
Nonlinearity
           

PAPER • OPEN ACCESS

Simple two-layer dispersive models in the Hamiltonian reduction

formalism

To cite this article: R Camassa et al 2023 Nonlinearity 36 4523

 

View the article online for updates and enhancements.

This content was downloaded from IP address 188.216.197.252 on 16/07/2023 at 09:12



/POMJOFBSJUZ

/POMJOFBSJUZ �� 	����
 ����m���� IUUQT���EPJ�PSH�������������������BDF�B�

4JNQMF UXP�MBZFS EJTQFSTJWF NPEFMT JO UIF
)BNJMUPOJBO SFEVDUJPO GPSNBMJTN
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. 1FESPOJ��B BOE 5 5 7V )P���B
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"QQMJFE .BUIFNBUJDT %FQBSUNFOU PG .BUIFNBUJDT $IBQFM )JMM /$ ����� 6OJUFE
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� */'/ 4F[JPOF EJ .JMBOP�#JDPDDB 1JB[[B EFMMB 4DJFO[B � ����� .JMBOP *UBMZ
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&�NBJM� HJPWBOOJ�PSUFO[J!VOJNJC�JU

3FDFJWFE �� 0DUPCFS ����� SFWJTFE �� +VOF ����
"DDFQUFE GPS QVCMJDBUJPO � +VMZ ����
1VCMJTIFE �� +VMZ ����

3FDPNNFOEFE CZ %S ,BSJNB ,IVTOVUEJOPWB

"CTUSBDU
")BNJMUPOJBO SFEVDUJPO BQQSPBDI JT EFàOFE TUVEJFE BOE àOBMMZ VTFE UP EFSJWF
BTZNQUPUJD NPEFMT PG JOUFSOBM XBWF QSPQBHBUJPO JO EFOTJUZ TUSBUJàFE áVJET JO
UXP�EJNFOTJPOBM EPNBJOT� #FHJOOJOH XJUI UIF HFOFSBM )BNJMUPOJBO GPSNBMJTN
PG #FOKBNJO 	���� +� 'MVJE .FDI� ��� ���m��
 GPS BO JEFBM TUBCMZ TUSBUJàFE
&VMFS áVJE UIF DPSSFTQPOEJOH TUSVDUVSF JT TZTUFNBUJDBMMZ SFEVDFE UP UIF TFUVQ
PG UXP IPNPHFOFPVT áVJET VOEFS HSBWJUZ TFQBSBUFE CZ BO JOUFSGBDF BOE DPO�
àOFE CFUXFFO UXP JOàOJUF IPSJ[POUBM QMBUFT� " MPOH�XBWF TNBMM�BNQMJUVEF
BTZNQUPUJDT JT UIFO VTFE UP PCUBJO B TJNQMJàFE NPEFM UIBU FODBQTVMBUFT NPTU
PG UIF LOPXO QSPQFSUJFT PG UIF EZOBNJDT PG TVDI TZTUFNT TVDI BT CJEJSFDUJPOBM
XBWF QSPQBHBUJPO BOE NBYJNBM BNQMJUVEF USBWFMMJOH XBWFT JO UIF GPSN PG
GSPOUT� 'VSUIFS SFEVDUJPOT BOE JO QBSUJDVMBS EFWJTJOH BO BTZNQUPUJD FYUFOTJPO
PG %JSBD�T UIFPSZ PG )BNJMUPOJBO DPOTUSBJOUT MFBE UP UIF DPNQMFUFMZ JOUFHSBCMF

∗
"VUIPS UP XIPN BOZ DPSSFTQPOEFODF TIPVME CF BEESFTTFE�

0SJHJOBM $POUFOU GSPN UIJT XPSL NBZ CF VTFE VOEFS UIF UFSNT PG UIF $SFBUJWF $PNNPOT "UUSJCVUJPO
��� MJDFODF� "OZ GVSUIFS EJTUSJCVUJPO PG UIJT XPSL NVTU NBJOUBJO BUUSJCVUJPO UP UIF BVUIPS	T
 BOE UIF

UJUMF PG UIF XPSL KPVSOBM DJUBUJPO BOE %0*�
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FWPMVUJPO FRVBUJPOT QSFWJPVTMZ DPOTJEFSFE JO UIF MJUFSBUVSF GPS MJNJUJOH GPSNT PG
UIF EZOBNJDT PG TUSBUJàFE áVJET� 5P BTTFTT UIF QFSGPSNBODF PG UIF BTZNQUPUJD
NPEFMT TQFDJBM TPMVUJPOT BSF TUVEJFE BOE DPNQBSFE XJUI UIPTF PG UIF QBSFOU
FRVBUJPOT

,FZXPSET� TUSBUJàFE áVJET )BNJMUPOJBO 1%&T )BNJMUPOJBO SFEVDUJPOT
EJTQFSTJWF JOUFSOBM XBWF NPEFMT USBWFMMJOH XBWF TPMVUJPOT
.BUIFNBUJDT 4VCKFDU $MBTTJàDBUJPO OVNCFST� ��,�� ��2�� ��2�� ��#��

	4PNF àHVSFT NBZ BQQFBS JO DPMPVS POMZ JO UIF POMJOF KPVSOBM


�� *OUSPEVDUJPO

%FOTJUZ TUSBUJàDBUJPO JO JODPNQSFTTJCMF áVJET JT BO JNQPSUBOU BTQFDU PG UIFPSFUJDBM áVJE EZOBN�
JDT BOE JT BO JOIFSFOU DPNQPOFOU PG B XJEF WBSJFUZ PG QIFOPNFOB SFMBUFE UP HFPQIZTJDBM BQQMJD�
BUJPO� %JTQMBDFNFOU PG áVJE QBSDFMT GSPN UIFJS OFVUSBM CVPZBODZ QPTJUJPO XJUIJO B EFOTJUZ
TUSBUJàFE áPX DBO SFTVMU JO JOUFSOBM XBWF NPUJPO XIPTF HPWFSOJOH FRVBUJPOT BSF OPU JO HFO�
FSBM BNFOBCMF UP BOBMZUJDBM NFUIPET GPS UIFJS TPMVUJPOT� 4JNQMJàFE NPEFMT BCMF UP JTPMBUF LFZ
NFDIBOJTN PG UIF EZOBNJDT UIBU DBO CF TUVEJFE JO EFUBJM FWFO JO UIFJS POF TQBDF�EJNFOTJPOBM
MJNJU BSF UIFSFGPSF WBMVBCMF BOE PWFS UIF ZFBST NBOZ IBWF CFFO QSPQPTFE JO UIF MJUFSBUVSF� "
	WFSZ
 QBSUJBM MJTU JODMVEFT <� �� �� �� �� �� ��> BNPOH NBOZ PUIFST�

5IF NBJO GPDVT PG PVS XPSL JT UIF TUVEZ PG BO JEFBM TUSBUJàFE áVJE GSPN B )BNJMUPOJBO
WJFXQPJOU� 5IF HPWFSOJOH FRVBUJPOT JO UIF BCTFODF PG WJTDPTJUZ BOE EJGGVTJWJUZ PG UIF TUSBUJGZ�
JOH BHFOU BSF UIF &VMFS FRVBUJPOT BVHNFOUFE CZ EFOTJUZ BEWFDUJPO BOE XF DPOTJEFS UIF TJN�
QMJàFE DBTF DPOTJTUJOH PG UXP IPNPHFOFPVT EFOTJUZ MBZFST JO UXP TQBUJBM EJNFOTJPOT JO UIF
BCTFODF PG TVSGBDF UFOTJPO BOE DPOàOFE CZ UXP SJHJE IPSJ[POUBM JOàOJUF QMBUFT� )BNJMUPOJBO
BTQFDUT PG TVDI NPEFMT XJUI BO FNQIBTJT PO UIF UXP�MBZFS DBTF IBWF CFFO DPOTJEFSFE OPUBCMZ
JO <� �� ��>� 0VS BQQSPBDI JT BO BMUFSOBUJWF UP UIF POF VTFE JO <��> GPS UIFJS UXP�MBZFS DBTF
BOE TJNJMBSMZ DPNCJOFT BTZNQUPUJD FYQBOTJPOT XJUI UIF )BNJMUPOJBO TUSVDUVSF PG UIF PSJHJOBM
&VMFS FRVBUJPOT� )PXFWFS PVS TUBSUJOH QPJOU JT UIF HFOFSBM EFOTJUZ�TUSBUJàFE )BNJMUPOJBO PG
#FOKBNJO <�> BOE EPFT OPU NBLF VTF PG UIF HFOFSBMJ[BUJPO UP UIF UXP�MBZFS DBTF BT JO <��>
PG ;BLIBSPW�T )BNJMUPOJBO TUSVDUVSF <��> GPS GSFF TVSGBDF XBUFS XBWFT� *O PVS BQQSPBDI PODF
UIF )BNJMUPOJBO SFEVDUJPO <�> JT BQQMJFE UP UIF UXP�MBZFS DBTF XF DPOTJEFS EJGGFSFOU CBMBODFT
CFUXFFO OPOMJOFBSJUZ BOE EJTQFSTJPO XIJDI BMMPXT VT UP SFUBJO EJGGFSFOU BTZNQUPUJD PSEFST
JO UIF FOTVJOH NPEFMT� *O QBSUJDVMBS JO UIJT QBQFS XF GPDVT PO B NPEFM GPS JOUFSGBDJBM XBWFT
QSPQBHBUJPO CFUXFFO UXP�IPNPHFOFPVT EFOTJUZ áVJET GPS XIJDI OPOMJOFBSJUZ JT TUSPOHFS UIBO
EJTQFSTJPO� 5IJTNPEFM XIJDIXF TIBMM SFGFS UP BT UIF"#$ TZTUFN DPOTJTUT PG B UISFF�QBSBNFUFS
QBJS PG DPVQMFE FWPMVUJPO FRVBUJPOT UIBU HFOFSBMJ[F UP CJEJSFDUJPOBM QSPQBHBUJPO UIFXFMM�LOPXO
,E7�N,E7 PS (BSEOFS FRVBUJPO GPS VOJEJSFDUJPOBM NPUJPO BOE JU SFEVDFT UP JU 	UPHFUIFS XJUI
JUT )BNJMUPOJBO TUSVDUVSF
 UISPVHI B TZTUFNBUJD BQQMJDBUJPO PG %JSBD�T )BNJMUPOJBO UIFPSZ PG
DPOTUSBJOUT� *O UIF XFBLMZ OPOMJOFBS 	8/-
 SFHJNF GPS XIJDI B QSFDJTF OPOMJOFBSJUZ BOE EJT�
QFSTJPO CBMBODF JT FOGPSDFE UIF NPEFM SFEVDFT UP UIF XFMM LOPXO JOUFHSBCMF DBTFT PG ,BVQm
#PVTTJOFTR <� �� �� ��>�

5IJT QBQFS JT PSHBOJ[FE BT GPMMPXT� 4FDUJPO � JT DPODFSOFE XJUI UIF EFUBJMT PG UIF EFSJWB�
UJPO PG UIF NPEFM FRVBUJPOT� 4QFDJàDBMMZ BGUFS B CSJFG SFWJFX PG UIF GVOEBNFOUBM HPWFSOJOH
FRVBUJPOT GPS JEFBM EFOTJUZ TUSBUJàFE JODPNQSFTTJCMF áVJET JO UIF TFDUJPO�T JOUSPEVDUJPO BOE
JO f ��� XF QSFTFOU UIF FMFNFOUT PG )BNJMUPOJBO SFEVDUJPO UP UXP�MBZFS áPXT JO f ��� BOE f
���� 8F UIFO QSPDFFE UP EFàOF BOE BQQMZ PVS BTZNQUPUJD BTTVNQUJPOT JO f ���m��� UP EFSJWF UIF
MJNJUJOH GPSN PG UIF )BNJMUPOJBO FRVBUJPOT PG NPUJPO� 4FDUJPO � TUVEJFT UIF TUSVDUVSF PG PVS

����
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NBJO NPEFM XIJMF UIF GPMMPXJOH TFDUJPO f � DPOTJEFST OPUBCMF SFEVDUJPOT UIBU ZJFME LOPXO
JOUFHSBCMF TZTUFNT GPS 8/- EZOBNJDT� 'JOBMMZ TFDUJPO � DPOTJEFST TQFDJBM TPMVUJPOT UIBU TFSWF
UP JMMVTUSBUF UIF NPEFMT� NBJO GFBUVSFT BOE ESBXCBDLT BT XFMM BT QSPQPTF BTZNQUPUJD FRVJWBM�
FODFT UP SFNFEZ UIF MBUUFS� MBTUMZ TFDUJPO � EJTDVTTFT GVUVSF EJSFDUJPOT PG JOWFTUJHBUJPO BOE
DPODMVEFT UIF QBQFS�

�� %FOTJUZ TUSBUJGJFE &VMFS GMVJET

8F DPOTJEFS B QFSGFDU JODPNQSFTTJCMF BOE WBSJBCMF EFOTJUZ áVJE DPOàOFE CFUXFFO UXP IPSJ�
[POUBM JOàOJUF QMBUFT� 5IVT UIF áVJE PDDVQJFT UIF UXP�EJNFOTJPOBM 	�%
 EPNBJO (Y,[) ∈
R× (−I�,I�) XJUI I� + I� ≡ I UIF EJTUBODF CFUXFFO CPUUPN BOE VQQFS CPVOEBSZ� 4VDI B
áVJE JT HPWFSOFE CZ UIF JODPNQSFTTJCMF &VMFS FRVBUJPOT GPS UIF WFMPDJUZ àFME V= (V,X) BOE
OPO�DPOTUBOU EFOTJUZ ρ(Y,[, U) JO UIF QSFTFODF PG HSBWJUZ −HL

%ρ
%U

= �, ∇ · V= �,
%(ρV)
%U

+∇Q+ ρHL= � 	���


XJUI CPVOEBSZ DPOEJUJPOT

V(Y=±∞,[, U) = �, BOE X(Y,−I�, U) = X(Y,I�, U) = �, Y ∈ R, [ ∈ (−I�,I�), U ∈ R+ , 	���


XIFSF [=−I� BOE [= I� BSF UIF MPDBUJPOT PG UIF CPUUPN BOE UPQ DPOàOJOH QMBUFT SFTQFDUJWFMZ�
"T VTVBM %/%U= ∂/∂U+ V ·∇ JT UIF NBUFSJBM EFSJWBUJWF�

���� 5IF �% #FOKBNJO NPEFM GPS IFUFSPHFOFPVT áVJET JO B DIBOOFM

5IF BCPWF TZTUFN XBT HJWFO B )BNJMUPOJBO TUSVDUVSF JO <�> XJUI CBTJD MPDBMMZ NFBTVSBCMF
WBSJBCMFT J�F� UIF EFOTJUZ ρ BOE UIF AXFJHIUFE WPSUJDJUZ� ς EFàOFE CZ

ς =∇× (ρV) = (ρX)Y− (ρV)[. 	���


'SPN 	���
 UIF FRVBUJPOT PG NPUJPO GPS UIFTF UXP àFMET BSF

ρU+ VρY+Xρ[ = �
ςU+ VςY+Xς[+ ρY

(
H[− �

� (V
� +X�)

)
[+

�
�ρ[
(
V� +X�

)
Y = � .

	���


5IFTF DBO CF XSJUUFO JO UIF GPSN

ρU =−
[
ρ,
δH
δς

]
, ςU =−

[
ρ,
δH
δρ

]
−
[
ς,
δH
δς

]
, 	���


XIFSF CZ EFàOJUJPO [",#] = "Y#[−"[#Y BOE UIF GVODUJPOBM

H=

ˆ
D
ρ

(
�
�
|V|� + H[

)
EYE[=

ˆ
D
ρ

(
�
�
|∇Ψ|� + H[

)
EYE[ 	���


JT TJNQMZ HJWFO CZ UIF TVN PG UIF LJOFUJD BOE QPUFOUJBM FOFSHZ D CFJOH UIF áVJE EPNBJO
R× (−I�,I�)� 5IF TUSFBNGVODUJPO Ψ JT IFSF VTFE BT B QMBDFIPMEFS GPS UIF NBQ CFUXFFO UIF
XFJHIUFE WPSUJDJUZ ς BOE V EFàOFE CZ ς = (ρV)[− (ρX)Y ≡−(ρΨ[)[− (ρΨY)Y� "T TIPXO
JO <�> FRVBUJPO 	���
 BSF B )BNJMUPOJBO TZTUFN XJUI SFTQFDU UP B MJOFBS )BNJMUPOJBO TUSVDUVSF
UIBU JT UIFZ DBO CF XSJUUFO BT

ρU = {ρ,H}, ςU = {ς,H}
GPS UIF 1PJTTPO CSBDLFUT EFàOFE CZ UIF )BNJMUPOJBO PQFSBUPS

+# =−
(

� ρY∂[− ρ[∂Y
ρY∂[− ρ[∂Y ςY∂[− ς[∂Y

)
. 	���


����
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'JHVSF �� 4DIFNBUJDT PG UIF UXP�MBZFSFE DPOàHVSBUJPO� 5IF RVBOUJUZ η� 	SFTQ� η�
 JT
UIF UPUBM UIJDLOFTT PG UIF MPXFS IFBWJFS 	SFTQ� VQQFS MJHIUFS
 áVJE� 5IF JOUFSGBDF ζ JT
NFBTVSFE GSPN UIF RVJFTDFOU TUBUF [= ��

���� 5XP�MBZFS DBTF

" TJNQMJàDBUJPO PG TZTUFN 	���
 XIJDI SFUBJOT UIF FTTFOUJBM QSPQFSUJFT PG TUSBUJàDBUJPO DBO
CF PCUBJOFE CZ DPOTJEFSJOH B TZTUFN PG UXP áVJET PG IPNPHFOFPVT EFOTJUJFT ρ� > ρ� JO UIF
DIBOOFM R× (−I�,I�)� 5IF JOUFSGBDF CFUXFFO UIF UXP IPNPHFOFPVT áVJET JT EFTDSJCFE CZ B
TNPPUI GVODUJPO ζ = ζ(Y, U) 	TFF àHVSF �
� *O UIJT DBTF UIF EFOTJUZ BOE WFMPDJUZ àFMET DBO CF
EFTDSJCFE BT

ρ(Y,[, U) = ρ� +(ρ� − ρ�)θ([− ζ(Y, U))

V(Y,[, U) = V�(Y,[, U)+ (V�(Y,[, U)− V�(Y,[, U))θ([− ζ(Y, U))

X(Y,[, U) = X�(Y,[, U)+ (X�(Y,[, U)−X�(Y,[, U))θ([− ζ(Y, U)) , 	���


XIFSF θ JT UIF )FBWJTJEF GVODUJPO�
" OPXBEBZT TUBOEBSE XBZ UP SFEVDF UIF EJNFOTJPOBMJUZ PG UIF NPEFM JT UP JOUSPEVDF UIF

MBZFS�BWFSBHFE WFMPDJUJFT BT TFU GPSUI CZ8V <��> TJODF JO UIF DBTF PG áVJET TUSBUJàFE CZ HSBWJUZ
UIF WFSUJDBM EJSFDUJPO QMBZT B EJTUJOHVJTIFE SPMF� -FU VT EFOPUF CZ

V�(Y, U) =
�

η�(Y, U)

ˆ I�

ζ
V�(Y,[, U)E[, V�(Y, U) =

�
η�(Y, U)

