J. Fixed Point Theory Appl. (2020) 22:76
https://doi.org/10.1007 /s11784-020-00812-6
Published online August 27, 2020 Journal of Fixed Point Theory
© The Author(s) 2020 and Applications

®

Check for
updates

Non-local to local transition for ground states
of fractional Schrodinger equations on RY
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Abstract. We consider the nonlinear fractional problem
(=A)u+ V(z)u= f(z,u) inRY

We show that ground state solutions converge (along a subsequence)
in Lfoc(RN), under suitable conditions on f and V, to a ground state
solution of the local problem as s — 1.
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1. Introduction

The aim of this paper is to analyse the asymptotic behavior of least-energy
solutions to the fractional Schrédinger problem:
(=A)Y'u+V(x)u= f(z,u) in RV (1)
u € H¥(RY), '
under suitable assumptions on the scalar potential V: RY — R and on the
nonlinearity f: RV xR — R. We recall that the fractional laplacian is defined
as the principal value of a singular integral via the formula:

. u(z) — u(y)
—A)u(z) = C(N,s) lim ——"d
( ) u(z) ( )E 0 \B. () |z — y|N+2s

with

1 B 1—cos(q
s = o T a6

This formal definition needs of course a function space in which problem (1.1)
becomes meaningful: we will come to this issue in Sect. 2.

Several models have appeared in recent years that involve the use of the
fractional laplacian. We only mention elasticity, turbulence, porous media
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flow, image processing, wave propagation in heterogeneous high contrast
media, and stochastic models: see [1,11,13,19].
Instead of fizing the value of the parameter s € (0,1), we will start from
the well-known identity (see [10, Proposition 4.4]):
lim (—A)u = —Au (1.2)
s—1—
valid for any u € C$°(RY), and investigate the convergence properties of
solutions to (1.1) as s — 17.

In view of (1.2), it is somehow natural to conjecture that solutions to
(1.1) converge to solutions of the problem:

{—Au +V(@u=f(,u) inRY, (1.3)

u € HY(RYN).

We do not know if this conjecture is indeed correct with this degree of gen-
erality.

In this paper, we will always assume that both V and f are Z"-periodic
in the space variables. Hence equations (1.1) and (1.3) are invariant under
ZN -translations, and their solutions are not unique. We will prove that—up
to ZN-translations and along a subsequence—least-energy solutions of (1.1)
converge to a ground state solution to the local problem (1.3). Our result is
a continuation of the previous paper [5], in which we consider the equation
on a bounded domain and extend the very recent analysis of Biccari et al.
(see [2]) in the linear case for the Poisson problem to the semilinear case. See
also [6].

We collect our assumptions.

(N) N>3,1/2<s<1;

(V) V € L®(RY) is ZN-periodic and infgny V > 0;

(F1) f: RNYN x R — R is a Carathéodory function, namely f(-,u) is measur-
able for any u € R and f(z,-) is continuous for a.e. x € RY. More-
over f is ZN-periodic in z € RY and there are numbers C' > 0 and

pE (2, %) such that

[f(z,u)] < COL+ ulP™)

for u € R and a.e. z € RV,
(F2) f(z,u) = o(u) as u — 0, uniformly with respect to z € RV,

(F3) limyy|— oo F(fz’“) = +oo uniformly with respect to z € RY, where
F(z,u) = [ f(z,s)ds.
(F4) The function R\{0} > u — f(z,u)/u is strictly increasing on (—o0,0)

and on (0, ), for a.e. x € RY.

Remark 1.1. Tt follows from (F1) and (F2) that for every ¢ > 0 thereis Cc > 0
such that

|f (2, w)| < elul + CelulP™!
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for every 4 € R and a.e x € RV, Furthermore, assumption (F4) implies the
validity of the inequality:

0 <2F(u) < f(x,u)u
for every v € R and a.e. z € RV.

We can now state our main result.

Theorem 1.2. Suppose that assumptions (N), (V'), (F1)-(F4) hold. Let us €
H*(RN) be a ground state solution of problem (1.1). Then, there exists a
sequence {sp}n C (1/2,1), such that s,, — 1 as n — +oo and there exists a
sequence of translations {z,}n, such that us, (- — z,) converges in L (RY)
to a ground state solution ug € H'(RY) of the problem (1.3).

