SHARP ESTIMATE ON THE FIRST EIGENVALUE OF THE P-LAPLACIAN ON
COMPACT MANIFOLD WITH NONNEGATIVE RICCI CURVATURE

DANIELE VALTORTA

ABSTRACT. We prove the sharp estimate on the first nonzero eigenvalue of the p-Laplacian on a compact
Riemannian manifold with nonnegative Ricci curvature and possibly with convex boundary (in this case
we assume Neumann b.c. on the p-Laplacian). The proof is based on a gradient comparison theorem.
We will also characterize the equality case in the estimate.
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1. INTRODUCTION

Let M be a compact Riemannian manifold with nonnegative Ricci curvature and possibly with
convex boundary, and let d be its diameter. For a function u € W!?(M), we define its p-Laplacian as

(1.1) Ay(u) = div(Vul’ > Vu)
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where the equality is in the weak W!'?(M) sense. We will denote the first positive eigenvalue of this
operator as A,, assuming Neumann boundary conditions on the boundary if necessary. In particular,
A, is the smallest positive real number such that there exists a nonzero u € W'»(M) satisfying in the
weak sense

(12) {Ap(u) =-1, P> u on M

(Vulpn) =0 on oM .
In this article, we will prove the following sharp estimate:
D
Vs

Y T
p—-1 " dr

(1.3)

where

! ds 2n
= Il (I=1sP")7 ~ psina/p) "
Moreover, we will also prove that equality in this estimate can occur if and only if M is a one dimen-
sional circle or a segment.
In the case where p = 2, this problem has been intensively studied, in particular in [ZY84] the
sharp estimate

7T2

A > i
is obtained assuming that M has nonnegative Ricci curvature.
The main tool used in this article is a gradient estimate for the function u, technique which was
used by P. Li and S. T. Yau to get eigenvalue estimates for the usual Laplacian (see [LY80] and also
[SY94]). They were able to prove that:

Lemma 1.1. On a compact manifold M with nonnegative Ricci curvature, if a function u is such that

Au = —Au and |u| < 1, the following estimate is valid where u # +1

Note that where u = £1, Vu = 0.

[Vu®
1+e—u?
on the manifold M. Necessarily F attains a maximum, and at this point VF = 0 and AF < 0. From

Sketch of the proof. The proof is based on a very common argument: consider the function F =

these two relations, one proves that F < A,. O

With this gradient estimate Li and Yau proved that

71'2

>
27 ad

For the reader’s convenience, we briefly sketch the proof of this estimate. Rescale the eigenfunction u
in such a way that m = min{u} = —1 and 0 < M = max{u} < 1 and consider a unit speed minimizing
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geodesic y joining a minimum point x_ and a maximum point x, for u, then a simple change of
variables yields:

x_ [0 _du <fM du sf Vel dtf VU < ad

2 -1 m m \/1——142 Y m Y m
Note that the strict inequality in this chain forces this estimate to be non-sharp, inequality which
arises from the fact that max{u} = M > 0. If in addition we suppose that M = 1, we can improve this
estimate and get directly the sharp one. This suggests that it is important to consider the behaviour

of the maximum of the eigenfunction to improve this partial result. In fact Li and Yau were able to
|Vuul?

sharpen their estimate by using the function F' = (v

for their gradient estimate, which led them
to prove that A4, > 2”7;2.

J. Zhong and H. Yang obtained the sharp estimate using a barrier argument to improve further the
gradient estimate (see [2Y84] and also [SY94]).

Later on M. Chen and F. Wang in [CW97] and [CW94] and independently P. Kroger in [Kr692]
(see also [Kro97] for explicit bounds) with different techniques were able to estimate the first eigen-
value of the Laplacian by using a one dimensional model. Note that their work also applies to generic
lower bounds for the Ricci curvature. The main tool in [CW94] is a variational formula, while [Kr692]
uses a gradient comparison technique. This second technique was also adapted by D. Bakry and Z.
Qian in [BQOO] to obtain eigenvalue estimates for weighted Laplace operators with assumptions on
the Bakry-Emery Ricci curvature. In this article we will follow this latter technique based on the
gradient comparison. Roughly speaking, the basic idea is to find the right function w : R — R such
that |Vu| < [W||,,-1,) on M. In order to find what conditions w must satisfy and to prove the gradient
comparison, Bakry and Qian use, among other instruments, some estimates related to the Bochner
formula. For the sake of extending this estimates in our setting, we will prove a generalized version
valid for any p € (1, co) of this well-known formula.

In the generic p case, some estimates on the first eigenvalue of the p-Laplacian are known, in
particular see [Zha07] and [KNO3]; [Tak98] presents different kind of estimates, and for a general
review on the problem with a variational twist see [Le06]. In [Zha07] and [KNO3] the general idea
of the estimate is the same as in the linear case, in fact the authors get a gradient estimate via the
maximum principle, but instead of using the usual Laplacian in AF' < 0 at the maximum point, they

use the linearized p-Laplacian, which will be introduced later in this work.
|V
1-u?>

v ()
7= p—1\4d)

while [Zha07] uses F = Ve and assumes that the Ricci curvature is quasi-positive (i.e. Ric > 0 on

1—uP

M but with at least one point where Ric > 0), to prove that for p > 1

By estimating the function F =
manifold with Ric > 0 and for p > 2

[KNO3] is able to prove that on a compact Riemannian
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The estimate proved in this article is better than both these estimates and it is sharp. In fact, as we
will see, on any one dimensional circle or segment the first nontrivial eigenvalue of the p-Laplacian
. Ap _ (7 p
is exactly p—ll = (7”) .

As for the applications of this result, recall that the first eigenvalue of the p-Laplacian is related to

the Poincaré constant, which is by definition

. { [, 1Vul” d Vol

C, = inf with u € M s.1. f [P ?udVol =0} .
[, lul” d Vol "

In particular by standard variational techniques one shows that C,, = A4, so a sharp estimate on the
first eigenvalue is of course a sharp estimate on the Poincaré constant. Recall also that in the case of a
manifold with boundary this equivalence holds if one assumes Neumann boundary conditions on the
p-Laplacian. Using different techniques and in Euclidean setting, a sharp estimate similar to the one
in this article has been obtained independently in [ENT13].

Other applications (surprisingly also of practical interest) related to the p-Laplacian are discussed
in [Wal98, Pag. 2] and [Dia85].

It is worth mentioning that very recent studies have been made on the connection of the first
eigenvalue of the p-Laplacian with the Ricci flow, see [WWZ10].

The article is organized as follows: first we briefly discuss the case n = 1 where the eigenfunction
assumes an explicit form, then we define the linearized p-Laplacian and prove a sort of p-Bochner
formula. Using some technical lemmas needed to study the one dimensional model functions, we
will be able to state and prove the gradient comparison theorem, and as a consequence also the main
theorem on the spectral gap, which is:

Theorem 1.2. Let M be a compact Riemannian manifold with nonnegative Ricci curvature, diameter
d and possibly with convex boundary. Let A, be the first nontrivial (=nonzero) eigenvalue of the p-
Laplacian (with Neumann boundary condition if necessary), i.e.

Ay(u) = =2, |ul"*u

for some nonconstant function u. Then the following sharp estimate holds
2
U
p—1_"adr’
Moreover a necessary (but not sufficient) condition for equality to hold in this estimate is that

max{u} = — min{u} .

The characterization of the equality case is dealt with in the last section. In [HWO7], this charac-
terization is proved in the case where p = 2 to answer a problem raised by T. Sakai in [Sak05].
Unfortunately, this proof relies on the properties of the Hessian of a 2-eigenfunction, which are not
easily generalized for generic p.
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1.1. Positive and negative lower bounds on Ricci. If the manifold M has Ricci curvature bounded
from below by a positive constant, the sharp estimate for 4, , is obtained in [Mat00], where the author
uses Levy-Gromov isoperimetric inequality to prove a generalized version of Obata’s theorem. For
negative lower bounds on Ricci, the sharp estimate (for generic p € (1, 00)) is proved in the later work
[NV].