ˆ ζ

−I�
V�(Y,[, U)E[ , 	���


UIF MBZFS�BWFSBHFE WFMPDJUJFT XIFSF η� = I� − ζ, η� = I� + ζ BSF UIF UIJDLOFTTFTT PG UIF MBZ�
FST� -FUUJOH 1(Y, U) EFOPUF UIF JOUFSGBDJBM QSFTTVSF UIF OPO�IPNPHFOFPVT JODPNQSFTTJCMF &VMFS
FRVBUJPO 	���
 SFTVMU JO UIF 	OPO�DMPTFE
 TZTUFN

ηJU+(ηJVJ)Y = �, J = �,�,

V�U+ V�V�Y− Hη�Y+
1Y
ρ�

+%� = �,

V�U+ V�V�Y+ Hη�Y+
1Y
ρ�

+%� = �. 	����


5IF UFSNT %� %� BU UIF SJHIU IBOE TJEF PG TZTUFN 	����
 BSF

%J =
�
�ηJ

∂Y[η
�
J (VJYU+ VJVJYY− (VJY)

�)] + . . . , J = �,� , 	����


����
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XIFSF EPUT SFQSFTFOU UFSNT XJUI OPOMPDBM EFQFOEFODF PO UIF BWFSBHFE WFMPDJUJFT� 5IFTF UFSNT
DPMMFDU UIF OPO�IZESPTUBUJD DPSSFDUJPO UP UIF QSFTTVSF àFME BOE NBLF UIF FWPMVUJPO PG TZT�
UFN 	����
 EJTQFSTJWF� 8IFO BO BTZNQUPUJD FYQBOTJPO CBTFE PO UIF MPOH�XBWF BTTVNQUJPO ε≡
NBY[ηJ/-]& �, J = �,� JT DBSSJFE PVU 	XIFSF - JT B UZQJDBM XBWFMFOHUI
 FYQSFTTJPOT 	����

FYQMJDJUMZ EFàOF UIF MFBEJOH PSEFS EJTQFSTJWF UFSNT JO UIF TNBMM QBSBNFUFS ε� USVODBUJOH BU UIJT
PSEFS NBLFT FRVBUJPO 	����
 MPDBM JO UIF MBZFS BWFSBHFE WFMPDJUJFT SFTVMUJOH JO UIF TUSPOHMZ
OPOMJOFBS TZTUFN TUVEJFE JO F�H� <��>�

*U JT JNQPSUBOU UP OPUJDF UIBU UIF àSTU UXP FRVBUJPOT JO 	����
 XIJDI IBWF UIF NFBOJOH PG
NBTT DPOTFSWBUJPO MBXT

ηK U+ ∂Y(ηK VK) = � , 	����


BSF BDUVBMMZ UIF DPVOUFSQBSU PG UIF LJOFNBUJD CPVOEBSZ DPOEJUJPOT BU UIF JOUFSGBDF� %FOPUJOH
	IFSF BOE JO XIBU GPMMPXT
 JOUFSGBDF WFMPDJUJFT CZ ṼK(Y, U) = VK(Y,ζ(Y, U), U) BOE X̃K(Y, U) =
XK(Y,ζ(Y, U), U) UIJT DBO CF TFFO GSPN UIF DIBJO PG FRVBMJUJFT 	XJUI K = �)

η� U+ ∂Y

ˆ ζ

−I�
V�(Y,[, U)E[= ζU+ ζYṼ� +

ˆ ζ

−I�
V�Y(Y,[, U)E[

= (VTJOH V�Y+X� [ = �) = ζU+ ζYṼ� −
ˆ ζ

−I�
X� [(Y,[, U)E[

= ζU+ ζYṼ� −X�

∣∣∣
ζ

−I�
= (CZ UIF CPUUPN OP áVY DPOEJUJPO)

= ζU+ ζYṼ� − X̃� = � , 	����


BOE TJNJMBSMZ GPS UIF VQQFS áVJE XIFO K= �� &RVBUJPO 	����
 DPNF FRVJQQFE XJUI UXP DPO�
TUSBJOUT� /BNFMZ XF IBWF UIF PCWJPVT HFPNFUSJDBM DPOTUSBJOU η� + η� = I BOE JUT DPOTFRVFODF
PCUBJOFE CZ TVNNJOH UIF FRVBUJPOT JO UIF àSTU MJOF PG 	����


(η�V� + η�V�)Y = � . 	����


8F SFNBSL UIBU VOEFS TVJUBCMF GBS�àFME CPVOEBSZ DPOEJUJPOT 	TVDI BT WBOJTIJOH PS JEFOUJDBM
WFMPDJUJFT GPS Y→±∞
 UIJT SFMBUJPO USBOTMBUFT JOUP UIF EZOBNJDBM DPOTUSBJOU

η�V� + η�V� = � . 	����


���� 5IF )BNJMUPOJBO SFEVDUJPO QSPDFTT

8F OPX EJTDVTT IPX B TJNQMF BWFSBHJOH QSPDFTT DBO CF HJWFO B )BNJMUPOJBO TUSVDUVSF XFMM
TVJUFE UP UIF EJTDVTTJPO PG UIF DPOTUSBJOFE FRVBUJPOT JO XIJDI PVS TFU PG SFEVDFE DPPSEJOBUFT
OBUVSBMMZ BQQFBST� 8F GPMMPX UIF TFUUJOH BMSFBEZ JOUSPEVDFE JO <�> BOE QSPWJEF B GVMM HFPNFUSJD
EFTDSJQUJPO PG UIF SFEVDUJPO QSPDFTT� 8F CFHJO XJUI EFàOJUJPOT 	���
 XIFSF XF TVQQSFTT UJNF
EFQFOEFODF GPS FBTF PG OPUBUJPO JO XIBU GPMMPXT� 5IF UXP NPNFOUVN DPNQPOFOUT BSF

ρV= ρ�V�(Y,[)+ (ρ�V�(Y,[)− ρ�V�(Y,[))θ([− ζ(Y)) ,

ρX= ρ�X�(Y,[)+ (ρ�X�(Y,[)− ρ�X�(Y,[))θ([− ζ(Y)) , 	����


TP UIBU UIF XFJHIUFE WPSUJDJUZ 	���
 JT

ς = ρ�(X�Y− V� [)+
(
ρ�(X�Y− V� [)− ρ�(X�Y− V� [)θ([− ζ(Y))

−
(
ρ�V�(Y,[)− ρ�V�(Y,[)+ ζY(ρ�X�(Y,[)− ρ�X�(Y,[))

)
δ([− ζ(Y)) , 	����


XIFSF δ(·) JT UIF %JSBD EFMUB GVODUJPO�

����
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8F BTTVNF UIBU UIFNPUJPO JO FBDI MBZFS JT JSSPUBUJPOBM TP UIBU XF BSF MFGU XJUI B ANPNFOUVN
WPSUFY MJOF� BMPOH UIF JOUFSGBDF UIBU JT

ς =
(
ρ�V�(Y,[)− ρ�V�(Y,[)+ ζY(ρ�X�(Y,[)− ρ�X�(Y,[))

)
δ([− ζ(Y)). 	����


8F EFàOF B QSPKFDUJPO NBQ �% → �% BT

ζ(Y) =
�
ρ

∆

ˆ I�

−I�
(ρ(Y,[)− ρ�)E[ − I�, σ(Y) =

ˆ I�

−I�
ς(Y,[)E[ , 	����


XIFSF ρ∆ = ρ� − ρ�� 8IFO BQQMJFE UP UXP�MBZFS DPOàHVSBUJPOT UIF àSTU PG UIFTF SFMBUJPOT JT
FBTJMZ PCUBJOFE GSPN UIF àSTU PG FRVBUJPO 	���
� .PSFPWFS JO UIF UXP�MBZFS CVML JSSPUBUJPOBM
DBTF

σ(Y) = ρ�V�(Y,ζ(Y))− ρ�V�(Y,ζ(Y))+ ζY(Y)(ρ�X�(Y,ζ(Y))− ρ�X�(Y,ζ(Y))) , 	����


J�F� UIF BWFSBHFE XFJHIUFE WPSUJDJUZ σ JT UIF UBOHFOUJBM NPNFOUVN TIFBS BU UIF JOUFSGBDF�
5IF HFPNFUSZ UIVT GBS PVUMJOFE àUT UIF )BNJMUPOJBO SFEVDUJPO TDIFNF EFWJTFE JO <��>�

*OEFFE TVDI B TDIFNF DPOTJEFST B NBOJGPME P FOEPXFE XJUI B 1PJTTPO UFOTPS TVDI BT +#
B TVCNBOJGPMEM⊂ P  B EJTUSJCVUJPO % DPOUBJOFE JO UIF UBOHFOU CVOEMF UP P SFTUSJDUFE UPM
5P|M BOE TUBUF UIBU B 1PJTTPO SFEVDUJPO UPM/Φ XJUI Φ EFOPUJOH UIF JOUFSTFDUJPO 5M∩%
JT QPTTJCMF XIFO 	TPNF HFPNFUSJDBM BTTVNQUJPOT PO UIF SFHVMBSJUZ PG % BOE PO JUT BDUJPO PO
M CFJOH HSBOUFE


�� +# JT JOWBSJBOU VOEFS %�
�� "U FBDI QPJOU PGM JU IPMET

+#(%�)⊂ 5M+% , 	����


%� ⊂ 5∗P|M CFJOH UIF BOOJIJMBUPS PG % JO UIF DPUBOHFOU CVOEMF UP P SFTUSJDUFE UPM�
*O QBSUJDVMBS 	TFF UIF FYBNQMF JO <��>
 JO PVS DBTF XF JEFOUJGZ UIF GPMMPXJOH HFPNFUSJD

PCKFDUT�

�� P JT UIF DPOàHVSBUJPO TQBDF .(�) PG UIF �% àFMET QBSBNFUFSJTFE CZ (ρ(Y,[), ς(Y,[)) BOE
+# JT UIF #FOKBNJO 1PJTTPO UFOTPS 	���


+# =−
(

� ρY∂[− ρ[∂Y
ρY∂[− ρ[∂Y ςY∂[− ς[∂Y

)
. 	����


�� M JT HJWFO CZ UIF UXP�MBZFS DPOàHVSBUJPO TQBDF

{ρ(Y,[) = ρ� − ρ∆θ([− ζ(Y)), ς(Y,[) = σ(Y)δ([− ζ(Y))}. 	����


�� % JT UIF JNBHF VOEFS +# PG UIF BOOJIJMBUPS 5M� PG UIF UBOHFOU TQBDF UP M JO 5.(�)|M�

5P TIPX IPX PVS NPEFM àUT UIF .BSTEFOm3BUJV TDIFNF XF àSTU OPUJDF UIBU UIF 5M DBO CF
EFTDSJCFE BT UIF TQBDF PG QBJST PG HFOFSBMJTFE GVODUJPOT PG UIF GPSN

{ρ̇= ρ∆ ζ̇δ([− ζ), ς̇ = σ̇δ([− ζ)−σζ̇δ ′([− ζ)} , 	����


δ ′ CFJOH UIF EFSJWBUJWF PG UIF %JSBD�T�δ GVODUJPO� /PUJDF UIF MJOL CFUXFFO UIF δ([− ζ)�
DPFGàDJFOU PG ρ̇ BOE UIF δ ′([− ζ)�DPFGàDJFOU PG ς̇ � 5IF BOOJIJMBUPS 5M� JT SFBEJMZ DPNQVUFE
BT QBJST PG TNPPUI GVODUJPOT (φ(Y,[),ψ(Y,[)) TBUJTGZJOH

ψ(Y,ζ) = �, ρ∆ φ(Y,ζ)+σψ[(Y,ζ) = � . 	����


����
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4JODF PO M XF IBWF

ρY = ρ∆ζYδ([− ζ) , ρ[ =−ρ∆δ([− ζ) ,

ςY = σYδ([− ζ)−σζYδ ′([− ζ) , ς[ = σδ ′([− ζ) ,
	����


UIF SFTUSJDUJPO PG UIF 1PJTTPO UFOTPS +# PO M BDRVJSFT UIF GPSN

+#|M =−
(

� δ([− ζ)ρ∆(ζY∂[+ ∂Y)

δ([− ζ)ρ∆(ζY∂[+ ∂Y) δ([− ζ)σY∂[− δ ′([− ζ)σ (ζY∂[+ ∂Y)

)
. 	����


)FODF UIF JNBHF PG +#|M JT UIF TQBDF PG WFDUPST
(
ρ̇
ς̇

)
=−

(
ρ∆ (ζYψ[+ψY)δ([− ζ)

(ρ∆ (ζYφ[+φY)+σYψ[)δ([− ζ) −σ (ζYψ[+ψY)δ ′([− ζ)

)
. 	����


5IJT FYQSFTTJPO DBO CF VTFE UP TIPX UIBU %= +#(5M�) SFEVDFT UP UIF OVMM WFDUPS� *O GBDU MFU
VT DPOTJEFS 	����
 XJUI (φ,ψ) JO 5M�� 5IBOLT UP UIF δ�GVODUJPO GBDUPS UIF àSTU DPNQPOFOU
PG 	����
 DBO CF XSJUUFO BT ρ̇=−ρ∆ (ζYψ[(Y,ζ)+ψY(Y,ζ))δ([− ζ) BOE UIF DPFGàDJFOU PG UIF
δ WBOJTIFT CFJOH UIF UPUBM Y�EFSJWBUJWF PG UIF àSTU PG 	����
� #Z VTJOH UIF HFOFSBMJTFE GVODUJPO
JEFOUJUZ G(Z)δ ′(Z) = G(�)δ ′(Z)− G ′(�)δ(Z) UIF TFDPOE DPNQPOFOU PG 	����
 DBO CF XSJUUFO BT

ς̇ = σ (ζYψ[(Y,ζ)+ψY(Y,ζ))δ ′([− ζ)

−
(
ρ∆ (ζYφ[(Y,ζ)+φY(Y,ζ))+σYψ[(Y,ζ)+σζYψ[[(Y,ζ)+σψY[(Y,ζ)

)
δ([− ζ) , 	����


XIJDI WBOJTIFT BT XFMM UIBOLT UP 	����
� 5IF WBOJTIJOH PG % DPOàSNT UIBU UIF SFEVDFE NBO�
JGPME JT JTPNPSQIJD UP UIF TVCNBOJGPME M XIJDI HVBSBOUFFT UIF JOWBSJBODF PG +#� "T GPS UIF
DIBSBDUFSJTUJD DPOEJUJPO GPS SFEVDUJPO J�F� FRVBUJPO 	����
 UIJT GPMMPXT FYQMJDJUMZ GSPN 	����

XIJDI EJTQMBZT IPX UIF JNBHF +#|M JT DPOUBJOFE JO 5M BT EFUFSNJOFE JO FRVBUJPO 	����
�

8F DBO OPX DPNQVUF UIF FYQSFTTJPO PG UIF SFEVDFE 1PJTTPO UFOTPS BT GPMMPXT� 8F DPOTJEFS
UIF QVMM�CBDL UP.(�) PG B HFOFSJD ��GPSN (µζ(Y),µσ(Y)) PO UIF NBOJGPME.(�) QBSBNFUFSJTFE
CZ (ζ(Y),σ(Y)) VOEFS UIF NBQ 	����
 HJWFO CZ

(
�
ρ∆

µζ(Y), µσ(Y)
)
. 	����


"QQMZJOH UIF 1PJTTPO UFOTPS 	���
 FWBMVBUFE PO M UP UIJT DPWFDUPS XF PCUBJO
(
ρ̇(Y,[)
ς̇(Y,[)

)
=−

(
ρ∆δ([− ζ(Y))(µσ(Y))Y

δ([− ζ(Y))(µζ(Y))Y−σ(Y)δ ′([− ζ(Y))(µσ(Y))Y

)
. 	����


1VTIJOH UIJT WFDUPS UP .(�) WJB UIF UBOHFOU NBQ UP 	����


ζ̇ =
�
ρ∆

ˆ I�

−I�
ρ̇(Y,[)E[, σ̇ =

ˆ I�

−I�
ς̇(Y,[)E[,

ZJFMET UIF WFDUPS

(ζ̇, σ̇) = (−∂Yµσ,−∂Yµζ) ,

PXJOH UP UIF GBDU UIBU
´ I�
−I�

δ ′([− ζ(Y))E[= � 	XF XPSL VOEFS UIF BTTVNQUJPO UIBU UIF áVJE
JOUFSGBDF OFWFS UPVDIFT UIF CPVOEBSZ J�F� UIF TUSJDU JOFRVBMJUJFT −I� < ζ < I� IPME
�

)FODF UIF FYQSFTTJPO PG UIF SFEVDUJPO PG UIF #FOKBNJO 1PJTTPO UFOTPS +# PO UIF NBOJGPME
.(�) JT HJWFO JO UIF DPPSEJOBUFT (ζ(Y),σ(Y)) CZ UIF DPOTUBOU UFOTPS

+SFE =−
(

� ∂Y
∂Y �

)
. 	����


����
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5IJT TUSVDUVSF DPJODJEFT XJUI UIF POF JOUSPEVDFE JO <�> CZ B EJSFDU JOTQFDUJPO PG UIF)BNJMUPOJBO
GPSNVMBUJPO PG UXP�MBZFS NPEFMT� 8F TUSFTT UIBU XJUIJO PVS TFUUJOH UIF BCPWF 1PJTTPO UFOTPS JT
PCUBJOFE CZ UIF QSPDFTT PG )BNJMUPOJBO SFEVDUJPO GSPN UIF -JF�1PJTTPO TUSVDUVSF PG UIF HFOFSBM
IFUFSPHFOFPVT JODPNQSFTTJCMF &VMFS �% áVJET PG <�>� .PSFPWFS CZ NFBOT PG PVS DIPJDF PG
SFEVDJOH NBQ 	����
 XF EJSFDUMZ PCUBJO B TFU PG DPPSEJOBUFT (ζ,σ) UIBU DBO CF DBMMFE %BSCPVY
DPPSEJOBUFT TJODF UIFZ BSF UIF BOBMPH PG UIF DPPSEJOBUFT 	V W
 GPS UIF OPOMJOFBS XBWF FRVBUJPO
JO �+ � EJNFOTJPOT VUU = ' ′ ′(V)VYY EFSJWFE GSPN UIF )BNJMUPOJBO GVODUJPOBM H= �

�

´
A_(V

�
U +

'(V))EY CZ NFBOT PG UIF 1PJTTPO TUSVDUVSF 	����
�

���� 5IF FWPMVUJPO WBSJBCMFT BOE UIF )BNJMUPOJBO

5IF CBTJD GFBUVSF PG UIF )BNJUPOJBO SFEVDUJPO QSPDFTT JT UIBU XJUI UIJT BQQSPBDI UIF OBUVSBM
EFQFOEFOU WBSJBCMFT BSF UIF EJTQMBDFNFOU GSPN UIF FRVJMJCSJVN QPTJUJPO ζ BOE UIF UBOHFOUJBM
JOUFSGBDF NPNFOUVN TIFBS

σ(Y) = ρ�V�(Y,ζ(Y))− ρ�V�(Y,ζ(Y))+ ζY(Y)(ρ�X�(Y,ζ(Y))− ρ�X�(Y,ζ(Y)))

