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ABSTRACT

Extremization problems are frequently encountered in AdS/CFT. Field theory ob-
servables such as central charges and sphere partition functions can be computed from
extremal functions of the dual supergravity solution. The latter can be expressed
in terms of topological quantities that naturally arise in the context of equivariant
localization. A particularly interesting example of extremal functions are the entropy
functions of AdS supersymmetric black holes, whose Legendre transform reproduces
the Bekenstein-Hawking entropy. Focusing on the case of Kerr-Newman black holes
asymptotically AdS5xSEs;, the superconformal index of the dual four-dimensional
N =1 quiver theory can match the entropy function in the large-N limit.

In the first part of this thesis we study the superconformal index of N' = 1 quiver
theories at large -V for general values of electric charges and angular momenta, using
both the Bethe Ansatz formulation and the more recent elliptic extension method.
We are particularly interested in the case of unequal angular momenta, J; # Js,
which has only been partially considered in the literature. We revisit the previous
computation with the Bethe Ansatz formulation with generic angular momenta and
extend it to encompass a large class of competing exponential terms. In the process,
we also provide a simplified derivation of the original result. We consider the newly-
developed elliptic extension method as well; we apply it to the J; # J, case, finding a
good match with the Bethe Ansatz results. We also investigate the relation between
the two different approaches, finding in particular that for every saddle of the elliptic
action there are corresponding terms in the Bethe Ansatz formula that match it at
large-N.

In the second part of this thesis we study extremal functions of supergravity so-
lutions through the lenses of equivariant localization. Recently it has been proposed
that a vast class of gravitational extremization problems in holography can be formu-
lated in terms of the equivariant volume of the internal geometry, or of the cone over
it. We substantiate this claim by analysing supergravity solutions corresponding to
branes partially or totally wrapped on a four-dimensional orbifold, both in M-theory
as well as in type II supergravities. We show that our approach recovers the relevant
gravitational central charges/free energies of several known supergravity solutions
and can be used to compute these also for solutions that are not known explicitly.
Moreover, we demonstrate the validity of previously conjectured gravitational block
formulas for M5 and D4 branes. In the case of M5 branes we make contact with a
recent approach based on localization of equivariant forms, constructed with Killing
spinor bilinears.
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Chapter 1

Introduction

In the AdS/CFT holography many interesting observables can be expressed in terms
of extremization problems. In the conformal field theory side, a notable example is
the way that the exact R-symmetry of the theory can be determined by extremizing
a functional. The exact R-symmetry is the U(1)g symmetry whose current is in
the same superconformal multiplet as the stress-energy tensor. In four dimensions,
the exact R-symmetry can be found by a process called a-maximization [4]. Since
the a central charge can be easily computed from the 't Hooft anomalies of the
U(1)g symmetry, the idea is to define a trial R-symmetry, which is a generic linear
combination of all the possible global abelian symmetries of the CFT, and then to
compute G from the trial R-symmetry the same way one would compute a from
the exact R-symmetry. a-maximization states that ai;. is maximized when the
trial R-symmetry matches the exact R-symmetry. A two-dimensional analogue of
this process involves the central charge ¢ and is called c-extremization [5]. Similar
extremal problems can also be set up for odd-dimensional field theories, but instead
of central charges the functional to be extremized is given by the sphere partition
function (or its logarithm, the free energy), as is the case for F-maximization [6] and
Z-extremization [7].

The gravitational dual of the extremization of central charges and free energies
was first described in [8-12]. On the gravitational side we have extremal functions
that depend on a set of parameters for the abelian isometries of the background
and another set of parameters describing the geometry. The extremization with
respect to these parameters gives the gravitational free energy of the supergravity
solution, that is holographically equal to the central charge or free energy of the
dual conformal field theory. Given the close relation between these field theory
observables and quantities that are invariant under small deformation of the theory,
such as 't Hooft anomalies and Witten indices, it should be of no surprise that the
gravitational extremal functions can be built from basic topological objects of the
internal geometry. Such is the case for the Sasakian volume [8, 9], dual to a and



F-maximization, and its generalization in GK geometry, the master volume [11, 12],
dual to ¢ and Z-extremization.

The extremal problems that we have mentioned up to this point are far from be-
ing an exhaustive list. One the most notorious and well-studied example of extremal
functions are the entropy functions of supersymmetric black holes. The Bekenstein-
Hawing formula [13-17] gives a semiclassical prediction for the black hole entropy
in terms of the area of the event horizon. The entropy should just be a function of
the conserved charges of the black hole, but the supergravity solution from which
the horizon area can be computed typically also depends on the asymptotic mod-
uli. This discrepancy is fixed by the attractor mechanism, which expresses the value
of the moduli fields at the black hole horizon exclusively in terms of the conserved
charges. The explicit realization of the attractor mechanism in four-dimensional
N = 2 gauged supergravity was found in [18-20]. A notable consequence of this
mechanism is that horizon area can be determined as the extremal value of a func-
tional. More in general, the entropy of extremal black holes in various dimensions
can be expressed as the Legendre transform of the so-called entropy function [21].

We will focus on asymptotically-AdS black holes, whose microscopical entropy
can be investigated by means of the AdS/CFT holography. The microstates of a
black hole in the bulk correspond holographically to an ensemble of states of the dual
CFT on the boundary. The black hole entropy can then be determined by counting
these states, and the result should be compared with the semiclassical prediction
given by the Bekenstein-Hawing formula. The first successful microstate counting
of this type was obtained for a class of static dyonic BPS black holes in AdS, x S*
[7, 22], and has been followed by an extensive literature. The BPS states in the
dual ABJM theory were counted in [7] by means of a Witten index, the topologically
twisted index Z [23]. In the weak-gravity /large-N limit, the index Z reproduces
the entropy function of the black holes, whose Legendre transform correctly matches
the value of the Bekenstein-Hawing entropy. Interestingly, if we consider the AdS,
solution arising as the near-horizon limit of the black hole, its dual is a quantum
mechanics obtained by dimensionally reducing the CFT. The index Z is invariant
under this process and can thus be interpreted as the Witten index of the quantum
mechanics. The Z-extremization principle then suggests that the critical point of 7
selects the exact R-symmetry of the superconformal algebra, and the gravitational
dual of this procedure can be understood using the master volume of GK geometry
[24, 25].

Extremal functions of known black holes (and black strings) can be expressed in
terms of gravitational blocks. Inspired by the holomorphic blocks in field theory [26],
it was found in [27] using the attractor mechanism in 4d that the entropy function
of various black holes and strings in AdS; and AdSs' could be obtained by gluing

'For black holes and black strings in AdSs a dimensional reduction to 4d was performed.



two “blocks”, each corresponding to the fixed points of the rotational symmetry of
the sphere in the near horizon. This strongly suggested a connection to equivariant
localization, given that fixed point formulas frequently appear in the latter. Recently
this connection has been made more clear by the suggestion of [28] that extremal
functions of a vast class of supergravity solutions can be expressed in terms of the
equivariant volume [29] of the internal geometry, a universal topological quantity
computable by means of the fixed point formulas of equivariant localization.

In the first part of this thesis we will focus on the case of supersymmetric Kerr-
Newman black holes in AdSs5, whose entropy function can be reproduced by com-
puting the large-N limit of the superconformal index [30, 31]. In the second part of
this thesis we will generalize the proposal of [28] and show how the extremal func-
tion of various systems of branes wrapped around four-dimensional toric orbifolds
(or two-cycles within them) can be expressed in terms of the equivariant volume.

1.1 Kerr-Newman black holes in AdSs

Let us consider the asymptotically AdSs x S° supersymmetric black hole solutions
of type IIB supergravity [32-36]. In the weak-gravity /large-N limit it should be
possible to reproduce the entropy of these black holes by counting the 1/16 BPS
states of the dual boundary theory, which is A/ = 4 Super Yang-Mills on S3 x R.
These states are counted, with a (—1)¥ sign, by the superconformal index [30, 31].
The entropy function of these black holes was found in [37], and in [38] a more general
expression for AdSsxSE5 black holes with toric Sasaki-Einstein SE5 was conjectured,
despite that black hole solutions of this type are not known for general values of the
conserved charges. It would be natural then to expect that the logarithm of the
superconformal index of N' = 1 quiver theories might be able to reproduce this
entropy function in the large-/N limit.

Early attempts to compute the superconformal index at large-N did not repro-
duce the O(N?) growth expected from the entropy function, leading to the belief that
large cancellations between fermions and bosons caused by the (—1) sign made this
approach non-viable [31, 39-41]. More recently a solution to this puzzle has been
found: when the fugacities associated to electric charges and angular momenta are
extended to complex values the cancellations between fermions and bosons states
are obstructed [42, 43]. Then at the leading O(N?) order the resulting expression
for the superconformal index does indeed match the entropy function of AdSs x S°
black holes [3, 43-45].

The large-N computation of the superconformal index simplifies considerably
when the angular momenta are assumed to be equal, J; = J,. This special case
was the sole focus of the first large-N results [43-45], which all made use of the
so-called Bethe Ansatz formula [46, 47]. The Bethe Ansatz formula recasts the
standard integral representation of the index as a sum over the solutions of a set



of transcendental equations, the Bethe Ansatz equations (BAE). When J; # J the
terms that contribute to the formula are also indexed by a vector of integers that
takes values in the Cartan subalgebra of the gauge group, making the computation
technically difficult. These obstacles were overcome in [3], in which we showed that
there exist a term in Bethe Ansatz formula that can reproduce the entropy function
of AdSs; BPS black holes with generic values for the conserved charges. A notable
shortcoming of [3] is that we only computed a single contribution to the index out
of the many competing and exponentially growing ones.

The main goal of the work we will present in chapter 3, which is based on [1], is
to seek a better understanding of the large-N limit of the index with generic charges
(and especially J; # J5) by computing a much wider class of competing exponential
terms that contribute to the index. In order to achieve this, other than the Bethe
Ansatz formula, we will also make use of the elliptic extension method [48-50], which
consists on a saddle point analysis with the peculiarity that the integrand is not
meromorphic, it is instead doubly periodic. We will provide the first application of
this method to the case of J; # J,, and compare the effective action of the large-N
saddles with the analogous contributions to the Bethe Ansatz formula, finding a good
match.

1.2 Equivariant volume extremization

Equivariant localization, and especially the Atiyah-Bott-Berline-Vergne formula [51,
52], can be used to compute the integral of large class of differential forms in terms
of in terms of lower dimensional integrals over the fixed point set of the abelian
symmetry of the geometry. If the fixed point set consists of isolated points, the
integral reduces to a sum over the fixed points: this is the case for toric orbifolds,
which will feature in all the examples we will consider in chapter 5, based on [2].
A very useful quantity that can be computed with this fixed point formula is the
equivariant volume [29], which for compact orbifolds can be thought as the generator
of all the possible integrals of equivariant Chern forms. In [28] it was proposed that
a large class of extremal functions in supergravity can be formulated in terms of the
equivariant volume: they showed that the Sasakian volume and the master volume of
GK geometry could be extracted from the equivariant volume, and they successfully
tested their approach on supergravity solutions that arise as the near-horizon limit
of branes wrapped on the sphere or the spindle.

One of the main goal of our work in [2] was to bring further evidence to the pro-
posal of [28] by studying various systems of branes wrapped around four-dimensional
toric orbifolds or two-cycles within them. We find that in order to fully capture the
quantization of the fluxes of the Ramond-Ramond or M theory forms a slight general-
ization of the equivariant volume is needed, one that also includes higher times. While
the Kéahler moduli couple linearly with the equivariant Chern forms, the higher times



are additional parameters that couple with products of equivariant Chern forms. We
find that the equivariant volume with higher times can reproduce the gravitational
central charges and free energies of various known supergravity solutions, provided
that it is extremized with respect to all the parameters that are not fixed by su-
persymmetry or the quantization of the fluxes. Our approach can also be applied
to cases where the supergravity solution is not explicitly known and we can recover
various previously conjectured gravitational block formulas.

We analyze AdS; and AdS; solutions to eleven dimensional supergravity corre-
sponding to systems of M5 branes, solutions in AdS; and AdS, of massive type ITA
corresponding to D4 branes in the presence of D8 and a O8 plane, and lastly AdSs;
solutions in type IIB arising as the near-horizon limit of D3 branes. In the case of
M5 branes we will show that our approach is equivalent to the very recent method of
[53], which constructed equivariant forms using Killing spinor bilinears as building
blocks and subsequently applied the fixed point formulas of equivariant localization.

