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three-dimensional supergravity background, we find that its super non-Abelian

T-dual falls outside the class of such backgrounds.
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1. Introduction

The original ‘radius — 1/radius’ duality of string theory discovered in [1,2] has evolved
into a more general concept of T-duality. This is based on a very simple mechanism: two
classically duality-equivalent string sigma models exist whenever we can formulate a first-
order Lagrangian which provides a set of equations of motion and Bianchi identities. Then,
on the one hand, when imposing the Bianchi identities, one recovers the original model,
while on the other hand, when imposing the equations of motion, one obtains the dual
model.

Abelian T-duality [3, 4], which is present when the string target space geometry has

an Abelian isometry, is an exact symmetry of string theory that maps string backgrounds



into dual ones corresponding to the same conformal field theory. In other words, it relates
two world-sheet non-linear sigma models with equivalent physical properties, both at the
classical level as well as the quantum level [5,6].

Instead, non-Abelian T-duality [7]*, which generalises the approach of [5] to string back-
grounds that exhibit a bosonic non-Abelian group of isometries, does not represent an exact
string symmetry [11]. Indeed, the non-Abelian T-dual model possesses a different, in gen-
eral smaller, set of symmetries (local as well as non-local ones). Notable examples can be
found in |7,12-14]. If supersymmetry is part of the game, the T-dual model is, in general,
less or non-supersymmetric, as can be inferred from studying the Killing spinor equations
after dualisation [15]. Nevertheless, when starting with a string theory background with
a semi-simple group of isometries, the T-dual model usually remains a string theory back-
ground essentially because non-Abelian T-duality preserves conformal invariance in this
case.” Therefore, non-Abelian T-duality can fruitfully be used as a string/supergravity
solution generating technique [15, 14].

Abelian fermionic T-duality has been formulated in [23] as a natural generalisation of the
Abelian bosonic T-duality to sigma models which possess a superisometry generated by an
‘Abelian’ @ supercharge (Q? = 0). The T-self-duality [24,25] of string theory on AdSs x S°
under a combination of four bosonic and eight fermionic Abelian T-duality transformations
provides a dual string explanation of the duality between maximally-helicity-violating amp-
litudes and light-like Wilson loops in A/ = 4 supersymmetric Yang-Mills theory (see [26]
for a nice review). Since under T-duality ordinary superconformal invariance acting on
Wilson loops is mapped to dual superconformal invariance of scattering amplitudes, which
ultimately can be thought as being generated by some non-local current, the investigation
of T-self-duality is intimately linked to integrability. For the AdSs x S° background this
has been discussed in [24,25].

More generally, T-self-duality under combinations of bosonic and fermionic T-dualities
has been proved for string sigma models on AdSy x S% x M™0~2¢ in [27]. Furthermore,
whilst T-self-duality for the AdS; x CP? string sigma model is also expected to hold, its
proof remains an open problem. In particular, the existence of T-self-duality for this back-
ground is supported by the amplitudes/Wilson loops duality in three-dimensional Aharony—
Bergman—Jafferis-Maldacena theory [28-31] as well as by the integrability emerging on the
string theory sides [32-35] and on the gauge theory side [36,37]. However, the proof of

!See also [8-10] for previous results.
2In the case of non-semi-simple groups, this is no longer true [16,17] due to the appearance of a mixed
gauge-gravitational anomaly [11,18]. As shown in [19,20], such backgrounds are solutions to generalised

supergravity field equations [21,22].



T-self-duality in this case is hindered by the appearance of singularities in the T-duality
transformations of the fields [38-42], and a stringy explanation of the amplitudes/Wilson
loops duality in three dimensions remains open.

Evidently, Abelian fermionic T-duality should be generalised to a non-Abelian setting
when non-Abelian isometries form supergroups. This can be achieved by following a pre-
scription similar to the one introduced in [7] for purely bosonic non-Abelian isometries.
However, the procedure of integrating out degrees of freedom to obtain the dual action
appears more complicated because of the nilpotent nature of the fermionic coordinates in-
volved in the dualisation [43]. This is one of the reasons why the studies in this direction
have been rather limited so far. Dualisation of fermionic directions has been discussed some-
what implicitly in connection with A-deformed sigma models [44], introduced in [45-47],
and with the construction of Yang—-Baxter-deformed sigma models as non-Abelian T-duals
of deformed coset superspaces [48-50]. In particular, it was proved in [49] that for a type
II Green—Schwarz superstring, non-Abelian T-duality always produces a dual background
which again satisfies the torsion constraints. This was shown under the assumption that
one can pick the background Bs-field that is invariant under the dualised isometries. This
is possible e.g. for the Ramond-Ramond backgrounds described by semi-symmetric coset
superspaces, but, in general, it is not the case for Neveu-Schwarz—Neveu—Schwarz back-
grounds. In ten-dimensional supergravity, a non-Abelian version of fermionic T-duality
has been formulated in [51] but is limited, however, to fermionic isometries whose algebra
closes on Abelian bosonic isometries. These lead to non-geometric solutions to double field
theory subject to an extra constraint whose origin remains unclear. Generalisations of T-
duality to supermanifolds and super Lie groups has also been explored in the context of
Poisson—Lie T-duality [52-56], originally introduced as an extension of standard bosonic
dualisation [57,58|.

Despite these efforts, a clear picture of non-Abelian T-duality for supergroups is still
missing. We shall refer to this as super non-Abelian T-duality in the following. One of the
main open problems is to understand better the interplay between bosonic and fermionic
non-Abelian T-duality. In particular, it would be interesting to understand whether the
combination of fermionic and bosonic non-Abelian T-dualities can provide a more extensive
tool for generating new string/supergravity solutions.

Inspired by these questions, in this paper we shall carry out a systematic study of
super non-Abelian T-duality, when the dualisation is generically done along the directions
corresponding to a non-Abelian subsupergroup of the supergroup of isometries. Using the
current algebra approach, we perform in full generality the super non-Abelian T-duality

of principal chiral models on supergroup manifolds, as well as of symmetric and semi-



symmetric supercoset models. For all these models, we construct the T-dual action and
identify the corresponding equations of motion.

A well-known feature of bosonic T-duality is that integrability is preserved. Indeed, if
the original model possesses a flat conserved current, thus allowing for the existence of a
Lax connection, the conservation equation and the flatness condition get exchanged under
dualisation, and (some of the) local charges of the original model are mapped to non-local

! This continues to be the case under super

charges of the T-dual model, and vice versa.
non-Abelian T-duality, and the T-dual Lax connection is formally of the same form as the

original one.

The three classes of models under investigation include physically relevant sigma models
describing string/supergravity backgrounds, directly formulated in superspace. In order
to address the question whether super non-Abelian T-duality always gives rise to new,
non-equivalent supergravity solutions, it is important to investigate whether the T-dual
geometry is compatible with superspace supergravity constraints.

We investigate this issue in one particular example, the OSp(1|2) principal chiral model
which describes a three-dimensional anti-de Sitter supergravity geometry. For ordinary
three-dimensional anti-de Sitter geometry realised as an SL(2, R) principal chiral model, it
has been shown [12] that the T-dualisation of the whole SL(2,R) isometry group leads to a
dual geometry that describes a black hole that is asymptotically anti-de Sitter, though the
three-dimensional matter-coupled gravity in which this black hole may arise as a solution is
unknown yet. Aimed at investigating whether this black hole has a conventional supersym-
metric generalisation, we study super non-Abelian T-duality of the OSp(1|2) model whose
geometry is that of the A” = 1 AdS3 superspace. Dualising either the whole OSp(1]2) super-
group or its maximal bosonic SL(2,R) subgroup, we argue that the T-dual model does not
satisfy the three-dimensional supergravity constraints [65-68|, thus falling outside the class
of supergravity backgrounds. The reason for this is the fact that the super non-Abelian-
T-duality procedure gives rise to dual supervielbeins and a Bs-field with a complicated
space-time dependence that prevents them to satisfy the three-dimensional supergravity
constraints (even after any possible redefinition of supervielbeins and connection). This
seems to be a first example in which super non-Abelian T-duality does not generate super-
gravity solutions. Whether this failure is a peculiarity of this model or arises more generally
remains an open question that we plan to address in a near future. We should note that
this result does not contradict the result of [49] since, as will be explained in detail be-

low, the OSp(1]2) sigma model under consideration does not describe a (three-dimensional)

IFor an earlier discussion of dualities and integrability of two-dimensional sigma models, see e.g. [59-64].



Green—Schwarz superstring.

This paper is organised as follows. In Section 2, after a brief review of principal chiral
models and supercosets, we summarise the general procedure for dualising (part of) their
superisometries that we are going to apply in the rest of the paper. This is the direct
generalisation of the procedure for purely bosonic non-Abelian T-duality [5, 7] based on
gauging the subsupergroup involved in the dualisation. In Section 3, we focus on the
super non-Abelian T-duality of principal chiral models. After deriving the T-dual action
in general and studying its symmetries, we investigate in detail the OSp(1|2) principal
chiral model describing the super AdS3; geometry. In particular, we argue that the target
superspace of the T-dual model obtained by dualising either the whole supergroup or its
maximal bosonic subgroup does not satisfy the three-dimensional supergravity constraints.
In Section 4, we give preliminary results regarding the application of super non-Abelian
T-duality to supercosets. Since for these models the dualisation procedure can be affected
by the non-invertibility of the gauge equations of motion required to remove the original
coordinates in favor of a consistent set of dual ones, we cannot determine the T-dual action
in general. At this point, a case-by-case study would be necessary which is, however, beyond
the scope of the present paper. Finally, in Section 5, we close by collecting some comments
and a list of possible future directions. Several appendices follow, which contain some

technical details and a brief summary of three-dimensional supergravity (see Appendix D).