1.2. Notation. We will use the following conventions. (M, {:|-)) will indicate a Riemannian manifold
with nonnegative Ricci curvature, diameter d and dimension n. Throughout the article, we fix p > 1
(so we will write A for 4,,), and we will define for any w € R

wP™D = WP 2w = [w|P ! sign(w) .

Given a function u : M — R, H, will denote its Hessian where defined, and we set

_ H,(Vu,Vu)
B\ 77
We will use the convention
I/t,'j = V‘/V[u

and the Einstein summation convention. We will consider the Hessian as a (2,0) or (1, 1) tensor, so
for example

H,(Vu,Vf) = uju' f/ .
|H,| will indicate the Hilbert-Schmidt norm of H,,, so that
|Hu|2 = uijuij .
In the following we will (sometimes implicitly) use the regularity theorems valid for solutions of
equation (1.2). In general, the solution belongs to W'?(M) N C'*(M) for some a > 0, and elliptic
regularity ensures that u is a smooth function where Vu # 0 and u # 0. If Vu(x) # 0 and u(x) = 0, then

u€ C*U)if p>2andu € C**(U) for 1 < p < 2, where U is a suitably small neighborhood of x.
The standard reference for these results is [Tol84], where the problem is studied in local coordinates.

2. ONE DIMENSIONAL P-LLAPLACIAN

The first nontrivial eigenfunction of the p-Laplacian is very easily found if n = 1. In this case it is
well-known that M is either a circle or a segment, moreover equation (1.2) assumes the form

2.1) (p—Daf i+ P =0.
In order to study this eigenvalue problem, we define the function sin,(x) on [—%, 3%] by

x= [0 b ifxe|-2, 2]
sin, (7, — X) if xe |2, 2]
and extend it on the whole real line as a periodic function of period 2. It is easy to check that for
p # 2 this function is smooth around noncritical points, but only C**(R) for @ = min{p—1, (p—1)"!}.

For a more detailed study of the p-sine, we refer the reader to [DRO5] and [dPDM99, pag. 388].
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Define the quantity
Alul”\?
p=1)

If u is a solution to (2.1), then e is constant on the whole manifold, so by integration we see that all

(2.2) e(x) = (|u|P +

solutions of (2.1) are of the form A sinp(/l” ?x+ B) for some real constants A, B. Due to this observation
our one-dimensional eigenvalue problem is easily solved.

In fact, identify the circumference of length 2d with the real interval [0, 2d] with identified end-
points. It is easily seen that the first eigenfunction on this manifold is, up to translations and dilata-
tions, u = sin,(ax), where a = %. Then by direct calculation we have

A T, \P
- 71 =7)

The case with boundary (i.e. the one-dimensional segment) is completely analogous, so at least in

the n = 1 case the proof of Theorem 1.2 is quite straightforward.

Remark 2.1. Note that in this easy case, the absolute values of the maximum and minimum of the
eigenfunction always coincide and the distance between a maximum and a minimum is always d = %’
Note also that if we call cosy(x) = smp(x) then the well known identity sin 2(x) + cos?(x) =
generalizes to |smp(x)| |cosp(x)|P =

3. LINEARIZED P-LLAPLACIAN AND P-BOCHNER FORMULA

In this section we introduce the linearized operator of the p-Laplacian and study some of its prop-
erties.
First of all, we calculate the linearization of the p-Laplacian near a function u in a naif way, i.e.,

we define
Pu(n) = d_ Ap(u + ”7) =
t=0
= div ((p = 2) [Vul"™* (Vu|Vn) Vu + |VulP > Vi) =
(Vul|Vn) _ <VMIV )
= (p = DA )= 4 (p = 2)|Vul? 2< 7 >+
\% ul* |Vu|
+(p = 2)Vul”™* H, (Vu, V) + |Vul’ > An =
VulV
= VulP2 Ap+ (p = 2) [VulP™ H, (Vu, Vi) + (p — 2)A, (u )< |”| |’7>
I/t
Vu | Vu
+2(p —2)|Vul’ ™ H, (Vu, V- — <— Vn>) .
[Vu| \ [Vul|

If u is an eigenfunction of the p-Laplacian, this operator is defined pointwise only where the gradient
of u is non zero (and so u is locally smooth) and it is easily proved that at these points it is strictly
elliptic. For convenience, denote by P!/ the second order part of P,, which is

P () = Vul" An + (p = 2)IVul’™* H, (Vu, Vu) ,
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or equivalently
(3.1) Pl = [|Vu|l’-2 8+ (p—2) IVufr™ ViuVju] ViV,

Note that P,(u) = (p — 1A, (u) and P (u) = A,(u).
The main property enjoyed by the linearized p-Laplacian is the following version of the celebrated
Bochner formula.

Proposition 3.1 (p-BocHNER FORMULA). Given x € M, a domain U containing x, and a function
u € C3U), if Vul, # 0 on U we have

1
—P/(Vul") =
p
V"2 ((VuP " [(VAu|Vu) = (p = 2)A,Apul+
+|H,P + p(p - 2)A2 + Ric(Vu, Vu)} .

In particular this equality holds if u is an eigenfunction of the p-Laplacian, p > 2 and Vul|, # 0; or
also if 1 < p <2 and Vul|, # 0 and u(x) # 0.

Proof. Just as in the usual Bochner formula, the main ingredients for this formula are the commutation
rule for third derivatives and some computations.

First, compute A(|Vu|”), and to make the calculation easier consider a normal coordinate system
centered at the point under consideration. Using the notation introduced in Section 1.2 we have

1 , .
—AVul’) = V' ([Vul ) =
p

LH{p—2 . .
= |VulP? ( 2 W ugupul® + ugd + upu™) .
u

The commutation rule now allows us to interchange the indexes in the third derivatives. In particular
remember that in a normal coordinate system we have

(3.2) wij = i i = wigj = ~Ru
Upii = Uq = Wi, + Ricy u'
This shows that
1
(3.3) —A(Vul”) =
P

-2
= |Vu|? (TV—F |H,(Vu)* + (VAu|Vu) + Ric(Vu, Vu) + |HM|2) .
u

In a similar fashion we have

1
=V,V;|Vul’ = (p-2) |Vl uisusujkuk + |VulP? (uk,juk + uiku’;) ,
p
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which leads us to
1 V:V,(IVul”)V'uViu

p \Vul*
V.V Vi ViuViuvk 2
= Va2 ((p—2)A§+ Pt Vv HVu) )
[Vul [Vul

The last computation needed is
(VAu[Vu) = V; [[Vul ™ (Au+ (p - 2)A,) | Viu =
= (V(VulP )| Vu) [Vu ™ Au+

+ VUl [(VAulVuy + (p = 2)(V [Vul ?|Vu) H, (Vu, Vu)| +

+(p = 2) IVul™* [(VH,)(Vut, Vi, Vu) + 2 |H (V)| = (p = DA u+

V.V VaVuViuViu  |H(Vu)l?

2 +2 2
[Vl V|

[VulP~2 {(VAMWM) +(p-2) [—ZAi +

b

Using the definition of P!/ given in (3.1), the p-Bochner formula follows form a simple exercise of
algebra. O

In the proof of the gradient comparison, we will need to estimate P’/ (|Vu|”) from below. If Ric > 0
and A,u = —Au'"", one could use the very rough estimate |H,|* > A2 to obtain

1
—PI(Vul?) >
P

> (p— D VUl A2 + A(p = 2) |[VulP 2 uP" VA, — A(p — 1) |Vul? [ulP ™ .