1.3 Structure of the thesis

This thesis is structured as follows. In chapter 2 we review the BPS Kerr-Newman
black holes in AdSs, their Bekenstein-Hawking entropy, their entropy function, and
how the latter can be reproduced by the large-N limit of the superconformal index.
We review the definition and key properties of the superconformal index, together
with some useful formulae for its computation, namely the integral representation
and the Bethe Ansatz formula.

In chapter 3 we compute the large-N limit of the superconformal index of N' =1
quiver theories. This chapter is based on the paper [1]. First, we briefly review the
elliptic extension method and explain how we generalized it to the case of unequal
angular momenta. We describe the large-N saddles and compute their effective
action. Then we study the contributions to the Bethe Ansatz formula at large-N
and compare them with the results obtained with the elliptic extension method.

In chapter 4 we review equivariant localization, toric orbifolds and the equivari-
ant volume. We review the the Atiyah-Bott-Berline-Vergne equivariant localization
formula for orbifolds, the definition of toric orbifolds and some key aspects of them:
moment maps, polytopes, toric-Kéher metrics, the Chern classes associated to the
toric divisors. Then we review the definition equivariant volume, its computation
by means of a fixed point formula and some of its salient properties. At last we
introduce the higher times generalization of the equivariant volume.

In chapter 5 we propose a prescription for extremal functions in supergravity
based on the equivariant volume of the internal space, which generalizes the pro-
posal presented in [28]. This chapter is mostly based on the paper [2]. We begin
by briefly reviewing the Sasakian and master volumes. Then we present our pre-
scription, which we use to study various systems of branes wrapped around four-
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dimensional toric orbifolds or two-cycles within them, reproducing the gravitational
central charges/free energies and various previously conjectured gravitational block
formulas. For systems of M5 branes we consider solutions in AdS; and AdSs; and
make contact with the approach of [53]. For systems of D4 branes in massive type
ITA we consider solutions in AdS; and AdS,. Lastly for systems of D3 branes in
type IIB we consider solutions in AdS3, generalizing to the orbifold case the results
of [54].

In chapter 6, which contains unpublished material, we begin by reviewing the
Molien-Weyl formula for the equivariant volume. Then we provide a direct derivation
of the formula from the standard formulation of the equivariant volume and discuss
the correspondence between residues and fixed points. We revisit the AdS3 x Mg
solutions in M theory, reformulating the prescription for extremal functions that we
advanced in [2] in terms of the Molien-Weyl formula, and discuss some interesting
future directions.

At last, in chapter 7 we briefly summarize our main findings. For a more in-
depth discussion of our results and interesting future directions we refer instead to
sections 3.4, 5.4 and 6.3, each one pertaining to their respective chapters.

The appendices A and B are respectively the appendices of [1] and [2], the former
containing technical aspects pertaining the large-N computation of the superconfor-
mal index, the latter providing more details about the parametrization of the Kahler
moduli for extremal function and the computation of the gravitational free-energy
of the solutions constructed in [55].
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Chapter 2

Counting black hole microstates
with the superconformal index

In this chapter we review the Bekenstein- Hawking entropy of asymptotically AdSs
Kerr-Newman BPS black holes in type IIB supergravity, and how it is possible to
reproduce such entropy with a microstate count in the dual CFT. The fundamental
object used for this count is the superconformal index [30, 31].

This chapter is organized as follows. In section 2.1 we review the Bekenstein -
Hawking entropy of AdSs x S® black holes. In section 2.2 we discuss how the picture
changes when S° is substituted with a more general five-dimensional Sasaki-Einstein
SE5. Then in section 2.3 we review the definition of the superconformal index and
how it can provide a count for the microstates of AdSs black holes. Lastly in section
2.4 we review two formulae for the computation of the index.

2.1 Entropy of BPS Kerr-Newman black holes in AdS; x S°

A class of supersymmetric Kerr-Newman black holes asymptotic to AdS; has been
found in [32-36]. They have an embedding in type IIB supergravity on AdS; x S5,
which means that we can probe their microstates using the AdS/CFT correspon-
dence. Let us briefly review their key properties.

From the symmetries of AdSs;x.S® we can determine the conserved charges carried
by the black holes. The group of rotations in AdS; corresponds to the maximal
compact subgroup of the group of isometries of the anti-de Sitter space, which is
SO(4) € SO(2,4). The maximal torus of SO(4) is U(1)? C SO(4), which means that
the AdSs black holes depend on two angular momenta .J; 5, each corresponding to a
Cartan isometry of AdS5. Furthermore the black holes carry three electric charges
Q1,23 associated to the Cartan isometries of the internal space S°, considering that
its symmetry group is SO(6) which has maximal torus U(1)3.

The black holes that we consider are supersymmetric, more precisely they are

1/16 BPS, since they preserve two real supercharges out of the 32 of type IIB su-
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pergravity. The black hole mass is related to the conserved charges by the following
linear BPS condition:

M= zi<’J1|+|J2|+|Q1’+!Q2I+!Q3|>, (2.1.1)
5

which also makes the black holes extremal. Here /5 denotes the curvature radius of
the anti-de Sitter space.

In order to have regular solutions with no closed time-like curves other nonlinear
constraints among the five charges are necessary. We will mention some of these
constraints in section 2.1.1 when we review the Legendre transform of the entropy. A
consequence of these conditions imposed on the charges is that the angular momenta
Ji 2 cannot be seto to zero, meaning that all these supersymmetric black holes rotate
and there is no static limit. Also at most one of the three electric charges ()12 3 can
be zero or negative, the other must be strictly positive.

The Bekenstein-Hawking entropy of these black holes can be expressed as a
function of the charges as [56]

A Tl
Spr = 1Cn _27\/Q1Q2+Q1Q3+Q2Q3— 4GN(J1+J2> . (2.1.2)

For simplicity we will denote the coefficient that appears in front of the sum of the
angular momenta as

w3  N?
4Gy 27
where N is the color number of the dual field theory.

14

(2.1.3)

2.1.1 Black hole entropy from an extremization principle

In [37] it was shown that the Bekenstein-Hawking entropy (2.1.2) for the general
class of supersymmetric AdS; black holes discussed in the previous section can be
obtained as the Legendre transform of the quantity

X1X5X3

~

B(X;0) = —2miv ==
1Ww2

(2.1.4)

as long as the chemical potentials X;23 and w2 conjugated respectively to the
electric charges ()1 2,3 and to the angular momenta .J; 5 satisfy one of the two following

choices for the constraint: , ,
> Xe=) @ikl (2.1.5)
a=1 i=1

E (X ;LD) goes by the name of entropy function. The constraint on the chemical
potentials mirrors the fact that that the five conserved charges depend on only four
parameters. We will now review a simple method of extracting the value of the
entropy from E(X ;d}) which follows appendix B of [57].

13



The entropy Spy is given by the extremal value of

3 2 3 2

S(X;w) =E(X;d) —2m(ZQaXa+ZJiwi) —2m'A(ZXa =) a ¥ 1> ,
a=1 1=1 a=1 i=1

(2.1.6)

where A is a Lagrange multiplier introduced in order to impose the constraint (2.1.5).
Then the critical point of S can be found as the solution to these equations:

1 OF X, X5 X5
A= — el i 2 2.1,
R > N ¢ (2.17)
Ji— A= — 0B _, XiXaXs (2.1.8)

I I
Fixing the value of A would require using the constraint (2.1.5) afterwards.

However, instead of solving (2.1.7) and (2.1.8) to determine the critical point,
we can use the fact that E(X ; dz) is a homogeneous function of degree one to write

3

OE . OE
E = ZXaa_Xl+zzlwlade:

a=1

3 2
=21 > Xo (Qu+A) +2mi Y @ (Ji = A). (2.1.9)
a=1 i=1

The second identity is only valid at the critical point. Substituting this expression
back into S we find the entropy Sppy in terms of the Lagrange multiplier:

crit.

There is a simple way to determine the value of A. From (2.1.7) and (2.1.8) it is easy
to see that the following quantity must be zero:

0= (Qi+A) (Q2+A) (Qs+A)+v(J1—A) (J2—A) = A> + pa A’ +p1 A+ po, (2.1.11)
which gives us a third degree equation for A. Its coefficients are

pr=0Q1+ Q2+ Qs+ v,
p1 = @Q1Q2 + Q1Q3 + Q2Q5 — v(Jy + J2) ,
po = Q@3 +v i Js. (2.1.12)

From (2.1.10) we see that the entropy is real only for A purely imaginary. Since
the coefficients (2.1.12) are real, the polynomial (2.1.11) has imaginary roots only
if it can be factored as (A? + x1)(A + xo) for some z1, 75 € R, with x; > 0. The

14



coefficients p; 9 3 in terms of x5 are given by py = x9, p1 = 21 and py = x;29. This
means that in order to have real value for the entropy we must impose that

Po = P1P2 p1 >0, (2.1.13)

which correspond to some of the already mentioned nonlinear constraints among the
black hole charges required to avoid closed time-like curves. The imaginary solutions
of (A* 4+ 21)(A + 22) = 0 are A = =£i,/21, we have to chose the one that makes
(2.1.10) positive. Either way we find that

Spr = 27 \/p1 = 277\/Q1Q2 + Q1Q3 + Q2Q3 — v(J1 + Ja) (2.1.14)

which reproduces precisely (2.1.2).

2.2 Entropy of AdS5;XSEs5; black holes

The black holes we have discussed so far are asymptotic to AdS; x S®. Solutions
with general values for the electric charges for choices of the internal manifold other
than S® (and its quotient spaces under discrete symmetries) are not known. However
in [35] solutions of minimal gauged supergravity that are asymptotically AdS; are
described, which can be embedded in type IIB supergravity on AdSs x SEs5 for more
general Sasaki-Einstein manifolds other than S®. These solutions only depend on
a single electric charge (), and their Bekenstein-Hawking entropy can be read from
(2.1.2) just by identifying Q1 = Q2 = Q3 = Q.

In [38] the following expression for the entropy function of AdSs; x SE; black
holes with toric SE; was conjectured:

d 2 d 2
S(X;0) =E(X;d) —2m’(ZQaXa+ZJi@> —2m’A(ZXa—ZQ;i ;1) ,
a=1 =1 a=1 =1

d
E(X;0) = —miN* ) Cgbc % (2.2.1)
a,b,c=1

where N2Cy, = % tr R, Ry R, are 't Hooft anomaly coefficients of the dual theory. R,
gives charge 2 to the a-th chiral multiplet and zero to the others. The trace is over the
fermions of the theory. In terms of toric data Cy. = | det(v®,v°, v¢)|, where the v are
the vectors that generate the fan.! For AdSs x S® black holes this expression reduces
to (2.1.4). Using known relations valid for holographic superconformal theories [58].
we can re-express (2.2.1) at leading O(N?) order as

i (@1 _‘_C/(\JQ + 1)3

i s _dmi (@t £ 1)
24 w1 Wo

E =
27 Wy Wo

tr R(6%F) a(6F), (2.2.2)

'We will review toric geometry in chapter 4.

15



where

0% d
0g = —————— 5y =2. 2.2.3
© i+l ; ¢ (2.2:3)
For the universal black holes of [35] it is straight-forward to check that (2.2.2)
reproduces their entropy (see e.g. [3]). Since the d, can be seen as parameterizing a
trial R-charge, by a-maximization [4] a(d) is extremized when ¢, matches the exact
R-symmetry and a(d) = sﬂae; . The rest of the computation is the same as subsection
2.1.1, leading to expression 2.1.2 with @)1 = Q2 = Q3 = Q.

In [3] we provided further evidence that (2.2.1) is the correct entropy function by
SU(2)xSU(2)
U()
is the five-dimensional Sasaki-Einstein whose Kahler cone is the conifold Calabi-Yau

three-fold, and whose dual is the Klebanov-Witten gauge theory [59]. We can use

focusing in the case of AdSs x TH! with equal angular momenta. 7! =

a consistent truncation from type IIB down to 5d N/ = 2 gauged supergravity (the
second one in section 7 of [60]). Even if an AdSs black hole solution with general
electric charges and equal angula momenta is not known, assuming it exist it would
have the topology of AdS, fibered over S® and we could reduce it along the Hopf
fiber of S* down to a black hole in four dimensions. The four dimensional black hole
would then have the same entropy as the AdSs one. Since in four dimensions the
attractor mechanism is known [61-63], we can use it to compute the entropy, and
the result we obtain is in accordance with (2.2.1).

In the rest of this chapter and in chapter 3 we will discuss how the entropy of
supersymmetric Kerr-Newmann black holes can be reproduced from a microstate
counting in the dual CFT. The field theory results corroborate (2.2.1).