2. Preliminaries

We begin with a short review of the classes of two-dimensional sigma models which will be
considered in the present paper. This primarily helps us fixing notation and conventions.

We consider a generic Lie supergroup G with Lie superalgebra g. We denote the number
of bosonic and fermionic generators of g by ny, and ng, respectively. In addition, we assume
that we are given an inner product (—,—) on g, that is, a non-degenerate Ad-invariant
graded-symmetric bilinear form.

Generally, to define two-dimensional sigma models involving G, we consider elements
g € €*(X,G) where €*°(%, G) is the set of smooth maps from a two-dimensional Lorentzian
manifold ¥, the world-sheet, to G. We then introduce the (pull-back to ¥ via g of the)

Maurer—Cartan form on G by
j =g 'dg € Q'(%,9) (2.1)
and which satisfies the Maurer—Cartan equation

dj+ 3[4,7] = 0. (2.2)



Here, ‘d’ is the exterior derivative on ¥ and QP(X, g) are the g-valued differential p-forms
on . In addition, the Lie bracket [—, —] of g is extended to QP(X, g) in the usual way.

The current in (2.1) is invariant under the global (left) G-action
g — golg forall gy € G, (2.3a)
whereas under the global (right) G-action
g — ggo forall gyo € G, (2.3b)

it transforms adjointly j — g, Ligo.

In the following, we shall often use the notation
Vo = d+[w,—] and F, = dw+ i[w,w] for w e Q'(Z,g). (2.4)

Furthermore, if ‘x’ denotes the Hodge star operator on X with respect to the world-sheet
metric, we have *2 = id on Q!(3,g). Therefore, we have the decomposition Q(%,g) =
QL (Z,9) ® QL(Z, g) into self-dual and anti-self-dual g-valued one-forms on ¥. We shall

make use of the projectors

P QNS 9) - QL(Z,g) with PT = L(id £+). (2.5)

2.1. Principal chiral model

Sigma model action. The principal chiral model on G is defined by the action
S = ;L@', *5) (2.6)

where j is the current in (2.1), the wedge product is understood and ‘*’ is the Hodge star
operator on X with respect to the world-sheet metric. The model describes the dynamics of
Ny, bosonic and ng fermionic degrees of freedom. The equation of motion following from (2.6)
is

dxj = 0, (2.7)
and together with the Maurer-Cartan equation (2.2), this forms what is known as the

first-order system of the model.

Noether symmetries. The action (2.6) possesses a global (G x G)-symmetry, where,
in our conventions, the first factor corresponds to the global left G-action (2.3a) and the
second factor to the global right G-action (2.3b). It is not too difficult to see that the

corresponding Noether currents are

Lxy = gjg! and Ry == j. (2.8)



Lax connection. Importantly, the first-order system, consisting of (2.7) and (2.2), is
equivalent to

dJ(z) + 3[J(2), J(2)] = 0, (2.9a)

where

J(2) = —1(z— 2 H25 4+ i(z2 — 2 )% (2.9b)

is called the Lax connection with z a complex spectral parameter [69]. To derive the first-
order system from (2.9), we note that +> = id and p A x0 = —%p A o for p,0 € QL(Z, g).
As is well-known, a flat Lax connection always yields an infinite number of conservation

laws [60], thus ensuring the integrability of the model (for a nice recent review, see [70]).

2.2. Symmetric space sigma model

Lie algebra decomposition. We now consider sigma models defined on coset super-
spaces G/H where H is a Lie subsupergroup of G which arises as the fixed point set of an
automorphism of G of order 2. Such coset spaces are known as symmetric spaces. At the

level of the Lie superalgebras, this means that the Lie superalgebra g of G decomposes as

g=h@dm with h = 3(1+0)(g) and m = L(1—0)(g), (2.10a)
=P =P
=P, =: Pn

where b is the Lie superalgebra of H and o : g — g is an automorphism of g with 0% = 1.
Then,
[h,] € b, [mbh] € m, and [mm] < b. (2.10Db)

Elements of § are said to be of homogeneity 0 and elements of m of homogeneity 2, respect-
ively and we denote the homogeneity of a homogeneous element by | — |. Furthermore, we
assume that the inner product (—, —) is compatible with the decomposition (2.10), that is,

we take (U, V) = 0 for |U| + |V| # 0 mod 4 for any two homogeneous elements U,V € g.

Sigma model action. In order to formulate the sigma model action, we first observe

that under the decomposition (2.10) the current j = g~'dg decomposes as

j=A+m,
(2.11)
A = Py(j) € QY%,h) and m = Py(j) € QY(Z,m).
Under the local (right) H-action
g — gh forall h e €*(%,H) (2.12)



the A component in (2.11) transforms as a connection one-form, A — h~'Ah + h~ldh,
whereas m as an endomorphism one-form, m — h~'mh. Therefore, the sigma model
action
S = 5J {m,*m) (2.13)
by
is invariant under local transformations (2.12). The associated equation of motion reads
Vaxm = 0, (2.14)
where V 4 has been defined in (2.4). This model describes the dynamics of n, = ng — nf!
bosonic and ns = n¢ — nH fermionic degrees of freedom, with ne, nHl and n¢, nt being the

number of bosonic and fermionic generators of G and H, respectively.
Noether symmetries. The action (2.13) is invariant under the global (left) G-
action (2.3a). It is easy to check that the associated Noether current is given by

JN = gmg™t. (2.15)

Lax connection. The Maurer—Cartan equation (2.2) decomposes under (2.10) as
Fa+3[mm] =0 and Vam = 0 (2.16)

and together with the equation of motion (2.14) they constitute the first-order system of a

symmetric space sigma model. Importantly, this first-order system is equivalent to
dJ(z) + 3[J(2),J(2)] = 0, (2.17a)

where

—_

J(2) = A+ L +2)m— (2 -2 *m (2.17b)

is the Lax connection with z a complex spectral parameter.

Evidently, this Lax connection depends on the choice of the coset representative. How-
ever, in order to generate an infinite tower of conserved charges which are manifestly gauge
invariant, it is preferable to consider a Lax connection that is invariant under H-gauge

transformations. This requirement is satisfied by

J'(2) = g(J(x) = JW)g™" = g(J() =j)g~" = gJ(x)g~ +gdg" . (2.18)
Furthermore, upon defining 2’ := —log(z) and expanding this expression around 2z’ = 0, we
obtain

J(2(2) = *Lnx 2 + O(?), (2.19)

where the coefficent Ly is the Noether current (2.15). Thus, at order 2’ the flatness of J’

implies the conservation of the Noether current.



2.3. Semi-symmetric space sigma model

Lie algebra decomposition. Let us now come to sigma models on semi-symmetric
spaces, that is coset superspaces G/H where H is a Lie subsupergroup of G which arises as
the fixed point set of an automorphism of G of order 4. This means that the Lie superalgebra
g of G decomposes as

g=bhopdmdq (2.20a)
with

h = %(1+U+02+U4)(9)7 m = %(1_‘7""02_03)(9)’

= Pb = Pm

(2.20b)
po= 3(l—ioc—o®+io")(g), q = 5(1+ioc—0®—ic")(g),

=P, =Py

where b is the Lie superalgebra of H and ¢ : g — g is an automorphism of g with ¢% =1

and

[h,6] = b, [p,b]l = p
[popl € m, [mp]l <q, [ (2.200)
[m,m] < b, [g.m] c
[a.9] = m.
Elements of b are said to be of homogeneity 0, elements of p of homogeneity 1, elements
of m of homogeneity 2, and elements of q of homogeneity 3, respectively. Furthermore, we
assume that the inner product (—, —) is compatible with the decomposition (2.20), that is,

we take (U, V) = 0 for |U| + |V| # 0 mod 4 for any two homogeneous elements U,V € g.

Sigma model action. Under the decomposition (2.20) the current (2.1) decomposes as

j=A+p+m+gq,
A= B(j) € QYS,h), m = Pu(j) € Q(S,m), (2.21)
p = Pp(ﬂ) € Q1(27p>7 q = PCI(]) € Ql(z’q) N

To formulate the sigma model action, we consider that under the local (right) H-
action (2.12) the component A of j transforms as a connection one-form, h — h~'Ah +
h~'dh, whereas {p,m,q} as endomorphism one-forms, {p,m,q} — h~{p,m,q}h for all
h € €*(X,H). The associated sigma model action is then the Green-Schwarz-like ac-
tion |71-73]

S = ;Jz@n, *m) + éjz@, q - (2.22)

9



The equations of motion following from (2.22) are
Vaxm = 5lp.p] + 3le.q] = 0,
[m,p+=p] = 0, (2.23)
0.

[m, g — xq]

As in the symmetric space case, the model describes the dynamics of ny bosonic and ng

fermionic degrees of freedom with n, = ng — nf! and ng = n$ —nk.

Noether symmetries. One can check that

In o= gm—4x(p—q)g”! (2.24)

is the Noether current associated with the global (left) G-action (2.3a).

Lax connection. The Maurer-Cartan equation (2.2) decomposes under (2.20) as

Fa+ 3[m,m] + [p,

q]

Vap + [m, q]
5[a. 4]

|

Vam+ 3 [p pl +

0
0
(2.25)
0
0

Vaq+[m,p

and together with the equations of motion (2.23) they constitute the first-order system of

a semi-symmetric space sigma model. Importantly, this first-order system is equivalent to
dJ(2) + 3[J(2),J ()] = 0, (2.26a)

where
J(z) = A+zp+i(Z®+2H)m+27lqg—3(z2 =272 *m (2.26b)

is the Lax connection with z being a complex spectral parameter [74].!
As before, this Lax connection depends on the choice of coset representative but again,

there is a Lax connection that is invariant under H-gauge transformations,

J'(z) = g(J() =J)g™" = g(J(2) —j)g~" = gJ(2)g " +gdg™" . (2.27)
Upon setting 2z’ := —log(z) and expanding this expression around 2z’ = 0, we obtain
J(2(2) = *Lnx 2 + O(?), (2.28)

where now Ly is the Noether current (2.24).