≡ ρ�Ṽ�(Y)− ρ�Ṽ�(Y)+ ζY(Y)(ρ�X̃�(Y)− ρ�X̃�(Y)) 	����


	XF SFDBMM BOE VTF IFSFBGUFS UIBU B UJMEF PWFS B RVBOUJUZ TUBOET GPS JUT FWBMVBUJPO BU UIF JOUFSGBDF
F�H� Ṽ�(Y, U) = V�(Y,ζ(Y, U), U) FUD
�

*O UIJT SFTQFDU UIF BQQSPBDI XF QVSTVF IFSF EJGGFST GSPN UIF (SFFOm/BHIEJ TFUUJOH PG
F�H� <��> XIJDI DPOTJEFST MBZFS BWFSBHFE WFMPDJUJFT 	GPMMPXJOH UIF TFNJOBM QBQFS <��>
�
4QFDJàDBMMZ IFSF XF TIBMM VTF BOE BEBQU UP PVS DBTF UIF TFUUJOH EJTDVTTFE JO <��> 	TFF BMTP
<� ��>
 XIFSF UIF FRVBUJPOT GPS JOUFSOBM XBWF NPUJPO BSF XSJUUFO VTJOH UXP TFUT PG DPPSEJO�
BUFT�

J
 UIF CPVOEBSZ WFMPDJUZ CBTJT JO XIJDI ζ JT DPNQMFNFOUFE CZ V��(Y, U) = V�(Y,I�, U) JO UIF
VQQFS MBZFS BOE CZ V��(Y, U) = V�(Y,I�, U) JO UIF MPXFS MBZFS�

JJ
 UIF JOUFSGBDF WFMPDJUZ CBTJT XIFSF XF VTF UIF WBSJBCMFT FOUFSJOH UIF )BNJMUPOJBO SFEVDUJPO
QSPDFTT UIBU JT ṼK(Y, U) = VK(Y,ζ(Y, U), U)�

8IJMF GPS TPNF BTQFDUT PG UIF UIFPSZ JU JT BEWBOUBHFPVT UP VTF MBZFS�NFBO WFMPDJUJFT 	TFF
<�� �� ��>
 BT NFOUJPOFE BCPWF UIFTF BSF OPU UIF POFT NPTU OBUVSBMMZ TVHHFTUFE CZ PVS
)BNJMUPOJBO SFEVDUJPO QSPDFEVSF BOE UIFSFGPSF XF DIPPTF UP FYQSFTT FOFSHZ UIF NBTT DPO�
TFSWBUJPO BT XFMM BT UIF FOTVJOH EZOBNJDBM DPOTUSBJOU JO UFSNT PG JOUFSGBDF WBSJBCMFT�

'PMMPXJOH <�� ��> XF VTF UIF BTTVNFE CVML JSSPUBUJPOBMJUZ PG UIF áVJE áPX UP JOUSPEVDF UIF
CVML WFMPDJUZ QPUFOUJBMT ϕK(Y,[) XIJDI XF 5BZMPS FYQBOE XJUI SFTQFDU UP UIF WFSUJDBM WBSJBCMF
[� #Z UIF WBOJTIJOH PG UIF WFSUJDBM WFMPDJUZ BU UIF QIZTJDBM CPVOEBSJFT [= I� BOE [=−I� XF
PCUBJO UIF 5BZMPS FYQBOTJPOT

ϕK(Y,[) =
∞∑

O=�

(−�)O

(�O)!
)K([)�O∂�OY ϕ� K(Y) 	����


XIFSF

)�([) = [− I�, )�([) = [+ I� , 	����


BOE ϕ��(Y) = ϕ�(Y,I�) ϕ�� = ϕ�(Y,−I�) BSF UIF WBMVFT PG UIF QPUFOUJBM BU UIF SJHJE MJET�
5IF IPSJ[POUBM WFMPDJUJFT BSF UIFO HJWFO CZ

VK = ∂YϕK(Y,[) =
∞∑

K=�

(−�)O

(�O)!
)K([)�O∂�OY ∂Yϕ� K(Y) =

∞∑

K=�

(−�)O

(�O)!
)K([)�O∂�OY V� K(Y) , 	����


����
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V� K(Y) CFJOH UIF IPSJ[POUBM WFMPDJUJFT BU [= I� 	GPS K= �
 BOE BU [=−I� 	GPS K= �
�
-JLFXJTF UIF WFSUJDBM WFMPDJUJFT BSF HJWFO CZ

XK(Y,[) = ∂[ϕK(Y,[) =
∞∑

O=�

(−�)O+�

(�O+ �)!
)K([)�O+�∂�O+�

Y V� K(Y). 	����


/PUJDF UIBU UIF CPVOEBSZ DPOEJUJPOT X�(Y,I�) = X�(Y,−I�) = � BSF TBUJTàFE�
4JODF

)�(ζ) =−η�, )�(ζ) = η�, J�F� )K(ζ) = (−�)KηK, K = �,� , 	����


XIFSF η�(Y) = I� − ζ(Y) 	SFTQ� η�(Y) = I� + ζ(Y)
 JT UIF UIJDLOFTT PG UIF VQQFS 	SFTQ� MPXFS

MBZFS UIF JOUFSGBDF WFMPDJUJFT DBO CF EJSFDUMZ PCUBJOFE CZ GPSNVMBT 	����
 BOE 	����
 BT

ṼK =
∞∑

K=�

(−�)O

(�O)!
η�OK ∂

�O
Y V� K(Y) , X̃K = (−�)K−�

∞∑

O=�

(−�)O

(�O+ �)!
η�O+�
K ∂�O+�

Y V� K(Y) . 	����


'PS MBUFS VTF XF FYQSFTT 	GSPN UIF TBNF GPSNVMBT
 UIF MBZFS�NFBO IPSJ[POUBM WFMPDJUJFT JO
UFSNT PG UIF áVJE UIJDLOFTTFT BOE UIF 	SFTQFDUJWF
 CPVOEBSZ WFMPDJUJFT BT

V�(Y)≡
�
η�

ˆ I�

ζ
V�(Y,[)E[=

∞∑

O=�

(−�)O

(�O+ �)!
η�(Y)�O∂�OY V��(Y)

V�(Y)≡
�
η�

ˆ ζ

−I�
V�(Y,[)E[=

∞∑

O=�

(−�)O

(�O+ �)!
η�(Y)�O∂�OY V��(Y) . 	����


���� 3FTDBMJOH UIF TQBUJBM JOEFQFOEFOU WBSJBCMFT� UIF εmFYQBOTJPO BOE UIF NBTT
DPOTFSWBUJPO MBXT

5P NBLF UIF GPSNBM 5BZMPS TFSJFT 	����
 BOE 	����
 FGGFDUJWF JO UIF DPOTUSVDUJPO PG BTZNQ�
UPUJD NPEFMT GPS JOUFSGBDJBM XBWF NPUJPO XF IBWF UP SFTDBMF WBSJBCMFT 	TFF F�H� <�� ��>
� *O
QBSUJDVMBS XF TFU

Y= -Y∗, [= I[∗ , 	����


XIFSF - JT B UZQJDBM IPSJ[POUBM TDBMF 	TBZ B UZQJDBM XBWFMFOHUI
 BOE I JT UIF UPUBM IFJHIU PG UIF
WFSUJDBM DIBOOFM� "T VTVBM XF BTTVNF UIBU UIF SBUJP ε= I/- CF UIF TNBMM EJTQFSTJPO QBSBNFUFS
PG UIF UIFPSZ� *OEFFE CZ VTJOH UIFTF TDBMJOHT XF DBO UVSO UIF 5BZMPS TFSJFT 	����
 BOE 	����

BT XFMM BT 	����
 BOE 	����
 JOUP BTZNQUPUJD TFSJFT JO UIF TNBMM QBSBNFUFS ε�

'PS UIF TBLF PG TJNQMJDJUZ IFSFBGUFS XF TIBMM ESPQ BTUFSJTLT GSPN UIF GPSNVMBT� 8F SFNBSL
UIBU VOMFTT PUIFSXJTF FYQMJDJUMZ TUBUFE IPSJ[POUBM MFOHUIT BSF TDBMFE CZ - BOE WFSUJDBM MFOHUIT
CZ I� )FODFGPSUI XF XJMM BCVTF OPUBUJPO B MJUUMF BOE VTF UIF PSEFS TZNCPM 0(·) UP EFOPUF UIF
NBHOJUVEF PG CPVOEFE EJNFOTJPOBM RVBOUJUJFT XIFOFWFS UIJT DBO CF EPOF XJUIPVU HFOFSBUJOH
DPOGVTJPO�

'PS UIF WFMPDJUZ àFMET XF IBWF

VK(Y,[) =
∞∑

K=�

(−�)O

(�O)!
ε�O)K([)�O∂�OY V� K(Y) ,

XK(Y,[) = (−�)K−�ε
∞∑

O=�

(−�)O

(�O+ �)!
ε�O)K([)�O+�∂�O+�

Y V� K(Y) . 	����


����



/POMJOFBSJUZ �� 	����
 ���� 3 $BNBTTB FU BM

*U JT XPSUI UBLJOH JOUP BDDPVOU IFSF BOE CFMPX UIF FYQFDUFE 	-BHSBOHJBO
 TDBMJOH PG WFSUJDBM
WT� IPSJ[POUBM WFMPDJUJFT XK/VK = 0(ε)� 4JNJMBSMZ XF IBWF

ṼK =
∞∑

K=�

(−�)O

(�O)!
ε�OηK

�O∂�OY V� K = V� K−
ε�

�
η�K V� K YY+0(ε�)

X̃K = (−�)K−�ε
∞∑

O=�

(−�)O

(�O+ �)!
ε�OηK

�O+�∂�O+�
Y V� K

= ε(−�)K−�
(
ηKV� K Y−

ε�

�
η�K V� K YYY+0(ε�)

)

VK =
∞∑

O=�

(−�)O

(�O+ �)!
ε�OηK

�O∂�OY V� K = V� K−
ε�

�
η�K V� K YY+0(ε�) . 	����


*U TIPVME CF OPUJDFE UIBU DPOUSBSZ UP <�� ��> GPS UIF UJNF CFJOH XF EP OPU SFTDBMF
UIF EFQFOEFOU WBSJBCMFT V,X� UIJT XJMM CF EPOF BU B MBUFS TUBHF XIFO XF TIBMM SFTDBMF UIF
)BNJMUPOJBO WBSJBCMF σ PODF UIF DPOTUSBJOUT NFOUJPOFE BCPWF JO TFDUJPO � XJMM CF UBLFO JOUP
BDDPVOU�

"U MFBEJOH PSEFS JO UIF FYQBOTJPO XJUI SFTQFDU UP UIF TNBMM EJTQFSTJPO QBSBNFUFS ε XF
IBWF

VK = ṼK, XK = X̃K + �, XJUI σ = ρ�Ṽ� − ρ�Ṽ� = ρ�V� − ρ�V�, 	����


UIBU JT σ SFEVDFT UP UIF IPSJ[POUBM NPNFOUVN TIFBS� "U UIJT PSEFS POF DBO WJFX UIF NPUJPO
BT TBUJTGZJOH UIF TP�DBMMFE DPMVNOBS NPUJPO BOTBU[ 	TFF F�H� <��>
� 5IVT BU IJHIFS PSEFST UIF
BOTBU[ GBJMT TJODF XF IBWF

σ = ρ�Ṽ� − ρ�Ṽ� + εζY(ρ�X̃� − ρ�X̃�) 	����


BOE DPMVNOBS NPUJPO JT OP MPOHFS DPOTJTUFOU XJUI 	����
�
'PS UIF SFBEFS�T DPOWFOJFODF XF OPX DPMMFDU JO DPNQBDU GPSN B GFX DPOTFRVFODFT PG UIF

FYQBOTJPOT 	����
 UIBU DBO CF GPVOE JO TFDUJPO �� PG <��>� 'JSTU GSPN 	����
 OPUJDF UIBU JOWFSU�
JOH

ṼK = V� K−
ε�

�
η�K V� K YY+0(ε�) . 	����


ZJFMET

V� K = ṼK+
ε�

�
η�K ṼK YY+0(ε�) . 	����


" TUSBJHIUGPSXBSE DPNQVUBUJPO TIPXT UIBU

X̃K = (−�)K+� ε

(
ηKṼK Y+

ε�

�
(η�K ṼK YY)Y+0(ε�)

)
. 	����


"MTP BT GBS BT UIF BTZNQUPUJD SFMBUJPOT CFUXFFO JOUFSGBDF BOE MBZFS�BWFSBHFE WFMPDJUJFT BSF
DPODFSOFE XF IBWF BHBJO GSPN 	����


VK = V� K−
ε�

�
η�K V� K YY+0(ε�) , 	����


XIJDI ZJFMET UIBOLT UP 	����


VK = ṼK+
ε�

�
η�K ṼK YY+0(ε�) . 	����


����
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5IF NBTT DPOTFSWBUJPO MBXT GPS UIF UXP áVJET FYQSFTTFE XJUIPVU BQQSPYJNBUJPO CZ UIF QBJS
PG FRVBUJPOT

ηK U+ ∂Y(ηK VK) = �, K = �,� , 	����


BSF USBOTMBUFE CZ 	����
 JOUP UIF BQQSPYJNBUF NBTT DPOTFSWBUJPO MBXT

ηK U+ ∂Y(ηK ṼK)+
ε�

�
∂Y(η

�
K ṼK YY) = 0(ε�) , K = �,� . 	����


)FODF UIF EZOBNJD DPOTUSBJOU 	����
 PCUBJOFE CZ TVNNJOH UIF UXP FRVBUJPO 	����
 UBLJOH JOUP
BDDPVOU UIF HFPNFUSJD DPOTUSBJOU η� + η� = I UPHFUIFS XJUI UIF GBS�àFME WBOJTIJOH DPOEJUJPOT
USBOTMBUFT JOUP UIF BQQSPYJNBUF EZOBNJDBM DPOTUSBJOU

η� Ṽ� + η� Ṽ� +
ε�

�

(
η�� Ṽ�YY+ η�� Ṽ�YY

)
= 0(ε�) . 	����


���� 5IF FOFSHZ

0VS OFYU UBTL JT UP XSJUF UIF FYQMJDJU GPSN 	BU PSEFS 0(ε�)
 PG UIF FOFSHZ� "MM UIF BTZNQUPUJD
NBOJQVMBUJPOT OFFEFE BSF GPS UIF LJOFUJD FOFSHZ UIF QPUFOUJBM FOFSHZ JT TUSBJHIUGPSXBSE BOE DBO
CF XSJUUFO PVU JNNFEJBUFMZ BU FWFSZ PSEFS� 5IF BTZNQUPUJD BOBMZTJT JT TPNFXIBU FRVJWBMFOU UP
UIBU VTFE JO PUIFS BQQSPBDIFT 	TFF F�H� <��>
 TUBSUJOH GSPN UIF EJGGFSFOU WJFXQPJOU PG FYQBOE�
JOH IBWJOH BTTVNFE UXP�MBZFS EZOBNJDT GSPN UIF PVUTFU UIF TP�DBMMFE %JSJDIMFU�UP�/FVNBOO
PQFSBUPS JO FBDI MBZFS BOE XF DBO BOUJDJQBUF IFSF UIBU JU XJMM QSPEVDF TJNJMBS EJTQFSTJWF UFSNT
JO UIF MPOH�XBWF FYQBOTJPOT CFMPX� )PXFWFS CFTJEFT UIF EJGGFSFOU TUBSUJOH QPJOU PG HFPNFUSJD
)BNJMUPOJBO SFEVDUJPO PVS BQQSPBDI XJMM BMTP GPDVT PO UIF OFFE UP BMMPX GPS EJGGFSFOU CBM�
BODFT CFUXFFO OPOMJOFBSJUZ BOE EJTQFSTJPO UP DBQUVSF CPUI RVBMJUBUJWFMZ BOE RVBOUJUBUJWFMZ
GVOEBNFOUBM GFBUVSFT PG UIF EZOBNJDT XIJMF TJNVMUBOFPVTMZ TUSJWJOH GPS UIF TJNQMFTU QPTTJCMF
NPEFMT�

-FU VT DPOTJEFS UIF MPXFS áVJE àSTU� *UT LJOFUJD FOFSHZ EFOTJUZ SFBET

5� =
ρ�
�

ˆ ζ

−I�
(V�� +X�

�)IE[ , 	����


	UIF EJNFOTJPOBM GBDUPS I DPNJOH GSPN UIF TDBMJOH PG [
� #Z 5BZMPS�FYQBOEJOH XF IBWF

V�(Y,[) = V��(Y)−
ε�

�
([+ I�)�V��YY(Y)+0(ε�) . 	����


#Z 	����
 XF HFU

V�(Y,[) = Ṽ�(Y)+
ε�

�

(
η��(Y)− ([+ I�)�

)
Ṽ�YY(Y)+0(ε�) , 	����


BOE CZ 	����
 BOE 	����


X�(Y,[) =−ε([+ I�)Ṽ�Y(Y)+0(ε�). 	����


5IJT MFBET UP

5� =
Iρ�
�

ˆ ζ

−I�

[
Ṽ�� + ε�

(
Ṽ�Ṽ�YY

(
η�� − ([+ I�)�

)
+ Ṽ��Y ([+ I�)�

)
+0(ε�)

]
E[

=
Iρ�
�

[
η�Ṽ�� +

ε�

�
η��
(
�Ṽ�Ṽ�YY+ Ṽ��Y

)]
+0(ε�) . 	����


����



/POMJOFBSJUZ �� 	����
 ���� 3 $BNBTTB FU BM

#Z UIF TBNF BSHVNFOUT XF PCUBJO UIF DPOUSJCVUJPO UP UIF UPUBM LJOFUJD FOFSHZ EFOTJUZ PG UIF
VQQFS áVJE BT

5� =
Iρ�
�

ˆ I�

ζ
(V�� +X�

�)E[=
Iρ�
�

[
η�Ṽ�� +

ε�

�
η��
(
�Ṽ�Ṽ�YY+ Ṽ��Y

)]
+0(ε�) . 	����


*O GPSNVMBT 	����
 BOE 	����
 XF VTFE SFTQFDUJWFMZ η� = ζ + I� BOE η� = I� − ζ�
"T NFOUJPOFE BCPWF UIF DPNQVUBUJPO PG UIF QPUFOUJBM FOFSHZ EFOTJUZ JT NPSF EJSFDU� UBLJOH

OPO�EJNFOTJPOBMJ[BUJPO JOUP BDDPVOU XF IBWF

6= I� H

(ˆ ζ

−I�
ρ�[E[+

ˆ I�

ζ
ρ�[E[

)
=

�
�
I�
(
H(ρ� − ρ�)ζ

� − �
�
H(ρ�I�� − ρ�I��)

)
, 	����


XIFSF I JT BHBJO UIF UPUBM EJTUBODF CFUXFFO UPQ BOE CPUUPN QMBUFT�

�� /POMJOFBS BTZNQUPUJDT

*O XIBU GPMMPXT XF TIBMM EFBM XJUI B TJNQMJàFE NPEFM EFàOFE CZ UIF GPMMPXJOH SFRVJSFNFOUT�

�� 5IF JOUFSGBDF EJTQMBDFNFOU ζ XJMM CF VOEFSTUPPE UP CF TDBMFE CZ JUT NBYJNVN WBMVF B
UP ZJFME UIF BNQMJUVEF OPOEJNFOTJPOBM TNBMM QBSBNFUFS α=

