £) is the restriction of A
from £p.

Consider next n; in H (defined by oV > (a?)/ and £ + £, where j € Z}).
We can represent ;j as an integer not divisible by p;. Let v’ be the product of the
primes ps, ..., p; which do not divide j, and set j' = j + p{lv’.

Since j € Z};, p1 does not divide j, and so it does not divide j’. Suppose
that p; divides j’ for some 2 <i < t.If p; does not divide j, then it divides v/,
and so it divides j = j’ — p{'v/, a contradiction. If p; divides j, then it divides
pi{'v’ = j’ — j, and so must be a factor of v’, also a contradiction.

Thus we can consider j’ € Z7 and 1,/ € Stabg, (S). We claim that ;o = ;.
Since £n;j» = & = £n);, it remains to be shown that a njr = a'n;. This is equiva-
lent to show that «® = a%/ in Lk, i.e. k dividesvj’ — vj,i.e. p{! divides j' — j,
which is clearly true.

Before dealing with the remaining case, we remark that the following general-
ization of (5.14) holds with the same proof:

if p=pi1...ps and ¢ = max{cy,...,cs}, then 8m pr =1 (5.18)

Indeed, we adapt ®,, and A in the obvious way, and everything works the same.
Now consider 8, p,» in H (defined by o > a? B,7'" and £ — £). Since pfl_l

and p; ... p; are coprime, there exist 7/, y € Z such that p, ... psr’ + pf‘_ly =r.

Writing p = p1 ... ps, we consider now &, p,/, which is in Stabg, (§) by (5.18).
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We claim that 8, pr'@ = S, p,r. Since 6, pr’ = & = E8m,p,r, it remains to be
shown that «* 8, pr’ = @V8m, p, . This is equivalent to showing that

’ .
a’BrPT = o’ BRPT in L.

So it suffices to show that k divides vpr’ —vpir,i.e. p‘fl_l divides pa...pr' —r,
which is certainly true. Therefore, w is surjective as claimed. o

Lemma 5.8. Let k = py ... ps, where p1, ..., ps are distinct positive primes and

s>2 Forl =1,...,s, let py be the endomorphism of L with apy = apfﬁlf/”

and Epy = €. Then

(i) Stabg, (§) = (nj.pe | j € Zi, Le{l,... s}

() (A,nj.pe|jeZ;, Lell,...,s—1})isafinite index subgroup of Stabg, (£).
Proof. (i) Let € € {1,...,s}. We must show that p, is an automorphism.

Write k, = %. Since p? and kf are coprime, there exist uy, vy € Z such that
pfug + k%ve = 1. Let ¥ denote the endomorphism of £ with ¢ = a””lﬂfﬂv‘z
and £y = . It follows from (5.5) that

PLY = P(lin+il i 1)ns(0)n,1-
o Ifn = —1,then ijiy + i’ jiny1 = kgvgpg = 0in Zy.
o If n =0, then ijin + i’ jiny1 = pougpe + kgveky = 1.
o Ifn = 1,thenijin + i’ jiny1 = pougky = 0in Zy.

Since iin + i’ in+1 = O for all the remaining values of n, we get p = 1. In
view of (5.4), pg € Stabg, (§).
We show next that

m kM
apy’ =aPt B,/ foreverym > 1. (5.19)
We use induction on m. The case m = 1 holds by definition. Assume that the

claim holds for some m > 1. In view of (5.7), we get

m—+1
kl

+1 gm mp, pmtl ma1
m+1 _ _pT ¢ Pt pDy ke pky _p
=aft B By = ot By

ap, m 1 m+1
where the last equality follows from the fact that k | k" pg and k | py’ky, and so

ki'pe np'ke 1
m 1 =

and (5.19) holds.
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Similarly, we can show that
m

ap, " = apzn”?ﬂ]i‘mvl for every m > 1. (5.20)