!Generally, such Lax connections and flatness conditions arise for coset spaces that admit a Z,-

grading [75].

10



2.4. Topological deformations

We may also consider deformations of the models (2.6), (2.13), and (2.22) that do neither
alter the equations of motion nor the Noether symmetries, thus preserving integrability.
Due to these properties, such type of deformations are referred to as topological, and they
have first been studied in the literature |76, 77,48, 49| in connection with Yang-Baxter

deformations of two-dimensional sigma models [78-81].

Two-cocycles and derivations. Let Q € H?(g) be a Lie superalgebra two-cocycle (we
may also restrict to a Lie subsuperalgebra of g)!, that is, Q € /\2 g™ and it is subject to the

cocycle condition
U, [V, W]) + (=)D, [w, u]) + (—n)WIWEVDow, [U,v]) = 0 (2.29)

for all U, V,W € g where | — | denotes the Grafmann degree. By the Riesz representation

theorem, there is a unique endomorphism D : g — g such that
QU,V) = (D(U),V) forall UV € g. (2.30)
Whilst the graded anti-symmetry of 2 is equivalent to
D), Vy = —U,DV)) forall UV € g, (2.31)
the cocycle condition (2.29) is equivalent to
D([U,V]) = [D(U),V]+[U,D(V)] foral UV € g, (2.32)

that is, D is a derivation for the Lie bracket [—, —]. Furthermore, upon writing g = eV for

ge Gand V € g, we can extend D to a left-invariant vector field on G by

ok
D) = oY) (li _:)1)|ad"“/(D(V)) with ady = [V,—] . (2.33)
k=0 :

It then follows that
D(gUg™") = g(D(U) +[g7'D(g),U])g™" (2.34)

for all g € G and for all U € g. See Appendix A for details. The Ad-invariance of (—, —)
then immediately yields

AgUg™' gVg™h) = QU,V) +<{g™'D(9),[U, V] (2.35)

!The Whitehead lemma says that if g is a finite-dimensional semi-simple Lie algebra, then H> (9) =
0. However, for Lie superalgebras, the Whitehead lemma does no longer hold in general. See [82] and
references therein on the cohomology for Lie superalgebras. See also [83,84] for some recent developments

in cohomology theory for Lie superalgebras relevant to string theory/supergravity.
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for all g € G and for all U,V € g. Moreover, we shall also make use of the notation
Dy == D+ady forall A € g. (2.36)

Then, (2.34) implies that

Dg—lAngg—lD(g)(g_lUg) = g_lDA(U)g (237)

for all g € G and for all A,U € g. Note that to show this one uses that g7 D(g) = —D(g~!)g
for all g € G as directly follows from (2.33).

Topological deformations. Next, if we extend {2 and D in the usual fashion to QP(%, g),

we can define a deformed model by
So = 54§ [ 06 = S+ [ DD, (2.38)

where S is any of the actions (2.6), (2.13), or (2.22) and ¢ € R is an arbitrary deforma-
tion parameter. In the case when considering coset superspaces G/H, that is, either (2.13)
or (2.22), we need to require that the restriction Q| of the two-cocyle Q to the Lie super-
algebra b of H vanishes. This, in turn, ensures that the action (2.38) is invariant under the
H-gauge transformations (2.12). Note that the condition [y = 0 is equivalent to D being
of degree two, that is, Dy : h — m and D[y : m — b in the case of the symmetric space
sigma models, and in the case of semi-symmetric space sigma models this gets augmented
by D|p:p — g and D|g:q— p.!

Furthermore, it is not too difficult to check that the deformation is topological in the
sense that the equations of motion for (2.38) are the same as those of the undeformed
model given by S. To show this, one makes use of the derivation property (2.32) of D
and the Maurer—Cartan equation (2.2). Likewise, it also follows that (2.38) is invariant
under the same symmetry transformation as the undeformed model with the same Noether
currents. All this thus ensures that the deformed model has the same Lax connection as
the undeformed model and hence, the deformation does not spoil integrability.?

As mentioned before, we may consider the restriction Q¢ of Q to some Lie subsuperal-
gebra € of g. If K denotes the Lie supergroup associated with €, we may consider the change

g+ k=g for k € €°(%,K) and then deform any of the sigma model actions (2.6), (2.13),

ndeed, Q|y = 0 is equivalent to Dy : h — m, and the other conditions then follow from the derivation
property of D and the requirement of preserving the commutations relation (2.10b) and (2.20c).

2 Another deformation one may consider is by using the Kac-Moody two-cocycle on the based loop
algebra Log given by {, Sé dt (92, J)y with J : Ex 8" —> gwithdJ+1[J,J] =0and J(t = 0) = J(t = 1) = j.
Such a deformation also renders the theory integrable.
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or (2.22) by adding %SE Qle(k~1dk, k~1dk) with Q|¢ € H?(€). In fact, under the assump-
tion that Q¢ is non-degenerate, homogeneous Yang—Baxter deformations have been shown
in |77] to be equivalent to the non-Abelian T-dual of the deformed model when T-duality
is performed, with Q|, ! solving the (classical) Yang—Baxter equation and the deformation

parameter given by ¢ L.

2.5. Super non-Abelian T-duality

We are now interested in studying non-Abelian T-duality of the sigma models from the
preceeding sections. The general procedure that we shall apply is a straightforward gen-
eralisation of the well-known prescription of purely bosonic non-Abelian T-duality [5,7] to

supergroups, and we shall refer to it as super non-Abelian T-duality in the following.

Gauging. Following |5, 7], the first step to dualise one of the previously discussed sigma
models is to gauge a Lie subsupergroup K of G, corresponding to the directions that we wish
to dualise. If £ denotes the Lie superalgebra of K, the gauging is obtained by introducing a

¢-valued connection one-form w € Q!(X,€). Consequently, the current (2.1) generalises to
jo = g lwg+gtdg for g € €*(%,G). (2.39)

Evidently, F;, = g 'F,g and so, the flatness of j, is equivalent to the flatness of w.

Furthermore, j,, is invariant under the local (left) K-action

g — k'g and w — klwk+k7MdE forall k e €°(%,K) . (2.40)

Adding Lagrange multipliers. To implement F,, = 0, we introduce Lagrange multi-

pliers represented by A € € (X, £), and we define the master action
S, = S+ 4 [ DGG)+ | A+ Do R (2.41)

where S is any of the actions (2.6), (2.13), or (2.22) with j replaced with j,, and D
is the derivation introduced in (2.30) by means of the two-cocycle 2. Without loss of
generality, we have set the deformation parameter ¢ equal to one. It should be noted that
the action (2.41) is H-gauge invariant in the case when considering coset superspaces G/H,
that is, either (2.13) or (2.22), because of our assumption that 2|, vanishes; see Section 2.4,
Moreover, in order to have the action (2.41) also K-gauge invariant, we require that the

gauge transformations (2.40) are augmented by
A — k'Ak+k7'D(k) forall k e €F(%,K). (2.42)
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Finally, we can simplify (2.41) as
So = S+;f<D(jw),jw>+f<]\,Fjw> with A == g7'Ag+ ¢ 'D(g) (2.43)
% %

which is manifestly K-gauge invariant. This form of the master action will be the starting

point of our T-dualisation procedure.

T-dualisation. Upon integrating out A in (2.41), we recover the original sigma model
action. Indeed, the equation of motion for A is the flatness condition F,, = 0, and hence,
w is locally pure gauge. Generally, however, w might have non-trivial holonomies around
non-contractible loops which prevents us from having w be pure gauge globally. However,
we shall ignore this technicality by assuming that the topology of ¥ is suitably chosen.
Hence, we have w pure gauge globally and so, we may fix a K-gauge in which it vanishes
identically.

On the other hand, if we integrate out w, we obtain the T-dual model. Since the
latter will still be invariant under K-gauge transformation, we may fix a gauge to remove
dim(K) coordinates. For instance, for principal chiral models, this can be used to gauge
away dim(K) original coordinates, thus arriving at a gauge-fixed T-dual action with the
same number of degrees of freedom as the original one, with the key difference that now
the dim(K) Lagrange multipliers play the role of dual coordinates. In particular, when
taking K = G, gauge invariance can be used to set the original group element g = 1, and,
consequently, the T-dual model depends only on the dual coordinates A.

In the case of sigma models defined on coset superspaces G/H, the reasoning is similar
with the only difference being that the original model describes dim(G) — dim(H) degrees
of freedom. The gauge invariance inherited by the T-dual model has to be used to fix also
some of the Lagrange multipliers [85, 14|, while the remaining ones provide a set of dual
coordinates.

It should be stressed that this procedure can be complicated by certain uniqueness is-
sues when trying to solve the equation of motion for w for the projection of j, onto the
Lie superalgebra of H. While for the principal chiral model this issue does not arise, it
may arise in symmetric and semi-symmetric models, and depends on the properties of the
chosen Lie groups. In this case, the T-dualisation procedure needs to be modified accord-
ingly and requires a case-by-case discussion. There are many examples in the literature for
purely bosonic sigma models where this problem is automatically cured once the Lagrange
multipliers are turned on in the master action (2.41) and the T-dualisation is performed
before gauge fixing them [85,14,49|. Instead, for sigma models defined on supergroups the

problem is made more severe by the appearance of fermionic coordinates, which are not
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invertible by their own nature. It turns out that in general switching on the fermionic Lag-
range multipliers does not help in making the equations invertible, and more sophisticated
approaches need to be used. In the case of purely fermionic cosets, this has been largely
discussed in [43]. We shall come back to this in Section 4 and in a forthcoming paper.