2.3 Superconformal index and microstate counting

In order to provide a microscopic description of the Bekenstein-Hawking entropy of
the AdS; black holes we have described in the previous sections we rephrase the
problem in terms of counting the number of states of the dual CF'T that holograph-
ically correspond to the black hole. Under the assumption that for large charges the
contribution of single-center black holes dominates, this amounts to counting all BPS
states of the dual theory with the appropriate value for the conserved charges. For
the AdSs x S° black holes in particular we need to count 1/16 BPS states of N = 4
super Yang-Mills.

The BPS states of a supersymmetric CFT transform under short representations
of the superconformal algebra, since they are annihilated by some of the supercharges.
The superconformal index [30, 31] counts these states with a sign (—1)F, — for
fermions and + for bosons. In this section we will review the definition of the index,
and in subsections 2.3.1 and 2.3.2 how it is possible to extract the black hole entropy
(2.1.2) from it.
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Let us consider a generic four dimensional A/ = 1 superconformal theory. We
work in radial quantization, in which the euclidean distance from the origin takes
the role usually reserved to the time coordinate. Because of conformal invariance
the radially quantized euclidean theory on R* is equivalent to the same field theory
defined on S3 x R, the conformal boundary of AdSs. Given a supercharge Q we can
define a supersymmetric index as

I(p) = tr (—1)F e MU TT e2rim (2.3.1)

J

where M are conserved charges that are invariant under the action of Q and p; are
their respective chemical potentials.

As in the case of the Witten index [64], the index (2.3.1) only receives contribu-
tions from BPS states that are annihilated by Q and QF, thus it does not actually
depend on the parameter 5. Indeed from the relation {Q, Q} = 0 we can deduce that
Q and {Q, QT} commute, which combined with the fact that the charges M, are Q-
closed by assumption and that any supercharge satisfies the relation {(—1)", Q} = 0,
we come to the conclusion that the state Q|Q), if not zero, gives a contribution to
the trace in (2.3.1) that is opposite to the one coming from the state |€2). This means
that unless Q|Q) = 0 (and by similar logic Qf|Q2) = 0) the contribution of |Q2) will
cancel out. Therefore (2.3.1) can be written equivalently as

Z(p) = tr

—1)F || M 2.3.2
{Q,QT}=0( ) 1:[ ( )

where the trace is over the kernel of {Q, Q'}, which coincides with the subspace of
BPS states since

0=(Q{Q, 0} = [Q)|I* + || QTI2)]]° = Q@ =2af|)=0. (233)

The reason why (2.3.2) is called an “index” is the fact that it doesn’t change
under continuous deformations of the theory. Indeed under such continuous defor-
mations the quantum numbers of a state with respect to the conserved charges M;
cannot change; the only thing that could affect the value of (2.3.2) is if a multiplet of
states in a long representation of the algebra, not counted by (2.3.2), were to break
down into two or more multiplets of BPS states with {Q, @} = 0, or viceversa.
However this would lead to a jump in the value of (2.3.2), which is a continuous
functions. We can conclude that continuous deformations of the theory do not affect
the index (2.3.2).

To obtain the proper definition of the superconformal index we still need to make
an adequate choice for the supercharge Q and the conserved charges M; that appear
in (2.3.2).
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We denote the conserved charges associated to the Cartan generators of SO(4),
the isometry group of S% as Jj o, mirroring the black hole angular momenta intro-
duced at the beginning of this chapter. Their linear combinations J. = % (Jl + Jg)
are the Cartan generators of the subalgebra su(2); @ su(2)_ C su(2,2) ~ so0(2,4).

It is convenient to assemble the supercharges into doublets of SU(2) and SU(2)_ .
If a and & are the respective spinor indices associated to these two groups we can
write the N = 1 supercharges as {Q%, Q%, S., S4}, which amount to 8 real super-
charges, since they are related by hermitian conjugation. For a radially quantized
theory we need to be careful with the hermitian conjugate of operators, considering
that in euclidean space-time hermitian conjugation is accompanied by a time rever-
sal, which in radial quantization corresponds to the inversion z — z / |x|?. This leads
to nontrivial relations like PJ = K,,, which implies that (Q*)' =S, , (Q%) =S, .

If we choose Q5 as the supercharge Q that enters the definition of the index,
then Qf = S, and their anticommutator is given by

%{97 o :H_2J+—;R. (2.3.4)

Here H denotes the conformal Hamiltonian in radial quantization, which corresponds
to the generator of dilatations, while R generates the exact U(1)r symmetry of the
theory. Thus the superconfomal index will only count states for which the quantity
on the right hand side of (2.3.4) vanishes.

One can check that the Cartan generators of the subalgebra commuting with Q
and Q' are given by H +.J, and J_. In the case of the latter it is evident since we’ve
chosen supercharges that are in doublets of SU(2), and not SU(2)_. Therefore we
can define the superconformal index as a function of the chemical potentials 7 and
o conjugated to convenient linear combinations of H + J, and J_:

I(r,0) = tr (=1)¥ exp [—B{Q, QT}—I—27TZ‘7‘(%(H+J+)—I-J_>+27T2'a(%(H+J+)—J_>] .

(2.3.5)
Considering that this expression does not depend on the value of 5, we can shift
the conserved charges conjugated to the chemical potentials 7 and ¢ by a constant
multiple of {Q, Q'} without affecting the index. In particular if we subtract ${Q, Q'}
from them we obtain the much simpler J, &+ J_ + % =Jiao+ g .
If the flavor symmetry group of the theory is given by G then its Cartan gen-
erators {q, ;k:(?F ) are O-closed conserved charges that we can add to the definition
of the index as following;:

rk(GF)
Z(,7.0) = tr (=1)" exp | =H{Q, QU 2mi7 (Ji+4)+2mi 0 (Jo+§)+2mi D badal.

a=1

(2.3.6)
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This is the general definition of the four dimensional superconformal index that we
will use from now on. The chemical potentials 7 and ¢ are conjugated to the angular

momenta J; o, up to a shift of R/2, while the flavor chemical potentials {&, ;k:(fF )
. rk(GF)
are conjugated to the charges {qa},—1 -

Had we chosen @ to take the role of the supercharge Q instead of @y we would
have obtained the same expression as (2.3.6) but with a minus sign in front of the
R symmetry, obtaining the “left-handed” index, whereas (2.3.6) gives the “right-
handed” index. The difference between the two indices can be reabsorbed just by
changing the sign of the potentials 7 and o (a change in sign of Ji doesn’t affect
the index because of SU(2). symmetry). The choice @ = @; on the other hand
produces an index that is equivalent to the right-handed one, and similarly Q = Q;
produces an index equivalent to the left-handed one.

The superconformal index is related to the supersymmetric partition function of
the theory on S® x S} as follows [65, 66]:

253><5%(£, T,0) = e PF ¢, o), (2.3.7)

where F is the supersymmetric Casmir energy, which can be expressed as a function
of the central charges a, c. The supersymmetric partition function Zgs, g1 can be
computed by means of localization.

2.3.1 N =4 SYM and the microstates of AdSs x S® black holes

Let us specialize (2.3.6) to the case of N' = 4 super Yang-Mills. The R-symmetry
group is SO(6) g , which has U(1)? for its maximal torus. A basis of Cartan generators
is given by {R,}a=123, where R, gives charge 2 to the chiral superfield ®, and zero
charge to the other two. In terms of these generator we can write the U(1) g symmetry
and flavor charges ¢ that enter the definition of the superconformal index (3.1.1)
as

Ri+ Ry + Rs) , (2.3.8)

(Ri2— Rs) . (2.3.9)

For a R-symmetry the charge of the fields in a multiplet lowers by one for pro-
gressively higher spins, while in the case of a flavor symmetry all the fields in the
same multiplet have the same charge. Since R; 53 are R-symmetries, from (2.3.8)
and (2.3.9) we see respectively that R is a proper R-symmetry while ¢ 5 are flavor
charges.

Following [43], it is convenient to define the chemical potentials {A,}a—123 as

T+ 0
3 b

Ajp=¢&2+ As=T+0—A; —Ay+1. (2.3.10)
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The definition of Aj is such that the {A,} satisfy a constraint similar to the one
imposed on the {X,} in (2.1.5). If we introduce the fugacities

p= 627ri7' , q= 627Ti‘7 , Yq = egﬂiAa , (2311)

then in terms of them we can write the superconformal index (2.3.6) as

R R,
I<p7 q,Y1, y2) = tr (—1)Fp‘]1+73 qJ2+73 y‘111 ng — (2312)

{Q,07}=0

= tr ‘{Q,gf}o P q” it st s (2.3.13)
Here @, = R,/2 correspond to the black hole charges, which were defined as the
Cartan generators of the isometry group SO(6) of the internal manifold S°, the
same way the R; o3 are (with a different normalization) the Cartan generators of the
R-symmetry group SU(4)r ~ SO(6). To go from (2.3.12) to (2.3.13) we must notice
that (—1) = (=1)". Indeed the fact that Rj gives even charge to all the superfields
(charge two to ®3 and V, charge zero to ®; ) means that all boson fields have even
charge under R3 while the fermions have odd charge.

From (2.3.12) we can see that the superconformal index is a single valued function
of the fugacities, considering that the flavor charges ¢ o are integers and so are
Jia + %. As for the latter R3 is odd only for fermions, in which case the spin
statistic theorem says that .J;, are half an odd integer. On the other hand for
bosons J; o are integers and I3 is even.

From (2.3.13) one can extract the sought after value of the entropy of AdSz x S°
black holes as a Fourier coefficient. Schematically:

581 (1Q) /dr do dA, dAy T(1, 0, Ay, Ay) e 2Fi(THe 2t 0mi058000) (9.3 14)

The saddle point approximation of this integral leads to expressing the entropy Sgg
as the Legendre transform of log Z(7, o, Ay, Ag, A3) with the constraint Ay + Ay +
Az = 7+ 0=+ 1. In the light of the extremization principle for the black hole entropy
discussed in section 2.1.1, by identifying A, = X,, w1 = 7 and wy, = ¢ we conclude
that in large N limit the logarithm of the superconformal index should reproduce
the entropy function (2.1.4), which scales as O(N?).

The matching between the entropy function and the logarithm of the super-
conformal index at large N was first achieved in [43] for the case of 7 = o, which
corresponds to considering black holes with equal angular momenta. Previous at-
tempts [31] to reproduce the black hole entropy had failed to obtain the expected
O(N?) behavior, getting instead a O(1) scaling for the large N limit of the supercon-
formal index. This discrepancy was attributed to large cancellations between boson
and fermions states due to the (—1)¥ factor in the index. The authors of [31] only
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considered real values for the fugacities; as pointed out in [42, 43, 57, 67], this corre-
sponds to a Stokes line for the large N behavior of the index. The critical point of
the entropy function corresponds to complex values for the fugacities, for which the
logarithm of the superconformal index grows as O(N?).

In [3] we provided the first large-N computation of the index for general charges,
including the case of unequal angular momenta J; # Js, and we reproduced the
entropy function (2.1.4).

We note that there is also another limit, other than the large-N one, for which
the superconformal index has been show to reproduce the entropy function of AdSs
black holes: the Cardy limit 7,0 — 0 [42].

2.3.2 Microstate counting for AdS5 X SE5 black holes

A microstate counting for AdS5;xSE5 black holes can be done in a similar manner, by
computing the large-N limit of the dual field theory. The cone over a toric SE;5 is a
Gorenstein toric singularity, and the dual CFT lives in the world-volume of the stack
of N D3 branes probing the singularity. The N’ = 1 quiver theories that in the IR
flow in this CFT are called the toric phases and they are related by Seiberg dualities.
Such toric phases have as a gauge group multiple copies of SU(N), and in terms of
matter content only have chiral multiplets in the bi-fundamental representation of
two of the SU(V) groups [68]. They can thus be represented with a quiver diagram,
a directed graph where the SU(N) subgroups are the nodes and arrows between
nodes represent bi-fundamental chiral multiplets. A prescription on how to extract
important data such as the R-charges of a toric phase with minimal content has been
proposed in [69].

In [70] it was shown that the Cardy limit of the logarithm of the superconformal
index of toric models can reproduce the entropy function (2.2.1).

The first large-/N computation of the superconformal index for toric model was
done in [45] in the special case 7 = 0. In [3] we generalized this result to the
case of general parameters, thus fully reproducing (2.2.1). We note that the quiver
theories considered in these works can also include chiral multiplets in the adjoint
representation, which are not needed for the minimal phase of toric models, but it
is an easy generalization which is also useful to make contact with N/ = 4 super
Yang-Mills, whose three chiral multiplets are in the adjoint of SU(N). These quiver
theories are also the ones we will focus in chapter 3 in our large-N limit analysis.
In the next section we will review the necessary formulae for the computation of the
superconformal index.