2. The variational setting

In this section we collect the basic tools from the theory of fractional Sobolev
spaces we will need to prove our results. For a thorough discussion, we refer
to [10,14] and to the references therein.

For 0 < s < 1, we define a Sobolev space on RV as

2
@ =fuer@y) [ OB Gy <ol

endowed with the norm:

oy = ooy + [

RN xRN
One can show that C§°(RY) is dense in H*(RY). For u € H*(R"), an equiv-
alent norm of u is (see [14, Proposition 1.18])

|u(z) — u(y)[?
FEFECIA

. 1/2
ur— (”U”%z(RN) + ||(7A)§u||2L?(RN))

More explicitly, for every u € H*(RY)

() —u@)? 2 o |2
/ oy o= s A7

L2(RN)’
where
s(1—s)
N =
CN:S) = 2N 5)BG)
dn
A(N7 5) - /]RN—l (1 + |77|2)(N+23)/2’

1 —cost

B(s) = s(1— s) /R i

Lemma 2.1. For every u € H'(RY), there results
2
lim H(—A)S/Qu’

s—1—

- 2
L2EN) ||VU||L2(RN)-
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Proof. From [10, Proposition 3.6], we know that

S R TU T,
RN xRN

YN s/2 ’
H( )" L2(RN) 2 |z — y|N+2s

From [10, Remark 4.3], we know that

. Juz) — u(y)” _WN-1 g2
100 [ o 420 = S 9l

Therefore, recalling [10, Corollary 4.2],

2 C(N. ' - 2
lim H(fA)S/Qu = lim (N, 5) <(1fs)/ dedy)
sol- L2RN) 51 2(1—s) JrN xjN |z —y|N 2
1 AN wy

2 2
T 2wn-1 2N IVellza @y = IVulL2@n, -

On H*(RY) we introduce a new norm

2
2d H(RN 2.1
Lo + /RN V(z)u“de, we H*(RY), (2.1)

which is, under (V), equivalent to || - || g~). Similarly we introduce the
norm on H'(RY) by putting

lull = || ()]

ul|? = /RN Vul? + V@)t de, ue H'(RY). (2.2)

Corollary 2.2. For every u € H'(RY), we have
T fully = ]
The following convergence result will be used in the sequel.

Lemma 2.3. For every ¢ € C°(RY), there results
lim [[(=4)%¢ = (=A)¢ll L2 @) = 0.

s—1—

Proof. We notice that
1(=2)"% = (=A)pll ny = |7 (I~ 1612) 2(©))]

<C H(| : |2S - | : ‘2) % L2(RN)
where C' > 0 is a constant, independent of s, that depends on the definition

of the Fourier transform F. It is now easy to conclude, since the Fourier
transform of a test function is a rapidly decreasing function. O

L2(RN)

We will need some precise information on the embedding constant for
fractional Sobolev spaces.

Theorem 2.4. [9] Let N > 2s and 25 = 2N/(N — 2s). Then

2 (NEQS) -2 s/2, 112
HU‘HL2§(RN) < T (N+25) |S| N H(_A) uHL2(]RN)
2

for every u € H*(RN), where S denotes the N-dimensional unit sphere and
S| its surface area.
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The following inequality in an easy consequence of Theorem 2.4, see also
[5, Lemma 2.7].

Lemma 2.5. Let N > 3 and q € [2,2N/(N —1)]. Then there exists a constant
C = C(N,q) > 0 such that, for every s € [1/2,1] and every u € H*(RY), we
have

lull Laryy < C(N, g)||uls-

Definition 2.6. A weak solution to problem (1.1) is a function u € H*(R"),
such that

((—A)s/Qu | (—A)S/Z@LQ(RN) + /]RN V(x)updr = . f(z,u)pdx
for every ¢ € H*(RY).

Weak solutions are therefore critical points of the associated energy
functional J,: H*(R") — R defined by

2
+1 V(z)u? da —/ F(z,u)dz.

L? (]RN) 2 RN RN

Jo(u) = % H(—A)S/%‘

We recall also the definition of a weak solution in the local case.