In what follows, we are going to discuss the T-dualisation of the three classes of models
introduced above. Our primary focus is to identify explicitly the T-dual actions, study the
associated Lax pair and the fate of integrability. In a simple example, corresponding to the
principal chiral model describing an AdS3 supergravity background, the question whether
super non-Abelian T-duality leads to a dual background which still solves the supergravity

torsion constraints is carefully investigated.

3. Super non-Abelian T-duality of principal chiral models

3.1. General derivation of the T-dual model

We shall gauge a subsupergroup K of G so that the master action (2.43) becomes
So = 4| Gursir + 4 | DU+ | R (31)

with j,, as given in (2.39).

T-dual sigma model action. The T-dual model is obtained by integrating out the w

field. In particular, upon varying (3.1) with respect to w, we obtain

xju+ Vi, A= D(ju) = 0. (3.2)

Upon making use of (2.5) and (2.36), this equation can be solved for j,, as

1
_l—DA(

jw = P+(d‘/~\)) +

Therefore, with the help of the identity

1 1
<1iDU(V)’W> = <V’1$DU(W)> forall U V,W € g, (3.4)

which is a consequence of (2.31), the T-dual action that follows from (3.1) upon substitut-
ing (3.3) is

S = L <dA, - _1D]\ (P+(dA))>. (3.5)
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T-dual equation of motion and Lax connection. Using (3.4), the expansion

1 1 1 1
D+
L N

- T o

o (3.6)

and 0Dy = ady, some algebra shows that the equation of motion following from the T-dual
action (3.5) is

dj + 30,51 = 0, (3.7)

where j = j,, with j, given in (3.3). Consequently, j satisfies (3.2). Upon combining this
with (3.7) and making use of the Jacobi identity and the properties of D, we obtain

dxj = 0. (3.8)

The equations (3.7) and (3.8) confirm that for (deformed) principal chiral models the well-
known pattern of exchanging equations of motions and Maurer—Cartan equations [11] occur
also under super non-Abelian T-duality. Moreover, it allows to identify the T-dual Lax

connection as

J(2) = —tE-21)? 5+ 1 - 2745, (3.9)

thus ensuring integrability of the T-dual model.

T-dual Noether symmetries. The T-dual model is invariant under global G-

transformations induced by the right action (2.3b) and given by the transformation

A — gy'Ago+ 95" D(go) forall go € G, (3.10)

where D(go) was defined in (2.33). Indeed, this follows immediately from (2.37). The

Noether current associated with this symmetry is then given by

Jx = *D;(5) - (3.11)

3.2. Example: OSp(1|2) principal chiral model

As an explicit example of super non-Abelian T-duality, we shall now consider the prin-
cipal chiral model for the orthosymplectic group OSp(1|2). The interest in this supergroup
manifold is due to its interpretation as an A/ = 1 supersymmetric AdS3, and as such, it
represents an appropriate background for three-dimensional supergravity [86,66,67,87-89],
as we are going to discuss.

In the absence of supersymmetry, non-Abelian T-duality of the SL(2, R) principal chiral
model, which describes AdSs, has been performed in [12]. There, it has been shown that
the T-dualisation of an SL(2,R) subgroup of the isometry group SL(2,R) x SL(2, R) yields
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a three-dimensional metric corresponding to a black hole space-time and a non-trivial Ba-
field. To the best of our knowledge, it is still unknown whether this black hole and Bo-field
configuration is a solution of a matter-coupled gravity and whether it can be embedded
into a three-dimensional supergravity.

It is then interesting to investigate what happens in the case of the AdS3 supergeometry.
To this end, we shall discuss the T-dualisation of an OSp(1]|2) subgroup of the group of
superisometries OSp(1]2) x OSp(1]2). We will also comment about the T-dualisation of the
maximal bosonic subgroup SL(2,R) < OSp(1]2). We will find that in both cases, the target
superspaces and Bo-fields of the T-dual models fall outside the class of possible solutions of
a three-dimensional N/ = 1 supergravity. This indicates that the black hole configuration
obtained by the non-Abelian T-dualisation of the SL(2,R) principal chiral model in [12]

does not seem to have a conventional supergravity extension.

Orthosymplectic algebra. To begin with, we fix our conventions for the orthosymplectic
algebra osp(1]2). In spinorial notation, it is described by a set of two fermionic generators
Qo and three bosonic generators L,g = Lg, for a,3,... = 1,2 subject to the following

non-trivial commutation relations

[Lag: Lys] = _i(Ev(aLﬁﬁ +€5(04L5)’Y)7
[Qas Qs = Lag, [Lap,Qy] = —iey@p) -

The parentheses on the right-hand sides denote normalised symmetrisation of the enclosed

(3.12)

indices and i is the imaginary unit. In addition, .3 = —€g, With scwew = 6,7 and 6,7 is
the Kronecker symbol. Furthermore, we introduce an inner product (—, —) on osp(1|2) by
<Qa, Q/3> = i&?a/g y <La5, L75> = Ea(,yé‘(;)ﬁ s and <Qa, L/B’Y> = 0. (3.13)

Sigma model action. Since H?(osp(1]2)) vanishes [82], we work with the undeformed

action (2.6). In particular, we parametrise g € G as
o : o 2*PLag . —F . pa
g = gogs With gy = e . ge =e 7, and F = 0°Qq, (3.14)

with three bosonic coordinates z%° = 2% and two fermionic coordinates 8¢. The corres-

ponding current j = g~ 'dg =: jo‘ﬁLag + j“Q4 can be split as
J = Jo+Js, (3.15a)
where (see also Appendix B)
jo = gy 'dgp and je¢ = —V;iF —3adr(V,;,F)— tadr(dF) (3.15b)
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and the covariant derivative is as defined in (2.4). Explicitly,

b = aﬂLa )
BT O el | (3.16)
je = —[(1—16%)d0” +100e°|Qp + $(6°d0° + 16%e*) Log |
where 62 := 0°6,. Consequently,
jo= —(1—16%)(d6° +10,e*®)Qp + (1 + 16%) (e + 10@d0”)) L5 . (3.17)

In order to compute e®? explicitly, we use the Baker-Campbell Hausdorff formula together
with the identities (C.5) specialised to U = 3* L, and V = dU. Indeed, j, = e YdeV =

_1\k
Yo % ad¥,(dU), and so

— i 2isinh? (%
e — dz™P — 20 — V/2sinh(v22) (z2da®? — 2z, %257 da7) + o (ﬁ)x (@qzf)
43 x? 7
(3.18a)
where
g’ = —%550‘3375:575 =: —%550‘332 = 2% = 20" . (3.18Db)
Note that the series in (3.18a) are in powers of 2 only.
Upon inserting these expressions into (2.6) and using (3.13), we eventually find
| R AR N RSN
> (3.19)
= -1 L {eaﬁ A *eqp — €™ A *0,d0g) +1(1 — £:6%)do* A *dea} :
Furthermore, in the metric-like form, the action reads as
S = J; {%daz"ﬂS A *dxaﬁgagﬁg + dwm/\*de‘lgaﬂy + %d@ﬁ A *deo‘ga’g} (3.20a)
with the components
JaBrs = GrsaB = J1€a(rES)B T 92Ta(vT5)B
Jopy = Gova = [955a()s + 9aTa(sT)s + 95(Ta(sens + TsaEa) |0 (3.20b)
02
9o, = TYBa = Eap (l + 16)
and the coefficient functions
1 — 22 — cosh (v/22) 1 + 22 — cosh (v/2z)
g1 = — 2 y g2 = — 4 )
2z T
22 + /2 sinh (v/2x) —22 + 1/2sinh (v/22) i .,
g3 = s g1 = B s g5 = ssinh” | —= .
8x 4z 2x V2
(3.20c)
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T-dual sigma model action. We now perform super non-Abelian T-duality along
OSp(1]2) corresponding to the left action (2.3a). The general expression for the T-dual
action of the undeformed principal chiral model is given in (3.5) with Dj replaced with
adz. Moreover, since we are gauging the whole group, we can fix a gauge in which g = 1.

Therefore, the T-dual action becomes

~ 1
- 1
S = 2L<dA,1*adA(dA+*dA)>. (3.21)

In order to compute it explicitly, we rearrange the integrand as outlined in Appendix C. In

particular, upon specialising the identities (C.12) to U = A and V = dA with A expanded

in terms of a set of dual coordinates 7*° and 6% as A =: 78 Log + 6°Q,,, we obtain

1 1
1— adA(dA) T 1 —2;2

[(1—3%) 2% —25,%5,° 270 — 215, Z°7| Log

2
2 — 2

(3.22a)

- C(6." —i%.")Q5

where

o> —idgz.(@p"
Y

208 — 43 4 2
2

— 52
+ oo :52)21 —7) (1 - $3%)az*? - 33,%2,7"° - 3i,(*az?" |¢* |
¢* = df* — ﬁ[u — #%)dz*? — 2,77 di"° — 21, @di? 0,
- = 532)21 —) |3a6° (% — %) ad%z° | 0?