2.4 Formulae for the superconformal index

In this section we will review two formulae for the superconformal index of quiver
theories, the integral representation [30, 31, 71] and the Bethe Ansatz formula [46, 47].
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We will discuss how to extract the large-/N limit of the index from them in chapter
3.
2.4.1 Integral representation

The index for N = 1 superconformal theories in four dimensions has the following
integral representation [30, 31, 71]:

Z,1,0)= /ig/ Z(u; &,7,0) d™ Dy . (2.4.1)

[0,1)7(®)

The integration variables are called holonomies and they parametrize the Cartan
subalgebra of the gauge group GG. The factor k¢ in front is defined as

- k()
kg = IV\l’G| [H (1 - 627”"”> (1 - em’“")] , (2.4.2)

k=1

where [Wg| is order of the the Weyl group that acts on the root system of G. The
integrand on the other hand is given by the following product of elliptic gamma
functions (see appendix A.1 for their definition and properties) :

X

I IT Te(prw) +wi(€) + 72 57.0)

I=1 preRy

Z(w &, 7,0) = (2.4.3)
[1 T.(a(w):7.0)
aEA
Let us look at the numerator first. The index I = 1,...,n, runs over all chiral

superfields of the theory, each one transforming in the representation R; of the
gauge group G and carrying flavor weight w; with respect to the representation Rp
of the flavor symmetry group Gr. The p; denote the weights of R; and act on the
holonomies u, given how the latter parametrize the Cartan subalgebra of G. While
the numerator of (2.4.3) accounts for the contribution of the matter content of the
theory, the terms at the denominator come from the vector multiplets. Here A
denotes the set of the roots of GG; indeed the gauge fields are always in the adjoint
representation, for which the nonzero weights are the roots of the group.

We will denote w;(§) = wf&, simply as &. The {{;} are a more convenient
parametrization of the flavor chemical potentials, but they are not linearly indepen-
dent: for each superpotential term W in the Lagrangian they satisfy the constraint

d &=0. (2.4.4)
Iew
It will also be useful to define a new set of chemical potentials {A;} as

T+ 0

Ar = &+ 5

(2.4.5)
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in analogy to the already mentioned potentials (2.3.10) of N' = 4 super Yang-Mills.
Notably, the superconformal index as a function of 7, o, A; is invariant under integer
shifts of its arguments.? For each superpotential term W in the Lagrangian we have
that

ZA[:T—FU—an, (246)
Iew

where ny, € Z can be chosen arbitrarily, considering that the A; are only defined up
to integers. This constraint follows from (2.4.4) and the fact that each superpotential
term must have R-charge 2:

d =2, (2.4.7)
The integral representation (2.4.1) of the index is valid in the following domain:

Im(7+0) >ImA; >0, Im7 >0, Imo >0. (2.4.8)

Outside the above domain it would be necessary to change the integration contour
to avoid the poles of the I',.

2.4.2 Bethe Ansatz formula

In this subsection we will review the Bethe Ansatz formula for the superconformal
index [46, 47].

First, we restrict ourselves to values of the chemical potentials 7 and ¢ such
that their ratio 7/o is a rational number. By doing so we do not loose any relevant
information: as observed in [47], the set {(7,0) € H? | /0 € Q} +7Z? is dense in H2.?
Considering that the index as a function of 7, o, Ay is invariant under integer shifts
and it is continuous, the value of the index for generic angular chemical potentials
can be inferred from the 7/0 € Q case For 7/0 € Q, we can then define w, a and b
such that

T=aw, o =Dbw, Imw >0, gdc(a,b) =1. (2.4.9)

Then the Bethe Ansatz formula expresses the superconformal index as

ab
Z(&,71,0) = kg Z Z Z(t—mw ;&1 0) H a4, w) . (2.4.10)

weEMBAE {m;}=1

Here Mpag denotes the set of all the inequivalent solutions to the following tran-
scendental equations:

Qi(u; A, w) H I1 P(pa +Aa,w)(pa)":1, Vie {1,..,1k(G)}, (2.4.11)

a=1 paERa

2In general the same is not true when the index is written as a function of 7, o and &,. The
reason is that the index is not a single-valued function of the fugacities p, ¢ and v,, unless all the
R~charges of the theory are even.

3In our conventions H is the set of complex numbers with positive imaginary part.
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where P(v;w) is defined in terms of the 6, function (see appendix A.1) as

ewi (v— %)

Ply;w) = Do)

(2.4.12)
The equations (2.4.11) are called the Bethe Ansatz equations (BAE in short). The
identifications

wup~u;+1~u;+w (2.4.13)

together with Weyl group transformations define the equivalence classes of solu-

tions that constitute the elements of Mpagp. Indeed the “Bethe Ansatz operator”

Qi(u; A,w) can be show to be invariant under (2.4.13) and is trivially invariant un-

der the Weyl group. Lastly, the quantity H(u; A,w) that appears in (2.4.10) is a

Jacobian and it is given by
1 0Qi(u; A,w)

H(u; A w) =det | — ————| . 2.4.14

(1.8,0) = dot | 7 HEL (2.4.14)

The Bethe Ansatz formula (2.4.10) has been derived from the integral represen-

tation (2.4.1) in [47]. We will now very briefly review how it is proven. The general
idea is to rewrite (2.4.1) in the following trivial way

rk(G)
1—Qilu; Ayw)
I, 1,0) =k / Z(u; &, 7,0 2L k(@y 2.4.15
(5 ) G 0.1 ( 5 ) ];11: 1—Qi(u;A,w) ( )
and then apply this shift formula for Z to the numerator:
Qi(u; A, w) Z(u; €, aw, bw) = Z(u — d;abw ; €, aw, bw) . (2.4.16)

The result can be written as a single contour integral of the function Z-I1;(1—Q;) ™.
The Bethe Ansatz formula (2.4.10) is then obtained by application of the residue
theorem.
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Chapter 3

Superconformal index at large-IN

There are primarily two distinct methods that have been used to compute the su-
perconformal index of N = 1 quiver theories at large-N.! The first one makes use
of the Bethe Ansatz formula [46, 47], which we reviewed in subsection 2.4.2. The
Bethe Ansatz formula simplifies considerably in the particular case of equal angular
momenta, for this reason the computations of [43, 73, 74] for N' = 4 Super Yang-Mills
and [44, 45] for more generic quiver theories were restricted to J; = Jo. The J; # J,
case was finally addressed in [3]: a particular contribution to the Bethe Ansatz for-
mula for the index has been shown to reproduce the entropy of Kerr-Newman BPS
black holes with arbitrary charges. However, a notable limitation of [3] is that we
only computed a single exponentially growing term out of the many competing ones
that contribute to the Bethe Ansatz formula.

The other approach to the large-/N computation of the superconformal index is
the elliptic extension method [48-50]. It consists of a saddle point analysis of the
matrix integral representation of the index, with the peculiarity that the integrand is
not extended analytically outside its contour of integration; instead, it is extended to
a doubly periodic function. The action of the matrix integral is thus well-defined on
a torus, and a large class of saddle point solutions can be found by taking advantage
of its periodicity properties. This method was pioneered in [48] for N/ = 4 Super
Yang-Mills and later generalized to other quiver gauge theories in [49]; furthermore,
a reformulation of this approach that that is exact even at finite values of N has been
developed in [50]. So far this type of saddle point analysis has been employed only
for the case of equal angular momenta; the reason behind this technical restriction
is that the modulus of the torus is taken to be equal the chemical potential of the
angular momentum J = J; = J,.

The primary motivation behind the work presented in this chapter is to bet-
ter understand the large-N behavior of the superconformal index for general values

!There is also the approach of [72], which considered a truncated matrix model for the index
and showed that higher order corrections are numerically small.
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of BPS charges, especially in the case of unequal angular momenta, J; # J,. We
consider both approaches, the elliptic extension method and the Bethe Ansatz for-
malism, in order to provide an estimate of the large-N limit of the index. We also
investigate the relation between the two methods, focusing in particular on what the
saddles of the elliptic action correspond to in the Bethe Ansatz formalism.

First, we extend the saddle point analysis of [48, 49] to the J; # Jy case. We
achieve this by employing the same trick as [47]: we can assume without loss of
generality that the angular chemical potentials are integer multiples of the same
quantity, that is 7 = aw and o = bw, so that we can take advantage of the properties
of the elliptic gamma functions [75] to rewrite the action as a function that is well-
defined on a torus of modulus abw. We find that the class of solutions to the saddle
point equations described in [49] can be easily generalized to the 7 # o case, and we
compute their effective action.

We then consider the Bethe Ansatz approach to the large-N computation of the
index, proceeding as following.

e We revisit the computation of [3], which focused only on a single contribution
to the Bethe Ansatz formula, and extend it to encompass a large class of
competing exponential terms, finding a good match with the effective action of
the elliptic saddles. Our large-N estimate of the superconformal index is thus
verified in both formalisms.

e We provide a simplified derivation of the same large-N result of [3]. The most
laborious step in the computation of [3] is proving that a particular simplifica-
tion does not affect the large-N leading order of the index. We show how this
step can be avoided altogether, provided that N and ab are coprime.

e We study the relation between the saddles of the elliptic extension method and
the solutions to the Bethe Ansatz equations (BAE), with the intent to shed
light on the connection between the two different approaches. We find that in
the J; = Jy case every elliptic saddle corresponds exactly to a BAE solution;
however this is no longer true when J; # J,, since the elliptic action and
the Bethe Ansatz equations have different periodicities. Nonetheless, we show
that matching elliptic saddles with holonomy configurations that contribute
to the Bethe Ansatz formula is always possible, as long as the role of the
auxiliary integer variables m; present in the Bethe Ansatz formalism is taken
into consideration. This matching is not always exact: sometimes the two differ
by O(1/N) corrections, which can be shown to produce a negligible effect at
leading order.

This chapter is organized as follows. In section 3.1 we introduce the integral
representation of the superconformal index of ' = 1 quiver theories and we define the
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elliptic extension of the integrand. In section 3.2 we describe the saddles of the elliptic
action and compute their effective action. In section 3.3 we switch to the Bethe
Ansatz formalism: in subsection 3.3.2 we study the relation between solutions of the
Bethe Ansatz equations and saddles of the elliptic action, while in subsection 3.3.3
we evaluate the large-N limit of the contributions to the Bethe Ansatz formula that
correspond to holonomy distributions that match the saddles; lastly, in subsection
3.3.4 we elaborate on the relation between our results and the ones of [3]. In section
3.4 we provide a summary of our results and discuss some open questions.

3.1 The superconformal index of quiver theories

We are interested in computing the large-/N limit of the superconformal index of
a broad class of four dimensional N' = 1 quiver gauge theories. We will focus on
theories whose gauge group can be written as the direct sum of SU(N) subgroups,
and with matter fields that transform in either the adjoint or the bifundamental
representation. The exact field content of these theories can be summarized in the
quiver diagram, a directed graph with |G| nodes and and n, arrows (oriented edges)
between them, according to the following rules:

e Each node of the quiver denotes a SU(N) subgroup of the gauge group G.

e An arrow between two distinct nodes denotes a chiral multiplet in the bifun-
damental representation of the two SU(NV) groups associated to the respective
nodes.

e An arrow that has both ends attached to the same node denotes a chiral mul-
tiplet in the adjoint representation of the respective SU(V) subgroup.

Let us specialize the general formula for the integral representation of the su-
perconformal index (2.4.1) to the case of the above class of quiver theories. We will
label the nodes of the quiver diagram with the index o = 1,...,|G|. The index I,3
will run over all the arrows of the quiver that start from the node a and end on the
node 4. Then the integral representation (2.4.1) can be written as

IGI N |G| N
7= n/[Dg] H H Fe(u%+7'+a;7',a>- H H H Fe<u%B+AI;T,a>, (3.1.1)
a=1i#j=1 a,B=1 I,p i,j=1
where the prefactor x is given by
00 IGI(N-1) |g] .
K = [H (1 — eQﬂkT) (1 — 62”“”)] H HFB (AI 0T, 0) (3.1.2)
k=1 a=1 Iya
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and the integration measure is

|G|

1
[Du] = (Kﬂjﬁﬂ !;25

N N
(Zu;) [ dus (3.1.3)
j=1 i=1

The above variables u{ are an over-parametrization of Cartan subalgebra of G: for
any given a they parametrize the Cartan subalgebra of U(N). The delta functions
in the measure then restrict them to the Cartan subalgebra of SU(NN). For brevity
in (3.1.1) we used the notation

O[:

a
ij j

e, o = e — (3.1.4)

u u —u Uy i
The domain of validity of the integral representation of the index is (2.4.8). Through-
out the rest of this chapter we will assume that the value chemical potentials Aj, T,
o is within this domain.

