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Abstract

In the literature, thermal QCD has been explored non-perturbatively on the lattice
up to T'~ 1 GeV and in perturbation theory, with analytical calculations, in the
corresponding dimensional reduced effective theory. Nevertheless, there is much
evidence, both on the theoretical and on the numerical side, that a perturbative
approach is not guaranteed to be reliable even at very high temperature. For in-
stance, for the Equation of State, perturbation theory can predict the coefficients
of the expansion up to a finite order in the strong coupling, due to non-perturbative
effects. In the SU(3) Yang-Mills theory, these effects have been found to be signifi-
cant even at the electroweak scale. For this reason, a non-perturbative approach up
to very high temperature is crucial for the understanding of the high temperature
regime of QCD.

The long-term objective of this thesis is to explore non-perturbatively the prop-
erties of thermal QCD in a wide range of temperatures, from 1 GeV up to the
electroweak scale, beyond which other SM degrees of freedom have to be taken
into account. In order to do so, the original contribution to this thesis contains
two different aspects.

The first part is related to the specific strategy we implemented to simulate
very large temperatures on the lattice. This strategy exploits a non-perturbative
definition of the strong coupling constant in a finite volume to renormalize the
theory and allows us to simulate an extremely large range of temperature with a
moderate numerical effort.

In the second part of this thesis we provide a first, concrete application of this
strategy, by computing the hadronic screening spectrum, i.e. the mesonic and the
baryonic screening masses, from about 1 GeV up to approximately 160 GeV.

In the mesonic sector the bulk of the masses is given by the tree-level value
27T with a few percent positive deviation. Furthermore, the spin splitting between
the vector and the pseudoscalar masses turns out to be O(g?) in the entire range
of temperature and remains clearly visible up the electroweak scale. At low tem-
peratures the competition between quadratic and quartic terms in the coupling
constant leads, in the pseudoscalar mass, to an effective slope with opposite sign
with respect to the analytical result. At T'~ 1 GeV, the various terms due to inter-



actions accidentally cancel each other and the pseudoscalar mass turns out to be
very close to the free theory value 27T. Given this cancellation, the O(g*) spin-
dependent term is responsible for the deviation of the vector mass from 277" at the
lower end of the range of temperatures that we simulated. These considerations
show that the 1-loop order correction to the free theory value is not sufficient to
explain our results, in the entire range of temperature.

The exploration of the baryonic sector has been feasible thanks to the fact that
at sufficiently high temperature no depletion of the signal-to-noise ratio occurs.
The corresponding masses have been obtained with a few permille accuracy and
show at most a 8% positive deviation with respect to the free theory value 37T
As for the mesonic case, other contributions are still relevant both at high and low
temperatures. At the electroweak scale, the competition between cubic and quartic
terms in the coupling constant provides about 20% of the total contribution due
to interactions and, at 7'~ 1 GeV, those terms are responsible for the flattening of
the baryonic masses. This behaviour, however, cannot be explained by the O(g?)
perturbative correction.

Both in the mesonic and in the baryonic sector we observed chiral symmetry
restoration in the entire range of temperatures. Its manifestation results in the
degeneracy of various masses, a fact which is in agreement with Ward-Takahashi
identities obtained in presence of chiral symmetry.

These non-perturbative results are compatible with the effective field theory
prediction, while it is clear that the reliability of 1-loop order perturbation theory
is limited to temperatures well above the electroweak scale. These considerations
call for a non-perturbative study of thermal QCD up to very high temperatures
and the strategy proposed here provides a general framework to do that.
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Introduction and motivation

The Standard Model of Particle Physics (SM) is the Quantum Field Theory (QFT)
which describes three of the four fundamental interactions of nature, namely elec-
tromagnetic, weak and strong interactions. At the most fundamental level, it pro-
vides a quantum description of elementary particles in a relativistic framework.
In this sense, elementary particles in the SM are treated as excitations of the
underlying fundamental fields.

Since the second half of the XX century, when it was introduced, it passed sev-
eral experimental tests and, to date, it provides the best theoretical description of
fundamental interactions at the sub-nuclear level. Nonetheless, many physical phe-
nomena, ranging from gravitational interaction to dark matter and many others,
still remain outside any theoretical description provided by the SM.

In this context, Quantum Chromodynamics (QCD) is the Quantum Field The-
ory which describes the strongly interacting sector of the SM [8]. The work pre-
sented in this thesis especially deals with the description of strongly interacting
matter under extreme conditions.

QCD at high temperatures plays a fundamental réle in particle and nuclear
physics, and in cosmology. Apart from its intrinsic theoretical interest, the collec-
tive behaviour of strongly-interacting particles is a crucial input for determining
the evolution of the early Universe. Today the quark-gluon plasma is also produced
and investigated at heavy-ion colliders, where some of its basic properties are es-
sential to analyze the experimental data. Due to asymptotic freedom, one could
hope that the dynamics of the quark-gluon plasma could be efficiently described
by a perturbative approach in the high temperature regime. Nevertheless, it is well
known, both on the experimental [9, 10] and on the theoretical side [11], that the

behaviour of the theory is strongly interacting.
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In this sense, a perturbative approach is not guaranteed to be reliable even
at very large temperatures [12]. Therefore, the lattice regularization provides the
only theoretical framework, in which a first principle, non-perturbative study of
the non-trivial dynamics of this plasma is possible. By construction thermal lat-
tice QCD is defined in euclidean space-time. Therefore it provides a useful tool for
studying euclidean observables, such as screening masses and other QCD thermo-
dynamics quantities. On the contrary, the calculation of real-time observables, like
particle production rates and other quantities, is more involved since it requires
an analytical continuation from imaginary to real times [13].

The work in this thesis is part of a much wider project which aims to a non-
perturbative study of thermal QCD up to very high temperatures.

The original contribution to this thesis contains two different aspects. The
first part is related to the specific strategy we implemented to simulate very large
temperatures on the lattice. Here we generalize to QCD the strategy which has
been successfully implemented for the SU(3) Yang-Mills theory in Ref. [14]. This
strategy exploits a non-perturbative definition of the strong coupling constant in
a finite volume to renormalize the theory and allows us to simulate an extremely
large range of temperature with a moderate numerical effort.

In the second part of this thesis we provide a first, concrete application of
this strategy, by computing the hadronic screening spectrum, i.e. the mesonic and
the baryonic screening masses, from about 1 GeV up to approximately 160 GeV.
These masses characterize the exponential decay of two-point correlation functions
of interpolating operators carrying mesonic and baryonic quantum numbers. They
are the inverse of the spatial correlation lengths which encode how the plasma
react when a state with that given set of quantum numbers is injected into the
system. Screening masses can be easily investigated numerically, they are related
to spectral functions and they signal the restoration of chiral symmetry at high
temperature.

In the literature, the calculations of these observables are limited to tempera-
tures below 1 GeV and in some cases, e.g. for the baryonic screening masses, no
result in the continuum limit is available yet.

The study contained in this thesis provides the first non-perturbative study of

the mesonic and baryonic screening masses from about 1 GeV up to the electroweak
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scale, with a very high accuracy. The high precision of our results allowed us to
analyze in details the temperature dependence induced by interactions.

In the mesonic sector, O(g*) terms are relevant in the entire range of temper-
atures. On one hand these terms are responsible for the accidental approach of
the pseudoscalar mass to the free theory value 27T at T~ 1 GeV. On the other
hand, spin dependent terms, which turn out to be O(g*) over the entire range
of temperatures explored, are clearly visible at the highest temperatures where
the vector and the pseudoscalar masses are still different and at low temperature
where those are responsible for the 4% positive deviation of the vector mass with
respect to the free theory value 277T. This behaviour cannot be explained by the
1-loop order perturbative correction obtained in the framework of the effective
field theory and the pattern of different contributions that we have found explains
why it has been difficult in the past to match lattice results at lower temperature
with the analytical behaviour at asymptotically high temperatures.

Similarly, in the baryonic sector, at the electroweak scale, the competition
between cubic and quartic terms in the coupling constant amounts to ~ 20% of
the total contribution due to interactions and those terms are crucial to explain
the behaviour of the baryonic screening masses at the lower end of the range
of temperatures that we simulated. As for the mesonic case, the 1-loop order
perturbative correction is not sufficient to explain the non-perturbative lattice
data over the entire range of temperature.

These findings confirm previous lattice results obtained in the SU(3) Yang-
Mills theory and motivate a complete and systematic non-perturbative study of
thermal QCD up to the electroweak scale.

This thesis is organized as follows. In Chapter 1 we give a general outline on
the theory of strong interactions at zero temperature. QCD is defined in terms
of the continuum path intergral formulation, with a particular focus on its main
features, such as field content and renormalizability. A dedicated section is devoted
to discuss the QCD spectrum and its relations to the action symmetries and their
breaking. Chapter 2 is dedicated to introduce thermal QCD. The dimensionally
reduced effective theory is discussed as well as the consequences of thermal effects
on the hadronic screening spectrum. Chapter 3 is dedicated to give a general

introduction to the lattice regularization, which is the only theoretical framework
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which allows a non-perturbative study of QCD. To conclude this Chapter we spend
some time to discuss how the hadronic spectrum can be extracted from lattice
observables. In Chapter 4 we outline the lattice setup and the strategy used for
our lattice simulations. Finally Chapter 5 and 6 are dedicated to the numerical
results of this work. In the former we focus on the non-perturbative calculation of
the mesonic screening masses, while the latter is devoted to the baryonic ones. In
both cases, at the beginning of these Chapters some time is spent to discuss the 1-
loop order perturbative result for these masses which is obtained in the framework

of the dimensionally reduced effective theory [15].
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Chapter 1
Quantum Chromodynamics

Quantum Chromodynamics is the fundamental theory of strong interactions [8]
(for a reference textbook see ref. [16] and ref. [17, 18] for a perturbative and a
lattice approach respectively). It is defined as a renormalizable Quantum Field
Theory built on the SU(N,) gauge symmetry group, where N, = 3 is the number
of colours and describes the quantum interactions between colour-charged particles
like quarks and gluons. By construction QCD is a non-abelian theory, a fact which
makes its dynamics highly non-trivial. In contrast with Quantum Electrodynamics
(QED), which is the only abelian theory within the Standard Model, QCD exhibits
many non-perturbative features, like colour confinement and is able, by itself, to
explain the hadronic spectrum of QCD.

In the following sections we will review the main building-blocks to construct
QCD, i.e. its field content and the concept of renormalization, in euclidean space-
time!. Along with these definitions, we will devote some time to discuss some of

the main theoretical successes of QCD.

1.1 SU(3) Yang-Mills theory

In terms of field content, the SU(3) Yang-Mills theory contains the gauge field

A, (x) where 1 =0,...,3 is a Lorentz index. From a representation theory point

!The usual (3+1)-dimensional minkoskian theory is mapped to the corresponding 4-
dimensional euclidean theory by a Wick’s rotation (ty = —itg)



of view this field transforms under the adjoint representation of SU(3), which
translates into having a = 1,..., N2 -1 independent real gauge fields A% () so that
Au(r) = As(x)T,, where T, is a basis of the SU(3) algebra (see App. A.1 for some
useful definitions). By taking into account a generic element of the SU(3) group

which can be written as
Q(x) = exp[ie*(x)T,], (1.1)

we can define the SU(3) gauge transformations as local transformations acting on

the gauge field as
Au(z) — Al (z) = iQ(z) D, ()T, (1.2)
where we defined the covariant derivative as
D, =0, —iA,. (1.3)
From these definitions, the QCD field strength tensor reads
Fu=i[Dy, D,] = 0,A} - 0,A; —i[Au, A, (1.4)

and by writing F),, = F%, T, and using the properties of the generators of the SU(3)
algebra (see eq. A.6), it can be written in the familiar form
a a a abc Ab pc
Fi, = 0,A, - 0,A, + [ A} A, (1.5)
where fe¢ are the anti-symmetric structure constants of the SU(3) gauge group

defined in App. A.1. Notice that under gauge transformations the field strength

tensor transforms as
Fu(2) — Fj(x) = Q) Fu ()2 (2) . (1.6)

In order to build the Yang-Mills action for the gluon field we require this to be
gauge invariant and the corresponding theory to be renormalizable, which trans-

lates into taking into account only operators with mass dimension d < 4, see Sec.



Figure 1.1: On the left, the three point gluonic interaction and on the right the
four point gluonic interaction. The appearance of this type of interactions is due
to the non-abelian nature of QCD.

1.4 for a further discussion on this topic. There are only two different composite

operators which satisfy these requirements and, as a consequence, the action reads?

i0
fd4 {—Tr [FF] - %ewaTr[Fme]}, (1.7)

where the trace is over colour indices. While the abelian Yang-Mills action is a
theory of non-interacting massless gauge bosons, non-abelian theories, like the
SU(3) Yang-Mills theory, contain cubic and quartic terms in A, which give rise
to gluonic self-interaction terms, whose Feynaman diagrams are depicted in Fig.
1.1.

Let us notice that gauge invariance allows the presence of the second term on
the r.h.s in the action, the so called #-term, which would be responsible for the

breaking of the C'P symmetry.

1.2 Fermions

Once the Yang-Mills sector of the action has been properly defined, QCD requires
the presence of quarks. Furthermore in order to preserve gauge invariance, quarks
must interact with gluons. In the most general case, the gauge field is coupled
to Ny different flavours of Dirac fermions transforming under the fundamental
representation of the colour group SU(3), namely each Dirac fermion is a three-

component vector in colour space, which transforms under gauge transformations

2Notice that the standard perturbative convention is easily recovered by simply making the
substitution A, (z) - goA,(x), where gy is the bare coupling constant.



as

() —¢'(x) = Q)¢ (x)
Y(z) —v'(z) = d(2)Q (2) (1.8)

In terms of the Lorentz group a Dirac fermion transforms as a reducible represen-
tation of dimension 4, composed by a left-handed and a right-handed Weyl spinor,
which on the other hand transform as a (1/2,0) and (0, 1/2) representation of the
Lorentz group respectively®. As for the pure gauge case, once the field content is
defined, the action is simply constructed by requiring it to be gauge invariant and
the corresponding theory to be renormalizable. There are only two operators with
mass dimension d < 4, namely the kinetic and the mass term. This leads to the

usual expression for the Dirac action

Sl AT = [ (@) Dy + Mol (). (19)

where the covariant derivative naturally introduces interactions with the gauge
fields. v, are the Dirac gamma matrices, satisfying the Clifford algebra (see eq. A.8)
and M is the mass matrix, which can always be diagonalized with an appropriate
field redefinition. The action in eq. 1.9 holds for each of the quark flavours. The
full QCD action is finally given by

SQCD[@anaA] = SQ[A]-’-Sf[?anwaA]? (110)

where the fermionic sector is meant to include all the possible fermion flavours,
i.e. in eq. 1.9 a sum over all the flavours is understood. Notice that the #-term
appearing in eq. 1.7 is constrained by several experimental measurements of the
neutron electric dipole moment [19, 20, 21], which provides the upper limit § $ 10710

[22]. For this reason, it is often assumed 6 = 0.

3Here we exploit the isomorphism between the proper Lorentz group SO(1,3) and SU(2) x
SU(2)



1.3 Path integral formulation

The action defined in eq. 1.10 is enough to define the theory at the classical level.
The corresponding quantum field theory is obtained by exploiting the path integral
formulation [23], where the formal partition function in euclidean space-time is
defined as

Z- fDADIZDwDEDce‘SQCD, (1.11)

where D[-] denotes the path integral measure over all the possible fields configu-
rations. Let us stress that the definition in eq. 1.11 is purely formal and a rigorous
definition can be formulated on the lattice, see Chapter 3. In the expression above,
in order to keep Fermi-Dirac statistics for fermions, quark fields 1 and ¢ are not
simply c-number, but are Grassmann variables, i.e. they are anti-commuting ob-
jects, satisfying the Grassmann algebra. Furthermore the integral over the gluonic
fields is not well defined, since the integration is over an infinite number of equiva-
lent gauge configurations. The introduction of a gauge fixing term is needed and in
the Faddeev-Popov formalism it is achieved by introducing two additional terms

in the action, which now reads
SQCD[IE,@/),A,E, C] = Sg[A] + Sf[lﬁ,@[),A] + SFP[E, C] + SGF[A] , (1.12)

where the Faddeev-Popov [24] and the gauge fixing contributions are respectively

2
Spp = —[d‘lx? Tr[¢0,D,c], (1.13)
0

Ser = /d4x)\—g Tr[0,A,0,A,] , (1.14)
90

where )q is the gauge fixing parameter and again the trace is over colour indices. In
the expression above the two fields ¢ and ¢, which are called ghost and anti-ghost
fields respectively, have been introduced to make the integral over the gauge fields
finite. Those are Grassmann variables, but in order to preserve Lorentz invariance,
they transform as scalar fields under Lorentz transformations.

Let us stress that the Faddeev-Popov procedure holds to all orders in perturba-



tion theory, but it does not apply at the non-perturbative level. Indeed, as pointed
out by Gribov, in a non abelian gauge theory the gauge fixing condition could have
multiple solutions leading to the so called Gribov copies, which limit this proce-
dure only to the perturbative analysis [25]. As a final remark, let us stress again
that the above expressions are just formal definitions. When the correct definition
of the path integral is introduced with a lattice regularization, the gauge fixing
and the Faddeev-Popov terms will be no longer required, as we will see in Chapter

3.

1.4 Renormalization

As mentioned in Sec. 1.1 after defining the field content of the theory and imposing
gauge invariance, the last step in order to define the QFT is the renormalization
step. This procedure is by itself composed of two different parts. The first one is
the so called reqularization step and the second one is the one which defines the
renormalization scheme.

The regularization step is needed in order to define physical observables. In this
step one typically introduces a cut-off (or a regulator) to tame the ultraviolet (UV)
divergences in momentum integrals. Obviously the divergent part of the integrals
is recovered by taking the limit of vanishing regulator.

The regularization technique we use in this work is the so called lattice reg-
ularization, which provides the only theoretical framework which allows a non-
perturbative definition of QCD, see Chapter 3 for a further discussion. This kind
of procedure consists in discretizing the theory on a lattice with a spacing a, which
provides a cut-off at extremely small distances or, equivalently, in the high mo-
mentum region, i.e. we take into account momenta p < 7/a only.

The path integral in eq. 1.11 is defined in terms of bare parameters, e.g. bare
quark masses and bare coupling constant. The choice of a set of renormalization
conditions defines the renormalization scheme and naturally introduces a depen-
dence on the cut-off in the bare parameters. On the lattice this is achieved by
using a so called hadronic scheme. In this kind of schemes bare parameters are
kept fixed for a give lattice spacing and their dependence on the cut-off is con-

strained by fixing the value of some computable observables, like hadron masses



(e.g. M, My, My), to some value which is kept constant in the lattice spacing
[26, 27]. Given its importance in the present thesis, in Chapter 3 a section will be
dedicated to non-perturbative renormalization with further details and discussions.

At the perturbative level, dimensional regularization [28] is the most common
regularization procedure. It consists in computing all the amplitudes in D =4 —-2¢
dimensions. Other procedures deal with the introduction of a hard cut-off A which
implies to consider only momenta p < A [29].

The most common perturbative renormalization scheme is the so called min-
imal subtraction (MS) scheme, in which any divergent term in the cut-off is sub-
racted order by order [30, 31].

The general criterion to establish the renormalizability of a theory depends on
the mass dimension of the operators appearing in the action. Any operator O can

be classified in terms of the dimensionality of its coupling d, = dp — 4 as
e dg > 0: relevant operator.
e dg = 0: marginal operator.
e dg <0: irrelevant operator.

A theory is renormalizable if contains all possible relevant and marginal operators
with the appropriate symmetries and in such case, it is sufficient to set a finite
number of renormalization conditions only. This is the case of QCD as for any
other theory within the Standard Model.

In the context of renormalization one can introduce the cut-off independent

renormalized parameters, which are defined as

G (1) = Zy(go,am)gs, — M(p) = Zu(go, ap) Mo, (1.15)

where the dimensionless constants Z; are renormalization scheme dependent and
depend both on the cut-off and on the so called renormalization scale p. In the
same way, if one is interested in correlation functions involving fundamental fields,

we can define the renormalized fields as

AR = 7P (go,am) A, ¥ = 2y (go.ap), (1.16)



Once the cut-off is removed, this procedure introduces a dependence on the scale
(1 in the renormalized coupling and in the quark masses. This scale dependence
has deep implications for what concerns the nature of a QFT. As a final remark,
notice that, even though the renormalized parameters gain a scale dependence, any
physical observable, e.g. hadron masses, has to be scale and scheme independent
(see Sec. 1.4.2).

1.4.1 Renormalization group equations

Due to the renormalization procedure, some renormalized quantities, e.g. renormal-
ized parameters and renormalized correlation functions of fundamental operators,
might gain an explicit dependence on the renormalization scale p. This dependence
is embedded in the so called renormalization group equations [32]. Let us consider
the most general case with ng gauge fields, ng fermionic fields and a generic scale
dependent correlation function I'*¢"F, One can show that bare and renormalized

quantities are related by
(Zs—l/Q)nG (22—1/2)2nFF%G’nF ({xj}; u, g, M) = FSG’HF ({xj}§ 9o, MO) 5 (1-17)

where is the bare correlation function, which depends on the bare quantities

FgGanF
and implicitly on the cut-off, while I';*"" is the renormalized correlation function
which depends on the renormalized quantities and on the scale p only. Since the
bare correlation function does not depend on the scale, its derivative with respect
to p vanishes. This leads to the well known non-perturbative Callan-Symanzik

equation [33, 34]

0 0 0 ng.ne
[u%+ﬁa—g+TMW—nG’Y3_2nF72:|FRG’ =0, (1'18)

where for the renormalized coupling and the renormalized quark masses it holds

_pOM

B@) =ngh (o) =T (1.19)



and in the same way for the renormalized gluonic and fermionic fields

1 0 1 0
=—y—1InZ = —p—1In Z,. 1.2
v3(9) 2t Y2(9) SH g, 4 (1.20)

These equations encode how the renormalized parameters of the theory depend
on the scale, i.e. how a change in the renormalization scale affects the renormal-
ized parameters. In perturbation theory the [-function and the 7-function can
be expressed as an expansion in the renormalized coupling. For example, for the

[-function we obtain
B(9) =-¢* ) kg™, (1.21)
k=0

where coefficients by, are computed at (k + 1)-th order in perturbation theory and
depend on the number of flavours Ny and on the number of colours IV;, thus on
the physical theory we are considering.

An interesting property of the above expansion is that the by and b; coefficients
do not depend on the renormalization scheme, i.e they are universal and their
values are [35, 36|

1. 2 1 [34 13 1
bo = TN-INg|, b= —NQ—(—NC——)N], 1.22
’ (47r)2[3 3 f] ' (47r)4[3 e\ N ) ] 122

while by and b3, namely the 3-loop and 4-loop coefficients, are scheme dependent
and their value in the MS scheme can be found in Ref. [37, 38]. Analogously, for

the 7-function for the quark masses it holds
7(9) = ~9° Y drg™ . (1.23)
k=0

In this case the only universal coefficient is the one at 1-loop order in perturbation

theory, which reads

1 3(N2-1)

dn =
T un)? N

(1.24)

As a final remark, notice that the expressions in eq. 1.19 define a flow in parameters

space, which describes how the theory behaves at different energy scales. In this



sense, the value of the coefficients in the perturbative expansion (see eq. 1.21 and
1.23) have a crucial réle in the description of this flow.

A different, but equivalent, approach to renormalization was provided by Wil-
son in Ref. [39]. In this approach every QFT comes with an intrinsic cut-off and
represents a low energy description of a more fundamental theory, i.e. it is an effec-
tive theory which describes the infrared (IR) behaviour of the fundamental theory
below a certain UV energy scale. In this sense, the renormalization group provides
a map that link the fundamental theory to the QFT by integrating out high energy
scales. In this sense, the effects of relevant operators become increasingly impor-
tant at lower energies, while irrelevant operators give relevant contributions only

at high energy.

1.4.2 A-parameter

Phyical observables G (u, g, M) are independent of fundamental fields renormal-
ization and must be scale invariant, then, from eq. 1.18, they must satisfy the

renormalization group equation

{M%+ﬁ%+TM8iM}GR(M,g7M) =0. (1.25)
These quantities are usually called renormalization group invariant (RGI). Maybe
the simplest RGI quantity with mass dimension 1, one can obtain is the so called
A-parameter. We assume it to be independent of the quark mass, a fact which can
be achieved by employing a mass-independent renormalization scheme. In such
case we can choose a A-parameter of the form Gg(u,9) = Aqep(i,9) = nf(g),
i.e. the scale dependence appearing in f(g) is cancelled by the factor u. As a

consequence it has to satisfy

{1+58%}f(g) _ 0. (1.26)

This equation has a simple solution in terms of the S-function which reads

Aqen(p, 9) = uexp{— fgg 565)} : (1.27)

10



Notice that for g — 0 the integral is divergent due to the vanishing S-function in
the weak coupling limit. In order to deal with this divergence we employ the 2-loop

perturbative expansion for the S-function defined in eq. 1.21. This leads to

—by /262 _ 2 a(p) 1 1 b
AQCD(#,Q) = #(b092) ' 06 1/2bog exp{—/o d$[ﬁ(x) +m—ﬁ .
0

(1.28)

A couple of comments are in order. First of all it is worth noticing that the def-
inition of Agcp in eq. 1.28 is totally non-perturbative and, even if by and b; are
scheme independent, Aqcp is not, i.e. the A-parameter is a scheme dependent RGI
quantity. On the other hand, notice that the appearance of the A-parameter, which
is - by definition - a dimensionful quantity, is due to the renormalization procedure
which takes place when defining a QFT. Even if we considered QCD in the mass-
less limit, which is, at classical level, a scale invariant theory, the quantization of
the theory breaks this symmetry leading to the appearance of Aqcp, which then
defines the typical scale of QCD.

This phenomenon, which generates a dimensionful quantity from a theory
which is scale invariant at the classical level is called dimensional transmutation. In
a very similar fashion, by solving the 7-function defined in eq. 1.23 we can define
the invariant quark mass M,, which, in contrast with Aqcp, is not only a RGI
quantity, but is also scheme independent.

So far the renormalization scale was unphysical, however if we take it to be
of the order of the momentum transfer for a particular process p ~ @), then the
renormalized coupling provides the strength of the strong interaction at that energy
scale. In this way, by applying the same analysis that led us to eq. 1.28, a generic
renormalization group invariant quantity with mass dimension d is a function of

the renormalized parameters and of scale () and can be written as

G = udG(f—j,gw),M(m) - Q'C(Lg(Q). M(@Q). (120

If we restrict ourselves to the massless limit of QCD, then the A-parameter, being
the only energy scale of the theory, is sufficient to define the typical energy scale

of the observable. By taking advantage of dimensional transmutation, the above

11
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Figure 1.2: Left: the measurements of «ay, as a function of the energy scale @) at
different orders in perturbation theory. Data from Particle Data Group, See Ref.
[22]. Right: Non-perturbative determination of the strong coupling constant on
the lattice using Schrodinger functional and gradient flow schemes. Data from the
ALPHA collaboration, see Ref. [40)]

observable can be written as

Gr = AdQCDG(lvg(Q)) ) (1.30)
For instance, for hadron masses Gg = My (d =1), it holds
MH = AQCD X IC, (131)

where K is a dimensionless, non-perturbative, scheme-dependent coefficient. As we

will see in Sec. 1.5, this has deep implications in hadron spectroscopy.

1.4.3 Running coupling and asymptotic freedom

The definition of the A-parameter in Sec. 1.4.2 fixes the value of the renormalized
coupling in a physical process which occurs at the energy scale ().
An explicit solution to eq. 1.28 is easily obtained in the weak coupling limit, by

simply using the 2-loop perturbative expansion for the S-function which involves

12



the by and by coefficients defined in eq. 1.22 and leads to
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the perturbative expansion breaks down
and non-perturbative effects start to be-
come relevant.

The @-dependence of the running
coupling can be extracted precisely by
using a variety of experimental inputs us-
ing perturbation theory. This kind of de-

terminations involves at least NLO pre-
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Figure 1.3: Summary of the determi-
nations of the running coupling both
perturbatively and non-perturbatively.
Yellow bands show the average of each
field, while the blue band corresponds
to the overall world average. From Ref.

22].

Notice that the lattice average

does not include the latest results re-
ported in Ref. [41] but is limited to the
FLAG 19 report (see Ref. [42]).



Meson | Mass (MeV) P

T | 139.57039(18) ~ O/

70 | 134.9768(5) / \

7 | 139.57039(18) - ol 7 D W $=0.
g | I | 493.677(16) \ . /

K° | 497.611(13) - o

KO | 497.611(13) Fy—& ‘ T

K- | 493.677(16) . . N

O \ O

n | 547.862(17) ? @0 ,

1| | 957.78(6) ‘

Table 1.1: On the right the mesonic octet in blue and the singlet (') in red. @
is the electric charge and S the strangeness quantum number. Isospin projection
along the third axis can be obtained by using the Gell-Mann-Nishijima formula
[50, 51]. On the left the corresponding masses. Data from Ref. [22].

dictions for 7 decays [43], heavy quarkonia decays [44], PDF fits [45], hadronic
final states from e*e~ annihilations [46], jets and ¢ production in hadron colliders
[47, 48] and electroweak precision fits [49]. In order to compare different determi-
nations of a;, those are typically rescaled to a standard energy scale, given by the Z
mass. In fig. 1.2 on the left the calculation of ay from different experimental input
at different orders in perturbation theory is shown, leading to the perturbative
average as(Mz) =0.1176(10) [22].

In addition to the perturbative determination of the running coupling, pro-
gresses in lattice calculations have made possible a non-perturbative determination
of the QCD running coupling from a few hundred MeV up to the electroweak scale.
In fig. 1.2 on the right the non-perturbative running of the coupling obtained in Ref.
[40] is shown. The world average lattice determination of the running coupling is
provided by the FLAG collaboration [41] and includes several determinations based
on step-scaling methods, potential at short distances, Wilson loops and heavy
quark two-point functions, leading to the final estimate as(Mz) = 0.1184(8), which
provides a remarkable check that the experimental running of the coupling is per-

fectly reproduced by the theory. By combining perturbative and non-perturbative
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(a) (b)

Figure 1.4: (a) Baryon octet, masses span from 938 MeV (p) to 1321 MeV (=7).
(b) baryon decuplet, masses span from 1232 MeV (A**) to 1672 MeV (Q27).

determinations of the running coupling at the M scale, the final world average
quoted in Ref. [22] is as(Mz) = 0.1179(9) (see fig. 1.3).

1.5 QCD hadronic spectrum

As we have seen in Sec. 1.4.3 at low energy the strong coupling constant diverges
making quarks and gluons strongly interacting. This behaviour suggest the phe-
nomenon of colour confinement and implies that neither free quarks nor free gluons
can be directly observed, but, on the contrary, only colour-singlet states are phys-
ical observables. The multiple experimental evidences of new particles made the
classification of hadronic states a long-standing problem well before QCD was
introduced. The first attempt to systematically classify the hadronic spectrum
was done by Gell-Mann in his seminal paper on the so-called Eightfold Way [52].
This classification was based on global quantum numbers of hadrons, such as
strangeness, isospin and electric charge and led, for Ny = 3, to the standard orga-
nization for mesons into a singlet and an octet depicted in fig. 1.1, while for the
baryons it led to the octet and decuplet representations (see fig. 1.4a and 1.4b).
Such organization encodes the underlying SU(3) flavour symmetry of the theory.
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Figure 1.5: Lattice determinations of the hadronic spectrum. Black horizontal lines
and grey boxes represent the experimental value of the masses and the corre-
sponding widths, while the remaining symbols denote the lattice estimate pro-
vided by different collaborations. Different symbols correspond to different lattice
discretizations for the Dirac operator. The plot includes results obtained with Wil-
son, Staggered, Twisted-mass Wilson and domain wall fermions. Open symbols for
m, K, N,Z, ) denotes the masses used to fix the lines of constant physics, see Sec.
3.4.

In this way, if a (anti-)quark transforms as a (anti-)fundamental representation
of the flavour group SU(3), any mesonic state ¢qg can be expressed in terms of

irreducible representation of the flavour group SU(3) as
33 =18, (1.33)
and in the same way a baryonic state qqq is represented as
39393 =105®8), 08y, ®1,, (1.34)

where the subscripts are related to the symmetric properties of the state under
the exchange of two quarks (symmetric, mixed-symmetry and antisymmetric).
The prediction of the hadronic spectrum is one of the great success of QCD

at the non-perturbative level. In fig. 1.5 we report a summary of the most recent
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lattice determinations from different collaborations, from Ref. [22].
The specific procedure how the hadronic spectrum is extracted by lattice ob-

servables is discussed in details in Sec. 3.8 and subsections.

1.5.1 Chiral symmetry

A better understanding of the light hadronic mass spectrum is possible by looking
at the global symmetries of the action. Let us consider the fermionic action de-
fined in eq. 1.9 for a given number of flavours Ny in the massless quark limit. By

decomposing each Dirac spinor in terms of the left and right-handed Weyl spinors

Y = P4, tpp=9¢P., ¢r=Puap, ¢g=19P, (1.35)
where the chiral projectors are defined as

1:|:’}/5
9 )

P, = (1.36)

at the classical level the fermionic sector of the massless QCD action can be written

as

Selvr, Yr, V1, ¥R, A] = [d4x (Y17 Db + Yryu D] - (1.37)

The action is clearly invariant under independent global rotations of the left and
right-handed spinor. This invariance is expressed in terms of two independent
unitary groups U(Ny), which define the so-called chiral group. The total symmetry

group is therefore
U(Nf)L X U(Nf)R = U(l)L X U(l)A X SU(Nf)L X SU(Nf)A (138)

Given Vi, e U(N f) rand VR e U(N #)r, the transformation relations for the spinor
fields read

Y = Yr(r) = Vir(x), Yr = Vr(z) = VrYr(z), (1.39)
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and correspondingly for the adjoint fields. In the expression above the generic
element of the U(Ny)r/r group can be written in terms of the generators of the

algebra as
Vir = exp [iQZ/RT“] v 1 +007 57, (1.40)

where a =0, ... ,Nf2 -1 and 7¢ = {1,7*} with T, being the SU(Ny) generators.
Notice that, since the chiral group acts on flavour indices only, the generators are
diagonal in Dirac and colour spaces, i.e. 7, = 7, ® Lopin ® Leolour-

As a final remark it is worth noting that, for massive quarks, under the chiral

group defined in eq. 1.38 the mass term in the action transforms as
DeMipg + OrMTp = GrVIMVan + OrVIMTVigy, (1.41)

It is then formally invariant under the chiral group if the mass matrix is promoted
to a spurion field, i.e. an external constant field which transforms under chiral

transformations as

M' = Vi MV},

(1.42)
M = VpM'V] .

Notice that such invariance is only formal, since the content of the mass matrix

has now changed.

1.5.2 Ward-Takahashi identities

At quantum level the realization of chiral symmetry is quite different with respect
to the classical theory. In general, the presence of some symmetry in the action
does not guarantee, by any means, the invariance to survive in the corresponding
QFT. If a classical theory is invariant under some transformation and the quantized
theory is not, we talk about an anomaly. For instance, as we have already seen, even
if QCD with massless fermions is scale invariant at the classical level, the process
of quantization breaks down this invariance, by introducing the A-parameter. The

breaking of scale invariance can be traced back to the fact that the QCD energy-
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momentum tensor is traceless at classical level, but it is not in the quantized theory.
This kind of anomaly is called trace anomaly.

The standard way to study the presence of any symmetry at quantum level is
by means of Ward-Takahashi identities (WTIs), namely identities between corre-
lation functions which provide the quantum extension to the current conservation
laws arising from Noether’s theorem. The core concept under WT1Is is that, under

infinitesimal transformations of the fields, if the symmetry is not anomalous, it

holds
(60) = (06S) , (1.43)

where 00O is the variation of the operator under the transformation and .5 is the
variation of the action.

It is convenient to rewrite the chiral symmetry group in terms of vector and
axial subgroups. Consider the transformations of the left and right-handed spinor
under the infinitesimal chiral transformations defined in eq. 1.39 and 1.40 and
recall that ¢ =, + ¥R, then

0% + 04 0% — 6%
¢e¢'=[1+ L2 Bre i L2 R%Ta]zp. (1.44)
Consequently we define the infinitesimal parameters for vector and axial transfor-
mations as
€ = 1rge 4 e
\% f [ L R] (1'45)
¢ = 1107 - 03]

In order to extract WTIs one usually promotes the global transformations to local

ones, otherwise, if no symmetry-breaking term appears in the action, 6.5 = 0.
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Vector WTIs

Consider for the moment only local vector transformations, i.e.

op(x) = iey (2)T(x)
S(x) = —ih(x)ed (z)T°. (1.46)
The most general WTTIs are obtained by including the symmetry-breaking term in

the action, i.e. M # 0. Assuming the chiral transformation to be localized in such

a way that €f,(x) = €{,6(x - 2), then by using eq. 1.43 we obtain

—i€}, 0 (Vi (2)O(y)) = —iel, (¥(x) [M, 7] (2)O(y)) + (00(y)) ,  (1.47)

where the singlet (a = 0) and non-singlet (a # 0) vector currents are defined as

Vi(@) = ¥(@)n (). (1.48)

So far we have never specified neither the field content nor the support of the
composite operator O(y), however by doing so a couple of interesting WTIs can
be derived.