Definition 2.7. A weak solution to problem (1.3) is a function u € H*(RY)
such that

Vu-V<pdx+/
RN

V(x)wpda:z/ f(z,u)pde
RN

RN
for every ¢ € H*(RY).

For the local problem (1.3), we put J: H'(RY) — R
1
J(u) = 7/ \Vaul? + V(z)u? dz — / F(z,u)dz. (2.3)
2 RN RN

Recalling the notation (2.1) and (2.2), we can rewrite our functionals in
the form:

Tw) = lul = [ Flawde, ue H @Y,
RN

)= gl = [ Plo)ds, we H'EY),
RN

3. Uniform Lions’ concentration-compactness principle

Since the summability exponent of our space is not fixed, we need a “uniform”
version of a celebrated result by Lions.

Theorem 3.1. Letr >0, 2 < g < % and N > 3. Suppose moreover that
{sn}n C (1/2,1), u,, € H*»(RY) and

Huann <M,
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where M > 0 does not depend on s,. If

n o0 yeRrN

lim sup / |up|?dz =0
B(y,r)
then u, — 0 in LP(RYN) for all p € (2, %)
Proof. Let t € (q, N 1) Then

A
lallzxcotwry < ltnl 2y o el g,

< C”“n”Lq (B(y, r))Huannv

where C' > 0 is independent of s,, and A = g t=a . Choose t such that
A= g. Then

(1-=X)t
[l de < O 53 o 2,
B(y,r)

Covering space RY by balls of radius r, in a way that each point is contained
in at most N + 1 balls, we get

(1=t

/ [t | dz < (N +1)C* sup (/ |, |? da Hun||§n
RN B(y,r)

yERN
1=t

< (N +1)M?C* sup / | |7 da: — 0.
yERN B(y,r)

Hence u,, — 0 in L{(RY). Note that
lunl72@yy < Dlunlls, < DM?,

where D does not depend on s,, and n. Similarly, from Lemma 2.5, there fol-
2N

lows that {u,}, is bounded in L¥-1 (R"). From the interpolation inequality,

since {uy}, is bounded in L?(RY) and in L (RY), we obtain u,, — 0 in

LP(RY) for all p € (2,2). O

Finally, we extend the locally compact embedding into Lebesgue spaces
in a uniform way.

Theorem 3.2. Let {s,}, be a sequence such that 1/2 < s, <1 and s, — 1,
and let {v,, }, C H*(RN) be such that

M = sup||vs, ||s,, < o0.
n

Then, the sequence {vs, }, converges, up to a subsequence, to some v €
HYRY) in LL_(RN) for every q¢ € [2,2N/(N — 1)), and pointwise almost
everywhere.
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Proof. Note that H*»(RN) ¢ HY?(RV) and
Mz <Cl -

Sn

where C' > 0 does not depend on s,, (and therefore also on n): see for instance
[14, Proposition 1.1]. In particular, for every n € N, we have

[vs, ll1/2 < Cllvs, [ls, < CM. (3.1)

Thus, {vs, }» is bounded in H'/?(RY). Hence, passing to a subsequence,
there exists a function v, such that v, — v in HY/?(RY), v, — v pointwise
almost everywhere, and v, — v in L (RY) for every ¢ € [2,2N/(N — 1)).
From [7, Corollary 7], it follows that v € H (RY). To complete the proof,
we need to show that v € H*(RY).

Let v, denote the Fourier transform of vg, similarly for . We may
assume, without loss of generality, that o,. — © in L?(RY). Note that (3.1)

implies that

0o |2 d¢ < K

sup / (11 [
n RN

for some constant K > 0. For 1/2 < ¢t < 1, we define

Bi={we @] [ 0+ Pk},
RN
First of all, we observe that

(| B:=Bu. (3.2)
1/2<t<1
Indeed, for any 1/2 < t < 1 we have (1 + [£]?)! < 1+ [¢|?. Take w € B; and
note that
/ (1+[€1*)" Tw(©)[?dg < / (1+[¢*) lw(g)*d¢ < K.
RN RN