B
I
& �� /BNFMZ UIF OPO�

EJNFOTJPOBM áVJE UIJDLOFTTFT ηK XJMM CF XSJUUFO BT

ηK = IK+(−�)Kαζ . 	���


�� 8F TIBMM NBLF BO BTZNQUPUJD FYQBOTJPO JO UIF TNBMM QBSBNFUFSTα BOE ε BOENBJOMZ DPOTJEFS
UIF ANJMEMZ OPOMJOFBS� 	./-
 DBTF EFàOFE CZ UIF SFMBUJWF TDBMJOH ε� & α& ε� 8F TIBMM
UIVT EJTDBSE UFSNT PG PSEFS αε�,ε� BOE IJHIFS CVU SFUBJO UFSNT PG PSEFS α�� 5IF VTVBM 8/-
DBTF 	TFF F�H� <��>
 XIFSF α= 0(ε�) DBO CF TFFO BT B TQFDJBM DBTF PG UIF ./- DBTF 	TFF
TFDUJPO �
�

5IF àSTU DPOTFRVFODFT PG TVDI TDBMJOH MJNJUT BSF UIF GPMMPXJOH�

J
 5IF TMPQF ζY PG UIF OPSNBMJ[FE JOUFSGBDF JT TNBMM BOE TDBMFT BT
B
I
I
-
= 0(αε)�

JJ
 4JODF X̃K TDBMFT BT ε BOE CZ UIF QSFWJPVT QPJOU ζY TDBMFT BT αε UIF )BNJMUPOJBO WBSJBCMF

σ = ρ�Ṽ� − ρ�Ṽ� + ζY(ρ�X̃� − ρ�X̃�) 	���


XJUIJO UIJT BTZNQUPUJDT CFDPNFT

σ = ρ�Ṽ� − ρ�Ṽ� , 	���


XIJDI IBT UIF TBNF GPSN BT UIBU PG UIF EJTQFSTJPOMFTT BQQSPYJNBUJPO�
JJJ
 5IF BQQSPYJNBUF EZOBNJDBM DPOTUSBJOU 	����
 HFUT TJNQMJàFE BT XFMM BOE SFBET

η�Ṽ� + η�Ṽ� +
ε�

�
(I��Ṽ�YY+ I��Ṽ�YY) = 0(ε�) . 	���


����
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JW
 5IFSF JT B OPUBCMF TJNQMJàDBUJPO JO UIF LJOFUJD FOFSHZ EFOTJUJFT 	����
 BOE 	����
� *OEFFE
GPS UIF MPXFS áVJE VOEFS BQQSPYJNBUJPOT 	����
 POF HFUT

5� =
Iρ�
�

(
η�Ṽ�� +

�
�
ε�I��

(
�Ṽ�Ṽ�YY+ Ṽ��Y

))
. 	���


/PUJDF UIBU UIF ε� UFSN DBO CF XSJUUFO BT
I��
�
Ṽ�Ṽ�YY+

I��
�
(Ṽ��)YY BOE UIJT TFDPOE UFSN CFJOH

B UPUBM EFSJWBUJWF EPFT OPU DPOUSJCVUF UP UIF )BNJMUPOJBO GPSNVMBUJPO PG UIF FRVBUJPOT PG
NPUJPO�
3FQFBUJOH UIF BSHVNFOU GPS UIF VQQFS áVJE UIF UPUBM LJOFUJD FOFSHZ EFOTJUZ TUJMM XJUIJO UIF
TBNF .-/ BTZNQUPUJDT DBO CF XSJUUFO BT

5= 5� + 5� =
I
�

(
ρ�

(
η�Ṽ�� +

ε�

�
I��

(
Ṽ�Ṽ�YY+

�
�
(Ṽ��)YY

))

+ρ�

(
η�Ṽ�� +

ε�

�
I��

(
Ṽ�Ṽ�YY+

�
�
(Ṽ��)YY

))
. 	���


���� 5IF )BNJMUPOJBO JO %BSCPVY DPPSEJOBUFT

0VS OFYU UBTL JT UP FYQSFTT UIF )BNJMUPOJBO EFOTJUZ )= 5+6 PG UIF BTZNQUPUJD NPEFM JO
UFSNT PG UIF %BSCPVY DPPSEJOBUFT EJDUBUFE CZ UIF )BNJMUPOJBO SFEVDUJPO QSPDFTT PG f ��� UIBU
JT UIF QBJS ζ BOE σ HJWFO CZ 	���
� 5P UIJT FOE XF NBLF VTF PG UIF HFPNFUSJDBM DPOTUSBJOU
η� + η� = I BOE UIF BQQSPYJNBUF EZOBNJDBM DPOTUSBJOU HJWFO CZ FRVBUJPO 	����
� 0VS TUSBUFHZ
XJMM CF UP VTF UIF XFBL OPOMJOFBSJUZ BTTVNQUJPO UP TJNQMJGZ UIF EJTQFSTJWF UFSNT àSTU BOE EFBM
XJUI TNBMM α FYQBOTJPO GPS UIF RVBTJMJOFBS UFSNT BGUFSXBSET TJODF UIF MBUUFS EP OPU DPOUBJO
Y�EFSJWBUJWFT JO UIF )BNJMUPOJBO XIJDI DBO UIFO CF FYQBOEFE JO B TUBOEBSE 5BZMPS TFSJFT�

"T SFNBSLFE BCPWF XJUIJO UIF QSFTFOU BTZNQUPUJD UIFPSZ UIF EZOBNJDBM DPOTUSBJOU SFBET

η�Ṽ� + η�Ṽ� +
ε�

�
(I��Ṽ�YY+ I��Ṽ�YY) = � . 	���


3FXSJUJOH UIF MBUUFS JO PQFSBUPS GPSN BT UIF FRVBMJUZ

η�

(
�+

ε�

�
I��∂

�
Y

)
Ṽ� =−η�

(
�+

ε�

�
I��∂

�
Y

)
Ṽ� , 	���


XIJDI JT DPSSFDU VQ UP UFSNT PG PSEFS αε� BOE CZ VTJOH UIF BQQSPYJNBUF JOWFSTJPO GPSNVMB GPS
OFBS�JEFOUJUZ PQFSBUPST (�+ ε�"̂)−� = �− ε�"̂+0(ε�) XF HFU

Ṽ� =−
(
�− ε�

�
I��∂

�
Y

)(
η�
η�

(
�+

ε�

�
I��∂

�
Y

))
Ṽ� , 	���


VQ UP IJHIFS PSEFS UFSNT JO ε�� 4JODF
η�
η�

=
I�
I�

+0(α) XF BSSJWF BU UIF SFMBUJPO

Ṽ� =−η�
η�
Ṽ� +

ε�

�
I�
I�

(I�� − I��)Ṽ�YY . 	����


3FDBMM UIBU UIF LJOFUJD FOFSHZ EFOTJUZ JT SFQSFTFOUFE BU 0(ε�) BOE JO UIJT 8/- BTZNQUPUJDT
CZ

5=
I
�

(
ρ�

(
η�Ṽ�� +

ε�

�
I��Ṽ�Ṽ�YY

)
+ ρ�

(
η�Ṽ�� +

ε�

�
I��Ṽ�Ṽ�YY

))
QMVT UPUBM EFSJWBUJWFT. 	����


����
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"U UIF PSEFS PG BQQSPYJNBUJPO XF BSF XPSLJOH XJUI XF DBO TVCTUJUVUF

Ṽ�YY =−I�
I�
Ṽ�YY 	����


JO UIF 0(ε�) UFSNT PG UIJT FYQSFTTJPO BT XFMM BT JO UIF BQQSPYJNBUF EZOBNJDBM DPOTUSBJOU 	���

XIJDI UIFSFGPSF UVSOT JOUP

Ṽ�η� + Ṽ�η� +
�
�
ε�Ṽ�YYI�(I�� − I��) = � . 	����


#Z TPMWJOH UIJT BMHFCSBJD DPOTUSBJOU BOE UIF EFàOJOH SFMBUJPO 	���
 XJUI SFTQFDU UP UIF WFMPDJUJFT
XF HFU UIF JNQMJDJU SFMBUJPOT

Ṽ� =− ση�
η�ρ� + η�ρ�

+
ε�

�
Ṽ�YYI�ρ�

(
I�

� − I�
�)

η�ρ� + η�ρ�

Ṽ� =
ση�

η�ρ� + η�ρ�
+
ε�

�
Ṽ�YYI�ρ�

(
I�

� − I�
�)

η�ρ� + η�ρ�

. 	����


/PX XF DBO VTF UIF GBDU UIBU UIF TFDPOE EFSJWBUJWF Ṽ�YY BQQFBST POMZ JO UFSNT 0(ε�) TP UIBU
XF DBO TVCTUJUVUF 	����
 JOUP

σYY = ρ� Ṽ�YY− ρ� Ṽ�YY 	����


MFBEJOH UP

Ṽ�YY =
σYYI�

I�ρ� + I�ρ�
. 	����


)FODF FRVBUJPO 	����
 CFDPNF

Ṽ� =− η�σ

η�ρ� + η�ρ�
+ ρ�

ε�

�
I� I�

(
I�

� − I�
�)

(I�ρ� + I�ρ�)(η�ρ� + η�ρ�)
σYY ,

Ṽ� =
η�σ

η�ρ� + η�ρ�
+ ρ�

ε�

�
I� I�

(
I�

� − I�
�)

(I�ρ� + I�ρ�)(η�ρ� + η�ρ�)
σYY .

	����


4VCTUJUVUJOH UIFTF SFMBUJPOT JO UIF FYQSFTTJPO PG UIF LJOFUJD FOFSHZ EFOTJUZ 	����
 MFBET ESPQ�
QJOH UIF UPUBM EFSJWBUJWF UFSNT UP UIF JOUFSNFEJBUF FYQSFTTJPO

5=
I
�

(
η�η�σ�

ρ�η� + ρ�η�
+
ε�

�
I�

�I�
� (I�ρ� + I�ρ�)

(I�ρ� + I�ρ�)
� σσYY

)
. 	����


/FYU UIF àSTU UFSN JO UIF LJOFUJD FOFSHZ NVTU CF FYQBOEFE JO QPXFST PG α UP ZJFME PVS àOBM
WFSTJPO PG UIF LJOFUJD FOFSHZ EFOTJUZ

5=
I
�

I� I�
(I�ρ� + I�ρ�)

σ� +
α

�
I(I��ρ� − I��ρ�)

(I�ρ� + I�ρ�)
� ζ σ

� − α�

�
I� ρ�ρ�

(I�ρ� + I�ρ�)
� ζ

�σ�

+
ε�

�
II�

�I�
� (I�ρ� + I�ρ�)

(I�ρ� + I�ρ�)
� σσYY+0(α�,αε�,ε�) .

	����


5IFSFGPSF XJUI UIF QPUFOUJBM FOFSHZ FYQSFTTJPO 	����
 UIF UPUBM FOFSHZ EFOTJUZ BU UIJT PSEFS JT

&= I

(
�
�

I� I�
(I�ρ� + I�ρ�)

σ� +
α

�
(I��ρ� − I��ρ�)

(I�ρ� + I�ρ�)
� ζσ

� − α�

�
I�ρ�ρ�

(I�ρ� + I�ρ�)
� ζ

�σ�

)

+ I
ε�

�
I�

�I�
� (I�ρ� + I�ρ�)

(I�ρ� + I�ρ�)
� σσYY+

�
�
I� H(ρ� − ρ�)ζ

� . 	����


����
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*U JT DPOWFOJFOU UP JOUSPEVDF UIF OPO�EJNFOTJPOBM NPNFOUVN TIFBS σ∗ CZ

σ =
√
IH(ρ� − ρ�)(I�ρ� + I�ρ�) σ∗ 	����


TP UIBU UIF OPO�EJNFOTJPOBM GPSN &∗ PG UIF UPUBM FOFSHZ JT 	JNNFEJBUFMZ ESPQQJOH BTUFSJTLT GPS
FBTF PG OPUBUJPO


&=
�
�
I� I�σ� +

α

�
I�

�ρ� − I�
�ρ�

(I�ρ� + I�ρ�)
ζ σ� − α�

�
I� ρ�ρ�

(I�ρ� + I�ρ�)
� ζ

�σ�

+
ε�

�
I�

�I�
� (I�ρ� + I�ρ�)
I�ρ� + I�ρ�

σσYY+
�
�
ζ�

=
�
�

(
"σ� +α#ζσ� −α�$ζ�σ� + ζ� + ε�κσσYY

)

	����


XIFSF XF EFOPUFE UIF DPOTUBOUT CZ

"= I� I�, #=
I�

�ρ� − I�
�ρ�

(I�ρ� + I�ρ�)
, $=

I�ρ�ρ�
(I�ρ� + I�ρ�)

� , κ=
�
�
I�

�I�
� (I�ρ� + I�ρ�)
I�ρ� + I�ρ�

. 	����


"QQMZJOH UIF 1PJTTPO UFOTPS 	����
 UP UIF WBSJBUJPOBM EJGGFSFOUJBM PG UIF FOFSHZ 	JO GBDU UIF
)BNJMUPOJBO
 E =

´
&EY ZJFMET UIF FRVBUJPOT PG NPUJPO BT

(
ζU

σU

)
=−

(
� ∂Y

∂Y �

)




δE
δζ

δE
δσ



 	����


XIFSF U JT UIF OPO�EJNFOTJPOBM UJNF SFMBUFE XJUI UIF QIZTJDBM UJNF CZ

U→ ε

√
H(ρ� − ρ�)

I(I�ρ� + I�ρ�)
U . 	����


5IJT TIPXT FYQMJDJUMZ IPX UIF FWPMVUJPO QSPDFFET JO B TMPX UJNF HBVHFE CZ UIF EJTQFSTJPO
QBSBNFUFS ε BT SFRVJSFE CZ UIF MPOH�XBWF BTZNQUPUJDT�

5IF SFTVMUJOH TZTUFN JO DPOTFSWBUJPO GPSN JT





ζU+
(
"σ+α#ζσ−α�$ζ�σ+ ε�κσYY

)
Y = �

σU+

(
ζ +α

#σ�

�
−α�$ζσ�

)

Y
= �

, 	����


PS DBSSZJOH PVU UIF SFMFWBOU TQBUJBM EJGGFSFOUJBUJPOT FYQMJDJUMZ
{
ζU+"σY+α#(ζσ)Y−α�$(ζ�σ)Y+ ε�κσYYY = �

σU+ ζY+α#σσY−α�$(ζσ�)Y = �
. 	����


XIJDI GSPN OPX PO XJMM CF SFGFSSFE UP BT UIF "#$�TZTUFN�

3FNBSL ���� " GFX DPNNFOUT PO UIF QBSBNFUFST ",#,$ BOE UIFJS SFMBUJPOT XJUI UIF QIZTJDBM
QBSBNFUFST ρ�,ρ�,I�,I� BSF JO PSEFS� 'JSTU UIF QBSBNFUFS " JT KVTU UIF TRVBSF PG UIF MJOFBS XBWF
WFMPDJUZ� JO OPOEJNFOTJPOBM GPSN JU SBOHFT GSPN � UP �

�  BOE DPVME CF TFU UP VOJUZ CZ GVSUIFS
SFTDBMJOH σ� /FYU OPUF UIBU UIF QBSBNFUFS κ JT OPOOFHBUJWF BOE WBOJTIFT POMZ XIFO I� → �
PS I� → �� 4JNJMBSMZ UIF QBSBNFUFS $ JT OPOOFHBUJWF BOE WBOJTIFT POMZ JO UIF BJS�XBUFS MJNJU

����
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ρ� → �� 5IF NPTU JOUFSFTUJOH QBSBNFUFS JT # XIJDI JT OPO TJHO�EFàOJUF BOE BQQFBST JO GSPOU
PG UIF DVCJD UFSN σ�ζ PG UIF )BNJMUPOJBO� *U WBOJTIFT BU UIF DSJUJDBM SBUJP

ρ�
ρ�

=
I��
I��

. 	����


#Z EFOPUJOH UIF EFOTJUZ SBUJP QBSBNFUFS S= ρ�/ρ� TP UIBU �< S< � UIF EFàOJUJPO PG # TIPXT
UIBU JU JT QPTJUJWF GPS I� >

√
SI� BOE OFHBUJWF GPS I� <

√
SI�� 0OF PG UIFNPTU SFMFWBOU FGGFDUT PG

UIJT DIBOHF JO TJHO TIPXT VQ JO UIF FYJTUFODF BOE QPMBSJUZ PG TPMJUBSZ USBWFMMJOH XBWF TPMVUJPOT
PG TZTUFN 	����
 BT XF TIBMM TFF CFMPX JO TFDUJPO �� *O UIJT SFHBSE UP BDDPVOU GPS UIF CSFBL
EPXO PG UIF UIFPSZ OFBS UIF WBOJTIJOH PG UIF # DPFGàDJFOU PG RVBESBUJD OPOMJOFBSJUZ XF OPUJDF
UIBU VOEFS UIF 8/- BTZNQUPUJD TDBMJOH JU XPVME CF OFDFTTBSZ UP DPNQVUF B QMFUIPSB PG IJHIFS
PSEFS UFSNT GPS BTZNQUPUJD DPOTJTUFODZ BT TIPXO JO <��>� 4VDI UFSNT JOWPMWF IJHIFS PSEFS
EFSJWBUJWFT XIJDI NBLF UIF TFBSDI GPS USBWFMMJOH TPMVUJPOT B 	NPTUMZ
 OVNFSJDBM BGGBJS XIFSFBT
SFBTPOBCMF RVBMJUBUJWF BOE TPNFXIBU RVBOUJUBUJWF BHSFFNFOU XJUI &VMFS TPMVUJPOT DBO BMSFBEZ
CF PCUBJOFE VOEFS UIF QSFTFOU "#$ NPEFM�

3FNBSL ���� 5IF #PVTTJOFTR BQQSPYJNBUJPO DPOTJTUT PG SFUBJOJOH EFOTJUZ EJGGFSFODFT JO UIF
QPUFOUJBM 	HSBWJUBUJPOBM
 FOFSHZ EFOTJUZ XIJMF OFHMFDUJOH UIF BTTPDJBUFE JOFSUJBM EJGGFSFODFT JO
UIF LJOFUJD FOFSHZ EFOTJUZ CZ TFUUJOH JO 	���


ρ� = ρ� = ρ̄ . 	����


5IJT #PVTTJOFTR BQQSPYJNBUJPO TJNQMJàFT TJHOJàDBOUMZ UIF8/-PS./- BTZNQUPUJDT� JOEFFE
UIF )BNJMUPOJBO WBSJBCMF GPS UIF XFJHIUFE TIFBS SFEVDFT UP σ = ρ̄(Ṽ� − Ṽ�) BOE UIF OPO�
EJNFOTJPOBM FOFSHZ EFOTJUZ PG UIF TZTUFN CFDPNFT

&# =
�
�
I� I�σ� +

α

�
(I� − I�)ζσ� − α�

�
ζ�σ� +

ε�

�
I�

�I�
�σσYY+

�
�
ζ�

=
�
�

(
"#σ� +α## ζσ� −α�$# ζ�σ� + ζ� + ε�κ#σσYY

)
,

	����


XIFSF

"# = I� I�, ## = I� − I�, $# = �, κ# =
�
�
I�

�I�
� . 	����


5IF )BNJMUPOJBO GPSNVMBUJPO PG TZTUFN 	����
 QSPWJEFT UISFF BEEJUJPOBM DPOTUBOUT PG UIF
NPUJPO CFTJEFT UIF FOFSHZ E � 5IFZ BSF UIF UXP $BTJNJS GVODUJPOBMT