Since logk = O(N), in the large-N limit this term gives a subleading con-
tribution and can be neglected. Similarly the W factor in the measure is also
subleading, being O(N log N). In the following discussion we will ignore them, as
we will only be interesed in the leading order O(N?) contributions.

In formula (3.1.1) the contour of integration for the holonomies u lies exclusively
on the real axis. The integrand of (3.1.1) can be extended analytically to the rest of
the complex plane, since it is a product of elliptic gamma functions, which are are
meromorphic. However it is possible to consider different extensions to the complex
plane; one of the key ideas behind the saddle-point approach of [48, 49] for the large -
N limit of the index is to forgo the analytic extension of the integrand in favor of a
doubly periodic one. Focusing exclusively on the 7 = o case, the authors of [48, 49]
rewrote the integral representation of the index in terms of the function Q.q4(z;7),
which is a doubly periodic function in z with periodicities 1, 7 that matches the

elliptic gamma function on the real axis as following:
Qealz;7) :Fe(az+(c+1)7+d;7,7)71, VrzeR. (3.1.5)
For all ¢,d € R the Q.4 function is defined by [48]

(- Q(z+cT+d;T)
. _ (3 6) )
Qealz;7) = e P(z+cr+d;7)e’

(3.1.6)

where the functions P and @ are defined by (A.1.17) and (A.1.19) respectively [76—
78]. There is an ambiguity in the definition of the phase of P, ) which will play an
important role in the discussion of section 3.2.1.

One of the goals of our work is to extend the computation of [48, 49] to the case
of unequal angular momenta. We can take advantage of the same observation at the
heart of the Bethe Ansatz formula for 7 # o [47], that is we can assume without
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loss of generality that the angular chemical potential 7, o are such that 7/0 is a
rational number (see the discussion at the beginning of subsection 2.4.2). Again, we
will define w € H and integers a, b so that

T =aw, o=bw, ged(a,b) =1. (3.1.7)

We can now take advantage of the following gamma function identity [75]:

a—1b—1
Le(z;aw,bw) = H H Le(z+ (as + br)w; abw, abw) (3.1.8)

r=0 s=0

which follows from (A.1.3) and it allows us to write an analogue of (3.1.5) valid for

T # 0
Le(z+ (c+1)abw+d; aw, bw) HHQ_+ req(@iabw),  VreR. (3.1.9)

We can use this relation to rewrite the integral representation of the index (3.1.1) in
terms of a new integrand which is doubly periodic but not meromorphic:

a—1b-1 [ |G| N

:/{/[DH]HH H H Qﬂﬁ“ 1 0( ”’abw>

r=0s=0 L a=1i#£j=1

G . (3.1.10)
H H H Qf+s+ Ap)a—1, (A < ij ,abw)] )
o,B=1 I,p i,j=1
where (Ay)12 are defined by
Ar = (A +abw(Ar)s, (A2 €R. (3.1.11)

This integral representation will be the starting point of the saddle point analysis of
section 3.2.

3.2 Large-NN saddle points and the effective action

In this section we compute the large- N limit of quiver theories for general angular
momenta by following the same saddle-point approach as [48, 49]. First, we write
the matrix model (3.1.10) as

7= /[Dg] exp ( - S@) , (3.2.1)

where the action S(u) takes the following form:

¢ N i N
=S+ > Y Vug.r+o)+ > Y Y v A . (3.2.2)
a=1 i#j=1 a,B=1 5 i,j=1
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Here S is a constant that does not depend on the holonomies u and whose value is
subleading at large-/N, while the function V' is defined as following:

V(z, A) = log Qf+§+(A)2—1,(A)1 (z;abw) (3.2.3)

Since Q.q4(z; abw) is doubly-periodic in the variable z with periodicities 1 and abw,
so is the function V.
The saddle point equations are obtained by varying the quantity

Gl N

H-3 Y (Aau? + Xa@) (3.2.4)

a=1 i=1

with respect to the holonomies {u$} and their complex conjugates {u$}. The quan-
tities A* and A* are Lagrange multipliers required to enforce the SU(N) constraint.
We have denoted the action (3.2.2) as S(u, ) to stress the fact that it is not mero-
morphic and thus 8@5 # 0. Varying with respect to u{' leads to the following

equation:

N IG| 1G]
Z (GV(u% , T+0) =0V (u;, T+0)~|—Z Z 8V U 4 Z Z ﬂ, ) = \“
j=1 B=1 lap 7=l Iya

(3.2.5)
Here OV is a shorthand for 9,V (z, 2, A). A similar equation with OV and Ao replacing
OV and \* is obtained when we vary with respect to u.

When a = b = 1 equation (3.2.5) and its analogue for OV match the saddle
point equations discussed in [49]. A large class of solutions for the a = b = 1
case has been found in [48, 49] using only the periodicity properties of V. When
ab # 1 the expression for V' becomes more complicated, but it still remains a doubly
periodic function and thus the solutions known for the a = b =1 case can be easily
generalized; we will now briefly review them.

Because of the periodicities of V' the solutions to equation (3.2.5) live in the
torus Er = C/(Z + TZ), where T = abw. The solutions that we consider are such
that uf = 5 = u; for all o, §; the advantage of this ansatz is that equation (3.2.5)
can now be solved simply by searching for configurations {u;}%, such that the sum

N

J=1

does not depend on the value of the index i. This can be achieved by taking {u;}, =
U+, where U is a finite subgroup of the torus Fr and @ is some constant (u vanishes
when we take the difference u; —;). Indeed, for any u; € U we have that {u—u;}, ey
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and U are the same set, and thus the following sum does not actually depend on the
value of u;:
> oV(u—ui, A) =) oV(u,A), (3.2.7)
uel ueU
Thus equation (3.2.5) is solved by the choice {u;}Y, = U + 4, and the same is true
for the analogue equation for OV. In particular this means that these solutions to
the saddle point equations can be classified by homomorphisms of abelian groups of
order N into the torus Ep [49].
Any abelian group G of order N is isomorphic to a product of cyclic groups:

G=(Z/NZ) x...x(Z/N,Z), (3.2.8)

where N;...N, = N. Furthermore, we can assume without loss of generality that
each N; is a divisor of N;_; 2, which we write compactly as N; | N;_1. The most
general homomorphism of the cyclic group of order N into the torus can be written
as

iH%(mT—i—n), i€Z/NZ, (3.2.9)

for some m,n € Z. Hence, the most general saddle point configuration that corre-

sponds to a finite group homomorphism in the torus takes the following form:

1 i

u = (T m) + .4 e (me T +ng) + 4, (3.2.10)
1..0g N, N,

where N;... Ny, = N and N; | N;_;. The value for the constant @ is chosen so that

the SU(N) constraint is satisfied:

> ud=0. (3.2.11)

Since (3.2.2) only depends on differences between holonomies @ ultimately cancels
out in all the relevant equations. From now on we will omit % completely.

We note that different choices of integers {N;, m;, n;}‘_, may lead to equivalent
solutions, that is solutions that match under the periodicities of the torus Er or
permutations of the index ¢ of uf. As an example, (3.2.10) is invariant under u$ —

l

@ or equivalently {m;,n;}_; — {—m;, —n;}2_,. For this reason we can assume

7

—u
without loss of generality that m; > 0.

2This is due to the fact that (Z/mZ) x (Z /nZ) = (Z/nmZ) if ged(m,n) = 1, hence there
are multiple factorizations N = Nj X ... X N, that, up to isomorphisms, define the same abelian
group G, and it is always possible to find one that satisfies N; | N;—1 Vi [49].
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3.2.1 Contour deformation

It is not sufficient for the saddles (3.2.10) to be stationary points of the action
(3.2.2) for them to contribute to the integral representation of the index (3.1.10); it
is necessary for the contour of integration to pass through the saddle point as well.
There is a problem: the integrand of (3.1.10) is not meromorphic, and thus it is not
possible to use the Cauchy theorem to change contour. An alternative procedure for
the deformation of the contour has been used in [48, 49] for the analysis of the 7 = o
case; in this section we will show that it can be adapted to the 7 # ¢ case as well.

In both integral representations of the superconformal index, (3.1.1) and (3.1.10),
each holonomy variable u{* is integrated over the interval [0,1). In the case of (3.1.1)
the integrand is meromorphic and we are free to deform the contour as long as we
don’t cross any poles; however the saddles (3.2.10) are only stationary points of the
integral representation with a doubly periodic integrand (3.1.10). The key insight of
[48, 49] is that the integrands of (3.1.1) and (3.1.10) are equal when evaluated on any
given saddle, as long as the phase of the (). 4 function is chosen appropriately. The
idea is to deform the contour of integration of the meromorphic integrand to one that
passes thought the saddle point, and then show that the meromorphic integrand can
be substituted with the doubly periodic one up to subleading corrections.

In order to show that the argument of [48, 49] can be adapted the 7 # o case we
only need to check that the integrand of (3.1.1), which is a product of elliptic gamma
functions I'., and the integrand of (3.1.10), which depends on the Q.4 function and
the choice of its phase, match when the holonomies u$ take (3.2.10) as their value.

When 2 is real the functions Q.q4(z;7) and Te(z + (¢ + 1)7 +d;7,7)"' match
exactly; otherwise their relation is given by the following formula [48], obtained by
substituting (A.1.19) in (3.1.6):

P(z+cr+d;T)2
F(z+ (c+ D)1 +d;7,7)°

Qc,d(2§ 7_) — eQm‘aQ(z+cr+d) 67271'7:7'143(22) (3.2.12)
Here z; 2 € R are defined by z = 2;+7 2. The phase of ). 4 depends on the particular
choice for the real-valued function a. Apart from the constraint ag(z) =0V € R,
ag can be chosen arbitrarily in the fundamental domain 0 < 2,5 < 1; its value on
the rest of the complex plain is then fixed by the requirement that Q. 4(z;7) must
be doubly periodic in z with periods 1, 7.

The rest of this subsection will be dedicated to showing that the integrands of
(3.1.1) and (3.1.10) are equal in absolute value when evaluated on any given saddle.
It is then possible to choose a appropriately so that the integrands match in phase
as well, and thus the contour deformation argument of [48, 49] can also be applied
to the 7 # o case.

The function A, that appears in (3.2.12) denotes the following cubic polynomial:

Ac(z) = 12 + $ea® + iz — Lo (3.2.13)
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We can show that the total contribution of A, to the integrand of (3.1.10) vanishes
when evaluated at the saddle points, that is

>0 [IGI Actreny ((uy)2) + 3 A;+i+mz>2—1(<“w)2)]

TS G I u; as in (3.2.10)
(3.2.14)
First, we note that the odd powers of z in A.(x) vanish when we sum over i, j since

=0.

(uij)2 changes sign when i and j are exchanged. This leaves only the quadratic
term in x, which is proportional to ¢; when we sum over r,s and all the multiplet
contributions the c-terms vanish:

S [o(r2h 5 )]
G|+ Z(%q)] =0.

The term in the square bracket in the second line can be shown to be vanishing

(3.2.15)
a + b

by imposing the U(1)g - gauge? anomaly cancellation condition, which for the quiver
theories that we are considering can be written as following®:

Gl +> (7f1—1)=0. (3.2.16)

This relation is valid for any R-symmetry. Then (3.2.15) follows from (3.2.16) if we
consider the R-symmetry obtained by assigning the following charges to each chiral

multiplet:
~ 2ab(A1)

rr =
a+b
Because of relation (2.4.6) this choice of R-charges does indeed satisfy

d =2 (3.2.18)

(3.2.17)

for every superpotential term W in the Lagrangian.
The contribution of log | P| to the integrand is vanishing as well:
N

Z(uij)Q log ‘P(U/i]’ +(c+1)+ d;T)‘ =0. (3.2.19)

ij=1
This relation can be derived from the double Fourier expansion of log |P| (A.1.18)
and the fact that sums of the following type vanish:

Ny, .

S ik — i) 2 (B =) _ (3.2.20)

ik, Jk=1

3Condition (3.2.16) is equivalent to the statement that tr R = O(1) at large-N, for any R-
symmetry R. For more details we refer to appendix B of [49].
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Since the contribution of the A. and log |P| terms is overall zero, from (3.2.12)
we see that the integrands of (3.1.1) and (3.1.10) are equal in absolute value on the
saddles, which is what we needed to show.

We conclude this subsection by mentioning that in [50] a more rigorous frame-
work for this type of saddle point analysis has been presented, based on Atiyah-
Bott-Berline-Vergne equivariant integration formula [51, 52]. The method of [50] is
also applicable at finite IV, and it provides more solid evidence for the fact that the
(3.2.10) saddles do indeed contribute to index.