In view of (5.19), and since k divides k; k; whenever i # j, a straightforward
induction shows that

r ) m
apilm ...,O;n’ — ap{"l...p;”r 1_[ 13’1;,-[’ [Meetr...rngy PE'¢ (5.21)
i=1
holds forall r € {1,...,s}and my,...,m, > 0.
Now let ¥ € Stabg, (§). We prove that, for each £ € {1, ..., s},

akey = ,Bfrfejf for some my € Z and j; € Zj. (5.22)

Indeed, if H = (ak¢, ), it follows from Lemma 5.6 that H =~ &£p,. Since it
holds that ¢y = (ay)ke, we get Hy € H. Also Hy~' € H out of symmetry;
hence H = Hy 'y € Hy C H, yielding HY = H.Hence ¥|y € Stabg (£).
Since H = &£,,, (5.22) follows from Lemma 5.1.

Now the greatest common divisor of k1, ..., ks is obviously 1, so there exist
X1,...,Xs € Z such that kyx1 + -+ + kgxg = 1. It follows from (5.22) that

b = B gl 52

Note that the numbers m, are not necessarily nonzero. We show that, for every
Le{l,....,s +1},

—my — k ke—1ye—1 k ksys
awps Mg L IOZ me _ mllJ)] . leée_llye ly eye Lo sYs
for some y1,..., Vs € Z. (5.24)

The formula for £ = s + 1 is to be interpreted as computing o/, and so it is
trivially true because of (5.23). Assume (5.24) holds for £ € {2,...,s + 1}. If
my_1 # 0, it follows from (5.19) or (5.20) that there exist some z, w € Z such
that

ap M = aP1Z gRew (5.25)

—me—1°
This is in fact also true if my_; = 0 because py_1 and ky_; are coprime. We ap-
ply now (5.7) to the automorphisms o ™s ... p, ¢ and pe_:"le_l and using (5.24)
and (5.25). Since k = py_1ky_1 and it divides the product of any two distinct k;,
we get
ayp;™ .. _pe—_mlzfl — ﬁfnl]ylpz—lz o fnee—_zzye—zpe—lz

. ak%_IW—lwaszl)z—ﬂ . gksyspe—1z
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proving (5.24). In particular, for £ = 1, we get

mi

aypy ™ = ol

for some j € Zj. Since automorphisms preserve order, we must have j € th’
1

hence ayyp; ™s ... p; """ = anj, yielding y = n; p" ... ps, and we are done.
(i1) We show that
ot py = A" (5.26)

form=(p1—1)...(ps —1).
Indeed, it follows from (5.21) that

k2m k
apt ... s = ok” l_[ﬂ r%’ l
i=1

Thus it suffices to show that k divides Y 7_; k?™ — 1. This is equivalent to hav-
ing pl divide k2m —1fori=1,...,s. Since p; does not divide k;, we have
kp’ =1 (mod pi); hence klzm = 1 (mod p;). Therefore, (5.26) holds.

Since Stabg, (£) is abelian, it follows from part (i) and (5.26) that

m—1

Stabg, (&) = | J(A.nj.pe | j € Zf. el . s — 1})pL. o
i=0

In view of Lemma 5.5, we can define W to be the set of all automorphisms
of £ of the form ¢, .y, (j,),,1» Where r € Z and (jn)n is a function from Z
to Z,.

Lemma 5.9. For every k > 2, W, < Aut(£y) and Vi, = £y.