K� =

ˆ
R
ζ EY, K� =

ˆ
R
σEY, 	����


BOE UIF HFOFSBUPS PG UIF Y�USBOTMBUJPO

Π =

ˆ
R
ζ σEY . 	����


5IFZ BSF DPOTFSWFE RVBOUJUJFT GPS BOZ DIPJDF PG UIF QBSBNFUFST ",# BOE $� "T XF TIBMM TFF JO
UIF GPMMPXJOH TFDUJPO UIF 8/- DBTF JT SBUIFS TQFDJBM BT JU SFEVDFT UP UIF TP�DBMMFE DPNQMFUFMZ
JOUFHSBCMF ,BVQm#PVTTJOFTR TZTUFNT�

�� 5XP OPUBCMF SFEVDUJPOT BOE UIFJS DPNQMFUF JOUFHSBCJMJUZ

*U JT XPSUI DPOTJEFSJOH GVSUIFS TJNQMJàDBUJPOT PG UIF SFEVDUJPO 	����
 BT UIFZ NBZ CF BQQMJDBCMF
UP DFSUBJO QIZTJDBM SFHJNFT BOE PGGFS UIF VOFYQFDUFE CPOVT PG CFJOH DPNQMFUFMZ JOUFHSBCMF� 8F
àSTU MPPL BU UIF 8/- MJNJU 	8/-
 JO UIF DPOUFYU PG UIF CJEJSFDUJPOBM TZTUFN 	����
� 8F UIFO

����
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FYBNJOF IPX UIF )BNJMUPOJBO SFEVDUJPO TUSBUFHZ DBO CF VTFE UP EFSJWF VOJEJSFDUJPOBM NPUJPO
FRVBUJPOT�

���� 5IF 8/- DBTF BOE UIF ,BVQm#PVTTJOFTR TZTUFN

5IF 8/- BTZNQUPUJDT NFOUJPOFE BCPWF XIFSF α= 0(ε�) GPSNBMMZ DPSSFTQPOET UP ESPQ�
QJOH UIF $�UFSN JO UIF )BNJMUPOJBO BT UIF RVBSUJD UFSNT PG 0(α�) CFDPNFT TVCEPNJOBOU XJUI
SFTQFDU UP PUIFS UFSNT VOMFTT UIF AIBSEXBSF� QBSBNFUFST 	EFQUIT BOE EFOTJUJFT
 BSF OFBS UIF
DSJUJDBM SBUJP 	����
 XIFSF UIF DPFGàDJFOU PG UIF DVCJD UFSN # WBOJTIFT� "XBZ GSPN UIF DSJUJDBM
SBUJP UIF 8/- DBTF MFBET UP B AVOJWFSTBM� SFQSFTFOUBUJWF CJEJSFDUJPOBM TZTUFN XIJDI DBO CF
WJFXFE BT TUBOEJOH BU UIF TBNF MFWFM BT JUT VOJEJSFDUJPOBM DPVOUFSQBSU UIF XFMM LOPXO ,E7
FRVBUJPO�

4VQQSFTTJOH UIF PSEFS QBSBNFUFST α BOE ε GPS FBTF PG OPUBUJPO TZTUFN 	����
 JO UIF 8/-
MJNJU CFDPNFT

{
ζU+"σY+#(ζσ)Y+κσYYY = �

σU+ ζY+#σσY = �
. 	���


5IJT TZTUFN JT B QBSBNFUSJD WFSTJPO PG UIF #PVTTJOFTR TZTUFN GPS XBUFS XBWFT FRVBUJPOT JOUSP�
EVDFE CZ <� ��>� *U JT BTZNQUPUJDBMMZ FRVJWBMFOU VQ UP UFSNT PG PSEFS 0(α,ε�) UP UIF OPOMPDBM
POF SFQPSUFE JO <��> 	UIF GPSN BQQBSFOUMZ GBWPVSFE CZ #PVTTJOFTR <��> TFDUJPO �����
 UISPVHI
UIF DIBOHF PG WBSJBCMFT

σ̄ = σ+κσYY , BOE σ̄ =

(
ρ�I� + ρ�I�

I�
− ρ�ζ

I��

)
V̄� . 	���


4ZTUFN 	���
 JT DPNQMFUFMZ JOUFHSBCMF WJB UIF *OWFSTF 4DBUUFSJOH .FUIPE BT TIPXO JO <��> BOE
GVSUIFS BOBMZTFE JO <��> XIFSF JU XBT BMTP TIPXO IPX JU DBO CF EFSJWFE JO CJ�)BNJMUPOJBO GPSN�
*O PVS WBSJBCMFT 	XIJDI BSF SFMBUFE UP UIPTF JO <��> CZ B OPOUSJWJBM .JVSB�MJLF USBOTGPSNBUJPO

UIF DPSSFTQPOEJOH 1PJTTPO QFODJM 	TFF F�H� <�� ��>
 JT

1(λ) = λ1� −1� =




�
�#(ζ∂Y+ ∂Yζ)+"∂Y+κ∂�Y

(
�
�#σ−λ

)
∂Y

∂Y
(
�
�#σ−λ

)
∂Y



 . 	���


*OEFFE UIF FRVBUJPOT PG NPUJPO 	���
 DBO CF XSJUUFO BT UIF )BNJMUPOJBO FWPMVUJPO




ζU

σU



= 1�





δΠ

δζ

δΠ

δσ



= 1�





δE
δζ

δE
δσ



 . 	���


5ISPVHIPVU UIJT TFDUJPO BOE UIF OFYU POF UIF EJGGFSFOUJBM PQFSBUPS ∂Y JT BT VTVBM NFBOU UP BDU
PO BMM RVBOUJUJFT UIBU TUBOE UP JUT SJHIU F�H� ∂Y ζφ = (ζ φ)Y� "MTP JO UIF BCPWF GPSNVMBΠ JT UIF
HFOFSBUPS PG Y�USBOTMBUJPOT 	����
 BOE XF SFOBNFE 1� UIF UFOTPS +SFE PG 	����
�

5IJT CJ�)BNJMUPOJBO GPSNVMBUJPO DBO CF VTFE UP DPOTUSVDU SFDVSTJWFMZ BO JOàOJUF GBNJMZ PG
DPOTUBOUT PG NPUJPO� 8F CSJFáZ SFWJFX IFSF UIF UFDIOJRVF JO <��> BEBQUFE UP TZTUFN 	���
�
'JSTU XF TFFL UIF $BTJNJS PG UIF 1PJTTPO QFODJM 	���
 JO UIF GPSN PG B TFSJFT H(λ) JO JOWFSTF
QPXFST PG λ H(λ) =

∑∞
O=�HOλ−O XIPTF WBSJBUJPOBM HSBEJFOU TBUJTàFT

����
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1(λ) · EH(λ) = � . 	���


%FOPUJOH CZ (γ,β) UIF DPNQPOFOUT PG UIF HSBEJFOU PG H(λ) POF HFUT UIF GPMMPXJOH TZTUFN
{ #

� (ζγY+(ζγ)Y)+"γY+κγYYY+(#�σ−λ)βY = �
#
� (σγ)Y−λγY+βY = �

	���


4VCTUJUVUJOH βY = λγY−#(σγ)Y/� GSPN UIF TFDPOE FRVBUJPO JOUP UIF àSTU ZJFMET BO FYQSFTTJPO
GPS γ UIBU DBO CF NBOJQVMBUFE CZ NVMUJQMZJOH JU CZ γ JOUP UIF UPUBM Y�EFSJWBUJWF�

#
�
[(γζ)γY+ γ(γζ)Y]−

#�

�
(γσ)(γσ)Y+λ

#
�
[(γσ)γY+ γ(γσ)Y]

+ ("−λ�)γγY+κγγYYY = � . 	���


#Z JOUFHSBUJOH JO Y TZTUFN 	���
 DBO CF SFQMBDFE CZ
{

�
�

(
−λ� +"+#(λσ+ ζ − #

�σ
�)
)
γ� +κ(γγYY− �

�γ
�
Y ) = '(λ)

#
�σγ−λγ+β = ((λ)

, 	���


XIFSF '(λ) BOE ((λ) BSF UIF BSCJUSBSZ DPOTUBOUT PG JOUFHSBUJPO XJUI SFTQFDU UP Y� 5IF
DPSSFTQPOEJOH JOWFSTF QPXFS TFSJFT GPS γ = �+0( �

λ ) BOE β = 0( �
λ ) DBO CF PCUBJOFE CZ

TFUUJOH

'(λ) =−λ
�

�
, ((λ) =−λ . 	���


*U JT TUSBJHIUGPSXBSE UP DIFDL UIBU XJUI UIJT DIPJDF TZTUFN 	���
 DBO CF TPMWFE JUFSBUJWFMZ� *U
SFNBJOT UP TIPX UIBU UIF POF�GPSN (γ,β) JT FYBDU� 5P UIJT FOE XF EFàOF

I(λ) :=
λ

�
√
κ

�
γ
+
γY
�γ

=
λ

�
√
κ
+ I� +

I�
λ

+
I�
λ�

+
I�
λ�

· · · . 	����


*O UFSNT PG I(λ) XF DBO XSJUF 	���
 TVCKFDU UP UIF DIPJDF 	���
 BT





I(λ)Y+ I(λ)� =
�
�κ

(
λ� −"−#

(
λσ+ ζ − #σ�

�

))

β(λ) = λ(γ− �)− #
�σγ .

	����


-FU VT DPOTJEFS UIF POF�GPSN (γ,βγ) XJUI βγ HJWFO CZ UIF TFDPOE FRVBUJPO PG UIJT TZTUFN BOE
EFOPUF CZ (ζ̇, σ̇) UIF UBOHFOU WFDUPS UP B HFOFSJD DVSWF JO UIF QIBTF TQBDF (ζ,σ)� 5IFOˆ

R
(γζ̇ +βγ σ̇)EY=

ˆ
R

(
γζ̇ +

(
λ(γ− �)− #

�
γσ

)
σ̇

)
EY . 	����


'SPN UIF àSTU PG 	����
 XF HFU

İY+ �Iİ=− #
�κ

(
ζ̇ +λσ̇− #

�
σσ̇

)
. 	����


.VMUJQMZJOH CZ γ JOUFHSBUJOH CZ QBSUT BOE VTJOH UIF EFàOJUJPO 	����
 àOBMMZ ZJFMETˆ
R

(
γζ̇ +βγ σ̇

)
EY=−λ E

EU

ˆ
R

(
σ+

�
√
κ

#
I(λ)

)
EY . 	����


8F DBO DPODMVEF UIBU

H(λ) =−
ˆ
R

(
σ+

�
√
κ

#
I(λ)

)
EY 	����


����
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JT B $BTJNJS PG UIF 1PJTTPO QFODJM 	���
� IFODF UIF DPFGàDJFOUT PG JUT FYQBOTJPO JO JOWFSTF
QPXFST PG λ BSF NVUVBMMZ DPNNVUJOH DPOTUBOUT PG UIF NPUJPO� 5IF àSTU DPOTFSWFE RVBOUJUJFT
BSF

H� =

ˆ
R
ζ EY ,

H� =
#
�

ˆ
R
ζσEY ,

H� =
#
�

ˆ
R

(
�
�
"σ� +

�
�
#ζσ� +

ζ�

�
− �

�
κσ�

Y

)
EY ,

H� =
#�

�

ˆ
R

(
"σ� +#ζσ� + �ζ�σ− �κσσ�

Y −
�
#
κζYσY

)
EY .

	����


/PUF UIBUH� JT B $BTJNJS PG 1� UIF RVBOUJUZH� XBT BMSFBEZ JEFOUJàFE XJUI UIF HFOFSBUPS PG Y�
USBOTMBUJPOT XIJMFH� JT 	VQ UP B GBDUPS �/�
 UIF FOFSHZ 	J�F� UIF )BNJMUPOJBO GVODUJPOBM 	����

GPS 1�
� 5PHFUIFS XJUI

´
A_σEY UIF àSTU UISFF DPOTFSWFE RVBOUJUJFT DPNF GSPN CBTJD QIZTJDBM

QSJODJQMFT� 5IF GPVSUI H� BOE BMM UIF IJHIFS PSEFS H�T UIVT DPOTUSVDUFE BSF UIF DPOTFSWFE
RVBOUJUZ NPSF EJSFDUMZ BTTPDJBUFE XJUI UIF -JPVWJMMF JOUFHSBCJMJUZ PG UIF NBUIFNBUJDBM QSPCMFN
BOE UIF CJ�)BNJMUPOJBO GPSNVMBUJPO XF IBWF EFTDSJCFE� *U JT XFMM LOPXO 	TFF F�H� <�>
 UIBU UIF
FOFSHZ H� GBJMJOH UP CF B QPTJUJWF�EFàOJUF RVBOUJUZ JNQMJFT UIBU UIF DPSSFTQPOEJOH FRVBUJPOT
PG NPUJPO BSF OPU AXFMM QSPUFDUFE BHBJOTU TIPSU XBWF JOTUBCJMJUZ� UIF TP�DBMMFE CBE #PVTTJOFTR
FRVBUJPO CFJOH QPTTJCMZ UIF QSPUPUZQJDBM FYBNQMF PG BO JOUFHSBCMF FRVBUJPO EJTQMBZJOH TVDI B
ESBXCBDL� 'VSUIFS DPNNFOUT PO UIJT QIFOPNFOPO DBO CF GPVOE JO TFDUJPO ����

8F SFNBSL UIBU UIF GVMM "#$ TZTUFN 	����
 VOMJLF JUT 8/- SFEVDFE DBTF TFFNT UP GBJM UIF
DPNQMFUF JOUFHSBCJMJUZ QSPQFSUZ PG B TFDPOE MPDBM )BNJMUPOJBO TUSVDUVSF� 'PMMPXJOH UIF 8/-
TUSVDUVSF POF DPVME NBLF VTF PG UIF DPOTFSWFE RVBOUJUZ 	QSPQPSUJPOBM UP
H� BCPWF UP QSPWJEF
TVDI B TUSVDUVSF XJUI UIF BOUJ�TZNNFUSJD PQFSBUPS

1"#$ =




− �

�#(ζ∂Y+ ∂Yζ)+"∂Y+κ∂�Y − �
�#σ∂Y+$∂Yσζ

− �
�∂Y#σ+$σζ∂Y ∂Y+$σ∂Yσ



 . 	����


6TFE XJUI UIF BQQSPQSJBUF GBDUPS PGH� UIJT PQFSBUPS EPFT ZJFME UIF FRVBUJPOT PG NPUJPO 	����
�
IPXFWFS CFDBVTF JUT EJTQFSTJPOMFTT MJNJU JT OPU BTTPDJBUFE XJUI B áBU NFUSJD BT EFUBJMFE JO <��>
1"#$ GBJMT UP TBUJTGZ B OFDFTTBSZ DPOEJUJPO GPS GVMàMMJOH +BDPCJ JEFOUJUZ BOE IFODF DBOOPU CF
VTFE UP HFOFSBUF B TFDPOE )BNJMUPOJBO TUSVDUVSF GPS TZTUFN 	����
�

���� 6OJEJSFDUJPOBM NPEFMT

5P PCUBJO VOJEJSFDUJPOBM OPOMJOFBS XBWF FRVBUJPOT GPS PVS NPEFM XF BU àSTU PCTFSWF UIBU UIF
SFTDBMJOH σ→

√
"σ TJNQMJàFT UIF )BNJMUPOJBO EFOTJUZ 	����
 UP

H̃=
�
�

(
σ� + ζ� +α#̃ζσ� −α�$̃ζ�σ� + ε�κ̃σσYY

)
	����


	XJUI #̃=
#
"
BOE TP PO BOE TP GPSUI
 BOE UIF FOTVJOH )BNJMUPOJBO FRVBUJPOT PG NPUJPO UP

{
ζU =−(σY+α#̃(ζσ)Y−α�$̃(ζ�σ)Y+ ε�κ̃σYYY)

σU =−(ζY+α#̃σσY−α�$̃(ζσ�)Y)
. 	����


����
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8F TFFL 	GPMMPXJOH F�H� UIF DMBTTJDBM TUFQT PG <��> TFDUJPO ��
 GPS B SFMBUJPO σ = σ(ζ) PG UIF
GPSN

σ = ζ +α'(ζ)+α�((ζ)+ ε�,(ζ) 	����


XJUI ',(,, EJGGFSFOUJBM QPMZOPNJBMT JO ζ TVDI UIBU UIF SFTVMUJOH FRVBUJPOT PCUBJOFE TVCTUJUVU�
JOH 	����
 JO 	����
 DPJODJEF VQ UP UFSNT WBOJTIJOH GBTUFS UIBO α� BOE ε� JO UIF MJNJU α,ε→ �
UIBU JT BU PSEFS 0(α�,ε�)� 5IJT QSPDFEVSF DBO CF DBSSJFE PO JO B TUSBJHIUGPSXBSE NBOOFS UIF
POMZ EJGGFSFODF XJUI UIF EFSJWBUJPO PG UIF ,E7 FRVBUJPO PG <��> CFJOH UIBU BU PSEFS 0(α) POF
IBT UP VTF UIF SFMBUJPO

∂U =−∂Y −
�
�
#̃αζ∂Y . 	����


5IF PVUDPNF JT UIF GPMMPXJOH�

J
 5IF MJOL CFUXFFO ζ BOE σ PG FRVBUJPO 	����
 JT FYQMJDJUMZ HJWFO CZ

σ = ζ − �
�
α #̃ζ� +

�
�
α�#̃�ζ� − �

�
ε�κ̃ ζYY . 	����


JJ
 5IF SFTVMUJOH VOJEJSFDUJPOBM FRVBUJPO PG NPUJPO JT B QBSBNFUSJD GPSN PG UIF 	EFGPDVTJOH

(BSEOFS 	PS ,E7�N,E7
 FRVBUJPO

ζU =−ζY−
�
�
α#̃ζ ζY+

(
�α�$̃+

�
�
α�#̃�

)
ζ�ζY−

�
�
ε�κ̃ ζYYY , 	����


XIJDI XBT EFSJWFE JO UIF UIFPSZ PG TUSBUJàFE áVJET F�H� JO <��>�
8F àSTU OPUJDF UIBU JO UIF 8/- BQQSPYJNBUJPO UIBU JT BU 0(α,ε�) XJUI α= 0(ε�)

FRVBUJPO 	����
 CFDPNFT UIF ,PSUFXFH�EF7SJFT 	,E7
 FRVBUJPO BOE SFMBUJPO 	����
 SFEVDFT
UP UIF POF PG <��> TFDUJPO ��� .PSFPWFS BMUIPVHI GPS $̃= � UIF )BNJMUPOJBO 	����
 CFDPNFT
UIF )BNJMUPOJBO PG UIF ,BVQm#PVTTJOFTR TZTUFN 	���
 UIF SFTVMUJOH VOJEJSFDUJPOBM FRVBUJPO
GPS ζ IBT B NPEJàFE ,E7 	N,E7
 UFSN HJWFO CZ �α�#̃� ζ�ζY/��

5IFTF VOJEJSFDUJPOBM FRVBUJPOT DBO CF HJWFO B )BNJMUPOJBO JOUFSQSFUBUJPO CZ QSPWJEJOH BO
BMUFSOBUJWF TUSBUFHZ CZ B HFPNFUSJD SFTIBQJOH PG UIF BSHVNFOU JO <�� ��> 	XIJDI SFGFST UP B
TJOHMF MBZFS &VMFS áVJE BO JOFTTFOUJBM EJGGFSFODF JO UIJT DPOUFYU
� 8F SFHBSE FRVBUJPO 	����

BT BO BTZNQUPUJD DPOTUSBJOU CFUXFFO UIF UXP EFQFOEFOU WBSJBCMFT σ,ζ BOE XF BQQMZ UIF %JSBD
UIFPSZ PG DPOTUSBJOUT <��> BOE JUT SFMBUFE %JSBD 1PJTTPO CSBDLFUT� 'JSTU B TUSBJHIUGPSXBSE DPN�
QVUBUJPO TIPXT UIBU TUJMM JO UIF 0(ε�,α�) BTZNQUPUJDT OP TFDPOEBSZ DPOTUSBJOU BSJTF UIBU JT JG
XF EFOPUF CZ

Φ≡ σ− ζ +
�
�
α #̃ζ� − �

�
α�#̃�ζ� +

�
�
ε�κ̃ ζYY = � 	����


UIF DPOTUSBJOU UIF FRVBUJPOT PG NPUJPO UIF DPOTUSBJOU FRVBUJPO 	����
 BOE SFMBUJPO 	����
 JNQMZ

ΦU ≈ � BU 0(α�,ε�) , 	����


XIFSF UIF A≈�TZNCPM BT QFS UIF VTVBM %JSBD�T UIFPSZ OPUBUJPO TUBOET GPS FRVBMJUZ PO UIF
DPOTUSBJOFE NBOJGPME� 4FDPOE XF OPUJDF UIBU UIF QBJS ζ,ϕ = σ− H(ζ) XIFSF H(ζ) = ζ −
�
� α #̃ζ

� + �
� α

�#̃�ζ� − �
� ε

�κ̃ ζYY JT B TFU PG DPPSEJOBUFT FRVJWBMFOU UP UIF QBJS ζ,σ BOE XF
FYQSFTT UIF 1PJTTPO UFOTPS 	����
 JO UIFTF OFX DPPSEJOBUFT� 5IF SFTVMU JT UIF NBUSJY PG EJG�
GFSFOUJBM PQFSBUPST

1̃=

(
� −∂Y

−∂Y ∂Y · H ′(ζ)+ H ′(ζ) · ∂Y

)
, 	����


����
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XIFSF XF EFOPUFE CZ H ′(ζ) UIF 'SÊDIFU EFSJWBUJWF PG H(ζ) WJ[�

H ′ = �− �
�
#̃αζ +

�
�
#̃�α� ζ� − �

�
ε�κ̃∂YY . 	����


*O BOBMPHZ XJUI UIF VTVBM GPSNVMB PG UIF %JSBD 1PJTTPO CSBDLFUT GPS UIF àOJUF /�EJNFOTJPOBM
DBTF R�, . . .R/ XJUI B OVNCFS .</ PG DPOTUSBJOUT Φ�, . . .Φ.