This estimate is used implicitly in proof of [SY94, Li and Yau, Theorem 1 p.110] (where only the
usual Laplacian is studied), and also in [KNO3] and [ZhaO7].
A more refined estimate on |H,|> which works in the linear case is the following

(Au?  n (Au )2

HJ* > —— + — — A,
n n—-1\n

This estimate is the analogue of the curvature-dimension inequality and plays a key role in [BQOO]
to prove the comparison with the one dimensional model. Note also that this estimate is the only
point where the dimension of the manifold » and the assumption on the Ricci curvature play their
role. A very encouraging observation about the p-Bochner formula we just obtained is that the term
|H,* + p(p— 2)A§ seems to be the right one to generalize this last estimate, in fact we can prove

Lemma 3.2. At a point where u is C* and Vu # 0 we have
Vul?* (IHP + p(p — 2)A2) =
S (A,u)? Ln (Ap

n n-—1

2
u

—(p= D) Vul"” Au) :
n
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Proof. The proof consists only in some calculations that for simplicity can be carried out in a normal
coordinate system for which |Vu||, = u;(x). At x we can write

_ H,(Vu,Vu) -
2-p = — u = (p— .
IVul>? Ay(u) = Au+ (p - 2) Ty (p — Duy, + ; uj .
2
By the standard inequality ) ;_ 1 a Ll ( il ! ak) we get

H,J? + p(p—2A2 = (p-1) u11+22u1]+2 W >

n 2
1
(3.4) > (p— D2, + —1[2 u,-i) .

i=2

On the other hand it is easily seen that

” 2
(1Vul A, ) L (|Vu|2—PA,,(u)

n n-1

2
- (p - 1)Au) =

n

n 2 n 2
1 n n—1 1
= — -1 + il + — -1 + — il =
n((l? Jui ;:2 u ] " 1[ " (p Jui " ;:2 u ]
1 (&)
= —122 + — ii .
(p— Duy, n—l(;”)

This completes the proof. O

Corollary 3.3. If u is an eigenfunction relative to the eigenvalue A, and at a point where Vu # 0 and
u # 0 we can estimate

1 Au? 2(p-1a
Lpijgyp > 22" 20— D
p n—1 n—1

—A(p = DuP|Vul” + Ap = 2) [Vul’ 2 Au®™V .

UV VP2 A, + Ll(p — 12 [VuPr ™ A2+
n —

The assumption u # 0 is not necessary if p > 2.

Note that if we substitute n with n < m € R in the conclusion of Lemma 3.2, a simple algebraic
computation shows that the conclusion still holds, in particular we have the following corollary.

Corollary 3.4. Under the hypothesis of Lemma 3.2, if u is defined on a n-dimensional Riemannian
manifold we have for anyn < m € R
IVl (IHP + p(p — 2)A2) =
A 2
s B | m

m m-—1

2
(A” —(p=D|Vu"?A ) )
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Proof. The proof follows directly from the fact that for every x,y € R
x? n (x )2 x? m ( X )2
—+ ==y = |-t —=y||=
n n-—1\n m m-—1\m

:( ! ! )(x—y)ZZO.

n-1 m-1

O

We close this section with the following computation that will be useful in the proof of the main
theorem

Lemma 3.5. Let x € M and U be a domain containing x. If ¢ : R — R is a function of class C? is a
neighborhood of u(x) and Vul, # 0, then at x we have

P (p(w)) = dw)Apu + (p — D) [Vul” .

4. GRADIENT COMPARISON

In this section we prove a gradient comparison theorem that will be the essential tool to prove
our main theorem. Since the proof is almost the same, we prove the theorem on a manifold without
boundary, and then state the version for convex boundary and Neumann boundary conditions pointing
out where the proof is different. To complete the proof, we will need some technical lemmas which,
for the sake of clarity, will be postponed to the next section.

Theorem 4.1 (GRADIENT COMPARISON THEOREM). Let M be an n-dimensional compact Riemannian man-
ifold without boundary, u be a eigenfunction of the p-Laplacian belonging to the eigenvalue A, and

let w be a solution on (0, 00) of the one dimensional ODE

@ {%w@—l) — TWwPD 4 1D = 0

w(a) = -1 w(a) =0

where T can be either —% orT =0,and a > 0. Let b(a) > a be the first point such that w(b) = 0 (so
that w > 0 on (a, b)). If [min(u), max(u)] C [—1, w(b) = max(w)], then for all x € M

IVuC)l < Whi-t e -

Remark 4.2. The differential equation (4.1) and its solutions will be studied in the following section,
in particular we will prove existence and continuous dependence on the parameters for any a > 0 and
the oscillatory behaviour of the solutions. Moreover, the solution always belongs to the class C'(0, o).

For the sake of simplicity, we will use the following notational convention. For finite values of a,
w will be the solution to the ODE (4.1) with T = —%, while a = oo will indicate the solution of the
same ODE with 7 = 0 and any « as initial condition. Recall that in this latter case all the solutions
are invariant under translations, so the conclusions of the theorem do not change if the starting point
of the solution w is changed.
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Proof. First of all, in order to avoid problems at the boundary of [a, b], we assume that
[minf{u}, max{u}] C (-1, w(b)),

so that we only have to study our 1d-model on compact subintervals of (a, b). We can obtain this by
multiplying u by a constant & < 1. If we let & — 1, then the original statement is proved.
Consider the function defined on the manifold M

F =) [|Vul? — ¢(u)] ,

where i/ : R — R is a generic positive C? functions on M which will be specified later, and ¢(u(x)) =
WP, We want to prove that F' < 0 on all of M.

Note that we introduced the function ¢ in the definition of F since it is not easy to prove that
[Vul” — ¢p(u) < 0 directly.

Let x,, be a point of maximum for F on M. If Vul, = 0, there is nothing to prove. If also u(x,,) # 0,
then u is smooth around x,,, but if u(x,,) = 0, then u has only C>“ regularity around x,, for 1 < p < 2,
and C>if p > 2.

In the following, we will assume that u is a C? function around x,,, and we will explain in Remark
4.5 how to modify the proof if this is not the case (in particular, if 1 < p < 2 and u(x,,) = 0).

Since P, is an elliptic operator at x,, we have

VF|,, =0 P'F|, <0.

The first equation above implies

.
42) V [IVul” - ()] = —w—fw ,
_ , H,(Vu,Vu) 1({y .
szAuEsz — = —— | =F - .
Vud a2 ; ( wz ¢)

In order to study the second inequality, note that

ViViF = §lIVul” = p)IViuV ju + §l|Vul” — p)]V,V ju+
+V,[IVul” — ¢)IViu + GV il[Vul” — pu)]V ju+
+ [V, VUl = ViV i0(w)] -
Using equation (4.2), we have at x,,
ViViF = §lIVul” = p)]ViuV ju + §lIVul” — g1V, V ju+
—ZFw—"Z;ZVjuV,-u +y [ViV; 1Vl = V.V 6)] -

By a straightforward calculation

[|Vu|1’—2 5+ (p —2) [Vul™ Vfuvfu] VauViu=(p—1)Vul’
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and applying the definition of P! (see equation (3. 1)), we get
+ o) - F—Au’ "+
v \y ¥
4

+(p - I)ZF ( 7 ¢(u)) + pw( Pl |Vu|") yP (@),

0> PI(F)=-2(p-1)F~

and using Corollary 3.3 and Lemma 3.5 we obtain the following relation valid at x,,

a1F2+a2F+a3$O,

where
2,2p-2 _
(4.3) a3 = ptﬂ[/l ul”  nr el gy
n—1 n—-1 p
~ 1) -1 .
mp = 17 )¢ —Ap - gl - L5 ,
p*(n—1) p
(44) ar = ~(p — DL L e - P+
1/ n—1
2n(p-11¢ . (il? 1//2)
A ~1 _nel2 22 .
1= 1) 1//¢ (p—Dd+(p-1Do VR
_p=1ly @ (np-1)
() “=Ty [Vﬁ(p(n—l)‘z)]‘

Note that here both ¢ and ¢ are defined as functions of u(x).
Now we want to have two smooth positive functions ¢ and ¢ such that a; = 0 and a; and a, are strictly
positive everywhere, so that

FaF+a,) <0

and necessarily F is nonpositive at its point of maximum, so it is nonpositive on the whole manifold

M.

COEFFICIENT a3. Since ajz is a function of u(x), we can eliminate this dependence and rewrite as as

as o ul:

AIsPP? n+lp-
n—1 " n—-1 p

-1 .
Ty A DBl = g

SRS

(4.6) as(s) = py

PR Vg
pr(n—1)
where s € [-¢, £ max{u}]. Recall that ¢ = W"|,-1(,), so computing its derivatives it is important not to

forget the derivative of w™!, in particular
¢ = plil" i
Remember that for a function of one variable, the p-Laplacian is

Apw = (p— DwP 2w
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so that we have

-1. —1.. dAw1
@.7) P p=nmw: Log=""r0
4 4 dt w
With these substitutions, as (or better az o w : [w™'(=&), w™! (¢ max{u})] — R) can be written as
a; n+1 _ s
;J:n_{m@”%w—ﬂp—nmv%W+
2w dAw) )
—_— =W + A .
o1 Y T oA

Let T be a solution to the ODE T = T?/(n — 1), i.e. either T = 0 or T = —2=1 (note that from our
point of view, there’s no difference between % and % it’s only a matter of shifting the variable 7).
A simple calculation shows that we can rewrite the last equation as

1
a_; = (pr —TwP D 4 /lw(p_l)) (npr + TwPD 4 /lw(p_l)) +
p n-—

oy @ (e _
WP 1)E<pr_ Tw®P D + P l)) )

This shows that if our one dimensional model satisfies the ordinary differential equation
(4.8) Apw = Tw'P™D — an®V
then a; = 0. Note that intuitively equation (4.8) is a sort of damped (if T # 0) p-harmonic oscillator.

Remember that we are interested only in the solution on an interval where w > 0.

COEFFICIENTS a; AND a,. To complete the proof, we only need to find a strictly positive

W € C*[—€, & max{u}]

such that both a;(«) and a,(u) are positive on all M. The proof is a bit technical, and relies on some
properties of the model function w that will be studied in the following section.

In order to find such a function, we use a technique similar to the one described in [BQOO, pag.
133-134]. First of all, set by definition

(49) X = /lﬁ W(t) w(s) = efh(s) f(t) = —h(W(I))W(Z) ’
w(t)
so that
R T L L
= i+ L7~ xry

From equation (4.5), with our new definitions we have that

(410) Cll(W(l))w(W(t))WP — +Ll [T _ X(p—l)] + f2 (M) _ f = n(f) _ f ,

p—1 "op- p(n—-1)
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while if we use equations (4.7) and the differential equation (4.8) in equation (4.4), simple algebraic
manipulations give

a, _ pT n -
(p— Dwr2 p—l(n—lT X )+
—f2+f[( 2 )T— P X(”‘U]—f's
n—-1 p-1 p—1
=BH-f.

The proof of the theorem now follows from Lemma 5.2.
]

Analyzing the case with boundary, the only difference in the proof of the gradient comparison is
that the point x,, may lie in the boundary of M, and so it is not immediate to conclude VF|, = 0.
However, once this is proved it is evident that P!/ F|, < 0 and the rest of proof proceeds as before. In
order to prove that x,, is actually a stationary point for F, the (nonstrict) convexity of the boundary is
crucial. In fact we have

Lemma 4.3. Let M be as in Theorem 4.1, but allow M to have a (nonstrictly) convex C* boundary, and
let A, be the p-Laplacian with Neumann boundary conditions. Then, using the notation introduced
above, if Vul,, #0

@.11) VF|, =0.

Proof. We can assume that x,, € M, otherwise there would be nothing to prove. Let 71 be the outward
normal derivative of M.

Since x,, is a point of maximum for F, we know that all the derivatives of F' along the boundary
vanish, and that the normal derivative of F is nonnegative

(VF|i) > 0.
Neumann boundary conditions on A, ensure that (Vu|/1) = 0, and by direct calculation we have
(VFIny = [(IVul” - ) g - w| (Vulit) +
+py(u) [Vul” H(Vu, &) = py(u) [Vul”™ H,(Vu, ) .
Using the definition of second fundamental form //(-, ), we can conclude
0 < (VFIi) = py(u) |Vul"* H,(Vu, ) = —py(u) |Vul" > II(Vu, Vu) <0,
and this proves the claim. |

Corollary 3.4 basically asserts that the fundamental estimate to prove the previous theorem is valid
for any n’ > n, so we can prove that

Remark 4.4. The conclusions of Theorem 4.1 are still valid if we replace n with any real n’ > n.

Note that while # is the dimension of the Riemannian manifold under consideration, n’ does not
represent any Riemannian entity.



SHARP ESTIMATE ON THE FIRST EIGENVALUE OF THE P-LAPLACIAN 15

Remark 4.5. Before we end this section, we address the regularity issue in the gradient comparison

theorem.

In the gradient comparison theorem, we assumed for simplicity C> regularity for u around the point
x,,. Since, as we have seen, we can assume without loss of generality that Vu|, # 0, C° regularity is
guaranteed if p > 2 orif 1 < p <2 and u(x,,) # 0.

If we are in the case where u(x,,) = 0and 1 < p < 2, P!/(F) is not well defined. In particular, there
are two terms diverging in this computation, one is —Ay(u) [u|"~* |Vul? coming from ()P (|Vul?);
the other is —(u)@(u) |[Vul”, which comes from —y(u) P! (¢(u)).

However, since Vu|, # 0 in a neighborhood U of x,,, we can still compute P{f (Fyon U \ {u = 0},
which is an open dense set in U.

If we assume that ¢(u) = WP|,-1(,), with w satisfying (4.8), it is easy to see that these two diverging
terms precisely cancel each other in U \ {u = 0}, and all the remaining terms in Pff (F) are well-defined
and continuous on U. Thus, even in this low-regularity case, the relation P{,’ (F)l, < 0is still valid,
although the single terms P/(|Vu|”) and P!/(¢(u)) are not well defined separately.

5. ONE DIMENSIONAL MODEL

This section contains the technical lemmas needed to study the properties of the solutions of the
ODE
(5.1) {APW = (p— DwP~ 2 = Tw=D — an-b
w(a)=-1 w) =0

where either 7 = —”[;1 or T = 0. This second case has already been studied in Section 2, so we will
concentrate on the first one.

To underline that this equation is to be considered on the real interval [0, co) and not on the manifold
M, we will denote by ¢ its independent variable. Notice that this ODE could be rewritten as

d
d_t(tn—lw(p—l)) + /ll‘n_lw(p_l) — O ,

where n > 2 is the dimension of the manifold. Note that we define u(x) = w(r(x)) on R", this equation
characterizes the radial eigenfunction of the p-Laplacian. First of all we cite some known results on
the solutions of this equation.

Theorem 5.1. If a > 0, equation (5.1) has always a unique solution which is of regularity C'(0, o)
with =1 e CY(0, o0), moreover if a = 0 the solution belongs to C[0, ). The solution depends
continuously on the parameters in the sense of local uniform convergence of w and w in (0, 00).

Moreover every solution is oscillatory, meaning that there exists a sequence t;, — oo such that w(ty) =

0.

Proof. Existence, uniqueness and continuity with respect to the initial data and parameters is proved
for example in [Wal98, Theorem 3, pag 179], and its oscillatory behaviour has been proved in the
n > p in [KN97, Theorem 3.2], or in [DRO3, Theorems 2.2.11 and 2.3.4(i)], while the n < p case
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is treated for example in [WA96, Theorem 2.1] and [DRO5, Theorem 2.2.10]. Note that all these
reference deal with much more general equations than the one we are interested in. |

In the following we will be interested only in the restriction of the solution w to the interval
[a, b(a)], where b(a) > a is the first point where w(b) = 0. It is easily seen that w > 0 on [a, b(a)],
with strict inequality in the interior of the interval. Set by definition 7, to be the only point in [a, b(a)]
such that w(zy) = 0.