Proof. Every element x € £ can be uniquely written in the form
x =& ( l—[ ﬂén>’
nez

where r € Z and (), is a function from Z to Z,.
Let u: £ — ¥i be defined by

(é’(]—[ ﬁ,’{”))u = PlontrInGindn1-

nez

It is clear that u is a bijection.
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Assume now that x = £” ([],ez /3,{") and X’ = £ ([T,ez ,3]”) are arbitrary
elements of £;. We have

s = ([T 6" (T 8)
nez nez
_ Er+r’(l_[ Jn r’)(l_[ IBJH) Er—}—r (l_[ ﬂj,1+,/+J,,)

nez nez nez
hence
(xx"yu = (& nﬂjn+r/+j'/l = ' in
M= n M= (p(8n+r+r’)ﬂs(]n+r/+]n)n71'
nez

On the other hand, using (5.2), we have

Ol(XlL)(X,/.L) = a(p(€n+r)ny(jn)nsl(p(sn-i-r’)na(jr;)nal = ﬁ_r(p(sn+r’)l1,(jr/l)n:1

Entr/+r
- l_[ ’3 o - a<p(£n+r+r’)n,(jn+r’+j1/1)n,1 = (X((XX/)/L),

nez

S(X}L)(X,,LL) = S(p(8n+r)ny(jn)n,1¢(5n+r/)na(jrli)na1

= ((l—[ ﬂén>$)(/)(8n+r’)na(jr/1)n:1

nez
= (TT TT s =")(TT 82 )& = (TT B2 ) (TT B )¢
neZ mez nez nez nez

jn r’+jr/z
= (TT A7) = €06, om0 = £ D10,

nez

and so (xp)(x’'n) = (xx")u. Therefore, u is a group isomorphism and ¥y is ob-
viously a subgroup of Aut(£y).
It remains to show that Wy is normal. First we note that, for every x € £,

x and « are conjugate if and only if x = §, for some r € Z.

Indeed, suppose that x = yay~! for some y € £;. We may write y = u&” for
some 1 € Fin(£;) and r € Z. Since Fin(£y) is abelian, it follows that

x=yay ' =ufatTuT = et = .

The converse implication holds trivially. Since a@(g,,_,),.(jn)n,1 = Br it follows
that
U, = {y € Auty(£y) | oy and « are conjugate in Ly }. (5.27)
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Let ¢ € Aut(£x), ¥ € V. Clearly, oo~ € Auty (£x). ¥ = @, )0 Gi)o1s
it follows from (5.2) that

B = [| B = Brom =& BmE ™" (5.28)
nez
holds for every m € Z; hence uy = £"ué™" for every u € Fin(£y). In particular,
for u = agp, we get
-1 __ r —ry,,—1 __ r —1 r —1\—1
apyo = (EuE e = ("9 aE )
Thus ¢ ~! € Wy by (5.27), and so Wi < Aut(Ly). |

We now aim at producing a generating set for Aut(&£x). Let t = @(,,),,.(en)n,1-

Lemma 5.10. For every k > 2,
(i) Auty (L) = (Stabg, (§) U{c});
(i) Aut(Ly) = (Stabg, (§) U{t.E}).
Proof. (i) Write S; = Stabg, (&), and let

P = Plin)n,Gn)no1 € AUty (Ly).

By Lemma 5.9, we can take ¥ = ¢(¢,,),,.(—jn)n,1 € Yk < Aut4(Lg). By (5.2), we
have

sov = ((TT Bmvr)e)v = ((TT Bl )6)v
= (TT i) (TT B )e = ¢. (5.29)

meZ meZ

and so we get 9 € Sg; hence ¢ € Wi Sk. Since £ = (w, &), it follows from
Lemma 5.9 that

Wi = (ap, Epn) = (1 A).

Since A € Sk, we get Aut4 (L) = (Sk U {t}).
(ii) follows from the fact that Aut4 (£ ) is a subgroup of index 2 of Aut(£y)
and ¢ € Aut_(£y). |

Let FStabg, (£) denote the set of all finite order automorphisms of £ fixing £.
Since Stabg, (§) is abelian by (5.4), FStabg, (§) is an abelian group itself.

We say that k > 2 is squarefree if there exists no prime p € N such that p?
divides k.