{RJ,RK}% = {RJ,RK}−
.∑

B,C=�

{RJ,ΦB}(C−�)BC{ΦC,RK} , 	����


XIFSF C JT UIF NBUSJY XJUI FOUSJFT {ΦB,ΦC} UIF %JSBD UFOTPS JO UIF DPPSEJOBUFT (ζ,ϕ) JT
HJWFO CZ

1% ≡
(

1̃�� − 1̃��

(
1̃��

)−�
1̃�� �

� �

)
=

(
−∂Y

(
1̃��

)−�
∂Y �

� �

)
, 	����


XJUI 1̃�� = ∂Y · H ′(ζ)+ H ′(ζ) · ∂Y� 5IJT ZJFMET UIF SFEVDFE %JSBD 1PJTTPO UFOTPS PO UIF ADPO�
TUSBJOFE� NBOJGPME PG VOJEJSFDUJPOBM SJHIU�NPWJOH XBWFT

1%3 ≡−∂Y
(
1̃��

)−�
∂Y . 	����


0VS àOBM UBTL JT UP DPNQVUF TUJMM JO UIF ./- BTZNQUPUJDT UIF JOWFSTF PG UIF PQFSBUPS 1̃���
" EJSFDU DPNQVUBUJPO JO UIJT BTZNQUPUJDT TIPXT UIBU TVDI BO JOWFSTF JT HJWFO CZ UIF QTFVEP�

EJGGFSFOUJBM PQFSBUPS

(1̃��)
−� =

�
�

(
�∂−�

Y +
�
�
#̃α(∂−�

Y ζ + ζ ∂−�
Y )− �

�
#̃�α�(�∂−�

Y ζ� + �ζ�∂−�
Y

−∂−�
Y ζ∂Yζ∂

−�
Y − ζ∂−�

Y ζ)+
�
�
ε�κ̃∂Y

)
, 	����


XIJDI ZJFMET BGUFS TPNF NBOJQVMBUJPO UIF SFEVDFE %JSBD UFOTPS

1%3 =−�
�
∂Y−

�
�
α#̃(ζ∂Y+ ∂Y ζ)+

�
��
α�#̃�(ζ� ∂Y+ ∂Y ζ

� + ζY∂
−�
Y ζY)−

�
�
ε�κ̃∂YYY . 	����


5IF )BNJMUPOJBO EFOTJUZ SFEVDFT PO UIF DPOTUSBJOFE NBOJGPME σ = ζ − �
� α #̃ζ

� + �
� α

�#̃�ζ� −
�
� ε

�κ̃ ζYY BOE JO UIF ./- BTZNQUPUJDT UP

)̃% = ζ� +
�
�
α#̃ζ� −α�

(
�
��
#̃� +

�
�
$̃
)
ζ� . 	����


'JOBMMZ JU JT FBTZ UP WFSJGZ UIBU UIF DPNCJOBUJPO

1%3
δ

δ ζ

ˆ
R
)̃% EY 	����


ZJFMET UIF VOJEJSFDUJPOBM FRVBUJPO PG NPUJPO 	����
�
*U JT SFNBSLBCMF UIBU JO UIF 8/- BTZNQUPUJDT α= 0(ε�) UIF PQFSBUPS 1%3 ZJFMET UIF CJ�

)BNJMUPOJBO TUSVDUVSF GPS UIF ,E7 FRVBUJPO� *OEFFE

1%3,,E7 =
�
�
∂Y−

�
�
α#̃(ζ∂Y+ ∂Y ζ)−

�
�
ε�κ̃∂YYY 	����


DBO CF XSJUUFO BGUFS TVJUBCMF SFTDBMJOH PG UIF WBSJBCMFT BT

1%3,,E7 = ∂Y− ε� (∂YYY+ ζ∂Y+ ∂Y ζ) , 	����


����
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XIJDI JT UIF .BHSJ 1PJTTPO QFODJM GPS ,E7 XIFSF UIF VTVBM SPMF PG UIF QFODJM QBSBNFUFS JT IFSF
QMBZFE CZ UIF TRVBSF PG UIF JOWFSTF EJTQFSTJPO QBSBNFUFS ε−��

�� 4QFDJBM TPMVUJPOT

*O UIJT 4FDUJPO XF JOWFTUJHBUF TPNF QSPQFSUJFT PG UIFNPUJPO FRVBUJPO 	����
 XIJDI BSF SFMFWBOU
UP UIFJS BDUVBM BQQMJDBCJMJUZ BT NPEFMT PG XBWF QSPQBHBUJPO WJ[� UIFJS EJTQFSTJWF CFIBWJPVS BOE
UIFJS USBWFMJOH XBWF TPMVUJPOT� 5IJT JT B àSTU TUFQ XIJDI DBO CF DBSSJFE PVU XJUIPVU SFTPSUJOH UP
OVNFSJDBM NFUIPET OFDFTTBSZ UP BTTFTT UIF QFSGPSNBODF PG UIF NPEFMT XF IBWF EFSJWFE XJUI
SFTQFDU UP FTUBCMJTIFE SFTVMUT GPS UIF QBSFOU &VMFS FRVBUJPOT�

���� -JOFBSJ[BUJPO BOE UIF EJTQFSTJPO SFMBUJPO

-JOFBSJ[JOH TZTUFN 	����
 BSPVOE UIF DPOTUBOU TPMVUJPO 	; 4
 ζ = ;+ [(Y, U) BOE σ = 4+
T(Y, U) TBZ XJUI UIF GVODUJPOT [,T USFBUFE BT JOàOJUFTJNBM ZJFMET

{
[U+"TY+α#(;TY+ 4[Y)−α�$(;�TY+ �4;[Y)+ ε�κTYYY = �

TU+ [Y+α#4TY−α�$(4�[Y+ �4;TY) = �
. 	���


-PPLJOH GPS TJOVTPJEBM XBWF TPMVUJPOT PG UIF GPSN ([,T) = (B[,BT)FJ(LY−ωU) MFBET UP UIF GPMMPX�
JOH BMHFCSBJD FJHFOWBMVF QSPCMFN GPS UIF QIBTF TQFFE DQ ≡ ω/L BT FJHFOWBMVF
[
α#4− �α�$4;− DQ "+α#;−α�$;� − ε�κL�

�−α�$4� α#4− �α�$;4− DQ

][
B[
BT

]
=

[
�
�

]
, 	���


HJWJOH UIF GPMMPXJOH EJTQFSTJPO SFMBUJPO

DQ = α(#4− �α$4;)±
√

(�−α�$4�)("+α#;−α�$;� − ε�κL�) , 	���


XIFSFCZ UIF DSJUJDBM UISFTIPME XBWFOVNCFS

L�D = ("+α#;−α�$;�)/(ε�κ) 	���


JT JEFOUJàFE QBTU XIJDI UIF TZTUFN CFDPNFT )BEBNBSE JMM�QPTFE XJUI L> LD� /PUF UIBU UIF
GBDUPS �−α�$4� OFFET UP CF QPTJUJWF GPS TUBCJMJUZ PG MPOH XBWFT J�F� L& � XIFSF UIF BTZNQ�
UPUJD NPEFM BQQMJFT� 5IJT QVUT B CPVOE PO UIF BENJTTJCMF WBMVFT PG UIF FRVJMJCSJVN NPNFOUVN
TIFBS 4 BU UIF DSJUJDBM WBMVFT 4=±�/(α

√
$) XJUI−�/(α

√
$)< 4< �/(α

√
$)� 4VDI B CPVOE

BOE JO QBSUJDVMBS UIF GBDU UIBU UIF UISFTIPME XBWFOVNCFS GPS 	����
 JT JOEFQFOEFOU PG UIF NBH�
OJUVEF PG UIF TIFBS σ MJNJUT UIF BQQMJDBCJMJUZ PG UIJT TZTUFN JO QPTTJCMF OVNFSJDBM BQQMJDBUJPOT�
)PXFWFS JU JT JOIFSFOU UP PVS MPDBM )BNJMUPOJBO TFUUJOH BOE XJMM DPOTJTUFOUMZ SFDVS JO XIBU
GPMMPXT F�H� JO UIF EFàOJUJPOT PG UIF EPNBJO PG IZQFSCPMJDJUZ PG UIF EJTQFSTJPOMFTT MJNJU BT
XFMM BT JO UIF BOBMZTJT PG UIF USBWFMMJOH XBWF TPMVUJPOT PG UIF EJTQFSTJWF DBTF�

8JUI SFHBSE UP UIF MBTU QPJOU JU JT XPSUI OPUJOH UIBU BO BTZNQUPUJD TUFQ BLJO UP UIF XFMM
LOPX ,E7 UP ##. OFBS JEFOUJUZ SFMBUJPO DBO IFSF CF VTFE BEWBOUBHFPVTMZ UP DJSDVNWFOU UIF
IJOESBODF UP OVNFSJDBM BQQMJDBUJPOT EVF UIF MBDL PG XFMM QPTFEOFTT PG 	����
� *OEFFE B TIJGU
PG UIF EFQFOEFOU WBSJBCMF σ TJNJMBS UP 	���


σ̄ ≡ σ+ ε�κ̄σYY =⇒ σ = σ̄− ε�κ̄ σ̄YY+0(ε�) , 	���


XIFSF κ̄= κ/" , UBLFT TZTUFN 	����
 JOUP UIF BTZNQUPUJDBMMZ FRVJWBMFOU GPSN
{
ζU+"σ̄Y+α#(ζσ̄)Y−α�$(ζ�σ̄)Y = �

σ̄U+ ζY+α# σ̄σ̄Y−α�$(ζσ̄�)Y = ε�κ̄σ̄YYU
. 	���


����
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"T IJOUFE CZ UIF OPUBUJPO VTFE UIJT TUFQ JT FRVJWBMFOU UP UIBU PG VTJOH MBZFS BWFSBHFE WFMPDJU�
JFT JO EFàOJOH UIF EFOTJUZ XFJHIUFE WPSUJDJUZ JOTUFBE PG UIF WFMPDJUJFT BU UIF JOUFSGBDF CFUXFFO
MBZFST VTFE JO UIF EFàOJUJPO 	����
 PG σ� 5IF EJTQFSTJPO SFMBUJPO GPS TZTUFN 	���
 MJOFBSJ[FE
BSPVOE DPOTUBOU TUBUFT σ̄ = 4 BOE ζ = ; JT SFBEJMZ PCUBJOFE GSPN NPEJGZJOH 	���
 BCPWF�
[
α#4− �α�$4;− DQ "+α#;−α�$;�

�−α�$4� α#4− �α�$;4− DQ(�+ ε�κ̄L�)

][
B[
BT

]
=

[
�
�

]
. 	���


5IJT JT NPSF SFTJMJFOU GPS XFMM�QPTFEOFTT UIBO 	���
� *O GBDU UIF FJHFOWBMVF DQ JT HJWFO CZ UIF
TPMVUJPO PG UIF RVBESBUJD FRVBUJPO

(�+ ε�κ̄L�)D�Q− R�(�+ ε�κ̄L�)DQ− R� + R�� = � , 	���


XIFSF XF IBWF JOUSPEVDFE UIF TIPSUIBOE OPUBUJPO

R� = α#4− �α�$4; , R� = ("+α#;−α�$;�)(�−α�$4�) .

5IF BTZNQUPUJD FYQBOTJPO PG UIF EJTDSJNJOBOU PG 	���
 JT

∆= �
(
"+α#;−α�$("4� + ;�)+"ε�κ̄L�

)
+0(α�,αε�) ,

XIJDI JT DFSUBJOMZ BTZNQUPUJDBMMZ QPTJUJWF GPS WBMVFT PG 4 BOE ; PG PSEFS 0	�
 XJUI SFTQFDU UP
UIF TNBMM α QBSBNFUFS�

5IF TUBOEBSE EJTQFSTJPO SFMBUJPOT GPS JOàOJUFTJNBM EJTUVSCBODFT BSPVOE UIF RVJFTDFOU TUBUF
ζ = σ = � BSF PCUBJOFE GSPN UIF BCPWF SFMBUJPOT TFUUJOH ;= 4= �

D�Q = "− ε�κL� , 	���


BOE

D�Q =
"

�+ ε�κ̄L�
, 	����


GPS TZTUFNT 	����
 BOE 	���
 SFTQFDUJWFMZ� 5IF SPMF PG UIF DPFGàDJFOU " BT UIF MJNJUJOH MPOH XBWF
QIBTF TQFFE BOE UIF EJGGFSFOU CFIBWJPVST PG UIFTF TQFFET JO UIF MBSHF XBWFOVNCFS L MJNJU BSF
FTQFDJBMMZ USBOTQBSFOU JO UIJT DBTF�

3FNBSL ���� 5IF BOBMZTJT PG UIF EJTQFSTJPOMFTT DPVOUFSQBSU PG UIF TZTUFN 	����
 HPFT BT GPM�
MPXT 	TFF <�> GPS UIF GVMMZ OPOMJOFBS EJTQFSTJPOMFTT DBTF
� 5IF EJTQFSTJPOMFTT )BNJMUPOJBO EFOT�
JUZ DBO CF SFBE PGG FRVBUJPO 	����


)E =
�
�

(
"σ� +α#ζσ� −α�$ζ�σ� + ζ�

)
. 	����


)FODF UIF EJTQFSTJPOMFTT FRVBUJPOT DBO CF XSJUUFO BT
(
ζU

σU

)
+

(
)E,ζσ )E,σσ

)E,ζζ )E,ζσ

)(
ζY

σY

)
=

(
�

�

)
. 	����


5IF DIBSBDUFSJTUJD NBUSJY PG UIF TZTUFN JT FYQMJDJUMZ

7=

(
α#σ− �α�$σζ −α�$ζ� +α#ζ +"

�−α�$σ� α#σ− �α�$σζσ

)
, 	����


BOE TP UIF DIBSBDUFSJTUJD WFMPDJUJFT BSF HJWFO CZ

W± = α#σ− �α�$σζ ±
√
(−α�$ζ� +α#ζ +")(�−α�$σ�) . 	����


����
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5IF IZQFSCPMJDJUZ EPNBJO JT UIVT UIF SFDUBOHVMBS SFHJPO JO UIF IPEPHSBQI TQBDF

(ζ,σ) ∈
(
#−

√
�$"+#�

�α$
,
#+

√
�$"+#�

�α$

)
×
(
− �

α
√
$
,

�

α
√
$

)
. 	����


3FNBSL ���� 5IF SFHVMBSJ[BUJPO 	���
 JT EJGGFSFOU GSPN UIPTF VTFE JO <� �� ��> XIFSF UIF
DIBOHF PG WBSJBCMFT MFBEJOH UP UIF TIFBS JT EPOF UISPVHI UIF DIPJDF PG B SFGFSFODF IFJHIU PG
UIF IPSJ[POUBM WFMPDJUJFT JO UIF MBZFST� 5IF SFTVMUJOH NPEFMT DBO CF TUJMM JMM�QPTFE XJUI SFTQFDU
UP B EJTQFSTJPO DSJUJDBM XBWFOVNCFS IPXFWFS XJUI BO PQUJNBM DIPJDF PG UIF SFGFSFODF IFJHIU
	UZQJDBMMZ UIBU PG UIF CPUUPN BOE UPQ MBZFS
 UIF DSJUJDBM XBWFOVNCFS DBO CF NBEF UP NBYJNJ[F
UIF XFMM QPTFE JOUFSWBM PG UIF EJTQFSTJPO SFMBUJPO�

���� 5SBWFMMJOH XBWF TPMVUJPOT BOE UIFJS QSPQFSUJFT

5SBWFMMJOH XBWFT GPS UIF "#$�TZTUFN





ζU+
(
"σ+#ζσ−$ζ�σ+κσYY

)
Y = �

σU+

(
ζ +

#
�
σ� −$ζσ�

)

Y
= �

, 	����


SFXSJUUFO IFSF ESPQQJOHT TUBST BOE TFUUJOH α= ε= � JO 	����
 BSF PCUBJOFE WJB UIF BOTBU[
ζ(U,Y) = ζ(Y− D U),σ(U,Y) = σ(Y− D U) BT UIF TPMVUJPO PG UIF TZTUFN






− Dζ +"σ+#ζσ−$ζ�σ+κσYY = ,�

− Dσ+ ζ +
#
�
σ� −$ζσ� = ,�

, 	����


,� BOE ,� CFJOH JOUFHSBUJPO DPOTUBOUT� 8F MJNJU PVSTFMWFT UP TFFL TPMJUBSZ XBWF TPMVUJPOT
QSPQBHBUJOH JOUP B RVJFTDFOU TUBUF J�F� ζ→ � BOE σ→ � BT Y→∞ XIJDI TFUT ,� = ,� = ��
5IF TFDPOE FRVBUJPO JO 	����
 ZJFMET UIF SFMBUJPO CFUXFFO ζ BOE σ