(3.22Db)
and 72 is as defined in (3.18b). Therefore, summing everything and using the inner

product (3.13), the explicit expression for the T-dual action (3.21) eventually reads

- 1 f {di;aﬁ A x[(1— 2790 — 25,2550 270 — 21, (« Z0)7]
%

2 1— 232
~ ~9 ~ a~ 5 .~
N dZap A [(1 = 8% 2°F — 22,25 270 — 21x,y(°‘Z5)7] (3.23)
1 — 232
21d0% A %CP(enp — iTap)  21d0% A (Plenp — iTap)
+ ~ + — .
2 — 32 2 — 12

In the metric-like form, the action takes the following form in which one can immediately
notice the presence of a two-form superfield By which was absent in the original OSp(1]2)
model,
S = f {%df”‘s A * A7 Gog 5 + AT AXdI¥Ga gy + 1dO° A 0G0 g
b (3.24a)
+ 3@ A B Bug s+ 87 A A0 Bo,gy + 507 A d0°Ba g}
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with the components

GaBrs = Gyoas = (01 + §3§2)€a(»y€5)ﬁ + (g2 + §452)£a(7j6)ﬂ ;

Japy = GBva = (95:%@(657)6+§69~56(557)a)9~5:

Jap = —JBa = €ap(gr + 9852) ;
] ] o (3.24D)
Baprs = —DBysap = (bl + b262)(§7ah55)ﬁ + Z3(:E8)a) 5
Bapy = —Bpgra = (bsca(aeys + baFa(sTys)0” .
Ba”@» = B/g@ = .f'a/g (55 + 5652)
and the coefficient functions
1=z 2 o i(1+ 2% — 4i
K=y T T BT a2z M T 1— 22
.2 _ 21+ 37 _ 2
BT g2 BT poamya-—22) 0 T -2
_ (647221
BT 90— 72)2(1— 272)
. i . 5+ 232
bl = ~ ) b? = = ~ ~ )
1—232 2(2 — 22)(1 — 232)2
- 1 - 6
bs = by =
T 12 YT 2@ -232)
P 2 ;o 10— 23?%)
ST T 0T (20 i2)2(1—272)
(3.24c)

and #? is as defined in (3.18b). Note that the remaining isometry group is OSp(1]2) as
follows from the general discussion around (3.11). Hence, half of the supersymmetries of
the original model are broken. As shown in Appendix E, this also happens when dualising
only the maximal bosonic subgroup SL(2,R). This is in agreement with what was already
established, for instance, in the cases of purely bosonic non-Abelian T-duality along the
AdS3- and S3-directions in AdS3 x S3 x CYy backgrounds [15,14,90] (where CYs is a
Calabi-Yau two-fold).

T-dual supervielbeins. We observe that the dual action (3.21) can be rewritten as

G 1
S = %f {(&,xe) + (e,ads(€))} with & = — (dA) . (3.25)
by 1 —adp
Consequently, & represents the T-dual supervielbein.! A short calculation reveals that
- 1. . 1 1 o
de = _5[67 e] — 5@([6,6]) . (3.26)

!Note that 1+€1LdA (dA) is an equivalent form for the supervielbeins as follows from the identity (3.4).
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Furthermore, from the action (3.25) we identify the Bo-field as

By = 1(&,ads(e)) . (3.27)
A short calculation then leads to
s = dB, = ~(& ;(r é]) (3.28)
3 = 2 = 3 e’l—adA é e . .

To apply these formuse to the OSp(1]2) case, we consider the expansions & =: &% Log+e*Qq
and A =: iaﬂLag + 0°Qq, and compute

[e,&] = (2ie7@ n e — e nef)Lop + 218" A e5Qn = v*PLas +1°Qn, (3.29)

the equations in (3.22) imply that
1 1

(el = sl )20 — 25,2550 270 — 2i7,(* 2PV Lyg
—ada e ) (3.30a)
+ 9 _ 72 Ca((saﬁ - i-iaﬁ)Q,B
with
708 _ 0B 2 (e _jvs (a]G8)
v +2_5:2[U — 10Ty ]
+ 2= j2)(11 ~977) [(1 — %:iQ)Uaﬁ — 37,25 070 — 3iz, (@07 |62 ,
; . (3.30b)
¢ = v — 972 [(1 - %)™ — 23,25 07 — 2iF (O‘U'B)V]HB
-2z
i 3. _ (T _ =2\, B8~ alj2
T 2—39)(1 - 23?) [EU —i(§ — 2*)vip ]0 :
Therefore, (3.26) becomes
1 1
de”? = —Su? - m[(1 — %) 20 — 23,°%;,° 27° — 2iz,*Z"7] (3.31a)
and
dé® — 1o 2 C(8,° — i) (3.31b)
= —5v 30— 2 o —1Ta") . .

SL(2,IR) T-dual model. Note that upon setting 6% = 0, the model (3.24) reduces to
the T-dual model found in [12] when dualising the SL(2,R) principal chiral model. In
particular, the target space metric Gag 5 for 6% = 0 in (3.24) was interpreted in [12] as a

black hole that is asymptotically anti-de Sitter with the scalar curvature

- 47% — 63% + 9
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for the Levi-Civita connection. Furthermore, we observe that the Bg—ﬁeld Baﬁ s for 6% =0

in (3.24) has a non-constant field strength

N i3—232 _

3= 37 g3 nET A", (3.33)

as follows from (3.28) together with (3.30a) after some algebra. Being non-constant, the
curvature (3.32) and the field strength (3.33) cannot be a solution of Einstein gravity

coupled only to a By-field. Indeed, the equations of motion for this theory are

RIW - %gl“/R = _%(HMHAHVHA - %guuHmAUHHAU) s
V“I’IMVN =0,

(3.34)

where R, is the Ricci tensor for the Levi-Civita connection of the metric g,,, V, the
covariant derivative with respect to the Levi-Civita connection, and H,,,, the components
of Hz. The second equation implies that H,, = c\/mslw,.C with €, the Levi-Civita
symbol and ¢ € R some constant. Thus, Hs must be constant. Moreover, the trace over
the first equation yields that R = iH v PR = %02 and so, also the scalar curvature must
be constant. Since neither the scalar curvature (3.32) is constant nor the three-form field
strength (3.33) is of the desired form, we conclude that the bosonic T-dual model is not a
solution of Einstein gravity coupled only to a Bo-field. Therefore, the metric g,5 45 and the
By-field Bag ~s may only be solutions in a theory in which gravity and the Bs-field couple

to some other matter fields.! It would be of interest to find this theory.

Supergravity constraints for the OSp(1|2) T-dual model. We will not elaborate on
the above issue of the bosonic SL(2,R) model here but instead ask the question whether
the three-dimensional black hole of [12] can be part of a conventional three-dimensional
supergravity. In other words, we shall study whether the target superspace of the super non-
Abelian T-dual model obtained from the OSp(1|2) principal chiral model may be interpreted
as a supersymmetric black hole which might be a solution of a three-dimensional V' = 1
supergravity. For this to be possible, the target superspace of the T-dual model should
respect an additional key feature: it should be understood as an appropriate supergravity
background. Put differently, it should satisfy the superspace supergravity constraints, which
in three-dimensions are off-shell constraints that do not imply the on-shell supergravity

equations of motion.

!Note that the T-dualisation also yields a non-trivial dilaton ¢ = — log(1 —2%?%) but the standard coup-
ling of the dilaton to Einstein gravity and a Ba-field does not solve this issue for the scalar curvature (3.32)
and three-form field strength (3.33).
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A brief review of three-dimensional supergravity is given in Appendix D. In particular,
we are interested in the torsion constraints (D.12¢) and the constraint (D.13) on the three-
form field strength Hj3 of the Bs-field.

The target superspace of the original OSp(1|2) principal chiral model is an AdSs solution
of three-dimensional N' = 1 supergravity. As such, it satisfies the constraints (D.12c).
Indeed, the supervielbeins can be read off the flat current j = g~'dg given in (3.17).
In particular, expanding j =: j*’Las + j%Q, and using the algebra (3.12), the flatness

equation (2.2) in components reads
A% +i7 A 5P = L@ A ? and A +i57 A jg® = 0. (3.35)

It follows that the torsion constraints (D.12¢) are satisfied, provided that we identify the
supervielbeins, the connection one-form, and the non-vanishing components of the torsion

as
e = L e = . w = i and Tap = —eydy’ . (3.30)

Since jog = jga, the metric compatibility (D.12b) is also satisfied. Though the OSp(1]2)
principal chiral model does not include the Bs-field, its field strength Hs can be a dynamical
source of the cosmological constant in the supergravity equations of motion ensuring the

existence of the AdSs superspace solution (see e.g. [87]). For the AdS3 solution,
- af di, B v a
Hj ea N e Aegt+ gie.” Aeg? Ae,”, (3.37)

where /¢ is proportional to the AdSs radius. This Hj satisfies the constraint (D.13).

Now we would like to check whether the dual supergeometry satisfies the supergravity
constraints. Let us focus on the first torsion constraint in (D.12c), that is, the projec-
tion (3.31a) of (3.26) onto L,g. The torsion constraint is satisfied by the T-dual superviel-
beins if and only if the right-hand side of (3.31a) equals the expression el /\(:J,Y’B) — %éa neb.
In particular, this implies that the terms in (3.31a) proportional to é* A &° have to sum
up to a constant. From the expressions above, we see that the desired é* A &° term is
contained in v defined in (3.29), which in turn appears in Z%. Therefore, focusing only

on the v®? terms, we obtain

1 =2

de*? = ——¢2F PP — 23,5 070 — 21z, (*0P)]

27 2(1—232) [(1 -

B i
2(2 — 2)(1 — 232
(54 2@2):37(%5)7]52 T

E [(1 + 28008 — 4(2 — #%)2, %3P0 (3.38)
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where the ellipses denotes all the other terms that are irrelevant to the argument. Now, it
is easy to realise that in (3.38) there are non-constant terms proportional to €* A &° such as
e’ A é‘sj(y(o‘j(;)ﬁ). However, such terms can never sum up to a constant. Consequently, we
may conclude that the T-dual supervielbeins € do not satisfy the torsion constraints of three-
dimensional supergravity. In order to improve the situation, we could consider performing
a local OSp(1|2)-transformation of the form & + &9 := g~lég for g € ¥* (X2, 0Sp(1]2)).
Then, with A9 := g~ 'Ag and A := g~ 'dg, the structure equation (3.26) becomes

Vael = —[e0e] - 1 ([e9,e)) . (3.39)

2 21— adpg

However, one quickly realises that whilst such transformations can in principle remove some

of the unwanted terms in (3.38), they will never remove terms of the form & A &’

7 (7(045 6)ﬁ)
simply because A appears linearly in (3.39).