Extensions of automorphisms of self-similar groups 889

Theorem 5.11. Let k > 2 have positive prime divisors p1, ..., ps. Then the fol-
lowing conditions are equivalent:

(1) k is squarefree;
(i1) Aut(Ly) is finitely generated;
(iii) Auty(£y) is a finite extension of L x (Z5~! x Zy).

If in addition p; divides (%)2 —1fori =1,...,s, then
Auty (Lg) = L x (251 x ZF) and  Aut(Ly) = (Lk x (Z°7' x Z})) % Ca.

Proof. (i) = (iii). By Lemma 5.9, we have W < Aut4(£g). Suppose first that
s =1 (so k is prime). Define Ay = {n; | j € Z}. It is straightforward to check
that Z; — Ay, j + n; is a group isomorphism (for arbitrary k, in fact). More-
over, W, N Ay = {id}. Let ¢ € Auty(£x). By Lemma 5.1, ag = B; for some
r €Z,j € Zy.Hence pn;—1 € Wi, andso ¢ € Wy Ag. Thus Auty (£y) = Wi A,
and so

Auty (£r) = Vg X Ap = L X Z;:

by Lemma 5.9. Therefore, Aut(£) == (L5 x (Z5~1 x ZZ)) x Cy by (5.17).
Assume now that s > 2. We define

Ak=(7’]j,pg|jEZ;:,KE{L...,S—I}).

Since Stabg, (§) is abelian by (5.4), Lemma 5.8 implies that every element of
Stabg, (§) can be written in the form p}' ... p5*n; for some ay,....as € Z and
J € Z}. We show that

pi'...p%n; =1 implies a3 =---=as=0and;j = 1. (5.30)
Let
Iy ={e{l,....r}|a; >0}, I-={ie{l,....r}|a; <O0}.

Suppose that 74+ U I_ # @. Replacing by the inverses if needed, we may assume
that 74 # 0. Since Stabg, (§) is abelian, p}' ... p5*n; = 1 implies

any [T o = JT of.
i€l i€l
It follows from (5.21) that

. —a: Pk —a . —dy ) a; .
o et o7 T P47 o077 _ o [ g et

i€l i€l
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Comparing the powers of «, we deduce that k divides the difference

J T pie =T p

i€l iely

In particular, by taking £ € I, it follows that p, divides j [[;c;_ p; %, a contra-
diction. Thus I+ U I_- = @,ie.a; = --- =ag = 0. Now j = 1 and (5.30) holds.
It follows from (5.30) that

A = (p1) X -+ X (ps—1) X {nj |j € th}

We have already remarked that {n; | j € Z;} = Z . Suppose that p; has finite
order m. By (5.19), we get aPt = a; hence k (and therefore py) divides pE” —1,
a contradiction. Thus each py has infinite order, and so

A =25 < Z3F. (5.31)

Consider the subgroup Wi A of Aut4(Ly). In view of Lemma 5.9, we have
Wi A = ApWg. Suppose that v € Ay N Wy. Then ¢ = Olen—)n,(0)p,1 = AT for
somer € Z.Hence A" = p{' ... p{* ' n; forsomeay,....as—1 € Zand j € Zj.
Letm = (p1—1)...(ps — 1). By (5.26), we have

pinr » .p;nr — Amr — ,OTal . -PT_af_ITI}",
and so (5.30) yields r = 0. Thus Az N Wi = {id}. Since ¥ < Wi A}, we get, in
view of Lemma 5.9 and (5.31),

Wi Ar = (Vg 3 Ag) = (Lg% (2571 X Z))). (5.32)

Now we want to show that Wy Ay is a finite index subgroup of Auty (£y). Let
@ = Pi)n,Gndns1 € Auty (£y). Take v = Pe)n,(—jun,1 € Wy In view of (5.28)
and (5.29), we have

apy = 18 sov = ((TT8i)e)v =&

nez nez

hence ¢y € Stabg, (§) and
Auty (£x) = Wi Stabg, (£). (5.33)

Since A € Wy, it follows from Lemma 5.8 (ii) that Wi Ag N Stabg, (§) is a fi-
nite index subgroup of Stabg, (§). Therefore, Wi Ay is a finite index subgroup
of Aut4 (£y) and (iii) holds.
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Suppose now that p; divides (%)2 —1fori =1,...,s. Then it is straightfor-
ward to check that

A=p1...p0s. (5.34)
Indeed, in view of (5.21), we get

s 2 s 2
apr...ps = akﬂl =k B i=1ki;
hence it sufﬁ%es to show that k divides Y ;_, ki2 — 1, which is equivalent to p;
dividing (&) — 1 fori =1,....s.

Now it follows from (5.34) that ps € Wy A, yielding Stabg, (§) < Wi Ax. By
(5.33), we get Auty (£5) = Ui Ag,so Auty (L) = L x (2571 x Zl’:) by (5.32).
Therefore, Aut(£y) = (£x x (Z571 x Zy)) x C2 by (5.17).

(iii) = (ii). The groups £ and Z*~! x ZZ are finitely generated, so must be
their semidirect product and all their finite extensions. Thus Aut4 (£y) is finitely
generated and so is Aut(£y) by (5.17).

(i) = (i). Suppose now that k is not squarefree. By Lemmas 5.3 and 5.7,
Stabg, (§) is not finitely generated. By Lemma 5.4, Aut, (&£) is not finitely gen-
erated either. Since Auty (L) is a finite index subgroup of Aut(£;), and every
finite index subgroup of a finitely generated subgroup is finitely generated, it fol-
lows that Auty (£f) is not finitely generated. |

6 Uniform continuity

Theorem 6.1. Every ¢ € Aut(Ly) is uniformly continuous with respect to the
depth metric.

Proof. By Lemma 5.10, it is sufficient to show that every 6 € Stabg, (§) and that
the maps ¢ and ¢ are uniformly continuous with respect to the depth metric.
Assume first that 6 € Stabg, (§). By Proposition 4.3, it will suffice to show that

(Stab,, (£))6 C Stab,, (L) 6.1)

holds for every p > 0.
Write a6 = B! ... p[™. Then

BeO = By, - By~ forevery L € Z.
Assume that y£" € Stab, (£ ) for some y € Fin(£x) and n € Z. Write

/
T

7
y=8,...B.
1 s
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Let ¢ = p 4+ 1 —min{i{,...,i,}. Since Stab,(£x) < £k and 6 € Aut(Ly), we
have
yE" € Staby (L) <= (§7yE77)E" € Staby(Ly), (6.2)

(y€")0 € Stabp(Lr) <= ((E7yE71)E")0 € Stabp (Ly). (6.3)

Thus we may assume that i}, > p + 1 for every v, replacing y£” by (§7y£7)&"
if needed.
Write

s m

fO = "rid=n% gty=> nd—n h@t)=01-1)"

v=1 u=1

Considering the formal series X = Z;io X jtj , we have

Xyg" = (X + f)h(r).  X((yE")0) = (X + f(1)g(0)h (). (6.4)

Indeed, the first equality follows from the formal series interpretation of the §;
and &". Since 0 € Stabg, (£), it suffices to show that X(y0) = X + f(1)g(1).
This follows easily from the equality

m s
r’ rl rir,
o= o= T1TT 0k,
u=1v=1

Now let W, denote the principal ideal of Zg[[¢]] generated by 1P *!. Since
yE"™ € Stab, (L), it follows that Xy&™ = xo + x1t! + ... 4+ xpt? +--+, and so
the first equation in (6.4) implies that

(X + f@)h(t) — X = Xy&t" — X € Wpq1 forevery X € Zg[[t]].