3.2.2 Continuum limit

In the large-N limit the saddles (3.2.10) become uniform continuous distributions.
We can make the substitutions

N 1
uf — u®(x), Z —> N/ dx (3.2.21)
i=1 0

and replace the discrete action (3.2.2) with a large-N effective action Seg|u], which
is a functional of the distribution u*(z) and is given by

le] |G|
/d:)s/ dy ZV ), THo)+ Y Y V(u® Slyy Ar)|.
a,B=1 I.g

(3.2.22)

The stationary points of this action can be found by extremising the functional

G|

Z/ dx XU (2) + Aus (z )), (3.2.23)

and correspond to the continuum limit of the discrete saddles (3.2.10). The su-
perconformal index at large-N can then be written as a sum over these stationary
points:
T~ > exp(—Selu]). (3.2.24)
u€{saddles}
In order to take the continuum limit of the saddles (3.2.10) we need to distinguish

between a few cases. Each saddle depends on a particular factorization of N, that is
NENl...Ng with ]\/vZ | Ni—l Vi:

@ i

Ui = N — (M T+mn)+...+ —(mgT ) (3.2.25)

Ny

Hence, the N — oo limit can be realized in multiple ways.
Let us consider the case of saddles with ¢ = 1 first. After the the substitution
i1/Ny +— x they become
u(z) =z (mT +n). (3.2.26)
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We omitted the subscript on m; and n; as it is no longer needed. The effective action
for these saddles can be written as

Set(m,n) = (3.2.27)

:NQ/ dx dy [|G!V(( y)(mT +n), T+0') ZV(:C— mT—l—n),AI>]

:N2/0 dz {\Gyv(x(me),Ha) —i—XI:V(x(mT—i—n),AI)} .

The second equality follows from the fact that mT + n is a period of V. An-
other consequence of the periodicity of V' is that Seg(m,n) = Seg(m/h,n/h), where
h = ged(m,n). This is expected, considering that the (m,n) saddle describes a dis-
tribution of holonomies equivalent to the one of the (m/h,n/h) saddle. Thus for
the ¢ = 1 “string-like” saddles we can assume that ged(m,n) = 1 without loss of
generality. We postpone the computation of Seg(m,n) to section 3.2.3.

We consider the ¢ = 2 saddles now. Let us first assume that Ny ~ O(1) at
large-N. We can make the substitution ¢;/N; +— = and write the ¢ = 2 saddles in
the continuum limit as

ul (z) =a (mi T +ny) + F(mg T +ns) . (3.2.28)
2

If we want to write the saddle without the extra index i, we can change variables to
Tnew = T/No + i5 /N3 so that

Nyx
u(z) = {Naz} (mi T +ny) + L ]\i J (ma T +ny), (3.2.29)
2
where {Ny z} = Nyx — [Ny z]. It is straightforward to see that (3.2.29) extrem-
ises the effective action (3.2.22) for any value of N,. For convenience we will use
representation (3.2.28) and keep the index iy; the effective action is then given by

Ser(m, n1; ma, ng, Np) = Z/ dx [\G\V (miT + nq) —|—F(m2T—i—n2) T—l—a)—l—
2

igl

(3.2.30)
Again, without loss of generality we can assume that ged(mq,ny) = ged(mg, ng) = 1.
We postpone the computation of (3.2.30) to section 3.2.4.

If we take Ny — o0 in (3.2.28) we obtain the “surface” saddles:

u(z,y) =z (M T+n1) +y (meT +no) . (3.2.31)
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The effective action for these saddles is the same as (3.2.30), provided that the
following substitutions are made:

. N 1

19 1 /

— — Yy, — — dy . 3.2.32

0 s (3232
Because of the periodicity of the potential V| as long as (mq,n;) and (mg,ng) are
linearly independent the effective action of surface saddles does not depend on any
of these integers:

1 1 1 1
/ da:/ dy V(x(m1T+n1) +y(m2T+n2),A> :/ dx/ dyV(xTer,A) .
S A (3.2.33)
On the other hand if (my,n,) and (mg, ns) are linearly dependent the saddle (3.2.31)
is just equivalent to one of the “string-like” saddles (3.2.26).

The saddles with ¢ > 3 in the continuum limit are always equivalent to one
of the already discussed cases, (3.2.26), (3.2.28) or (3.2.31). To see why, let us
fist assume that m; # 0. We can rewrite the ¢ = 2 saddle (3.2.28) by shifting
x +— = — (ia/N3)(ms/my), obtaining the following equivalent expression:

ig ming — Monny
ud () =x(mT+n) +— —F——. 3.2.34
@) = (m T m) + 12 T2 (32:34)
Similarly, a generic saddle with ¢ = 3 and m; # 0 after the i;/N; — x substitution
and analogue shifts can be written as
ig ming — Mony I ’ig ming — Mmsny

a () = T 2
u (@) =2 (mi T +ny) + N, - N, -

(3.2.35)

Considering that N3 | Ny and ged(mq,nq) = 1, it is always possible to find (ms, 1)
such that the ¢ = 2 saddle with my,ny, may,na, Ny is equivalent to (3.2.35). The
my = 0 case is similar: the saddle

1 1
ugh ;. (x) = + FQQ (ma T + ny) + FZ (ms T + ns) (3.2.36)
can be rewritten as ) ,
U, 45 () = T + ]ZV—Q my T + ;V—?’ ms T (3.2.37)
2 3

by shifting © — x — (ia/N2)ny — (i3/N3)ng ; it is then always possible to find N, such
that the saddle is equivalent to

W () =1+ 2T, (3.2.38)

12
2

In conclusion, there is no need to consider saddles with ¢ > 3 in the continuum limit.
This argument does not hold at finite NV however; we will discuss the saddles (3.2.10)
at finite /N in more detail in section 3.3.2.
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3.2.3 String-like saddles

In this section we focus of the saddles u®(z) = x(mT +n) and compute their effective
action Seg(m,n). Without loss of generality we can assume that ged(m,n) = 1 and
m > 0. Given (3.2.3) and (3.2.27), the effective action of these saddles takes the
following form:

Set(m,n) / dx

r=0 s

1

S

-1

Gllog Qri1, s41 <$(mabw+n);abw>+
a b

—-1,0

I
=)

+ Z log Q§+%+(AI)271’ (A (x(mabw +n); abw)] .
I

(3.2.39)
When m # 0 the integral can be computed using formula (A.1.22), which we can

write as
/ dz log ch<x(m7+n) ﬂ') = —ﬂCT—f—ﬂ 3([ (er )]mT+n) —|—<purely imaginary> 3
0 ’ 6 3 m(mt + n)?
(3.2.40)
where the function [ -]’ is defined as follows:
_ forz €eR~Z, y€cR
[otyr]l = 7TV dEEEASYER (3.2.41)
T either y7 or y7r+1 forx €Z,yeR

There is an ambiguity in the definition of [z]] when z € Z 4 7 R; however, because of
property (A.1.13) of the Bernoulli polynomials and the fact that B, (0) = B, (1), one
can see that equation (3.2.40) is unaffected by this ambiguity. The purely imaginary
terms left out from equation (3.2.40) do not actually contribute to the large-N
leading order of the effective action, considering that Seg is defined up to multiples
of 2mi.

Using (3.2.40) we find the contribution of a single multiplet to the effective action:

a—1 b—1
N2ZZ/ dx logQrJr S ()1, (A < (mabw+n);abw> = (3.2.42)
r=0 s=0
. om bNQ( ho(A) ) N “ZI ot ([mA + mw(as + br — ab), uin)
~ 6 sz & e 3m(mabw + n)? ’

where A = 7 + o for vector multiplets and A = A; for the [-th chiral multiplet.
When we sum over all multiplet contributions the first term in the second line of
(3.2.42) gives an overall null contribution because of anomaly cancellation relations;
it is indeed the same (3.2.15) term that we discussed in section 3.2.1, up to a pro-
portionality constant. The effective action for (m,n) saddles with m # 0 can thus
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be written as

Seg(m,n) = miN? (|G| Un(T+0) + Z \I/m’n(AI)> , (3.2.43)

I
where U,, ,(A) denotes the following quantity:

a—1 b—1 B3 mA + mw(as + br - ab)]mabW+”)

3m(mabw + n)? (3:2.44)

=0 s=0

<

As a simple check, we notice that (3.2.44) is invariant under (m,n) — (—m, —n),
as expected. Using that [—z]. = 1—[z]. and property (A.1.11) of the Bernoulli poly-
nomials, we can see that under (m,n) — (—m, —n) the numerator of the summand
in (3.2.44) changes sign; since the denominator changes sign as well, (3.2.44) is indeed
invariant.

When a = b =1 we have 7 = ¢ = w and the effective action (3.2.43) matches the
analogous result obtained in [49]. It is also in accord with the results [43-45, 73, 74]
derived from the Bethe Ansatz formula. As for the a # b case, the effective action
of the (m,n) = (1,0) saddle matches perfectly the contribution to the index we
computed in [3] using the Bethe Ansatz formalism; we will discuss in more detail the
relation between the saddle point and the Bethe Ansatz approaches in section 3.3.2.
As we showed in [3] the contribution to the index corresponding to the (m,n) = (1,0)
saddle reproduces the entropy of supersymmetric Kerr-Newman AdSs black holes,
as we will now briefly review.

3.2.3.1 The (m,n) = (1,0) saddle

As we already noted in [3], expression (3.2.44) can be simplified significantly when
(m,n) = (1,0). Using the translation property of the Bernoulli polynomials (A.1.13)
it is possible to write Uy o(A) as

a—1 b—1
1 !
Uy 0(A) = Saho)? Z Bs ([A]w +w(as + br — ab)) =
r=0 s=0
183202 /3 r s a+b k T+o
= )2 =+ 2 —1) Bs_,([A], — .
3T_o;§(k>(w> (a+b+2ab ) (1L~ 5)

(3.2.45)

The sum over r and s can now be easily computed by means of a simple trick; we
consider the following power series

iaz_lb_l T+s+a+b k az_lb . (r+$+‘§:£ ) sinh?t
— — e = —-—
a b 2ab sinh g sinh 1%

r=0 s=
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2
zab+t—(2ab—9—9) Ot .

6 b a
(3.2.46)
which gives us immediately the relations that we need:
ab for k=0
a—1 b—1 k
b 0 for k=1
T <Z ;5,0 +b - 1> =3 o o (3.2.47)
r=0 s=0 a b 2a 12 (Q(Zb Ty E) for k=2
0 for k=3
Substituting (3.2.47) in (3.2.45) we get
1 T+o 1 a b T+o
U, 0(A) = — Bs([A], — —(2ab— - — - ) B, ([A], — . (3.2.4
1o(A) 310 3<[ L 2 >+12< ab b a) 1<[ L 2 > (3.2.48)

When we sum over all the multiplets, the total contribution to the effective action
Se(1,0) coming from the B; terms is purely imaginary and at leading N? order can
be neglected. Indeed the w-dependent part of the B; term gives a total contribution
proportional to the term in the second line of (3.2.15). Therefore, we can equivalently
define the function Uy o(A) as

|
/ T+J). (3.2.49)

U o(A) = — B ( Al —
The disappearance of the term proportional to 2ab is not surprising considering that
the index is ultimately a continuous function of 7 = aw and o = bw.

By using the explicit expression (A.1.12) for Bj it is possible to write (3.2.49) as

1

\Ijl’O(A) - 2410

[(Q[A];—T—a— 1)° = QAL -7 — 0 — 1)] . (3.2.50)

We can then introduce variables AT so that

A, —T—0—1=(T+o+1)(A*-1), (3.2.51)
or explicitly
!/ I
Aro 28k - ALY (3.2.52)
T+o0o+1 T+o—1

In light of constraint (2.4.6), it is natural to expect that there are regions of the
parameter space where
Y AF=2, (3.2.53)
Iew
for superpotential terms W and either + sign or — sign. In [3] we verified that in
toric models such regions always exists. Then the A? can be interpreted as R-charges
for a trial R-symmetry.
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In the region of parameter space where the (m,n) = (1,0) dominates and either
AT or A™ can be interpreted as a trial R-symmetry, the large-N limit of the index
will be given by

7 = niN? (|G| Uig(r+0)+ ) \IILO(AI)) + o(N?) =
, 1 (3.2.54)
_m (T+o+£1) A1 M THoEL AL 5
=51 - tr R(A™)° + Y — tr R(A™) 4+ o(N*)
For theories with a holographic dual it is possible to show that tr R = O(1), so the

second term is actually vanishes at leading order. The entropy function of the dual
AdS5xSEj5 black holes (2.2.2) is thus perfectly reproduced.