An additional confirmation of the incompatibility of the dual model with supergrav-
ity comes from considering the three-form curvature Hs, which should have the particular
structure (D.13) in terms of an arbitrary scalar superfield. Using the formula (3.28) for Hs
together with (3.30a), it is not too difficult to find the explicit expression of H, general-
ising (3.33) to the supersetting. In particular, it turns out that it contains a non-constant

term which is cubic in the fermionic components of the supervielbein,

o =B = 2 B 3 =
Hy = &* néP a e”1 — 572 <1x(a507) — Mm(a5$7)595> +oe (3.40)

Such a term is not present in (D.13). This again shows that the T-dual model is incompatible
with the supergravity constraints.

One may wonder whether this result is a peculiarity of dualising all of OSp(1]2). In
Appendix E, we comment on the maximal bosonic subgroup SL(2,R) € OSp(1|2) and argue
that also in this case the dualisation is not compatible with the supergravity constraints.

The above issue may be related to the fact that our starting point was not a three-
dimensional Green—Schwarz superstring sigma model on AdSs, while the fermionic non-
Abelian T-duality of stringy sigma models was argued in [48,49] to produce dual super-
backgrounds that satisfy supergravity constraints. The AdSs superstring sigma model is
obtained by subtracting from the action (3.19) the term j* A xj, and adding, instead of it,
the Wess—Zumino term associated with the worldvolume pull-back of Hs in (3.37) with a
relative coefficient k£ that ensures kappa-symmetry,

Sas = —;f eP A xeqp + k Hs with oM = . (3.41)
by Ms
In the presence of such Wess—Zumino terms the gauging procedure is however more del-

icate [91] and the approach we took in this work would not be applicable. Note that the
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three-dimensional superstring sigma model under consideration is similar to ten-dimensional
superstrings in an Neveu—Schwarz—Neveu—Schwarz background which are not described by
sigma models on semi-symmetric Ramond-Ramond superbackgrounds. The Bs-field of the
AdS3 superstring is invariant under the super non-Abelian isometry only modulo a gauge
transformation, and, as such, it falls out of the class of examples considered in [49]. For
this reason, the dualisation of the three-dimensional Green—Schwarz superstring deserves
further study. Another possibility of tackling this issue might be to generalise the above
three-dimensional superspace construction to a type IIB Green—Schwarz superstring in an
AdS3 x S% x CYs Ramond-Ramond background (where CY3 is a Calabi-Yau two-fold).
This would require the consideration of a semi-symmetric space sigma model with an iso-
metry supergroup PSU(1,1|2) x PSU(1,1]|2) rather than a higher-dimensional supergroup
of the OSp series. The non-Abelian T-dualisation of the SL(2,R) isometry subgroup in the
bosonic string sigma model on this background was recently considered in [90], where it
was shown that a dual background AdSs; x R x S2 x CY5 is a solution of massive type
ITA supergravity. It would certainly be of interest to generalise this example to its super-
non-Abelian T-dualised counterpart, and we postpone the study of this problem to future

work.

4. Super non-Abelian T-duality of supercoset models

We shall now move on and discuss the super non-Abelian T-duality procedure for sym-
metric and semi-symmetric spaces from Sections 2.2 and 2.3. As indicated, the dualisation
procedure for sigma models on coset superspaces G/H is affected by additional technical
complications related to certain uniqueness issues when trying to solve the equation of mo-
tion for w for the projection of j, onto h. This is simply due to the fact that the action for
coset models does not involve the projection of j onto §. In addition, the non-invertibility
can also be brought into the game by the fermionic coordinates which are intrinsically non-
invertible. This peculiarity prevents us from presenting the super non-Abelian T-duality
procedure in complete generality, as a case-by-case analysis would be necessary. For this
reason, we shall only present the general approach, in particular pointing out where the
non-invertibility arises, and postpone to future work the study of specific models of phys-
ical relevance. Nevertheless, we can still discuss various properties of the T-dual model
such as integrability and the exchange of the equations of motion with the Maurer—Cartan

equations which is an identifier pattern of dualisation.
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4.1. Symmetric space sigma models

Gauged sigma model action. Starting point is the action (2.13). Upon gauging a

subgroup K € G, we decompose the covariant current (2.39) as

Juw = Aw"'mwa
(4.1)

Ay = Py(ju) = A+Ph(g_1wg) and my, = Py(ju) = m+Pm(g_1wg),

where A and m were introduced in (2.11) and the projectors P, and Py in (2.10), respect-

ively. Consequently, the master action (2.43) becomes
So = 4 | Gmuemiy+ 3 [ DG+ [ AFL). (4.2
X X X
T-dual sigma model action. The variation of (4.2) with respect to w yields
*my, + VA —D(j,) = 0. (4.3a)

Upon decomposing A as A = Ah + Ay with [\h € €*(%,h) and A, € €°(X, m), renaming
A= A, using (2.36), and recalling that D : h < m, we can express (4.3) as

Dj (my) = VA]\;, and  my, — [Ay, *my,] = —*(d]\m —D]\m(fl)). (4.3b)
Next, with the help of the projectors (2.5), the second equation in (4.3b) is solved for m,,

as

I S £ T S
Mo = 1 —adg, (P (dAm DAm(A))

1

+ 7 ady, (P— (dAw — Dz _ (A))) . (449)

Finally, the substitution of this expression into the action (4.2) yields

° L<(dA‘“‘DAm(A))’ gy (P (dAm‘DAm<A>)>+ [RETS R

Evidently, we have not yet used the first equation of (4.3b), and, as such, it is a hybrid
action. To obtain the fully T-dualised action, we would have to substitute (4.4) into this
equation to obtain a linear equation for A. However, generically, the resulting equation
will not admit a unique solution for A as the linear operator one would have to invert
may have a non-trivial kernel. This is the non-invertibility issue to which we have alluded
before. Of course, in specific situations, there will be a unique solution, and in those cases
we can substitute this solution into (4.5) to obtain the fully T-dualised action. Then, of
the original coordinates, we can gauge-fix nfl + nX bosonic and nf + nK fermionic ones so

that the T-dual model describes the dynamics of n® — n}! bosonic and n$ — nt fermiomic
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degrees of freedom with nS — nHl — nf and n$ —nH — nK coming from original coordinates

and nf and nX from the Lagrange multipliers, respectively.
In the following, we shall ignore this non-invertibility issue and proceed with (4.5). Note
that the first equation of (4.3b) arises from varying (4.5) with respect to A. Note also that

an advantage of this hybrid action is that it enjoys an H-gauge invariance by means of
A — h'Ah+h7'dh and A — h7'Ah+h7ID(h) (4.6)

for all h € €*(X,H), and this allows us to demonstrate the exchange of Maurer—Cartan

equations and equations of motion momentarily. The transformation rule for A follows
directly from (2.43) using (2.12). Note that h=1D(h) € m for all h € € (%, H).

T-dual equations of motion and Lax connection. The difficulty in solving the equa-
tions of motion for the gauge connection does not prevent from studying some properties of
the T-dual model in complete generality. One of these properties is classical integrability,
that is the existence of a dual Lax connection.

In particular, the variations of the action (4.5) with respect to [\h and Ay yield the

equations of motion

Fi+3[m,m] = 0 and Vim = 0, (4.7a)

D=

where we have used (3.4) and (3.6) and defined m := m,, with m, as given in (4.4).

Furthermore, the variation with respect to A leads to
Dj; (m) = ViAy. (4.7b)

Taking into account that m satisfies the second equation in (4.3b) identically and using the

equations of motion above and the Jacobi identity, after a short calculation we obtain
Vixm = 0. (4.8)

A comparison between the structure of the dual equations of motion (4.7) and the con-
straint (4.8) with the ones of the original model (2.14) and (2.16), leads to the conclusion
that also for symmetric space sigma models super non-Abelian T-duality exchanges equa-

tions of motion with the Maurer—Cartan equations. This allows to use
J(2) = A+ 3B+ Hm- L -2 wm. (4.9)
as the T-dual Lax connection which ensures integrability.
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4.2. Semi-symmetric space sigma models

Gauged sigma model action. Finally, we discuss super non-Abelian T-duality for semi-
symmetric space sigma models on G/H. Since the procedure is exactly the same as the one
for symmetric space sigma models we can be rather brief.

In the conventions of Section 2.3, upon gauging a Lie subsupergroup K € G, we decom-

pose the current (2.39) as

jw = Aw+pw+mw+QW7
Ay = Py(jp) = A+ P9 'wg), mu = Pu(ju) = m+ Pu(g 'wg),  (4.10)

1

po = Py(ju) = p+ P9 'wg), qu = Py(ju) = q+ Py(g 'wg) ,

where A, p, m, and ¢ were introduced in (2.21) and the projectors Py, P,, Py, and P,

in (2.20), respectively. Therefore, the master action (2.43) becomes
So = 4| masmo | Gear+ 4 [ @G+ [ AR @
by by by by
T-dual sigma model action. Upon varying (4.11) with respect to w, we obtain
*My — $Pw + 2¢u + Vi,A—D(j,) = 0. (4.12a)

More explicitly, with A = Ah + Ap + Am + Aq and Ah € (2, h), Ap e €°(%,p), Ay €
¢* (3, m), and /~\q e €°(%,q), renaming A,, := A, using (2.36) and recalling that D : h < m
and D : p < g, we have

_[Aqapw] - D[\m (M) — []\p»qw] = _VA]\U )
—ZN\,W—]\,TTLW—D~ w_lw:_v~]xa
[ hp~] [Aq ~] Am(Q)~ 3P il ) (4.12b)
My — [Ny, *po] = [Ag, *my] — [Ag, *xq,] = —*(dAw — Dj _(A)),
—Dj.. (pw) — [Ap7mw] - []\fw Gl + %QW = _VAACI :

Next, we solve the second and fourth equations in (4.12b) for p, and ¢, in terms of my,.