Hence w € By for any t < 1. Thus

ﬂ B; D B;.
1/2<t<1

On the other hand, fix w € ﬂ1/2<t<1 B;. Take any sequence t,, — 1~ with
t, > 1/2. Then, obviously

lim inf (1 -+ [€[%)" (€)= (1+ %) w(€)|?

and Fatou’s lemma yields

[0+ w©Pds < it [+l ()P < K.
RN n—T0o0 JpN
Hence w € By, or

(| B:cB,

1/2<t<1
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and (3.2) is proved. Fix now any ¢ € (1/2,1) and choose ng such that s, >t
for all n > ng. Then

(1+[6*)" < (1 +[gf*)* for every £ € RY,

and
/ 1+ 1€ |omn | dgs/ (14 [€]?)* |05, > d¢ < K for n > ny.
RN RN

Hence, 05, € By for n > ng. Each B, is a closed and convex subset in L?(R"),
and from [8, Theorem 3.7] it is also weakly closed. Hence, © € B;. Therefore,
recalling (3.2),

ve N Bt={weL2(RN)| /RN(1+|§I2)Iw(£)2d£<K}.

1
la<

This implies that
/ (1 +1€P)8(E)P dé < K < +oo
RN

and v € HY(RY). O

4. Existence of ground states

It is easy to check that the energy functional 7 has the mountain-pass geom-
etry. In particular, there is radius r > 0, such that

inf J(u) > 0.

llull=r
The following existence result is well-known in the literature, and has been
shown in various ways, see e.g. [4,12,17,18].

Theorem 4.1. Suppose that assumptions (N), (V), (F1)-(F4) hold. Then
there exists a ground state solution ug € H'(RY) to (1.3), i.e., a critical
point of the functional J given by (2.3), such that

J(ug) =inf J = inf sup J(tu) = inf sup J(v(t)),
(to) N uEHl(RN)\{O}tzlg (tw) 'YGFtG[OI,)l] 0

where N is the so-called Nehari manifold
N = {ue H' RY)\{0} | T'(u)(u) = 0}
and

= {y € C(0,1], H'(RY)) [ 7(0) = 0, [[4(D)] >, T(+(1)) <0}

The same methods can be applied also in the nonlocal case, and the
following existence result can be shown, see e.g. [3,15,16]. In what follows,
rs > 0 is the radius chosen so that

Js(u) > 0.

llulls=ms
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Theorem 4.2. Suppose that assumptions (N), (V), (F1)-(F4) hold and 1/2 <
s < 1. Then there exists a ground state solution us € H*(RN) to (1.1), i.e. a
critical point of the functional Js given by (2.3), such that

Js(ug) =inf J, = inf sup Js(tu) = inf sup Js(v(t)), (4.1
(w)=ipfg= il supJi(tu) = inf sup J.((0). (41)

where Ny is the corresponding Nehari manifold
N = {u e H\RY)\{0} | T (u)(u) = 0}
and

Dy == {y € C([0,1], H*(RY)) | 7(0) = 0, [+(D)]| > rs, Ts(v(1)) <0}

5. Non-local to local transition
For any s € (1/2,1) we define

s = inf J .

c 1}\1}8 Js >0
Similarly, we put also

= inf .

c:=inf J >0
For any v € H*(RM)\{0} let t5(v) > 0 be the unique positive real number
such that ts(v) € Ns. Then, we put ms(v) :=ts(v)v .
Lemma 5.1. There results

limsupecs < c.

s—1—

Proof. Take u € HY(RN) C H*(RY) as a ground state solution of (1.3), in
particular u € N and J(u) = ¢, where J is given by (2.3). Consider the
function mg(u) € N;. Obviously

cs < Ts(mg(u)).
Hence

lim sup ¢, < limsup Js(ms(u))

s—1— s—1—

= lim sup {Jg(ms(u)) — ;js’(ms(u))(mg(u))}

s—1—

s—1— 2 RN

—timsup {5 [ o, w)m, ) - 27 m ) do ).