3.2.3.2 The (m,n) = (0,1) saddle

So far we have assumed m # 0; let us now discuss the m = 0 case. The requirement
ged(m,n) = 1 only leaves n = %1 as possible choices, and they are equivalent; hence,
there is only one saddle with m # 0. As we will now show, the effective action of this
saddle is zero at the leading N? order, which is coherent with the results obtained
in [43, 48, 49] for the 7 = o case.

For the (m,n) = (0,1) saddle the {u®} are all real and thus the doubly periodic
function Q). 4 simply coincides with the analytic elliptic gamma, and thus the action
S(u) given by (3.2.2) and (3.2.3) is just minus the logarithm of the integrand of
(3.1.1). We find it easier in this case to work with the elliptic gamma functions
directly rather than the Q). 4.

First, let us look at the contribution to the effective action of the (m,n) = (0,1)
saddle coming from a chiral multiplet. Using the property (A.1.4) and the definition
(A.1.1) of the elliptic gamma function we can write it as

N R .
~ > logT. (A, n %;aw,ba)) — _NlogT, <NA1;Naw,wa> _

ij=1

s
3,k=0

log (1 N 627rz’N(jaw+kbw+A1)) _ 10g (1 _ 627riN((j+1)aw+(k+1)bw—A1))] '
(3.2.55)

If either ((j+1)aw—|—(k‘—|—1)bw—AI) or (jaw—l—kbw—i—AI) had a negative imaginary part
the respective logarithm term would be O(V) and we would get nonzero contributions
at the N? order. However in the domain (2.4.8) the imaginary part of these terms
is always positive and at large-/N all the logarithms are exponentially suppressed.
Hence, the chiral multiplet contribution is null at the N? order.
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The contribution to the effective action coming from the vector multiplets is
subleading as well. We can write it as

N o N-1
— l
—|G] E logFe<aw+bw+%;aw,bw> = —N|G| E logFe(aw—l—bw—i—N;aw,bw).
i#j=1 =1

(3.2.56)
This term is of order O(N log N). Indeed, if we substitute the definition (A.1.1) of
the elliptic gamma function in the following product

N-1 .
I, (aw + bw + % ;aw, bw) = (3.2.57)
(=1
-1 ) ) o0 . 27ri(aw+bw—£)
_ (1 . 6727”‘%) (1 . eQﬂz(au)—%)) (1 - e?m(bg;—%)) H 1 e ‘ JZ
r—1 Py 1— 627r2(aw+bw+ﬁ)
then we can use a slight modification of identity (A.1.5),
pe —2mit 12" N-1
(1—e Nz)z —— =14+ (3.2.58)
-z
=1

to conclude that

N-1 ;
H Fe<aw+bw+ —aw, bw
=1

1 — 2miNaw 1— 271N bw
) y — ‘ — O(N), (3.2.59)

1— e27riaw 1— 627ribw

N

and thus (3.2.56) does not contribute to the leading N? order either.

3.2.4 General saddles

In section 3.2.3 we considered the particular case of the u®*(x) = z(mT + n) saddles;
we will now evaluate the effective action of the other saddles discussed in section
3.2.2. Other than the surface saddles (3.2.31), in the continuum limit the only type
of saddles that we still need to account for are the “two-factor” saddles (3.2.28),
whose effective action Seg(mq, nq;ma, na, No) is given by (3.2.30). We start from the
two-factor saddles and postpone the discussion about surface saddles at the end of
this section.

We will assume that m; # 0; without loss of generality we can take m; > 0 and
ged(my, ny) = ged(ma, ng) = 1. The contribution to the effective action coming from
a single multiplet is given by the following expression:

N2 N2 1 a—1 b—1 7/
A Z / dx Z Z log Q£+§+(A)2—17(A)1 (z(mlabw—l—nl)—kﬁz(mgabqung) ;abw) :
io=1 0 r=0 s=0 @

(3.2.60)
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where as usual A is equal to 7+ o for vector multiplets and to A; for the I-th chiral
multiplet. In order to compute (3.2.60) we first generalize formula (3.2.40) to include
the sum over the new index i5. Using (A.1.22) and ignoring purely imaginary terms
we find that

Z/ dIlOgQCd (m17+n1) + E(mQT—{—nQ) 7') =

121

i i1 X Bs({mid — nic+ (m1n2 mani)} + c(miT + ny))
= ——CT —|— =
6 3 Ng ml(mlT +nq)?

io=1

o i ) B3([ (CT + d)]m7+7l)
— _€C7-_|_ 0 (e T n)? . (3.2.61)

In the last equality we used formula (A.1.15) to simplify the sum of Bernoulli poly-
nomials and we defined the integers m and n as following:

N
ng(NQ, ming — MaoNy

(m,n) = 7 (m1,n1) . (3.2.62)
Given the similarity between the last line of (3.2.60) and the right-hand side of
(3.2.40), the rest of the computation is identical to the one in section 3.2.3.

In conclusion the effective action for the (3.2.28) saddles can also be expressed
in terms of the W, ,(A) function (3.2.44) as

Seff<m1, ni;mo, Na, N2> = 7T’iN2 (|G‘ \I]m,n(T -+ O') + Z \I]m,n<AI)> (3263)
1

The difference between this expression and (3.2.43) lies in the definition of the inte-
gers m,n: for the latter they could be any pair of coprime integers, ged(m,n) =
1, while in the case of the former they are given by (3.2.62) and ged(m,n) =
Ny /ged(No, ming — maong). If we set Ny = 1 the two-factor saddles (3.2.28) become
simple string-like saddles (3.2.26); in this case the integers m,n in (3.2.62) simply
match my,ny, and expressions (3.2.43) and (3.2.63) are in agreement. Furthermore,
in the particular case of a = b = 1 the effective action (3.2.63) matches the one
computed in [49].

An explanation for the similarity between (3.2.63) and (3.2.43) can be found by
recasting the saddles (3.2.28) in a new form. Starting from expression (3.2.34), we
can make the following manipulations:

@ 1o MMy — Mol

ud (z) =2 (mi T +ny) + N o
. (3.2.64)
2 MmNy — Mony

dT.
A o mo
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If we set Tpew = {myz} and j = nq|mix|(m/mq)+is(ming—many)/ged(Ny, ming—
msny) mod m, we can thus rewrite the two-factor saddle as

wi(z) =L+ (T + 3) , (3.2.65)
m m
where m,n are the same as in (3.2.62).

From result (3.2.63) we find the following estimate for the large-N limit of the

superconformal index:

logZ 2 max. { — miN? <|G\ (T +0) + Z \Dm,n(AI)H +o(N?), (3.2.66)
m£0 4

where the maximum is taken with respect to the real part. In regions of the pa-
rameter space where there is no maximum all the competing exponentially growing
contributions to the index should be summed. In this case information about the
phase of each term would be necessary to accurately compute the index, and that
would require an analysis of the o(N?) terms. Hence, estimate (3.2.66) does not
apply in these regions. The same can be said for the codimension-one surfaces where
multiple contributions have have the same real component (i.e. Stokes lines).

We will not try to determine which contribution maximizes (3.2.66) in each
region of the parameter space. The large-/N phase structure of the index has been
studied in the case of equal angular momenta in [43, 45, 48, 49, 73].

3.2.4.1 Surface saddles

The last type of saddles that we still need to account for are the surface saddles
(3.2.31). Assuming that (mq,n;) # (mg,ng), the following relation follows from
formula (A.1.22):
! 3 ¢

/ dx dylog Q..q <x(m17'—|—n1)+y(m27+n2) : 7') = mT <§—6 )+ (purely imaginary> )

’ (3.2.67)
As expected there is no dependence on the specific value of the integers mq, ny, ma, no.
This formula can also be found by taking the Ny — oo limit of (3.2.61). In particular
this means that surface saddles correspond to the m,n ~ O(N) terms in estimate
(3.2.66).

Using relation (3.2.67) we can compute contribution to the effective action of the

surface saddle coming from a single multiplet:

a—1 b—1 3
T o r s _ _1 r.,s _ B
3 N abw; £ (CL + b + (A)g 1) 5 <a + b + (A)Q 1)] =

= TNz (A)—G—MB—W—iNQ(2+bQ) (A) — 0 (3.268)
- CUE\E2 T 0 2 P\ T g )
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The sums over r, s in the first line are calculated quickly with the help of relations
(3.2.47). When we sum over all multiplet contributions the second term in the second
line of (3.2.68) sums to zero: it is proportional to (3.2.15). If we define a set of trial
R-charges Atria]’[ as

2abw(Ag)g

3‘crial I =
’ T+0

(3.2.69)

then the effective action of surface saddles can be expressed in terms of the cubic 't
Hooft anomaly for this trial R-symmetry:
i (T+0)?

Seff = ﬂ T tr Rg(ﬁtﬁa]) 5 (3270)

where the trace is taken over the fermions of the theory. When 7 = ¢ this result
matches the one of [49].

3.3 The large-IN limit with the Bethe Ansatz formula

In this section we will consider a different approach to the computation of the super-
conformal index at large-N. Our starting point will not be the matrix model (3.1.1),
but rather the Bethe Ansatz formula [46, 47]. A contribution to the Bethe Ansatz
formula that reproduces the entropy of black holes with unequal angular momenta
was found in [3]; in this section we will revisit the computation of [3] and also expand
it to include more contributions. The results we will find reaffirm estimate (3.2.66),
thus providing a double check for the saddle-point analysis of section 3.2.

This section is organized as follows. We begin by briefly discussiong in subsection
3.3.1 the Bethe Ansatz formula for the quiver theories that we are considering. Then
in subsection 3.3.2 we study the relation between the holonomy distributions that
contribute to the Bethe Ansatz formula and the saddles (3.2.10) found in [48, 49]. If
the reader is not interested in the technical details of subsection 3.3.2 it is possible
to skip directly to subsection 3.3.3, in which we evaluate the large-N limit of the
index with the Bethe Ansatz formula. Lastly, in subsection 3.3.4 we elaborate on the
relation between our results and the ones of [3].

3.3.1 The Bethe Ansatz formula for quiver theories

As always we assume that the angular chemical potentials 7 and ¢ are integer mul-
tiples of the same quantity w € H, that is 7 = aw, ¢ = bw. The Bethe Anstatz
formula (2.4.10) specializes to the quiver theories that we are considering as follows:

ab
Z:(N/&m YooY Zla—mwiA o) H i Aw), (3.3.1)

WEMBAE {m‘l" =1
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where Z(u; A, 7, o) denotes the integrand of matrix model (3.1.1), or more accurately
its analytic continuation to the complex plane with respect to the holonomies {u%},
and it is given by

G| N |G|
ZN(u;A,T,U):H H Fe<u%+7+a;7,a> H HHF ( aﬂ—i—AI;T,a).
a=1i£j=1 a,B=1 I,p 1,j=1

(3.3.2)
The first out of the two sums in formula (3.3.1) runs over the set of inequivalent
solutions to the Bethe Ansatz equations (BAE), which for our case can be written
as

o TTEL T, exo (2 (3 = 2A0)) 60—l + Arsw)
— 0%u- w)=e 2miA

Ay Jl_[l [T, 11, exp (—2miug (%_%A)) o(ufy +Arsw)
(3.3.3)

where the A\* are Lagrange multipliers introduced for convenience: once the value

of the \* are fixed, for example by solving the 1 = ()% equations, the remaining
equations match the general BAE we gave in (2.4.11). Again, solutions to the BAE
are equivalent if they match under the identifications u; ~ u; + 1 ~ u; + w or differ
by a Weyl group transformation, which in this case consists in permutations of the
N holonomies associated to each SU(N) subgroup of the gauge group.

We will focus our attention on the class of solutions to the BAE found in [79],
often referred to as Hong-Liu solutions. Given any choice of three integers {p, ¢, r}
such that p-¢ = N and 0 < r < ¢* the following configuration of complex
holonomies solves the Bethe Ansatz equations:

o _J Kk < r) _
Uy ==+ —|w+—-| +u, 3.3.4
*p g P (3.34)
where 7 =0,...,p—1 and £k =0,...,qg—1 constitute a new parametrization of the
index ¢ =1,..., N, while @ is a constant needed to satisfy the SU(NN) constraint
N

D ug=0. (3.3.5)

We point out that the Hong-Liu solutions (3.3.4) are such that uf,,, # u$,, mod 1, w
whenever (ji, k1) # (jo, k2), or in other words they are not invariant under nontriv-
ial Weyl group transformations. As argued in [47], BAE solutions that do not fit
this requirement give an overall null contribution to the superconformal index when
plugged in the Bethe Anstatz formula (3.3.1).