Considering the particular case X = 0, we get f(¢)h(t) € Wpy1.
Using the second equation in (6.4), we want to show that

X(yE")0 — X = (X + f()g)h(t) — X € Wp1.
Since
X+ f@)g@)h(t) — X = (X + f()h(®) — X + f()(g#) — Dh(@),

the claim follows from (X + f(2))h(t) — X € Wp41 and f(¢)h(t) € Wp41. Since
X(yE")O0 — X € Wpi1, (yE™)0 € Stab, (L), and so (6.1) holds. Therefore, 8 is
uniformly continuous for every 6 € Stabg, (§).
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We show next that ¢ is uniformly continuous. By Proposition 4.3, it suffices to
show that
(Stabp 41 (L))t S Staby, (L) (6.5)

holds for every p > 0.
Assume that y£" € Stab, 1 1(£y) for some y € Fin(£x) and n € Z. Since

Stab, (£x) < £x and € Aut(£y),

we have
YE" € Stab, (L) <= & "y~ ! € Stab, (£y).

(E") € Staby(Ly) <= (§7"y 1) € Stab,(Ly).

Therefore, we may assume that n > 0, replacing y£" by £y~ if needed.

Write y = ,3 Since ¢ € W, (5.28) implies that Byt = B, for every
{ € 7. Thus )/L = y On the other hand, a straightforward induction shows that
én[ = ,3()...,3”_1511 (66)
for every n > 0. Write
m .
SO = r(—=0)" h@6)=1-0)"
u=1

Considering the formal series X = Y 72 j=0% ,z we have

n—1

Xyg" = (X + f(O)h(1),  X((y§") = (X +fO+)Y (- r)i)h(z). (6.7)
=0

Indeed, the first equality follows from the formal series interpretation of the S;
and £”, and the second equality follows from yt = y and (6.6).

Since y&" € Stabp11(&Lx), we have (X + f(t))h(t) — X € Wy, for every
X € Z|[t]] by the first equality in (6.7). Hence

X(h(t) = 1) + f()h(t) € Wy forevery X € Zg[[t]].

Considering the particular case X = 0, we get f(¢)h(¢) € Wy, and consequently
X(h(t) — 1) € Wy for every X € Zy[[t]]. Since X is arbitrary, it follows that
h(t) —1 € Wy1>. But then

o : 1—(1—1)" h(t) — 1
S 0fh = e = O e
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yielding

n—1
X((rEM8) — X = (x LA+ Y- z)")h(z) X
i=0

n—1
= ((X + f@)h() —X) + Z(l —1)'h(@t) € Wpi1.
i=0

Hence (y§")0 € Stab, (L), and so (6.5) holds. Therefore, ¢ is uniformly contin-
uous.
Finally, we show that ¢ is uniformly continuous. By Proposition 4.3, it will
suffice to show that
(Stabp (£4))0 < Stab, (£x) (6.8)

holds for every p > 0.

Recall that @ = @ and £¢ = £~ and so B¢ = B_, for every £ € Z. Assume
now that y§" € Stabp (&) for some y = ! ... "™ € Fin(&Ly) and n € Z. Let
q = max{|i1],...,|im|} + 1. Then (6.2) and (6.3) (with 6 replaced by ¢) hold, so
we can assume that iq, ..., i, > 0 (replacing y&" by (§9y£~9)&" if needed).

Write

m m

f@O =Y ru(l=0) &)=Y r(l—=07" ht)=01-0)""
u=1 u=1
Recall that 2=1(t) = (1 —t)". Considering the formal series X = Z,(/?io thj ,
we have

Xyg" = (X + f()h().  X((EM) = (X + gD~ 0).  (69)

Indeed, the first equality follows from the formal series interpretation of the j;
: _ Ar m _ &1
and £", and the second equality follows from y¢ = ﬂ_lil . ﬂ:im and §¢ =€
and the same argument used to get the first equality.
Since y£" € Stab, (L), we have

(X + f(@)h(t) — X € Wp41 forevery X € Zg[[t]]

by (6.9). Considering the particular case X = 0, we get f(t)h(t) € Wp41 and con-
sequently f(t) € Wp41 (since h(t) = 1+ th'(t) for some h'(t) € Z[[t]]). We
shall prove that g(¢) € Wp41. .