First of all, we state and prove the lemma needed to complete the gradient comparison. Fix a and
the corresponding solution w, and define for simplicity on (a, b)

1w(t) n—1
X(t) = Ard T = —
@) o (1) -
By direct calculation
d j
5.2) d—X(I’_l) = (p— DAr1 X2 = TXP™D 4 |xP7D
X
. 1 1
(5.3) X = - ——TX+ X7 .
p—1 p—1

Lemma 5.2. Let 1(s, t) and (s, t) be defined by:

TI(S,I)=L[T_X(17—1)]+S2( p—n )
p—1

pn—1)
T
Bls,t) = ——L— (LT - X(”“)) — 5+
p—-1\n-1
2n 1 p _
T — x@-bl
+S(n—1+p—1) p—1 ]
For every € > 0, there exists a function f : [a + €, b(a) — €] — R such that
(5.4 f < min{n(f(0), 0, B(f(1), 1)}

Proof. We will prove that there exists a function f : (a, b(a)) — R which solves the ODE
f = min{n(f(0), 1), B(f(1), 1)}
fto) = 5T,
where we set Ty = T'(ty). Then the lemma follows by considering the solution to
Jy = min{n(f,(0), 0, B(f,(0), 0} =7
oto) = ﬁT(fo = ﬁTo :

Thanks to standard comparison theorems for ODE, if > 0 is small enough the solution f,, is defined

(5.5)

(5.6)

on [a + €, b(a) — €] and satisfies the inequality (5.5).

Consider that by Peano theorem there always exists a solution to (5.4) defined in a neighborhood
of #,. We will show that this solution does not explode to infinity inside (a, b), while we allow the
solution to be infinity at the boundary of the interval. First of all note that for each ¢ € (a, b(a))

(5.7) lim min{r(s, 1), B(s, 1)} = —oo
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Then the solution f is bounded from above in (fy, ) and bounded from below on (a, #j).
A simple calculation shows that

1
(5.8) n(f) —B(f) = T—(f yof =y2),

where

-1
yl‘ﬁ(“ " X“’”) n= ool

Now we will prove that f > y; on (f,b) and f < y; on (a, ty), and this will complete the proof of
the lemma. First we prove the inequality only in a neighborhood of 7y, i.e., we show that that there
exists € > 0 such that

5.9 f(@®) >y (t) for to<t<ty+e€,
f() <yi(t) for th—e<t<ty.

In fact, using the ODE (5.4), at f, we have

; 14 2
== 72
T = D=0
while, where defined,
T? -D(p-1
Vi = P _ﬂﬁw X172 +
p—1|n-1 n
Xy — —— X7
n

Ifp=2,fl, =¥, >0, andif p <2
lim f], = yl, = +oo .
t—ty
Thus, if p < 2, it is easy to conclude that (5.9) holds. Unfortunately, if p > 2, y, € C'((a, b)) but

flt() _5’|t0 =0.
However, by equation (5.8), n(y;) = B(y;) = min{n(y,), 8(y1)}. In particular

p - P@Cp=1D_ )
(5.10) R — TXP D4
) T ha-D (-
Pz(n -1 2p-1 1 1
( o IX| (p-1 _ C1X(p_ ) 4 0(x(P— )) ,
p —
while
R P ey G L U CCu P

where ¢, > 0. If follows that in a neighborhood of 7, y; solves the differential inequality

y1 < minf{n(y), B0}

ito) = S5 To
and, applying a standard comparison theorem for ODE (see for example [Har02, Theorem 4.1 in
Chapter 3]), we can prove that the inequalities (5.9) hold in a neighborhood of #.
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To prove that they are valid on all (a, b), suppose by contradiction that there exists some #; € (a, t)
such that f(¢;) = y;(#;). The same argument works verbatim if #y < #; < b.
Define d(t) = f(t) — y1(¢). By (5.8), fl,, = n(f(t)),t;) = n(y\(t;), t;), which implies that

. -1) . -1
n n(p —1)2
(n— Dpn(p 1) + p) XPP2 =
n*(p— 1)
1
| AT n(p-D+p - n
— — 1 IxP2 X(x(P h_ T) =
pin—1)IX] L P e —
pn—1) i)
= ————|X)P t) .
e X )
where we set:
.11 K(x) = n(p — DPART + (n(p — 1) + p)X(X(P‘” - LIT) .
n —

Now we claim that «(?) is strictly positive for ¢ # f;, so that it is impossible for d to be zero in a
point different from f,,.
If a > 0, it is evident that

(5.12) liminf «(¢) > 0.

t—a,ty,b
If a = 0 the same conclusion holds thanks to an approximation argument.
To show that k() is positive everywhere, we argue by contradiction. Consider a point z € (ty, b)
where «(z) = 0 (the same argument works also if z € (a, tp). At z we have

1
n(p — 1221 n

XD = _ n
(np-D+pX n-1
and
L n(p =124 Y
o= -X—— " ~D+pX|[=xrV - ——]|.
X +(n(p— D+ p)X|— 17

Using equation (5.2) and some algebraic manipulations, we obtain

__ nCl4prpt e
(n(=1+p)+pX

This expression has a constant sign on (fy, b), and is never zero. For this reason, z cannot be a

(5.13)

minimum point for k, and so there exists a point 7 € (z, b) such that k(z") = 0 and k(z) > 0 on (7', b).
Since k(z) and k(") have the same sign, we have a contradiction.
O

As will be clear later on, in order to obtain a sharp estimate on the first eigenvalue of the p-
Laplacian we need to study the difference 6(a) = b(a) — a and find its minimum as a function of a.
Note that if 7 = 0, then the solution w is invariant under translations and in particular d(a) is constant
and equal to %, so we will restrict our study to the case T # 0. For ease of notation, we extend the
definition of & setting 6(c0) = ZZ.
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In order to study the function 6(a), we introduce the Priifer transformation (see [DRO3, section
1.1.3] for a more detailed reference). Roughly speaking, the Priifer transformation defines new vari-
ables e and ¢, which are the p-polar coordinates in the phase space of the solution w.

We set

(5.14) e(t) = WP +a®w”)''? | o(t) = arctan, (%) .

1/
Recall that a = (p%l) p, so that
aw = esin,(¢), W = ecos,(p) .

Differentiating, simplifying and using equation (5.1), we get the following differential equations for

pande
. T (1) -1 . n-— -1 .
(5.15) p=a P T oS () siny () a-F(p__])tcosp () siny ()
e T n—1
o= P cosp’ (@) = _(p Ry cosp () .

Rewritten in this form, it is quite straightforward to prove existence, uniqueness and continuous de-
pendence of the solutions of the ODE (5.1) at least in the case a > 0. Moreover, note that the deriv-
ative of ¢ is strictly positive. Indeed, this is obviously true at the points a, b(a) where w = 0 implies
cos,(¢) = 0, while at the points where ¢ = 0 we have by substitution that ¢ = ¢, which is always pos-
itive, so it is impossible that ¢ reaches zero. Moreover, a slight modification of this argument shows
that ¢ is in fact bounded from below by . Indeed, consider by contradiction a point where ¢ = ¢ — ¢,
then

n-1 ) P n
Py 1(1 —p|smp((,o)| )t,o) > ;6.

L] n—1 _ .
$ = - (— T cosy” 1((,0) siny (@) +

Since ¢(a) = a, it is evident that such a point cannot exist. This lower bound on ¢ proves directly the
oscillatory behaviour of the solutions of ODE (5.1).

Note that, for every solution, e is decreasing (strictly if 77 # 0), which means that the absolute
value of local maxima and minima decreases as ¢ increases.

Now we are ready to prove the following lemma

Theorem 5.3. For any n > 1, the difference 6(a), which is a continuous function on [0, +0), is always
strictly greater than m,/a, i.e. the difference 6(a) in the case T = 0. Moreover, let m(a) = w(b(a)),
then for every a € [0, 00)
V4

lim 6(a) = L= o0(c0), m(a)<1l, limma)=1.

a— oo o a— oo
Proof. Continuity follows directly from Theorem 5.1. To prove the estimate, we rephrase the question
in the following way: consider the solution ¢ of the initial value problem

(p

¢ = a + 55, cos (@) sing(g)
p(a) = =%
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then b(a) is the first value b > a such that ¢(b) = %’ Denote t, € (a, b) the only value where ¢(#y) = 0
then it is easily seen that
n—1

(p— l)t

sp”” () sing () < ————cos," () siny () ,

-1
( - Dty
so that ¢ satisfies

0 <@ < a+7ycos,”  (¢)siny(p) ,

where y = By a standard comparison theorem for ODE, ¢ < ¢ on [a, b], where ¢ is the solution

(p l)t
of the initial value problem

W) =%
We can solve explicitly this ODE via separation of variables. Letting c(a) be the first value ¢ > a such
that y(c) = m,/2, we have

{w = @ + 7y cos,” ' () sin,(¥)

L3

cla)—a= - .
ot ¥ cos, P~ () siny(y)

Applying Jansen’s inequality, and noting that cos,”~' () sin,(¥) is an odd function, we obtain the

S

estimate
(5.16) cw-a_1 (7 iid
’ T, T Jompaty cos,P 1 (y) siny () —
1 (2 |
(5.17) >|— f (o +ycos,” ) siny()) d¢] - .
Tp Jmy/2 @

Note that the inequality is strict if y # 0, or equivalently if 7 # 0.