On one hand, one can choose O(y) such that it is localized at y # z and that it
holds (00O(y)) = 0 under vector transformations in eq. 1.46. In such case the WTI
in eq. 1.48 simplifies to

9 (ViH(2)O(y)) = (v () [M, 7] ¢ (2)O(y)) - (1.49)
A couple of comments are in order:

o By restricting ourselves to the singlet vector transformations, i.e. 79 ~ 1,
independently of the structure of the mass matrix M in flavour space, the
right-hand side of eq. 1.49 vanishes leading to the well-known baryon number

conservation law

9 {Vy (20)O(y)) = 0, (1.50)
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where the baryon number is defined as

VY = fd?’xvoo(x). (1.51)

Thus the baryon number is a conserved charge in QCD independently of the

number of flavour and of the mass of the quarks.

o If we restrinct to the non-singlet vector transformations, i.e. 7¢ = T% the
right-hand side of eq. 1.49 vanishes only if M ~ml, i.e. if the Ny quarks are
degenerate, which implies the conservation of Vi, defined analogously to the
baryon number. Notice that this symmetry is the Ny extension of the isospin
symmetry for Ny = 2. In physical QCD, since quarks are not degenerate, it is
just an approximate symmetry, in which the breaking term is proportional to
the difference between the quark masses. For this reason, isospin is a good
approximation especially for Ny = 2 and, to a smaller extent, for Ny = 3,

while it is badly broken for Ny =4 due to heavy mass of the charm quark.

On the other hand a particular case is recovered by choosing as composite
operator a non-singlet vector current O(y, z) = V¥(y)O(z) for b # 0. Assume the
external operator O(z) to be invariant under non-singlet vector transformations
and recall that, by taking into account a local transformation, it holds for the

vector current

SVI(y) = epo(z—y) f*"Vi(y), (1.52)

where fe¢ are the structure constants of the SU(Ny) group which satisfy the rela-
tions in App A.1. By assuming isospin symmetry, i.e. M ~ml, The corresponding
WTTI we obtain is

0u (Vi (@)Vo (1) 0(2)) = id(z ~y) [ (Vi) O(2)) | (1.53)

which reproduces in the Ny = 2 case the expected euclidean current algebra of
the SU(2) vector group. As a final remark, notice that the introduction of the
operator O(z) is crucial, otherwise the WTI obtained in eq. 1.53 would vanish,

being (V,*(y)) = 0 due to Lorentz invariance of the vacuum.
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Non-singlet axial WTIs

Consider now axial transformations, i.e.

0 () = 14 (2) 759 (x)
v (x) = —ivh(x)y5eh (2) 77 (1.54)

Since singlet axial transformations (a = 0) lead to chiral anomaly, it is useful
to treat the singlet and non-singlet cases separately. For this reason we restrict
ourselves to the non-singlet sector of the axial transformations in eq. 1.54 and at
the end of this section we just give the formal definition of the anomalous WTTI,
while we postpone the detailed discussion on the singlet case to Chapter 3. By
following the very same procedure as for the case of vector transformations and

employing eq. 1.43 we obtain for non-singlet axial transformations

—i€40, (A5 (2)0(y)) = —ieh (V(2)7: {1, M} (2)O0(y)) + (30(y)) . (1.55)

where the non-singlet (a # 0) axial current is defined as

Al () = V(x)y, 5T (x). (1.56)

Notice that a crucial difference arises in the case of axial transformations with
respect to the vector case. In eq. 1.55 an anti-commutator appears in the symmetry-
breaking term on the right-hand side, which implies that this symmetry is not
explicitly broken only if M = 0 for each flavours. By considering some specific

composite operator we can recover some particularly interesting WTIs:

o As we have done for the vector sector of the chiral transformation we may
expect to recover the current algebra for the axial transformations by simply

taking into account the composite operator O(y) = A%(y), which implies

0AY(y) = €46(x —y) [ Vi(y), (1.57)

Notice that, in contrast with the non-singlet vector case, the variation of

a non-singlet axial current leads to a vector current. As a consequence, for
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massless quarks, the corresponding WTT reads

0, (AL (1) AL(W)O(2)) = i f**5(x ~y) (Vo (1) O(2)) , (1.58)

where for the appearance of the interpolating operator O(z) a similar dis-
cussion for what has been done in the vector case holds. Again, eq. 1.58
reproduces the correct euclidean current algebra for the axial generators.
Notice that, as a direct consequence of eq. 1.58, the non-singlet axial trans-

formations do not form a group.

Next we consider as composite operator a pseudoscalar density, defined as

O(y) = P’(y) = v(y)TY(y), (1.59)

which leads, by taking into account local transformations, to the variation

SP(y) = ie4d(x - y)v(y) {T*, T} v (y) (1.60)

which provides, if inserted into eq. 1.55, to the so-called partial conserved
azial current (PCAC) relation

O (AL (x)P*(y)) = (V(x)ys {T*, M} p(x)P’(y))
=6(z-y) (W) {T*, T} v(y)) . (1.61)

As we will see in Sec. 1.5.3, this relation has deep implication in the phe-
nomenon of spontaneous breaking of chiral symmetry and will provide a
clear explanation of the mass spectrum of flavour non-singlet pseudoscalar
mesons. In particular, assuming a diagonal mass matrix, i.e. M ~ml and us-

ing the anti-commutation relation between two SU(Ny) algebra generators,
the PCAC reads

Ou (AL (2)P(y)) = 2m (P*(x) P (1)) - %5(11—?;)(50@)) o (1.62)

where we exploited the fact that the additional term dgp. (S¢(y)) arising from

the anti-commutator of two generators is zero, since the non-singlet vector
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symmetry remains unbroken. In eq. 1.62 the singlet scalar density is defined

as

S%(y) = (y)v(y), (1.63)

and as we will see in Sec. 1.5.3 its vacuum expectation value provides the

order parameter of spontaneous chiral symmetry breaking.

Let us briefly discuss the U(1)4 anomalous transformations. In this case the rela-
tion in eq. 1.43 has to be modified to take into account the anomalous contribution
coming from the non-invariance of the path integral integration measure. Therefore

eq. 1.43 becomes
(650) + (In[J]0O) = (60) , (1.64)

where J is the determinant of the Jacobian of the transformation. In this way, the

anomalous WTIs read?

~i€30, (A, (x)0(y)) = -2iex Ny (q(2)O(y)) + (00(y)) , (1.65)

where ¢(x) is non-zero topological charge density which is defined in the classical

continuum limit as

o(z) = #GW, T [Fo(2) Fy ()] - (1.66)

1.5.3 Spontaneous chiral symmetry breaking

At quantum level, a symmetry is said to be spontaneously broken if the action is
invariant under this symmetry but the vacuum of the theory is not. Let us consider
a general infinitesimal transformation U ~ 1 +i0;Q;, where ¢; is an infinitesimal
parameter, Q; is a generator of the algebra of the symmetry group and j is a

generic quantum number related to that specific symmetry. The vacuum of the

4Here we just give a formal definition of the anomalous WTIs. Those can be properly derived
in the context lattice regularization by using Ginsparg-Wilson fermions and Liischer symmetry,
see Chapter 3 for the detailed discussion.
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theory is not invariant under this transformation if
Q;10) #0. (1.67)

First of all, recall that any WTTI is valid only after the theory has been properly
renormalized, i.e the PCAC relation in eq. 1.62 holds only if expressed in terms of

renormalized composite operators as
5ab
0u (AP () PO (y)) = 2m™ (PR(2) PR (y)) - Eé(a: ~y)(S™(y)) . (1.68)

where the superscript 'R" identifies renormalized operators. On one hand, the
singlet scalar density transforms as a (N, Ny) + (Ny, Ny) representation under
chiral transformations, i.e. exactly as a mass term. For this reason the scalar density
renomalizes multiplicatively only in the massless quark limit, while for massive
fermions the renormalized scalar density mixes with the spurionic mass fields. On
the other hand, all the other composite operators appearing in eq. 1.68 only get
a multiplicative renormalization ®. Therefore, in the chiral limit the renormalized
WTT is totally equivalent to the one written in terms of bare composite operators®.

By setting y = 0, in the chiral limit it reads

_O(x)o

N (S°) . (1.69)

(0,45 (x) P(0)) =
Notice that the singlet scalar density is invariant under the flavour (vector) sub-
group of the chiral group, while it is not invariant under non-singlet axial transfor-
mation and in the chiral limit its vacuum expectation value plays the role of order
parameter of chiral symmetry. In particular, even if the action is invariant under
non-singlet axial transformations, if (S°) # 0 the axial current is not conserved
and the symmetry is spontaneously broken. On the other hand if (S°) = 0 chiral

symmetry is restored. In the language of statistical mechanics the symmetric phase

°The axial current does not renormalize at all (Z4 = 1) and the renormalization constant
related to the pseudoscalar density is exactly the inverse of the renormalization constant of the
mass term, i.e. Zp = Z, . In this way in the chiral limit we obtain for the singlet scalar density
Z%="7Zp.

SFor this reason, in the following we omit the superscript "R".
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is called disordered phase while, in the case of spontaneous breaking we talk about
ordered phase.

By carefully studying the PCAC relation in eq. 1.69, if x # 0 no contact term
arises on the right-hand side and by exploiting Lorentz invariance, the two-point

correlation function on the left-hand side can be written as
T
(AZ(x)Pb(O)) = 5“1’1{:36—;, (1.70)

where the constant k can be determined by simply integrating the WTI over a

4-sphere of radius R centered in z =0, i.e

5ab

N, (8% . (1.71)

L|=Rdal‘ (A5 (2)P*(0)) =

Since the integral is evaluated for x # 0, we can put eq. 1.70 into eq. 1.71, which

fixes the value of k£ to

1 (S°)
k=-—— 1.72
T (1.72)
and finally the two-point correlation function reads
0
(A%(2)PP(0)) = —5" 22 (5 (1.73)

x4 272Ny

Notice that if chiral symmetry is spontaneously broken, i.e. (S°) # 0, this two-
point correlation function has a power-like suppression for large separations. If we
project it to zero momentum, if the theory had a mass gap we would expect an
exponential suppression dictated by the lowest energy state. By integrating the

two-point function (x4 = 0) in space coordinates we get

5ab
2N

[ 2 (A5() P(0)) = (A5 (w0) P(0)) =~ (5°) (1.74)

which is constant in euclidean time, i.e. the integrated two-point correlation func-

tion does not show any exponential suppression and then no massive state is

present.
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As a final remark, notice that Goldstone theorem [53] relates the spontaneous
breaking of any continuous symmetry to the underlying energy spectrum. It states
that for every spontaneously broken continuous symmetry, the spectrum of the
theory contains one massless scalar particle known as Nambu-Goldstone boson
[54, 55]. The number of Nambu-Goldstone bosons is equal to the number of broken
generators, namely symmetry generators which do not preserve the ground state,
and the Nambu-Goldstone bosons quantum numbers are fixed by the quantum
numbers of the broken generators.

In the case of chiral symmetry we have N]% — 1 broken generators leading to
Nf2 — 1 massless Nambu-Goldstone bosons with J” = 0~ quantum numbers, i.e
pseudoscalar mesons, which correspond to the pions in the case of Ny =2 and to
the octet in table 1.1 for Ny = 3.

1.5.4 Matrix elements and GMOR relation

In QCD with physical quark masses chiral symmetry is explicitly broken and nei-
ther pions nor kaons are massless. In this context no Nambu-Goldstone boson arises
and we refer to the physical pseudoscalar mesons as pseudo Nambu-Goldstone
bosons. Since the term responsible for the explicit breaking, namely the quark
mass, is small, one could expect such breaking effects to be small too. If this is
the case, we might hope to be able to relate some features of the spectrum in the
massless limit to the physical spectrum with massive quarks.

By introducing a set of normalized pseudoscalar states |7%) and by making
explicit the action of the pseudoscalar density and of the axial current on the
vacuum, the left-hand side of the PCAC relation in eq. 1.62 can be written in

terms of

(7" ()| P*(x)[0) = ~i“*Greln ot (1.75)
(0] AZ(x) | (p)) = idabquﬂe‘E”(p)moe”p'x , (1.76)

where we used the fact that the pseudoscalar density creates a pseudoscalar state
with energy E, = —ipg and momentum p when acting on the vacuum in eq. 1.75. In

the same way, the structure in eq. 1.76 is completely fixed by Lorentz invariance. By
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combining these two expressions with the integrated two-point correlation function
in eq. 1.74 we obtain

_ T 00 ab
(A8(20)PP(0)) = 5“(GF)€‘E"(O’$° - 5—FGW, (1.77)

since as we have seen in the previous section, the two-point correlation function
projected to zero momentum has no dependence on the euclidean time. By com-
bining this relation with eq. 1.74, we obtain for the matrix element in the massless
limit

(5°)

Gp=-——L
F.N;

(1.78)

If we now focus on the massive case, the integrated two-point function at xy # 0

reads
8o {AG(w0) P*(0)) = 2m (P*(x0) P*(0)) , (1.79)

where P? is the non-singlet pseudoscalar density integrated over space coordi-
nates. By introducing a complete set of pseudoscalar states and making use of the

relations in eq. 1.76 and 1.75 we obtain

GRie - (Gp)*
ab"m " ~Mzzo | _ __gab ™ Mrxo
o {5 5 } Qm{ ) oML e }, (1.80)

where M, = E(0) and the superscript "m" denotes we are in the massive case.
This relation leads to

M3
2m

ar =

™

(1.81)

T

Notice that the limit for m — 0 of both F™ and G™ is perfectly defined being
valid the relation in eq. 1.78. Thus we may take the massless limit of eq. 1.81 and

combine it with the massless result in eq. 1.78 to obtain the so-called Gell-Mann-
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Figure 1.6: The pion mass squared as a function of the RGI quark mass normalized
to (4w F;)2. The central line is the contribution coming from eq. 1.83 by directly
measuring the expectation value of the singlet scalar density as in Ref. [56]. Upper
and lower solid lines represent the statistical error, while the dotted lines represent
the total error. From Ref. [57].

Oakes-Renner (GMOR) relation [58]

M, Fm)?
lim—( <) =1

m—0 2m m

mpm (178)_(59)
m GrEy = N (1.82)

Finally, by expanding for small quark masses we obtain

M2 = —2m 2 o) (1.83)
T NfFE ) .

where F). = lim,, o F. Recalling that in the massless theory dimensional trans-
mutation implies that the only dimensionful scale of the theory is Aqcp, it is

straightforward to see that, by dimensional analysis, it holds

Mﬂ- ~ \/mAQCD . (184)

The results in eq. 1.83 and 1.84 are remarkable since we were able to relate the

massless theory which shows spontaneous chiral symmetry breaking to the ex-
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plicitly broken massive theory and to trace back the origin of the pseudoscalar
mesons masses to the order parameter of chiral symmetry breaking. Notice that
pseudoscalar mesons masses have a strong dependence on the quark masses which
implies we recover the spontaneous symmetry breaking pattern and the presence of
N]% —1 massless Nambu-Goldstone bosons in the massless limit. In fig. 1.6 we show
the non-perturbative determination of the pion mass, for Ny = 2, as a function
of the renormalization group invariant quark mass together with the theoretical
prediction provided by the GMOR relation, see eq. 1.83, based on the direct cal-
culation of the scalar density by using the spectral density of the Dirac operator
as in Ref. [56]. On the other hand, for all the other hadrons dimensional trans-
mutation implies My ~ Aqcp, which somehow explains the difference between
the pseudoscalar mesonic masses and all the other masses of the light hadronic

spectrum.
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Chapter 2
QCD at finite temperature

In this chapter we discuss the behaviour of the theory of strong interaction at
non-zero temperature. In this regime QCD plays a crucial role in understanding
a large number of physical processes spanning from the cosmological evolution of
the early universe to the interpretation of the experimental results of heavy ions
collisions (RHIC).

The natural way to introduce the path integral formulation for a thermal field
theory is given by a thermodynamic approach, called Mastubara formalism [59]. A
thermal quantum field theory is described in terms of the grand canonical partition

function, defined as
Z = Ty[e#H-12@)] = f DAD{ D eSacn | (2.1)

where we included, as most general situation, also the finite baryon number chem-
ical potential pp corresponding to the conserved quark number Q = ¥yy1). The
crucial difference with respect to the zero-temperature case in eq. 1.11 lies in the
integration limits over the temporal direction in the action. Being Lgocp the QCD

lagrangian density, the action at finite temperature reads

_ B
SQCD [A,l/),i/)] = A dxofd3X£QcD, (22)
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where [ is the usual inverse of the temperature (kg = 1)

B==. (2.3)

Notice that in the path integral definition of a thermal field theory the temper-
ature amounts to a boundary effect only, i.e. it is an IR effect. For this reason
the UV behaviour is left untouched and, as a consequence, the renormalization of
the theory can be carried out at zero temperature (or vice versa) and has to be
temperature independent.

Due to the compactification in the temporal extent, suitable boundary con-
ditions have to be imposed on quark and gauge fields. Since those fields have to

satisfy Fermi-Dirac and Bose-Einstein statistics respectively, it must follows

Y(xo+ B,%x) = ~p(20,%)
'(Z(x0+ﬂax) = —?/_f(woax) (2.4)
Au(@o + 8,x) = Au(z0,x). (2.5)

Such boundary conditions then extent to composite operators obtained by combin-
ing fermionic and gluonic fundamental fields. As a consequence, since the temporal
extent is compactified and the energy levels get quantized in this direction, it is
easy to see that the energy levels for fermionic and bosonic operators satisfy re-

spectively

Ky,
Ky,

7l (2n+1), (2.6)
21Tn, (2.7)

where n € Z. In analogy with statistical thermal field theory these energy levels
are called Matsubara frequencies.

In the following sections we will briefly discuss the main features that QCD
exhibits at high temperatures, i.e. the restoration of chiral symmetry and the so-
called deconfinement. Then we will focus on one of the approaches used for a
quantitative study of the high temperature regime of QCD, the dimensional re-

duced effective field theory. As we will see, at asymptotically high temperatures
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QCD effectively behaves as a three-dimensional effective gauge theory, whose dy-
namics is completely non-perturbative, with gauge fields coupled to static heavy

quarks and to a scalar Higgs-like field.

2.1 Colour deconfinement and chiral symmetry

restoration

As we have seen in Sec. 1.5.3, at zero temperature the non-zero expectation value
of the singlet scalar density leads to the spontaneous breaking of chiral symmetry
and to the appearance of massive pseudo Nambu-Goldstone bosons. On the con-
trary, there is much numerical evidence that at non zero temperature, the vacuum
expectation value of the scalar density rapidly drops to zero due to thermal effects,
giving rise to an effective restoration of chiral symmetry [60].

Similarly, at zero temperature the U(1)4 symmetry is broken by a non-trivial
topological structure of the vacuum which leads to the chiral anomaly. At finite
temperature, both in the pure Yang-Mills theory [61] and in full QCD [62, 63,
64, 65] numerical and analytical results show that the topological charge distribu-
tion is extremely peaked at ) = 0. In particular, in QCD with three degenerate
flavours of mass m the semiclassical analysis provided by the dilute instanton gas
approximation predicts the topological susceptibility to be proportional to T-*m3
with b ~ 8. As a consequence, only the zero topological sector is relevant if the
temperature is large enough and an effective restoration of the U(1)4 symmetry
is expected.

Quark deconfinement is the other distinctive property of QCD at high temper-
ature. As seen in Sec. 1.4.3 at zero temperature the non-abelian nature of QCD
makes quarks and gluons strongly interacting, leading to colour confinement. At
non-zero temperature there is both numerical and experimental evidence that QCD
undergoes a transition from a confined phase, in which the relevant degrees of free-
dom are colour-singlet particles to a deconfined phase. Even if there is currently
no analytical proof of such behaviour, quark confinement can be partially under-
stood by scrutinizing the functional dependence of the static potential between two

heavy quarks gg. At zero temperature the static potential grows linearly with the
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Figure 2.1: Columbia plot showing different possible scenarios for the transition
from a confined phase with colour-singlet degrees of freedom to a deconfined phase.
The blue point represents the smooth cross-over for physical light and strange
quark masses. From Ref. [66].

quark-antiquark separation until the string breaking and the ¢q pair production.
Thus the binding energy can be seen, in a pictorial way, to be stored in a flux
tube connecting the quark-antiquark pair, whose energy increases with the sepa-
ration. At high temperature the situation is quite different. Indeed the functional
dependence of the static potential is modified by colour screening and in this picto-
rial representation, flux tubes begin to fluctuate producing complex structures, or
networks, which results in a competition between binding energy and entropy. At
sufficiently high temperatures entropy becomes dominant because of the high num-
ber of possible configurations of flux tubes. These complex networks lead to the
loss of information about quark and antiquark bound state, which is interpreted
as the deconfinement transition.

Large efforts have been devoted to the study of this transition in the last few
years, in particular on the lattice (for a recent review see Ref. [67]). The behaviour
of such transition has been studied for different number of flavours Ny and different
values of the quark masses. Most of the studies were performed in the pure SU(3)
gauge theory with infinitely heavy quarks (quenched approximation), where the

transition from a confined to a deconfined phase can be directly traced back to the
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spontaneous breaking of the global center symmetry Z(3), for which the vacuum
expectation value of the Polyakov loop provides the order parameter. For physical
quark masses it was argued that there is no non-analytical phase transition [68, 69],
but a smooth crossover between the two phases [70, 71]. Recent studies pointed
out the pseudo-critical temperature to be T' = 156 MeV [72]. Finally, away from the
physical point the situation is more involved and the nature of the transition is still
debated, in particular for small quark masses. Currently our best knowledge about
this phase transition is encoded in the so-called Columbia plot, see fig. 2.1. Notice
that, we restricted the discussion to the zero baryon number chemical potential
case. If also the pup # 0 case is included possible extensions to the Columbia plot
have been proposed and the appearance of new exotic states of matter in the QCD
phase diagram is expected [73].

The existence of such new state of matter, called quark-gluon plasma (QGP), in
which colour charges are screened, was first proposed in the seventies [74, 75] and
widely studied in the past twenty years through relativistic heavy ions collisions
experiments [76, 77, 78]. To date it is believed to be a strongly-coupled fluid both

from experimental [9, 10], and theoretical evidence [11].

2.2 Effective theory description

In this section we review the main ingredients to build the effective field theory
(EFT) approach to thermal QCD. As usual for an effective field theory, it is based
on the appearance of a scale hierarchy, which, in this case, implies also a dimen-
sional reduction.

On one hand, dimensional reduction is strictly related to the compactification
of the temporal extent in which the thermal QFT is defined and can be related
to the fact that field fluctuations are suppressed for separations smaller than the
inverse temperature. On the other hand, the appearance of a scale hierarchy is due
to the fact that the coupling constant at asymptotically high temperature vanishes
thanks to asymptotic freedom.

Once the scale hierarchy is properly identified, in order to construct the effective
field theory for thermal QCD, we follow the standard prescription which involves
the following steps:
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o Identify the soft and heavy degrees of freedom
o Identify the action symmetries

o Write down the most general lagrangian for the soft degrees of freedom
which is invariant under the symmetries of the system and contains higher

dimensional operators

o Fix the value of the effective lagrangian parameters, i.e. the low energy con-

stants by matching with the original theory.

Since EFT are typically low energy description of the full theory, the last step
is somehow crucial to guarantee that the IR behaviour of the theory is correctly

reproduced.

2.2.1 Dimensional reduction

Due to the compact temporal extent at finite temperature the Fourier transform

for gauge and quark fields reads

Awox) = 7Y | (dp ) i ()

o) =TT [ e o) 23

where the sum is meant to be over bosonic and fermionic Matsubara frequencies
respectively. By employing this definition for the Fourier transform and by setting
the gauge fixing parameter A\ = 1 in eq. 1.12, the kinetic term of the gluonic action

and the gauge fixing term can be written as

Sian + Sor = 57 Z/ 2)? Al (pn,p) [P2 + P?] A%(pn, D), (2.9)
0 n

where p,, are the bosonic Matsubara frequencies. Notice that, in such a way, the
action is completely factorized into each Matsubara mode contribution. Being the
probability distribution for the gauge field proportional to the Boltzmann factor
e~%9=5%c¢r we notice that in the high temperature limit, if we consider large fluc-

tuations, i.e. small spatial momentum |p|, gauge field configurations related to
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non-zero Matsubara frequencies are suppressed by the temperature and the only
relevant contribution in eq. 2.9 comes from the zero Matsubara mode, n = 0.

Equivalently, eq. 2.9 can be seen as a sum of three-dimensional actions for
vector fields with mass p,. In the large temperature limit, non-zero Matsubara
modes are infinitely heavy and decouple from the theory so that the dynamics of
the gauge fields is completely dominated by the zero modes, which are, however,
possibly affected by infrared divergences.

A similar discussion holds for fermion fields with the only, relevant, difference
that fermion fields have no zero Matsbura mode, i.e. py # 0. By performing a
Fourier transform in the temporal extent, the action for a free massless fermion

can be written in mixed coordinate-momentum space as
Sy = TZ / d*x (P, X) [iPnY0 + O] zﬂ(pn,x) , (2.10)

with k& = 1,2,3 and now p,, = 77 (2n + 1) are the fermionc Matsubara frequencies.
Notice that, since no zero Matsubara mode exists for fermions, at high tempera-
tures quarks can be treated as heavy, static fields with mass ~ 7T

In the language of effective field theories we can identify the zero modes with
the soft degrees of freedom which are, however, infrared sensitive. While, non-zero
modes are the heavy degrees of freedom which must be integrated out, when taking
into account physical processes that take place at energies much lower than the
temperature, or equivalently which involve distances much larger than the compact
temporal extent.

Given the analysis we performed in the free case, since for sufficiently large
temperatures we do not expect any difference, in the following we will assume that
the relevant degrees of freedom are given by the zero Matsubara modes for the
gauge fields, while the fermionic fields will be treated as heavy fields. Based on
such field content, in the following sections, the high temperature effective field

theory is derived.
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2.2.2 Electrostatic QCD

With the definitions given in Sec. 2.2.1 we are now able to build the effective
theory which describes thermal QCD at distances much larger than g = 1/T.
As mentioned, the relevant soft degrees of freedom are given by the zero modes
appearing in the gauge action. The corresponding effective action has to preserve
rotational and translational invariance in the spatial directions, along with gauge
invariance. Notice that, since we are integrating out field fluctuations at much
smaller distance than the temporal extent, the soft degrees of freedom are constant
in the temporal direction. This implies that the effective action has to be invariant
under a three-dimensional gauge transformation. Equivalently the SU(3) element
appearing in the gauge transformation in eq. 1.2 has to be xp-independent. This

leads to the gauge field transformations

A (x) — Q(x) A, (x)Q1 (%) + gg(x)ajm(x) |

Af(x) — Q(x)Ap(x)Q(x), (2.11)

which implies that at high temperature the field content of the effective theory is
given by a three-dimensional gauge field A; and by a scalar field Ay transforming
under the adjoint representation of the SU(3) gauge group. This has implications
on the possible higher order operators to be included in the effective lagrangian,
since three-dimensional gauge invariance does not forbid any mass term for the
scalar field Ay, which is, on the contrary, not allowed at zero temperature by
four-dimensional gauge invariance.

By combining all these ingredients we can write the effective action for what
is usually called Electrostatic QCD (EQCD), which reads

1
SEQCD = / dSX {5 Tr [FZ]FZJ] +Tr [(D]Ao) (DJA())] + m2E Tr [A(Q)]
2D (T [42])7 + A T [Ag]} f 1)

where the dots stand for higher dimensional operators. Those are operators with

mass dimension d > 4 which are then suppressed as 1/7%3 [79, 80]. Notice that
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in eq. 2.12 ¢ =1,2,3 and Fj; = i/gg [D;, D;] with the covariant derivative defined
as D; = 0; —igpA;'. With this normalization the gluonic fields appearing in the
EQCD action are three-dimensional fields with mass dimension [A;] = [Ao] = 1/2.
The parameters appearing in eq. 2.12 can be perturbatively matched by computing
Green’s function in the effective theory and in the corresponding full theory. For
instance, mg and gg are obtained at several orders in Ref. [81, 82, 83, 84]. At

leading order their expression reads

Ne
3
gt =g°T + O(g'T). (2.13)

N
mé zngQ( + ?f) + O(g'T?),

In this context the scalar field mass mg is often called Debye mass [85] and is
responsible of the screening of the chromo-electric field at high temperature. Notice
that the appearance of the non-zero thermal mass for the scalar field Ay makes it
less sensitive to potential non-perturbative IR effects.
Given the scales appearing in eq. 2.13 it is natural to define, up to some nu-
merical factor, the following scale hierarchy
9%

= < mp<nT. (2.14)
™

2.2.3 Magnetostatic QCD

Once Matsubara non-zero modes have been integrated out, the degrees of freedom
of the resulting effective theory (EQCD) are given by a three dimensional SU(3)
gauge field coupled to a massive scalar field Ay. At asymptotically high tempera-
ture, due to the scale hierarchy in eq. 2.14, the Debye mass can be interpreted as a
high energy scale and the corresponding field Aq is a heavy degree of freedom. Fol-
lowing the same steps as before, if we consider physical processes at energy scales
which are much lower than mg, then we can integrate out the scalar field to ob-

tain a new effective theory, whose degrees of freedom are just the three-dimensional

!To be consistent with previous works in the literature, in the context of the dimensional
reduced effective theory we use the perturbative definition for the covariant derivatives and for
the field strenght tensor.
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SU(3) gauge fields. Such effective theory is named Magnetostatic QCD (MQCD)

and its action reads

SMQCD = /d?’x{%Tr [FUFU]} + ... (2.15)

Notice that three-dimensional gauge invariance does not allow, at this order, any
mass term for the gauge field, which will be at least O(¢?T). As a consequence,
we expect physics related to the chromo-magnetic field to be more subject to IR
effects. The most important consequence arising from eq. 2.15 is that the effective
coupling g2 ~ ¢*T', appearing in the definition of F};, is the only energy scale of
the theory. This implies that any dimensionful quantity, e.g. mass gap, potentials,
string tension, at asymptotically high temperature has to be proportional to g3
[79].

2.2.4 Infrared problem

Now that the hierarchy of the energy scales has been properly identified, we can
better understand how non-perturbative effects can potentially spoil perturbative
expansions at high temperature. In principle, since the coupling constant is small
if the renormalization scale y is of the same order of the temperature, one could
expect perturbation theory to be a viable choice for the study of QCD dynamics
at high temperature if the theory is not affected by infrared divergences.

In order to examine if a perturbative expansion is possible or not, it is con-
venient to define a dimensionless expansion parameter. Being the coupling of the
three-dimensional Yang-Mills theory g2 ~ ¢*7, it is natural to assume as a dimen-

sionaless expansion parameter

9T

~ 2.16
enl (2.16)

where M represents the thermal mass of each field, or more generally, the relevant

scale of each effective field theory. This leads to the following considerations [79]:

o For fermions the lowest Matsubara sector brings M = nT. As a consequence,

€ ~ g?/m and a perturbative approach is possible if g2 « .
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e Zero Matsubara modes related to the scalar field Ay develop a thermal mass
M =mg ~ gT', which leads to € ~ g. As a consequence perturbation theory is

still viable for g « 1.

o From eq. 2.15 at this order gauge invariance does not allow a mass term for
the zero modes of the chromo-magnetic field. For this reason any potential
mass term has to be, at least, O(¢g?T") which leads to € 2 1. As a consequence

chromo-magnetic dynamics can only be treated non-perturbatively.

The non-perturbative behaviour of the chromo-magnetic dynamics is known as
infrared or Linde problem [12] and is responsible for the limited applicability of
perturbation theory up to a finite order only. An example of such effects can be
found in the perturbative determination of the QCD Equation of State (EoS) which
is limited at O(¢%In(1/g)) [86, 87].

As a final remark, notice that the perturbative treatment of the theory in the
framework of the dimensional reduced effective theory is then limited both by the
chromo-magnetic infrared problem and by the constraint dictated by the scale

hierarchy in eq. 2.14.

2.2.5 Heavy quark action

Let us now focus on the fermionc sector of the QCD action. As we have seen in
Sec. 2.2.1 quarks behaves as heavy fields with mass ~ 77. By employing the non-
relativistic representation for the Dirac gamma matrices defined in eq. A.17 the

Dirac operator can be written as

(2.17)

7OLD _ D0+iD3 —ijpjdk 7
eirDjor Do —1D3

where €, for k =1,2, is the totally anti-symmetric Levi-Civita symbol in two di-
mensions, i.e €19 = —€9;. This representation is particularly useful because it allows
to factorize the propagation in the 3-direction and, as we will see in the following,
it is suitable to study screening processes along the 3-direction. In this represen-

tation, it is convenient to write the fermionic field in terms of two components
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spinors as

_ L Xpn(x)
Va(pn,X) = Vit (¢pn(x)) : (2.18)

Notice that with the above normalization y and ¢ are meant to be three-dimensional,
two-components spinor fields with mass dimension [¢] = [x] = 1. By employing eq.
2.17 and the definition in eq. 2.18 the fermionic action in the mixed coordinate-
momentum representation (see eq. 2.10) for the lowest Matsubara mode (n = 0)

can be written as

Sy = [ @ {ixt [po - gAo + Da]x +i! [ - 94 - Ds] 6
+ ¢l e Deorx = X e Drovg } . (2.19)

From this starting point, the first step to build an effective description for static
quarks is to identify the heavy and the soft modes. Notice that at high temperature
quarks are almost on-shell. In this region one spinor is a light field, while the other
is a heavy field. For instance in the static limit, i.e. for small transverse momentum
P., close to the pole p3 ~ 1pg, x is the light component while ¢ is the heavy one. In
analogy with what is usually done in the framework of the heavy quark effective
theory (HQET) [88] we can integrate out heavy modes by solving the equations of
motion for the heavy component and substitute it into the action. For instance,
by solving the equation of motion for ¢t we obtain
1€ Doy

) po—gAo - sz’ (2:20)
And similarly for x'. By inserting such terms into the action and expanding in
powers of 1/pyg, close to the poles ps ~ +ipg, the Dirac action can be factorized into

the x and ¢ contributions as

» 1
Sy = fd:)’xzxT [po—ng+D3——(Di+i[Ukagj]ij)]X
2po 4

) 1 1
+ ! [290 -gAy—-D; - 2—p0 (D,% + % (o), 0] ij)] o+ 0 (1?) . (2.21)
0
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Notice that, due to the different sign in the kinetic term in the 3-direction, the
action above describes forward propagating y and backward propagating ¢ fields
in the 3-direction for py > 0.

If we consider the theory with Ny degenerate heavy quarks, the action in eq.
2.21 is invariant under flavour rotations SU(Ny). This symmetry is explicitly bro-
ken by any non-degenerate mass term, however, for sufficiently large temperatures
any breaking effect is supposed to be small as long as the quark mass is a low
energy scale with respect to py = 7T Furthermore, up to the term Z [0, 0;] Fi;,
the action is invariant under two independent spin-transformations belonging to
the SU(2)spin group

> [— 6—i6¢2
gb gb ¢ s where X = {0'1,0'2,(7'3} . (222)

X - Xl — e—ieXEX

Notice that the only term in eq. 2.21 which is not invariant under spin-symmetry

is the chromo-magnetic interaction term which can be written in the familiar form

Omag = %[Ukvaj]ij = —go3- B3, (2.23)
where Bs = —%elekl is the chromo-magnetic field along the 3-direction. The full

symmetry for each spinor is SU(2Ny) which is usually called in the HQET, heavy-
quark spin-flavour symmetry.

At this level we integrated out the heavy degrees of freedom and the corre-
sponding effective theory for non-relativistic quarks can be constructed by simply
taking into account operators with higher mass dimension and with the correct
symmetries.

In this context, before explicitly constructing the effective field theory, it is
useful to define some power counting rules, to properly include all the higher
dimensional operators up to some order. Being the theory described in eq. 2.21
a theory of heavy quarks only, in the construction of the EFT we proceed in
analogy with the so-called Non Relativistic QCD (NRQCD) [89]. NRQCD power
counting is somehow less trivial than the case of the HQET where the only two

scales appearing are Aqcp (the soft scale) and the heavy quark mass mg (the
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heavy scale). As a consequence, in the HQET any operator with mass dimension
4 +d scales as (Agep/mg)”. On the other hand in NRQCD the situation is more
involved and the power counting is not explicit in the action due the appearance
of three different energy scales, i.e. the quark mass, the quark three-momentum
and the quark kinetic energy, denoted as mq, mgv and mgu? respectively [90, 91].
Notice that in the case of the dimensional reduced non-relativistic effective theory
the situation is even more involved due to the fact that the three scales depend
explicitly on the running coupling (see eq. 2.14).

Power counting rules can be extracted by simply imposing each term in the
action to be O(1). In such a way, in analogy with the NRQCD, by defining m = T,

v =g, we can write each scale as:
o ultrasoft scale: mv? ~ ¢?T
o soft scale: mv ~ gT
e hard scale: m ~T' .

by scrutinizing each term in eq. 2.12, 2.15 and 2.21 we obtain for each fundamental
field and composite operator the power counting reported in table 2.1.