The coefficient of ¢ in f(z) is (—1)* i Tu (lg) Since f(t) € Wpi1, we get

m .
Zru(lg) -0 forl=0,...,p. (6.10)
u=1
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For ¢ = 0, this is equivalent to ZZ1=1 ry = 0. Since i, > 1, for every s > —1, we
have (’"(_)H) =1, and so

n vy +s\
M;ru( 0 )_0. 6.11)

‘We show next that

X_: ry (i“ Z S) =0 (6.12)

u=1
forall ¢ € {1,..., p} and s > 0. We use induction on s.
The case s = 0 follows from (6.10); hence we assume that s > 0 and (6.12)
holds for s — 1 and every £ € {1,..., p}. Indeed, we may use the induction hy-

pothesis and (6.11) (if £ = 1) to deduce

Zru(luz—s)zzru(lu—’_; 1)+Zru(lu2—_sl 1)=0+O=0
u=1 u=1
Thus (6.12) holds for every s.

We now compute the coefficient ¢; of ¢ in (1 — 7)™ = (1 +1 4+ 12 4 ...)x.
Then ¢, is the number of decompositions of the form £ = a; + --- + a;, with
ait,...,a;, €N, and therefore also the number of decompositions of the form
{+iy = by + -+ b;, with by, ..., b;, > 1. This number is well known to be
(’"I.;"ffl) = (" "f _1) (we must choose iy, + £ — 1 intermediate positions in a se-
quence of £ + iy ones to bound the summands). It follows that the coefficient of tt
in g(r)is Yry ru (T 71). By (6.11) and (6.12), we get Y, ru (M) =0
for =0,..., p. Thus g(t) € Wp41 as claimed.

Now

X +gNh™ (1) =X =g(Oh™' (1) — (X — Xh™' (1))
= g(Oh™ (1) — (Xh(t) = X)h™ (1)
=gh™' (1) = (X + f@)h@) — X)) (1)
+ f(@t) € Wy

since Wp1 is an ideal of Zg[[t]]. By (6.9), we get (y§")¢ € Stab, (£ ), and so
(6.8) holds. Therefore, ¢ is uniformly continuous.

Since F =, ¢? = ¢ and the composition of uniformly continuous functions is
uniformly continuous, it follows from Lemma 5.10 (ii) that every ¢ € Aut(£y) is
uniformly continuous. o

Theorem 6.1 and Lemma 4.1 together finish the proof of Theorem 1.2.
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7 Questions and observations

We finish this paper with some open questions and suggestions for further research.
After Theorem 6.1, it is very natural to ask the following question.

Questions 7.1. Does every automorphism of £} extend to a continuous automor-
phism of Aut(Ty)?

Next we note that the fixed point subgroup of an automorphism of &£, need not
be finitely generated, even if the automorphism is inner.

Example 7.2. There exists 6 € Inn(£,) such that Fix(6) is not finitely generated.

Indeed, let 6 € Inn(&£,) be defined by Y0 = aya~! ( € £5). Since Fin(£5)
is abelian, we have y0 = aya = a?y = y for every y € Fin(£5). On the other
hand, given n € Z, we have "0 = af"a = Bof,E"; hence £" € Fix(0) if and
only if n = 0. It follows that Fix(6) = Fin(&£,), an infinite abelian torsion group,
therefore non-finitely generated.

Questions 7.3. Let G < Aut(Ty) be an automaton group and G its closure with
respect to the depth metric.

(i) What conditions ensure that an automorphism of an automaton group
G < Aut(Ty)

extends to a continuous automorphism of Aut(Ty)?

(1) Is every fixed point of ¢ a limit point of fixed points of ¢?
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