Since ¢ < i, it is easily seen that b(a) > c(a), and we can immediately conclude that 6(a) > 7,/
with equality only if @ = oo

The behaviour of d(a) as a goes to infinity is easier to study if we perform a translation of the #
axis, and study the equation

{(p @ + i Cos,” ! () sinp(g)
0) = -%

Continuous dependence on the parameters of the equation allows us to conclude that if a goes to
infinity, then ¢ tends to the affine function ¢y(t) = —%” + at in the local C! topology. This proves the
first claim. As for the statements concerning m(a), note that the inequality m(a) < 1 follows directly
from the fact that f < 0if T # 0. Moreover we can see that m(a) = w(6(a)), where W is the solution of

AW =(p- DwP= 2w = _%@(p—l) — 1w
w(0)

(5.18) IR

The function W converges locally uniformly to sin,(at — 7%) as a goes to infinity, and since d6(a) is
bounded from above, it is straightforward to see that lim,_,., m(a) = 1. O
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As an immediate consequence of the above theorem, we have the following important
Corollary 5.4. The function 6(a) : [0, 0] — R is continuous and
Vs
(5.19) 8(a)> =L forael0,c)),
a
Tp
(5.20) ola)=— fora=o0.
o'
Recall that a = oo if and only if m(a) = 1, and also 6(a) = %’ if and only if m(a) = 1.

6. VOLUME ESTIMATES

The next comparison theorem will allow us to compare the maxima of eigenfunctions with the
maxima of the model functions, so it is essential for the proof of the main theorem. We begin with

some definitions.

Definition 6.1. Given u eigenfunction and w as before, let ty € (a,b) be the unique zero of w and let

Yo u. We define the measure m on [a, b] by

m(A) = Vol(g™'(4))

g=w"

where Vol is the Riemannian measure on M. Equivalently, for any bounded measurable f : [a,b] —
R, we have

b
f f(s)dm(s) = fM f(g(x))d Vol(x) .

Theorem 6.2. Let u and w be as above, and let

S W(p—l) S
E(S) = —¢exp (/lf ﬁdt)f W(r)(l’—l)dm(r)
o Wp ) a

Then E(s) is increasing on (a, ty] and decreasing on [ty, b).

Before the proof, we note that this theorem can be rewritten in a more convenient way. Consider
in fact that by definition

fkﬁ”mmmn:f u(x)?~V d Vol(x) .

a {u<w(s)}

Moreover, note that the function w satisfies

d
E(tnflw(pfl)) — _/ll_nflw(pfl) ,
(p—1) d
— w - =1,:(p-1)
Yy R log(#"" W'~ "),

and therefore

S
—{wa%mHm:fﬂwmw,
a

S =D m=1Lp=Dy
exp (/lf w—dt) = 0—(0)
1o

) s hp(r=D(s)
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Thus, the function E(s) can be rewritten as

[ wD) dm(r) : Sy 407 d Vol (x)

E(s) = C— = 5
[ we=N(e) r-1dr [ w@*™" r-1ar

where AC™!" = #271W?~D(z,), and the previous theorem can be restated as follows.

Theorem 6.3. Under the hypothesis of the previous theorem, the ratio

[ woDE) dm(r)  fyeyey 407" d Vol(x)
a j: W(P—l)(t) tn—ldt B Ls W(t)(p_l)tn_ldt

E(s)

is increasing on [a, ty] and decreasing on [ty, b].

Proor orF THEOREM 6.2. Chose any smooth nonnegative function H(s) with compact support in (a, b),
and define G : [-1,w(b)] — R in such a way that

d .
= |Gowe)" | =H®)  G(-1)=0.

It follows that
G V(w(n) = f I H(s)ds (p = 1DIGw@)I"> Gwn))(r) = H(r) .
Then choose a function K such that (tK(f))’ = K(t) + tK(t) = G(¢). By the chain rule we obtain
ApuK @) = GPP@)A,w) + (p = DG Gu) [Vul”
Using the weak formulation of the divergence theorem, it is straightforward to verify that
f A,(uK(u))d Vol = 0
M

, and so we get

A )
— f u?"VGPV(u)d Vol(x) = f |G(u)|”~* G(u) |Vul? d Vol .
p—1Ju M
Applying the gradient comparison theorem (Theorem 4.1), noting that we consider only 4 > 0, we
have
A )
— f uPVGP D (u)d Vol(x) < f |G(u)]”~* G(u)(Ww o w™' (u))’d Vol .
P M M

By definition of dm, the last inequality can be written as

b
1% wP (OGP (w(s))dm(s) <

b
< f G Gw($))(w () dm(s) ,
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and recalling the definition of G we deduce that

b X b b
A f W(p_l)(s)( f H(t)dt)dm(s):/l f ( f w(’"”(t)dm(t))H(s)dsg
b
< f H(s)wP D (s) dm(s) .

. b . . .
Since fa wP=D()dm(t) = 0, we can rewrite the last inequality as

b s b
f H(s) [—/l f w(p‘l)(t)dm(t)]dss f H(s)wP D (s) dm(s) .

a

Define the function A(s) = — fa *wP=D(r)dm(r). Since the last inequality is valid for all smooth non-
negative function H with compact support, then

WP D(s)dm(s) — 1A(s)ds > 0

in the sense of distributions, and therefore the left hand side is a positive measure. In other words, the

y(P—D

measure AAds + %dA is nonpositive. Of if we multiply the last inequality by % and recall that

w > 0on [ty,b) and w < 0 on (a, ty], we conclude that the measure
/lw(p—l)
W=D
is nonnegative on (a, fy] and nonpositive on [fy, b), or equivalently the function

s 1 o(p—1)
E(s) = A(s)exp (/lf &(r)dr)

WD

Ads + dA

is increasing on (a, fy] and decreasing on [fy, a). O
Before we state the comparison principle for maxima of eigenfunctions, we need the following
lemma. The definitions are consistent with the ones in Theorem 4.1.
Lemma 6.4. For € sufficiently small, the set u~'[-1, -1 + €) contains a ball of radius r = r., which is
determined by
re=wil(-1+¢€)—a.
Proof. This is a simple application of the gradient comparison principle (Theorem 4.1). Let x, be a

minimum point of u, i.e. u(xy) = —1, and let X be another point in the manifold. Lety : [0,]] — M be
a unit speed minimizing geodesic from xj to X, and define f(r) = u(y(¢)). It is easy to see that

(6.1) If()] = ‘(Vu|y<z>|7(f)>‘ < [Vutly| < Wlursay -

Since
Loy <1
dt -

we have that a < w™!(f(¢)) < a + t, and since W is increasing in a neighborhood of a, we can deduce
that

wlw’lf(t) < Wlass -
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By the absolute continuity of u and vy, we can conclude that
lf@)+ 1] < f: Wlgesds = W(a +1) + 1) .
This means that if [ = d(xy, X) < w™ (=1 + €) — a, then u(¥) < -1 + €. O
And now we are ready to prove the comparison theorem.

Theorem 6.5. If u is an eigenfunction on M such that min{u} = —1 = u(xy) and max{u} < m(0) =
w(b(0)), then for every r > 0 sufficiently small, the volume of the ball centered at xy and of radius r is
controlled by

Vol(B(xy,r)) < cr".

Proof. Denote by v the measure *~'dt on [0, o). For k < —1/2P~!, applying Theorem 6.3 we can

estimate
Vol({u < k}) < -2 f u'?d Vol <
{usk)
<-2C f w? Vdy <2Cv({w < k}) .
{wsk)
If we set k = —1 + € for € small enough, it follows from Lemma 6.4 that there exist constants C and

C’ such that

Vol(B(xg, re)) < Vol({u < k}) <
<2Cv({w < =1+ ¢€}) =2Cv([0,r]) = C'r? .
O
Corollary 6.6. As a corollary, we get that max{u} > m. In fact, suppose by contradiction that max{u} <

m. Then, by the continuous dependence of solutions of ODE (5.1) on the parameters, there exists
n’ > n (n’ € R) such that max{u} < m(n’), i.e., there exists an n’ such that the solution w’ to the ode

(P - 1)W’P—2wl _ n'T—lw/(p—l) + /lW’(p_l) ~0
w'(0) = ~1
Ww(0)=0

has a first maximum which is still greater than max{u}. By Remark 4.4, the gradient estimate |Vu| <
W1 1s still valid and so is also the volume comparison. But this is contradicts the fact that the
dimension of the manifold is n. In fact one would have that for small € (which means for . small)
Vol(B(xg, re)) < crﬁ/. Note that the argument applies even in the case where M has a C*.

7. SHARP ESTIMATE

Now we are ready to state and prove the main theorem.
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Theorem 7.1. Let M be a compact Riemannian manifold with nonnegative Ricci curvature, diameter
d and possibly with convex boundary. Let A, be the first nontrivial (=nonzero) eigenvalue of the p-
Laplacian (with Neumann boundary condition if necessary). Then the following sharp estimate holds:

Yo
p—1_"dr’

Moreover a necessary (but not sufficient) condition for equality to hold is that max{u} = — min{u}.

Proof. First of all, we rescale u in such a way that min{u} = —1 and 0 < max{u} = k < 1. Given a

solution to the differential equation (5.1), let m(a) = w(b(a)) the first maximum of w after a. We know
that this function is a continuous function on [0, c0), and

Iimm(a)=1.

By Corollary 6.6, k > m(0). This means that for every eigenfunction u, there exists a such that
m(a) = k. If k = 1, then k = m(c0).

We can rephrase this statement as follows: for any eigenfunction u, there exists a model function
w such that min{u#} = min{w} = —1 and 0 < max{u} = max{w} = k < 1. Once this statement is proved,
the eigenvalue estimate follows easily. In fact, consider a minimum point x and a maximum point y
for the function u, and consider a unit speed minimizing geodesic (of length / < d) joining x and y.
Let £(t) = u(y(t)), and consider the subset I of [0, /] with £ > 0. Then changing variables we get

[ k k
dzfdtzfdtzf.sz#:
0 I 1 f(F o)) _1 wwTl(y)
b(a) T
:f ldt = §(a) > -2,
a a

where the last inequality is proved in Corollary 5.4. This yields to

A

p—1 " 4dr
Note that by Corollary 5.4, for any a, d(a) > %’ and equality holds only if a = oo, i.e. only if
max{u} = — min{u} = max{w} = — min{w}. |

Remark 7.2. Note that max{u} = max{w} is essential to get a sharp estimate, and it is the most
difficult point to achieve. Analyzing the proof of the estimate in [Zha07] with the tools developed in
this article, it is easy to realize that in some sense the only model function used in [Zha07] is siny(ax),
which leads to ¢(u) = ﬁ(l —|ul?). Since the maximum of this model function is 1, which in general is
not equal to max{u}, the last change of variables in the proof does not hold. Nevertheless max{u} > 0,
and so one can estimate that

k 0 0
deL>fL:fL:Q,
W) Jaw o)) Ja e =y 2a

> (5)
— > (=] .
p—1"\2d

which leads to
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8. CHARACTERIZATION OF EQUALITY

In this section we characterize the equality in the estimate just obtained, and prove that equality
can be achieved only if M is either a one dimensional circle or a segment.

In [HWO7], this characterization is proved for p = 2 to answer an open problem raised by T. Sakai
in [Sak05]. Unfortunately, this proof relies on the properties of the Hessian of a 2-eigenfunction,
which are not easily generalized for generic p. In particular, any 2-eigenfunction is smooth every-
where and at a minimum point its Hessian is positive semidefinite. Moreover, H(v, v) is the second
derivative of the function f(¢) = u(y(t)) where v is the geodesic such that v = y. All these properties
are essential for the proof given in [HWO07] to work, and the lack of them forces us to choose another
way to prove the characterization.

Before we prove the characterization theorem, we need the following lemma, which is similar in
spirit to [HWO07, Lemma 1].

Lemma 8.1. Assume that all the assumptions of Theorem 7.1 are satisfied and assume also that

equality holds in the sharp estimate. Then we can rescale u in such a way that — min{u} = max{u} = 1,
1
-1
are minimizing geodesics on the open set

and in this case e’ = |Vul’ + p%l [ul” is constant on the whole manifold M, in particular e’ =
Moreover; all integral curves of the vector field X = <%
E = (Vu # 0} = {u # %1} and for all geodesics v, (¥

of y N (E).

[Vul

|§_uu|> is constant on each connected component

Proof. Using the model function w(#) = siny(at) in the gradient comparison, we know that
_ A
Vul <l = ——(1 = lul’)
p—1

so that e” < p%l everywhere on M. Let x and y be a minimum and a maximum point of u respectively,
and let y be a unit speed minimizing geodesic joining x and y. Define f(¢) = u(y(t)). Following the
proof of Theorem 7.1, we know that

1 1
d> f LIS f # =2
S fUNs)  Ja i) @
By the equality assumption, ad = m,, and this forces f(f) = W], f- S0, up to a translation in the
P!
pTl'
Now the statement of the lemma is a consequence of the strong maximum principle (see for ex-

domain of definition, f(#) = w(¢), and on the curve y e”|, =

ample [GTO1, Theorem 3.5 pag 34]). Indeed, consider the operator

L = Pu - VI{IV P — PV
@) = Pu) = o (V|19 - |9 +
92 —4 _ Vu Vu
+(p—2)"|Vul”" H, (Vu, \ Val <_|Vu| V¢>) :

The second order part of this operator is P/, so it is locally uniformly elliptic in the open set E =
{Vu # 0}, while the first order part (which plays no role in the maximum principle) is designed in
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such a way that L(e”) > 0 everywhere. In fact, after some calculations we have that
L") (|H 2 LAV
pIVur= T Vup

Then by the maximum principle the set {e” = p%l} is open and close in Z = {u # +1}, so it contains

8.1 ) + Ric(Vu,Vu) > 0.

the connected component Z; containing 7.
Let Z, be any other connected component of Z and choose x; € Z; with u(x;) = 0 fori = 1,2.
Let o a unit speed minimizing geodesic joining x; and x,. Necessarily there exists 7 such that o(f) C
~{~1,1}, otherwise Z; = Z,. Without loss of generality, let u(f) = 1 and define f(t) = u(co(t)).
Arguing as before we can conclude

d>fdt fdt+fdt>fdt+fdt>
f 7o f o 2f T 2w

where I; c [0, 7] is the subset where f > 0 and I, C [7,1] is where f < 0. The equality assumption
forces ad = m, and so f(f71(1)) = w(w™ (1)) a.e. on [0,7] and f(f~'(t)) = —w(w™'(?)) a.e. on [£,1],
which implies that, up to a translation in the domain of definition, f() = w(f) = sin,(a?). This proves

that for any connected component Z,, there exists a point inside Z, where e/ = p%l, and by the
maximum principle e” = 1% on all Z. This also proves that E = Z. Moreover, for equality to hold in
(8.1), the Ricci curvature has to be identically equal to zero on Z and

|H,(Vu)l*

(8.2) |H,[* = v
Now the fact that e” is constant implies by differentiation that where Vu # 0, i.e. on Z, we have

\Vul”* H,(Vu) = - i lu”_qu :
and so

Vul” H, (X, X) = ————u"""".
This and equation (8.2) imply that on Z
(8.3) Vul"? H, = ——u""'X* @ X* .
Now a simple calculation shows that

VX = Wlu' Vo ;Zl T () = (X, X0X) =

Which proves that integral curves of X are geodesics. The minimizing property follows from an
adaptation of the proof of Theorem 7.1.
As for the last statement, we have

d Vu 1 1
—(9|— (7, 7) = 3|V +H, (V
<7 |Vu|> Vil H,(y,7) = ¥l u>| Val (Vu,y)
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and, by equation (8.3), the right hand side is equal to 0 where Vu # 0.

As promised, now we are ready to state and prove the characterization.

Theorem 8.2. Let M be a compact Riemannian manifold with Ric > 0 and diameter d such that

e

If M has no boundary, then it is a one dimensional circle; if M has boundary then it is a one dimen-

sional segment.

Proof. We will prove the theorem studying the connected components of the set N = u~1(0), which,
according to Lemma 8.1, is a regular submanifold. We divide our study in two cases, and we will
show that in both cases M must be a one dimensional manifold (with or without boundary).

CaAse 1, N HAS MORE THAN ONE COMPONENT. Suppose that N has more than one connected component.

Let x and y be in two different components of N and let y be a unit speed minimizing geodesic joining

Yu
Vul

x and y belong to two different components, or y must pass through a maximum or a minimum. Since

them. Since <y‘ > is constant on E, either y(¢) = 0 for all #, which is impossible since by assumption
the length of vy is less than or equal to the diameter, we can conclude as in the previous lemma that
y(t) = +£siny(¢) on [0,d]. This in particular implies that (y|Vu) = £|Vu| at ¢+ = 0, and since only
two tangent vectors have this property, there can be only two points y = exp(x,y, d). Therefore the
connected components of N are discrete, and the manifold M is one dimensional.

CaSE 2, N HAs ONLY ONE COMPONENT. Now suppose that N has only one connected component. Set
I = [-d/2,d/2] and define the function & : N X I — M by

h(y, s) = exp(y, X, s).

We will show that this function is a diffeomorphism and metric isometry.

First of all, let /2 be the restriction of the map 4 to N x I° and note that if |s| < d/2, by Lemma
8.1, h(y, 5) is the flux of the vector field X emanating from y evaluated at time s. Now it is easy to see
that u(h(y, s)) = w(s) for all s. This is certainly true for all y if s = 0. For the other cases, fix y, let
¥(s) = h(y, s) and f(s) = u(h(y, s)). Then f satisfies

Vu
= R
f=Vuly) = Vulli = Wl -

4

Since W|,,-1(y) is a smooth function, the solution of the above differential equation is unique and so
u(h(y, s)) = f(s) = w(s) for all y and |s| < d/2. Note that by the continuity of u, we can also conclude
that u(h(y, s)) = w(s) on all of N X I.

The function £ is injective, in fact if h(y, s) = h(z,1), then w(s) = u(h(y, s)) = u(h(z,1)) = w(?)
implies s = t. Moreover, since the flux of a vector at a fixed time in injective, also y = z.
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Now we prove that /1 is also a Riemannian isometry on its image. Let (-|-) be the metric on M, {-|-)x
the induced metric on N and ({-|-)) the product metric on N x I. We want to show that ({:|-)) = * ().
The proof is similar in spirit to [PRS08, Lemma 9.7, step 7]. It is easily seen that

- Vu | Vu
h* (]-)(0s,0s) = { =—|=) =1,
1) (05, 9s) <|Vu| |Vu|>
and for every V € T, )N we have
. Vul| -
(8.5) h* () (0s, V) = —'dh(V) =0.
[Vl

In fact, since |Vu| is constant on all level sets of u, if o7(¢) is a curve with image in N X {s} and with
o(0) = (y,s) and 6(0) = V, then

d -
- (IVul o B) () = 0.
Recalling that H, = —p%lu(’"” |VulP |§_Z| ® %v we also have

d - A Vu
i\ v/ h S VN | v Ll
- |V o (h(c(1))) s L AL Vo

diz(V)> ,

and the claim follows.
Fix any V, W € TN, for any |t| < d/2 note that, by the properties of the Lie derivative, we have

d

75 (* 1NV, W) = Logldh (1)1, W) = [dh Ly ¢V, W) =

s=t

Vul -
= <Vd;,(v)ﬁ‘dh(W)> + <dh(V)

Vu
Vdiz(W)ﬁ> .
It is easy to see that dh(W)(\Vul) = dh(V)(|Vu|) = 0 since |Vu| is constant on the level sets, and

therefore

(R* CINV, W) = 2H,(dh(V),dh(W)) = 0 .

s=t

ds

This implies that for every y € N fixed and any V, W € TN, h*|, , (-]} (V, W) is constant on (—d/2,d/2),
and since / is a Riemannian isometry by definition on the set N x {0}, we have proved that h* () =
(N

Now, h is certainly a differentiable map being defined as an exponential map, and it is the unique
differentiable extension of /.

Injectivity and surjectivity for & are a little tricky to prove, in fact consider the length space N X
I/ ~, where (y,s) ~ (z,¢t) if and only if s = t = +d/2, endowed with the length metric induced by
h. It is still possible to define & as the continuous extension of 7, and N x I/ ~ is a length space of
diameter d, but evidently 4 is not injective. This shows that injectivity of 4 has to be linked to some
Riemannian property of the manifold M.
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h is surjective. For any point x € M such that u(x) # +1 the flux of the vector field X joins x with a
point on the surface N and vice versa, so / is surjective on the set E. The set of points #~'(1) (and in
a similar way the set u~'(—1)) has empty interior since u is an eigenfunction with positive eigenvalue.
Fix any x € u~'(1). The estimate [Vu|” + zﬁ lul” < p%l implies that any geodesic ball B.(x) contains a
point x, with w(mr,/2 — €) < u(x.) < 1. Let y(¢) be the flux of X emanating from x.. By the property
of X, the curve vy intersects N in a single point y., moreover there exists a unique z. € u~'(1) which is
an accumulation point for y. If we define

¥(1) = exp(ye, X, 1) = h(ye, 1)
J@) = uy(®),

we know that y is a minimizing geodesic on [-d/2,d/2] and that f(r) = w(f) = sin,(at). Since
u(xe) > w(m,/2 —€)

d(xe,z0) <w ' (1) —w ' (w(m,/2 — €) = €.

Let € go to zero and take a convergent subsequence of {y.} with limit y, then by continuity of the
exponential map A(y,d/2) = x. Since x was arbitrary, surjectivity is proved.
h is injective. Now we turn to the injectivity of 4. Since # is differentiable and its differential has
determinant 1 in NV X [°, its determinant is 1 everywhere and 4 is a local diffeomorphism. By a similar
density argument, it is also a local Riemannian isometry. By the product structure on N X I, we know
that the parallel transport along a piecewise smooth curve o of the vector X = dh(d,) is independent
of o. In particular if o is a loop, the parallel transport of X along o is 7,(X) = X.

Now consider two points y,z € N without any restriction on their mutual distance such that
h(y,d/2) = h(z,d/2) = x. Let o be the curve obtained by gluing the geodesic h(y,d/2 — t) with
any curve joining x and y in M and with the geodesic A(z, t). o is a loop around x with

dh|(y,d/2)as =X =1,(X) = dh|(z,d/2>(9s .

Since by definition of A, y = exp(x, X, —d/2) and z = exp(x,7,X, —d/2), the equality X = 7,(X)
implies y = z, and this proves the injectivity of A.

Now it is easily seen that 4 is a metric isometry between N X I and M, which means that the
diameter of M is d = +/d? + diam(N)?. Note that diam(N) = 0 implies that M is one dimensional
(as in the case when N has more than one connected component), and it is well-known that the only
I-dimensional connected compact manifolds are circles and segments.

As seen in Section 2, both these kind of manifolds realize equality in the sharp estimate for any
diameter d, and so we have obtained our characterization. |
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