By taking into account the degrees of freedom and the field content in eq.
2.21 together with the power counting we discussed so far, the most general three
dimensional effective action for static quarks, which interact with soft and ultra-

soft gauge fields only, including operators up to O(g*T?), reads [92, 93]

] 1
SNRQCD = fd?’szT [M—QEAO + D3 — — (Di + 22 [O-kao-j]ij):IX

, 1
+ quT [M—gEAO—Dg—g(Di“‘Z_];[UkyO—j] Fk])]gb’ (224)
0

where we introduced the matching coefficient M ~ 7T + O(¢?T'). Currently the
matching coefficient has been computed at 1-loop order by matching the quark
pole mass in the three dimensional theory and in full QCD [15]. Tts expression

reads

M = 7TT+g2T% + O(g'T). (2.25)
™
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Operator Power counting
QAO mu3/2 g3/2T
gAg mu? g*T
X, ¢ muv gT

Do muv? T

05 mu? g*T

Ok mu gT
gALO mu3 g3T?
(gAp)° | m2ot | g'T?

Ok (gAx) m2vt | g*T?

glok, 0] Fyj | m?vt | g¥17

Table 2.1: Power counting for each operator appearing in the heavy quark action up
to order 1/po. In the second column the estimate of the power counting is given in
analogy with NRQCD, while in the third column the corresponding power counting
in terms of gauge coupling and temperature is provided.

As a final remark, notice that, being eq. 2.24 an effective field theory, each higher
dimensional operator should in principle come with a matching coefficient co.
However since those can be expanded in the coupling constant as co » 1+ O(g?),

higher order correction would only contribute to sub-leading terms in the action.

2.3 QCD hadronic screening spectrum

In this section we review how the phase transition from a confined, chirally broken
phase to a deconfined and chirally symmetric regime impacts on the spectrum of
QCD. As seen in Sec. 1.5.4 at zero temperature, masses of particles associated to
some particular operators with a given set quantum numbers are obtained by prob-
ing the exponential fall-off of some suitable correlation functions at large euclidean
time separations. In general at finite temperature, one can probe correlation func-

tions in one of the spatial directions. For a generic interpolating operator O, the
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correlation function in the 3-direction is defined as

G (23) = [0 g ehnso [ dy das (O(2)0(0)) (2.26)

where O carries the quantum number we are interested in and k,, is the Matsubara
frequency we are projecting on the two-point correlation function?. At finite tem-
perature such correlation functions are often referred to as screening correlation
functions. The reason is that we can easily relate the mass which regulate the expo-
nential fall-off of the correlator, namely the screening mass mg "), to the so called

screening correlation length £p =1 /mg")

. Screening lengths describe the response
of the quark and gluon plasma when an excitation with the quantum numbers
carried by O is present in the system. The corresponding screening masses are
defined in terms of the asymptotic behaviour of the screening correlation function

in eq. 2.26 as

mgn) = - lim —83 G, (73)

. 2.27
xr3—>00 Gkn(fg) ( )

Before looking at the consequences of chiral symmetry restoration, we can
somehow understand some properties of the screening spectrum at asymptotically
high temperature by directly scrutinizing in detail each term appearing in the
effective action for non-relativistic quarks, see eq. 2.24. On one hand, in the free
massless theory hadronic screening masses have to be uniquely determined by the
lowest Matsubara frequency of each quark. As a consequence, hadrons composed
of n massless quarks in the lowest Matsubara sector will have a mass m,, = nnT.
On the other hand, for asymptotically high temperature, i.e. pg - oo in eq. 2.24,
the theory is symmetric under both flavour and spin transformations, i.e. generic
hadrons composed of n massless quarks have the same mass, regardless to the spin
and the flavour composition.

Notice that at very high temperatures, any effect due to the presence of a non-
zero quark mass m, is expected to be negligible as long as m, << T'. In particular,

the expected correction to the screenning mass, in the free theory, for a generic

2The Matsubara frequency is fermionic or bosonic (see eq. 2.6 and 2.7 respectively) depending
on the operator quantum numbers.
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hadron composed of n quarks is given by

mn:zn:\/(ﬂT)2+(mf1)2wn7rT+%Z } + (2.28)
i=1 i=1
It is then clear that for sufficiently large temperatures any contribution coming
from the mass term is suppressed. As a representative example, the relative contri-
bution coming from the up and down quark masses in a meson (n =2) at T' =1 GeV
is approximately < 6 x 107® %, while the strange quark mass contribution amounts
at 0.02% at the same temperature?.

As a final remark notice that spatially-separated two-point correlation func-
tions like the one in eq. 2.26 are related to spectral functions py, (w,p3) by the

spectral representation

%) dw +00 d .
G, (x3) = / —/ —p3e’p3x3pkn (w,p3) - (2.29)
0 —o00 27'['

W

Analogously, we can derive the spectral representation for temporal correlation
functions, which however involves a kernel which is in general temperature de-
pendent and depends on the spin-statistics nature of the interpolating operator
associated to the correlation function [94].

At zero temperature due to Lorentz invariance, spectral densities extracted
from spatial and temporal correlators contain the same physical information with
poles due to the presence of physical particles. At finite temperature, spectral func-
tions encode modifications of the hadronic structures due to the thermal medium.
Thermal effects modify the characteristic structure of resonance peaks appearing
in the spectral functions. Since for asymptotically high temperatures the screen-
ing mass approaches the free field theory value in eq. 2.28, the study of thermal
effects on screening masses can provide insight on the in-medium modifications of
hadronic states due to thermal effects which are then expected to shift and broaden
characteristic peaks in spectral functions. As T' — 0, since the theory is Lorentz

invariant, the screening mass in eq. 2.27 goes to the zero-temperature value of the

3We quote m,, = 2.20(8) MeV, mg = 4.69(5) MeV and m, = 93.1(6) MeV. Here we use the
values of the quark masses reported in Ref. [22]. Those are obtained by lattice simulations and
converted to the standard MS scheme at the renormalization scale j = 2 GeV by using continuum
perturbation theory.
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pole-mass which is extracted by probing the large distance behaviour of temporal
correlation functions, see Sec. 3.8. In this sense, screening correlation functions are
particularly suitable to probe thermal modifications to the spectral functions [95],
since those can be studied at very large separations, while temporal correlation

functions are limited by the compact temporal extent.

2.3.1 Chiral symmetry

At zero temperature non-singlet chiral symmetry is spontaneously broken and
the singlet axial group is broken by the anomaly. On the other hand above the
deconfinement temperature not only the chiral condensate is highly suppressed
leading to chiral symmetry restoration, but also the singlet axial symmetry is
effectively restored due to the strong thermal suppression of non-zero topological
sectors.

As a consequence we expect this restoration pattern to produce substantial
effects on the hadronic spectrum. As done in Sec. 1.5.3, the clearest way to highlight
such effects is to extract suitable relations between two-point correlation functions
associated to different interpolating operators. In particular in the following we
will make extensive use of the PCAC relation in eq. 1.55 and of the anomalous

WTIs in eq. 1.65. For this reason it is useful to recall their expression

—i€4 0, (Af(2)O(y)) = —ieh (Y(2)ys {T*, M} (2)O0(y)) + (00(y)) . (2.30)
—i€30, (A3 (2)O(y)) = ~2ie4 Ny (q(2)O(y)) + (00(y)) - (2.31)

Notice that here we follow the very same procedure as done before in Sec. 1.5.2, i.e.
we will only consider local chiral transformations, e.g. €%(z) = €46(x-y). The only
difference lies in the fact that at finite temperature the temporal extent is finite
and when computing integrated WTIs we have to be careful about (anti-)periodic
boundary conditions. This will simply translate into taking into account (anti-)

periodic delta functions in the temporal extent, i.e. d(z-y) = 6@ (x—y)dg_1/7 (w0 -
Yo)-
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2.3.2 Mesonic Ward-Takahashi identities

Consider as interpolating operator the composite operator obtained by multiplying

a non-singlet vector current by a non-singlet axial current
0 = Ay (2)Vi(y). (2.32)

Under local axial non-singlet transformations in eq. 1.54 the variation of such

operator reads
00 = e4(2) [PV Vi (y) + eq(a) [l Aq(2)Al(x) (2.33)
Then the whole WTT (see eq. 2.30) reads

—i€4 0, (Al (2) AG () Vi (y)) = —ich ((2)ys {T7, M} (2) A () Vi (y)) - (2.34)
+ enfrUVIVEW)) + eaf o {An(2)AL(y)) -

Then if we take the massless limit M = 0 and ¢ = v = k, by using the anti-symmetric

property of f®¢ it can be written as

~ie40 (AL (@) AL (D VEW)) = F[eh (VEVEW)) - eh (AL() AR (w))] - (2:35)

Notice that at zero temperature the Lh.s of the equation above is different from
zero due to the spontaneous breaking of chiral symmetry and, as a consequence,
the p(770) mass and the a;(1260) mass are different [22] and more generally there
are not degenerate parity partners in QCD. On the contrary, if chiral symmetry
is restored, which is the case of the high temperature regime of QCD, the L.h.s
vanishes. Then by taking into account local transformations and by integrating

over space-time, by a flavour rotation, the whole integrated W'TT leads to

(Vi (Vi (1) = (AL(2) AR (y)) - (2.36)

Since for large spatial separations the behaviour of these two-point correlations
functions is dominated by the corresponding lowest energy state, eq. 2.36 implies

the degeneracy of the vector and the axial screening masses. As we will see in the

49



following, similar considerations hold for other mesonic channels.

By following the very same procedure and using the interpolating operator
defined as

0 = P'(2)S°(y), (2.37)
the corresponding variation is readily obtained

00

i€ ()0 () {1, T} (2) S (y) + 2ie(y) PP (=) P (y)

ieq(2)0(2) {d“bcTC+ %}w(z)so(y) + 2ieh () PP (2) P (y) . (2.38)

By restricting to the case a = b which implies dgq. = 0 (see App. A.1), the integrated

WTT in presence of chiral symmetry leads to
1
2(P*(2)P*(y)) = —M(SO(Z)SO(y)) 7 (2.39)

and, as a consequence, to the degeneracy between the masses related to the scalar
and to the pseudoscalar densities.

In a very similar way we can consider the interpolating operator
O = S(2)P°(y) (2.40)
which leads, similarly to eq. 2.39, to

2(5%(x)S°(y)) = —Nif<P0<z>P0<y>> | (2.41)

Notice that, in principle one could try to relate the singlet to the non-singlet
currents by selecting interpolating operators like O = VP(2)A%(y) and O’ =
Al (2)V2(y). However, such interpolating operators would lead to trivial two-point
correlation functions like (V¢(2)V2(y)), and similarly for O'.

In the same way, we can try to relate masses associated to different chan-

nels by using anomalous axial transformations. Let us consider, for instance, the
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interpolating operator
O = P°(2)S°(y), (2.42)
and the corresponding variation under singlet transformations
50 = 2% (2) (S°(2)S°(y)) + 2ie, (y) (P°(2) P*(3)) (2.43)

By inserting such variation in eq. 2.31, the corresponding integrated WTT is readily

derived and reads

(S°(2)S° (1)) + (PU(2) PP () = Ny (QP°(2)S"()) - (2.44)

Notice that the above WTI explicitly depends on the value of the topological
charge. At zero temperature there is no suppression of non-zero topological sectors
and, as a consequence, the singlet scalar meson and the pseudoscalar one are
not degenerate. On the other hand, as the temperature increases thermal effects
suppress any contribution coming from non-trivial topological sectors leading to
an effective restoration of the U(1)4 symmetry. In such case the right-hand side
of eq. 2.44 vanishes and the scalar and the pseudoscalar flavour-singlet screening
masses become degenerate.

In the same way if we consider the non-singlet analogue of eq. 2.42
O = P*(2)S(y), (2.45)
the corresponding variation reads
00 = 2iex(2)S(2)S(y) + 2iel (y) P*(2)P*(y) , (2.46)
and, by combining with eq. 2.31, leads to the integrated WTI
(5°(2)5*(y)) + (P*(2) P*(y)) = Np(QP(2)5%(y)) (2.47)

which again implies the degeneracy of the non-singlet scalar and pseudoscalar

screening masses if Q) - 0.
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Figure 2.2: In red the degeneracy pattern of the mesonic sector of the screening
masses if the axial non-singlet symmetry is not spontaneously broken and if only
the @ = 0 topological sector is not suppressed by thermal effects. In blue the
degeneracy pattern of the baryonic screening masses due to the restoration of non-
singlet chiral transformations.

Similarly to what we observed for non-singlet transformations, if one tries to
relate singlet currents to non-singlet ones by using singlet transformations the
corresponding WTIs are trivial.

By combining the WTIs obtained in presence of non-singlet axial symmetry
with the ones derived by imposing the U(1)4 symmetry, a non-trivial degeneracy
pattern between mesonic screening masses arises at high temperature. This leads
to the standard degeneracy relations which is represented in fig 2.2.

For completeness, we mention that recently [96, 97] it has been proposed a
much larger symmetry restoration pattern above the critical temperature, and in a
limited range of temperatures, which would lead to the degeneracy of the screening
masses related to some additional channels, including the masses associated to the

singlet and non-singlet vector currents.

2.3.3 Baryonic Ward-Takahashi identities

Similar considerations hold for baryonic interpolating operators. Let us consider

an interpolating operator which carries the nucleon quantum numbers. The most
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general such operator is
N(T4,Tg) = e (ulTpdy) I ad, (2.48)

where I'y and ['g are specific combinations of gamma matrices, with the only
constraint that I'g does not contain any spatial gamma matrix, which would, oth-
erwise, produce a spin-3/2 Rarita-Schwinger operator [98]. Notice that in eq. 2.48
the transposition acts on spinor indices only, while €2*¢ guarantees the operator to
be an anti-symmetric, singlet operator in colour space. In general such interpolat-
ing operator has no definite parity quantum number, for this reason it is common
to introduce the projector on positive and negative parity state P.. By making
the definite choice of measuring correlation functions along the 3-direction such
x3-parity projector is defined as P, = (1++3)/2. In this thesis we restrict ourselves

to the study of nucleon interpolating operators of the form
N* = e (ul Crsdy) d.P* (2.49)

where we simply set I'g = C'vs, where C' is the charge-conjugation operator defined
in eq. A.2 and I'y = 1. In order to make the consequences of chiral symmetry

restoration clear, let us consider the interpolating operator
0 = Tt [ P.N(=)N ()] . (2.50)

where the trace has to be taken over Dirac indices. Notice that under non-singlet
chiral transformations only flavour-conserving transformations lead to non-trivial
WTIs. This amounts to take into account chiral transformations involving diagonal
SU(Ny) algebra generators only (see eq. A.7 for Ny = 3). Moreover, due to the
flavour structure of the nucleon operator, which only contains up and down quarks,
we can restrict ourselves to the SU(2) sub-algebra. In such case quark fields, under

diagonal chiral transformations we have

u(z) = ieysu®(x)
8d°(z) = —ieysd®(z), (2.51)
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and similarly for %® and d®. Under such transformations the variation of the oper-

ator in eq. 2.50 reads
00 = eTr [PiN(z)N(y)] + eTr[PdV(z)N(y)] : (2.52)

Then if combined with eq. 2.30 and assuming chiral symmetry to be not sponta-
neously broken, i.e (00) =0, it leads to

Tr [PiN(z)N(y)] =-Tr [P;N(Z)N(y)] : (2.53)

which implies the degeneracy of the masses of the positive and the negative nucleon
parity partners. Notice that at zero temperature due to the spontaneous breaking
of chiral symmetry the positive (nucleon) and the negative (N*) parity pole-masses
differ by several hundreds of MeV [22]. For this reason, the comparison between
these two masses provides a solid test of the restoration of chiral symmetry in the

high temperature regime.
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Chapter 3

Quantum Chromodynamics on
the lattice

As mentioned in Sec. 1.3 the definition of the path integral given in eq. 1.11 is
formal. A rigorous and mathematically well-defined definition of the path integral is
obtained by defining the theory on a finite lattice and the corresponding continuum
path integral is obtained by taking the limit of vanishing lattice spacing. In such a
way, fields are evaluated on a finite number of lattice sites and the corresponding
path integral is a well-defined mathematical object involving a finite number of

degrees of freedom.

3.1 Preliminaries

Typically we define the lattice A as the set of points within an hypervolume L x
Ly x Ly x Lz in euclidean time, where L, is the lattice extent in the temporal
direction and L; is the extent in the ¢th spatial direction. More formally the lattice
is defined as the subset of R* [99, 100]

3 L L L
A={xER4|x=Znuaﬂ,nﬂz——”,——”+1,.. —“—1}, (3.1)

= 2a¢" a "’ 2a

being [i = ¢, the unit vector along the p-direction and a the lattice spacing. In a

similar way, by going to momentum space we can define the reciprocal lattice as
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the set

~ 2
A={peR4|pM=—ﬂnu}, with —ZSpMSE. (3.2)
a a

Ly
In this way, the lattice spacing not only allows a well-defined definition for the path
integral, but also naturally provides the UV cut-off in momentum space integrals,
which are now restricted to the Brillouin zone (BZ).

Once the lattice has been properly defined, the next step is to define the dis-
cretized theory. Notice that this procedure is not unique and can lead to different
discretized actions for the same theory. The only requirement is that, once we take
the limit @ — 0, the correct continuum action must be obtained. The simplest way
to obtain the lattice theory is to naively discretize each operator appearing in the
continuum action.

Consider for the moment a generic field ¢(x). Its lattice discretization is simply
given by evaluating the field on the discrete lattice site x = na. By taking into

account finite differences, we can define the forward and backward derivatives as

1) — 6a:+aA _533
du0(x) » QLU Oreons na (33)

- - afl 5.’17 _5:r—aA
Gio(r) » KA e et (3.4

and the symmetrized derivative as

L) — - afl 5x+aA _(5x—aAy
(9 +0,) o) » XETI LR Drsai =Orcsin ) (3.

DN | —

With these definitions, in the following sections we will discuss how the QCD action
can be discretized on the lattice. Sec. 3.2 and 3.3 will be devoted to properly define
the gauge and the fermionic sector of the action on the lattice. Along with the main
definitions, we will deal with some of the main difficulties that arise when putting
fermions on the lattice. The rest of the chapter is dedicated to technical details
about how a proper lattice calculation is carried out, namely the renormalization of
the theory on the lattice and how gauge field configurations are generated. Finally
a section is dedicated to discuss how the QCD hadronic spectrum can be extracted

non-pertubatively from lattice calculations.
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3.2 SU(3) gauge theory on the lattice

In order to properly define the gluonic sector of the QCD action on the lattice,
the main ingredient we have to take into account is gauge invariance. Notice that
due to the derivative appearing in the non-abelian gauge transformation in eq.
1.2, after taking into account discretized derivatives, gauge field transformations
do not hold any more at finite lattice spacing. For this reason a different approach
which allows the construction of a gauge invariant discretized action is desiderable.
Such different approach was provided by Wilson in Ref. [101] and is based on the
continuum notion of parallel transporter. The parallel transporter in the continuum
theory is defined as the element of the SU(3) gauge group obtained by taking a
path-ordered exponential of the integral of the gauge field along the path T"

U(x,y) = Pexp{—i /;ydz# A#(z)} : (3.6)

where I is the path connecting the two space-time coordinates = and y. Notice
that, in eq. 3.6, the path-ordering is crucial since the SU(3) group is non-abelian.

Under gauge transformations, it transforms as

U(z,y) - U'(2,y) = A2)U (2,y) Q' (y) . (3.7)

By moving to the context of lattice regularization, the corresponding parallel trans-
porter, which connects two nearest-neighbour lattice sites along the direction g,

can be written as!

Uuz) = Uz, +aft) =Pexp{—z'a/01dzAu(:c+zaﬂ)}. (3.8)

The discretized version of the parallel transporter connecting two nearest-neighbour
lattice points is called link variable and is taken as fundamental field instead of
the algebra-valued fields A,. Notice that by taking advantage of the definition of

the parallel transporter in eq. 3.6, being the link variables oriented objects, the

'Here A, is the lattice discretization of the gluonic field. In the following we will use the
same notation for continuum and lattice quantities, since the ambiguity can be resolved from the
context.
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following relation for the inverse link variable holds
U,'(z) = Ul(z,z+apy) = Uz +af,x). (3.9)
Correspondingly, under gauge transformations the link variable transforms as
U.(z) = Q2)U,(2)Qz + afp)t. (3.10)

In this way, if the lattice theory is constructed by taking into account link variables
as fundamental fields, rather than the gauge field A,, being valid eq. 3.10, we can
define a theory which is gauge invariant at finite lattice spacing. Notice that, by
expanding for small lattice spacing the definition of the link variable in eq. 3.8 and
using eq. 3.10, one can easily recover the gauge field transformations in eq. 1.2 up
to O(a?) corrections.

Starting from the definition of the link variable, we can construct gauge invari-
ant lattice operators by simply taking the product of link variables. The simplest

gauge invariant quantity one can define is the so-called plaquette
Uw(x) = U(@)U,(z + ap)Ul(x + ar)US(z) . (3.11)

Recalling the relations in eq. 3.9 one can see that the definition of the plaquette
amounts to consider the smallest closed loop of link variables in the (f,)-plane.
Its graphical representation is given in fig. 3.1. By expanding the link variable for

small lattice spacing, i.e.
U,(z) = e7iadulers) (3.12)

and by using the Campbell-Hausdorff formula, the plaquette field can be written

in terms of the gauge field as

U

exp {=ia? [0, A, (x) = 0, Au(x) = i [Au(x), Ay ()] + O(a)]}
exp {~ia®[F,, + O(a)]} (3.13)

where 0, denotes the forward derivative on the lattice and the last step is obtained
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Figure 3.1: On the left, the lattice on which the theory is discretized. L is the lattice
extent in the given direction, while a is the lattice spacing. On the right, the link
variables and the plaquette: four different link variables define the plaquette field
(red lines).

in analogy with the definition of the link variable, by writing the plaquette in terms
of elements of the SU(3) algebra.

By taking into account the expression above for the plaquette, a possible gauge
invariant, discretized version of the Yang-Mills action is provided by the Wilson’s

plaquette action [101]

S(W) Zx: Z,; {

Re Tr [U, ]} , (3.14)

where the bare coupling constant has been parametrized through the g-parameter
as = 2N./g3. As done before, by expanding for small lattice spacing, it is possible
to show that, by taking the continuum limit extrapolation, this reproduces the

expected continuum Yang-Mills action in eq. 1.7, i.e.

Y Y Tr[Fu(z)Fu(z)] + O(a?). (3.15)

ot
Sy
290 T v

The last ingredient we need for a well-defined definition of the path integral for
the SU(3) Yang-Mills theory is the integration measure. The functional integral is

29



now performed over the SU(3) compact group and its integration measure reads
DU = H HdUM(m). (3.16)
nw o

Notice that the proper definition of the link integration measure relies on the
so called Haar measure which provides the correct measure to integrate over the
SU(3) group manifold. Given a generic element V' of the SU(3) algebra, the Haar

measure is invariant under left and right multiplication, i.e.
dv, = d(U,V) =d(VU,) . (3.17)

Furthermore, being the path integral invariant under a generic change of variables,
under gauge transformations in eq. 3.10, it immediately follows that the Haar

measure satisfies
AU, (z) = d(QUz)U,(2)Q (z + ) , (3.18)

As a final comment, notice that, in contrast with the continuum theory in which
the formal definition of the path integral requires a gauge fixing term, in lattice
regularization such term is not needed anymore. Indeed the continuum gauge fixing
was introduced to avoid the appearance of an infinite factor in front of the path
integral when integrating over equivalent gauge field configurations, however on the
lattice the integration is over compact group-valued variables which then makes

the integral finite and well-defined.

3.3 Fermions on the lattice

Similarly, we can construct the fermionic action on the lattice by naively discretiz-
ing the corresponding continuum action. Let us consider, for the moment, the free

Dirac action in the massless limit. By employing the definition of the symmetrized
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derivative in eq. 3.5, the free Dirac action is readily discretized as

55 = & D0 (05 +3,) ()
- O (Bt + a) Byl - a)) (3.19)

where the second line is simply obtained by expanding the definition for the sym-
metrized derivative. By adding gauge interaction we need the additional require-
ment for the action to be gauge invariant under SU(3) gauge transformations. By
recalling how fermion fields transform under gauge transformations (see eq. 1.8), it
is straightforward to define the lattice covariant forward and backward derivatives

as

Vub(z) =
V(r) =

(U)ol + ajp) ~ b (x)) | (3.20)
((x) - Unla - ap)l i - aft)) (3:21)

QIR

and correspondingly the symmetrized derivative as

U (@) + ) - U (e a) e - aft)
2a '

(Vi+V,) = (3.22)

DO | —

Notice that, by expanding for small lattice spacing, the expressions in eq. 3.20
and 3.21 correctly reproduce the continuum limit covariant derivatives up to O(a)
discretization errors. By introducing a mass term, the naive lattice Dirac action

for interacting quarks can be written as
— ’}/ .
Sy =a’ gm@ {7“ (Vi+V,) + M0}¢(x), (3.23)

which, by naively taking the continuum limit extrapolation, reduces to the contin-
uum Dirac action for massive fermions in eq. 1.9.
As done for the gluonic path integral, the last step to regularize the fermionic

partition function on the lattice is the definition of the corresponding integration
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measure. It reads

Dy =TT [T dvl<(a), (3.24)
T {fac}

and similarly for the v field. In the above equation the integration measure for
fermions involves the product over each quantum number of the set { f, o, ¢} where
f=1,...,Ny is a flavour index, a = 1,...,4 denotes the spin index and finally

c=1,2,3 is the colour index.

3.3.1 The doubling problem

Being D the Dirac operator for a free, massless fermion, and D its Fourier trans-

form, a good lattice discretization has to guarantee the following properties
(a). D(p) "=" ivupa
(b). D(p) is a smooth function of p, with period 2
(c). D(p) is invertible, besides p, = 0

These conditions are dictated by the properties of the Dirac operator in the con-
tinuum theory. By performing a Fourier transform, the action in eq. 3.19 can be

written as

w/a d4p ~ 7 ) ~
Si0) = [ Gyt Cr) pusinap) 9(0), (3.25)
where the integral is restricted to the Brillouin zone due to the relation in eq. 3.2
dictated by the reciprocal lattice. By doing so, we can identify

~ i

D(p) =

= sin (apy,) (3.26)
which defines the Dirac operator in momentum space, see fig. 3.2. By expanding
for small lattice spacing, at fized p,, we recover the expected behaviour of the
continuum operator. On the other hand, notice that the Dirac operator in eq. 3.26

vanishes not only for p, = 0 but also for p, = +7/a, i.e. on the corners of the
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Figure 3.2: Plot of Lsin(ap,) as a function of p,. The solid line represents the
continuum result, while the red curve is the naive lattice discretization which
vanishes at p, = 0 and at each corner of the Brillouin zone.

Brillouin zone. As a consequence, the fermion propagator in momentum space,

D-1(p), has a pole in

T
pu=0 Pyl = ~ (3.27)

Thereby, even if the Dirac operator in eq. 3.26 satisfies relations (a), (b), it violates
property (c). In d dimensions the spectrum of the resulting theory contains 2¢
massless fermions, but only the one related to the pole in p,, = 0 is the physical one.
Such additional states are called doublers. Notice that close to the edge p, = 7/a,
even if we take the continuum limit, the quark propagator still exhibits a pole.
As a consequence, the doublers do not disappear from the spectrum of the Dirac
operator in the continuum limit.

In the following section, we will introduce Wilson fermions which is the dis-

cretization we will employ throughout this thesis.

3.3.2 Wilson fermions

In 1975, in order to remove fermion doublers, Wilson suggested a different lattice
discretization for fermions, obtained by simply adding the so-called Wilson term

to the discretized Dirac operator. Starting from the Dirac action for free massless
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quarks in eq. 3.19 we define the Wilson-Dirac operator as [102]
Dy = = {%( +0,) - adi0,} (3.28)

where the second term on the right-hand side represents the Wilson term. This
procedure is completely legitimate since lattice discretizations are not unique and
the only requirement for the discretized action is that the continuum action has to
be recovered as a - 0. Notice that, even if this discretization correctly reproduces
the continuum action, it explicitly breaks naive chiral symmetry in the massless
limit.

We may now proceed as before, by taking the Fourier transform of the Wilson-

Dirac operator, the Dirac action in momentum space reads
mla dip = 1(. . _ ap ~
Si= [ G {sin(an) - 250 (1)} 5. 329
which leads to the Wilson-Dirac operator in momentum space

D(p) = _'Yu sin (ap,) + — sm2 (agu) : (3.30)

Notice that the Wilson term is analogous to a mass term, which then breaks
chiral symmetry even in the massless limit. More generally in the massive case,

the Wilson-Dirac operator can be written in momentum space as

D(p) = —fy”sm (apy) + —sm ( g“) + My, (3.31)

where M, is the bare quark mass. Notice that, for fixed |p,| # 7/a, by expanding
close to the continuum limit, the mass term correctly reproduces M. On the other

hand, close to the corners of the Brillouin zone the mass term becomes
2
M(if) = M+ 2, (3.32)
a a

which then diverges as we take the limit @ — 0. In this sense, by using Wilson
discretization of fermions, close to the continuum limit the doublers become exci-

tations of the Wilson-Dirac operator with infinitely large masses which decouple
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from the theory.
The corresponding Wilson-Dirac operator in coordinate space for interacting

quarks in the massive theory reads
1 * *
D,, = 5{% (vu+vu)—avuvu}+M0. (3.33)

As a final remark, notice that due to the presence of the Wilson term in the ac-
tion, the quark mass term is not protected anymore from additive renormalization
(103, 104].

In the following we will have a deeper insight about the nature of the doubling
problem, which manifests itself, not simply as a computational issue, but rather
as a consequence of a well known no-go theorem which relates the presence of
such doublers to the possibility of defining a discretized chirally symmetric Dirac

action.

3.3.3 Nielsen-Ninomiya no-go theorem

A well-known result demonstrated by Nielsen and Ninomiya in 1981 [105, 106, 107]
relates the presence of fermion doublers to chiral symmetry. It states that it is not
possible to define a discretized Dirac operator which satisfies the properties in Sec.
3.3.1 and, at the same time, is invariant under naive chiral symmetry.

In general, each discretization of the Dirac operator must deal with this no-go
theorem and at least one of the conditions above has to be waived in order to
preserve chiral symmetry. As a result, any discretization which is free of fermion
doublers must break naive chiral symmetry. As we have seen, Wilson removed
fermion doublers from the spectrum, by introducing the Wilson term which explic-
itly breaks naive chiral symmetry [108]. Another possibility, explored by Ginsparg
and Wilson in 1982 in Ref. [109], is to allow a mild breaking of chiral symmetry
on the lattice together with a modified lattice version of chiral symmetry transfor-
mations.

In the following, some time is devoted to Ginsparg-Wilson fermions which will
be used to properly derive the anomalous WTI that we formally defined in eq.
1.65.
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3.3.4 Ginsparg-Wilson relation and anomalous WTI

In Ref. [109] Ginsparg and Wilson proposed to explicitly break chiral symmetry
on the lattice, by modifying the continuum relation {75, D} =0 to

{75, D} = aDysD. (3.34)

The expression in eq. 3.34 provides an explicit breaking of chiral symmetry at finite
lattice spacing, while the usual relation is recovered for a - 0. By multiplying eq.
3.34 by the quark propagator D~! on both sides, if there are no zero modes, we

obtain

{D_l(wvy)775} = a’755a:y~ (335)

With respect to the usual relation, now the chiral properties of the quark propa-
gator are slightly modified by the contact term on the r.h.s. In this sense this is a
soft and controlled breaking of chiral symmetry [18].

Notice that, when Ginsparg and Wilson introduced their relation, no Dirac
operator was known to satisfy eq. 3.34 and only later it was realized that many
different discretizations introduced to deal with chiral fermions on the lattice were
formal solutions of the Ginsparg-Wilson relation. Some examples of such discretiza-
tions are the domain wall fermions introduced by Kaplan [110, 111], and the re-
lated Neuberger overlap operator [112, 113], and the perfect action by Hasenfratz
[114, 115]. In 1998, Liischer realized that fermionic actions constructed from a
Dirac operator which satisfies the Ginsparg-Wilson relation exhibits a modified,
but exact, chiral symmetry at finite lattice spacing which reproduces the original
axial singlet transformations as a - 0 [116]. Such modified symmetry is known as
Liischer symmetry.

Liischer symmetry is the key ingredient we need to properly derive the for-
mal expression we gave in eq. 1.65. Under infinitesimal Liischer transformations,

fermionic fields transform as

Sh(x) = ie%Ts1 (),
Sp(z) = (x)ie%s, (3.36)

66



where 5 = 75 (1 — aD) which allows us to rewrite the Ginsparg-Wilson relation as
v5 D+ D5 = 0. By writing fermionic fields in terms of left and right handed spinors

as

YR = Pro, Vr = VP,
Vi = Pra, Y = PR, (3.37)

where the projectors are defined as

A 1+ 1+
Prp = =2, Pry = =2, (3.38)
2 2
the Dirac lagrangian can be written as
VDY = PrDPy +PLD PRy, (3.39)

and correspondingly, by promoting the global transformations to a local ones, i.e.

€% (x) = €40y, under Liischer transformations the action variation reads
08 = —ia*e0,A) () . (3.40)

The singlet axial current A% () in eq. 3.40 is defined in terms of left and right
projectors as [117]

«42(1') = 1; {PLKu(x)pR - PRKu(x)pu}w ( )
1- X 3.41
= §¢ {-wKu(2) + Ku(2)¥5} ¥,
where the kernel K, (z) reads
K (z) = _Z-LU“”) (3.42)
: ) dov, () _07 .
where a,, = -0,€%(z) and U™ = ¢iex@U,(z). In contrast to non-singlet chiral

symmetry transformations, under Liischer transformations in eq. 3.36 the path

integral fermionic measure is no more invariant. In fact, under such transformations
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the measure transforms as
dip'dy’ = [det (747 det (47)] dupdyp
= [e‘iﬁ(e%%)e_i%(e%%)] dipdip, (3.43)
=1

where the second exponential on the second line is one since Trvy; = 0. On the

other hand, the first exponential on the r.h.s. can be expanded to give
Tr [ (2)75] = ~Nyelatr [vsD(z, )] , (3.44)

where the Ny factor appearing on the r.h.s. is due to the trace over flavour indices,
ie. tr(1 Ny Nf) and the remaining trace tr[-] is over Dirac indices only. Finally we

define the topological charge density as
atq(x) = ~5tr [5D(x,2)] | (3.45)

which implies that the anomalous contribution to the singlet WTT arising from the

non-invariance of the path integral measure takes the form
iTr [ (x)7s] = —=iNpeS atr[v5D(z,2)] = 2iNsa*eSq(x). (3.46)

Finally by taking into account the action variation in eq. 3.40 and the anomalous
contributions in eq. 3.46, one can easily recover the expression for the anomalous
WTI, for a generic composite operator O, that we formally defined in eq. 1.65.

As a final comment, notice that the topological charge can be related to the
spectral properties of the Ginsparg-Wilson operator in a form which recalls the
index theorem [118, 119], i.e.

Q=a") q(x) = —%tr [vsD] = ny —n_ = index (D), (3.47)

where n, and n_ are the number of right and left handed zero modes of the
Ginsparg-Wilson operator respectively. As a consequence of eq. 3.47, (Q € Z at

finite lattice spacing.
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3.4 Renormalization on the lattice

As we have seen in Sec. 1.4 renormalization is a key step to obtain a Quantum
Field Theory. On the lattice renormalization is typically achieved by imposing a
hadronic renormalization scheme in which the functional dependence of the bare
parameters on the lattice spacing is obtained by fixing the value of some hadronic
observable, which can be efficiently computed on the lattice, to a particular value.
Let us restrict ourselves to observables depending on the bare coupling only and
consider an observable © with mass dimension d = 1. Its physical value, provided by
experiments, is Oppys, while O(go, a) = aB(go) is the corresponding dimensionless
observable computed by lattice simulations at finite lattice spacing, for a fixed
value of the bare coupling. The lattice scale is then set by imposing that the
value of the physical quantity ©puys is kept constant at finite lattice spacing, i.e.

@(go, a) = aOppys. This provides the relation

a = é)(gO?a) 7

3.48
Ooner (3.48)

which implicitly defines the functional dependence of the bare coupling on the

lattice spacing. Indeed, by inverting the above relation we find

9o = 9o(aOphys) - (3.49)

Similarly, when quark masses are included an additional set of hadronic observables
must be chosen to fix the value of the bare masses. More generally, if the theory
depends on N free bare parameters, then N different observables must be selected
to fix their values. The relation in 3.48 together with the relations employed for
fixing the bare quark masses defines the so called lines of constant physics, namely
the trajectories in parameters space where the physics is kept constant for a given
lattice spacing.

In full QCD, the set of bare parameters to be fixed is given by the bare coupling

constant and the Ny = 6 bare quark masses. However, for practical simulations,
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any scale F, in order to be efficiently described on the lattice, must satisfies
ab <1, (3.50)

namely, the lattice spacing has to be fine enough to resolve the scale E. This
constraint limits de facto the possibility of simulating heavy quarks. For this reason
most of the current lattice simulations are performed in presence of up, down and

strange dynamical quarks and only recently the charm quark has been included

[41].

3.5 Continuum limit and topological freezing

Once the functional dependence in eq. 3.48 is known we can probe the UV regime,
i.e. the small lattice spacing regime, where perturbation theory is expected to
work. Then by solving the corresponding beta function in the given renormalization

scheme, we obtain for the bare coupling

1

—_— 3.51
260 In (aAlat) ’ ( )

g0(a) =
wherer by is the 1-loop universal coefficient in eq. 1.22 and A, is the A-parameter
in the hadronic renormalization scheme. This implies that, due to renormalization
group equations, for small lattice spacing the running of the bare coupling constant
gives

limgg = g* = 0. (3.52)

a—0

As a consequence, the beta function vanishes at g* which represents a critical point
of the theory. In this sense, different lattice discretizations that converge to the
same continuum limit belongs to the same universality class. The universality of
the continuum limit is assumed to be a general requirement at the non-perturbative
level [120] and it has been proven in perturbation theory for some of those dis-
cretizations [121, 122].

In general, the continuum path integral in presence of periodic boundary con-
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ditions can be defined as a sum of distinct contributions coming from disconnected
topological sectors. On the other hand, at finite lattice spacing this is not true and
the tunnelling between different topological sectors is allowed. In particular, at
finite lattice spacings, the probability of visiting different topological sectors drops
dramatically as a — 0 leading to the so called topological freezing [123, 124, 125]. In
this sense the tunnelling between different sectors is just a cut-off effect which van-
ishes in the continuum limit producing the expected disconnected sectors?. In such
a way, topological freezing directly affects the correctness of standard algorithms
(see Sec. 3.7) and the cost of the numerical computation for small lattice spacings,

by making simulations close to the continuum limit extremely demanding.

3.6 Symanzik’s effective action

A deeper insight on the continuum limit extrapolation is provided in the context
of the Symanzik’s effective theory. In his seminal papers [128, 129], Symanzik
proposed to consider the lattice theory as a formal fundamental theory at the
hard scale 1/a. In this context, we can define a continuum effective field theory
which describes the low energy regime by simply taking into account the most
general action which includes all the possible operators with mass dimension d > 4
with the correct symmetry properties. The Symanzik’s effective continuum action

reads
Seﬁf = S() + CLSl + 6L252 + oo, (353)

where S} contains operators with mass dimension d = 4 + k and Sy is the standard
QCD continuum action which is recovered by sending a — 0. In the same way, in an
effective field theory approach, renormalized fields ¢ can be written as effective
fields obtained by taking into account linear combinations of higher dimensional

composite operators with the appropriate symmetries, i.e.

Ge () = Po(x) + agy(z) + a’pa(x) + ..., (3.54)

2Numerical evidence shows that the size of the barrier between two distinct topological sectors
grows as a~°. See Ref. [126, 127] for possible solutions to overcome this problem.
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where again ¢, represents the usual field in the continuum limit. Starting from
these definitions we can study how the continuum limit is approached, by simply
matching a generic n-point correlation function computed on the lattice with the
same quantity computed in the context of the Symanzik’s effective theory. By
assuming that the ¢ field renormalizes multiplicatively and that the renormalized
correlation function does not mix with any other operator, the lattice correlation

function reads

G, mn) = (Z5)" ($(x1) - G(Tn) oy (3.55)

where it has been evaluated at non-zero separation of space-time coordinates to
avoid any possible contact term. Similarly, by using eq. 3.53 and 3.54, the n-point

function in the continuum effective theory can be expanded for small a as

GS(I‘l, . ,l’n) = (QSQ(ZLj) e ¢O(xn)>cont
= a{go(21) - .- 90(Tn)S1)com (3.56)
+a Z (po(x1) ... d1(zk) - Po(Tn)) eons + O(a?),
k=1
where ()., denotes that the expectation value has been computed with respect

to the continuum action Sjy. Notice that in principle any contact term can be
absorbed in a redefinition of ¢;. In this way, by matching eq. 3.55 and eq. 3.56 we

obtain

(Zs)" (3(@1) - - (T0) )1ay, = (D0(21) - D0(T) Doy
—a{po(z1) - 00(21)S1)eont (3.57)

+ a;(%(ﬂ) 1 (@r) - Po(Tn))eons + O(a?),

where the second and the third line on the r.h.s. provide the leading correction in
the lattice spacing with respect to the continuum result. Notice that in general,
depending on the discretization effects of the discretized action, the leading cor-
rection will be proportional to a? with p > 1 [130]. For instance for the gluonic

Wilson action we expect p = 2, while for the Wilson discretization of the Dirac
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action we expect p = 1.

As a final remark, notice that, as usual in the context of effective field theories,
any higher dimensional operator comes multiplied by a dimensionless coefficient
which explicitly depends on the cut-off. As a consequence the coefficients multiply-
ing the O(a) correction can themselves depend on the lattice spacing [131] and it
can be proven in perturbation theory that this dependence is at most logarithmic
(132, 133].

3.6.1 O(a)-improvement

The Symanzik’s effective action allows a deeper understanding on how lattice ob-
servables approach the continuum limit. The obvious outcome is taking advantage
of this knowledge to construct lattice discretizations with a better behaviour as
we approach the continuum limit. Indeed, this is in principle possible, thanks to
the fact the there is quite a freedom in the definition of the discretized action.

The idea is then to modify the lattice action by adding the discretized version
of the irrelevant operators appearing in the continuum Symanzik’s effective action
with some coefficients which are properly tuned to remove cut-off effects at a given
order.

For instance, we have seen that Wilson’s formulation for fermions suffers from
O(a) discretization effects. In order to remove them we focus on the O(a) correc-
tions appearing in S7, by taking into account all the operators with mass dimension
d = 5 which preserve the symmetries of the continuum action, i.e. gauge and rota-
tional invariance, parity and charge conjugation. Only five different operators are

found to satisfy these conditions [134]. Those read in the continuum

Oy = Yo, Fu, (3.58)
Oy = D, Dyb + 9D, D,yib, (3.59)
O3 = mTr {FuFu} (3.60)
Os = m{dmu Dy~ bD,mw} (3.61)
Os = m*np, (3.62)
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where 0, = % [Vu: 7] and D, is covariant derivative. Notice that in principle not all
the dimension 5 operators above are independent. By applying the field equations

for the fermionic fields, one finds the relations

01 - 02 + 205 = 0, (363)
04 + 205 =0. (364)

In such a way, only three of them are independent and the remaining two can be
removed, say O, and O4. As a consequence the corresponding lattice action can
be modified with the additional term

Sl = a5 Z {ClOllat + CgO:lgat + C50}r)at} , (365)

being Ol the lattice version of the operators appearing in eq. 3.58, 3.60 and 3.62
and ¢; the coefficients which have to be tuned in the lattice spacing to remove
O(a) cut-off effects. O3 and Os can be further removed by properly redefining the
bare coupling constant and the bare quark masses if those are discretized by using
the plaquette field the local scalar density respectively. The remaining action then

reads
1
S = CZSZCSWQMJU)ZUWF&?%(%), (3.66)

where Fﬁt is a proper discretization of the field strength tensor and c,, is known as
Sheikholeslami- Wohlert coefficient [134]. Its value is, in general, a function of the
bare coupling constant and has to be properly tuned to remove O(a) discretiza-
tion effects [135]. A common choice for )2 is given by the symmetrized clover

discretization

Fat = F, = —# [Quu(7) = Quu(z)] (3.67)
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Figure 3.3: Graphical representation of the sum of plaquette fields @), as defined
in eq. 3.68.

with

Quv = U (2)U,(z + ap)U} (z + a0) U]
+ U, (2)Ul(z - afi+ a0)UJ (z - ap)U,(z - aji)
+ Ul(z - ap)Ul(a-app— ad)U,(z - ajy — a0)U,(x - av)
+ Ul(x - a0)U,(z - ad)U, (2 + aji — ad)UJ (). (3.68)

In this way the lattice O(a)-improved Dirac operator can be written as
D = Dy +aDgy, (3.69)

where D, is the standard Wilson discretization of fermions provided in eq. 3.33
and Dy, is the Sheikholeslami-Wohlert operator

1 N
Dsw = CSW(QO)ZO—NVFMV(:L') . (370)

At leading order in perturbation theory it holds cg, = 1 [134], while at 1-loop the
Sheikholeslami-Wohlert coefficient has been computed in Ref. [136] and its non-

perturbative determination, for the Wilson plaquette action, is provided in Ref.
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137], leading to the expression for N; = 3 quarks
[ g I

1-0.1947854¢2 — 0.110781g2 - 0.0230239¢8 + 0.13740143
1 - 0.4606854?2 '

csw(g0) = (3.711)
Notice that in general, in order to achieve a complete O(a)-improvement, fields
and composite operators have to be improved as well, by properly identifying
higher dimensional operators with the same symmetries, see eq. 3.54. However if
we are only interested in spectral quantities, e.g. hadron masses, it is sufficient to
achieve an O(a)-improvement at the action level to guarantee that such quantities
approach the continuum limit with O(a?) cut-off effects [138].

Given these definitions we can finally give the path integral formulation for

O(a)-improved Wilson fermions. The partition function reads
Zrat = f DUDYDg eS8 =5 (3.72)

where Séw) is the Wilson’s plaquette action defined in eq. 3.14, S, is the fermionic
action with the O(a)-improved Wilson-Dirac operator obtained in eq. 3.69 and
finally the gluonic and fermionic integration measures are defined in eq. 3.18 and

3.24 respectively.

3.7 Monte Carlo methods for lattice QCD

In this section we provide a brief overview of the main computational strategies
an tools which are currently used in numerical simulations of QCD and which we
exploited in this thesis.

For the time being, we consider the path integral for a generic fundamental field
¢. The analogy between the path integral formulation of a QFT in euclidean space-
time and a purely statistical system implies the identification of the normalized

probability density for a gauge field configuration with
P[¢] = —e 5191 (3.73)

Notice that this interpretation holds as long as the action is purely real and
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bounded. With the correspondence provided in eq. 3.73, the vacuum expectation
value of a generic composite operator O is interpreted as the statistical average of

such operator over the field configurations as

-~ [ Dlsjo@)e 9. (3.74)

In this context Monte Carlo methods provide the ideal tool to numerically compute
high dimensional integrals like the one in eq. 3.74. In this way, given a representa-
tive ensable of gauge fields distributed according to the probability density in eq.

3.73, the best estimate of the expectation value is

1 X 1

0= v ;0(@) =(0)+0 (\/_N) (3.75)

where N is the size of the ensamble. Remarkably the uncertainty provided by the
Monte Carlo integration scales as 1/ VN and has a purely statistical interpretation.
Representative ensambles are usually generated by Markov Chains, which are
defined by a transition probabiliy T'(¢ — ¢'), which describes the probability of
extracting the field ¢’ starting from ¢. In general, for an ergodic Markov Chain,
in order to generate field configurations according the expected probability dis-
tribution in eq. 3.73, the so called equilibrium distribution, it is sufficient for the
corresponding transition probability to satisfy the detailed balance condition. The
easiest way to construct transition probabilities which satisfy detailed balance is
by using the Metropolis-Hastings algorithm [139, 140]. In such a way a new field
configuration is extracted according to a proposal probability and then it is ac-
cepted or rejected according to an acceptance probability based on some criterion.
In this sense, generating field configurations in an efficient way will translates into
having a high acceptance rate. Notice that in practical lattice QCD simulations,
when dynamical fermions are included, a local application of the Metropolis algo-
rithm with a single-link update is not feasible. The reason is that, as we will see in
the following section, once the integral over fermionic fields is explicitly performed,
the resulting functional integral is non-local in the gauge fields. This in turn would
imply a tremendous computational cost to have a reasonable acceptance rate. A

different, global, approach is discussed in the following section.
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3.7.1 Hybrid Monte Carlo for QCD

One of the most efficient way to generate gauge field ensambles is represented by
the Hybrid Monte Carlo (HMC) algorithm [141]. Before focusing on the details of
the HMC algorithm, let us consider the lattice QCD partition function in eq. 3.72.

By expanding the fermionic action, it reads
Ziag = f DU Dy DieSelU1- 0PI (3.76)

where S, and D[U] are the Wilson’s plaquette action and the Wilson-Dirac oper-
ator for fermions. Since the integration over fermionic fields is a gaussian integral

on Grassmann variables, it can be carried out explicitly and leads to
Zras = f DU (det D[U])N e=Ssl07 (3.77)

A few comments are in order. On one hand notice that the Dirac operator is a
V' x V' sparse matrix and a direct calculation of its determinant is not feasible in
terms of computer time. On the other hand, in general, it is not guaranteed that
the determinant of the Wilson-Dirac operator is positive. As a consequence, in
presence of an odd number of non-degenerate quarks, the correspondence between
the QFT path integral and the statistical interpretation provided by eq. 3.73 is
potentially spoiled.

In the case of an even number of degenerate flavours, thanks to vs-hermiticity
of the Dirac operator, the squared of the quark determinant is positive-defined.
Furthermore, it can be written in terms of bosonic pseudofermion fields ¢ and ¢f.
For instance for Ny =2 [142]

(det D[U])? = det Q? o f Dt Dpe S (3.78)

where in order to correctly reproduce the quark determinant by performing the

bosonic gaussian integration, the pseudofermionic action is defined as

Spt = ), 0'Q7%0, (3.79)
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with () = v5D. The core idea behind the HMC algorithm is to write down the
corresponding hamiltonian system and evolving the degrees of freedom by numer-
ically integrating the Hamilton’s equation. In this way the evolved gauge field
provides the proposal in the Metropolis-Hastings algorithm. In order to write the
corresponding hamiltonian system, let us introduce the algebra-valued conjugate
momentum variables 7,(z) = T*mf(x), which we assume to be sampled from a
gaussian distribution at each step in the Markov Chain. The corresponding hamil-

tonian reads
U] = %(w,w) + S,[U] + S[U, 6,611, (3.80)

where (7,7) = ¥, ,q|7e(2)[* denotes the SU(3) algebra scalar product. In this

formalism, the evolution of the gauge field is controlled, in terms of simulation

time t, by the Hamilton’s equation

UL (x) = mu(2)Up(x), (3.81)
omu(r) = ~FJ(v) - Flff(x) : (3.82)

where, by recalling the expression for the Wilson’s plaquette action in eq. 3.14 and

the pseudofermionic action in eq. 3.79, the gluonic and pseudofermionic forces are

respectively defined as

0

Fi(z) = mSg[U] (3.83)
pf - 0
FP(z) = 5T, (x)spf[U]. (3.84)

The hamiltonian evolution described by the equations above is often referred to as
molecular dynamics evolution. Notice that in the molecular dynamics, the pseud-
ofermion fields are kept fixed. By explicitly performing the derivative in eq. 3.84,
the pseudofermion force involves a double inversion of the Dirac operator, which
represents the most expensive part of a simulation in terms of computer time. The
numerical integration of the Hamilton’s equation is performed by discretizing the
trajectory 7 into smaller intervals with finite step-size and by using generic sym-

plectic integrators [143, 144]. Once the dynamical integration has been performed
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and the fields have evolved from the initial configuration (Uﬁi),ﬂfj)) to the final

configuration (U,Sf ),W,Sf )), an accept-reject step is performed in order to guaran-

tee that the new configuration is distributed according to the desired equilibrium
distribution. Notice that this last step is somehow crucial, since the numerical
integration does not preserve the hamiltonian.

It is worth noticing, however, that in real simulations, in particular for small
quark masses [145], the use of a single pseudofermion is impractical. The reason
is that the pseudofermion force is often affected by large fluctuations which dras-
tically reduce the acceptance rate of the HMC algorithm. Such fluctuations are
possibly tamed by the frequency splitting introduced in Ref. [146, 147], which can

produce sensible improvements if combined with multiple-step integration [148].

3.7.2 Rational HMC

So far we discussed only the case of two degenerated flavours. This case is particu-
larly interesting given the very small difference in the up and down quark masses.
However, when the strange quark is introduced, the positivity of the probability
distribution in the path integral is, in general, no more guaranteed. The positivity
is guarateed only for discretizations which preserve chiral symmetry [149], which is
not the case of Wilson fermion. In such case, it is possible to encounter regions, in
configuration space, which provides a negative-valued quark determinant and, as a
consequence, the entire construction based on the statistical interpretation of the
path integral is spoiled. In general, it is assumend that such regions give a negligi-
ble contribution to the path integral and then can be neglected. The reason relies
on the fact that the Dirac operator for the strange quark has a large mass-gap
provided by the strange quark mass, and, as a consequence, only few exceptional
gauge field configurations can lead to negative-valued determinant, see Ref. [150]
for a further discussion on this topic. If this is the case, then we can simply write

the strange quark determinant as [151, 152]

det (Qs) — det (1/Q2) = det (W) det (R , (3.85)
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where in the last step we introduced the operators W = |Q|R and R. The latter
provides a rational approximation for the function 1/4/Q?. In general the rational
approximantion is a Zolotarev rational function of degree (n,n) which depends on

the spectral properties of the operator Q2. It can be written as
R =R, (r,?Q7?) . (3.86)

where € = (r,/ rb)2 and r, and r, are two numbers such that most of the eigenvalues
A of the operator \/@ belongs to the interval [r,,rp], in order to guarantee that
the operator R~! is a good approximation of \/@ for most of the gauge field
configurations. The rational approximation R,  is then provided by

Ro(z) = A(x+a1)...(:c+a2n71) L L (3.87)

(z+az)... (v +as,) Vz’

where a; > --- > a9, and A > 0 are free parameters which have to be properly tuned

in order to minimize the error of the approximation § = maxec.<1 |1 — /2Ry ()|
In such a way, we can proceed as before by writing the quark determinant in terms

of pseudofermions actions, i.e. from eq. 3.85 the pseudofermion action reads

Spis = (?bl;W_lﬁbl) + (¢p2, Ropo) . (3.88)

In standard algorithms, only the second term on the r.h.s enters into the molecular
dynamics, while the first one is treated as a reweighting factor, which can be
computed stochastically and included, a posteriori, as part of the observables.

Notice that, similarly to the case of Ny = 2 described in the previous section, the
use of a single pseudofermion is impractical in realistic simulations and methods
like the frequency splitting described above can be used for the strange quark
determinant as well.

The purpose of this section was to give a pedagogical introduction to the most
widely used algorithm to generate gauge field configurations. Other technical, but
relevant, details, such as the various type of solvers employed in the inversion of the
Dirac operator [153], as well as any algorithmic technique used to allow a faster

inversion for small quark masses were completely omitted [154, 155]. For those
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and other relevant topics we refer to Ref. [149] for a more complete and detailed

discussion.

3.8 QCD hadronic spectrum

As we have seen in Chapter 1, some peculiar features of the QCD spectrum can
be direcly inferred by the study of the QCD lagrangian symmetries. However the
explicit values of the hadron masses still remains inaccessible to any analytic calcu-
lation, due to the non-perturbative nature of QCD at low energies. For this reason,
a determination of the hadronic spectrum from first principle is only possible in
the context of the lattice regularization.

Historically, the determination on the lattice of the QCD spectrum has been
both a fundamental check of the theory and a remarkable success of the lattice
framework as well. While the first lattice determinations were restricted to the
quenched approximation and were affected by large and not fully under control
systematic errors, current lattice calculations provide a detailed and satisfactory
representation of the masses of the light pseudoscalar mesons as well as of the
baryonic octet, see fig. 1.5. In the following sections we will describe how the

hadronic spectrum can be extracted from lattice calculations.

3.8.1 Transfer matrix

The partition function for an euclidean field theory discretized on a lattice with
periodic temporal extent Ly, can be written in terms of the so-called transfer

matriz, T, as
Z =T [T], (3.89)

where N = Lg/a and the trace is over the Hilbert space of the physical states
len) of the theory. The underlying meaning of the transfer matrix formalism is
to describe the probability for a quantum state to propagate in the infinitesimal

time-interval [t,t+ a]. By construction, the transfer matrix is a unitary matrix
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and can be written as
T=e  where Hle,) = Eplen) (3.90)

where H is a hermitian matrix which corresponds, up to discretization errors,
to the hamiltonian of the system. As a consequence, the expectation value of a
generic time-ordered two-point correlation function involving the operators O; and

OQ evaluated at euclidean time ¢; and t,, with t; > t5 can be written as
. . 1 . .
(01 (tl)OQ(tQ))LO = Z Tr [TN_(nl_nQ) 02 Tnl_n2 01] s (391)

where n; = t;/a for ¢ = 1,2 are the temporal coordinates expressed in terms of
lattice units. Here (-) refers to the fact that the correlation function is computed
at finite temporal extent Ly. By making explicit the trace over the Hilbert space,

it reads

1
2 (en] TN [ex)

1 R R
{Z o~ Er(Lo—t1+t2) (€] Oy T ™20, |e,€)} . (3.92)
k

>y e Frko

(Ol(tl)OQ(t2)>L0 _ {Z <€k| TN—(m—nz) 02 Tri-nz Ol |€k)}
k

where the second line is simply obtained by inserting a complete set of eigenstates
of the hamiltonian and using eq. 3.90. Notice that by keeping the lattice spacing
constant and taking the infinite volume limit, Ly — oo, the exponential functions
at numerator and denominator are dominated by the lowest energy state |¢), i.e

the vacuum of the theory. The correlation function then reads
(01(t1)0s(t3)) . = ePo1712) (¢0| Oy T2 Oy Jeg) (3.93)

As a final step, by inserting a complete set of eigenstates of the hamiltonian H and

taking the large separation limit, i.e. At =t¢; —t, — oo, the two-point correlation
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function can be written in the final form

Am (01(1)0x(t2)). = Jim e BB (eo] Onlen) (en] O1 leo)

= (F-E)AL (10, |€) (6 On |eo) | (3.94)

where E is the lowest energy state which provides a non-zero matrix element for
the operators O; and O,. Notice that the mass gap F - F, depends on the quantum
number of O; and Oy and the convergence rate, due to the exponential suppression
of the excited states, depends on the relative magnitude of the first excited state.

As a final remark, notice that the correlation function in eq. 3.94 is not pro-
jected to a definite value of spatial momentum. In such case E = E(p) and the
corresponding mass is related to F by a dispersion relation. In order to isolate zero-
momentum states and then to extract the mass of the ground state it is sufficient
to project to zero momentum, by simply summing over the spatial coordinates
of one of the two interpolating operators. In this way, the two-point correlation

function in the infinite volume limit, at finite lattice spacing reads
Coy.0, (t1 —t2) = e FEIA ()] Oy |€) (€] O1 |eo) (3.95)

where now O, are meant to be averaged over the spatial coordinates. In the equa-
tion above the dependence on the euclidean time is entirely provided by the expo-
nential, which then determines the asymptotic behaviour of the correlation func-

tion for large temporal separations.

3.8.2 Hadronic correlation functions on the lattice

The key step to extract hadron masses from two-point correlation functions on
the lattice is two construct the correct interpolating operators carrying the desired
quantum numbers, see Chapters 1 and 2 for the corresponding definitions in the
continuum limit. Notice that in principle there is quite a freedom in this procedure,
being the only constraint given by the set of quantum numbers.

In general, on the lattice, the calculation of correlation functions involving

quark fields is performed by explicitly carrying out Wick contractions between
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two distinct quark fields. As a consequence, the basic element in such calculations

is the quark propagator

ey (@,y) = D7 (w,y) = (05 (@)8) () (3.96)

where the expectation value (-) is taken by integrating over the fermionic fields.
In the above expression, we often refer to the quark field ¢ () as the sink operator
and to 1) (y) as the source operator. With this definition, the most general fermionic
correlation function can be directly written in terms of quark propagators only.
In principle, one could construct interpolating operators of arbitrary complex-
ity, describing exotic states composed of n valence quark with the only constraint
for them to be singlet operators in colour space. However, for the purpose of this
thesis we are mainly interested in mesonic and baryonic lattice operators. The

most general mesonic interpolating operator reads

O%(z) = ¢¥(x)Tom™(x), (3.97)

where 7% = {1/ \/W, Ta} defines the flavour composition of the interpolating op-
erator, while I'p is a generic combination of Dirac gamma matrices which defines
the spin structure and the transformation properties of the operator under parity
and charge-conjugation transformations, see App. B.1. In such a way, O% would
describe flavour singlet (a = 0) or flavour non-singlet (a # 0) states with the usual
JPC quantum numbers. The corresponding euclidean time two-point correlation

function projected to zero spatial momentum reads on the lattice
Co(w0) = a® Y {0 (2)0*(0)) (3.98)

where no summation over flavour index a is understood. Notice that it is always
possible to define the source operator at y = 0 due to translational invariance.
By inserting the expression of the interpolating operator in eq. 3.97 and applying

Wick’s theorem, the correlation function can be written in terms of all the possible
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Wick contractions as

Co(w0) = a* Y. { = (T [F*ToS(2,0)7°T05(0, 2)])

X

+{Te [F'ToS (2, 2)] Tr [7To5(0,0)]) } (3.99)

where the trace is over colour, spin and flavour indices. Notice that, since the
quark propagator is diagonal in flavour space, the trace over flavour indices can
be carried out explicitly by simply using the relations in App. A.1. Eq. 3.99 can

then be written as
() = @* T { _ % (Tt [ToS(2,0)ToS5(0,2)])
+ %5&0 (Tr [ToS(x,2)] Tr [T65(0,0)]) } : (3.100)

On one hand, the first term on the r.h.s., the connected contribution, takes into
account quark propagation between two displaced space-time coordinates, while,
on the other hand, the second term, the disconnected contribution, which appears
only for singlet two-point correlation functions, includes quark loops. Finally, by
using vs-hermiticity of the Dirac operator, which translates at the level of the
quark propagator to ST(z,y) = v55(y, 2)7s, the mesonic correlation function can

be written in its final form as

3

Co (o) = % > { —(Tr[CoS(z,0)T o35 (2,0)75])

X

+ 0N (Tr[ToS(w,2)] Tr [ToS(0,0)]) } - (3.101)

Notice that by taking the conjugate transpose of the correlation function in eq.
3.101 one can easily see that it holds Cg(z¢) = C& ()T, i.e. the correlation function
is real, as long as FTO = +v['075, see App. B.2 for a more detailed discussion. This
is the case, for instance, of flavour non-singlet (a # 0) operator with spin structure
dictated by T'o = {1, 75, V4,775 }, on which we will focus in this thesis.
A similar analysis can be carried out for the nucleon interpolating operator
1

in eq. 2.49 which describe a J¥ = ; state. In such case, by making explicit the
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flavour content of the operator, the corresponding two-point nucleon correlation
function can be written as

Cys(z0) = a8 (T [P.N(z)N(0)])

X

a® Y ([Wi(z,0) - W2(z,0)]) , (3.102)

X

where in the first line the trace is over Dirac indices only and P, is the parity
projector P, = (1) /2, while W} and W2 in the second line are the Wick
contractions obtained by integrating over the fermion fields. Their expressions

read

Wh(x,0)=Tr [ng(a:, 0)Cv5.Spf(z, O)C%] Tr [See(z,0) P, ] e®¢efe

(3.103)
W2(x,0) =Tr [ng(x, 0)C5Spe(z,0) PuS.f(x, 0)075] ebeeles

where we made explicit colour indices in the quark propagators. As for mesonic
correlation functions, it is possible to see that the nucleon correlation function in
eq. 3.102 is purely real. In App. B.3 we give a proof of the reality of this correlation
function, based on the derivation performed in Ref. [156].

To conclude this section, notice that in principle it is also possible to define an
interpolating operator for a J¥ = %i state by simply modifying the gamma content
in the diquark operator (I'p in eq. 2.48). In such case the resulting interpolating
operator receives contributions both by spin-1/2 and spin-3/2 states and a further
spin-projection, which is in general momentum-dependent, is required in order to
correctly decouple the spin-3/2 and the spin-1/2 state [157].

3.8.3 Signal-to-Noise ratio for hadronic observables

By combining the knowledge of the tranfer matrix we defined in Sec. 3.8.1 with
the hadronic lattice correlation functions we constructed in Sec. 3.8.2, the QCD
spectrum can be extracted by probing the large euclidean time separation of such
correlation functions.

In general, since the spectrum is extracted by the asymptotics of the correla-

tion function, having a good signal at large separation is somehow crucial to keep
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systematic uncertainties under control. Unfortunately, one of the main difficulties
which arise in the study of the hadronic correlation functions is the exponential
deplation of the signal which occurs when correlators are evaluated at large dis-
tance.

It was argued by Parisi [158] and Lepage [159] that the probabilistic path
integral formulation of the theory could give an insight on the behaviour of the
correlation function at large euclidean time separations. In particular, it is possible
to provide an estimate of the variance of each observables in terms of path inte-
gral expectation values. Consider for instance a generic time-separated two-point
correlation function involving the interpolating operator O, whose expression on

the lattice reads
Co(g) = a?) (O(z9)0(0)) , (3.104)

where the exponent ¢ is dictated by the mass dimension of the operator O. The
best estimate of its expectation value is provided, on the lattice, by the Monte

Carlo average (see eq. 3.75) and its variance reads
o3 (x0) = @ ¥ {([0)0)][0)ONO]') = (0O} . (3.105)

Notice that, by recalling the transfer matrix formalism, in eq. 3.94 the asymptotic
suppression of the second term on the r.h.s is simply dictated by 2m¢. On the other
hand, as argued in Ref. [158], for the first term the situation might be different.
In this case the suppression will be driven by the lowest energy eigenstate of the
transfer matrix which provides a non-zero matrix element of the interpolating

operator with respect to the vacuum. Two different scenarios can occur

moz = 2m
© © (3.106)
moz2 < 2mo,

The first case is obtained when there is no state with the correct quantum numbers
and lower energy with respect to 2mgo, which provides a non-zero matrix element.
In such case, both the terms appearing on the r.h.s. of eq. 3.105 exhibits the

same behaviour for xy - oo. On the other hand the second condition in eq. 3.106
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is encountered whenever the operator O(zy)O(0) acting on the vacuum creates a
state with energy lower than 2mg. In this case, the second contribution in eq. 3.105
is more suppressed and for sufficiently large separations the variance is dominated
by the first term on the r.h.s. Such considerations lead to the definition of the
so-called signal-to-noise ratio (StNp), which expression for large euclidean time

separations reads

StNo (o) = % 57 exp {—[mo— %moz]xg} . (3.107)

As a consequence of eq. 3.107, if mg2 = 2m, the noise scales exactly as the signal
and then the StN is constant in euclidean time, while if mp2 < 2mg, at large
separations the signal is more suppressed than the variance. This produces an
asymptotic exponential degradation of the signal which makes it hard to control
the systematic uncertainty.

In such a discussion a special réle is covered by the pion two-point correlation
function, see eq. 3.101 with a # 0 and I'y = 5. Being the lightest state of the theory,
in this case we expect the condition in eq. 3.106 to be saturated to m 2 = 2m,.
The explicit expression for the variance of the pion two-point correlation function

reads

o2 (o) = %GZ {{Te[S(2,0)8!(2,0)] Tr [S(x,0)5"(2,0)])
< (3.108)

H(Tr[S(2,0)8" (2, 0)])" }

where the correlation function appearing as the first term on the r.h.s. describes
the propagation of a state composed of two quarks and two anti-quarks. Since the
pion provides the mass-gap of the theory, the lightest eigenstate of the transfer
matrix involving two ¢q pairs is a two-pion state. As a consequence, m 2 = 2m;
and StN(x¢) is a constant for large euclidean time separations.

On the contrary, if we take into account the nucleon two-point correlation
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function defined in eq. 3.102, its variance reads

0% (w0) = a2 Y {([Wh(w,0) - W2(2,0)] [Wi(,0) - W2(x,0)]')

(3.109)
+(Wh(z,0) - W2(2,0)) |

As before, while the exponential behaviour of the second term on the r.h.s is
dictated by twice the nucleon mass, the first correlation function on the r.h.s
describes the propagation of three ¢¢ pairs and the corresponding lowest energy
state is described by a three-pion state with mass 3m,. This leads to the StN ratio

for the nucleon two-point correlation function

StNy=(zg) = (C=(20)) e exp{— |:mNi - §mﬁ] xo} : (3.110)
Vo (20) 2
For instance, by restricting to the positive parity partner, i.e. the nucleon, for phys-
ical quark masses we have my+—-3m, ~ 3.7 fm™' [22], which makes the study of such
correlation function extremely difficult at large distances. As a final remark notice
that such StN problem appears also for other mesonic and baryonic observables
and might be possibly overcome in Monte Carlo simulations by increasing the size
N of the representative ensemble used for the calculation of the Monte Carlo es-
timate. Nevertheless, the statistical uncertainty of the Monte Carlo average scales
as N~1/2 (see eq. 3.75) and one would need an incredibly large increase of the
statistics to compensate the exponential loss of signal. Such brute force approach
is not sustainable from a computational point of view and different methods, such
as multilevel integration techniques [160, 161, 162, 163], are preferable for noise

reduction of such pathologic observables.
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Chapter 4

QCD on the lattice at very high

temperature

From now on, in the following chapters we will describe the original contribution
of this thesis. In particular, the present chapter is devoted to outline the strategy
we implemented to simulate QCD on the lattice at very high temperatures. This
strategy exploits a non-perturbative definition of the strong coupling constant in
a finite volume to set the lines of constant physics. This strategy was first used in
the SU(3) Yang-Mills theory and allowed a precise determination of the Equation
of State (EoS) up to ~ 70 GeV [14].

4.1 Shifted boundary conditions

In this thesis, the thermal field theory is discretized on a four-dimensional lattice
with lattice extent Ly in the temporal direction and L; with k£ =1,2,3 in the three
spatial directions. We impose that both fermionic and gluonic fields satisfy shifted
boundary conditions in the compact temporal extent [164, 165, 166], while we
set periodic boundary conditions in the spatial directions. The basic idea behind
shifted boundary conditions consists in shifting the fields by the spatial vector Lo&

when crossing the boundary of the compact direction. For the gauge fields they
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read

UM(ZL‘Q + Lo,X) = UM(ZEQ,X - L()E)

) (4.1)
UH(Z’Q,X + k‘Lk) = UM(.’L'(),X) s

where k denotes the unit vector in the k-direction. Due to anti-periodicity of

fermionic fields, shifted boundary conditions for quarks and anti-quarks read

Y(xo + Lo, x) = =h(0,x ~ Lo§), (o, x + kLy) = 1(w0,%)

_ _ _ . _ 4.2
W(xo + Lo, x) = =(xg,x — Lo€), W(wo,x + kL) = ¥(x9,x). (4.2)

At the level of path integral, a QFT defined with the usual partition function in
eq. 2.1, in presence of shifted boundary conditions is equivalent to the same QFT
defined in a moving reference frame with imaginary velocity given by v = i& and

euclidean partition function
Z (Lo, &) = Tr[e totH=€P) ] (4.3)

where H is the hamiltonian operator and P is the total momentum operator in
the boosted reference frame, with boost characterized by the Lorentz factor v =
(1+ 52)_1/ ?. Therefore, a relativistic thermal field theory in the presence of shifted
boundary conditions is totally equivalent to the same theory with standard periodic
(anti-periodic for fermionic fields) boundary conditions but with a longer temporal

extent Lo/v and temperature

ol 1
T=-—_=—— (4.4)
Lo Ly/1+€
By restricting ourselves to the case & = (£,0,0), the coordinates (zg,z1) of the
system with shifted boundary conditions are mapped into the coordinates (z{, z})
of the system with periodic boundary conditions through an euclidean Lorentz

transformation

v = (@ +€m1) s

rh = (v1-&x0) Y
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Figure 4.1: The grey horizontal lattice in the plane (z1, () represents the lattice
with shifted boundary conditions and lattice extent Lg/a = 6 in the temporal
direction. The rotated lattice represents the corresponding (x(,z]) frame with
periodic boundary conditions and temporal extent Lo/, with & = (1,0,0).

while x5 and x3 are left unchanged, being the boost in the first spatial direction. In
fig. 4.1 the transformation between the two systems is shown in the (x1, z¢)-plane.
In a shifted frame the Matsubara frequencies for fermionic and bosonic fields, that

we defined in eq. 2.6 and 2.7 respectively, are accordingly modified to [167]

kp = — (2n+1) -k €, (4.6)
Lo
2mn
- k. 4.
kn = - £, (4.7)

where n is an integer number in [0,Lo/a - 1] and k is the spatial momentum
defined in presence of periodic boundary conditions in the spatial direction. In
order to make a definite choice, in this thesis we use shifted boundary conditions
with & = (1,0,0) and consequently 7' =1/ (\/§L0).

Shifted boundary conditions have been proven to be an efficient framework to
tackle several problems that are otherwise very challenging both from the theo-
retical and the numerical point of view. In particular, those have already given
remarkable results in the renormalization of the energy-momentum tensor [168]
and in the calculation of the EoS at the permille level [169, 14] in the SU(3)
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Yang-Mills theory and, more recently in the computation of the renormalization
constant of the local vector current in QCD [170].

Even if shifted boundary conditions are not crucial for the purpose of this thesis,
we have chosen to use them in order to share the cost of generating the gauge field
configurations for the project which aims at the computation of the QCD Equation
of State [167] in the same range of temperatures we explore in this work. Besides
this cost-effective reason, there is also a technical reason for which shifted boundary
conditions are a preferable framework, namely they provide milder discretization
errors. Such behaviour has been observed in the pure gauge theory in Ref. [169, 14]
and in QCD at leading and next-to-leading order in perturbation theory in Ref.
[170]. Even in this case, the use of shifted boundary conditions makes discretization
errors in the screening masses milder, at least at leading order in perturbation

theory, see App. G.

4.2 Scale setting and lines of constant physics

Generally, when simulating QCD at zero-temperature the theory is renormalized
by using a hadronic renormalization scheme in which the value of a given hadronic
quantity Ohad, computed on the lattice, is fixed to its physical value, see Sec. 3.4 for
a more detailed discussion. Due to the window problem in eq. 3.50, this hadronic
quantity has to be chosen so that it can be easily accommodated on the lattice
and in such a way that it can be efficiently resolved by the chosen lattice spacing.

When simulating a wide range of temperature spanning several orders of mag-
nitude, the additional scale T has to be accommodated on the lattice too [171,
172, 173]. If the temperature is sufficiently large and, in particular, much larger

than the hadronic scale, the window relation to be satisfied on the lattice becomes

a<<l<< Al < L, (4.8)
@had

which would require to accommodate on a single lattice both the temperature
and the hadronic scale which may differ by several orders of magnitude. Cleary
this condition makes the numerical computation prohibitively expensive for very

large temperatures. A similar problem was encountered when renormalizing non-
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Figure 4.2: Graphical representation of step-scaling techniques which allowed us to
explore a wide range of temperature. The overall scale was fixed in the low energy
regime by using the results in Ref. [180].

perturbatively QCD and was solve many years ago with the introduction of step-
scaling techniques [174, 175].

In this work we overcome this problem by exploiting a non-perturbative defini-
tion of the renormalized coupling constant in a finite volume g3, (x) which can be
efficiently computed on the lattice for values of the renormalization scale p which
span several orders of magnitude. Here we refer to the definition of the coupling
constant based on the Schrodinger Functional renormalization scheme (SF) [176],
but other choices are possible as well. In particular, in this work we will also exploit
the Gradient Flow (GF) definition [177, 178, 179].

The underlying idea is to transpose the knowledge deriving from the finite
volume setup provided by the SF to the finite temperature framework. Once g3 (1)
is known in the continuum limit for the energy scale u which can be accommodated
on the lattice, i.e. au < 1 [178, 181], and the dependence of the bare coupling on
the lattice spacing is known, we require p ~ T'. The lines of constant physics are
then fixed by requiring the value of the renormalized coupling at finite lattice

spacing a to be

gar (g0, ap) = Gap(p),  for  ap~al < 1. (4.9)

In this way we fix the dependence of the bare coupling on the lattice spacing, for
values of a at which the temperature can be easily accommodated. The combi-
nation of eq. 4.9 with step-scaling techniques allows to explore a wide range of

temperature without the need of simulating large volumes and then with a mod-
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erate cost in terms of computer time. The detailed discussion on how the bare

parameters of the lattice actions have been fixed is reported in App. D

4.3 Lattice setup

The strategy outlined in the previous section and in App. D has been implemented
in the present study to simulate QCD in presence of Ny = 3 quarks in the chiral
limit, at 12 values of the temperatures, Ty,...,T1; ranging from about 1 GeV
up to 160 GeV. For the nine highest temperatures Ty,...,Ts we adopted, as a
discretization for the gluonic sector of the QCD action, the Wilson plaquette action
defined in eq. 3.14, while for the three lowest temperatures Ty, 77 and 77, the Yang-
Mills sector has been discretized by using the tree-level improved gauge action
defined in eq. C.1. For all the temperatures that we simulated, three massless
fermions have been discretized on the lattice with the standard Wilson action in
eq. 3.33 with O(a)-improvement, see eq. 3.71 and eq. 3.70. For all the simulations,
quark masses have fixed by axial WTTs.

In order to extrapolate to the continuum limit with confidence, for each tem-
perature, we simulated several lattice spacings corresponding to Lg/a = 4,6,8, and
10, with bare parameters fixed at each lattice spacing by using the strategy out-
lined in Sec. 4.2 and in App. D. In order to keep finite volume effects under control
we simulated large lattices with L/a = 288 in all the spatial directions, see Sec. 4.5

for a further discussion on finite volume effects.

4.4 Restricting to the zero-topological sector

As already mentioned in Chapter 2 at high temperature, the topological charge
distribution is expected to be extremely peaked at () = 0. The semiclassical anal-
ysis provided by the dilute instanton gas approximation predicts the topological
susceptibility x(7) in the SU(3) Yang-Mills theory to be proportional to T,
with b = 8. Such prediction has been verified explicitly on the lattice in Ref.
[61]. In QCD with three light degenerate flavours with mass m, the semiclassi-

cal analysis predicts y ~ T~8m3. Even if the systematics is still difficult to control,
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when fermions are included, the numerical simulations done so far confirm such
behaviour [62, 63, 64, 65].

As a result, already at the lower temperature we simulated, i.e. T ~ 1 GeV,
the probability to encounter a configuration in a non-zero topological sector in our
volumes is expected to be several orders of magnitude smaller than the permille
or so. Notice that, this is even less probable in presence of massless quarks. From
these considerations, we can safely restrict our calculation to the zero topology
sector and generate gauge field configurations as described in Sec. 3.7 and more

specifically in App. C.3.

4.5 Finite volume effects

This section is dedicated to derive the relevant formula for the leading finite volume
effects in spatially separated correlation functions Cp(x3) at asymptotically high
temperatures. Here we follow the argumentation provided in Ref. [166, 182, 183].
The derivation is performed for a lattice with shifted boundary conditions with
&€ = (&,0,0), see Sec. 4.1. The results can be readily generalized for any & by
exploiting the invariance of the theory under SO(3) spatial rotations. Moreover,
the result for standard periodic boundary condition is easily recovered by simply
setting & = 0.

Let us consider a volume Lo x L? and define the finite-volume residue due to

the compactification in the 1-direction. It reads!

T (23, 1) = [1-}@0] Cols), (4.10)

where L is the lattice extent in the first spatial direction. In order to determine
the functional form of Z; we consider the transfer-matrix representation of the

correlation function Cp(x3) along the 1-direction, see Sec. 3.8.1, i.e.

Tr [e-Um=e)H O (g) e H O (0) eilm&®]
Tr [e—Lyl(ﬁmgl@)]

Co(xs) = [dxo dzy dos . (4.11)

'For simplicity here we refer to mesonic correlation functions, but an analogous discussion
leads to the same result for the baryonic case.
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where & = (xg, 1, 22), 71 = (1 + 5,%)71/2 and the trace Tr is over the states of the cor-
responding Hilbert space. In eq. 4.11 H denotes the screening Hamiltonian in the
1-direction. In analogy with the usual Hamiltonian, such operator has a discrete
spectrum of states defined on a slice of dimensions (Lg/7v1) x L x L with ordinary
periodic boundary conditions. The operator @ denotes instead the momentum op-
erator along the 0-direction of length (Lg/~1). In the following we denote with |n)
the set of simultaneous eigenstates of H and @, and potentially other conserved
charge operators. The energies F),, and the Matsubara frequencies w,, are the eigen-
values of the screening Hamiltonian and of the momentum operator respectively.
We now assume that the states are ordered in such a way that E,,; > F,. As a
consequence, the state |0) is the ground state of the system, for which we conve-
niently set Ey = 0. At large temperatures, the state |1) is then expected to have a
positive mass, which represents the mass gap Mg, of the the theory.

At asymptotically high temperature QCD effectively behaves as a three di-
mensional theory, whose only energy scale is ~ 7', see Sec. 2.2.2 and 2.2.3. The
corresponding degrees of freedom are the zero Matsubara modes of the gauge
fields Ay and A, with k =1,2,3, while the non-zero gluonic Matsubara modes and
the fermionic fields are heavy degrees of freedom which can be integrated out. As
a consequence, we expect the lowest-lying energy states to have E,, << 771" and zero
baryon number [184]. By inserting two complete sets of eigenstates |n) with zero

baryon number in eq. 4.11 we get

1 .
Co(xs) = Efdxg dzq dxs Z e~ Im(En+ibiwn) g1 (B —En)

x (n] 0% (&) |n') (n'|0*(0) |n) + ..., (4.12)
with Z = ¥, e-Im(Enti&iwn) +  where the dots stand for baryonic contributions

which are suppressed exponentially with respect to the sum. Let us focus on the
terms in the sum for which we have F, # E, . For those, the integral in eq. 4.12

reads

G—L'ylEn _ e—L’YlEn/
)
E,, - FE,

L
o~ Fn f " day e (EwEn) _ (4.13)
0
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which leads, by inserting it into eq. 4.12, to

e_L’Yl(En"'iglwn)

1
00(5(]3) = Zfdl‘gdl’z Z, Enr—En
EntB, (4.14)

< {(n] 0°(&) ') ('] 0°(0) In) + (n] O (D) |n') | O%(&) )} + ...

where we relabelled n < n/ in some terms. In eq. 4.14 the terms with F,, = E,
are included in the dots?. Written in this form, it is clear that in the limit L — oo,
the terms with energies F, << T are dominant in the sum. Furthermore, within
this energy range, there are no terms with £, = E, that can contribute, since O¢
has non-trivial flavour quantum numbers and any flavoured mesonic state has an
energy F, > 27T. Since we are interested in determining the leading finite-volume
correction on the correlation function Cp(x3) we shall restrict ourselves to consider
only states that satisfy the above energy constraint. These include, in particular
the vacuum and 1-particle states with mass equal to the mass gap Mg, of the

theory. Thus we introduce the two-point correlation function
Gn(m,z) = (n|T {O“ (r,2) 0" (0, ﬁ)} In) , (4.15)

where T {-} denotes the ordered product of the operators with respect to the pa-
rameter 7 and 0% (7, &) = e"H0%(&)e~7H. After some trivial algebra, it is straight-

forward to show that

[oarGnna) - S o @ @m

+ (n]O*(0) |n') (| O“(&) |n)}
By combining eq. 4.16 with eq. 4.14 and by taking the limit L — co we find for Z;

Ii(zz) = ) e tmEnrition) f drode dT{G,, (1,&) - Go (1, &)} + ...,

n|1-particle
states

(4.17)

2Notice that, in order to derive eq. 4.14 we used the fact that Co(z3) is projected onto zero
Matsubara frequency and therefore w,, = w,;.
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where the energies of the 1-particle states are confined to the range M., S E,, S 7T
and the dots stand for terms which are exponentially suppressed compared to
the leading ones. From this expression, it is immediate to conclude that Z; is

exponentially suppressed as M,

sapl. = 00. Moreover, the length of the other two

spatial directions can be sent to infinity on the r.h.s. of 4.17 up to sub-leading
finite-volume effects. The analogous contribution from the 2-direction, Z, is directly
obtained from Z; by simply replacing Lvy; - L, & — 0 and 7 — x5. Its expression

reads

Ty(zs) = Y e’LE"fdxodmng{Gn(T,a?)—GO(T,ﬁE)}+.... (4.18)

n|1-particle
states

Finite volume corrections along the 3-direction can be taken into account, as usual,
by considering the backward propagation in the series of exponentials due to pe-
riodic boundary conditions in that direction. Since in this work we will extract
screening masses from the asymptotic behaviour of such correlation functions,
their finite-volume corrections are determined by Z; + Z, only.

On one hand, as we have seen in Sec. 2.2.3 at asymptotically high temperature,
the only relevant scale is g3. As a consequence finite-volume effects are expected to
be exponentially small in g2 L ~ g>T'L, times a non-perturbative coefficient. On the
other hand, at intermediate temperatures, as EQCD sets in, the mass gap of the
theory could be different but, in any case, always proportional to the temperature.
In conclusion, if the temperature is sufficiently large with respect to Aqcp, which is
therefore a low energy constant, the mass gap is always expected to be proportional

to the temperature times an appropriate power of the coupling constant.
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Chapter 5
Mesonic screening masses

This chapter is devoted to a detailed discussion on the mesonic screening masses.
In this thesis we are interested in screening masses related to flavour non-singlet

fermionic bilinear operators (see eq. 3.97)
0% = Y(z)ToT%Y(x), (5.1)

where I'o = {1,75,7,,7.75} characterizes the structure of the operators in Dirac
space. Such operators are named, as usual, as O = {S, P,V,,, A,,} and their quantum
numbers are reported in App. B.1. In order to make a definite choice, in this thesis
we restrict ourselves to the case of p = 2. The non-trivial flavour structure of the
operators is given by the traceless generators T of the SU(3) flavour group, which,
as usual, satisfy the properties in App. A.1.

Screening masses are extracted from spatially separated correlation function of
the form in eq. 2.26. Here we restrict ourselves to the static sector of the mesonic
screening masses, namely we project the screening correlation function to zero
Matsubara frequency, i.e. n = 0. The continuum two-point correlation function,

computed in the 3-direction reads

Co(3) = f diy dary das (0°(2)0%(0)) | (5.2)

where no summation over a is understood. Notice that, since we are simulating

three degenerate quarks, see Sec. 4.2 and App. D, the L.h.s does not depend on
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a. Moreover, since we are taking into account flavour non-singlet interpolating
operators, the disconnected Wick contraction in eq. 3.101 does not contribute.
The corresponding screening mass is extracted as in eq. 2.27 and characterizes the
exponential decrease of the correlation function at large spatial distances.

At low temperatures, due to the chiral anomaly and the spontaneous breaking
of chiral symmetry, the masses resulting from the above correlation functions are
different. As we have seen in Chapter 2, when the temperature is large enough, the
vector and the axial screening masses are expected to become degenerate thanks to
the restoration of the non-singlet chiral symmetry, see eq. 2.36. Moreover, at high
temperature, the topological charge distribution becomes narrower and narrower
[61], and only the sector with zero topology contributes, de facto, to the functional
integral [185, 186]. This, in practice, implies the degeneracy of the non-singlet
scalar and pseudoscalar screening masses as well, see eq. 2.47 for the corresponding
WTL

5.1 Mesonic screening masses in the effective field

theory

The leading term and the O(g?) correction to the non-singlet mesonic screening
masses have been determined in the context of the dimensional reduced effective
theory which we discussed in Sec. 2.2.2, 2.2.3 and 2.2.5. For three massless quarks,
their expressions read [187, 15]

2
mg" = 2rT + g—E (1+0.93878278) = 27T (1+0.032739961 - ¢*) , (5.3)
™

where the first two terms come from the low-energy constant M, see eq. 2.25, while
the last one is generated by the interactions.

In the following subsections, the result in eq. 5.3 is derived and some time will
be also dedicated to the analysis of possible higher order terms contributing to the
flavour non-singlet screening masses. Such derivation is somehow pedagogical and
in the following we can benefit from it, since it allows us to develop the formalism

which will be used in Chapter 6 for the more complicated 1-loop perturbative
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calculation of the baryonic screening masses.

Before discussing the perturbative calculation, let us write the interpolating
operators in eq. 5.1 in terms of the three-dimensional spinors defined in eq. 2.18.
By using the representation for the Dirac gamma matrices we provide in eq. A.17 it
is straightforward to see that the general structure of such interpolating operators
reads [15]

S =x'o+0lx,

P ZXTU3¢—¢T03X>

Vi = e (XToup - dloux)
A = —i(xorp + dTonx)

(5.4)

where indices [, k = 1,2 label the transverse spatial directions and ¢j; is the two-

dimensional anti-simmetric Levi-Civita symbol, i.e. €15 = —€1 = 1.

5.1.1 Free theory result

Let us consider the action for non-relativistic heavy quarks in eq. 2.24 and restrict
ourselves to the free case. The free action reads
% %
Snacp =[x [ix! (po+ 05 - 5 Jxviol (m-0s- 55 )o] . (55)
2po 2po
where py = 1" is the lowest fermionic Matsubara frequency. From the action
above, the free x and ¢ propagators are easily worked out, see App. E.1 for the
explicit derivation. Their expression is reported in eq. E.3 and E.4 for x and ¢
respectively. Notice that the free theory propagators are diagonal in spin space.
The reason is that in the free action there is no operator which directly acts on
spin indices, like the one in eq. 2.23. As a consequence, all the two-point corre-
lation functions involving the operators in eq. 5.4, at tree level, are degenerate
with structure ~ (¢f(x3)x(23)xT(0)¢(0)). Therefore, by taking into account the

expression for the free propagators in App. E.1, the two-point correlation function
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in eq. 5.2 at leading order in the effective field theory can be written as

CP ) e [ (o + )8+ a)(p)0(-a0)

P1,dL
l ( | | p2 q? )] (5-6)
EXpl—Z3|Pot|®l+5—+t5 71|
2p0  2|qol
where and fpl = [ Ei;:)g and p, = (p1,p2). Furthermore, by explicitly using the

conservation of energy, it is straightforward to see that for large x3-separations,
the correlation function in the static limit, i.e. for p, = q, =0, is dominated by the
mass 2pg = 27T

Before focusing on the higher order contributions to the mesonic screening cor-
relation function, let us stress that, by construction the correlation function in eq.
5.6 is a Green’s function which satisfies the equation of motion (05 - H ) C(()O)(Ig) =
0, for 3 # 0, where H is the hamiltonian of a system of two non-interacting par-

ticles.

5.1.2 1-loop order correction

In this section we compute the 1-loop order correction to the mesonic screening
masses in eq. 5.3. The following discussion is mainly based on Ref. [15]. The basic
idea is to compute the O(g?) corrections from the corresponding diagrams, which
implies to simply use the propagators for the three-dimensional fields y and ¢
computed at the same order. By taking into account the power counting in table
2.1, the action for non-relativistic quarks at O(g?) reads
i i
SNRQCD = f d*x [iXT (M —grAo+ D3 - —l) X +i¢f (M —geAo— D3 - —L) 925] :
2po 2po
(5.7)

Notice that as for the free action in eq. 5.5, also the action at O(g?) does not
contain any operator which acts on spin indices. As for the free case, the 1-loop
order correction to the mesonic screening masses is spin independent.

By taking into account the free correlation function in eq. 5.6, if we assume the

two quarks in the sink operator to be displaced in the spatial transverse directions,
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the mesonic correlation function at 1-loop order has the general form

v: Vs
Cg) (X,,¥1,%3) oc exp [—Is (2M "o ﬁ) +gp A (X1, YL, 73)

(5.8)

=Oé0)(xu}’l7x3) + Q%A (Xla}’ux?)) CéO)(XL7YL7x3) )

where x, and y, denote the transverse coordinates of the two quarks and in the
last line we expanded for small coupling and used the tree-level result in eq. 5.6. In
the equation above M is the low-energy constant in eq. 2.25 computed at 1-loop
order, g2 is the three-dimensional coupling defined in eq. 2.13 and A(x,,y,,3)
is the 1-loop order correction to the correlation function. In analogy with what we
have done for the free case, it is easy to see that this correlation function satisfies,

for non-zero separations, the equation of motion
Vy o (1)
83+2M————_9E’C(XL7YL,$3) CO (XL;YL71’3) = 07 (59)

where we introduced the dimensionless kernel K (x,,y,,%3) = 034 (x,,y.,z3). The
screening mass characterizes the exponential suppression of this correlation func-
tion for large x3-separation. Therefore, it is natural to assume for the correlation
function the asymptotic functional form C’(()l) (x1,y1,23) = C(x,,y,)eFors. Then
by inserting this functional form in the equation above, it is straightforward to
see that the lowest energy level Ej is simply obtained by solving the eigenvalue

problem, given by the 2-body Schrédinger equation

v: V5
—m—ﬁ+2M+V(Xl,yl) C(XL7YL) = EOC(XL7YL)7 (510)
where we introduced the static potential V(x,,y,) = —limg, e 2K (X,, ¥, x3).

Notice that, in general, the kernel K (x,,y,,z3) might contain transverse contri-
butions deriving from the exchange of soft and ultrasoft transverse gluons and from
the transverse propagation of quarks. Furthermore, since quarks are heavy fields,
i.e p; < po and the kernel is dimensionless, we can assume to expand K (x,,y.,z3)
in powers of V,/pg, with the leading contribution containing longitudinal quark

propagation only. In this sense, in the static quark limit, contributions coming from
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Figure 5.1: 1-loop order corrections to the screening mesonic correlation function.
Straight solid lines represent the two longitudinal quark propagators. Wavy lines
stand for the propagators of the gauge field A3 and dashed lines represent the
propagators of the scalar field Ay, see Sec. 2.2.2 for the details.
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the fermionic transverse motion, even if those are still O(g?), are parametrically
suppressed as (%)n with n > 1. By proceeding in this way, the 1-loop order cor-
rection to the screening correlation function can be extracted by using the O(g?)
longitudinal propagators for the fields x and ¢, which have been derived in App.
E.2. By putting everything together, the 1-loop order correlation function, in the

static limit, i.e. for p, — 0, can be written as

1
C6) e,y ws) = 5 (U (xu ) UG (30, 2)) (5.11)

where the longitudinal propagators U, and U, are defined in eq. E.6 and E.7, a
and b are colour indices and N = 3 is an irrelevant constant which can be easily
computed by requiring the correct normalization for the tree-level result in eq. 5.6.
The derivation of such correlation function is performed in details in App. E.3. Its

final expression reads
Co (rus) oc M5 {14 R AL(0,,3) + g Av(ry, 23)} (5.12)

where Ap(0,,x3) and Ar(r,,x3) are the contributions deriving from the exchange
of longitudinal and transverse gluons respectively, see eq. E.13 and E.14, and r, =
x, -y .. Those contributions, which are graphically shown in fig. 5.1, can be written
in terms of the gluon propagators defined in eq. E.15 and E.16. By comparing eq.
5.12 together with eq. .13 and E.14, with eq. 5.8, it is straightforward to derive
the expression for the static potential, see App E.5 for the full derivation. It reads

gZC'FT
2T

V- (r,) = [m T K (mEr)] , (5.13)

where mg is the Debye mass defined in eq. 2.13, r = |[r,| and Ky(z) is a modified
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Bessel function. In order to find a numerical solution to the Schrédinger equation in
eq. 5.10 with static potential given by eq. 5.13 it is useful to define the dimensionless
parameters 7 and Ey as

g*TCr ~

7 =mgr, Eg = 2M + Ey. (5.14)

As a result, the Schrodinger equation, for the relative motion, can be rewritten in

polar coordinates as [15]

£ 14 ; L
[—(CW2 +;5)+p(ln§+7E—K0 (r)—EO)]C(r) _ 0. (5.15)

where

2T2Cp yos A 54
- 9LV Ness NS 5 (5.16)

2m2  (6+Ny)

A numerical solution is then easily found with standard algorithms, like the one
described in App. F.2!, and leads to the result Ey = 0.469393 and correspondingly

the 1-loop order screening mass reads

1 =
Ey =27T + g2T% (5 + EO) = 27T (1+0.032740 - ¢%) , (5.17)
™

which perfectly agrees with the result in eq. 5.3 taken from Ref. [15], which we

assume, in the following, as the reference perturbative result.

5.1.3 Higher order contributions

This section is devoted to the analysis of possible higher order terms in the per-
turbative expansion of the mesonic screening masses. In general, before looking at
such corrections, the correct expansion parameter for the static potential as to be

carried out. By combining the result that we obtained for the 1-loop order static

!'Notice that a numerical solution to this equation suffers from bad convergence for small 7.
A possible solution to this problem can be found in Ref. [188].
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potential with dimensional analysis, the general form of the static potential is [15]
V(ry) ~ gilnr + gar + O(gir?), (5.18)

where the scale appearing in the leading logarithmic term is fixed by the 1-loop
order calculation. By using the same power counting rules which have been defined
in Sec. 2.2.5, one can easily see that 1/r ~ O(gT). Notice that this power counting
somehow justifies the introduction of the dimensionless 7 in eq. 5.14. In such a way

we can rewrite the static potential, by using g3 ~ g7, as
V(#) ~ ¢*T (In7 + g7 + O(g*7?)) (5.19)

from which it directly follows that the expansion parameter of the static potential is
O(g). Furthermore, notice that, written in this way, the potential is proportional to
the temperature times a dimensionless function of the separation between quarks, a
fact which is expected, since the only energy scale of the system is the temperature.

From such considerations, it follows that the perturbative expansion of the
screening masses may contain also odd powers in the coupling constant. As a
representative example, the first of such term is the string term ~ 7 which might
provide O(g?) correction to the screening masses. Notice that at zero temperature
the origin of the string term is purely non-perturbative, and also at non-zero
temperature this term could be determined by non-perturbative effects.

Other features of the spectrum of the screening masses can be carried out by
looking at the NRQCD action defined in eq. 2.24 and from its power counting. In
particular, spin-dependent terms arise from the chromo-magnetic operator defined
in eq. 2.23 which is O(g*). As a consequence, spin-dependent terms in the masses
are expected to emerge only at this order and any contribution coming from lower
orders, e.g. the string term, must be the same for each of the flavour non-singlet

masses.
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5.2 Mesonic screening masses on the lattice

The lattice version of the correlation function in eq. 5.2 reads

Co(zs-y3) = a® ), (0%(x)0%(y)) - (5.20)
20,01 ,T2
After integrating over the fermionic variables in the path integral, it can be written
as
2
Co(z3-y3) = —% > (T [ToS(z,y)LovsS (2,y)75]) . (5.21)
20,01 ,T2

where Tr indicates the trace over colour and spin indices and S(z,y) is the quark
propagator, i.e. the inverse of the O(a)-improved Wilson-Dirac operator defined in
eq. 3.33 and computed at the critical value of the quark mass, see App. D for the
details. In general, at high temperature, the inverse of the lattice Dirac operator
has to be done with some care. The reason is that the lowest Matsubara frequency
7'l provides an infrared cut-off to quark propagation and, as a result, the matrix
elements of the propagator S(z,y) become extremely small when 7|z - y| > 1.
At those distances, a very accurate solution of the Dirac equation is required and
the brute force approach of simply implementing higher-precision by requiring a
smaller tolerance is not practicable. We have solved this problem by introducing

a distance preconditioning [189] of the Dirac equation as discussed in App. C.2.
The two-point correlation functions for the scalar and pseudoscalar densities
and for the vector and the axial currents have been computed on all the lat-
tices generated, see tables D.3 and D.6. We report in tables C.1 and C.2 the
number of Molecular Dynamics Units (MDUs) after the thermalization phase of
each HMC chain, the number of MDUs skipped between two consecutive indepen-
dent configurations and the number of local sources per configuration on which
the Wilson-Dirac operator has been inverted. The best estimates of Cp(x3) on
each configuration have been obtained by averaging their values from all the local
sources and then by symmetrizing the correlation functions with respect to the co-
ordinate x3 = L/2. We carefully monitored the autocorrelation of the correlators,

and we never observed long autocorrelation times with respect to the number of
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Figure 5.2: Plot of the effective masses, normalized to the free theory value 27T,
for the pseudoscalar (left) and the the vector (right) correlation functions at the
temperature T3 for Ly/a = 6.

MDUs skipped between two consecutive measurements.

Let us anticipate that within our statistical precision, at all the temperatures
simulated, we observed an excellent agreement between the scalar and the pseu-
doscalar correlators as well as between the vector and the axial ones at intermediate
and large separations. As we have seen in Sec. 2.3.2, this is a distinctive feature of
the restoration of chiral symmetry which manifests itself at high temperature. For
this reason in the following sections we focus our discussion on the pseudoscalar
and the vector masses and we postpone the discussion about the scalar and the

axial channel to a dedicated section (see Sec. 5.2.4).

5.2.1 Mesonic effective masses

Once the two-point correlation functions in eq. 5.21 have been computed as dis-

cussed in the previous section, effective masses are defined as

Co(z3+a)+Co(x3-a)
200 (ZE3)

1
mo (z3) = aarcoshl (5.22)

Two representative examples are provided in fig. 5.2. On the left panel we show the
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effective mass related to the pseudoscalar density and on the right panel the one
associated to the vector current, in both cases data refer to Lg/a = 6 at the temper-
ature T3 = 32.8 GeV. An analogous behaviour is observed for all the lattices. We
obtained very long plateaux thanks to the fact that we have simulated very large
spatial extensions in our volumes and that there is no signal-to-noise ratio problem
if the temperature is sufficiently large. In order to determine the best estimates of
the screening masses mgo, we start by fitting the symmetrized correlator to a sum
of two exponentials from a minimum value of z3/a up to the last available point.
The minimum value is chosen so as to obtain, at the same time, a good quality of
the two-exponential fit and a statistically non-zero contribution deriving from the
sub-leading exponential. From the result of this fit, we then estimate the minimum
value 5" /a from which the contamination in the effective mass due to the second
exponential is negligible with respect to the statistical precision that we obtain by
fitting the effective mass to a constant from 25" /a up to the last available point.
We then explicitly verify that a constant value fits well the effective mass from
2% /q up to the end of the plateau, and that by increasing 25" /a by a few units
the result of the fit does not change significantly. Two representative examples of
such fits are provided in fig. 5.2 as straight lines for T3 and Lg/a = 6. Our best
estimates of the screening masses are reported in tables C.1 and C.2 for all the
lattices that we have simulated. The statistcal error is at most a few permille in
all the cases. Furthermore, we profit from the correlations in our data in order to
reduce the statistical error, by calculating the mass diference between the vector
and the pseudoscalar masses, i.e. (my —mp) [ (27T). Data regarding the mass dif-
ference are provided in tables C.1 and C.2 as well. Notice that such combination
is particularly useful because it encodes any spin-dependent term, which can be
computed very precisely.

Before concluding this section, let us remark that we explicitly checked that
finite volume effects are totally under control and that their effects are negligible
within our statistical precision: we have generated three more lattices at the highest
and at the lowest temperatures for the smallest spatial volumes corresponding
to Lo/a = 6,10 and 8 for Ty, 77 and Ti; respectively. These lattices have the
same extension in the temporal and in the third spatial directions as those in

tables D.3 and D.6 but smaller extension in the other two spatial directions. The
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Figure 5.3: Numerical results for the tree-level improved pseudoscalar (left panel)
and for the vector (right panel) screening masses at finite lattice spacing (black
dots). The lines represent the linear extrapolations in (a/Ly)” to the continuum
limit. Each temperature has been analyzed independently from the others. In order
to improve readability data corresponding to T; with ¢ =0,...,11 has been shifted
downward by 0.02 x i.

screening masses computed on them are in agreement with those calculated on
the larger volume as expected from the discussion in Sec. 4.5. Therefore we can
safely assume that our results have negligible finite-volume corrections within the

statistical precision.

5.2.2 Continuum limit of mesonic screening masses

The results that we have collected at finite lattice spacing, see tables C.1 and C.2
have to be extrapolated to the continuum in order to remove any cut-off effect.
Since we are using O(a)-improved actions, the Symanzik effective theory predicts
that the leading behaviour of the lattice artifacts has to be O(a?). In order to make
continuum limit extrapolations as reliable as possible, we can further accelerate
the convergence to the continuum by introducing a tree-level improved definition

of the effective mass

mo — mo — [mforee - 27TT] : (5.23)
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where mforee is the mass in the free theory computed on the lattice. The calculation,

reported in App. G.1, shows that it is the same for all the mesonic two-point
correlation function of interest. From now on, in the following discussion we will
always consider the tree-level improved definition of the screening masses and,
without any ambiguity, we will refer to them as mg.

The extrapolation to the continuum limit for the pseudoscalar and the vector
screening masses are represented on the left and on the right panel of fig. 5.3 re-
spectively. For better readability data corresponding to T; (i = 0,...11) are shifted
downward by 0.02 x i. The analogous plot for the mass difference (my —mp) is
shown in fig. 5.4. At each temperature, lattice artifacts are well described by a
single O(a?) correction. Indeed, by fitting each data set linearly in (a/Lg)?, the
values of x2/dof are all around 1 except for a few outliers a fact which is, however,
not surprising, given the large amount of data and fits that we have collected. The
results of such fits are shown in fig. 5.3 and 5.4 as straight lines. Furthermore, for
the mass difference in fig. 5.4 the linear coefficient in (a/Lg)? is always found to be
compatible with zero at all the temperatures. We take the continuum limit values
of these fits as our best estimated for the vector and the pseudoscalar screening
masses and for their difference.

Such values are reported in table

5.1 for all the 12 temperatures that

we simulated in this thesis. As a fur- of ° o
ther consistency check of the extrap- ) ;
olations, we have fitted the data by L — -~ B
excluding the coarsest lattice spacing, = . ] .
i.e. Lofa = 4, for the temperatures i K %
Ti,...,Tg, for which we have 4 data = .
points. The intercepts are in excellent h : o "
agreement with those of the previous i ' e
fits, albeit a slightly larger error. Fur- | e eR VTN Ut
thermore, for the same data set, we S emw

also attempted to include in the fit a Figure 5.4: As in figure 5.3 but for the
(a/Lo)*log (a/Ly) or a cubic term in Mass difference.

the lattice spacing. The resulting coef-
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mp my (mv - mp)
T T(GeV) 2T 27T 2T
Ty | 164.6(5.6) | 1.0194(25) | 1.0261(23) | 0.0071(7)
T, | 82.3(2.8) | 1.0219(15) | 1.0291(18) | 0.0076(4)
T, | 51.4(1.7) | 1.0216(16) | 1.0312(18) | 0.0087(4)
Ty | 32.8(1.0) | 1.0217(15) | 1.0302(19) | 0.0092(6)
Ty | 20.63(63) | 1.0220(15) | 1.0343(17) | 0.0105(6)
Ty | 12.77(37) | 1.0185(18) | 1.0306(24) | 0.0132(10)
Ty | 8.03(22) | 1.0200(18) | 1.0341(28) | 0.0143(13)
T, | 4.91(13) | 1.0192(18) | 1.037(3) | 0.0181(14)
Ty | 3.040(78) | 1.0124(18) | 1.0380(25) | 0.0252(13)
Ty | 2.833(68) | 1.0147(24) | 1.038(3) | 0.0244(20)
Tio | 1.821(39) | 1.0122(18) | 1.044(4) | 0.0305(20)
T | 1.167(23) | 1.0039(20) | 1.045(6) | 0.041(4)

Table 5.1: Best estimates for the pseudoscalar, mp, and the vector, my , non-singlet
screening masses in the continuum limit together with their difference.

ficients were always found to be compatible with zero. As a final comment on the
extrapolation, given the high quality of the data and of the fits described above,
it was not necessary to model the temperature dependence of the lattice artifacts
through a global fit of the data.

5.2.3 Temperature dependence and spin-splitting

In table 5.1 we collect the main results on the pseudoscalar and the vector screening
masses and on their mass splitting. Those masses have been computed for the first
time in a wide range of temperatures from T ~ 1 GeV up to 160 GeV or so with a
few permille accuracy. It is clear, by looking at the continuum limit results reported
in table 5.1 that the bulk of the non-singlet meson screening masses is given by the
free theory value 27T, both for the pseudoscalar and the vector channel, see Sec.
5.1.1, plus a few percent positive deviation in the entire range of temperatures.
Given the high quality of our results, we can study in detail the temperature

dependence induced by interactions. In order to do that, we introduce the function
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G?(T), defined as

= 7 +—Inf2m
R 87 A 0w\ A

1 9 27T 4 ( 27TT)’ (5.24)
where Ayg = 341 MeV is taken from Ref. [40]. It corresponds to the 2-loop definition
of the strong coupling constant in the MS scheme at the scale y = 277T. However,
let us stress that, for our purpose, it is just a parametrization of the temperature
dependence, suggested by the effective field theory analysis, which turns out to be
useful to analyze our results?. In general, any function of the temperature with a

leading inverse logarithmic behaviour in the temperature is valid as well.

Pseudoscalar mass

The pseudoscalar mass (third column of table 5.1) has been fitted to a quartic
polynomial in g. The resulting intercept turns out to be compatible with 1, as pre-
dicted by the free theory, within a large error. We have thus enforced the intercept
to the free-theory value, py = 1 and we have fitted again the data. The coefhi-
cient of the ¢? term turns out to be compatible with the theoretical expectation
in eq. 5.3 (see Sec. 5.1.2 for the detailed discussion) within again a large uncer-
tainty. For this reason we have also fixed this coefficient to its analytical value, i.e.

p2 = 0.032739961, and we have performed again the quartic fit of the form

m

P ) ~3 Al
= py+ + + 5.25
onT Po+P29” +P3g” +pag-, ( )

where now the py and p, coefficients have been fixed to their theoretical values
as explained above. As a result, for the fit parameters we obtain p3 = 0.0038(22),
ps = —0.0161(17) and cov(ps,ps)/[o(p3)o(ps)] = =1.0 with an excellent x?/dof =
0.75. The quality of the fit can be appreciated in the left panel of fig. 5.5, where
mp/ (27T) is shown as a function of §* together with the best fit in eq. 5.25,
after subtracting the analytically known contributions. If the cubic coefficient is

enforced to zero, i.e. p3 = 0.0, the fit returns py = —0.01323(20) with again an

20ther possible definitions of the coupling are valid as well, e.g. non perturbative definitions
of the running coupling. However in such case, the comparison between our data and the analytic
result in Sec. 5.1.2 would be more involved.
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Figure 5.5: Left: the pseudoscalar mass, normalized to the free theory value 277,
subtracted of the analytically known contributions, as a function of g*. Right: the
vector-pseudoscalar mass difference, normalized the the free theory value, versus
g*. Red bands represent the best fits of the data obtained as explained in the text.

excellent value of y2/dof = 0.96. The subtracted data lies on a straight line over
two orders of magnitude in the temperature. The polynomial in eq. 5.25 is our best
parameterization for the pseudoscalar mass over the entire range of temperatures
explored.

The quartic term is necessary to explain the data over the entire temperature
range. In particular at the highest temperature simulated, i.e. T" ~ 160 GeV, its
contribution is still approximately half of the total contribution due to interactions.
Notice that the sign of the quartic term is negative, in contrast to the quadratic
one, and its magnitude is about 2-3 times smaller than the analytic value of p,.
When the pseudoscalar mass is plotted as a function of §2, the quartic contribution
competes with the quadratic one to bend down the pseudoscalar mass as shown
in fig. 5.6. Toward the lower end of the range of temperatures, the competition
between this term and the leading one results in an effective slope of opposite sign
with respect to the analytically known one. At T'~ 1 GeV, the various terms cancel

each other and the mass turns out to be very close the free theory value 27T
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Vector mass

The mass difference (my —mp) /(277T) is an interesting quantity in order to in-
vestigate the magnitude of the spin-dependent contributions. We plot our results
for this quantity (last column of table 5.1) as a function of g* on the right panel
of fig. 5.5. The data turn out to lie on a straight line with a vanishing intercept.
By fitting them to the fit ansatz

(my —mp)

= 540% 2
omT 549 (5 6)

we obtain as best estimate of the fit parameter s4 = 0.00704(14) with x2/dof = 0.79.
It turns out that the spin-dependent contribution can be parametrized by a single
O(g*) correction in the entire range of temperatures. Moreover, such contribution is
still visible even at the highest temperature, where the vector and the pseudoscalar
masses are significantly different within our statistical precision. Therefore, the
best polynomial that parametrizes the vector mass (fourth column of table 5.1) in

our range of temperatures is

m

— = po+ pad? + s + (pa+sa) G, (5.27)
27T

where p; with 7 =0,...4 are the parameters obtained from eq. 5.25, while s, is the
one obtained by fitting the mass difference in eq. 5.26. The covariance matrix ele-
ments of the ps and py coefficient with s, are cov (ps, s4) [ [0(p3)o(s4)] =0.08 and
cov (pa, $4) [ [0(pa)o(sa)] = —0.07. As shown in fig. 5.6, the quartic contribution
is necessary to explain the data over the entire range of temperatures. In partic-
ular, at the electroweak scale it is approximately 15% of the total contribution
due to interactions. Also for the vector mass, the coefficient of the quartic term
in eq. 5.27 has an opposite sign with respect to py, but it is approximately half of
the analogous one for the pseudoscalar. By looking at fig. 5.6 it is clear that the
quartic contribution in the vector mass competes with the quadratic one, but it
is not sufficiently large to push down the mass at least up to lowest temperture
considered. At the lower end of the range of temperatures, i.e. at T'~ 1 GeV, the
entire deviation of the vector mass from the free theory value 27T is due to the

spin-dependent term, given the cancellation among the other terms.

117



In the literature, non-perturbative

mp e

computations of these masses are avail- L8 pmy .

able in the continuum limit only up

1.06 -

to temperatures of 1 GeV or so [190].

Even if those results were obtained

1.04 |

m/2nT

with physical quark masses, they are
in agreement with ours at those tem- ol
peratures within the rather large er-

rors. From the discussion in Sec. 2.3 !

and in particular from eq. 2.28, this CPIINIIN UL

0 0.5 1 1.5 2 2.5

is expected, since the relevance of the e

quark masses is very mild if the tem- Figure 5.6: Pseudoscalar (red) and vec-
perature is sufficiently large with re- tor (blue) screening masses versus g2. The
bands represent the best fits in eq. 5.25
and 5.27, while the dashed black line is
the analytically known contribution.

spect to them. The pattern of differ-
ent contributions that we have just dis-
cussed, however, explains why it has
been difficult in the past to match non-
perturbative lattice results at T'< 1 GeV with the expected analytic behaviour at
asymptotically high temperatures. Indeed the apparently small 2—-4% effect on the
screening masses induced by the interactions among quarks and gluons encodes a
lot of interesting non-trivial information about the dynamics of the plasma. When
the corresponding non-perturbative computations in the three-dimensional effec-
tive theory will become available, the matching with these results will allow to
shed light on the origin of the various terms, and to verify non-perturbatively the
effective theory paradigm over several orders of magnitude in the temperature.
As a final comment, the analytic calculation of the leading O(¢*) spin-dependent

term, in the framework of the effective field theory, is currently in progress.

5.2.4 Chiral symmetry restoration on the lattice

At low temperature the axial non-singlet symmetry of the chiral group is sponta-
neously broken by the non-zero value of the chiral condensate and the axial singlet

symmetry is broken by the anomaly. As the temperature increases both the chiral
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Figure 5.7: The effective mass versus the separation on the lattice for the pseu-
doscalar and the scalar channel (left panel) and for the vector and the axial ones
(right panel) at the physical temperature T3 = 32.8 GeV. To improve readability,
we show one every three points and the scalar and the axial data set are shifted
by a factor of 1 to the right.

condensate and the topological susceptibility are extremely suppressed, leading
to an effective restoration of both non-singlet and singlet axial symmetries. This
phenomenon translates into the set of non-trivial WTIs derived in Sec. 2.3.2.

As anticipated, the vector and the axial two-point correlation functions are
found to be degenerate at intermediate and large separations, a fact which is con-
sistent with eq. 2.36 if chiral symmetry is restored. Analogously, the scalar and the
pseudoscalar correlators are degenerate, consistently with 2.47, if only the trivial
topological sector contributes to the path integral. Such degeneracy among differ-
ent correlation functions implies the degeneracy of the related screening masses
which are extracted by the asymptotic behaviour of the screening correlators. In
fig. 5.7 we provide the effective mass plots for the pseudoscalar and the scalar
correlation function on the left panel and for the vector and the axial ones on the
right panel, in both cases for the temperature T3 = 32.8 GeV at Lg/a = 6.

The restoration pattern of chiral symmetry has been studied through the anal-
ysis of the mass difference between the pseudoscalar and the scalar masses and

between the vector and the axial ones for all the temperature we have taken into
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(mP - ms) (mv - mA)
T | T(GeV) 9T 2T
Ty | 164.6(5.6) | -0.00003(9) | -0.00018(18)
Ty | 82.3(2.8) | -0.00011(16) | -0.00007(13)
T, | 51.4(1.7) | 0.00004(15) | -0.00002(17)
Ty | 32.8(1.0) | -0.00005(12) | -0.00012(15)
Ty | 20.63(63) | 0.00011(13) | 0.00015(27)
Ty | 12.77(37) | 0.0003(4) | 0.00009(30)
Ty | 8.03(22) | 0.00028(21) | 0.00015(23)
T, | 4.91(13) | -0.00019(27) |  -0.0007(5)
Ty | 3.040(78) | -0.0002(5) |  -0.0007(6)
Ty | 2.833(68) | 0.00015(12) |  0.0003(3)
Tio | 1.821(39) | 0.00023(21) | 0.0005(5)
Ti | 1.167(23) | -0.00006(24) | 0.0000(6)

Table 5.2: Best estimates for the mass difference between the
scalar masses (third column) and for the vector and axial masses (fourth column).

pseudoscalar and

account. The best estimates for these differences have been extracted by using the

same strategy employed for the vector-pseudoscalar difference, in order to reduce

the statistical fluctuations of the measurements by exploiting the correlation of

our data. The corresponding continuum limit extrapolated mass differences are
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Figure 5.8: Left: mass difference between the pseudoscalar and the scalar channels.
Right: mass difference between the vector and the axial channels.
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reported in table 5.2.

The same data are shown as a function of §? in fig. 5.8. On the left panel
we provide the mass difference between the pseudoscalar and the scalar masses,
while on the right panel the difference between the vector and the axial ones. In
both cases, within our statistical precision, such differences are compatible with
zero for all the temperatures simulated. On one hand, the numerical results for
the pseudoscalar-scalar difference together with eq. 2.47 are compatible with the
fact that we restricted our simulations to the zero topological sector. On the other
hand the difference between the vector and the axial masses, if combined with eq.
2.36. provides a clear sign that chiral symmetry is effectively restored in the entire

range of temperature that we explored in this thesis.
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Chapter 6
Baryonic screening masses

Baryonic screening masses are important properties of the quark-gluon plasma.
They characterize the large distance behaviour of two-point correlation functions
composed of fields with the baryon quantum numbers. In this thesis we focus on

interpolating operators of the form in eq. 3.102, i.e.
N = ¢abe (uaTC'%db) d,, N = e, (JbC%ﬂz) ) (6.1)

The corresponding spatially-separated two-point correlation function, which is

used to extract screening masses, read
Cn+(23) = /d:r:o day dxgei%7r (Tr [P.N(2)N(0)]) , (6.2)

where P, = (1 +~3)/2 are the parity projectors on positive (N*) and negative
(N-) xs-parity states respectively and the trace is over the free Dirac indices of
the baryonic operators in eq. 6.1. Notice that, in contrast to the mesonic case, the
integral select only states which are associated to the lowest Matsubara frequency
7/ Lo, being Lg' = T. The reason is that due to anti-periodic boundary conditions
in the temporal extent for fermionic fields, the lowest possible Matsubara mode
has non-zero energy, see eq. 2.6.

Baryonic screening masses describe the exponential fall-off of such correlation
functions and, being the inverse of the correlation lengths, they are related to

the response of the plasma when a baryon is injected into the system. Moreover,
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similarly to the mesonic screening masses, as we have seen in Sec. 2.3.2; these
masses are ideal probes to study the restoration of chiral symmetry in QCD at
large temperatures.

Notice that, in presence of anti-periodic shifted boundary conditions for fermionic
fields, the projection to the lowest Matsubara frequency must be modified in order
to take into account that, in such framework, the periodic direction is identified
by the vector Ly (1,€), see Sec. 4.1 for the details, and correspondingly the tem-
perature is modified as T' = Ly/y = Lo\/1 + &€2. Thanks to rotational invariance,
we can choose one of the axis to be in the direction of the shift, and restrict our
discussion to the case of interest & = (£,0,0). If we define (zg,x;) the temporal
and the first spatial coordinate of a point in a system with temporal extent L
and shifted boundary conditions, the corresponding coordinates (z(,z}) in the
system with periodic boundary conditions and temporal extent Ly/v are found by
using the euclidean Lorentz transformation in eq. 4.5. The projection on the lowest

Matsubara frequency is then achieved by

zo+€

Cn+(x3) = [ dzodr d:ztgeiLiomQ7r (Tr [P.N(2)N(0)]) , (6.3)

where at variance of eq. 6.2 the expectation value (-) is computed in presence of
shifted boundary conditions.

While a rich literature is available on the mesonic sector of the screening masses,
very few studies have been performed on the baryonic one. In particular, the cur-
rent 1-loop order perturbative result obtained in the framework of the effective
field theory is only qualitative [191]. On the other hand all the lattice calculations,
both in the quenched approximation [192, 193] and in the full theory [194], are
restricted to very low temperatures and no extrapolation to the continuum limit
has ever been done. The chiral symmetry restoration pattern, at non-zero temper-
ature, has been investigated by studying baryonic temporal correlation functions
up to temperatures which are twice the critical one in Ref. [195, 94, 196]. For more
recent efforts on the subject see Ref. [197, 198, 199].

Given the present status outlined above, a complete and systematic study, both
on the lattice and on the perturbative side, is still missing in the literature. In the

following sections we provide a first quantitative 1-loop perturbative estimate of
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the baryonic screening masses, as well as a complete description of those masses

on the lattice for temperatures ranging from 1 GeV up to the electroweak scale.

6.1 Baryonic screening masses in the effective
field theory

The following discussion on the pertubative calculation of the baryonic screening
masses is based on some notes by Prof. Mikko Laine which were given to us as a
private communication [3]. The calculation has been independently checked and
extended and allowed us to determine the 1-loop order perturbative correction to
the baryonic screening masses.

As for the simpler case of the mesonic screening masses, the first step is to write
the baryonic interpolating operator in terms of the fields x and ¢ defined in the
dimensional reduced effective theory. In this way, if only zero Matsubara modes
contribute, it is easy to see that the Fourier transform in the temporal direction

of the nucleon interpolating operator reads
20 .
/ dxoe' " N(z) = —ie®T32§ (py + qo + 1o — 77T) (6.4)

T T Xde,ro
X I:Xua,p002¢db7QO + ¢ua,po(72de,QO] (¢ ) )
dcv""()

where pg, qo and rg denotes the lowest Matsubara frequencies, i.e. +77T, of each
spinor!. Similar considerations lead to the expression of N(0) in the effective field

theory.

6.1.1 Free theory result

The calculation in the free theory is carried out in the very same way as it has been
done for the mesonic masses. If we assume to have forward propagating baryons in
the third spatial direction with positive energy, then, from eq. E.3 and E.4, x and

¢ propagate with positive and negative frequency respectively. For this reason, the

LGiven the definite flavour structure of the interpolating operator in eq. 6.1, we also introduced
an additional index, labelling the flavour content of the three-dimensional spinor.
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only possible combinations which contributes to eq. 6.4 are

Gllbc [szﬂ-TO?(ﬁdb,—ﬂ'T] ch,ﬂ'T (65)

et [ ga,—TrTO-QdeJTT] chﬂTT . (66)

Being the free theory insensitive to any spin structure, the o9 matrices appearing
in eq. 6.4 play no role. In particular when doing the Wick contractions, Pauli
matrices produce terms like Tr[o2], which amounts just to an overall constant.
Then by taking into account the expressions of the free propagators in App. E.1,
the baryonic spatial correlation function in the free theory is readily computed. Its

expression reads

C](\?i)(xg) oc f 8@ (py+ay +1.)8(po+qo+ 70— 7T)M(po, go, 7o)

P1,q.,r;

[ (||||||‘°2 @ )] o
exXp | —Ts| [Po + q0 + To + + + ,
2|100| 2|C]0| 2|7“0|

where M is a function of the Matsubara frequency whose form is dictated by the

expressions of the free propagators in eq. E.3 and E.4. Tt reads

M(po; qo,70) = [30(=p0)0(q0)0(ro) +20(po)0(=q0)0(r0)] - (6.8)

It is now clear that in the static limit, for large separations, the exponential fall-off
of such correlation function is dominated by 377", which then provides the tree-level
result for the baryonic screening masses. Notice that, in analogy with the mesonic
case, this correlation function satisfies the equation of motion ((93 -H ) C’J(\(,)i) (z3) =0
for non-zero separations, being H the hamiltonian of a system with three non-

interacting particles.

6.1.2 1-loop order correction

Similarly, the 1-loop order calculation is carried out by using the 1-loop order quark
propagators derived from the NRQCD action at O(g?) in eq. 5.7. By displacing

each quark in the transverse direction and by using the tree-level result in eq. 6.7
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the 1-loop order baryonic correlation function has the general form

CO ({r:) ) o< ¢ anr- Vi Ve Ve ) e g
s(\Tij,23) o< exp|-x - - - if, T
N 3 Py oM 2M 2m ) IR 3

=0 ({ri},23) + RA({ri} 23) O ({1}, 23) (6.9)

where A({r;},z3) encodes the 1-loop order corrections, {r;} = {ry,rs,rs} are the
transverse coordinates of each of the three quark fields and similarly V,, denotes
the derivative in the transverse directions coming from each quark propagator. For
x3 # 0, this correlation function satisfies

Vi, Vi, Vi

Ve TN M (fr )
O3 +3M 5M " oM " oM gEIC({rl},xg)]CNi({rZ},:Bg) 0, (6.10)

where the dimensionless kernel is defined as IC ({r;},x3) = 934 ({r;}, x3). Notice
that the very same discussion we performed about the kernel for the simpler case
of the non-singlet mesonic screening masses holds also in this case. In this way,
any contribution coming from the transverse motion of quarks is parametrically
suppressed in the static limit and all the transverse contribution in the kernel is
only due to the exchange of gluons. For large x3, the correlation function has the
asymptotic form C’J(Vli)({rl} ,x3) = C(ry1,ra,r3)e o3, By inserting this expression
in the equation above, the lowest energy state is unambiguously determined by

solving the three-body Schrodinger equation

VTV
27T

+3M +V ({r;})[C({r;}) = EoC ({r;}) , (6.11)

where we substituted M — nT" at denominator of the kinetic term, since 1-loop
order corrections to M give rise to subleading terms in the static limit. In the above
equation, the static potential is then defined as V ({r;}) = - lim,, o g2 ({r;}, z3).
Notice that, given the field content in eq. 6.5 and 6.6, the above Green’s function is
obtained by taking into account forward quark propagating y fields with energy nT’
and forward propagating ¢ fields with energy —7T'. The corresponding longitudinal
propagators are defined in eq. E.6 and E.10. By combining them with eq. 6.5 and
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6.6 and the corresponding expressions for N, the correlation function at 1-loop

order reads
1
Cz(vli)({l"z‘}J?)) = Neabcedef(<Ugd(r1,x3)Ufze(rQ,ggg)Ug(r&x?)))
(U ey, 3) U (ra, 23) Uif(l“?nﬂﬂg))), (6.12)

where NN is an irrelevant constant introduced to obtain the correct normalization
for the tree-level result in eq. 6.7. The full derivation of this correlation function

is performed in App. E.4. Its general form is [3]

C({ri} as) o e Mo {14 302 A41.(0,,5) (6.13)

+ Q%AITQ(IH, Iy, 23) + Q%Afzr?’(rm rs,T3) + 9%A1T3(1‘1, rs, 91?3)} )

where A (0,,x3) is the term due to the exchange of longitudinal gluons which is
common to the three quark propagators and Afg(ri, r;,x3) is the trasverse term due
to the exchange of gluons between two quark propagators at transverse coordinates
r; and r; respectively. Notice that, at this order, no three-particle interactions
contribute to the Green’s function. By introducing the absolute value of the relative
separation as r;; = |r; — r;|, the static potential, see App. E.4 and E.5 for the full

derivation, reads [3]
1
Vv (1'1, ro, I‘3) = 1[2‘/_(7”12) + V+(T23) + V_(T’Qg) + V+(T13) + v_(’f‘lg)] (614)

where the potential V*(r) and V=(r) are defined in Ref. [95] and reported in App.
E.5. As for the mesonic case, in order to find a numerical solution it is convenient
to define the dimensionless coordinates r; = mgr; and consequently, by using the
1-loop expression for the low-energy constant M, we define

QQC FT ~ F 3

Eo = 37TT+92TC— (— +E0) . (615)
2m \4

E0:3M+

™
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Finally by reparametrizing the coupling in terms of p as defined in eq. 5.16, the

Schrodinger equation for the three-body problem can be written as

1 P ~ .
{_5 (V%l + v%g + v%?)) +p [V (I'l, I'Q,I'g) — Eo]}c ({I‘l}) =0 (616)
where V(f'l,fg,f'g) is the static potential in eq. 6.14 obtained by reparametriz-
ing the coupling in terms of p and expressed as a function of the dimensionless
coordinates, see eq. 5.15 for the corresponding expression for the mesonic case.

A numerical solution has been determined as explained in App. F.1 and pro-

vides Fy = 1.188 and consequently [3]

Cr

2

Ey = 37T + ¢°T (Z +EO) = 37T (1+0.044 - ¢%) . (6.17)

6.2 Baryonic screening masses on the lattice
The lattice transcription of the continuum correlation function in eq. 6.3 for £ =
(1,0,0) reads

- T+T]

Cne(z3) = a® Y 20 ™ (Te[ PN (2)N(0)])
Z0,21,22
—aS Y (Wl - W) (6.18)
Z0,21,22

where in the second line we used the two Wick contractions, defined in eq. 3.103,
which have been obtained by integrating over the fermionic fields. As for the
mesonic screening masses, since the quark propagator is extremely suppressed for
large separations, in order to obtain an accurate solution of the Dirac equation we
employed the distance preconditioning described in App. C.2.

The two-point correlation functions in eq. 6.18 have been computed on all the
lattice generated, see tables D.3 and D.6. For each ensemble, in tables C.3 and
C.4 we report the total number of MDUs after the thermalization phase and the
number of local sources per configuration on which the Wilson-Dirac operator has
been inverted. Notice that in this case, at variance of the mesonic case, we always

skipped 10 MDUs between two consecutive measurements, in order to enlarge
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the statistics and benefit from a reduced statistical error. In any case, we never
observed long autocorrelation times with respect to the number of MDUs skipped.

In the following we will focus on the positive parity correlators, since, at all
the temperatures we simulated, we found excellent agreement, up to a sign, be-
tween the positive and the negative parity partners correlation functions. As dis-
cussed in Sec. 2.3.2 this is a clear manifestation of the chiral symmetry restoration
which occurs at high temperatures. For this reason we studied the mass difference
(my+ —mny-) /[ (37T, which is a particularly interesting observable, since it is a
measure of the chiral symmetry restoration. To this restoration pattern is devoted

a dedicated section as a conclusion of this chapter.

6.2.1 Signal-to-noise ratio for baryonic correlation func-

tions

From a technical point of view the calculation of the baryonic screening masses is
feasible because, at asymptotically large temperatures, baryonic two-point corre-
lation functions do not suffers from the exponential fall-off of the signal-to-noise
ratio as they do at low and zero temperatures, see Sec. 3.8.3 and Ref. [158, 159]
for more details on this topic.

As we have seen in Sec. 3.8.3, at zero temperature the exponential decay of the
signal, for baryonic correlation functions, is dominated by the baryon mass, while
the leading suppression of the variance is dictated by the pion mass, a fact which
leads to a severe degradation of the signal at large separation, see eq. 3.110. How-
ever, at asymptotically high temperatures, up to corrections due to interaction,
mpy=+ = 371 and mp — 27T, where mp is the pseudoscalar screening mass com-
puted in Chapter 5. As a result, for very large temperatures, the signal-to-noise

ratio becomes

StNy:(x3) = COn=(23) @300 exp{— [mNi - ;mp] xg} ~ const. (6.19)

\/UJQVi(m?))

As a consequence, no exponential depletion of the signal-to-noise ratio is expected
for large x3 when T — oo. In fig. 6.1 we provide some representative examples of

the signal-to-noise ratio as a function of the separation on the lattice for high, low
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Figure 6.1: Signal-to-noise ratio as defined in eq. 6.19 for different values of the
temperatures. For the highest temperature (blue points) the signal-to-noise is al-
most constant. As the temperature decreases the signal-to-noise starts to degrade
(orange and green points). The signal-to-noise ratio for the sample mean is ob-
tained by dividing by 1/ V/N, where N is the number of gauge field configurations.
For all the temperatures data refers to Lo/a = 6.

and intermediate temperatures. As expected, the degradation of the signal-to-noise
ratio is less severe at high temperature. On the other hand when the temperature
is lowered, the depletion becomes more severe and the Monte Carlo estimate of

the correlation function becomes noisier.

6.2.2 Baryonic effective masses

Once the two-point correlation functions, in eq. 6.18, have been computed, the
corresponding effective masses are defined as

1 lCN¢($3+a)]

my+\(T3) = ——1In 6.20
(23) = - O (23) (6.20)
As a representative example of the data, the nucleon effective mass for 77 = 82.3
GeV and Lg/a = 4 is shown in fig. 6.2 . In order to determine the value of the
screening mass, we start by fitting the effective mass to a constant plus a correction

deriving from the contamination of the first excited state from a minimum value up
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Figure 6.2: Plot of the effective mass my+, normalized to the free theory value
3nT, as a function of the separation on the lattice. The vertical black dotted lines
show the interval in which the effective mass has been fitted, while the red vertical
line indicates the starting point from which we averaged the plateau. The black
curve and the red horizontal line represent the correlated fit and the average of the
plateau respectively. Black and red bands are the corresponding errors of the best
estimates of the mass. Data refers to the temperature T; = 82.3 GeV for Ly/a = 4.

to the last point where we have a good signal. The minimum value is chosen to have
a good quality of the fit and to have, at the same time, a non-vanishing contribution
from the first excited state. On one hand, for the ensembles where the signal is
good enough at large distance, from this fit we estimate the minimum value 25" /q
from which the excited state contamination is below the target statistical precision.
The screening mass is then obtained by averaging the plateau from z§""/a up to
the last point where we have a good signal. On the other hand, for the lowest
temperatures and for the ensembles corresponding to Lg/a = 10, where the loss of
signal is more relevant at large distance, the screening mass is directly estimated
from the result of the effective mass fit. See fig. 6.2 for a representative example
of such fits.

Our best estimates of the screening masses are reported in tables C.3 and C.4
for all the lattices simulated. The statistical error varies from a few permille to at
most 6 permille for the lowest temperatures. As for the mesonic masses, in order

to profit from the correlation in our data for reducing the statistical error, we also
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my+ my+ —mpy-
T T(Gev) 3nT 3nT
To | 164.6(5.6) 1.047(3) 0.0006(4)
Ty | 82.3(2.8) | 1.0544(19) | -0.0001(3)
Ty | 51.4(1.7) | 1.0569(28) | 0.0002(3)
T3 | 32.8(1.0) | 1.0583(27) | 0.0003(4)
Ty | 20.63(63) | 1.0596(28) | -0.0011(4)
Ts | 12.77(37) | 1.0662(28) | 0.0001(4)
T 8.03(22) 1.068(3) 0.0001(4)
T; | 4.91(13) 1.075(4) 0.0004(9)
Ts | 3.040(78) 1.077(4) 0.0003(9)
Ty | 2.833(68) 1.076(4) 0.0009(12)
Ty | 1.821(39) 1.089(4) 0.0007(20)
Ty | 1.167(23) 1.078(6) 0.0016(15)

Table 6.1: Best results for the nucleon mass, my+, and the mass difference with
its parity partner, muy+ — my-, in the continuum limit. In both cases results are
normalized to the free theory value 377

compute the mass difference (my+ —mpy-)/(377T) and report its values in tables
C.3 and C.4 as well.

In analogy with what we have done for the mesonic screening masses we explic-
itly checked that finite volume effects are negligible within our statistical precision.
We computed the baryonic screening masses on the same smaller lattices as for the
mesonic masses and checked that those are in agreement with the ones obtained
on the corresponding larger volume. As expected from the theoretical analysis pro-
vided in Sec. 4.5, we can safely assume that our results have negligible finite-volume

effects within the statistical precision that has been reached.

6.2.3 Continuum limit of baryonic screening masses

The results that we have collected at finite lattice spacings have to be extrapolated
to the continuum limit, along the lines of constant physics. As for the mesonic
masses, the Symanzik effective theory predicts O(a?) lattice artifacts. Furthermore,

the convergence to the continuum limit has been accelerated by introducing the
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tree-level improved definitions

mys —> 1M yN+ — [m?{,ef - 37TT] s (621)

where m?{ﬁf is the mass in the free lattice theory, which has been computed in

App. G.2. The improved data have been extrapolated to the continuum limit. Such
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Figure 6.3: Left: Numerical result for the tree-level improved nucleon screening
mass at finite lattice spacing (black dots). The lines in the panel represent the linear
extrapolations in (a/Lg)? to the continuum limit. Each temperature is analyzed
independently from the others. Data corresponding to T; (i = 0,...,11) have been
shifted downward by 0.09 x ¢ for better readability. Right: same as the left panel
but for the mass difference (mp+—my-).

extrapolations are represented in fig. 6.3 where, in order to improve readability,
data corresponding to T; with ¢ =0,...,11 are shifted downward by 0.09 x 7. As it
is clear from fig. 6.3, data are well described by a single correction proportional to
(a/LO)Q. In general, by fitting with a linear ansatz in the squared lattice spacing,
we obtained values of y2/dof all around 1, with just for a few outliers, a fact
which is, however, not surprising given the large amount of data and fits. The
results of the fits are shown in fig. 6.3 on the left panel as straight lines. For the
mass difference (my+ —my-) the coefficient of (a/Lg)? is found to be proportional
with zero at all the temperatures, see left right panel of fig. 6.3. The continuum
values obtained from these fits are taken to be our best estimates of the nucleon
screening masses in this range of temperatures. The continuum limit extrapolated

values for the positive parity screening mass are reported in the third column of
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table 6.1 for all the temperatures that have been simulated and in the same way
the corresponding values for the mass difference (my+ —my-) are reported in the
fourth column.

As a further check of the quality of our extrapolations, data have been fitted by
excluding the coarsest lattice spacing, i.e. Lo/a = 4, for the temperatures 77, . .., Ts.
As it was observed for the mesonic screening masses, the intercept are in good
agreement with those of the previous fit. Further checks include fitting the data
with fit ansatz (a/Lo)?In(a/Lg) and (a/Ly)? and the corresponding parameters
turn out to be compatible with zero for each data set. Finally, given the high
quality of the tree-level improved data and the robustness of the independent
continuum limit extrapolations, it was not necessary to model the temperature

dependence of the lattice artifacts by a global fit of the data.

6.2.4 Temperature dependence

From the results reported in the third column of table 6.1 it is clear that the
bulk of the nucleon screening mass is given by the free-theory value 37T, plus a
4-8% positive contribution due to interactions over the entire range of temperature
explored.

Thanks to the high precision of our results, we can scrutinize in detail the
temperature dependence induced by the non-trivial dynamics. As done for the
mesonic case, we decide to parametrize our data in terms of the function of the
temperature defined in eq. 5.24. Again, let us stress that any function with a
leading inverse logarithmic behaviour in the temperature is a good choice as well,
and that the choice of eq. 5.24 is suggested by the effective field theory analysis.

We fit the values of my+ reported in the third column of table 6.1 to a quartic

polynomial in g of the form

my+
3T

= b0+b2g2+b3g3+b4§]4. (622)

The intercept turns out to be compatible with the free theory value 1, with a
large error. We thus enforce it to the free theory value by = 1 and we fit again the
data. From the resulting fit, the coefficient of the §? term results to be compatible

with the 1-loop order correction that has been computed in Sec. 6.1.2 within again
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Figure 6.4: Nucleon screening mass versus g?. The band represents the best fit in
eq. 6.22, while the dashed line is the analytically known contribution.

a large uncertainty. We have thus set the quadratic coefficient to its theoretical
expectation, i.e. by = 0.044, and we have performed again the quartic fit of the
form in eq. 6.22.

As a result, for the fit parameters we obtain b3 = 0.031(4) and by = —0.023(3)
with cov(bs,bs)/[0(b3)o(by)] = —0.992. The fit provides an excellent value of
x?/dof = 0.638 and we thus take the polynomial in eq. 6.22 as the best parameter-
ization of our results in the entire range of temperatures. Let us notice, however,
that if a cubic ansatz in ¢ is used instead of the one in eq. 6.22, the quadratic co-
efficient does not result to be compatible with the theoretical prediction at 1-loop
order. This is even more evident from the plot in fig. 6.4 where the lattice data
are shown together with the 1-loop order theoretical prediction and with the fit in
eq. 6.22. In general the 1-loop order correction to the free theory value lies below
lattice data almost in the entire range of temperatures that we considered.

In any case, it is clear that the leading perturbative correction in the coupling
constant cannot explain our results even at the highest temperature, where cubic
and quartic terms are still relevant. In particular, given the best parameterization
of our data in eq. 6.22, at the electroweak scale, the strong competition between
these terms amounts to approximately 20% of the total contribution due to inter-

actions. On the other hand, at the lower end of the temperature range that has
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Figure 6.5: Mass difference between the positive and negative parity partners
masses as a function of §2.

been considered, the presence of a quartic term is crucial to explain the flattening
of the lattice data at T'~ 1 GeV.

To conclude, by combining lattice data with the known leading correction to the
free theory, it is evident that the validity regime of the 1-loop order perturbative
result is restricted to temperatures which are several order of magnitude above the

electroweak scale.

6.2.5 Chiral symmetry restoration on the lattice

Baryonic screening masses are a good measure of chiral symmetry restoration.
From the discussion in eq. 2.3.2 it is clear, that if the non-singlet axial symmetry
is restored, then the positive and negative parity partners are expected to become
degenerate. This is at variance of the zero temperature case, where the screening
masses my+ and my- correspond to the chiral limit values of the nucleon and
of the N* masses. Due to the spontaneous breaking of chiral symmetry, see Sec.
1.5.3 that occurs at zero temperature, they differ by several hundreds of MeV
[22]. As anticipated, the screening correlation functions related to different parity
partners are found to be degenerate, within our statistical precision, for large and

intermediate separations on the lattice. In fig. 6.3 on the right the continuum limit
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extrapolations of the mass differences are shown and the corresponding results in
the continuum limit are provided in the fourth column of table 6.1. In fig. 6.5 we
show the results in the continuum limit as a function of §2. In general, the mass
difference is compatible with zero in the entire range of temperatures that has been
simulated. These numerical results, together with the WTT in eq. 2.53, provides a

measure of the restoration pattern of chiral symmetry at high temperature.
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Chapter 7
Conclusions and outlook

In this thesis we exploited the steady theoretical and algorithmic progress in the
simulations of lattice QCD, as well as in the HPC hardware which make it possible
to simulate lattices with a very large number of points. Based on this progress,
we implemented a new strategy to simulate very high temperatures on the lattice
with a moderate computational effort. This strategy is built on the knowledge
deriving from a non-perturbative definition of the strong coupling constant in a
finite volume, combined with step-scaling techniques.

The strategy has been outlined in Chapter 4. It has been implemented in our
lattice simulations, by discretizing three flavours of massless quarks with the O(a)-
improved Wilson’s discretization for fermions. Monte Carlo simulations have been
carried out at 12 values of the temperatures in the range between ~ 1 GeV up to
the electroweak scale for the first time on the lattice. For each temperature, we
simulated three or four different lattice spacings in order extrapolate our results to
the continuum limit. Furthermore finite volume effects have been explicitly checked
to be negligible within our statistical precision.

The main physics results of this work are the hadronic screening masses, both
mesonic and baryonic. In Chapter 5, we focused on the flavour non-singlet mesonic
screening masses. These are maybe the simplest observables in thermal QCD.
However, despite the simplicity of the calculation, they encode a lot of non-trivial
interesting features. They are ideal probes of chiral symmetry restoration in the

high temperature regime and can provide relevant information on the reliability of
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next-to-leading order perturbation theory up to the electroweak scale.

Thanks to the permille accuracy of our results we were able to analyze in detail
the temperature dependence of the non-trivial dynamics induced by interactions.
In general, the bulk of the non-singlet mesonic screening masses is given by the
free theory value 27T with a few percent positive deviation in the entire range
of temperatures. Quartic contributions in the coupling constant are still relevant
both at low and high temperatures. On one hand, at low temperatures, such terms
bend down the pseudoscalar mass, which has a value close to 27T, at T" ~ 1
GeV. On the other hand spin-dependent terms, which have been observed to be
O(g*) in the entire range of temperatures, are responsible, at low temperature,
for the deviation of the vector mass from the free theory value 277". Furthermore,
those terms still remain visible even at the highest temperatures that we simulated,
where the vector and the pseudoscalar screening masses are clearly different within
our statistical precision. It is crucial to notice that such behaviour cannot be
explained by the next-to-leading order perturbative result in Ref. [15]. The pattern
of different contributions that we have found explains why it has been difficult in
the past to match non-perturbative lattice results at 7' $ 1 GeV with the known
analytic behaviour at asymptotically high temperatures.

In Chapter 6 we carried out the first non-perturbative calculation of the bary-
onic screening masses in the same wide range of temperatures. While a rich liter-
ature is available on the mesonic spectrum, very few studies have been performed
on the baryonic sector. In particular the only analytical result is just qualitative
[191] and all the lattice calculations, both in the quenched approximation and in
the full theory, are restricted to the low temperature regime and no extrapolation
to the continuum limit has ever been performed. From the technical view point,
the calculation is feasible, because at very large temperatures baryonic two-point
correlation functions do not suffer from the dramatic depletion of the signal-to-
noise ratio as they do at low and zero temperature. Baryonic screening masses
were obtained with a few permille accuracy, for the first time in a wide range of
temperatures. In the entire range of temperature explored, their values show at
most a 8% positive deviation with respect to the free theory value 377T.

At the electroweak scale, cubic and quartic terms compete to give a final correc-

tion which is about 20% of the total contribution due to interactions. Furthermore,
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at low temperatures these contributions are crucial to explain the temperature de-
pendence of the baryonic screening masses.

In this work, we also provided the first quantitative determination of the 1-
loop order correction to the free theory value. This correction has been obtained
in the framework of the dimensional reduced effective theory defined in Chapter
2. However, as for the mesonic case, given the non-trivial temperature dependence
induced by interactions, the 1-loop order perturbative correction is not able to
explain our non-perturbative results.

Finally, both in the mesonic and in the baryonic sectors, we observed chiral
symmetry restoration which manifests itself through the degeneracy of several
masses. This degeneracy pattern is compatible with a set of WTT derived in Chap-
ter 2.

In conclusion, our results are compatible with the dimensional reduced effective
theory predictions. However, thanks to the high accuracy of our results we are
able to resolve the different contributions due to interactions and, if compared
with the corresponding next-to-leading order correction, these findings provide a
clear indication that a 1-loop order perturbative description of these observables
is not satisfactory even at very large temperatures. These results, together with
other findings in the literature obtained in the SU(3) Yang-Mills theory, suggest
that a higher order description in perturbation theory is needed, if the perturbative
expansion is not spoiled by non-perturbative effects, but, most of all, they motivate

a non-perturbative exploration of thermal QCD up to the electroweak scale.

7.1 Future perspectives

The non-perturbative results provided in this thesis, together with the comparison
with the analytical results obtained in the context of the effective field theory, call
for a non-perturbative study of the high temperature regime of QCD. In this work,
we propose a general strategy which allows to do that with a moderate compu-
tational effort. This strategy clears the way to compute many other interesting
properties of thermal QCD in the high temperature regime, e.g. the Equation of
State. Indeed this work is part of a larger effort which aims at studying thermal

QCD non-perturbatively up to the electroweak scale [167].
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Within this long-term project, it would be interesting to extend such calcula-
tions to screening masses related to different interpolating operators, like the ones
related to spin-3/2 states. In such case, we could perform a detailed analysis of the
spin-dependent terms similarly to the one we performed for the vector-pseudoscalar
mass difference. The other obvious outcome is the calculation of the non-static sec-
tor, i.e. the non-zero Matsubara sector, of the mesonic screening masses. Indeed,
the non-static sector is somehow related to the production of soft dileptons and
photons in the quark-gluon plasma [95]. In both cases, the calculation on the lattice
of these observables is expected to be more challenging than the ones we focused
on in this work. For the non-static sector of the mesonic screening masses we ex-
pect a dramatic degradation of the signal-to-noise ratio, while for the spin-3/2
baryon the correct implementation of the spin projection at finite temperature is
not trivial, since it is in general momentum-dependent. In any case, both these
non-perturbative calculations would put additional constraints on the validity of
the perturbative approach at temperatures above 1 GeV.

On the perturbative side, the high quality of our results call for a higher order
calculation of the mesonic and baryonic screening masses, if possible, namely if
the perturbative expansion is not spoiled by any non-perturbative infrared effect.
In this case, the analytical results for cubic terms in the coupling constant and
spin-dependent terms would give a further insight on the reliability of perturbation
theory.

Finally, from a theoretical point of view, when the corresponding non-perturbative
computations in the three-dimensional effective theory will become available, the
matching with the results provided in this thesis will allow to shed light on the
origin of the various terms and to verify at the non-perturbative level the effective

field theory paradigm.
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Appendix A

Conventions & definitions

A.1 SU(N) conventions

The Lie algebra of SU(N) may be identified with a linear space of dimensions N? -
1. The SU(N) group is composed of unitary matrices with unitary determinant.
As a consequence, its algebra is the linear space spanned by hermitian, traceless

N x N matrices Ty, i.e.
T[T =0, T =T* T*esu(N). (A1)

In order to make a definite choice, we assume the normalization given by

Tr [T°T"] = %b : (A.2)

The product of two generators of the algebra leads to following relation

1 N2-1
T°T" = =01y + 5 2. (if+d™)T°, (A:3)
c=1

where fa¢ are totally anti-symmetric structure constants and d*¢ are totally sym-

metric coefficients, which expressions reads

de = 2T [{T*, T°} T°] (A.4)
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and the Casimir operator is defined by
TT* = Cplyun, (A.5)

where Cp = (N2 - 1)/(2N). These definitions lead to the following (anti-)commu-

tation relations

[Ta,Tb] — ’éfabCTc
5abc
a b\l _ jabcrpc
{1, 1%} = d T+ = (A.6)

In this thesis we will extensively use the case N = 3, both for the number of colours

and flavours. For this reason it is useful to define the Gell-Mann matrices

010 0 —i 0 1 0 0)
M=[1 0 0], X=|i 0 o], x=|0 -1 0],
00 0 0 0 0 0 0 0
0 1 (0 0 —i
M=o 0 o], Xx=|0 0 :
100 i 0
000 00 0
=100 1], Mm=l0o 0 =],
010 0 i 0
(oo
=—l01 0], AT
=7 (A.7)
00 -2

which provide a basis T for the su(3) algebra given by T = \¢/2.
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A.2 Clifford algebra

In a four-dimensional euclidean space-time Dirac gamma matrices are covariant
matrices which define a basis for the Clifford algebra Cly(C) !. Those satisfy the

anti-commutation relation

{fy,ua’}/l/} = 25uul4x4- (Ag)

In the so called chiral representation Dirac gamma matrices read

0 —12><2 0 -iot .
= > i = . 1=1,2,3, A9
7 (—12x2 0 ) ! (iaz 0 ) (4-9)

where o are the 2 x 2 Pauli matrices, which are defined as

01:(0 1), 02:(9 _i), 032(1 O). (A.10)
10 v 0 0 -1

Then we define the 5 matrix as the product of the four gamma matrices

1., 0
Vs = yonays = |7 : (A.11)
O _12><2

which anti-commutes with all the other y-matrices, i.e.

{75:7%.} = 0. (A.12)

Following from these definitions, the charge-conjugation operator is given by the

product

0 —02

0
C = ingys = (02 ) . (A.13)

Tn Minkowski space the Clifford algebra is defined as Cl; 3(R) which is, by rotating to eu-
clidean time, isomorphic to Cly(C).
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This satisfies the following identities

Cv,C = —’yT ct=-C, Crs =~5C, (A.14)

7]

where the superscript "T" refers to the transposed matrix. Dirac gamma matrices

satisfy the following trace relations

Tr{[’)/u’yu]} = 45/11/7 (A15)
Tr{ [7u7u7p70]} = 4 (511,1/5;)0' - 6/1,,051/0' + 6/1,0'5‘01/) 9 (A16)

while the trace of an odd number of gamma matrices vanishes.
In the effective field theory, in order to properly factorize the propagation
along different space directions, it is useful to define the Dirac gamma matrices in

a different representation with respect to eq. A.9. In this representation they read

01 09 0 —01 0 0 -1
o , = s = s = . A].?
b (1 o) " (o —02) ” ( 0 01) ” (z’l o) (&.17)

As a consequence, in this representation for the v5 matrix and the charge-conjugation

operator it holds

- 0 0 ) 0
w7 ) o= ) and o= 7). (As)
0 03 —101 0 g9 0

where o; are the 2 x 2 Pauli matrices defined in eq. A.10.
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Appendix B

Correlation functions on the

lattice

B.1 Parity and charge-conjugation transforma-

tions

In this appendix we review how hadronic interpolating operators, used on the
lattice to extract the QCD hadronic spectrum, transform under global symmetries,
such as parity and charge conjugation. First of all, recall how quark and anti-quark

transforms under charge conjugation transformations

c ~1,7.( - N\T
¢f$) 70 U(z)", (B.1)
(x) — —(x)"C,

where C' is the charge-conjugation matrix defined in App. A.2. Analogously under

generalized parity transformations the fermionic fields transform as

Y(x) 2 5, (X)

B b (B.2)
U(x) — (X))

where X denotes the coordinate vector x with flipped sign except for the coordinate

in the p-direction.
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Operator | I'p | C | P

S 1 +1 | +1
P Vs +1 -1
Vi Yo | 1] -1

A, Yuvs | -1 | +1

Table B.1: Transformation properties for mesonic interpolating operators under
parity and charge-conjucation transformations.

Starting from the transformation properties of the quark and anti-quark fields
it is straightforward to see that the mesonic interpolating operators defined in eq.

3.97 transform as

0" = P(2)Tom(z) — p(x) (CToC)" (), (B.3)
0% = §()Torh(x) —> D(X) (uTo) 7 (X). (B.4)

By resctricting ourselves to the interpolating operators of interest in this work it
immediately follows the transformation properties reported in table B.1
In a similar way one can see that the nucleon interpolating operator in eq. 2.48

transforms under parity transformations as

N S YulVE(X) (B.5)
N 2 N (X )y,

and the corresponding operators with definite parity quantum numbers are con-

structed by projecting the operators in eq. B.5 with the parity projector P, =
(L+7,)/2.
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B.2 Reality of mesonic two-point correlation

functions
Let us consider the mesonic correlation function defined in eq. 3.101. It reads
C&(z0) = —Z{ (Tr [ToS(x,0)Tov55T(z,0)75])
+ 0N (Tr [ToS(w,2)] Tr [ToS(0,0)]) } (B.6)

Let us consider, for the moment, the connected contribution and its conjugate

transpose, which reads
Cé(xo)" = Z (Tr[755 (2,075 (2, 0)T, ])

x (B.7)

[\3|@ w|@

Z (Tr [S(z, 0)yI' S (x, O)Fo%])

where in the second line we used the cyclic property of the trace. It is now clear
that the connected contribution to the mesonic two-point correlation function is

purely real, if it holds
Il = 495075 (B.8)

In this thesis we mainly focus on flavour non-singlet interpolating operators with
o = {1,795, 7., Y475} which then provide real two-point correlation functions. Sim-
ilar considerations holds for the disconnect contribution. Its conjugate transpose

reads
a3
CY(z0)t = -5 SN (Tr[ST(z,2)TL] Tr [ST(0,0)TE ) . (B.9)
By using vs-hermiticity of the quark propagator, it can be rewritten as

CO(xo)" = ——ZNf Tr[S(a: x)’yg,FO%]Tr [S(O,O)V5FI)75]) , (B.10)
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which again implies that the disconnected contribution is real if the relation in eq.

B.8 is satisfied.

B.3 Reality of the nucleon two-point correlation

function

In this section we provide brief demonstration of the reality of the lattice baryonic
correlation function defined in Sec. 3.8.2. In order to keep the discussion as general
as possible we do not project the baryonic correlation function to any definite value
of momentum. After integrating fermionic variables, its expression, in terms of path

integral expectation value, reads
1
Cn=(z) = EfDU(detD[U])Nf e SWHWHUT+ WU}, (B.11)

where we made explicit the dependence on the link variable U and where W} and
W2 are two Wick contractions defined in eq. 3.103. By taking into account the
gauge field transformation U — U*, it is easy to show that the reality of the gauge

action directly implies
S,[U] = S,[U*]. (B.12)

In a similar way it is possible to show that under the same transformation of the

link variable it holds for the Wilson-Dirac operator

D*[U] = CD[U*]C, (B.13)

where C' is defined in terms of the charge-conjugation matrix as C' = Cys. This

implies that
det D*[U] = det D[U] = det D[U*], (B.14)

where the equality on the l.h.s comes from the reality of the fermion determinant,

and the one on the r.h.s from eq. B.13. As a consequence of eq. B.12 and B.14,
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it is straightforward to see that gauge field configurations U and U* are sampled
with the same statistical weight. In this case the correlation function in eq. B.11

can be written as
Cn=(z) = %{%/DU(detD[U])Nf e’sg[U]{Wil[U] + W2[U]
+Wj[U*]+Wf[U*]}}. (B.15)

The condition on the Dirac operator in eq. B.13 translates to the following condi-

tions for the quark propagator S[U]

S*[U] = CS[U”]
S*[U]" = CS[U

Q-

ct (B.16)
*]T
and consequently the expressions for the complex conjugate of the Wick contrac-

tions in presence of a background field U can be derived. After a little bit of

algebra, their expressions read

Wi U]
W U]

Tr [SE [U]CY5Su [U*]1Cy5 | Tr [See[U*] P.] eele (B.18)
Tr [S:;';[U*]C%Sbe[U*]PiScf[U*]C’vg,] eabeeleg

and by comparing eq. B.18 with eq. 3.103, it immediately follows that Wi[U*] =
Wi[U] for ¢ = 1,2, and the two-point correlation function is now manifestly a

purely real function, since it can be written as
1
C=(z) = E[DU(detD[U])Nf e ST Re[WIU]+ W2[U]]. (B.19)

Notice that this result is independent on the choice of the parity projectors, i.e. it
holds if P, = (1 ++,) /2 for any value of ;. As a consequence, this result holds also
if the two-point correlation function is a spatially-separated correlation function
and the parity projector defines a generalized x,-parity transformation, see App.
B.1.
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Appendix C

Simulation details

In this appendix we report most of the technical details of the lattice simulations
we performed in this work. In the following sections the definitions of the lattice
actions are provided. Some time will be also devoted to the specific algorithm we
used for the inversion of the Wilson-Dirac operator, which is somehow critical at
high temperature and finally a dedicated section is devoted to report the details
of the HMC algorithm we used throughout all the simulations, together with the

results for the mesonic and baryonic screening masses at finite lattice spacing.

C.1 Lattice actions

In this thesis we exploited the results from Ref. [181] and [179] on the Schrodinger
Functional and the Gradient Flow renormalized coupling respectively. For this rea-
son we used both the Wilson plaquette action and the tree level Symanzik improved
action Sg(l). The former is defined in eq. 3.14 and was used as a discretization for
gluonic fields at the nine highest temperatures Ty, ..., Ty, while the latter was used

for the three lowest temperatures Ty, 7o and T3 and is defined as [138]

sgm_igZZRe{ W(m)]——Tr[ UW(:C)]}, (C.1)

T Qv
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xf,”, p ? . [Tt 2/ + 1
Ul(z) Y 3 A U, (x+271)
i 4 ? * > *35;'_2/1

‘ Up(z) o Ulz+p)

Figure C.1: Graphical representation of the rectangular two-plaquette field appear-
ing the tree level Symanzik improved action.

where U, (z) is the standard plaquette field defined in eq. 3.11 and U, () is the
rectangular two-plaquette field, shown in fig. C.1, and defined as

U, (z) = Uu(2)U(x + afp) U, (x + 2ap) Ul (z + afy + a0) Ul (z + ap) Ul (z) . (C.2)

The fermionic sector of the action has been discretized by using the Wilson-Dirac

operator defined in eq. 3.33 with O(a)-improvement provided by the Sheikholeslami-
Wohlert operator defined in eq. 3.70. The non-perturbative tuning of the cqy(go)

coefficient removes all the O(a) cut-off effects generated by the fermionic action

in on-shell correlation functions [134, 135]. The corresponding expression for the

Wilson plaquette action has been obtained in Ref. [137] and is reported in eq. 3.71,

while for the tree-level Symanzik improved action it has been determined in Ref.

[200] and reads

) _ 1-0.1921¢2 - 0.1378¢3 + 0.0717g8 .
" 1-0.3881¢2

(C.3)

Given this lattice setup the bare parameters of the actions have been fixed following

the strategy described in App. D.
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C.2 Inversion of the Dirac operator

The usual stopping criterion used in iterative methods for the numerical solution

of the Dirac equation
Dy =1 (C.4)

require that the norm of the residual p = Dy — 7 is sufficiently small, i.e. the
global condition r = ||p|/|n| < € has to be satisfied for a value of the tolerance e
small enough that the error introduced by using an approximate solution of the
Dirac equation must be negligible with respect to the statistical fluctuations of
the observables of interest. However, the tolerance cannot be smaller than what is
allowed by the finite-precision arithmetic of a given implementation.

At high temperature, the lowest Matsubara frequency «'T" provides an infrared
cut-off to quark propagation. As a consequence, the matrix elements of S(x,y)
become very small for large separations. The brute force approach of simply im-
plementing higher-precision and requiring a smaller tolerance is not always practi-
cable. In this case, a solution is achieved by introducing a preconditioned version

of the Dirac equation,
Dy =n, (C.5)
where
D=M'DM =M%, 7=M"y, (C.6)

with the preconditioning matrix M chosen in such a way the the various compo-
nents of the solution ) are comparable in magnitude [189].

The quark propagators needed for the two-point mesonic and baryonic correla-
tion functions considered in this thesis have been computed by implementing the

preconditioning matrix

M(z,y) = cosh{mp (x3-ys—L/2)}-1, (C.7)

153



where 1 refers to the identity matrix in the indices not explicitly indicated, i.e.
colour, spin and the first three components of the space-time coordinates (g, r1, Z2).
After some tuning, for the lattices with Lg/a = 4,6,8 and 10 we have chosen
my = 0.4,0.3,0.2 and 0.15 respectively, with the shift parameter being always
€ =(1,0,0). This indeed guarantees that the components of ) are always compa-
rable in magnitude. We have also monitored explicitly a posteriori that the global

condition r < € is always satisfied by the solution vector.

C.3 Simulation details and results

We have simulated three flavours QCD with a HMC algorithm by using the
openQCD-1.6 package [201, 202] modified so as to allow for shifted boundary
conditions. We have employed several efficient algorithms in order to speed up
simulations. More precisely, the up and down quarks have been simulated with
an optimazed twisted-mass Hasenbusch preconditioning of the quark determinant
[201, 146]. The determinant has been split in three factors with twisted masses
value ap = 0.0,0.1 and 1.0. The strange quark has been simulated through a RHMC
algorithm [151, 152] with an optimized frequency splitting of the rational approxi-
mation in two separate contributions. Even-odd preconditioning has been used for
both the light and the strange quarks. The integration of the molecular dynamics
equations has been performed on a three-level integration scheme. The gauge force
has been integrated on the finest level using a 4th-order Omelyan-Mryglod-Folk
(OMF4) integrator [144] with step-size 1, while the fermionic forces have been in-
tegrated on the two coarsest levels. On the finest of these we have used a OMF4
integrator with step-size 1, while on the coarsest a 2nd-order OMF integrator with
step-size between 7 and 9. The solution of the Dirac equation along the molecular
dynamics evolution has been obtained by using standard conjugate gradient with
chronological inversion. The length of each trajectory is 2 MDUs for all the lat-
tices. More details on the exact implementation of these algorithms can be found
in Ref. [201, 202].

For each ensemble we generated, we have started the thermalization phase by
simulating a lattice with length L/a = 48 in all the three spatial directions and the

same bare parameters as the target one. After approximately 1000 MDUs, we have
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T Lg/(l Nmdu | Mskip | Mnsrc 27:_};—, m;r—;:“))
| 4 90 | 10 | 4 |0.9659(5) 0.00577(20)
o1 6 90 | 10 | 2 |0.9934(14) 0.0065(4)

4 90 | 10 | 4 |0.9656(7) 0.0068(3)
o | 6 | 270 ] 30 | 2 ]0.9945(14) 0.0070(8)
Y18 | 450 | 50 | 2 | 1.0078(18) 0.0075(5)
10 | 900 | 100 | 2 | 1.0090(25) 0.0075(4)
4 90 | 10 | 4 |0.9685(7) 0.0075(3)
n | 6| 270 ] 30 | 2 ]0.9961(14) 0.0089(5)
218 [ 450 | 50 | 2 | 1.0055(23) 0.0089(5)
10 | 900 | 100 | 2 | 1.0122(25) 0.0073(6)
4 90 | 10 | 4 |0.9682(11) 0.0087(5)
| 6270 ] 30 | 2 | 0.9971(11) 0.0084(10)
B8 1450 | 50 | 2 | 1.0039(18) 0.0083(7)
10 | 810 | 90 | 2 | 1.0124(25) 0.0099(7)
4 90 | 10 | 4 |0.9704(7) 0.0103(4)
7| 6| 270 ] 30 | 2 ]0.9973(14) 0.0109(8)
Y18 ] 450 | 50 | 2 | 1.0051(20) 0.0093(9)
10 | 540 | 60 | 2 | 1.0138(20) 0.0108(7)
4 90 | 10 | 4 |0.9708(8) 0.0128(4)
| 6 | 180 | 20 | 2 ]0.9941(22) 0.0109(20)
18 | 450 | 50 | 2 | 1.0057(18) 0.0119(21)
10 | 540 | 60 | 2 | 1.0090(27) 0.0137(10)
4 90 | 10 | 4 |0.9676(10) 0.0156(11)
o | 6 | 180 | 20 | 2 ]0.9948(15) 0.0142(11)
61 8 | 450 | 50 | 2 | 1.0037(29) 0.0150(23)
10 | 540 | 60 | 2 | 1.0108(25) 0.0153(16)
4 90 | 10 | 4 [0.9679(8) 0.0172(11)
n | 6 | 180 | 20 | 2 ]0.9930(15) 0.0171(17)
T8 [ 450 | 50 | 2 | 1.0051(22) 0.0188(16)
10 | 900 | 100 | 2 |[1.012(3) 0.0171(19)
4 90 | 10 | 4 |0.9677(8) 0.0235(17)
o | 6 | 180 | 20 | 4 ]0.9907(16) 0.0237(17)
81 8 1450 | 50 | 4 | 1.000(3) 0.0247(14)
10 | 900 | 100 | 4 | 1.0032(23) 0.0252(14)

Table C.1: Results for the pseudoscalar, mp, and the vector, my , non-singlet meson
masses together with their difference (my —mp) all normalized to 27T at finite
lattice spacing for the temperatures Ty, ..
Nmdu, those skipped between two consecutive measurements, ngyip, and the number
of local sources per configuration on which the two-point correlation functions have

been computed, n,4., are also reported.
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mp my (mv—mp)

T Lo/a Nmdu | Mskip | Mnsrc %—T 27r_T %—T

4 90 | 10 | 4 [0.9663(16) | 0.9872(23) | 0.0205(15)

Ty | 6 90 | 10 | 4 |0.9907(24) | 1.012(4) | 0.0233(27)

8 90 | 10 | 4 |1.0010(20) | 1.0238(25) | 0.0233(16)

4 90 | 10 | 4 [0.9645(13) | 0.9912(17) | 0.0259(22)

T | 6 90 | 10 | 4 |0.9896(11) | 1.0203(24) | 0.0294(18)

8 90 | 10 | 4 |0.9963(22) | 1.024(4) | 0.0290(16)

4 90 | 10 | 4 ]0.9552(16) | 0.992(3) | 0.0375(18)

T | 6 90 | 10 | 8 |0.9768(20) | 1.018(5) | 0.0406(26)
8 | 90 | 10 | 8 |0.9912(16) | 1.031(6) | 0.039(4)

Table C.2: As in Table C.1 but for Ty, T1¢ and T7;.

duplicated the lattice in each direction so that L/a = 96. We have then run the
HMC for approximately 500 MDUs, after which we have triplicated the lattice in
all the spatial directions so has to have L/a = 288. Finally we have completed the
thermalization phase by running the HMC for a number of MDUs between 100
and 200, and then we have started the computation of the correlation functions.
During all the phases of thermalization we have always monitored the action and
the various components of the energy-momentum tensor. We have also constantly
monitored the topological charge computed with the Wilson flow, and we have
explicitly checked that at the end of each thermalization process we always ended
up in the @ = 0 topological sector.

Once the thermalization has been concluded, we have accumulated a certain
number of configurations for the computation of the EoS and we have selected
some of those for the computation of the screening masses. In particular in tables
C.1 and C.2 we report the number of MDUs considered, the number of MDUs
skipped between two consecutive independent configurations, and the number of
local sources per configuration, on which the mesonic two-point correlation func-
tions have been computed. In tables C.3 and C.4 we report the same records for
the baryonic two-point correlation function. In the latter case we always kept the
number of skipped MDUs fixed to 10 in order to maximize data collection. For

each configuration, the best estimate of the two-point correlation function has
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mp+ my+—mpy-

Tl Lofa | twaw | mnsre | 35| T
o | 4 300 [ 4 [ 0.9863(15) [ 0.0002(3)
Ol 6 | 390 | 4 |1.0178(17) | 0.00041(19)
4 [ 300 | 4 |0.9892(18) | 0.0001(3)

m | 6| 310 | 4 | 1.0204(20) | 0.0002(4)
Y18 | 500 | 4 | 1.0371(18) | -0.00013(23)
10 | 500 | 4 | 1.0438(28) | 0.0003(5)

4 7300 [ 4 [0.9909(23) | 0.0001(4)

n | 6| 320 | 4| 1.0242(24) | -0.00017(28)
21 8 | 490 | 4 | 1.0385(30) | 0.00026(29)
10 | 500 | 4 | 1.048(5) | 0.0005(6)

4 17300 | 4 [0.9945(25) | 0.0006(4)

n| 6340 | 4| 1.027(3) | 0.0002(4)
18 | 490 | 4 | 1.0406(23) | 0.00050(3)
10 | 500 | 4 | 1.048(6) | 0.0003(7)

4 [ 440 | 4 [1.0040(16) | 0.0007(5)

o | 6] 310 | 4 ] 10317(26) | -0.0007(4)
Y108 | 490 | 4 | 1.0430(29) | -0.0001(4)
10 | 500 | 4 | 1.054(5) | -0.0013(6)

4 310 | 4 | 1.004(3) | -0.0007(6)

n| 6310 4 | 1038(3) | 0.0005(3)
51 8 | 500 | 4 | 1.0466(26) | -0.0001(3)
10 | 500 | 4 | 1.059(4) | -0.0001(5)

4 (300 | 4 |[1.0089(25) | -0.0006(9)

po| 6013201 4| 1034(3) | -0.0002(7)
S| 8 | 500 | 4 | 1.054(4) | -0.0002(5)
10 | 500 | 4 | 1.061(6) | 0.0004(10)

4 320 | 4 | 1.012(4) | 0.0005(12)

n | 6310 4 | 1043(4) | 0.0006(7)
|8 | 500 | 4 | 1.059(3) | -0.0001(8)
10 | 500 | 4 | 1.062(6) | 0.0026(17)

4 17320 | 8 | 1.016(4) | 0.0023(14)

n | 61300 | 8 | 1046(4) | -0.0001(11)
1 8 | 500 | 4 | 1.066(4) | -0.0007(8)
10 | 500 | 5 | 1.061(4) | 0.0013(13)

Table C.3: Results for the nucleon screening mass, my+, and the mass difference
with it parity partner (my+—my-) normalized to 37T at finite lattice spacing for
the temperatures Ty, ..., Ts. The number of MDUs generated, nyqy, and the num-
ber of local sources per configuration on which the two-point correlation functions
have been computed, n,g., are also reported. The latter are always calculated by
skipping ngip = 10 MDUs between two consecutive measurements.
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T | Lofa | tmau | Mnswe | o | TN
3T 3T
4 7400 | 4 [1.0180(26) | -0.0008(12)
To | 6 | 390 | 4 |1.0526(28) | 0.0005(10)
8 | 390 | 4 |1.052(5) | 0.0002(10)
4 [ 410 | 4 [1.029(4) |-0.0019(21)
Ty | 6 | 400 | 4 |1.056(3) |-0.0021(14)
8 | 390 | 4 |1.074(3) | 0.0013(17)
4400 | 4 [1.029(4) | 0.0001(21)
Ty | 6 | 390 | 4 |1.055(6) |-0.0015(17)
8 | 390 | 4 |1.063(5) |0.0016(11)

Table C.4: As in Table C.3 but for Ty, Ty and T7;.

been obtained by properly averaging their values from all local sources and, for
the mesonic correlation function, by symmetrizing the correlators with respect to
x3 = L/a. The screening masses have been extracted as reported in Chapters 5 and
6 and their values are reported in tables C.1 and C.2 for the mesonic case and in
tables C.3 and C.4 for the baryonic one.

To explicitly check that finite volume effects are negligible within our statistical
errors, we have generated three more lattices at Ty (Lg/a = 6), T} (Lo/a = 10) and
T11 (Lo/a = 8) at three smaller spatial volumes, namely 6 x 1442 x 288, 10 x 962 x
288 and 8 x 1442 x 288 (direction 3 the longest) respectively. On these lattices we
have computed the screening masses following the same procedure as described
before. Those are in very good agreement with the analogous reported in tables
C.1 and C.2 for the mesons and C.3 and C.4 for the baryons, and therefore they
confirm the theoretical expectations that finite volume effects are negligible at high

temperatures.
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Appendix D

Scale setting

Either for quarks and gluons we imposed shifted boundary conditions in the
compact temporal direction, with shift parameter & = (1,0,0) and consequently
T=1/ (\/iL(]). The twelve values of the temperature have been imposed by spec-
ifying the value of the renormalized coupling in a finite volume in a specific renor-
malization scheme. In particular, for the nine highest temperature Ty, ..., T, the
temperatures have been fixed by using the Schrodinger Functional definition of
the renormalized coupling, while for the three lowest temperatures Ty, 179 and 17,
the corresponding value has been fixed with the Gradient Flow definition. In the
following appendices we provide the details for the scale setting and the determi-
nation of the bare parameters of the lattice actions by separating the discussion

for the highest and the lowest temperatures.

D.1 High temperatures

The highest temperatures we simulated in this work, namely Tj, ..., Ty are fixed

from the results reported in Refs. [178, 181, 203] by imposing the relation

1 7
T = =z D.1
Lov2 2 (D-1)

where g is the renormalization scale of the Schrodinger Functional renormalized

coupling g2, which has been determined in a finite volume with linear extension
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T | g3 (1=TV2) | T (GeV)

Ty - 164.6(5.6)
Ty 1.11000 82.3(2.8)
T, 1.18446 51.4(1.7)
Ts 1.26569 32.8(1.0)
Ty 1.3627 20.63(63)
Ts 1.4808 12.77(37)
Ts 1.6173 8.03(22)

Ty 1.7943 4.91(13)

Ty 2.0120 3.040(78)

Table D.1: Values of the SF couplings corresponding to the lines of constant phys-
ical temperature that we consider.

L§F =1/p and SF boundary conditions, i.e. Ly = LY. From [204] we obtain
G2p(po) = 2.0120  —  pp = 4.30(11) GeV = TxV/2, (D.2)

where the contributions coming from the charm and bottom quarks can be safely
neglected given the current level of precision on the combination of the pion and
kaon decay constants used to set the overall scale at low energy, see Ref. [205]
and [180] for further details. Once the corresponding value of the renormalized
coupling is known at the reference scale g or equivalently at Ty, larger values
of the temperature can be directly inferred by integrating the non-perturbative

beta-function in the SF scheme

gsr (1)
1n(ﬂ) - / e _dg (D.3)
Ho gsr(no) Psr (9)
which can be parametrized in the range of couplings of interest as [181, 203]

Bsr(g) = =g . bag™", g*€[0,2.45] , (D.4)

n=03

where by and b; are the usual perturbative universal coefficients of the beta-function

defined in eq. 1.22, by is the three-loop perturbative coefficient in the SF scheme.
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Lo/a 5am£9) ) amg )

4 0.0015131 | 0.0120930
6 0.0006384 | 0.0008250
8 0.0003209 | 0.0001878
10 | 0.0001835 | 0.0000751
12 | 0.0001145 | 0.0000403
16 | 0.0000531 | 0.0000168

Table D.2: Tree-level and one-loop cut-off effects for the critical mass in the SF
for setup A with background gauge field, # = 7/5 and improvement coefficients as
specified in Ref. [206]. Note that the one-loop coefficient depends on the flavour
number Ny as dam, (1) = dam.(1,0)+dam..(1,1) Ny, with numerical values taken
from Ref. [206].

For Ny =3 they read
9 2 4 3
(4m) by = —, (4m)° b = =, (47)" by = -0.064(27), (D.5)
4 2

and 0T is an effective coefficient extracted from non-perturbative data, which

encodes higher order contributions. Its expression reads
(4m)* bsf = 4(3). (D.6)

With the beta-function, obtained in such a way, we integrated eq. D.3 numerically
using the value of the reference scale pg reported in eq. D.2, and we obtained the

values for the temperatures reported in table D.1

D.1.1 Bare parameters

For the nine highest temperature we employed the Wilson plaquette action in eq.
3.14. This allowed us to fix the value of the bare parameters along the lines of
constant physics by exploiting the known results for the SF coupling computed de
facto at the critical mass. For Lg/a = 6,8,10 those are given in table 3 of [181],
while those for Ly/a = 4 were given to us by the authors of that reference as a
private communication. For each value of Lg/a, the values of § at which the SF

renormalized coupling has the value reported in table D.1 were extracted by fitting
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Gap (1) to the functional form!

11 o
P I (D.7)
957 Y0 k=0

For Ly/a = 4 we have fitted 16 data points in the ranges g3 € [2.0451,1.1077] and
B € [5.9949, 8.3130] with n, = 3 obtaining x?/dof ~ 1. The results for the interpo-
lated [(-values are reported in table D.3. For Lg/a = 6,8, the values of 5 reported
in table D.3 are taken from Ref. [203], which were obtained by interpolating the
data of Ref. [181] as well. As an independent check, we performed our own fits
using the functional form in eq. D.7 with n, = 2 including always all the available
data and we obtained x?/dof = 0.38 and x?/dof = 0.74 for Ly/a = 6 and 8 respec-
tively. For the values of § we extracted from our interpolation we found excellent
agreement within errors with the determinations of Ref. [203]. We decided to take
as central values the results of this reference as this will allow us in the future to
directly profit from the determination of renormalization factors obtained on the
ensembles generated in Ref. [203]. The six data point for Ly/a = 10 have been fitted
to the same functional form with n, = 2 obtaining y?/dof ~ 0.7 and provided the
interpolated values reported in table D.3. Notice that, since T = 277, the values
of  for Ly/a = 4,6 are the ones for T; at Lo/a = 8 and 12 respectively, obtained
with renormalized coupling g3, = 1.11 from table 6 in [203].

Once the lines of constant physics have been defined, the values of the critical
mass M., have been determined from Ref. [207]. They fix m,, by requiring that the
PCAC mass, computed in finite volume with SF boundary conditions, vanishes.
They obtain

AMer (gg, a/Lo) = qm?2P (gg, a/LO) + cf/agg + cg/agg + cg/agéo , (D.8)

cr

where the coefficients ciL/ * with i = 1,2,3 are provided by Ref. [207]. The rest of

'The results for gsp from Ref. [181] come with an error which includes both the statistical and
the systematic uncertainties. The latter is an estimate for the remaining O(ag3) effects stemming
from the SF boundary counter-terms after the known perturbative improvement is implemented.
We have explicitly checked that, once propagated to the mesonic and baryonic screening masses,
these errors are negligible within the statistical uncertainties. We can therefore safely assume
that the screening masses are free from O(a) contamination deriving from the conditions which
fix the lines of constant physics.
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T | Loja B KY) &)
T, 4 8.7325 | 0.131887597685602 | 1.224666388699756
6 8.9950 | 0.131885781718599 | 1.214293680665697
4 8.3033 | 0.132316223701646 | 1.244443949720750
T 6 8.5403 | 0.132336064110711 | 1.233045285565058
! 8 8.7325 | 0.132133744093735 | 1.224666388699756
10 | 8.8727 | 0.131984877002653 | 1.218983546266290
4 7.9794 | 0.132672230374640 | 1.262303345977765
T 6 8.2170 | 0.132690343212428 | 1.248924515099129
2 8 8.4044 | 0.132476707113024 | 1.239426196162344
10 8.5534 | 0.132305706323476 | 1.232451001338001
4 7.6713 | 0.133039441274476 | 1.282333503658225
T 6 7.9091 | 0.133057201010874 | 1.266585617959733
8 8.0929 | 0.132831173856378 | 1.255711356539447
10 8.2485 | 0.132638399517155 | 1.247267216254281
4 7.3534 | 0.133449711446233 | 1.307002958449583
T 6 7.5909 | 0.133469338865844 | 1.288146969458134
8 7.7723 | 0.133228362183550 | 1.275393611340024
10 7.9322 | 0.133013578229002 | 1.265160978064686
4 7.0250 | 0.133908723921720 | 1.338089264736139
T 6 7.2618 | 0.133933679858703 | 1.315030958783770
5 8 7.4424 | 0.133674531074371 | 1.299622821237046
10 7.6042 | 0.133438165920285 | 1.287166774665371
4 6.7079 | 0.134386271436463 | 1.375352693193284
T 6 6.9433 | 0.134421953633166 | 1.346919223092444
6 8 7.1254 | 0.134141768774467 | 1.327878356622864
10 7.2855 | 0.133888442235086 | 1.312909828079458
4 6.3719 | 0.134926677491050 | 1.425561566301377
T 6 6.6050 | 0.134982857878749 | 1.389385004928746
7 8 6.7915 | 0.134676613758678 | 1.364706438701718
10 6.9453 | 0.134412950133538 | 1.346697162567041
4 6.0433 | 0.135481632961481 | 1.489790983990814
T 6 6.2735 | 0.135571353236717 | 1.442967721668930
8 8 6.4680 | 0.135236172024848 | 1.409845308468962
10 | 6.6096 | 0.134976206524104 | 1.388734449325687

Table D.3: Parameters of the Monte Carlo simulations performed with the Wilson
plaquette action. The bare gauge coupling is expressed in terms of = 6/gz.
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the expression corresponds to the two-loop critical mass,

am? (g8, a/Lo) = (am& +dam{ (a/Lo))

(1) (1 (2) 4

(D.9)
+ (amcr + 5amcr) (a/L0)> go+ame’ gy

where
am® =0,  am{ = -0.270075349459,  am = -0.039772,  (D.10)

are the asymptotic coefficients in the limit Ly/a — oo while the coefficients due to
cut-off effects are reported in table D.2. The interpolated values for k¢, = 2am, +8
as well as those for ¢, obtained from eq. D.9 and 3.71 respectively are reported
in table D.3 and indicated with /{éfv ) and cgvvvv ), where the superscript refers to the

Wilson plaquette action in eq. 3.14.

D.2 Low temperatures

The three lowest temperatures Ty, 1o and T, are fixed in a similar way to the
highest ones but from the renormalized coupling in the Gradient Flow definition.

The temperature value is fixed by imposing the relation

1
T = = 2u,
Lov2 a

where y, again, is the renormalization scale of the GF coupling g2, (x) defined in

(D.11)

a finite volume with spatial and temporal extensions satisfying L&F = LG = 1/p,
i.e. Lo = L§¥ /2.

In order to determine the physical values of the temperatures, we start from
the results of Ref. [204],

92 (naa1) = 1131 —  pipaas = 196.9(3.2) MeV, (D.12)

where pin,q1 is inferred, as for po in App. D.2, from the experimental value of the
combination of the pion and kaon decay constants which has been used to fix the

overall scale [180]. The value of the temperatures corresponding to the coupling of
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T | gor (p=T/V2) | T (GeV)
Ty 2.7359 2.833(68)
Tio 3.2029 1.821(39)
T 3.8643 1.167(23)

Table D.4: Values of the GF couplings corresponding to the lines of constant
physica temperature that we consider.

interest can be extracted by integrating the beta-function

gcr (Mhad)
m() - e (D13
Hhad,1 gar (Khad,1) Bar (M)

Using the results of Ref [179, 203] the non-perturbative beta-function of the GF

coupling can be parameterized in the range of couplings of interest as

3
Bar (9) = —29—_2”, g €[2.1,11.3], (D.14)
Zn:(]png

with fit parameter py = 16.07,p; = 0.21 and p, = —0.013 and covariance matrix

512310 x 1071 1.77401 x 10! 1.32026 x 102
cov(ps,p;) = | 1.77401 x 101 6.60392 x 102 5.10305 x 1073 | . (D.15)
1.32026 x 102 5.10305 x 1073 4.06114 x 10~

Given this representation, we integrated eq. D.13 numerically by using the result
for fihaa in eq. D.12. The values of the temperature so obtained and the corre-

sponding renormalized couplings are reported in table D.4.

D.2.1 Bare parameters

For the three lowest temperatures Ty, 119 and 17; we adopted the tree-level Symanzik
improved gauge action in eq. C.1 so as to be able to use the results from Ref. [179].
on the Gradient Flow coupling computed in the massless theory.

For each value of Lg/a, the bare parameters are taken from table 8 of Ref. [203]

and they are reported in table D.6. To verify that the temperature is constant

165



Coeft. Loja=4 Lo/a=6 Loja=8
Co +1.005834130000000 | +1.002599440000000 | +1.001463290000000
1o —-0.000022208694999 | -0.000004812471537 | —0.000001281872601
1 —-0.202388398516844 | —0.201746020772477 | —0.201520105247962
(1 —-0.560665657872021 | —0.802266237327923 | —0.892637061391273
C2 +3.262872842957498 | +4.027758778155415 | +5.095631719496583
(3 —-5.788275397637978 | —6.928207214808553 | —8.939546687871335
(4 +4.587959856400246 | +5.510985771180077 | +7.046607832794273
(s —-1.653344785588201 | —2.076308895962694 | —2.625638312722623
(o +0.227536321065082 | +0.320430672213824 | +0.405387660384441
L2 +0.090366980657738 | +0.128161834555849 | +0.139461345465939
03 —-0.600952105402754 | —0.681097059845447 | —0.847457204378732
o +0.934252532135398 | +0.991316994385556 | +1.261676178806362
s —-0.608706158693056 | —0.606597739050552 | —0.754644691612547
16 +0.140501978953879 | +0.129031928169091 | +0.153135714480269

Table D.5: Coefficients for the parameterization Eq. (D.16). The three leading
coefficients (y, po, and pp in the upper part of the table are combinations of known
perturbative coefficients while the others were determined by a fit.

within each set, we have fitted the result in table 1 of Ref. [179] for each value of
Lo/a using the functional form in eq. D.7 but with g2, (p) replaced by g&p(p) and
by taking into account that in this case, the relation between the lattice extent in
the temporal direction and the renormalization scale is modified as pu = 1/ (2Ly).
By including all the nine data points for each value of Lg/a, and by choosing
n, = 2 for Ly/a = 4,6 and n, = 3 for Ly/a = 8, we obtained excellent fits with
x?/dof ~ 0.93,0.16 and 1.07 respectively. The results confirm that the temperature
is constant within errors for the lattices within each set?.

Once the lines of constant physics have been fixed, the corresponding values of
the critical mass have been computed from the results in Ref. [179]. Its expression

reads

(D.16)

6 6 -1
ame, (gS,a/Lo) = (Z nggk) X (ZQQ?) ;
k=0 1=0

2Considerations analogous to those in footnote 1 apply also here for the case of the GF
coupling.
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Q

s

kG

)

Csw

4.764900
4.938726
5.100000

0.134885548000448
0.134507608658235
0.134168886219319

1.335350323996506
1.308983384364439
1.288203306487197

4.457600
4.634654
4.800000

0.135606746160064
0.135199857298424
0.134821158536685

1.39574103127591
1.358462476494125
1.329646151978636

Tll

~
00 O |00 D |0 D (D

4.151900
4.331660
4.500000

0.136325892438363
0.135926636004668
0.135525721037715

1.482418125298923
1.427424655158656
1.386110343557152

Table D.6: Parameters of the Monte Carlo simulations performed with the tree-
level improved Symanzik action. The bare gauge coupling is expressed in terms of

B=6/g3.

with parameters p and (; reported in table D.5 for the Lg/a of interest. As for
the case of the Wilson-plaquette gauge action, the values of me, (g3, a/Lo) depend
on Lo/a because it has been determined by requiring the PCAC mass to vanish in
a finite volume [179].

Once the values of the bare couplings 5 have been determined, the correspond-
ing values for the critical hopping parameter k.. = 2am.; +8 as well as those for cg,

are obtained from eq. D.16 and eq. C.3 respectively. The corresponding values are

reported in table D.6 as ke

improved action.

)

)
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Appendix E

Perturbation theory

The following appendices are devoted to collect the relevant formulae for the per-
turbative calculation of the mesonic and baryonic screening masses in the frame-
work of the dimensional reduced effective theory which was outlined in Chapter
2.

E.1 Free propagators

In this appendix we explicitly derive the expression for the free theory quark
propagators in the effective field theory. Starting from the free effective action in
eq. 5.5 it is straightforward to see that, in momentum space, the free propagators

for the fields y and ¢, in the lowest Matsubara sector, respectively read

Gy(ps) = ! —, (B.1)
1 [po +1ip3 + 2%0]
Golps) = ! (E.2)

. . 2 )
t [Po —Wp3+ 2%0]

These are conveniently expressed in a mixed coordinate-momentum representation.
In particular, since the screening mass characterizes the exponential fall-off of the
correlation function, it is natural to perform a Fourier transform in the third spatial

direction. Then, by assuming forward propagation for x3 > 0, which implies py > 0
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for the x field and py < 0 for the ¢ field, a Fourier transform leads to

(x (P 2) X1 (0)) 720 — 6 (poy e (55 (E3)

(6 (p,23) 61(0)) “£° +i0 (=po) e (P ) (E4)

As a final remark, notice that such free propagators are diagonal both in spin and

colour space.

E.2 1-loop order propagators

Starting from the O(g?) action for non-relativistic quarks in eq. 5.7, the longitu-

dinal propagators for the fields y and ¢ are defined as the Wilson’s lines satisfying

(05 + M - ggAo —igeAs) Uy (x,,23) = 0,
(=05 + M - ggAo +igpAs) Uy(x,,23) = 0, (E.5)

which have solutions given in the usual form of path-ordered exponentials. By

suppressing, for readability, any colour and spin index, those read

T3
UX(XLaxS) = Pexp{/(: dZI [_M+gEAO(XJ_7'zI) +igEA3(Xl7Z,)]}
= e Mz p exp{[ ’ dz' [gpAo(x.,2") +z’gEA3(XL,z’)]} , (E.6)
0

U¢(XL7 xS)

0
Pexp{/ dzl [M - gEAO(XJ.7Z,) + igEAS(Xl>zl)]}

= e M*3 P exp {fo dz' [grAo(x,,2") —igeAs(x,, 2')]} : (E.7)

Notice that in the expression for Uy, the bounds of integration are flipped, since
the action in eq. 5.7 describes a backward propagating ¢ field for any positive-
valued M. Since such longitudinal quark propagators are obtained starting from
the O(¢?) NRQCD action in eq. 5.7, those can be safely expanded for small gg up

to the same order. By exploiting the expansion of the path ordered exponential
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the quark propagator for the y field reads
be —~Mzx3 be s ! . be ]
Uy (xy,23) = € 0% + fo dz' [geAo +igrAs]™ (x.,2") (E.8)

+ '/0 dz' ]; dz" [geAo + igEAg]bm (x1,2") [grAo +igeAs]™ (x.,2") + O(g%)} ,

where we now made explicit colour indices. Correspondingly the propagator for
the ¢ field is simply obtained by flipping the sign of the term containing the As
field. Then the propagator for a backward propagating ¢ field at O(g?) is

z3
Uge(xba:g) = g M3 {5be + /0 dz' [geAo —z'gEAg]be (x.,2") (E.9)

+ '/0 dz' fo dz" [geAo - igEAg]bm (x1,2") [grAo —igeA3]™ (x.,2") + O(g%)} )

As a final remark, notice that baryonic correlation functions involve the forward
propagation of ¢ fields with negative Matsubara frequency. At 1-loop order, the
corresponding propagator is simply obtained from the propagator for the backward
propagating field in eq. E.7 by flipping the bounds of integration and the sign of
the matching coefficient M. The final form for a forward propagating ¢ field with

negative Matsubara frequency is then given by
x3
Ut (x,,a3) = eM* {5“d + fo d2' [-gr Ao +igeAs]* (x.,2") (E.10)

T3 2!
o [T [T [—gEAngAg]“m(xl,z')[—gEAongEAg]md(xl,z")+0<g%>}.

E.3 1-loop order mesonic Green’s function

This section is devoted to perform the 1-loop order calculation of the mesonic
Green’s function which lead to the expression reported in eq. 5.12. By taking into

account the quark propagators in eq. E.6 and E.7, the correlation function in eq.
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5.11 can be written, at O(g3), as

6—2Mx3

N

C'(()l) (X,,y.,23) = <§“b5b“ (E.11)

+/0 dz'[gEAO(xl,z’)+igEA3(XL,z’)}+—/0 dz' [geAo (y.,2") —igeds (y.,2")]
" fo 4z fo d2" [guAo (X0, 2') +ignAs (x,, 2')] [gndo (X1, 2" + ignAs (x,, 2]

T3 2!
[T [T T (v ) gy (v 2)] e o (31, 27) — s (v, )]

xs3 T3
N fo 4z’ fo 42" [guAo (X0, 2') +igaAs (x,, 2)] [g8do (1, 2") — iguds (y., 2)]),

where the first term provides the normalization N = 3 and for readability we
suppress the colour indices in the other terms. Notice that, the second line vanishes
since it involves traces of a single SU(3) group generator. The non-vanishing O(g2)
terms are the contributions deriving from the exchange of longitudinal gluons, i.e.
the third and fourth lines, and the one in the fifth line coming from the exchange
of transverse gluons. By making explicit colour indices and using the relation in
eq. A.5, the above correlation function can written in terms of gluon propagators

as
Cé”(rb z3) = e 2Mes {1 + gpAL(0,, x3) + gp AT (T, 1’3)} ; (E.12)

which is the expression in eq. 5.12, with the 1-loop order longitudinal and trans-

verse corrections which respectively read

AL(OL,ZL‘g) = GCF A Sdufo dv [AOO (OL,U—U)—Agg (Ol,u—v)] (E13)

xs3 T3
Ar(r,,x3) = 3CF / du[ dv [Ago (r,u—-v) +Asz(r,u-v)], (E.14)

0 0
where r, = x, —y, since the gluonic field propagators depend only on the relative
distance between the two quark lines. Notice that eq. E.12 is not gauge invariant,

but, as we show in App. E.G, the final result for the static potential is gauge

invariant as we take the limit of large separations. In the dimensional reduced
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effective field theory the spatial and the temporal components of the gluon fields
behaves differently. Indeed the latter develop a mass, i.e. the Debye mass, which
provides an infrared cutoff to its propagation. The expressions for their propagators
read [15, 79]

eip~x

A - f L E.15
o0 () p P? +mg ( )

; 0ij Dip;
Ay (x) = fe“"xl—] F(e-1) 2t E.16
’ p [P (p?)” (10
where mg is the Debye mass in eq. 2.13 and ¢ is the gauge-fixing parameter. In
the expressions above p = (py, p3), x = (x,x3) and the integral fp = (d;f’)g %.
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E.4 1-loop order baryonic Green’s function

This appendix is devoted to determine the functional form of the baryonic corre-
lation function at 1-loop order in the effective field theory, see eq. 6.13. By taking
into account the forward propagators in eq. E.6 and E.10 the correlation function

in eq. 6.12 reads

6—3Mx3
C(ry,re,r3;03) = Tﬁabc6d6f< ybeget yad
v [ g + g ds] (v1, ) (B.17)
0

+ fo dz' [grAo +igrAs] (r2,2") + fo dz' [gsAo +igrAs] (r3,2")

+ fxg dzlfz, dz" gEAo(rlaZ')gEAo(th")—QEA3(1“17Z')9EA3(1°1:Z")

+ gpAo(r2, 2')gpAo(ra, 2") = gpAs(ra, 2') g As (12, 2)

+ grAo(rs, 2")grAo(rs, 2") — grAs(rs, ") grAs(rs, Z”)]

+ fxs dz'fz z [ grAo(r1,2")grAo(r2, 2") = grAs(r1, 2") gr As (12, 2”)
(

— geAo(ry, 2")geAo(rs, 2") — geAs(ry, 2")geAs(rs, 2")

+ geAo(ra, 2')geAo(rs, 2”) —QEA:;(I“Q,Z’)QEA3(I‘3,Z")]} + (r < 1“2)) + O(g1),

where the first term on the r.h.s. is the contribution coming from the free theory
which fixes the constant N and the second and the third lines vanish since those
terms involves traces of a single generator of the SU(3) group. The fourth, fifth
and sixth lines contain the contributions coming from the exchange of longitudinal
gluons and finally the remaining terms involve the exchange of transverse gluons
between different quark lines. As done for the mesonic case, by taking into account

the relation in eq. A.5, this correlation function can be written as

C({ri} ws) = €M {1+ 363 A1 (0, 5) (E.18)

+9EA (F1,T2,333)+9E«4 (1“2,1‘3,333)+9EAT (1‘171?37933)}
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where the longitudinal corrections, which are equal for each quark line, are ex-

pressed in terms of the gauge field propagators defined in eq. E.15 and E.16 as

AL(OL,CEg) = 2CF_/O 3duf0 dv (AOO(OL,U—U)—A33(0l,u—v)) . (Elg)

Similarly, we can write the transverse contributions as
12 Cr x3 z3
A2 (ry, 19, 205) = 7[() du[o do (Do (r1a, 1 - v) + Agg(ria,u—v))  (E.20)

B C’ T3 x3
AQTS(I'Q,I'g,{L‘g) = TF_/Q d’u‘/0 d’U(Aoo(rgg,u—U)+A33(I‘23,U—U))

C’ T3 x3
‘TFfo du/o dv (Aoo(Tas, t - v) - Agg(rag,u—v))  (E21)

C x3 x3
A1T3(r1,r3,x3) = TFf() duv/; dU(Aoo(rlg,u—U)+A33(I‘13,U—U))

C’ T3 x3
- TF f() dU,/O dv (Aoo(rlg,u—’l}) - Agg([‘lg,u —U)) s (E22)

where, for the sake of notation we introduced r;; = r; — r;. Notice that, here,
at variance of the mesonic case, the transverse corrections do not give the same
contribution for each of the quark lines due to the appearance of the additional
correlation function in eq. 6.12. The above integrals are readily computed, see App.

E.5 and lead to the expression for the static potential in eq. 6.14.

E.5 The static potential

In this appendix we provide the full calculation which yields the final expression for
the static potential at next-to-leading order in the effective field theory description.
Since the final result must be gauge invariant, see App. E.6 for a further discussion,
we set £ =1 in eq. E.16 in order to simplify the structure of the spatial component
of the gauge field propagator.

In general, both for the mesonic and the baryonic Green’s function, the general
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structures to be evaluated in the calculation of the static potential are

7.(0 i a xgd , Z’d ”eipg(z’_z//) £ 93
1( l)__$31gl°ﬁa_%£ < A z p§+€2 ) ( : )

T 1i ip,-(x1-y)) 0 3 ds' s d /,eiPS(Z’_ZN) E.o4
Q(XL _yJ_) - _z31—I>rio pe axg ‘/0\ z ‘/0\ z pg +€2 ’ ( : )

for the longitudinal and the transverse contribution respectively, where €2 = m% +p?

for the integrals involving Agy and €2 = p? for Ags. It is straightforward to see that
To(x, —y,) = 2Zy(x, - y,). After a little bit of algebra the integrals are carried

out, leading to

, 1
Ly - - [ emtsn L
1 (Xl yJ.) pL € 262

(E.25)

Given such considerations, and by taking into account the expression for the

mesonic Green’s function, the static potential can be written as [15]

1- @ip!(xl_yl) 1+ eipl'(xi_yL))
V- (2, -y.) = P2CpT - , E.26
(#2-m) = g°Cr pL( Pt pt+mi (5:20)

where z, —y, = |x, —y.| and p, = |p.|.- Similar considerations for the baryonic

Green’s function lead to the additional term [95]

, 1 1
(rmp) = oo [ o (520
Notice that each of these integrals is both infrared and ultraviolet divergent. In
order to explicitly evaluate them we put an IR-cutoff A\ and we regularize the
integral in the UV by using dimensional regularization. We consider the familiar
integrals [15, 95]

d2—26p 1 M—Ze 1 ﬂ
(2m)272¢ p? + N2 e (E+21HX+O(€)
d?p eT 1

— Kp(A E.2
(2m)2 2 p2+ N2 27 o(Ar). (E.28)
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where p = j1 (EWE )1/2, with g being the Euler gamma function and finally Ky(x)

is a modified Bessel function with asymptotic behaviour
z—0 X
Ko(x) "= —ln§ -ve+0(x). (E.29)

Then by putting everything together, we find for the potential in eq. E.26

d2—2ep 1 o 1 o
_ ) _ipT| ipT
Vi(r)=g CFT[ (2%)2_26{])24-)\2[1 e ] p—2+m%[1+e ]}

—2€
- 2 Pl ol gy Ay L
- g’CpT 47T(E +2In% -~ ~2In mE) o (KO(AT)+K0(mEr))]
2CrT
. 2075 In 22T +7E—K0(mEr)], (E.30)

where, by going from the second to the third line, we have taken the limits € - 0

and A\ - 0. Similarly for the potential in eq. E.27 it holds

QQCFT

V*(r) = o

In mQET +7E+Kg(mEr)]. (E.31)

As a final comment, notice that, due to the asymptotic behaviour of the Bessel
function, while V*(r) assumes a finite value, V=(r), in contrast, is divergent in

the origin.

E.6 Gauge invariance of the static potential

In this appendix we show that gauge dependent terms in the 1-loop order Green’s
function give rise to no contribution in the final result of the static potential.
Following the discussion of the previous section, after performing the derivative

with respect the third spatial coordinate, the general structure of such terms is

Fx) = == Jim [ (1-eve) [Ta [P ’p3(x“)<p3fgial)2
(E.32)

176



The Fourier transform along the third spatial direction and the integral over z”
are promply computed. Finally the remaining integral can be easily solved in polar
coordinates (See pag 338 of Ref. [208]) and leads to

_ _(5—1) : _ L3 _
Js(x1) = -~ x£1go[1 —m] =0, (E.33)

which shows that all the gauge dependent terms give rise to vanishing contributions

in the static potential, if the large separation limit is taken.
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Appendix F

Numerical methods for the

perturbative solution

In this section we deal with the numerical methods that have been used to solve
the mesonic and baryonic Schrodinger equation obtained from the perturbative

analysis.

F.1 The Hyperspherical Harmonics method

This appendix is devoted to develop the strategy to solve the baryonic Schrodinger
equation which occurs at 1-loop order in perturbation theory. The Hyperspherical
Harmonics (HH) method, see Ref. [209] for a recent review on the subject, is usually
used to solve quantum many-body problems in three dimensions. The three-body
problem in eq. 6.16 is defined in two dimension. For this reason, in the first part of
this appendix we aim to specialize this method to the two dimensional case, while
in the second part we will apply this method to achieve a numerical solution for
eq. 6.16.

F.1.1 Two-dimensional HH expansion

The following discussion is a two-dimensional generalization of the HH expansion
method, see Ref. [209]. From that reference we borrow notation and the main

definitions and we refer to it for a further and more detailed discussion on this
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topic. Let us consider a quantum three-body problem in two spatial dimensions of
the form of eq. 6.16 and perform a change of variables by going to the center of
mass frame, i.e.

ﬁ - f‘l +f‘2 +f‘3
- 3

él =Ty-T3 = I'p ) (Fl)
€= 2[f-L(Es+12)] = VB(i -R)

where R is the transverse coordinate vector of the center of mass. With this change
of variables the laplacian operator in eq. 6.16 can be written, in the center of mass

frame, as

2
Lroo 2 2 | _ VR 2 2

SLVE V22 ] - B VE VL, (F.2)
and correspondingly, the Schrodinger equation for the relative motion can be writ-

ten in terms of the new coordinates as

~ ~

{_ (Vza " Vi) +p[‘7 (&1.6) - EAO]}C(élyéz) =0 (F.3)

where it is understood that V is now the static potential expressed as a function

of the dimensionless coordinates él and 52. By going to polar coordinates, i.e.

}1) = fl cos 6, Aél) = ég cos Oy

(2) £(2)
1 2

. . (F.4)
= £1 sin 81 = 52 sin 92
where fl refers to the absolute value of the 2-vector él and the superscript (j)
refers to the j = 1,2 components of the vector in the two-dimensional plane, the
laplacian operator can be written as
2 1 0 1 02 2 1 0 1 02

Vi +V2 = —

= —tx— "5 t =t ==5- (F5)
SR 0G GLoa GO0 08 Loo 9%
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Both for é 1 and ég the angular differential operator corresponds to the two-dimensional

quantum mechanical angular momentum operator

L; = for i=1,2. (F.6)

00;
So far, the Schrodinger equation, and correspondingly the wave function of the
system, depends on the two spatial extension fz and on the two angles #;. The
basic idea underlying the HH method is to write the system, by a suitable change
of variables, in terms of three angular variables and one radial variable. This is

achieved by going to the so called hyperspherical coordinates system

£ = Esing

) (F.7)
§2 = §coso

where ¢ is called hyper-radius and the angular variable ¢ describe the relative
lenghts of the two vectors €, and &, i.e. ¢ € [0,7/2]. Together with 6; and 6,
¢ forms a set of hyper-angles Q4 = {01,0,¢}. With this change of variables, the

laplacian operator in eq. F.5 reads

2 30  L2()

2 _ o2 2 _ Y 29 _
Vf_vél+vég_a§2+gag ez (F.8)
where the hyperangular momentum operator reads
0? 0 L2 L2
L2(Q) = | = +2cot2p— - —— - —2_|. F.9
(€24) [8% © ¢a¢ sin¢ cos?¢ (F.9)

It is worth noticing the analogy with the expression of the laplacian operator in
three-dimension for a two-body problem. Apart from the angular part, the only
difference is due to the numerical factor in front of the first derivative, which
explicitly depends on the number of dimensions and on the number of particles
involved. In complete analogy with the standard case, we can define the eigenvalues

and the eigenstates of the hyperangular momentum, by assuming that £¢) (€y)
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is a harmonic function. This leads to

L2(0)YV(Q) = L(L+2)Y (), (F.10)

where L, in analogy to the angular momentum quantum number, is called grand
orbital quantum number. The corresponding eigenvectors of the operator defined

in eq. F.9 can be written as

YL (94) = ,Pilb (gb) }/ll (01) }/ZQ (02) ) (F‘ll)

where Y, (0) are the eigenvector of the L; operators, i.e.

l; ( ) \/ﬂ ( )
By looking for a solution of the type
Pil (¢) = (cos ) (sin ¢)"! g (cos 2¢) (F.13)

and by performing the change of variables x = cos2¢, the differential equation in

eq. F.10 can be written as
(1—.1‘2)— + [|l2|—|l1|—(|l2|+|l1|+2)]@ (F14)
x ox
+g(z)(n+|lh|+|le]+1)n =0,
with n which is related to the quantum numbers [y,l, and L by the relation
L = 2n+|l1] + |l] with  neN. (F.15)

This differential equation has analytical solutions in terms of Jacobi polyonomials

1+
(@) = ey = ey (Lol 12 ) ae)
n:

where (+), is the Pochhammer symbol and »F} is the hypergeometric function.

These polymomials are orthogonal in the interval [-1, 1] with respect to the weight
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function (1 - x)'ll‘ (1+ 93)”2' and their normalization constant is given by

[ 11 Phi(2) Pl (z) (1 - 2)"1 (14 2)" d (F.17)

~ O 20T T (4 |1+ 1) T (0 + |Io] + 1)
B 2n+ ||+ |lo] + 1T (n+ 1) T (n+|ly] +|ls] + 1)’

where ' is the Euler gamma function. By inserting the solution to the differential
equation into eq. F.13 and taking into account the volume element for the angular
variables d€y = sin¢cos ¢ df, df; d¢, the normalization of the eigenvector in eq.

F.13 is obtain by integrating over the hyperangle ¢

Nt [ (cos @)™ (sim )17 Pt (cos20) Pl (c0520) = ur,  (F.I8)
0
where the normalization constant reads

2(L+ 1) (n+ 1D (L-n+1)]"
C(n+|h|+ )T (n+]l+1)

Nl = l (F.19)
As a consequence, the hyperspherical harmonics )Y; satisfy the orthonormality

relation

/ dQ2 V1 (24) Yo (Q24) = 01,101,116 - (F.20)

Notice that, the hyperspherical harmonics form a complete set for any function
on the surface described by the angles {¢, 6,65} at fixed £. As a consequence, the

wave functions appearing in eq. F.3 can be expanded as

C(&,N) = {ZL:}C{L} (&) Viry () (F.21)

where {L} refers to the particular combination of quantum numbers which leads
to L = 2n + |l1| + |lo| and the expansion coeflicients C;zy encode the hyper-radial
dependence of the wave function. By using the definition of the laplacian operator

in eq. F.8 and employing the definition of the hyperangular momentum operator,
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the Schrodinger equation can be written as

+___

e o &

By expanding the wave function in terms of hyperspherical harmonics as in eq.

{_[ 2 30 L2 (94)] + p[V(g,Q4)_EO]}c(5,Q4) = 0. (F.22)

F.21 and by writing the expansion coefficient as C (£) = u (£) /£€3/? with the purpose
of getting rid of the first derivative in the Schrodinger equation, by using eq. F.10,

we can rewrite the Schrodinger equation as

0?2 3 L'(L'+2) S . -
Sulamr " | el @00 Rlfuun @t @) <o

(F.23)

Finally by multiplying on the left by y{*L} (£24) and integrating over the angular
variables, the orthogonality relation for the hyperspherical harmonics, in eq. F.20,

leads to the final form

2 3 L(L+2 -
{_ [0_52 ti T (T”] - PEO}U{L} () + P{;} Viwwy (§) ugry (§) =0,

(F.24)

where

Vi (€) = [ 424, (@) V (€ 90) Yy (F.25)

are the potential matrix elements computed in the basis of the hyperspherical
harmonics. Notice that in this way the Schrodinger equation has been reduced
to a set of coupled one-dimensional Schrodinger equations which are easier to be
solved numerically. With this procedure the bulk of the calculation reduces to the
computation of the potential matrix elements by properly truncating the basis up
to a certain value Ly.x. Then the ground state is extracted by numerically solving
the set of coupled one-dimensional differential equations in eq. F.24, with some
suitable algorithm, like the one described in App. F.2.

Since we are only interested in the ground state we can restrict the calculation

of the potential matrix elements to states with zero total angular momentum
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(l1 = =l3), which implies that the grand orbital quantum number is restricted to

even values
L=2(n+|l|) . (F.26)

The choice of L.y, i.e. the value of L which determines the truncation of the
expansion in eq. F.25, is somehow critical and there is no general prescription for
this choice. By increasing the number of states included in the calculation of the
potential matrix, the result becomes increasingly stable. By taking L., = 30 which
corresponds to include 256 states, we observed a stable result for the eigenvalue
of the ground state (EO =1.188). In particular the relative difference between the
lowest eigenvalue extracted by using L. = 28 and the one obtained with L., = 30
is of order 1075, which is then sufficient for a comparison with the lattice data,

given our statistical precision, see Sec. 6.2.

F.2 The renormalized Numerov method

The Schrodinger equations for the 1-loop order corrections to the mesonic and
baryonic screening masses have been solved by using the renormalized Numerov
algorithm [210, 211] for numerical solutions of second order differential equations.
Let us consider a second order differential equation, discretized on a mesh grid
with lattice spacing a, of the form v/ + g,y, = 0. Then the following three-terms

recurrence relation holds

a? 10 a? a?
Yn+1 (1 + EgnJrl) —Yn (2 + Tgn) + Yn-1 (1 + Egnl) =0+ O(aﬁ) . <F27)

One dimensional Schrodinger equations of the kind of eq. 5.15 and more generally
the set of coupled differential equations in eq. F.24, can be easily reduced to this

form by simply writing

(188—:2+Q(r))U(r) _ 0, (F.28)
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with

Q(r) = p[Eo-1-V(r)] (F.29)

where bold letters refer to M x M matrices, where M is the total number of coupled
differential equations, i.e. the case of a single Schrédinger equation is recovered by
setting M = 1. Suppose now to discretize the system on a grid rg,rq,...,7,, then

by directly applying the Numerov recurrence relation we have
(1 - Tj+1) U]’+1 - (21 + 1OTJ) Uj + (1 - ijl) Ujfl = 0, <F30)

where the index j labels the point on the grid and

&2
T, = _EQj (F.31)

where a is the grid lattice spacing. The recurrence relation can be written in a

more compact way as

F;j=(1-T)U;
FjJrl - W]F] + ijl =0 where 1 . <F32)
Wj = (1—Tj)_ (21—10TJ)

Finally, by introducing R; = F]-HF]‘.1 we obtain the forward recurrence relation

R; = W, -R}}

, (F.33)
R;' =0

where the starting point of the recurrence relation is simply obtained by imposing
Dirichlet boundary conditions at g, i.e. Ug = 0 and U; # 0, which implies Rg* = 0.
Since W, only contains known terms appearing in the Schrodinger equation, by

knowing R; at r; we can determine R;,; at r;,1. In the very same way we can also
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obtain a backward recurrence relation, by defining f{j = Fj_lF]Tl, as

R; = W, -Rj (F34)
R:1 =0 ’

where we imposed the condition that the wave function vanishes at the upper
end of the grid. In this way we can solve iteratively the differential equation both
forward and backward, up to a matching coordinate ry\;, where we require the

matching condition
det [Ry - Ryl ] = 0, (F.35)

which, when satisfied, provides the eigenvalue Ej. Notice that, in practical applica-
tions, the matching condition is solved iteratively by means of numerical methods,

e.g. the Newton method, given an initial trial energy E,.
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Appendix G

Screening masses in the free

lattice theory

This appendix is devoted to the calculation of the free-theory value of both the
mesonic and baryonic screening masses. The aim of this calculation is to define
tree-level improved definitions, see eq. 5.23 and 6.21, of the screening masses so as
to be able to accelerate the convergence to the continuum limit. The corresponding
masses in the continuum theory have been computed in Sec. 5.1.1 and 6.1.1 for
the mesonic and baryonic cases respectively.

Since Dy, in eq. 3.70 does not contribute in the free case, the quark propagator

in momentum space for each flavour is given by

_Z.f)/upu + mO(p) : : 52 2
S(p) = , with D = +m G.1
(p) Dr) F(p) };}H o(p) (G.1)
and
a3 . 1 . 2. (ap,
mo(p) = mo + B Zpi , pu = —sin(ap,) , Py = —sm( / ) , (G.2)
1120 a a 2

where we have assumed M, = mq-1l. In the presence of shifted boundary conditions

(see appendices A and E in Ref. [167] and Sec. 4.1), the fermionic lattice momenta
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in the compact direction take the values

27m0
Lo Ly

Do = Zpkfk where ng=0,...,Lo/a—1 (G.3)
k=1
while in the spatial directions we consider the infinite volume limit and therefore
the momenta are given by py € [-7/a,m/a), see eq. 3.2.

Based on these definitions, in the following appendices we provide the free-

theory calculation of the mesonic and baryonic screening masses.

G.1 DMesonic screening masses

In order to extract the mesonic screening masses, we compute the two-point
correlation function defined in eq. 5.21 for O = {S,P,V,,,S,} corresponding to
Lo = {1, 75,7, Vu75} respectively. At tree-level those correlation functions are
given by

3 d*p dks

S T [To S(k) Do S(p) |e @ - (G.4)

Co(3)==3 | @myiom

where S(p) is the tree-level quark propagator defined in eq. G.1, k = (po, p1, D2, k3)
and Tr stands for the trace over the Dirac index. From Eq. (3.613-1.9) of Ref. [212]

we obtain

dp3 e_iPSxS 6_2‘1}(1’)13
2 Dp(p)  aw(p)a(p)

(G.5)
where

R OR YA ON R P SR G0

m(p) =mg+ g 20215% , aw(p) = %ln [%] ) (G.7)
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Lofa | mfree/(27T)
4 0.932614077. ..
6 0.967811412. ..
8 0.981401809. . .
10 | 0.987944825. ..

Table G.1: Tree-level values of the mesonic non-singlet screening masses on lattices
with temporal extension Lg/a, infinite spatial volume and shift vector € = (1,0,0).

By using the above formulae, the correlation function can be written as

Colr)= 7= % [ dbsdna Colp) 0, (&

where
Cs(p) = —% : (G.9)
o0l e O
Cp(p) = m (G.11)
O (p) = — 03 4803 2 (G.12)

[m(p) + 1/a? " (p)2(p)

In such a way, the entire z3-dependence is encoded in the exponential in eq. G.8
and w(p) encodes the contribution of each quark line to the screening mass. Notice
that Cg + Cp = Cf'vM - CA#' For the shift vector & = (1,0,0), the minimum of @ is
attained for (po,p1,p2) = (ﬁ, 3o 0) for all correlators we are interested in. The
tree-level values of the mesonic screening masses are therefore all the same. They

are given by the expression

e = 40( 5, 570 G.13
mis® =46( 57 57-00) (G-13)

whose values normalized to 27T are listed, for practical convenience, in Table G.1

for the temporal extensions Lg/a relevant to this paper.
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G.2 Baryonic screening masses

Similarly to the mesonic screening masses, by using the definitions in the previous
sections, in the infinite spatial volume limit the baryonic correlation function can

be written in the form

Cn=(w3) =% ), f dpidpadgidgo M(p, q)e > H s | (G.14)

Po,q0

where the function Q(p, ¢, k) is given by

Qp,q, k) = @(p) +w(q) +w(k) (G-15)

with @ defined in eq. G.7, which encoded each quark line contribution to the screen-
ing correlator, while the matrix M(p, q) is a calculable function of the momenta
which does not play any role in the computation of the baryonic screening masses.
For the lowest Matsubara frequency and for shift vectors of the form & = (&,0,0),

the energy-momentum conservation implies

Po+qo+ko = LLOWZ
pr+qi+k = LLO§72 : (G.16)
patqathky =0

The screening mass is then obtained by minimizing Q(p, ¢, k) with respect to the

momenta. For the shift vector € = (1,0,0), the minimum is attained at

™ ™
=—(L,1 k=—(-1,-1,0) . q

Notice that, since w is an even function of the momenta, each quark line gives the
same contribution to €2 and, as a consequence, the value of the tree-level baryonic
mass at finite lattice spacing is simply 3/2 the value we found in the mesonic case.
As a consequence the tree-level values normalized to 37T are the same as reported
in table G.1 for the mesonic screening masses.

As a final comment, in fig. G.1 we show the tree-level baryonic masses normal-

ized to 37T as a function of the lattice spacing. Notice that the data set corre-
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Figure G.1: Continuum limit extrapolation of the tree-level baryonic screening
mass normalized to the continuum free-theory value. Red points represent the
tree-level values with shifted boundary conditions and & = (1,0,0) which is the
case of interest in this thesis. Blue point are the result with standard periodic
boundary conditions, i.e. & = (0,0,0). Blue and red lines are polynomial fits in
(a/Lo)?. The dashed horizontal line is the expected continuum value.

sponding to shifted boundary conditions exhibit smaller discretization errors with
respect to usual periodic boundary conditions. Such behaviour confirms previous
observations in the pure gauge theory in Ref. [169, 14] and in QCD at leading and
next-to-leading order in perturbation theory in Ref. [170].
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