ζ = σ
D−#σ/�
�−$σ� , 	����


BOE TVCTUJUVUJOH UIJT JOUP UIF àSTU PG 	����
 QSPWJEFT UIF RVBESBUVSF GPSNVMB

κσ�
Y =−σ�

(
"− �

�
(#σ− �D)�

�−$σ�

)
, 	����


XIJDI DBO CF JOUFSQSFUFE BT UIF NFDIBOJDBM BOBMPH PG QBSUJDMF PG NBTT �κ JO B QPUFOUJBM XFMM
6(σ)

6(σ)≡ σ�
(
"− �

�
(#σ− �D)�

�−$σ�

)
. 	����


"O FYBDU FYQSFTTJPO GPS Y BT B GVODUJPO PG σ GPS UIF TPMVUJPO PG 	����
 DBO CF GPVOE JO UFSNT
PG FMMJQUJD GVODUJPOT CVU JU JT OPU QBSUJDVMBSMZ JMMVNJOBUJOH BOE XJMM OPU CF SFQPSUFE IFSF� 0ODF
TVDI BO FYQSFTTJPO JT PCUBJOFE JUT DPVOUFSQBSU GPS UIF EJTQMBDFNFOU ζ GPMMPXT JNNFEJBUFMZ
GSPN 	����
� 5ZQJDBM XBWF TPMVUJPO QSPàMFT BSF TIPXO JO àHVSF � XIFSF UIFZ BSF DPNQBSFE
XJUI UIPTF PG UIF TBNF BNQMJUVEFT GPS UIF UXP�MBZFS NPEFM PG <��>� UIJT JO UVSO JT LOPXO UP
QSPWJEF HPPE BQQSPYJNBUJPOT UP GVMM &VMFS TPMVUJPOT JO B CSPBE SBOHF PG QIZTJDBM QBSBNFUFST
JODMVEJOH MBSHF OPOMJOFBSJUZ� "T UIJT àHVSF TVHHFTUT UIF EJGGFSFODFT CFUXFFO UIF UXP NPEFMT
CFDPNF TNBMMFS GPS EFDSFBTJOH BNQMJUVEFT JO BHSFFNFOU XJUI UIFNJME OPOMJOFBSJUZ BTTVNQUJPO

����
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'JHVSF �� $PNQBSJTPO PG JOUFSOBM TPMJUBSZ XBWF QSPàMFT ζ(Y) PG EJGGFSFOU BNQMJUVEFT�
SFE�TPMVUJPO PG 	����
 CMBDL�TPMVUJPO PG TUSPOHMZ OPOMJOFBS NPEFM PG <��>� )FSF UIF
QIZTJDBM QBSBNFUFST BSF H= ��� DN T−� I� = �� DN I� = �� DN ρ� = �.��� H DN−�
ρ� = �.��� H DN−� 	VTFE JO UIF FYQFSJNFOU PG <��>
 BOE UIF NBYJNVN EJTQMBDFNFOU JT
NFBTVSFE JO VOJUT PG UIF VQQFS MBZFS UIJDLOFTT I�� 	B
 ζB = �.��I�� 	C
 ζB = �.��I��

VOEFSMZJOH TZTUFN 	����
� 5IF QPUFOUJBM 	����
 IBT CFFO OPSNBMJ[FE UP IBWF B EPVCMF [FSP GPS
σ= � BOE MJNJUT UP −∞ XIFO σ UFOET UP �/

√
$ GSPN UIF SJHIU BOE UP −�/

√
$ GSPN UIF MFGU�

4PMJUBSZ XBWFT�BMXBZT BTTPDJBUFE XJUI UIF OVMM WBMVF PG UIF FOFSHZ PG UIF DPSSFTQPOEJOH
NFDIBOJDBM TZTUFN�FYJTU XIFO σ= � JT B MPDBM NBYJNVN GPS 6(σ) BOE 6(σ) IBT UXP NPSF
EJTUJODU OPO�[FSP SPPUT σ∗

�,� JO UIF JOUFSWBM (−�/
√
$,�/

√
$) TP UIBU −6(σ) JT OPO�OFHBUJWF

GPS σ CFUXFFO � BOE UIF TNBMMFTU 	JO BCTPMVUF WBMVF
 PG UIFTF BEEJUJPOBM SPPUT 	UIF MJNJUJOH DBTF
PG σ∗

� → σ∗
� DPSSFTQPOET UP TPMJUPO TPMVUJPOT EFHFOFSBUJOH UP GSPOU�MJLF TPMVUJPOT BT UIF PSCJU

CFDPNFT IFUFSPDMJOJD
� 5IJT JNQMJFT UIBU 	TNPPUI
 TPMJUBSZ XBWFT (ζ(Y− DU),σ(Y− DU)) GPSN B
POF�QBSBNFUFS GBNJMZ XJUI SFTQFDU UP UIF TQFFE D JO UIF JOUFSWBM

"< D� < "+
#�

�$
. 	����


4JODF D� ≡
√
" DBO CF JOUFSQSFUFE BT UIF MJOFBSJ[FE TQFFE PG JOUFSGBDJBM MPOH�XBWFT JO B UXP�

áVJE TZTUFN UIJT TIPXT UIBU OPOMJOFBS TPMJUBSZ XBWFT NPWF GBTUFS UIBO D� VQ UP B MJNJUJOH
NBYJNVN TQFFE EFàOFE CZ

D�N ≡ D�� +
#�

�$
.

5IF EFQFOEFODF PO UIF TQFFE QBSBNFUFS D PG UIF NBYJNVN EJTQMBDFNFOUT PG TPMJUBSZ XBWFT
GSPN FRVJMJCSJVN JT 	UBLJOH SJHIU�NPWJOH XBWFT BOE #> � UP àY JEFBT


σB =
�#D− �

√
"
(
#� − �$(D� −")

)

#� + �"$
, ζB =

−�"#+ �D
√
"
(
#� − �$(D� −")

)

#� − �D�$
, 	����


SFTQFDUJWFMZ GPS σ BOE ζ� 	*G #< � BOE XJUI SJHIU NPWJOH XBWFT UIF PQQPTJUF TJHO PG UIF TRVBSF
SPPUT JO UIF BCPWF GPSNVMBF OFFET UP CF UBLFO�
 3FHBSEMFTT PG UIF TJHO PG # BU D= DN UIFTF
XBWFT EFHFOFSBUF JOUP GSPOUT XJUI BNQMJUVEF PG EJTQMBDFNFOU HJWFO CZ

����
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σN =
#√

$(#� + �"$)
, ζN =

#
�$

. 	����


/PUF UIBU UIF TJHO PG UIF # DPFGàDJFOU JO UIFTF SFMBUJPOT EFUFSNJOFT XIFUIFS UIF EJTQMBDFNFOU
ζ PG JOUFSOBM TPMJUBSZ XBWFT JT QPTJUJWF 	XBWFT PG FMFWBUJPO
 PS OFHBUJWF 	XBWFT PG EFQSFTTJPO

GPS #> � BOE #< � SFTQFDUJWFMZ� 5IJT TJHO JT JO UVSO EFUFSNJOFE CZ UIF WBMVF PG UIF SBUJP
I�/I� XJUI SFTQFDU UP UIF DSJUJDBM WBMVF

√
ρ�/ρ� 	TFF SFNBSL ���
� /PUJDF UIBU GPS UIF 8/-

MJNJU XIJDI BT NFOUJPOFE BCPWF ZJFMET UIF ,BVQm#PVTTJOFTR TZTUFN 	���
 CZ GPSNBMMZ UBLJOH
$= � UIF SFMBUJPO CFUXFFO XBWF BNQMJUVEF BOE TQFFE EPFT OPU IBWF B MJNJUJOH FYUSFNVN 	BU
XIJDI UIF TPMJUBSZ XBWFT EFHFOFSBUF JOUP GSPOUT
 BOE UIJT SFMBUJPO JT MJOFBS

ζB = �
√
"
D−

√
"

#
.

*O UFSNT PG UIF AIBSEXBSF QBSBNFUFST� I�T BOE ρ�T UIF NBYJNVN TQFFE DN BOE EJTQMBDFNFOU
BNQMJUVEF ζN SFBE JO UIF PSJHJOBM EJNFOTJPOBM WBSJBCMFT

D�N = D��

(
�+

(ρ�I�� − ρ�I��)
�

�(I� + I�)�I�I�ρ�ρ�

)
, ζN =

(ρ�I� + ρ�I�)(ρ�I�� − ρ�I��)
�ρ�ρ�(I� + I�)�

, 	����


XIFSF JO EJNFOTJPOBM GPSN UIF JOUFSOBM MPOH�XBWF MJOFBS TQFFE JT HJWFO CZ

D�� = H(ρ� − ρ�)
I�I�

ρ�I� + ρ�I�
.

"T FYQFDUFE GPS UIF QSFTFOU BTZNQUPUJD UIFPSZ DBSSJFE PVU VOEFS UIF BTTVNQUJPO PG XFBL OPO�
MJOFBSJUZ UIFTF MJNJUJOH WBMVFT XJMM JO HFOFSBM CF EJGGFSFOU GSPN UIFJS FYBDU DPVOUFSQBSUT PG
UIF UXP�MBZFS &VMFS TZTUFN XIJDI DPJODJEF XJUI UIF POFT PCUBJOFE XJUI UIF GVMMZ OPOMJOFBS
NPEFM <��>� 5IF MBUUFS D&N BOE ζ&N TBZ BSF 	TFF F�H� <��>


(D&N)
� = D��

(I� + I�)(ρ�I� + ρ�I�)
I�I�(ρ� + ρ� + �

√
ρ�ρ�)

, ζ&N =
ρ�I�� − ρ�I��

ρ�I� + ρ�I� +(I� + I�)
√
ρ�ρ�

,

BOE UIFZ DBO CF FYQFDUFE UP CF BTZNQUPUJDBMMZ DMPTF UP DN BOE ζN BT UIF DSJUJDBM SBUJP PG EFQUIT
BOE EFOTJUJFT I�

I�
=
√

ρ�
ρ�

JT BQQSPBDIFE� 5IJT JT EVF UP UIF GBDU UIBU UIF ./- NPEFM JODMVEFT

UIF α��UFSN XIJDI JT EPNJOBOU JO UIJT SFHJNF TJODF UIF DPFGàDJFOU PG UIF UFSN PG PSEFS α
WBOJTIFT JO UIJT MJNJU� 5IVT UIF USBWFMMJOH TPMJUBSZ XBWF TPMVUJPOT PG UIF QSFTFOU BTZNQUPUJD
NPEFM DBO CF FYQFDUFE UP QSPWJEF B HPPE BQQSPYJNBUJPO GPS UIFJS FYBDU DPVOUFSQBSUT JO UIF
XIPMF BNQMJUVEF SBOHF FWFO BQQSPBDIJOH UIFJS GSPOU MJNJU XIFO UIF EFQUIT BOE EFOTJUJFT BSF
TVDI UIBU UIF DSJUJDBM BTQFDU SBUJP JT BQQSPBDIFE UP XJUIJO BO FSSPS PG PSEFS0(α)� NPSF QSFDJTFMZ
JU DBO CF TIPXO UIBU

I�
I�

−
√
ρ�
ρ�

= α =⇒ D&N− DN
D&N− D�

= 0(α) , BOE
ζN− ζ&N
ζ&N

= 0(α) , 	����


JO UIF MJNJU α→ � GPS XIJDI D&N,DN → D� BOE ζ&N,ζN → �� 5IFTF PCTFSWBUJPOT BSF FYFNQMJàFE
CZ àHVSF � XIFSF UIF TP�DBMMFE FGGFDUJWF XBWFMFOHUI

λ* ≡
�
ζB

ˆ +∞

�
ζ(Y)EY

JT QMPUUFE WT� ζB GPS UXP DBTFT POF DPSSFTQPOEJOH UP UIF IBSEXBSF QBSBNFUFST VTFE JO UIF
FYQFSJNFOU JO <��> BOE UIF PUIFS XIFSF UIF EFQUI PG UIF VQQFS MBZFS I� JT BEKVTUFE UP CF DMPTF
UP UIF DSJUJDBM SBUJP BT JO 	����
 XJUI α= ���� 'JHVSF � BOE JUT DPNQBOJPO àHVSF � XIFSF UIF
TP DBMMFE OPOMJOFBS EJTQFSTJPO SFMBUJPO DVSWF JT BMTP EFQJDUFE TIPX B DPNQBSJTPO XJUI UIF
BOBMPHPVT DVSWFT GSPN UIF TUSPOHMZ OPOMJOFBS NPEFM <��>� *U JT SFNBSLBCMF UIBU UIF MJNJUJOH

����
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'JHVSF �� &GGFDUJWF XBWFMFOHUI WT� NBYJNVN EJTQMBDFNFOU BNQMJUVEF GPS JOUFSOBM TPM�
JUBSZ XBWFT NPEFMMFE CZ 	����
 	SFE
 CZ 	���
 	CMVF
 BOE CZ UIF TUSPOHMZ OPOMJOFBS
NPEFM PG <��> 	CMBDL
� 	B
 I� = �� DN I� = �� DN H= ��� DN T−� ρ� = �.��� H DN−�
ρ� = �.��� H DN−�� 	C
 I� = ��.� DN BMM PUIFS QBSBNFUFST BT JO 	B
� 5IF BYFT BSF TDBMFE
XJUI SFTQFDU UP UIF UPQ MBZFS UIJDLOFTT I�� /PUF UIF EJGGFSFOU BYJT SBOHF JO UIF UXP DBTFT�
GPS 	C
 UIF BNQMJUVEF SBOHF JT NVDI TNBMMFS BOE UIF XBWFT BSF HFOFSBMMZ MPOHFS� "MTP
OPUF IPX JO CPUI DBTFT UIF MPDBUJPO PG UIF WFSUJDBM BTZNQUPUF BU UIF GSPOU WBMVF ζN JT DBQ�
UVSFE SFBTPOBCMZ XFMM CZ NPEFM 	����
 XIJMF UIF ,BVQm#PVTTJOFTR TZTUFN 	���
 MBDLT
UIF GSPOU MJNJUJOH DBTF� "T FYQFDUFE GPS DBTF 	B
 XIJDI JT GBS GSPN UIF DSJUJDBM SBUJP UIF
JOUFSNFEJBUF BNQMJUVEFT BSF PGG XIJMF GPS UIF OFBS�DSJUJDBM SBUJP DBTF 	C
 UIF CMBDL DVSWF
JT HSBQIJDBMMZ JOEJTUJOHVJTIBCMF GSPN UIF SFE POF�

'JHVSF �� 4BNF BT àHVSF � CVU GPS TQFFE PG JOUFSOBM TPMJUBSZ XBWFT WT� NBYJNVN EJT�
QMBDFNFOU BNQMJUVEF NPEFMMFE CZ 	����
 	SFE
 CZ 	���
 	CMVF
 BOE CZ UIF TUSPOHMZ OPO�
MJOFBS NPEFM PG <��> 	CMBDL
� /PUF UIBU UIF EJTDSFQBODZ CFUXFFO 	����
 BOE UIF TUSPOHMZ
OPOMJOFBS NPEFM <��> JT GBS MFTT QSPOPVODFE GPS TQFFE UIBO JUT FGGFDUJWF XBWFMFOHUI DPVO�
UFSQBSU XIJMF UIF ,BVQm#PVTTJOFTR 	���
 NPEFM JT POMZ BTZNQUPUJDBMMZ WBMJE GPS TNBMM
BNQMJUVEFT JO BMM DBTFT� "T GPS àHVSF � OPUJDF UIF EJGGFSFOU SBOHF PG DBTF 	B
 XJUI SFTQFDU
UP 	C
 BOE UIF VOEJTUJOHVJTIBCMF PWFSMBQQJOH CFUXFFO UIF SFE BOE UIF CMBDL DVSWFT�

WBMVFT XIFSF TPMJUBSZ XBWFT EFHFOFSBUF JOUP GSPOUT BSF TPNFXIBU BDDVSBUFMZ DBQUVSFE CZ UIF
NPEFM FWFO XIFO UIFTF WBMVFT GBMM XFMM CFZPOE UIF NPEFM�T BTZNQUPUJD WBMJEJUZ� *U JT SFNBSL�
BCMF UIBU UIJT BHSFFNFOU PDDVST XJUIPVU SFDPVSTF UP BO BE�IPD BEKVTUNFOU PG UIF DPFGàDJFOUT
PG UIF WBSJPVT UFSN JO UIF NPEFM BT EPOF JO <��> JO UIF DPOUFYU PG B VOJEJSFDUJPOBM SFEVDUJPO�
'PS UIF FYBNQMF QSPWJEFE JO àHVSF �	B
 GPS JOTUBODF UIF MJNJUJOH WBMVFT BSF SFTQFDUJWFMZ GPS
UIF NPEFM BOE &VMFS TZTUFNT DN/D� = �.���� BOE D&N/D� = �.���� BOE ζN/I� =−�.���� BOE
ζ&N/I� =−�.����� "MTP UIF OPOMJOFBS EJTQFSTJPO SFMBUJPO DVSWF SFQSFTFOUJOH UIF XBWF WFMP�
DJUZ EFQFOEFODF PO BNQMJUVEF D= G(ζB)XJUI UIF GVODUJPO G EFUFSNJOFE CZ UIF TFDPOE FRVBUJPO
JO 	����
 SFNBJOT DMPTF UP UIBU PG UIF TUSPOHMZ OPOMJOFBS TZTUFN UISPVHIPVU UIF SBOHF PG BENJTT�
JCMF EJTQMBDFNFOU BNQMJUVEFT BT TFFO JO àHVSF �	B
� 0ODF BHBJO OPUJDF IPX BMM EJGGFSFODFT

����
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CFUXFFONPEFMT CFDPNF HSBQIJDBMMZ VOEFUFDUBCMF BT UIF DSJUJDBM SBUJP JT BQQSPBDIFE BT EFNPO�
TUSBUFE CZ UIF 	C
 QBOFMT PG UIFTF àHVSFT�

�� $PODMVTJPOT BOE QFSTQFDUJWFT

8F IBWF BQQMJFE UIF UFDIOJRVF PG )BNJMUPOJBO SFEVDUJPO JO JUT FOUJSFUZ JODMVEJOH UIF IBOEMJOH
PG DPOTUSBJOUT XIFO QSFTFOU UP EFSJWF NPEFM FRVBUJPOT UIBU JOIFSJU UIFJS TUSVDUVSF GSPN UIF QBS�
FOU #FOKBNJO )BNJMUPOJBO GPSNVMBUJPO PG B EFOTJUZ TUSBUJàFE JEFBM áVJE VOEFS UIF BTZNQUPUJD
TDBMJOHT PG TNBMM BNQMJUVEFT PG áVJE QBSDFM EJTQMBDFNFOUT GSPN UIFJS FRVJMJCSJVN QPTJUJPOT
BOE VOEFS TMPX WBSJBUJPOT JO UIFJS IPSJ[POUBM QPTJUJPOT J�F� MPOH XBWF BQQSPYJNBUJPO BOE TNBMM
EJTQFSTJPO�

5IF SFTVMUJOH NBJO NPEFM HFOFSBMJ[FT UP B CJEJSFDUJPOBM TZTUFN UIF QSPQFSUJFT PG UIF TP�
DBMMFE (BSEOFS VOJEJSFDUJPOBM XBWF QSPQBHBUJPO FRVBUJPO CZ BMMPXJOH B RVBSUJD OPOMJOFBS
UFSN UP FOUFS UIF FRVBUJPOT BOE QSPWJEF UIF OFDFTTBSZ OPOMJOFBS DPOUSJCVUJPO UP TFU B DSJUJDBM
NBYJNVN EJTQMBDFNFOU BU XIJDI USBWFMMJOH TPMJUBSZ XBWF TPMVUJPOT EFHFOFSBUF JOUP GSPOUT BT
XFMM IBOEMF XBWF EZOBNJDT JO B OFJHICPVSIPPE PG DSJUJDBM EFQUI SBUJP� *O DPOUSBTU UP JUT VOJ�
EJSFDUJPOBM DPVOUFSQBSU UIF BEEJUJPOBM OPOMJOFBSJUZ XJUIJO UIF CJEJSFDUJPOBM TZTUFNNBLFT XBWF
QSPQFSUJFT TVDI BT UIF NBYJNVN BNQMJUVEF ζN BOE UIF OPOMJOFBS EJTQFSTJPO SFMBUJPO D(ζB) DMPTF
UP UIFJS FYBDU &VMFS DPVOUFSQBSUT BU MFBTU GPS UIF QBSBNFUFS SBOHFXF IBWF FYQMPSFE FWFO UIPVHI
UIF RVBSUJD UFSN JT GPSNBMMZ TVCEPNJOBOU UP UIF PUIFS UFSNT JO UIF )BNJMUPOJBO XJUI SFTQFDU UP
UIF TNBMM BTZNQUPUJD QBSBNFUFST DBSSJFE CZ UIF DPFGàDJFOUT� 5IJT JT BO VOFYQFDUFE GFBUVSF PG
UIF ./- NPEFM UIBU XPVME IBWF CFFO EJGàDVMU UP BOUJDJQBUF CBTFE PO UIF EFSJWBUJPO BMPOF� 0G
DPVSTF CBTFE PO UIJT NFUSJDT PG USBWFMMJOH XBWF TPMVUJPOT UIF àEFMJUZ PG UIF TUSPOHMZ OPOMJOFBS
NPEFM <��> XJUI SFTQFDU UP UIF QBSFOU &VMFS TZTUFN SFNBJOT VONBUDIFE� )PXFWFS XF TIPVME
TUSFTT UIBU UIF SFBTPOBCMF BHSFFNFOU JT PCUBJOFE IFSF XJUI B TVCTUBOUJBMMZ TJNQMFS MPDBM TUSVD�
UVSF PG UIF NPEFM� 'VSUIFS UIF )BNJMUPOJBO SFEVDUJPO UFDIOJRVFT BMTP BMMPX GPS B TZTUFNBUJD
EFSJWBUJPO PG DPNQMFUFMZ JOUFHSBCMF NPEFMT BOE JO QBSUJDVMBS PG .BHSJ�T CJ�)BNJMUPOJBO TUSVD�
UVSF <��> PG UIF ,E7 FRVBUJPO GSPN UIF QBSFOU &VMFS TZTUFN B QSPHSBN UIBU GVMàMT UIF HPBM
QPTFE JO <�� ��> 	GPS TJOHMF MBZFS áVJET
�

'VUVSF XPSL XJMM BEESFTT SFEVDUJPOT UIBU BSF DMPTFS UP UIF QIZTJDBM TZTUFN CZ SFUBJOJOH
IJHIFS PSEFS OPOMJOFBSJUZ BOE EJTQFSTJPO BT XFMM BT SFNFEZ UIF ESBXCBDLT PG JMM�QPTFEOFTT
JOKFDUFE CZ UIF BTZNQPUJD USVODBUJPOT� 5IF TVCUMFUJFT SFMBUFE UP UIF EPVCMF TDBMJOH MJNJUT XJUI
UIF UXP TNBMM QBSBNFUFSTα BOE εXJUI SFTQFDU UP UIF QIZTJDBM IBSEXBSF QBSBNFUFST EFOTJUJFT ρ�T
BOE EFQUIT I�T 	TFF F�H� <�>
 EFTFSWF GVSUIFS JOWFTUJHBUJPO XIJDI XJMM CF SFQPSUFE FMTFXIFSF�

%BUB BWBJMBCJMJUZ TUBUFNFOU

/P OFX EBUB XFSF DSFBUFE PS BOBMZTFE JO UIJT TUVEZ�

"DLOPXMFEHNFOUT

8F UIBOL 3 #BSSPT 1 -PSFO[POJ BOE 3 7JUPMP GPS VTFGVM EJTDVTTJPOT� 5IBOLT BSF BMTP EVF
UP UIF BOPOZNPVT SFGFSFFT GPS QSPWJEJOH SFNBSLT BOE TVHHFTUJPOT XIJDI IFMQFE JNQSPWF UIF
QSFTFOUBUJPO BOE GPS TVHHFTUJOH BEEJUJPOBM SFGFSFODFT� 5IJT QSPKFDU IBT SFDFJWFE GVOEJOH GSPN
UIF &VSPQFBO 6OJPO�T )PSJ[PO ���� SFTFBSDI BOE JOOPWBUJPO QSPHSBNNF VOEFS UIF .BSJF
4L�PEPXTLB�$VSJF (SBOU /P� ������ *1B%&("/� 8F BMTP HSBUFGVMMZ BDLOPXMFEHF UIF BVT�
QJDFT PG UIF (/'. TFDUJPO PG */E". VOEFS XIJDI QBSU PG UIJT XPSL XBT DBSSJFE PVU BOE UIF
àOBODJBM TVQQPSU PG UIF QSPKFDU ../-1 	.BUIFNBUJDBM .FUIPET JO /POMJOFBS 1IZTJDT
 PG UIF

����
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*/'/� 3$ UIBOLT UIF TVQQPSU CZ UIF /BUJPOBM 4DJFODF 'PVOEBUJPO VOEFS (SBOUT 35( %.4�
������� $.( "3$�������� %.4�������� %.4�������� %.4�������� BOE CZ UIF
0GàDF PG /BWBM 3FTFBSDI VOEFS (SBOUT /��������������� /��������������� BOE %63*1
/���������������� 3 $ BOE . 1 UIBOL UIF %FQBSUNFOU PG .BUIFNBUJDT BOE JUT "QQMJDBUJPOT
PG UIF 6OJWFSTJUZ PG .JMBOP�#JDPDDB GPS JUT IPTQJUBMJUZ� 3 $ XPVME BMTP MJLF UP UIBOL UIF *TBBD
/FXUPO *OTUJUVUF GPS.BUIFNBUJDBM 4DJFODFT $BNCSJEHF GPS TVQQPSU BOE IPTQJUBMJUZ EVSJOH UIF
QSPHSBNNF ):%� XIFSF XPSL PO UIJT QBQFS XBT DPNQMFUFE XJUI TVQQPSU CZ &143$ (SBOU
&1�3���������

03$*% J%T

3 $BNBTTBB IUUQT���PSDJE�PSH��������������������
( 'BMRVJB IUUQT���PSDJE�PSH��������������������
( 0SUFO[JB IUUQT���PSDJE�PSH��������������������
. 1FESPOJB IUUQT���PSDJE�PSH��������������������
5 5 7V )PB IUUQT���PSDJE�PSH��������������������

3FGFSFODFT

<�> #FOKBNJO 5 # ���� 0O UIF #PVTTJOFTR NPEFM GPS UXP�EJNFOTJPOBM XBWF NPUJPOT JO IFUFSPHFOFPVT
áVJET +� 'MVJE .FDI� ��� ���m��

<�> #FOKBNJO 5 # BOE #SJEHFT 5 # ���� 3FBQQSBJTBM PG UIF ,FMWJOm)FMNIPMU[ QSPCMFN� 1BSU ��
)BNJMUPOJBO TUSVDUVSF +� 'MVJE .FDI� ��� ���m��

<�> #POB + - -BOOFT % BOE 4BVU +�$ ���� "TZNQUPUJD NPEFMT GPS JOUFSOBM XBWFT +� .BUI� 1VSFT "QQM�
�� ���m��

<�> #PPOLBTBNF " BOE .JMFXTLJ 1 " ���� " NPEFM GPS TUSPOHMZ OPOMJOFBS MPOH JOUFSGBDJBM XBWFT XJUI
CBDLHSPVOE TIFBS 4UVE� "QQM� .BUI� ��� ���m���

<�> #SPFS - + ' ���� "QQSPYJNBUF FRVBUJPOT GPS MPOH XBUFS XBWFT "QQM� 4DJ� 3FT� �� ���m��
<�> $BNBTTB 3 $IPJ 8 .JDIBMMFU ) 3VTBT 1�0 BOE 4WFFO + , ���� 0O UIF SFBMN PG WBMJEJUZ PG

TUSPOHMZ OPOMJOFBS BTZNQUPUJD BQQSPYJNBUJPOT GPS JOUFSOBM XBWFT +� 'MVJE .FDI� ��� �m��
<�> $BNBTTB 3 $IFO 4 'BMRVJ ( 0SUFO[J ( BOE 1FESPOJ . ���� "O JOFSUJB AQBSBEPY� GPS JODPNQSFTT�

JCMF TUSBUJàFE &VMFS áVJET +� 'MVJE .FDI� ��� ���m��
<�> $BNBTTB 3 $IFO 4 'BMRVJ ( 0SUFO[J ( BOE 1FESPOJ . ���� &GGFDUT PG JOFSUJB BOE TUSBUJàDBUJPO JO

JODPNQSFTTJCMF JEFBM áVJET� QSFTTVSF JNCBMBODFT CZ SJHJE DPOàOFNFOU +� 'MVJE.FDI� ��� ���m��
<�> $BNBTTB 3 'BMRVJ ( BOE 0SUFO[J ( ���� 5XP�MBZFS JOUFSGBDJBM áPXT CFZPOE UIF #PVTTJOFTR

BQQSPYJNBUJPO� B )BNJMUPOJBO BQQSPBDI /POMJOFBSJUZ �� ���m��
<��> $IFTOPLPW " " &M ( " (BWSJMZVL 4 - BOE 1BWMPW . 7 ���� 4UBCJMJUZ PG TIFBS TIBMMPX XBUFS

áPXT XJUI GSFF TVSGBDF 4*". +� "QQM� .BUI� �� ����m��
<��> $IPJ 8 BOE $BNBTTB 3 ����8FBLMZ OPOMJOFBS JOUFSOBM XBWFT JO B UXP�áVJE TZTUFN +� 'MVJE .FDI�

��� ��m���
<��> $IPJ 8 BOE $BNBTTB 3 ���� 'VMMZ OPOMJOFBS JOUFSOBM XBWFT JO B UXP�áVJE TZTUFN +� 'MVJE .FDI�

��� �m��
<��> $IPJ 8 #BSSPT 3 BOE +P 5�$ ���� " SFHVMBSJ[FE NPEFM GPS TUSPOHMZ OPOMJOFBS JOUFSOBM TPMJUBSZ

XBWFT +� 'MVJE .FDI� ��� ��m��
<��> $IPJ 8 ;IJ $ BOE #BSSPT 3 ���� )JHI�PSEFS VOJEJSFDUJPOBM NPEFM XJUI BEKVTUFE DPFGàDJFOUT GPS

MBSHF�BNQMJUVEF MPOH JOUFSOBM XBWFT 0DFBO .PEFM� ��� ������
<��> $IVNBLPWB - .FO[BRVF ' & .JMFXTLJ 1 " 3PTBMFT 3 3 5BCBL & ( BOE 5VSOFS $ 7 ���� 4IFBS

JOTUBCJMJUZ GPS TUSBUJàFE IZESPTUBUJD áPXT $PNNVO� 1VSF "QQM� .BUI� �� ���m��
<��> $IVNBLPWB - .FO[BRVF ' & .JMFXTLJ 1 " 3PTBMFT 3 3 5BCBL & ( BOE 5VSOFS $ 7 ����

4UBCJMJUZ QSPQFSUJFT BOE OPOMJOFBS NBQQJOHT PG UXP BOE UISFF�MBZFS TUSBUJàFE áPXT 4UVE� "QQM�
.BUI� ��� ���m��

<��> $SBJH 8 (VZFOOF 1 BOE ,BMJTDI ) ���� )BNJMUPOJBO MPOH�XBWF FYQBOTJPOT GPS GSFF TVSGBDFT BOE
JOUFSGBDFT $PNNVO� 1VSF "QQM� .BUI� �� ����m���

<��> $SBJH 8 BOE 4VMFN $ ���� /VNFSJDBM TJNVMBUJPO PG HSBWJUZ XBWFT +� $PNQVU� 1IZT� ��� ��m��

����
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<��> %JSBD 1 " . ���� (FOFSBMJ[FE )BNJMUPOJBO EZOBNJDT $BO� +� .BUI� � ���m��
<��> %KPSEKFWJD 7 % BOE 3FEFLPQQ - ( ���� 5IF àTTJPO BOE EJTJOUFHSBUJPO PG JOUFSOBM TPMJUBSZ XBWFT

NPWJOH PWFS UXP�EJNFOTJPOBM UPQPHSBQIZ +� 1IZT� 0DFBOPHS� � ����m��
<��> %VCSPWJO # BOE /PWJLPW 4 ���� )ZESPEZOBNJDT PG XFBLMZ EFGPSNFE TPMJUPO MBUUJDFT� %JGGFSFOUJBM

HFPNFUSZ BOE )BNJMUPOJBO UIFPSZ 3VTT� .BUI� 4VSW� �� ��m���
<��> %VCSPWJO # BOE ;IBOH : ���� /PSNBM GPSNT PG IJFSBSDIJFT PG JOUFHSBCMF 1%&T GSPCFOJVT NBOJ�

GPMET BOE (SPNPWm8JUUFO JOWBSJBOUT QQ �m��� 	BS9JW��������

<��> %VDIF̂OF 7 *TSBXJ 4 BOE 5BMIPVL 3 ���� " OFX DMBTT PG UXP�MBZFS (SFFOm/BHIEJ TZTUFNT XJUI

JNQSPWFE GSFRVFODZ EJTQFSTJPO 4UVE� "QQM� .BUI� ��� ���m���
<��> 'BMRVJ ( .BHSJ ' BOE 1FESPOJ . ���� #J)BNJMUPOJBO HFPNFUSZ %BSCPVY DPWFSJOHT BOE MJOFBSJ[�

BUJPO PG UIF ,1 IJFSBSDIZ $PNNVO� .BUI� 1IZT� ��� ���m��
<��> (SVF + +FOTFO " 3VTBT 1 & BOE 4WFFO + , ���� 1SPQFSUJFT PG MBSHF�BNQMJUVEF JOUFSOBM XBWFT +�

'MVJE .FDI� ��� ���m��
<��> ,BVQ % + ���� " IJHIFS�PSEFS XBUFS�XBWF FRVBUJPO BOE UIF NFUIPE GPS TPMWJOH JU 1SPH� 5IFPS�

1IZT� �� ���m���
<��> ,VQFSTINJEU # " ���� .BUIFNBUJDT PG EJTQFSTJWF XBUFS�XBWFT $PNNVO� .BUI� 1IZT� �� ��m��
<��> -BOOFT % BOE.JOH. ���� 5IF ,FMWJOm)FMNIPMU[ JOTUBCJMJUJFT JO UXP�áVJET TIBMMPXXBUFS NPEFMT

)BNJMUPOJBO 1BSUJBM %JGGFSFOUJBM &RVBUJPOT BOE "QQMJDBUJPOT 	'JFMET *OTUJUVUF $PNNVOJDBUJPOT
WPM ��
 FE 1 (VZFOOF % /JDIPMMT BOE $ 4VMFN 	4QSJOHFS


<��> -WPW : 7 BOE 5BCBL & ���� )BNJMUPOJBO GPSNBMJTN BOE UIF (BSSFUUm.VOL TQFDUSVN PG JOUFSOBM
XBWFT JO UIF PDFBO 1IZT� 3FW� -FUU� �� ������

<��> .BHSJ ' ���� " TJNQMF NPEFM PG UIF JOUFHSBCMF IBNJMUPOJBO FRVBUJPO +� .BUI� 1IZT� �� ����m��
<��> .BSTEFO + & BOE 3BUJV 5 ���� 3FEVDUJPO PG QPJTTPO NBOJGPMET -FUU� .BUI� 1IZT� �� ���m�
<��> /HVZFO ) : BOE %JBT ' ���� " #PVTTJOFTR TZTUFN GPS UXP�XBZ QSPQBHBUJPO PG JOUFSGBDJBM XBWFT

1IZTJDB % ��� ����m��
<��> 0MWFS 1 + ���� )BNJMUPOJBO BOE OPO�)BNJMUPOJBO NPEFMT JO XBUFS XBWFT 5SFOET BOE "QQMJDBUJPOT

PG 1VSF .BUIFNBUJDT UP .FDIBOJDT 	-FDUVSF /PUFT JO 1IZTJDT WPM ���
 FE 1 ( $JBSMFU BOE
. 3PTFBV 	4QSJOHFS


<��> 0MWFS 1 + ���� )BNJMUPOJBO QFSUVSCBUJPO UIFPSZ BOE XBUFS XBWFT 'MVJET BOE 1MBTNBT� (FPNFUSZ
BOE %ZOBNJDT 	$POUFNQPSBSZ .BUIFNBUJDT WPM ��
 FE + & .BSTEFO 	".4


<��> 0WTZBOOJLPW - 7 ���� 5XP�MBZFS ATIBMMPX XBUFS� NPEFM +� "QQM� .FDI� 5FDI� 1IZT� �� ���m��
<��> 1FSDJWBM + 3 $PUUFS $ + BOE )PMN%% ���� " &VMFSm1PJODBSÊ GSBNFXPSL GPS UIF NVMUJMBZFS (SFFOm

/BHEIJ FRVBUJPOT +� 1IZT� " �� ������
<��> 8IJUIBN ( # ���� -JOFBS BOE /POMJOFBS 8BWFT 	8JMFZ

<��> 8V 5 : ���� -POH XBWFT JO PDFBO BOE DPBTUBM XBUFST +� &OH� .FDI� %JW� ��� ���m��
<��> 8V 5 : ���� /POMJOFBS XBWFT BOE TPMJUPOT JO XBUFS 1IZTJDB % ��� ��m��
<��> 8V 5 : ���� 0O NPEFMJOH VOTUFBEZ GVMMZ OPOMJOFBS EJTQFSTJWF JOUFSGBDJBM XBWFT 'MVJE %ZOBNJDT

BU *OUFSGBDFT FE 8 4IZZ BOE 3 /BSBZBOBO 	$BNCSJEHF 6OJWFSTJUZ 1SFTT

<��> ;BLIBSPW 7 & ���� 4UBCJMJUZ PG QFSJPEJD XBWFT PG àOJUF BNQMJUVEF PO UIF TVSGBDF PG B EFFQ áVJE +�

"QQM� .FDI� 5FDI� 1IZT� � ���m�
<��> ;BLIBSPW 7 & .VTIFS 4 - BOE 3VCFODIJL " . ���� )BNJMUPOJBO BQQSPBDI UP UIF EFTDSJQUJPO PG

OPO�MJOFBS QMBTNB QIFOPNFOB 1IZT� 3FQ� ��� ���m���

����


