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ABSTRACT. We prove a stochastic maximum principle for a control problem
where the state equation is delayed both in the state and in the control, and
both the running and the final cost functionals may depend on the past trajec-
tories. The adjoint equation turns out to be a new form of linear anticipated
backward stochastic differential equations (ABSDEs in the following), and we
prove a direct formula to solve these equations.

1. Introduction. In this paper we consider a controlled state equation for the pro-
cess x with delay both in the state and in the control u, namely x is the solution to
the following stochastic delay controlled equation in R™ driven by an m-dimensional
Brownian motion W:
{dm(t) = b(t, x¢, up)dt + o (t, 2, ur)dW (2), (1)
x(0) = zo(0), u(f) =n(H), 0 € [-d,0].

Here and throughout the paper we use the notation x;(0) = z(t+6), u:(0) = u(t+0),
with 6 € [—d,0] to denote the past trajectory of z and w from ¢ — d up to time
t. We consider admissible controls u, that are progressively measurable and square
integrable processes taking values in a convex set U C R¥: in this case the stochastic
maximum principle can be formulated in terms of the first order adjoint equation.
We are able to allow a quite general dependence on the past trajectories x; and u;
of the state and of the control, namely the drift and diffusion can be written as

0 0

F(txu) = F, / a()ad9) / ulO)na(a9)) (2)
0 0

otz u) = g, / () d9) / ul)us(d9)),
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where g1, pio, 13, jt4 are finite regular measures on [—d, 0], and f(t,-,-) and g(t, -, )
are Lipschitz continuous and differentiable. Associated to equation (1) we consider
the cost functional

J(u(+)) = E/O 1(t, zy, up)dt + Eh(xr) (3)

that we have to minimize over all admissible controls. Also in the running cost [
and in the final cost h we can allow a general dependence on the past trajectories
x; and zp: there exist finite regular measures ps, g, 1 such that the current cost
and the final cost can be written as follows

0 0
1t 2, u) = I(t, / 2(0)115(d0), / w(6)uo(d6)), (4)

—d —d

0

W) = ﬁ(/ 2(O)u(dh)), Y € C([~d, 0], R"),
—d

Such kind of dependence is rather general even though some relevant cases cannot

be covered, like the dependence on the supremum of the history of the path, for

example h(z) = h(suppe(_q,0) (0)).

We choose to attach our problem by means of the stochastic maximum princi-
ple since the dynamic programming approach stochastic optimal control problems
governed by delay equations with delay in the control are usually harder to study
than the ones when the delay appears only in the state. The main difficulty is that
the associated Hamilton Jacobi Bellman equation is an infinite dimensional second
order semilinear PDE, which is not trivial to solve, see e.g. [10, 11, 12]. Indeed
the delay in the control cannot be directly treated by means of the dynamic pro-
gramming principle, and in order to remove such delay in the control the problem
must be turned into an infinite dimensional stochastic control problem that, unlike
the infinite dimensional formulation of problem with delay in the state, does not
satisfy the so called structure condition according to which the control affect the
system as a perturbation of the noise, and moreover in many situations, including
the case of pointwise delay, the control operator is unbounded. More general cases
can be treated by applying the so called randomization method, see e.g. [1]: with
this approach it is possible to characterize the value function but no conditions on
the optimal control can be given.

On the contrary, studying a stochastic optimal control problem by means of the
stochastic maximum principle allows to get conditions on the optimal control.

When studying our control problem by means of the stochastic maximum prin-
ciple the adjoint equation turns out to be the following ABSDE for the pair of
processes (p,q) € L%(Q x [0,T],R™) x £Z(2 x [0, T],R™*™),

T 0
oty = [ EZ [ (s — 0,005 — 0),uls — 0)) us(d6) ds
[ [
+/t E7 /_dp(s—Q)f,; (s—0,2(s—0),u(s —0)) u1(df)ds
' Fe ' $—0)g. (s —0,2(s—0),u(s —0)) ua(dd) ds
+/tT]E /_dQ( )gm( ’ ) H2

[ awaws [ )

V(T—d)
p(T—0)=0, q(T—0)=0, Voe|-dO0).
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Notice that equation (5) does not make sense in differential form: the term

T
< ha(2)p(T — 6)u(d6)
V(T —d)

is well defined when u is absolutely continuous with respect to the Lebesgue mea-
sure. In order to be able to work with differentials, we will consider an ABSDE
where p is approximated by a sequence of finite regular measures (u™),>1 abso-
lutely continuous with respect to the Lebesgue measure on [T — d,T], so that the
differential

d [T

dt Jov(r—a)
makes sense. In this way, for the approximating ABSDE the differential form makes
sense.

The ABSDE (5) is a new type of linear ABSDEs, already considered in [14]: in
the present paper for the solution of (5) we are able to give a representation which
is the analogous of the one for linear BSDEs.

With these tools in hands, we are able to state necessary conditions for the
optimality in terms of the pair of processes (p, q): let (Z,u) be an optimal pair and
let u? = u + pv, where v is another admissible control, then, P- a.s. and for a.e.
tel0,T:

h(2r)p(T — 0)p™ (d0)

0
E”* / (f(t = 0,7—0,uf_g) — f(t — 0,719, Us—g)) P(t — O)p3(db)

—d

0
+EE/ (I(t, Zp—p, uf_y) — U(t, Ty—g,Uis—0)) p(d6)
—d

0
+ E7 /d (gt — 0,249, ul_p) — gt — 0,Z4—g,U1—p)) q(t — 0) pa(df) > 0. (6)
Notice that this formula can be rewritten in a differential way under stronger as-
sumptions on the coefficients, see Section 3, formula (57).

The results achieved by means of the stochastic maximum principle can be ap-
plied to a stochastic optimal control problem arising in advertisement models with
delay and to an optimal portfolio problem with execution delay, we refer to Sections
4 and 5 for details.

After the introduction of anticipated backward stochastic differential equations
(ABSDEs) in the paper [22], the stochastic maximum principle for delay equations
has been widely studied in the literature. We mention, among others, [4], where
a problem with pointwise delay in the state and in the control is studied, [19],
where a controlled state equation driven by a Brownian motion and by a Poisson
random measure is taken into account, and the delay affects the system by means
of terms with a more restrictive structure that the one considered in (2), indeed,
the measures 1, j = 1,...,4 all reduce to the same measure, absolutely continuous
with respect to the Lebesgue measure, and with exponential density.

In the present paper we study the stochastic maximum principle for stochastic
control problems where the state equation may present delay in the state and in
the control and where in the associated cost functional we allow dependence on the
past trajectory also in the final cost. Following the standard steps in the variational
approach for control problems, we formulate the maximum principle by means of
an adjoint equation. The novelty is that the adjoint equation turns out to be an
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ABSDE of a more general form than the ones introduced in [22] and generalized in
[23]. This is due to the fact that we allow dependence on the past trajectory also
in the final cost. It turns out that the adjoint equation is not regular enough to be
an Ito process and so to prove the stochastic maximum principle we must introduce
some suitable regularized approximating problems.

The dependence on the past trajectory in the final cost has been studied also in
[14], for an infinite dimensional evolution equation with delay only in the state and
no control dependent noise. The adjoint ABSDE considered in [14] is similar to
the one we handle here; in the present paper the ABSDE is solved directly by an
extension of the formulas for linear BSDEs.

Concerning the recent literature based on ABSDEs, we are able to consider more
general dependence on the past trajectory and moreover we can study the case when
the final cost depends on the past trajectory of the state. As far as we know, such
a general case is studied only in [17], with a direct functional analytic method, and
the authors do not take into account the delay in the control.

The paper is organized as follows: in Section 2 we study the new form of lin-
ear ABSDESs, in Section 3 we present the control problem and after studying the
variation of the state with respect to the variation of the control we formulate and
prove the stochastic maximum principle, in Sections 4 and 5 the results are applied
respectively to a stochastic dynamic model in marketing for problems of optimal
advertising and to an optimal portfolio problem with execution delay.

1.1. Notations. Let (Q,F,P) be a complete probability space, W(t) an
m-dimensional Brownian motion and let (F;);>o be the natural filtration associ-
ated to W, augmented in the usual way with the family of P-null sets of F.

For any p € [1,00] and T > 0 we define

o L2(Q % [0,T);R¥), the set of all (F;)-progressive processes with values in R”
such that the norm
1/p

T
Y12 oy = (E/O Y (1) ﬁkdt> it p< oo,

Y[l 22 (x[0.71:r) = €88 SUPyecq e [Ye(w)| i p=o0
is finite. Here we take the ess sup with respect to dt ® dP.
o L2(Q;C([0,T];R)), the set of all (F;)-progressive and continuous processes
with values in R such that the norm
Y1125 @i to.ryme) = EsuPreio,ry 2l if p<oo,
Y[l 252 (0:0(j0,77:8%)) = €55 SuPeq SUPsefo,r) [Ye(w)] if p=o0
is finite. Elements of this space are identified up to indistinguishability. We
will denote the space as S%([0, T7).
o L£2(Q; B([0,T);R¥)), the set of (F;)-progressive measurable and a.s bounded
trajectories processes with values in R* such that the norm
Y112 (0510, 7y:20)) = EsuPreio,y [Vel? it p<oo,
Y[l 252 0:B([0,77m%)) = €58 SUPeq SUPejo,r] |Ye(w)| if p=o0
is finite. Elements of this space are identified up to indistinguishability. We
will denote the space as B ([0, T7)

Throughout the paper given a progressive measurable process y &€ E}(Q X
[0, T],RF), for 0 < s < t by EFsy(t) we denote the optional projection of y into F.
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2. A new form of anticipated backward stochastic differential equations.
In this section we study ABSDEs which have the suitable form to be the adjoint
equations in problems with delay we treat in the present paper. We will consider
a stochastic differential equation of backward type, and on its coefficients we make
the following assumptions.

Hypothesis 2.1. Let f € £L%(Q x [0,T],R"), g € LF(Q x [0,T],R™*"), h €
LF(Q x [0,T],R™) and ¢ € B%([T — d,T]) where 0 < d < T is fixed. Let u be a
finite regular measure on [T — d, T and denote by |u| its total variation, see [6].

Here we refer to the definition of regular measure, given in [6], page 156, according
to which given a closed interval I a non negative measure i defined on the o-algebra
B(I) of all the Borel sets of I is called regular if VA € B(I)

w(A) =sup{u(F): F C A, F is closed}
w(A) =inf{u(G) : F O A, G is open}
To be more precise in [6] such a measure is called strongly regular, but we follow
most of the literature where such a measure is called regular measure.
If hy, hy € R™, we denote for brevity with hqhs the scalar product (hy, ho)gm.
Let us consider the following linear BSDE
T T T T
w0 = [ f6)ds+ [ g@s)ds+ [ a@heds+ [ awdws @
t t t t
T
_|_

[ et
tv(T—d)
Let Q be the probability measure, equivalent to the original one P, such that

W) ::/0 h(s)ds + W (1)

is a Q-Wiener process. Notice that %% = 5(fOT h(s) dBs) thus, thanks to hypothesis

2.1 the two measures are equivalent, and in particular for any © € L'(Q,P)
Eq|0©| < CE|Q| and E|6] < CEqg|O)| (8)

for some C, C depending only on T" and the process h.

We have the following formula for the unique solution of the linear BSDE (7),
which is the counterpart for the classical formula for the solution of a linear BSDE.
We also notice that equation (7) is a linear BSDE with a final datum £ acting not
only at the final time 7', but on the whole interval [T — d, T].

Lemma 2.2. Assume Hypothesis 2.1 holds true, then the BSDE (7) admits a unique
adapted solution, that is a pair of processes (p,q) € L%(Q x [0,T],R™) x LZ(Q x
[0, T],R™>™)  satisfying the integral equation (7). The process p is given by the
formula

— Tl
p(t) = EQ

T T
[ el + [ ek mom psyas) o)
tv(T—d) t
Proof. Under the probability measure Q equation (7) can be rewritten as

T T T T
p(t) = / f(s)ds + / o()p(s)ds + / 4(s)dTV(5) + / E(s)ulds).  (10)

V(T—d)
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Let us first prove that the process p given by formula (9) verifies equation (7) for
te[T—d,T). For t € [T —d,T] equation (10) implies

T T T
/t f(s)ds + / g(s)p(s)ds + / s<s>u<ds>]. (11)

Using formula (9) we define

plt) = Ef' l/T eli 9due 5y (ds) +/T eftsg(“)d“f(s)dsl . te[l—d,T). (12)

t t

— Tl
p(t) = EQ

It is immediate to see that p defined in formula (12) satisfies (11), indeed putting
formula (12) for p in equation (11) we get

/ J 9000 (5)(d5) / el ot f( )] (13)
/ F(s)ds + / (s ]

w [ otmz V el 9 () u(dr) + /sTef!g(")d“fmdrds]

/ F(s)ds + / (s
+ / g(s) V efl 90 (1) u(dr) + /sTefJ g<u>duf<r>dr] ds.

Changing the order of integration it is immediate to see that

T T
(Eg‘ / el 9tmdug(s)u(ds) + / et g(u)d“f(s)dsl )
] t t€[0,71]

satisfies the integral equation (11) that corresponds to equation (10), by the usual
application of the Martingale Representation Theorem.
Now let us consider the following equation, under Q again, for ¢ € [0,T — d]:

_ E]:t

Eff

T—d T—d T—d
plt) = / F(s)ds + / g(s)p(s)ds + / G(s)AW () + (T —d),  (14)

that is a standard BSDE with final datum p(7 — d) defined in (12). The unique
solution of (14) is given by:

T—d
() =B el otpr a4 [ effg<“>d”f<s>ds] (15)
t

T
_ }Egt leftT_d g(u)duEgT—d /T ) efi;‘—d q(u)du£<s>u(d8)

T-d
+/ el 9(“)d“f(s)ds] )
t

T
+/ ef;*dg(u)d“f(s)ds
T—d
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Hence p(t) defined by (9), can also be written as

p(t) tell—dT]
p(t) == (16)
pt) tel0,T—d)

So by construction p together with its corresponding martingale term ¢, that can
be uniquely determined through the variation of the process p with the noise W,
is a solution to (10), and hence a weak solution to (7) in the whole time interval
[0,7].

In particular, directly from (9) we get that, see also [21, Chapter 5], for any
B > 0, taking also into account (8) and the Burkholder-Davis-Gundy inequalities:

E sup e’Bt|p(t)|2§CEQ sup eﬁt|p(t)\2 (17)
te[0,T te[0,T]

T
[ et e aptas)

t

sup ]EF*
te[0,T]

/ el glwdu ¢ )dsw

T 2 T
sup B2 [ je@linl@s)] +5 s 67 [ eﬁslf(s)Ist]

te[0,T] t€[0,T7]

S CEBTEQ

i (18)

+ sup EE
te[0,T]

S CeﬁTEQ

2
T 1 T
< CEq |¢#T sup EE: ( / d&(S)Ilul(d8)> 2 o BT [ o ds
T— 0

t€[0,T ﬁ t€(0,T]
r 2

T 1 T
BT - Bs 2
<c e (EQ / dlf(S)Iu(d8)> + 5B [ el s

T
BT Bs 2
<c e (E/Tdmnws) / F(s)| ds

where the constant C' may change from line to line but only depends on T and
HQH,C?(QX[O,T])a ||h||£§§(gzx[oyT]) and thus

E sup e’[p(t)|? (19)
t€[0,T]

T
<0 | (jul(IT — d. T))*E  sup |§(t)l2+%E/ eBSIf(S)I2d8]~
0

te[T—d,T]

By the latter calculations together with standard considerations see for instance [9],
using the Martingale Representation Theorem, we get for all 5 > 0,

T
E sup e’@t|p(t)|2+E/ eﬂs|q(s)|2ds (20)
te[0,7] 0

T
<c [EQ sup eﬁt|p(t)\2—|—E@/ €BS\Q(3)|2 ds]
t€[0,T] 0



836 GIUSEPPINA GUATTERI AND FEDERICA MASIERO

T 2 T
<o leoT (E@ L _dlé(S)IIMI(d8)> + 5o / 5| () ds | |

2
Se e (E/TT_d|£(8)Iu(dS)> +;E/()Teﬂslf(S)IQds :

and these estimates imply

T T
E / 0 5 |p(s)?ds + B / e%|q(s)|? ds (21)

T
<c le’BT (|ul(IT = d, T])*E sup [£(t)]* + l153/ eﬁsf(S)IQdS] :
te[0,T) B Jo
where the constant ¢ depends on Hg||ﬁoo(gx[0 ) ||h||[;oo @x[0,17)> and T'. Therefore
(p,q) € S%([0,T]) x L% (2 x [0, T]; R™*™). Pathwise uniqueness follows by standard
arguments since the non-classical terms disappears when one calculates the differ-
ence between solutions. By the Yamada-Watanabe type result for weak solutions
for BSDEs, see [3], also for BSDEs pathwise uniqueness implies the uniqueness in
law; and the pathwise uniqueness together with the existence of the weak solution
imply the existence of the strong solution. This concludes the proof. O

We apply the results collected in Lemma 2.2 to prove existence and uniqueness
of a solution of the following anticipated ABSDE (22).
As before, let (W;);>0 be a standard m-dimensional Brownian motion, and on the
coefficients we make the following assumptions.

Hypothesis 2.3. f € L2(Qx[0,T],R"), g € LE(Qx[0,T+d],R"*") h € LF (2 x
[0, +d],R™) and & € B%([T — d,T]) where 0 < d < T is fixed. Let u be a finite
regular measure on [I' — d, T, and p1 and pe be finite regular measures on [—d, 0].

Remark 1. The results in this Section can be extended from measures p, 1, to
in Hypothesis 2.3 to vector valued finite regular measures, that allow to consider
more general dependence on the past trajectory.

We will prove existence and uniqueness of the following anticipated BSDEs of

backward type:
/ f(s ds+/ Ef/ (5 — 0)p(s — )y (dB)ds

/]Ef/ s—H)h(s—H)ug(dO)ds—i-/t gsdW, (22)

LT o €5 i)
p(T—0)=0,q¢qT—-0)=0 V0e[-d,0).

The ABSDE (22) is of the form of equation introduced in [22] and generalized in
[23], with the difference that it is given a final datum acting not only in [T, T + d),

but also in [T — d, T7, see also [14]. Notice that as soon as the process ¢ belongs to
0

L2(2%x[0,T+d], R"*™) the term E / q(- — 0)h(- — ) u2(dh) has meaning since:

T 0
E / / lalt= O Yh(t = 0)Plua(@0) s
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T+4d
guﬁq—¢mmm&mEA l9(p)? dp < +o0

Theorem 2.4. Let Hypothesis 2.3 holds true. Then the ABSDE (22) admits a
unique adapted solution, that is a pair of processes (p,q) € L%( x [0, T +d], R™) x
L2(2 x [0,T +d),R™*™), satisfying the integral equation (22).

Proof. We notice that by the data of our problem, if it exists, the pair of processes
(p, q) solution to the ABSDE (22), is such that p(t) = ¢(¢t) =0 for t € (T, T + d).

Let us consider the more general equation, for (£,n) € L%(;B([T —d,T +
dl;R™)) x LH(Q x [T, T + d],R™*™)

/f dH/ Ef/ (s = O)p(s — O)p1(d)ds
/Ef/ (s —O)h(s—0 Mgdeds+/Tq (23)

+/ £(s)u(ds)
V(T —d)
(T — 6) = £8), o(T — ) = (0) V0 € [~d,0).

We prove existence of a solution by a fixed point argument on the space £%(2 x
0,7 4+ d],R™) x LZ(2 x [0,T + d],R"*™) endowed with the equivalent norm

T+d T+d
mpmw=Eé |mm%&@+4 lg(s)Pe ds, (24)

with 8 > 0 to be chosen in the following.

Given (y,2) € LZ(Q2 x [0,T + d],R™) x L2(Q x [0,T + d], R"*™) we define the
map I': LZ(Qx[0,T+d],R") x L%(Qx [0, T+d], R"™*™) — LZ(Qx [0, T +d],R") x
L2(2 % [0,T + d],R™*™).

The pair (p, q) := I'(y, z) is given by the pair of processes solution of the following
BSDE given in integral form:

T T 0
— [ fas+ [ B[ als— 0pls — 0y (a0)ds
‘/tT - 0 ‘/t ‘/_d
+/tTE s[dz(s —Te)h(s—e)ug(dﬁ)ds 25)

+A'q@mw;+/iwﬂﬂaauwa
P(T—0) = £(0), 4(T—0) =(0) V0 & [~d.0).

Thanks to Lemma 2.2 it turns out that (p,q) € L£L%(Q x [0,T],R") x L%(Q x
[0,T], R™*™), and together with the condition given in (25) it turns out that (p, q) €
L2(Q x [0,T +d),R") x LZ(Q2 x [0,T + d],R"*™). So I is well defined. Next we
prove that I' is a contraction. Let v, € L%(Q x [0,T +d],R") and 2,z € L%(Q x
[0,T+d],R"™™), and set § =y — 7, 2 = z— 2. We denote (p,§) = I'(y,z) —I'(g, 2).

So
/f ds—i—/ Ef/ (s —0)ij(s — 01 (dO)ds

T
—|—/t E7: /7d2(3—9)h(3—9)u2(d0)d5+/t G(s)dWs. (26)
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Equation (26) is a special case of the BSDE (7), whose existence and uniqueness
have been studied in Lemma 2.2. By estimate (19) we get (here and in the following
¢ is a constant whose value can change from line to line)

E/T( 5)P + [a(s >|2) 8 ds (27)
0

/0 / (s =0 )“1(da)d5+/ 2(s — 0)h(s — O)p2(d0) *ds

—d

20{ // (s —0 ||N1|(d9)ds+IE/ /_Od5(8—9)|2|ﬂz(d9)d3}
<5/

| /\

\ /\

E / 95 — )| ds] 1] (d6)
+/Od E/tT|2( )st]mrz do}
—26{/ E/OT <>|2ds] 11/(d6) +/Od

2
< CBII(ZLé)Hﬂ-

/ |2ds] |u2<do>}

By choosing g > 0 such that c% < 1 we have proved that I' is a contraction, and
its unique fixed point is the unique solution of the ABSDE (22). O

Equation (22) can be written in differential form if we make some additional
assumptions on the measure p. If we assume that

ﬂ:05T+ﬂ7C€Ra

where fi is a measure on (T — d,T) absolutely continuous with respect to the
Lebesgue measure, equation (22) can be written in differential form as
0

~dplt) = ()7 [ gt = 0)p(t— 0 (a)
<87 [ gt~ 0t~ opaan)it + aaw o) + comar >

p(T) = c€(T), p(T ~6) =0, q(T—0) =0 V6 & [~d,0),

where for t € [T — d, T, n; is the Radon-Nikodym derivative of [ with respect to
the Lebesgue measure, that is 7 is defined by the relation

ji(dt) = na (t)dt.
If we do not make additional assumptions on the measure p, the differential form
of equation (22) does not make sense, since the term

T
df  onds)
tv(T—d)
is not well defined for ¢t € [T'—d, T']. In the following, we build an approximating AB-
SDE whose differential form makes sense. This approximating ABSDE is obtained
by a suitable approximation of u: the construction of this sequence of approximat-
ing measures (i, )n>1 is given in the following Lemma, which is the analogous of
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Lemma 5 in [14]. In the following, given I C R we denote with Cy(I,R]) the space
of bounded an continuous functions from I to R; with the notation Ajz_q 1), we
denote the Lebesgue measure on [T — d, T).

Lemma 2.5. Let i be a finite reqular measure on [T —d,T), such that G({T}) = 0.
There exists a sequence (fin)n>1 of finite regular measures on [T — d,T], absolutely
continuous with respect to A\ir_q ) and such that

i = lim f,, in the sense of the narrow convergene, (29)
n—oo

that is for every f € Cp(|[T — d,T],R)

T T
[ rdn=m [ pan (30)
T—d

Notice that we can apply the previous Lemma to the approximation of the mea-
sure p by defining @ such that for any A € B([T —d,T])

A(A) = W(A\{T}) : (31)

the measure [ is obtained from the original measure p, by subtracting to u its mass
in {T}. Lemma 2.5 ensures that there exists a sequence of measures (fin)n>1, On
[T — d,T], which are absolutely continuous with respect to the Lebesgue measure
on [T — d,T] and converge to fi.

The next step is to build an approximation, in a sense that we are going to
precise, of the equation (22), by approximating i obtained by p in (31).

Proposition 1. Let Hypothesis 2.3 holds true and assume & € S%([T — d,T)), let
i be defined by (31), and let us consider (fin)n the approzimations of fi, absolutely
continuous with respect to the Lebesque measure on (T — d,T). Let us consider the
approximating ABSDEs (of “standard” type):

T T 0
)= [ feds+ [ B[ g(s— (s — ) (db)ds
1w [,
+[TEs[dqw—fm@—9mwas )
+/'w@ﬂm+/' £(3)fin(ds) + p(T)E(T),
t tV(T—d)
p"(T—60)=0,¢"(T—0)=0 V6e[-d0).

Then the pair (p™, q™), solution to (32) converges in L%(Qx [0, T+d],R™) x L%(Q x
[0,T + d],R™™*™) to the pair (p,q) solution to (22).

Proof. Let us first prove that the sequence (p™, ¢"),, is a Cauchy sequence in £%(2x
0,7 4+ d],R™) x L%(2 x [0,T + d],R"*™). The equation satisfied by (p"(t) —
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pE(t), ¢"(t) — ¢*(t)), n, k > 1, turns out to be the following ABSDE:
P / E* / (s = 0) (p"(s — 0) = p(s — 0) 1 (A9)ds
/ R / (s —0) —q"(s — 0)) h(s — 0)u2(d0)ds
/ (4" (s) — " () dW (s) + /T §(s)fin (ds) (33)

t tV(T—d)

[ e,

V(T —d)

P (T—0)—p"(T—0)=0,¢(T—0)—¢"(T—-0)=0 VY0€[-d0).

Notice that the terms ft:\r/(T_d)f(s)ﬂn(ds), fti\p/(T_d)f(s)ﬁk(ds), are Ito terms, so
equation (33) is a standard ABSDE. By standard estimates, see e.g. [23], Lemma
2.3, formula (3), as n,k — oo

T T
Elp"(t) - p* ()2 + E / () - p*(s) P ds + E / 1q"(s) — ¢ (s)] *ds

[ £(5)(En(ds) — fix(ds))| — 0

tV (T —d)

<E

by the narrow convergence of the sequence of measures fi,,. So the sequence (p™, ")
is a Cauchy sequence in £%(Q2x [0, T+d],R™) x L%(Qx [0, T+d], R™*™). It remains
to show that it converges to (p, ¢) solution of equation (22). Let us denote

(,q) = lim (p",q") in LZ(Q % [0,T +d],R™) x LZ(Q x [0,T + d], R™*™).

and for every ¢ € [0,T:
lim E|p"(t) - p(t)]* = 0

n—-+oo
Notice also that p™(s — 6),p(s —0) = 0, for s — 6§ > T thus we have that, for all
te [O,T],

(s —0)p" (s —0)u1(d) ds—/ / (s—46 s—@)ul(dﬂ)d

T
/ / a(s — 0) (0" (s — ) — (s — ) dsm(d@)

S e)dsmu(de))

T+6 2
< I po.riE / / l? ;5(0)|d0|u1|(d9)>

< |g|z:oo[0 7K ( P(U)|d‘7|ﬂ1|(d9)>

T

2
|,U'1 d9 Ip”(U) - p(a)d0>
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<ol Od jal(a9)) & ( / (o) —p<o>|do>2

T
< TlglZomlmal(—d, 0])21[*3/0 [p" (r) = B(r)|* dr.

2

So

(s —O)h(s — O)ua(db) dsf/ / (s—0 sfe)ug(dﬁ)d

< T[], O))°E / 4"() — () dr

By passing to the limit as n — oo in equation (32) we get
T T 0
B7p(0) =B [ f(s)ds+ BT [ [ gs = 0)ps ~ Opm(at)ds
t t —d

T 0
+E7 /t /_d d(s —0)h(s — O)ua(dh)ds

T
LEF / £(s)a(ds) + pu(T)er
V(T —d)

)

BT —0), gT—0)=0 Y0¢e[-d0).

It follows immediately that (p,q) = (p,q) and this concludes the proof. O

3. The controlled problem and the stochastic maximum principle. Let us
consider the following controlled state equation in R™

{dm(t) = f(t,zy,u) dt + g(t, g, ue ) dW (2), te10,T],

2(0) = 2(0), u(d) =n(d), 0€[d,o], (34)

where W in this section, for simplicity of notation, will be supposed to be a real
standard Brownian motion, and x; and u; denote the past trajectories from time t—d
up to time t. Moreover T and 7 are the initial paths of the state and of the control
respectively, and we assume 7 to be deterministic and such that | E d n?(t) dt < +oc.
By admissible control we mean an F;-progressively measurable process with values
in a convex set U C R,

]E/_d|u(t)| dt < o, (35)

such that u(0) = n(#), P — a.s. for a.e. § € [—d,0]. We will denote this space of
admissible controls by U.
We want to minimize the following cost functional

J(u()) = E/OTl(t,xt,ut)dt—&—Eh(:cT) (36)

over all admissible controls. We make the following assumptions on f, g, [, h and on
the initial condition Z. Here and in the following we denote by E = Cp([—d, 0], R™)
and K = Cy([—d, 0], RF).
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Hypothesis 3.1. Let u;, ¢ = 1,...,6 and p be finite regular measures.

We assume that f, g, [ and h are defined for any € E and any u € K in terms of
FOx[0,T]xR"xR¥ - R” §: Qx[0,T]xR*xRF = R" [:[0,T]xR"xRF — R
and h : R” — R as follows
0

0

f(t, 2, 0) = ft, / al6)n(ap) / ulO)ua(a9))
0 0

olt,zu) = g(t, / a(6)ua(d9) / O (a8))

0 0
It 2, u) = It / 2(0)s(d0), / uO)ns(d8))

hz) = h (/23:(0)u(d9) .

Here and in the following in the drift f, and correspondingly in f, and in the
diffusion term g, and correspondingly in g, we omit the dependence on w. We
assume that for each F, t € [0,T]-adapted processes, z,u € L%(Q, B([0, T; R¥]),
the processes f(-,z.,u.), g(-,z.,u.) are also F3, t € [0, T]-adapted.

We will assume that f, g and [ are Borel measurable and differentiable with
respect to the second and to the third variable, that with an abuse of notation
we still refer to as z and u. Moreover f, fu, §» and g, are uniformly bounded,
while I, I, have linear growth with respect to # and w, uniformly in ¢, finally h
is differentiable and h, has linear growth too. Moreover we will use the following
notations

0 0
Rt [ a@n(a@), | wOua(ds) = itz

—d —d

Fu, / 2(0)y11(d0), / w(B)as(d8)) = Folt, . u)

—d —d

0 0
gt / £(0)a(d6), / w(0)pa(d0)) = ga(t, 2, u),

—d —d

gult, / 2(0)ua(do), / u(B)aa(dB) =: gu(t,z,u)

—d —d

0 0
L, / £(0)us(d6), / w(0)6(d0)) =: L, (t, z, u),

—d —d

0 0
Lt [ o@)ns(d0), [ ulb)us(ds)) = Lt )

—d —d

b ([ #@tan)) = ot

Remark 2. In analogy to Remark 1, all the results in this Section and throughout
the paper can be extended to measures p;, ¢ = 1, ...6, p considered in Hypothesis 3.1
possibly vector valued finite regular measures with values respectively in R, i =
1,...,6, RI, with j;,7>1,i=1,..,6.
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We notice that when the coefficients are stochastic, under Hypothesis 3.1 exis-
tence and uniqueness of a solution of equation (34) holds true, see e.g. [18], Theorem
L1

We notice that the terms

/ (Bl a), / Oduw)m(de), / Oduw)ua(de)

—d
appearing respectively in the drift f, in the diffusion g and in the current cost [ do
not make sense in a standard way and for every ¢t € [0,7] as soon as the control u
is not assumed to be integrable with respect to the measures us, p4, g, but only
square integrable with respect to the Lebesgue measure in [—d, 0].

So it is necessary to give a precise meaning to the state equation and to the
current cost. First of all we want to clarify that for any u € U equation (34) is well
defined, indeed for any u € U and any finite regular measure i we have that:

T

T /0
E/O /ﬂi ult -+ O) Vil (d6) dt < [7l((~, O])E/ lu(p)|* dp < 400

—d
thus

0
/ lu(t + 0)[2]jil (d6) < +oo,  aus. for ace. £ € [0,T].
—d

Then we can deduce that, thanks to Hypothesis 3.1, for all z € S%([—d,T]) and u €
U the processes are square integrable: f(t,zy,ut) € L%(Q2x [0, T];R™), g(t, z¢, us) €
L£2(2 x [0, T);R™). In a similar way it follows that the current cost is well defined.

Moreover for any u € U, there exists a solution z = z* € S%([—d, T]): the result
follows in the same way as for controlled stochastic delay equations without delay
in the control, and it is substantially cointained e.g. in [18], where stochastic delay
equations with random drift and diffusion are solved.

Next we want to show that the adjoint equation of a delay equation is of the
form of ABSDE (22), and it allows to formulate a stochastic maximum principle
for finite dimensional controlled state equations with delay, and in the case of final
cost functional depending on the history of the process.

Many recent papers, see e.g. [4], [5], deal with similar problems, but only in
the simpler case of final cost functionals not depending on the past of the process.
Moreover only the case of pointwise delay is considered, or in some cases the past
affects the system at time ¢ by terms of the form

/ ’ e Me(t+0)do

—d
where £ may coincide with the state = of the system, and/or with the control w.
These two choices coincide respectively with taking the measures p;, ¢ = 1,...,6
delta Dirac measures and measures absolutely continuous with respect to the
Lebesgue measure and with exponential density.
In the present paper we are able to handle u;, i = 1,...,6 finite regular measures
on [—d, 0]: such a general case is treated in the paper [16], only in the case without
delay in the control and it is here proved by means of anticipated BSDEs.

In order to write the adjoint equation, at first we study the variation of the
state: let us consider the pair (z,u), where z is solution to equation (34) and w is
the control process in this equation, and let v € U be another admissible control;
set v = v — u and

uf =u+ po. (37)
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Also u” turns out to be an admissible control. Let z” be the solution of equation
(34) corresponding to the admissible control u” and let y be the solution of the
following linear equation

0 0
_ / et a0 (a8) dt + / e (O) s 00)di
D 0

0
+/ Gz (t, Ty, Ug)ye (0) pa(df) AWy +/ Gu(t, Ty, )0 (0) pea(dO) AW,y
—d —d

y(0) =0,vY0 € [—d,0].
(38)
With an immediate extension of Theorem 3.2 in [17] to the case with delay in the
control, we have the following first order expansion

2P (t) = z(t) + py(t) + RP(t), t € [0,T], hm —E sup |R(t)]* = 0. (39)
p—0 p? t€[0,T]

We are going to prove that equation (22) with

0
f(t) =E / I.(t —0,z(t — 0),u(t — 0))(dh), (40)

—d
g(t) = fw(tvi‘tvat)v h(t) :gw(tvjtyat)v g(t) = hz(i‘T)
is the adjoint equation in the control problem with cost functional (36). We notice
with the coefficients given by (40) the BSDE (22) is solvable by Theorem 2.4 since
Hypothesis 2.3 is satisfied.
To prove that (22) is the adjoint equation, for a.a. 7 € [0,T], z € E, u €
L?([-d,T);U), p,q € R™, we define the Hamiltonian function as

H(t, 2, upq) = T ( / " a(0)ym (). / 0 u(emg(de)) »

d
+g( / £(0)pa(d0), / ;u<e>u4<de>)q "
1 ( O)us(a), [ Oduw)uﬁ(cw))
7

T, T u)p—l—g(T:ﬂ w)q+ U7, z,u),

where the last expression will be used, with an abuse of notation, to shorten the for-
mulas. Notice that the Hamiltonian function is not defined for every 7, as discussed

at the beginning of this Section, due to the fact that f, g and [ depend respectively
0 0

0
on the terms/ u(t—0+n)us(dn), /d u(t—0+n)pa(dn) and/d u(t—0+n)ue(dn).

d
The Hamiltonian function turns out to be a p -integrable function in time for
any p > 1, and so for any function v € L?([0,T]) the integral

T
0

makes sense, and this integral appears in the proof of the stochastic maximum
principle, see the next Theorem on the stochastic maximum principle.

In the formulation of the stochastic maximum principle, the adjoint ABSDE
turns out to be nothing else than equation (22), with with f, g, h and £ given in
(40).
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Theorem 3.2. Let Hypothesis 3.1 holds true. Let (p,q) be the unique solution of
the ABSDE

T 0
p(t) :/ ER/ lo (s — 0,5, Us—a) us(dO) ds
br s
[ [ pls =00 (5 = 0,500, 1u0) i (d6) ds
t —Od
_|_/ E7s / q(5 = 0)ge (s — 0,259, Us_p) pa(df) ds
t —d
T

T 7 —
+[ Q(S)dWs + /t\/(T—d) hm(xT):u(de)
p(T—0)=0,g(T —6) =0 Y0e[-d,0).

(42)

Let (Z,u) be an optimal pair for the optimal control problem of minimizing the cost
functional (36) related to the controlled state equation (34). Then the following
condition holds:

O —
(o(t) — a(t), B / Rt 0.0t )olt = O)pa(a)

0

+ (v(t) — a(t), E™ [ ) Gu(t = 0,210, Uu—0)q(t — 0)pa(d)) (43)
0
+ (v(t) — a(t),E” [d L (t,Zt—g, Us_g) ps(dB)) >0 dt x P —a.e,;

forallvel.

Remark 3. We notice that in equation (42) and in condition (43) the terms
E7: fi)d Guo(t — 0,19, us_p)q(t — 0)ua(df) and E” ffd Gu(t — 0,249, us_g)q(t —
0)p4(df) make sense only when integrated iwith respect to ¢ as we already pointed
out for the control terms.

As it is well known, the stochastic maximum principle can be reformulated with-
out differentiability assumptions on the coefficients as stated in Hypothesis 3.1. In
the place of differentiability, we assume that f and g are Lipschitz continuous with
respect to x, u, [ is locally Lipschitz continuous with respect to z, u, and [ is locally
Lipschitz continuous. In this case condition (44) can be replaced by a condition
on the variation of the Hamiltonian function. Namely let v be another admissible
control, set v = v — 4 and u? = u + pv, condition (44) can be substituted by

0
E* /d (F(t = 0,21-g,u]_g) = f(t = 0,519, Us—g)) p(t — 0)3(d6)

0
+E / (gt —0,2—g,uf_p) — G(t — 0,249, Us—g)) q(t — 0)pa(d6)
—d

0
+E¢ / (Z(t —0,%_y, uf_g) — i(t —0,%_y, ’l]tfg)) /Le(de) >0, (44)
—d

dt X dP— a.e.. This form of the maximum principle can be obtained in a similar to
the differentiable case, without writing the variation of the coefficients in terms of
derivatives.

Finally we notice that, unlike the undelayed case, both conditions (43) and (44)
cannot be expressed with any derivative or variation of the Hamiltonian.
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Proof of Theorem 3.2. As we already pointed out, see the comment after the
proof of Theorem 2.4, the adjoint equation (42) is not regular enough to perform
directly the usual proof of the maximum principle. Thus during the proof we must
introduce some suitable regularized approximating problem to apply the It6 formula
and deduce the necessary condition (43).

As usual in proving the stochastic maximum principle, we start by writing the
variation of the cost functional. Namely, following (37), let (Z,a) be an optimal
pair and let v be another admissible control, set v = v — u and v” = u 4 pv. We
can write the variation of the cost functional,

6J = Jw () — J(a(")),

0<6J =J(u ()= J(u()) (45)

T T
:IE/ l(t,xtp,utp)dt—E/ U(t, &, up)dt + E (h(2) — hM(@7)) = I + L.
0 0

Now

T T
I :]E/ l(t,xf,uf)dthE/ 1(t, Ty, Uy) dt
0 0

T T
= ]E/ l(t,:cf,uf)dtf]E/ U(t, Ty, ul) dt
0 0

T T
+ E/ l(t,i:t,uf) dt—E/ l(t,a:t,ut)dt] = J1+J2
0 0

We rewrite (39) as

1
z(t) = 2(t) + py(t) + R*(t), t € [0,T), lim —E sup |[R°(t)|* =0, (46)
=0 p%  yefo,1]

where y is solution to equation (38). We start by computing J;:
T 0 0
Ji=E / [z (t, / 2 (t + 0)15(d6), / up(t+9)u6(d9)> (47)
0 —d —d
0 0
0 (t/ (it + 9)u5(d9),/ Wt + e)uﬁ(de)) dt}
—d —d
T (1 40 -
= IE/ / / (@f — ) Ly (6, (T + X (2 — Z4)) , uf)) s (dO)dAdE
0o Jo J-d
T 1 40 -
=5 [ [ [ (ow(®) + B+ 0) L, (6304 A (af = ), uf) )it
0o Jo J-d
By similar computations we obtain the analogous formula for Js:

T 1 0
Jo=E / / / (uf — ) Ty (£, Te,ul + A (W) — @) po(dO)dNdt  (48)
0 0 —d

T 1 0
:IE/ / / pO(t + 0)l (£, Zy, ul + A (uf — 1)) pe(dO)dAdL.
o Jo J—-d
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Notice that the last term is well defined only when @, u” are continuous, i.e. be-
long to E, but can be extended to the whole L?([—d, T];U) by a standard density
argument. We now compute Is:

I = E (h(z) — h(Z1)) (49)

7E// (z (T +0) — Z(T + 0))) hy (T + A (25 — Z7)) 1(dO)
~E / / (py(T +0) + RO(T + 0)) Ty (21 + A (2 — 7)) pu(dB)
0 —d

1 /0
= E/ / (py(T + 0) + R°(T + 0)) hy (T + A (2l — Z7)) p(d6).
0 J—d
Now we follow Lemma 2.5 and we decompose the measure p into

= i+ p({0})do (50)
so that [ turns out to be a finite regular measure on [—d, 0], such that a({0}) = 0.
By Lemma 2.5 there exists a sequence (fi"),>1 of finite regular measures on [—d, 0],
absolutely continuous with respect to A[_4 o], the Lebesgue measure on [—d, 0], such

that
g= lim p". (51)
n—roo

So following (49), the variation of the final cost can be written as

I = lim IE/ / (oyr(0) + RP(T + 0)) hy (7 + A (2 — T1)) dfin(0)d\  (52)

n— oo

+E / (pyr(6) + RP(T + 0)) b (1 + A (2 — 1)) u({0})dA

So taking into account the computation for Ji, Jo and for Is that we have performed
n (47), (48), (49) and (52), also by dividing both sides of (45) by p, and then by
letting p — 0 on the right hand side, we get

0< IE/ / ye(0) 1 (t, Ty, Uy ) s (dO) dt—I—IE/ / (t, Ty, ug) 0 () g (dO)dt (53)

0
+ 10D Er)yr(0) + lim B [ yr(0)h 1) 0).

Let J™ the cost obtained from J defined in (36) by replacing i with its absolute
continuous approximation fi, in the final cost. So the variation 6J™ of J™ is given
by

SJ = T (P()) / / (t+ OV (¢ F0, T s (Ot (54)
T
L E / (4, )50 (0) o (d9)
0
+ (O @)y 0) 4 E [ yr(O)he(@r)di (0)m

We notice that in the first term, y:(0) = y(t +60) = 0 if t + 6 < 0, and the same
holds for o.

Since (42) does not make sense in differential form and we cannot apply the Ito
formula, we now introduce an approximated version of equation (42), along the lines
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we have described at the beginning of the proof.

First we notice that with 1 decomposed into i and p(0) as in (50), equation (42)
can be rewritten as

T 0
t) = / E” / lo (5 — 0,50, Us—g) p5(dO) ds
t —d
+ / E” / p(s — OV, (5 — B, ug. as) 1 (d6) ds
. —~d
+/ E7: / (s —0)gy (s — 0,T5_9,Us—p) p2(db) ds
t —d

T T B B
+ / a(s)dW, + / o () (d6) + ({0} o (1)
¢ tv(T—d)
p(T—0), q(T—60)=0 V0e[-dD0).

Now we approximate fi by ™ as in (51) in the ABSDE (55), and so we obtain an
approximated version of (55) given by

T 0
p”(t):/ Ef/ lo (s —0,%4_g,1s_g) ps(dh) ds
Ef — 0,7 df
s— Gaus 9),“1( )d
Fs _
/ E / 0)gz (s — 0,Z5—¢, Us—g) p12(df) ds

4 / "(s)dW, + / o (27" (d60) + ({0} n (1)
t tv(T—d)
(T —0), (T —0)=0 Y0e[—d,0).

(56)

Since the differential form of p™(t) makes sense, we can compute d{(y(t), p™(t)):

d{y(t),p" (1))

0
— (dy(t).p" () + (w(t), dp" (1)) + { / et ) a7 ()l
0
+ / (L )T+ O (d0). " (1))

0 B 0
=</ y(t+9)fz(t75ct,at)dul(9)dt+/ Fult, e, ) 0(t + 0) 6 (d0) dt
—d

—d

0
+ / y(t + 0)Go(t, Ty, Uy )dpa () dW (t)

—d

0
+ / Gt 0, ) (t + 0)pa(dB) AW (1), p" (1))

—d

0 —
— (y(t), / Lot 0.5, = ) a(d0)) e

O —
— (y(t),E” / Pt —0)fe (t —0,T¢_9,U_g) p1(d0))dt

—d

0
— (y(t),E” [d q"(t—0)gy (t —0,T4_g,U—g)) po(d))dt
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- .du™
— (y(8), q(O)dW) + (y(t), Xeo7—aho(T7) L dt)
0
([ galtsme aua(ds). " 1)t
—d
Integrating between 0 and 7" and taking expectation we obtain

0

E<y(T)vﬂh({0})Bx(xT>>:E/o </ y(t +0) fu(t, e, ur)dpun (9)

—d

0
+ / Fults 20,10 )5(E + 01 (d6), p™ (1)) dt

0
Xt—6<Tle (t — 0,249, u1—0) pi5(d0))dt

-2 [ woe [
T _
IE/ £),E7 / Pt = O0)Xt—o<rfu (t — 0,249, us—g) 11 (d))dt
0 d
T 0
E/ ]E]'—t / q"(t — ) Xt—0<TTr (t — 0,249, us_g) u2(d))dt
0

_E / ) Xeo—dhe (7)™ (£))dt

0

d

’ﬂ

IE/OT / Gu(t, 2y, ug)dpa(0), ¢ (t))dt

where
L, dp®
Codt’
is the Radon Nikodym derivative of i™ with respect to the Lebesgue measure. By
some change in the time variable and with the optimal pair (z,u) instead of (z,u),
it turns out that

50" = E(y(T), p({0})hu (7)) + E / ((0), xio7—aha (F0)F" (6)dt

T 0
+E / (1), E7 / Ne—oerly (t— 0, T, iso) s (d0))dt
0 —d

T 0

+E/O lu(t,ft,at)Ldﬁ(t+0)p6(d9)dt
T 0

~E / ( / b w500+ Os(d0) o (1)
T 0

+E / < / Gu(t, B0, ) 0(t + B)pa(d6), ¢" (1))t

+E/ / w(t, Ty, Ug)0(t + 0) g (db)dt.

So, taking into account (53)

T 0
0<B [ ([ Rt uolt+ u(an). @)
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T 0
+]E/ </ Gt T, )5t + O)ua(d0), " (1))t
0

—d
T 0

+]E/ / Ly (t, @y, U )O(t + 0) e (dO)dt
0 —d

and letting n — oo we get
T 0
0 SJE/O </_d Fu(t, Te, T )0e(0) 3 (d0), p(t))dt (57)
T 0
B [ auttam)n@ms(an), ao)ar
T 0
+]E/O /_dlu(t,@,at)@(He)ua(de)dt
T 0
= E/O <'D(t>7]E}—t /—d fu(t —0,%;p,U;0)p(t — 0)puz(d0))dt

T 0
+1E/0 (5(t), BF /_dgua—9,;zt,9,at,9)q(t—9)M4<d9)>dt

+E /0 (5(t), BF /_ Odzu(t—e,xtg,ute)v(t)%(de))dt

which is nothing else than (43) in integral form. The conclusion follows by a stan-
dard localization procedure, along the lines given e.g. in [20], end of paragraph 5.4,
see also [17], end of the proof of Theorem 5.1, and [24].

4. Delay equations arising in advertising models. We consider a stochastic
dynamic model in marketing for problems of optimal advertising. We study, as
done in [10] and in [11], stochastic models for optimal advertising starting from the
stochastic variant introduced in [13], and also with delay both in the state and in
the control, see also [15]. In this model delay in the control corresponds to lags in
the effect of advertisement.

So we consider, for ¢ € [0,7], the following controlled stochastic differential
equation in R with delay in the state and in the control:

dy(t) = [aoyu) s [ vt otan) vt + [ o+ emb(cze)} di

+Uay(t)thd+ opu(t)dWy, (58)
y<9) = y0(9)7 RS [_d’ O)a
u(l) =up(0), 0€[-d,0).

In equation (58), y represents the goodwill level, ag is a constant factor of image
deterioration in absence of advertising, by is a constant representing an advertising
effectiveness factor, p.(+) is the distribution of the forgetting time, and u(-) is
the distribution of the time lag between the advertising expenditure u and the
corresponding effect on the goodwill level. The diffusion term o,y(t) accounts for
the word of mouth communication, the parameter o, is the advertising volatility;
the diffusion term, opu(t) accounts for the effect of advertising, the parameter oy, is
the communication effectiveness volatility. Moreover, y(0) is the level of goodwill at
the beginning of the advertising campaign, while yo(-) is the history of the goodwill
level before the initial time, and wg(-) is the history of the advertising expenditure
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before the initial time, too.
We assume the following:

Hypothesis 4.1. (i) W is a standard Brownian motion in R, and (F;);>¢ is the
augmented filtration generated by W;
(ii) ag, 04, op € R;
(iii) the control strategy u belongs to U where

U:={z€LFQx[0,T],R):u(t) €U a.s.}

where U is a convex subset of R;

(iv) d > 0 is the maximum delay the control takes to affect the system;

(V) fiq, pp are finite regular measures in [—d,0] that describe the time that re-
spectively the state and the control take to affect the system.

The objective is to minimize, over all controls in U, the following finite horizon
cost:

ﬂumw=EL’uaM$u@>w+EmW» (59)

where ¢ represents the cost of advertisement, and —¢ represents the final utility,
that may depend on the trajectory yr = y(T + 0), 8 € [—d,0]. We assume that
£:]0,T] x R x R — R is continuous, bounded and differentiable with respect to z
and u, moreover the derivatives with respect to x and wu satisfy

and ¢ is given by
0
otom) = ([ v(r+oustan). (60)
where ¢ : R — R is Lipschitz continuous and differentiable and i, is another finite
regular measure on [—d, 0].

We consider the adjoint equation for the pair of processes (p,q) € L%(Q x
[0,T],R) x £%(Q x [0,T],R)

T T
p@=[fﬂmMM$D%+[aw@%
+/tzEfs /Odp(s—9)pa(d9)ds—|—/tTaaq(s)ds—F/thdeg (61)

+ / b2 (yr) 11 (d6)
tV(T—d)
p(T—6)=0, g(T—6)=0 V6el[-dO0).

Theorem 4.2. Let Hypothesis 4.1 hold true. Let (p,q) be the unique solution of
the ABSDE (61). Let (g,a) be an optimal pair for the optimal control problem of
minimizing the cost functional (59) related to the controlled state equation (58). Let
v be another admissible control, set v =v — u and u” = u + pv, then

0

bo (a(t) — u” (1)) p(t) + (a(t) — u’(t)) E* [dp(t — 0) s (dO)

+ oy (a(t) — uP (1)) q(t) + u(t, 5(1), a(t) (@(t) — uf () <0 dt x Pas.. (62)
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5. An optimal portfolio problem with execution delay. We consider a gen-
eralized Black and Scholes market with one risky asset, whose price at time ¢ is
denoted by S(t) and whose past trajectory from time ¢ — d up to time ¢ is denoted
by S, and one non-risky asset, whose price at time ¢ is denoted by B(t). The result
can be extended to the case of a Black and Scholes market with j risky assets, whose
prices at time t are denoted by S%(t),i = 1,...,j, and one non-risky asset: for the
sake of simplicity we limit here to the case of only one risky asset.

The evolution of the prices is given by the following stochastic delay differential
equation in a complete probability space (2, F,P) :

dS(t) = S(t) [b(t, Sp)dt + o(t, Se)dW,], S(0) = vo(0),
dB(t) = r(t,S;)B(t)dt, (63)
B(0) = By

where W (t) is a standard Brownian motion in R, (F;)¢>o is the filtration generated

by W and augmented with null probability sets and Si() = S(t + 0), 0 € [—d,0].
The drift b, the diffusion ¢ and the rate r are given by

b(t,S)) = /St—l—&)ub(de)) o(t, S,) = /S (t + )5 (d8)),

r(t,S)) = / S(t + 0)pn(d6)) (64)

where pz, s, 17 are finite regular measures on [—d, 0].

Hypothesis 5.1. On b, and 7 we make the following assumptions:

i) 5 is a regular measure and b : [0,7] x R — R is measurable. Moreover
Vs; €R,i=1,2

|b(t, 51) — b(t, s2)| < c|s1 — s

for some ¢ > 0 and for all ¢ € [0,T)] b(t, -) is differentiable;
ii) ps is a regular measure and & : [0,7] x R — R is measurable. Moreover
Vs €R,i=1,2

|5(t,s1) — T (t, s2)| < cls1 — s3]

for some ¢ > 0 and for all ¢t € [0,T] 7(¢,-) is differentiable;
iii) 7:[0,7] x R — R is measurable. Moreover Vs; € R, i =1,2

|r(t,s1) — 7(t,s2)|] < ¢|s1 — sz
for some ¢ > 0 and for all t € [0,T] 7(¢,-) is differentiable.

We now consider the evolution of V(¢), the value at time ¢ of the associated
self-financing portfolio. We consider an optimal portfolio problem with execution
delay, which is inspired by the models studied, in a different context, in [2] in a
stochastic impulse control framework, and which is treated also in [8]. Let d > 0
be a fixed execution delay time: at time ¢ > 0 the investor chooses, on the basis
of the information contained in F%, to allocate the amount of money u(t) > 0 of
its portfolio in the risky asset. This is the control process. However, due to the
execution delay this order will be executed at time ¢ + d when the price of the
risky asset has changed, see [2] for the formulation of this problem in a stochastic
impulse control framework. Moreover we allow consumption, and also the investors
are allowed to take money from the portfolio V: in the model this is represented by
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a further control c.
The state equation for the optimal portfolio with execution delay is similar to
the one considered in [7] in the case without delay, see also [8], and it is given by

dV(t) = r(t, St)(V(t) — 7*(t — d))dt — c(t)dt + 7 (¢t — d) [b(t, S¢)dt
+o(t, S¢)dWy)] (65)
V(0) =n(0), 7(0) = mo(0), 6 € [—d,0).
Here we will only consider square-integrable, predictable investment strategies m €
L£%(2 x [0,T],R).
The aim is to maximize the utility functional over the set of the admissible
strategies

Ule) :]E/OT U (£, c(t))] dt +E [UQ (/O V(T+9)MU(d0)>} —E[U (Vi)], (66)

—d
where Uy : [0,T] xR — R and Us : R — R are given utility functions, U; represents
the utility from consumption and it is assumed to be continuous, differentiable in
the second variable and the derivative with respect to ¢ has linear growth in c,
and U; represents the utility from the wealth on [T — d,T] and it is assumed to be
Lipschitz continuous and differentiable. Here uy is another finite regular measure
n [—d,0]: the utility is related not only to the final value T, but to the value of
the portfolio in the window [T' — d, T, and so it depends on V(T + ), 6 € [—d, 0].
At any time t € [—d, T, the state X () € R? is given by the pair

wo-(30)

So the equation for X is given by
Sy \ [ S®bE,S)
d< V(t) > B ( r(t, S)(V(t) — m(t — d)) — c(t) + 7(t — d)b(t, S) a“

n ( S(t)oh, 50) ) AW, (67)
w(t — d)o(t,St)

(V@ )=(as))

and it turns out to be an equation with delay both in the state and in the control.
Notice that the adjoint processes are given by a pair of processes

= (( 2 ).( %)) e 3@x 0ILE x h0 x 0.7 R)

solution of the ABSDEs we are going to write, and that it turns out that the pair
(p', q') is identically 0. Indeed

T T T
pl(t) = / p(s)b(s, S, )ds+/ ql(s)a(s,SS)ds+/t q* (s)dW,

/ B> / )by (s — 0. Su_g)uy(d6) ds
/Ef / (5 — 0)S(5 — 0)5u(s — 0, S+_g)p1o(d0) ds

(68)

p(T—0)=0,q(T—0)=0 Y0e[—d,o0].
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The pair of processes (p?,¢*) € L%( x [0,T],R) x L%(Q x [0,T],R) satisfies the
following equation:

T 0

/ IE]:S/ p2(s—0)(V(s—0) —m(s —0—d))7u(s — 0,Ss_¢)r(d) ds
/Ef/ )7(s — 0 — d)by(s — 0, Ss_g)up(do) ds
/Ef/ Jr(s — 0 — d)5o(5 — 0, S o)yt (d6) ds

T

/ P(s)dW, + / U, (Vi) s (d6)
¢ V(T —d)
P(T—0)=0, AT —0)=0 Yoecl|-d,o).

(69)
From the maximum principle stated in Theorem 3.2 we deduce the following con-
dition on the optimal strategy for the present problem: notice that the optimality
condition can be given only in terms of the pair of processes (p?, ¢?).

Theorem 5.2. Let Hypothesis 3.1 holds true. Let (p?,q?) be the unique solution of
the ABSDE (69) Let (X, 7,¢) be an optimal pair for the optimal control problem of
minimizing —U, where U is defined in (66). For every admissible control (my,c1)
set T =m — @, ¢4 =c1 —cC and 7P =T + p7y, ¢’ =+ pcy, then

Bt [(r(t +d, Spra) (70 (8) = 7(1) + (¢ + d) — &(t + d)
+(@(t) =7 (1)) b(t + d, Sea)) p° (1 + d)
+(@(t) =7 (1) ot +d, Sra)g?(t + d)] + (P (t) — &(t)) (Ur)e(t, &(1)) <0

dt x P a.s., where we have set X (t) = ( ‘é;((tt)) )
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