Recall that mgs(u) = tsu for some real numbers t, > 0. Suppose by contra-
diction that ¢ty — 400 as s — 17. Then, in view of the Nehari identity

o F(x,t,
[ / LQSU)%U de > 2 M?ﬂ dz — 400,
RN ts RN tS’LL

but the left-hand side stays bounded (see Corollary 2.2). Hence (ts)s is
bounded. Take any convergent subsequence (ts ) of (ts), i.e. t;, — to as
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n — +oo. Obviously ty > 0. We will show that ty # 0. Indeed, suppose that
to =0, i.e. t5, — 0. Then, in view of the Nehari identity

f x tsnu
ts, U

By Corollary 2.2, [Jul?2 — ||u||2 > 0. Hence, in view of (F2),
ts
llul|* + o(1) / f:z: ”u u?dz — 0,

a contradiction. Hence tg > 0. Again, by Corollary 2.2,

2

t2 lull?, — tllul® asn — +oo.
Moreover, in view of Remark 1.1,
|f (@, ts, wlts,ul < et Jul* + Ct? JulP < C(Jul® + [ul?)

for some constant C' > 0, independent of n. In view of the Lebesgue’s con-
vergence theorem,

flz, ts, u)ts, ude — f(z, tou)touda.
RN RN

Thus, the limit ¢ satisfies

£2lul]? = / £ fou)tou da.
]RN

Taking the Nehari identity into account we see that ¢ty = 1. Hence ts — 1 as
s — 17. Repeating the same argument we see that

imsup {5 [ fem ) () - 2 (o, m ) d

s—1—
1
= 7/ flz,u)u — 2F (z,u)de = J(u) = ¢
2 Jgn
and the proof is completed. O

Lemma 5.2. There exists a constant M > 0, such that

a2y + lluslls + flusll o gy <

for every s € (1/2,1).

Proof. Note that |lus| 2@y + [|us|| < Cllusl|s, for some C > 0

LN o (RN)
independent of s. So it is enough to show that |us|ls < M. Suppose by
contradiction that

|lusl]ls = +o00 ass— 17
Put vy := 4. Then |vs|ls = 1. In particular, {v,} is bounded in L*(RY).
Suppose that

sup / |vs|? dz — 0 (5.1)
yeRN J B(y,1)
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Then v, — 0 in LP(RY). Fix any ¢ > 0. By (4.1) we obtain
2

t t
usn> =Js, (tvs,) = — — / F(z,tvg,) da.
e , D) . /

llws, IIs

From Remark 1.1 we see that

[ Flato,)de < o, [Bagum, + Cotlon, o)
RN

T (us.) > T (

— et?lim sup lvs,, ||%2(RN)

n—oo

for every ¢ > 0. Thus [, F(z,tvs,)dz — 0 and for any ¢ > 0

t2
Ts, (us,) > 9 +o(1),

which is a contradiction with the boundedness of {7, (us, )}n. Hence (5.1)
does not hold, i.e. there is a sequence {z,} C Z", such that

liminf/ |v,|? dz > 0.
n—=o0 Jp. 14vN)
or, equivalently

lim inf [on (x — 2,,)[2 dz > 0.

n—0o0 JB(0,1+VN)
2

From Theorem 3.2, v, (- — 2,,) — vp in L2 (RY) and pointwise a.e., moreover
vg # 0. See that, for a.e. x € suppvg we have

s, (= 2)| = |lus, ||s, |vs, (x — 2n)| — +o00.
Thus
1 F
o(1) = Tsn (Us,,) _ 1 (x’us")vf dz
Jus 12, 2 Jev  ud, "
1 F(m7u3n (. —25)) 2
- 5 B RN usn (.’,C - Z'n,)2 Usn (x a Zn) dx
<17 F(xausn(m_zn))v (xfz)zdl'*)*OO
T2 supp vo usn (l‘ - Zn)2 o " ’
a contradiction. O

Lemma 5.3. Since us € N there is (independent of s) constant p, such that
HUSHS >p>0.
Proof. Since ug € N, we can write by Remark 1.1

||Us||§ = /RN f(z,us)us da < 6““8”%2(]1{"’) + CEHUSHIZ/P(RN)