Specifically, if we define

_ 1 oc _ 1
1—',-c+oD[~\moc,oD/—\m + 1+C+OD1'\mOC*ODAm

R ocy oDy oc-

oc_oDg ocy oc_
m

. 1 1
1+c,oD1-\moc+oD[—\m 1—',—c,oDAmochoDl-\m

(4.13a)

with cq = ﬁ, we can write
Ty

w —V 1Ay + adg_(my,
( ) = R( illy adz (m )>. (4.13b)
Gu —V iAq + ad]\p (my)
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Upon subsituting these expressions into the third equation of (4.12b) and using the pro-

jectors (2.5), we can solve for my, to obtain

My = ( b o PT + ! OP) (T) (4.13c)

0 id ad]\
S = adi\,, +(ad/~\p,ad/~\q)oRo (id 0) o (ad;> )
q

. . iA
T = dAw—Dj; (A) + ((ad[\p,ad;\q) oR> (&;) :
A4

with

(4.13d)

We should now subsitute these expressions in the first equation in (4.12b) to obtain a linear
equation for A. However, as in the case of symmetric space sigma models, this equation
will not, in general, admit a unique as the linear operator that needs to be inverted may
have a non-trivial kernel. This would require a case-by-case analysis and so, we proceed
with a hybrid formulation by only inserting the solutions for my,, p,, and ¢, into (4.11).
We find

- Lot L (E) () o e

The first equation in (4.12b) arises from varying this action with respect to A. Note that

this action enjoys an H-gauge invariance by means of
A — h'Ah+h7'dh and A — h7'Ah+h7ID(h) (4.15)

for all h € €*(%,H). As before, the transformation rule for A follows directly from (2.43)
using (2.12). Note again that h=D(h) € m for all h € € (%, H).

T-dual equations of motion and Lax connection. A lengthy but straightforward
calculation reveals that the variations of the action (4.14) with respect to Aba Ap, A, and

/~Xq yield the equations of motion'

(4.16a)

IFor details on the derivation of these equations we refer the reader to Appendix F.
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where m := my,, p = p,, and q := g, with my, p,, and g, as given in (4.13). Additionally,

the variation with respect to A yields

—[Aq, Pl — Di_(m) — [Ap,d] = =V Ay . (4.16b)
Consequently, using this equation, the equations of motion (4.16) and the fact that m, p,
and ¢ satisfy the second, third, and fourth equation in (4.12b) identically, and the Jacobi

identity, some algebra shows that we also have

Vixm— 3[p,pl + 3[4,4] = 0,
[m,p+*p] = 0, (4.17)
[, —*q] = 0.

Hence, we again obtain the exchange of equations of motion and Maurer—Cartan equations

under super non-Abelian T-duality. Therefore, the T-dual Lax connection is given by

JZ) = A+ 5+ i+ 7 H)m+271q- 1(EF - 272w, (4.18)

which ensures the classical integrability of the T-dual model.

5. Conclusions

We have considered a general procedure of non-Abelian T-duality of sigma models on group
manifolds, symmetric, and semi-symmetric spaces with the emphasis on the T-dualisation of
sigma models whose target spaces are supermanifolds possessing non-Abelian superisomet-
ries. All these models are classically integrable, and since super non-Abelian T-duality
exchanges the equations of motion with Bianchi identities (i.e. Maurer—Cartan equations),
it is straightforward to write down the T-dual Lax connection. In general, super non-
Abelian T-duality encounters a problem of integrating out all the variables of the initial
model and getting the dual model described entirely with a dual set of coordinates.

We have considered in full detail the relatively simple example of the OSp(1|2) principal
chiral model in which this problem does not occur. We have, however, argued that even
though the target superspace of the initial model is an AdSj3 solution of three-dimensional
N = 1 supergravity, the dual target superspace background does not satisfy the three-
dimensional supergraity constraints. Such model cannot even be a solution of a gener-
alised supergravity [21,22] because also in that case the torsion supergravity constraints
are the same. A reason for the breaking of such constraints may be related to the fact
that the OSp(1|2) principal chiral model does not describe the dynamics of a string in
three-dimensional N' = 1 supergravity. The N' = 1, d = 3 superstring action is of the
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Green—Schwarz type (see e.g. [92]) with the Wess—Zumino term which in the case of the
AdS3 superspace is a three-dimensional counterpart of an Neveu—Schwarz—Neveu—Schwarz
background of ten-dimensional superstrings. To the best of our knowledge, non-Abelian T-
duality of string sigma models in Neveu—Schwarz—Neveu—Schwarz super-backgrounds has
not been studied in the literature, and this may be an interesting problem to address in
future work.

Another point! that deserves further investigation concerns the extension of the non-
Abelian T-duality group defined in [57,93,94] to our super-non-Abelian-T-duality setting.
Such a generalisation should exist as it would represent the non-Abelian analogue of the
OSp(dy, dp|ds) action defined in [95,96]. The latter extends the bosonic O(dy,dp) sym-

metry [6] to backgrounds with bosonic and fermionic Abelian isometries.

Appendices

A. Cocycles and derivations

Consider the derivation D defined in (2.30) and let V € g. Then, using e*®V (U) =
Yo 2—]7 ad¥ (1), it is easy to see that

w
a a 1
D(e dV(U)) = € dV(D(U)) + Z m(&d%}@&dD(V) oadlv)(U) (Al)
because of the derivation property of D. Next, since Sé dt (1 — t)ktl = %, we can
rewrite the sum as
a0 1 1 a0 1
Z m ad{f/ o adD(V) o adl‘/ = JO dt ? ]. — t tl adV o adD(V) o adV
k,1=0 k,1=0
. (A.2)
— J dte 1 t adv OadD( ) etadv .
0
Consequently,
1
D(eV(U)) = v (D(U) + dt( Fadv o adpyy etadv)(U)>
0
1
_ v (D(U)+ J dte tadV(D(V)),UD
0 (A.3)
o0
ady
= DU v(D

= (D) +[e7" ( "), ]) -,
where we have inserted the definition (2.33). This verifies (2.34).

We are grateful to the referee for bringing this point to our attention.
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B. Fermionic current

Let us derive (3.15b) which is a special case of a more general formula [97,98]. We consider

the one-parameter family (¢t € R)
](t) — et]:jb eft]: + et]:deft]: ) (Bl)
Consequently,
Oj(t) = e (=V;F) (B2)

where V, is as defined in (2.4). Therefore,

t 1
jt) = jb+f0dse5adf(—vjb]:) =  je = Ldsesadf(—vjb}-) (B.3)

since j(t = 1) = j. Upon using e*®V(U) = Y1 ‘Z—If ad¥ (U), we conclude that

, S 1 S 2k+1
Je = =2 (2k +1)! ady (Vi F) + Z 2k +2)! adz (Vi)
= | k=0 (B.4)
sinh(adr) sinh®(§ adr)
= Ty Fy o 2Ty ) .
wods) (v,,7) - 2T 25 9, )

This establishes (3.15b).

C. Useful identities for osp(1]2)

Here we derive the set of identities that have been used in Section 3.2 for the OSp(1]2)

principal chiral model. To this end, we introduce

U = u¥Log+x°Q0o and V = v*¥Los+ 1°Q, . (C.1)
—— N—— —_—— ——
= Up =:Us =V = Vi

We wish to compute the action of the operator ﬁ onV.

We start by expanding the operator ﬁ in powers of ady,. Since ad]f]f =0 for k > 2,

we obtain
1 1 N 1 q 1
= O a o ——
1—ady 1—ady, 1-—ady, Uem 71— ady, C9
) ) 1 (C.2)
— O a O o a O — .
1 —ady, ety ady, Vel = ady,
We then expand ﬁ in powers of ady, and apply it to V4, + V%,
b
1 0
——— (K +Ve) = g, (Vo + V%) C.3
1—adUb(b+ t) kz_joan(bJF t) (C.3)
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For the bosonic part we note that, defining u? as in (3.18b) and using (3.12), we obtain
adg, (Vb) = (u?v*? — 20, “usPv1%) Lyp (C4)
Consequently, acting recursively with adg,, we find

adiy (Vo) = (2u))* ' (u?v™ = 2u,*us"v") Lag for k = 1,

(C.5)
ad?(1%) = adu, (ad?(15)) = —2i(2u2)*w, "M Loy for & > 0.
For the fermionic part, a similar calculation leads to
kE o . k o
adQU]i(‘/f) = (%uQ) Q. and ad?J’ZH(Vf) = —1(%u2) uaﬁn Qp - (C.6)

We are now ready to compute —~ a; (V) using the expansion (C.2) and the previous

identities. For the first term in the expansion we obtain

1

Wer1e) = 1550

[(1- u?)v? — 2u7au(5'81ﬂ‘5 - Qiuv(avﬁ)V]LO‘g
2
2 —u?

= VP Log +17"Qu -

1 —ady,

+ na(éaﬁ - iuaﬁ)Q,B (07)

From this structure, it easily follows that

1 .
ady, o——— | (V) = n/(o‘xﬁ)L(w + i gxfBQa . (C.8)
1— adUb

Simply repeating the same procedure a few more times, we obtain the second term in (C.2)

according to

1 1
" cadjo—— (V) =
(1—adUboa Ufol—adUb>( )

1 .
— m[(l — )y — 2u70‘u(5677/(7)<6) _ Qluvan/(ﬁxv)][]aﬂ ©9)
2 .
+ mw'avxv(daﬁ —iua”)Qp
— UHO&BL&,B + 77”aQa 7
from which we easily find
1 1 .
(ade 01_7%1[]b o ady, Ol—adUb> (V) = 7"xP Las + 10" 5x° Qu (C.10)

and the third term

1 1 1
( o ady, o———— o ady, o) (V) =

1-— adUb 1-— adUb 1— adUb
1
- 5 [(1 _ u2)77//(ax,3) _ 2u7au(5ﬁn”(7x6) _ Qiuwan”(ﬁx”]Lag (C.ll)
2 . ]
b (6 — e} Qs
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In summary,

1 1
ﬁ(v) = W[(l — UZ)ZO‘B _ 2U7aU55Z76 _ Qiufy(aZB)'y] Lag
o - 2 (C.12a)
+ 2 o uQ Ca(éo/g - luaﬁ)Qﬁ
with
Z%P = v 4 (nf ") NP
2 .
= v+ 2 w2 [n(a - ln”uv(a]xﬁ)
+ (2 2);1 5 2) [(1 _ %UQ)UQB _ 3uwauﬁﬁv76 _ 3iu7(o¢vﬁ)-y X2 :

—u —2u

(C.12b)

Ca — na . i(vl + U//)aﬁxﬂ
= n* - ﬁ[(l —u?)u®? — 2u.,usPv7 — 2iu7(°‘vﬁ)v]xg
i 7

C(2-u?)(1-2ud) [%"a —iG - “2)’76“5@]"2 '

D. Three-dimensional supergravity

Cartan structure equations. Consider a (p,¢|2n)-dimensional supermanifold M with
metric g of Grafmann degree zero. The structure group of M is generically OSp(p, q|2n)
which is the group preserving the canonical graded symmetric bilinear form on RP4/2".
In particular, we let A, B, ... the R»4?" indices, and we denote the canonical graded-
symmetric bilinear form on RP4%" by n45. We have nap = (—1)I41Bly5 4 where |—| denotes
the Grafmann degree. Note that OSp(p, ¢|2n) is generated by %(p—kq)(p—kq— 1)+n(2n+1)
bosonic generators and 2(p + ¢)n fermionic generators.

Let now E 4 be the supervielbeins on M. The structure functions f45° are given by
[Ea,Ep] = fa“Ec, (D.1)

where [—, —] denotes the (graded) Lie bracket. Furthermore, we define the dual super-
vielbeins e by Es _eP = 648 where 647 is the Kronecker symbol and ‘_.’ denotes the

|AIIBI 5 B

interior product. We set §45 = (-1) . Then, in the supervielbein basis we write

g = %eBQeAnAB = eB®eA77AB, (D.2)

where ‘©’ denotes the graded symmetric tensor product. The inverse n4? of n4p is given
by
0 = 5 e (=1l = 548 (D.3)
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Let now ‘Lx’ be the Lie derivative along a vector field X on M and ‘d’ the exterior
derivative. Then, we have the standard Cartan formula £Lxw = d(X _w)+ X _ dw for any
differential form w on M, and since Lx is a graded derivation with respect to the tensor

product, these then imply that
de? = %ec A ePfpct . (D.4)

Here, ‘A’ denotes the graded antisymmetric tensor product.

Next, we define the torsion and curvature two-forms,

T4 = %ec/\eBTBCA and RsP = %eCAeBRBcAB, (D.5)

by the Cartan structure equations

B A

de? — e AwpRs = T4 and deB—wAC

Awe? = —R,P, (D.6)

C

where wa? = e“we 4P is the connection one-form.

The Ricci tensor and the scalar curvature are then given by
Rap = (-1)PI°Rycp® and R = nP4Rup, (D.7)

where 7B is the inverse metric as defined in (D.3).

Connection one-form from metric compatibility. The metric compatibility is ex-
pressed by
_1)AllBI — : . c
wap + (—1) wpa = 0 with wap = wa nep . (D.8)

Upon defining
Fup® = fap® +Tas", (D.9)

the Cartan structure equation (D.6) together with the metric compatibility (D.8) yield the

components of the connection one-form as
wag® = 3(Fup + (~1)ABIFC . + Fup®), (D.10)

where (—1)ICIIAIHBIFC 45 — nCPFp s Pypp.

Three-dimensional supergravity constraints. Let M be a three-dimensional Lorent-
zian spin manifold. In that case, we have the factorisation TocM =~ S ® S of the tangent
bundle where S is the spin bundle. This is equivalent to picking a conformal structure on

M. In an orthonormal frame, the components of the metric on M are (n,) = diag(—1,1,1)
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with a,b,... =0,1,2, and because of the identification T M = SOS, we may write £,(,5)3
for ng, with the spinor indices o, 8,... = 1,2. Here, 43 = —¢€3, is the standard symplectic
structure on S with sMsW = 64" and 6,” the Kronecker symbol.

We are now interested in a (1, 2|2)-dimensional supermanifold M whose tangent bundle
decomposes as TcM =~ S © S @ S[1] where [1] denotes the Grafmann-degree shift of the
fibres. Hence, the generic structure group OSp(1,2|2) is reduced to SL(2,R) which is the
three-dimensional tangent space Lorentz group. This is a general assumption for the form
of supergravity geometry. Furthermore, we may decompose the index A as A = (a3, «) so
that nap is given by

(nap) = (8"‘”5‘”5 Y ) . (D.11)
0 €08
Then, because of the identification T M =~ S©® S@® S[1], the components of the connection

become related to each other
wa/ﬂ(s = 2w(a(7(55)5) , (D.12a)
where w,? is the one-form spin connection on S. The metric compatibility implies that
Wop = Wga With wag = iwaTeys . (D.12b)

In addition, to describe supergravity, one imposes on the supergeometry the following tor-

sion constraints [99, 100, 87|

de®® — 2e7(@ A wyﬁ) = —%ea N
(D.12¢)
de® — e A wg® = —%e& A e? Tgyse” — e’ A e Tgys ,

with no conditions on the torsion components T'o5+5 and T'ng 7‘5.
If three-dimensional N' = 1 supergravity contains a two-form superfield Bs, its three-
form field strength Hj is constrained in such a way that its components are functions of a

scalar superfield L and its derivatives (see e.g. [87]),
Hy = eane nesgL+egnel ne®D,L— éeaﬂ Aes? A e (iD* +8S)L (D.13)

where D, is the superspace covariant derivative and S is a scalar ‘prepotential’ superfield

which appears in the solution of the torsion constraints (D.12c).

E. T-dualisation of SL(2,R) < OSp(1]2)

Let us briefly discuss the dualisation of the maximal bosonic subgroup SL(2,R) < OSp(1|2)
of the OSp(1|2) principal chiral model. In particular, since H?(sl(2,R)) = 0, we consider
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the T-dual action (3.5) with A = ¢g7'Ag and A = i“BLaﬁ. By construction, in this
case, (3.5) possesses an SL(2,R) gauge symmetry. Given the parametrisation (3.14) for g,

we can exploit this gauge invariance to set g, = 1. Then, a short calculation reveals that

A= gi'Age = (1+16%)3°Lag +1073,"Qa = ¥ Log + X“Qa - (E.1)
This differs from the A used in the dualisation of OSp(1|2) in Section 3.2 by the changes
%P — y*F and 6 — x%. Therefore, we can rephrase the procedure given there by simply
making these replacements. In particular, upon inspecting (3.38) once these replacements
are made, it is evident that we cannot satisfy the first torsion constraint in (D.12¢), exactly
as in the case when dualising all of OSp(1]|2). The same argument also applies to Hs
in (3.40).

F. Semi-symmetric space sigma model

Let us provide some more details on the T-dualisation of semi-symmetric space sigma

models.

T-dual action. Firstly, let us explain as how to derive the T-dual action (4.14). In
particular, using the decompositions j, = A+ py+my +q,and A = Ah + Ap + Am + Aq
together with the fact that D : h < mand D : p < g, we we can rewrite (4.11) as

§ - éj;@mm*mw>+%J;Qm#m>+ L<AmF§4-éh%nmw]+UMMhD

+ f <]\)J7VAQ<U =+ [mwapw]> + f <Aq7v,§pw + [mw7Qw]>
= = (F.1)

[ g+ Hlpsp] + 3o )
Y
# [ omy +4 [ e+ [ Dl

Next, we replace m,, by the equation of motion in (4.12a), insert the second and fourth
equations of motion in (4.12b), and successively use the explicit expressions of p,, ¢, and

my, given in (4.13). Ultimately, this yields the expression (4.14) for the dualised action.

T-dual equations of motion. In order to compute the equations of motion (4.16), we
recall the definition of the matrix R = (R;;) from (4.13a) and the operator S from (4.13d),

respectively. A quick calculation shows that

(Ba2(U),V) = —(U,R12(V)), (Ba(U),V) = —{U,Ra(V)),

(F.2a)
B (U), V) = U, R(V)) ,
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and therefore,

<14_r1$(U)’ V> = <U, 1¢15(V)> (F.2b)

for all U,V € QP(%, g). Therefore, applying the general relation (5(11%5) =7

the variation of the first term in (4.14) is

5<T,1ES(P+(T))> = —<5T,m>—<<5so 1_15>(T),1iS(P(T))>, (F.3)

where m = m,, with m,, given in (4.13c). Upon inspecting the definitions of S and T given

in (4.13d), the only non-trivial part when computing 0.5 and 67 is the variation of R. Some

algebra shows that the only non-vanishing variations of R are

0 id

5/~\hR = Road(;;\h oR and 5/~\mR = Ro (id 0

) oadszy oR . (F.4)
Using all these formulee, it is now not too hard to derive the equations of motion (4.16).
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