<C (5””8”3 + CEHUSHI;)
for a constant C' > 0 independent of s. Choosing € > 0 small enough, we
conclude that
1-C
N
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Corollary 5.4. There exist ug € HY(RY), a sequence {z,}n C ZV and a
sequence {sy }n such that s, — 1~ and

us, (- —2n) —ug A0 in LY (RY) asn — 400
for allv € [2,2N/(N —1)).
Proof. From Lemma 5.2 and Theorem 3.2 we note that

us, — ug in LY _(RY) asn — +oo

for all v € [2,2N/(N —1)). If ug # 0, we can take z, = 0 and the proof is
completed. Otherwise us, — 0 in L2 _(RY) and therefore, us, (v) — 0 for
a.e. z € RY. Assume that

sup / |ug, |? dz — 0.
y€eRN J B(y,1)

Then from Theorem 3.1 we know that u,, — 0 in L*(RY) for all v €
[2,2N/(N —1)). Then

f(z,us, Jus, dz — 0
RN

and [Jug, |2 = [on f(2,us, Jus, dz — 0, which is a contradiction with Lemma
5.3. Hence there is a sequence {z,} C Z" such that

liminf/ s, (- — 2n)[? da > 0. (5.2)
n—=+0 JB(0,1+VN)
Moreover ||us, (- — zn)||s,, = l|us, ||s,,» S0 that |lus, (- — zn )]s, is bounded (see

Lemma 5.2). Hence, in view of Theorem 3.2
U, (—2y — o in L (RY) asn— +oo
for some tg. Moreover, in view of (5.2), i # 0. O

Lemma 5.5. The limit ug € H*(RN)\{0} is a weak solution for (1.3).
Proof. Take any test function ¢ € C§°(R”Y) and note that by [20, Section 6]

we have
/ (=A)*2u,, (~A)* 2o dx = / us, (—A)" pdz.
RN RN
Moreover

/ usn(fA)S"godxf/ ug(—Ayp)dz
RN

RN

/ e, (—A) 0 — (~Ag)) da + / (s, — ) (—Ap) da
RN

supp ¢
< ||u8n||L2(]RN) [(=A)*p — (—ASO)HL?(RN)

HI(=Ap) 22 @) lus, = wollL2(supp o) — 0-
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Hence
lim (=D 2y, (=A)/2pdr = / uo(—Ayp)dz
n—+eo Jpy R
= Vug - Vpdx
RN
Obviously
lim V(z)us,pdr = lim V(z)us, pde = / V(z)ugp da.
n—-4-o0o RN n—-4oo supp ¢ RN

Take any measurable set E© C supp and note that, taking into account
Remark 1.1,

/E (@ s, )l dz < ellus, llz2@m [ 0XE] L2 (supp o)

—1
+C€||u3n | IIZP(RN) HQDXEHLP(supp P

Hence, the family {f (-, us, )¢}n is uniformly integrable on supp ¢ and in view
of the Vitali convergence theorem

tim [ fu)odo= [ fuw)pd
n—-+oo RN RN
Therefore ug satisfies

Vg - chdx+/

V(x)umpdx:/ flz,up)pda,
RN RN

i.e. ug is a weak solution to (1.3). O

RN

Proof of Theorem 1.2. Recalling Corollary 5.4 and Lemma 5.5, it is sufficient
to check that ug is a ground state solution, i.e. J(ug) = ¢. From Lemma 5.5
it follows that ug € H'(RY)\{0} is a weak solution, so that uy € N. Note
that, from Corollary 5.4 and Fatou’s lemma,

1
liminf ¢s,, = liminf Ts, (us, ) = limin {jsn (us,,) — Ejéﬂ,(uSn)(uSn)}

n—-+oo “+oo

1
= lim inf {7/ f(z,us,, )us, — 2F(z,usn)dx}
2 RN ) )

n—+o0o

— liminf {% /RN F, s, (- = 20))tts, (- — 20) — 2F (2, us, (- — 2n)) d:c}

n—-+oo
> 1/ f(x,uo)uo — 2F(z,up) dz = J(ug) > c.
2 RN
Taking into account Lemma 5.1 we see that

¢ < J(up) <liminfe,, <limsupes, <c¢
n—-+0o0 n—-+oo

Hence lim,,—, 4o ¢s, exists and lim,, 1o ¢s, = ¢ = T (ug). O
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