4Taking into account identifications (2.4.13), we could substitute r with 7+ nq in (3.3.4) for any
n € Z and the solution would be the same up to a redefinition of the index j, that is jpew = j + 1
mod p. For this reason the range of r can be limited to 0 < r < q.
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Other than the discrete class of solutions (3.3.4) there is evidence in favor of the
existence of other solutions to the BAE, either isolated or belonging to continuous
families of solutions [73, 80, 81]. We will not account for the contribution of these
“non-standard” solutions, we will instead focus on the standard Hong-Liu solutions
exclusively.

The other sum that appears in formula (3.3.1) is a sum over a collection of
integers {m¢}. When i # N the possible values that m$ can take range from 1 to
ab; on the other hand m$; is fixed by the SU(V) constraint:

N—-1
my =— Y _mg. (3.3.6)
=1

However in the large-/N limit we can ignore this constraint and set m%, to whatever
is most convenient: the leading order of log Z(u; A, ,0) is unaffected by a change
in value of a single holonomy u$, and thus changing m$; from (3.3.6) to something
else entirely does not impact the computation of the index [3].

Lastly, the Jacobian H(u;A,w) can be written as

1 9(log@!, ... logQL, ..., log Q' ... 1log Q'
) — e [ 1 20080 gk g0 1og )

j 1 1 1 1G] |G| G
2mi Q(ud, .. ul AL g A )

(3.3.7)

In this expression the holonomies {u% |a = 1,...,|G|} are not considered inde-
pendent variables, they are instead treated like functions of the other holonomies,
uy = — Zf\i_ll u$. The Lagrange multipliers A* on the other hand are regarded as
independent variables.

3.3.2 BAE solutions and saddle points of the elliptic action

For a direct comparison of the saddle point analysis with the Bethe Ansatz formula it
is important to understand the relation between the saddles found in [48, 49] with the
configurations that arise from the discrete solutions to the Bethe Ansatz equations;
this will be the goal of this section. The bulk of the computation of the large-N
limit of the index will be in section 3.3.3, and it is possible for the reader to skip
ahead.

In the first half of this section we will show that the saddles given by (3.2.10)
can always be written in a form similar to the Hong-Liu solutions (3.3.4), namely it
is possible to find integers p, ¢ and r and a new set of indices 7 = 0,...,p — 1 and
k=0,...,q— 1 such that®

o= I T ) 4 2 (g T4 my) %ﬂ(mf) mod 1, T

L N, p p
(3.3.8)

5The vice versa however does not hold: we will later provide an explicit example of a choice of
integers p, ¢ and r such that the right-hand side of (3.3.8) does not correspond to any of the saddles
given by (3.2.10).
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This expression generalizes relation (3.2.65), which is valid only in the continuum
limit, to the case of finite N. The main difference between the right-hand side of
(3.3.8) and the BAE solutions (3.3.4) is that the saddles of the doubly periodic action
have T' = abw as their period, while the solutions to the Bethe Ansatz equations have
periodicity w. We will address this discrepancy in the second half of this section,
where we will discuss the role played the vector of integers m that appears in the
Bethe Ansatz formula (3.3.1).

We can ignore without loss of generality saddle point configurations that re-
peat values, or in other words saddles such that uf, , =wu§ , mod 1, T for some
(11, ..10) # (J1,---,Je). Since the saddles given by (3.2.10) can be thought as homo-
morphisms of finite abelian groups into the torus, repetitions occur only if the kernel
is nontrivial. If the kernel contains n elements, then the image group in the torus
is the same as the image group of a SU(N/n) saddle point configuration with no
repetitions. Therefore (3.3.8) holds for these saddles as long as we take p-q = N/n,
assuming (3.3.8) is true for saddles that don’t repeat values. Furthermore, we note
that solutions to the Bethe Ansatz equations that repeat values give an overall null
contribution to the index because they are not invariant under nontrivial Weyl group
transformations. For these reasons we will only consider configurations without rep-
etitions from now on.

For ¢ = 1 the relation (3.3.8) has already been proven in [43]. The idea is
to take p = ged(my, N1), ¢ = N;/p and defining the new indices k& = 0,...,q — 1,
7 =20,....,p— 1 so that iy = sk + ¢j) mod Ny, where s is a positive integer such
that sm;/p mod ¢ = 1; such an integer must exist since my/p and ¢ are coprime.
Furthermore, s cannot have factors in common with ¢, and thus the set {sk+qj|k =
0,....,q —1,7=0,....p — 1} covers all residue classes modulo N; once. The saddle
can then be written as

i  [mi/p ny nij k’( n13>

—(m1 T +ny) = (sk+ 't —|=—+—-|T+— mod 1, T,

Nl( ' )= qy)( q N1> P q p : )
3.3.9

which matches the right-hand side of (3.3.8) for r = nys mod ¢, j = nyj mod p.

We can now prove (3.3.8) in the general case using induction. Let us assume
that there are positive integers p;, ¢; and 7 such that p1gy = Ny... Ny = N/N,

and
1 lo—1 ok 1
—(m T +ny)+ ...+ me_ 1T 4+ ny_ :—+—(T+—) mod 1, T'.
Nl( ' 1) szl( o ‘ 1> P11 Q1 b1
(3.3.10)
The left-hand side of this identity is missing the following piece:
i J2 | ko T
—(meT+ny) = =+— T+ — mod 1, T, 3.3.11
Ny (e 2 P2 @ ( pQ) ( )

where the integers ps, ¢o and 79 are determined as in the £ = 1 case. In this case po,
qo satisfy page = Ny furthermore the condition Ny | N,y implies that paqs | p1gi-
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The left-hand side of (3.3.8) can thus be written as

] k ] k

J_1+_1(T+T_1)+9_2+_2<T+2> mod 1, T. (3.3.12)
b1 q1 b1 D2 q2 D2

We will now show that this expression doesn’t repeat values only when pq, po, g1, 2

satisfy ged(p1,p2) = ged(qr, g2) = 1.
The necessity of the condition ged(pi,p2) = 1 can be inferred just from the
J1/p1 + J2/p2 portion of (3.3.12), considering that the set

{j1p2 + J2p1
ng(Pth)

j1:O,...,pl—l,j2:0,...,p2—1} (3.3.13)

covers every residue class modulo pyps/ged(p1, p2) exactly ged(py, po) times. There-
fore if p; and py were not coprime (j1/p1 + ja/p2 mod 1) would repeat values, and
so would (3.3.12) for fixed k; and k.

It is easy to see that requiring ged(qy, g2) = 1 in addition to ged(py, p2) = 1 is suf-
ficient to ensure that (3.3.12) doesn’t repeat values. Indeed if ¢; and g, were coprime
(k1/q1 + k2/q2)T modulo T wouldn’t repeat and therefore all possible combinations
of j1, Ja, k1, k2 would give rise to unique values for expression (3.3.12). On the other
hand it is a little trickier to show that the condition ged(q1,q2) = 1 is necessary,
as we need to take in account the terms proportional to r; and ry as well. Since
J1/p1 + Jo/p2 covers all multiples of 1/p;ps modulo 1 once, if (3.3.12) doesn’t have
repetitions modulo 1, 7" then the same expression without j;/p; + j2/p2 won’t have
repetitions modulo 1/pips, T. Each possible value of (k1/q1 + k2/q2)T modulo T is
repeated ged(qy, ¢2) times, which means that either ged(qi,g2) = 1 or the following
expression doesn’t have repetitions:

k k 1 1
1_“ _|_ 2_7'2 mod _ = — (k‘lTl + k’QT’Q Iﬂ mod 2) . (3314)

p1q1r D242 P1p2 p1q1 P2G2 P2
Considering that both piqi/p2qe and q1/ps are integers® and that the pair (ky, ks)
can take a total of ¢;¢s distinct values, the term in the parenthesis will take the same
values multiple times unless p; = ¢; = 1, which cannot be possible as it would imply
Ny =...= Ny_1 = 1. Therefore we must have ged(qq, q2) = 1.

Let us now show that (3.3.12) can be written in the same form as the right-
hand side of (3.3.8), assuming that ged(py,p2) = ged(qr,q2) = 1. First we define
k = ki1gs + kagp mod ¢qq9; since ¢; and g9 are coprime k is an index that runs from
0 to q1q2 — 1 once. Let us ignore for the moment terms that are integer multiples of
1/p1pa; we can write the rest as

k k 1 k 1
—1<T+E)+—2(T+Q):—(kT+w) mod —, T. (3.3.15)
q1 b1 qz b2 q1492 P1p2 P1ip2

5The condition ged(py, p2) = 1 together with pags | p1qi implies that po | q;.
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The term proportional to ro is a multiple of 1/p;ps, considering that pegs | p1g1 and
ged(qr, g2) = 1 imply that go | p;. Since ¢; and ¢y don’t have factors in common it
is possible to find an integer n such that rip; +ng; = 0 mod ¢, which is going to
help us rewrite (3.3.15) solely in terms of k:

k1ripaga = k1ga (r1ip2 + nan) mod ¢1¢,
= (k: — krgql) (T1p2 + nql) mod ¢ (3.3.16)
=k(rip2 + nq1) mod g1 .

Defining p = p1p2, ¢ = q1q2 and 7 = r1py + ng; mod ¢, equation (3.3.15) becomes

1
@(T+T—1)+@(T+E):E(T+z) mod —, T =

q1 Y41 q2 b2 q b p
(3.3.17)

k
—(T—i—z) —l—% mod 1, T
q p p

for some k-dependent integer n;. At last we can define 7 = jips + jop1 + ng mod p,
so that

j_1+_1<T+E>_|_‘7_2+_2(T+T_2):l—|——<T+£) mod 1, T, (3.3.18)
b1 q1 b1 D2 q2 b2 b q b

which concludes the proof of (3.3.8).
Vice versa, we can show that there exist some choices of integers p, ¢ and r such
that the set of points

-k
{Z+—(T+t>‘j:O,...,p—l,k:O,...,q—l} (3.3.19)
p q p

does not match any of the saddles given by (3.2.10), modulo 1, 7. One way to see
this is to look at the greatest common divisor of p, ¢ and r obtained by the procedure
above.

First, in the case of saddles with ¢ = 1 the steps outlined in (3.3.9) lead to values
of p, ¢ and r that don’t have factors in common:

ged(p, q,r) = ged(my, Ny, g, ms) =1, (3.3.20)

where we used that ged(mq,n1) = 1 = ged(q, s). For more general saddles on the
other hand we find that
gcd(p, q, r) =Ny...N;. (3.3.21)

We can show this by means of induction, by writing ged(p, ¢, 7) in terms of ged(py, g1, 71).
Considering that kr = k1rpage mod ¢ for all possible values of k£, we must have that
ged(q,r) = ged (q, rlpgqg). The greatest common divisor of p, ¢, r is thus given by

gcd(p,q,r) = ng(p,QJ”lez) = p2q2 ged (%7 j)—:ﬂ”l) = P2q2 ng(Pth,?"l) .
(3.3.22)
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In the last step we used that ged(pr,p2) = ged(qr,q2) = 1. Since paga = Ny, by
induction we find formula (3.3.21).

Let us consider for example the case p = 4, ¢ = 4, r = 2. We want to try to
find a saddle point configuration that matches the set (3.3.22) for these values of
p, q, r. Using formula (3.3.21) we find that such a saddle would have Ny... N, =
ged(p, g, ) = 2, which implies ¢ = 2 and N, = 2. Consequently, there are only two
possible values that ged(ms, No) can take, either 1 or 2, and neither of them works:
the former would lead to ¢ = ¢o = 2, while the latter would lead to p; = p» = 2, and
in both cases ged(p1, p2) = ged(q1, ¢2) = 1 is not satisfied. Hence there is no saddle
that reproduces the configuration with p =4, ¢ =4, r = 2.

3.3.2.1 The different periodicities

The most jarring difference between the saddles (3.2.10) of the doubly-periodic action
and the Hong-Liu solutions (3.3.4) to the Bethe Ansatz equations lies in the different
value for T, the modulus of the torus, which is abw for the former and just w for the
latter.

In the particular case of equal angular momenta we have 7 = ¢ = w, which
implies ¢ = b = 1 and thus this discrepancy between the known saddles and the
standard BAE solutions disappears.

When ab # 1 the solution to the problem comes from a key element that we
haven’t taken in consideration yet: the presence of the vector of integers m in the
Bethe Ansatz formula (3.3.1). Each of its entries m$ takes values that range from 1
to ab, and its shifts the corresponding holonomy inside the argument of the integrand
Z as uf — m$w, where @ is the BAE solution that we are considering. Rather than
trying to match the saddles (3.2.10) with the Hong-Liu solutions directly, it is more
sensible to compare them with configurations of the type @ —mw. That is, given any
choice of integers {p, ¢, }, we search for a BAE solution @ and a choice of vector m
such that

L k <abw + i) = U — mi'w + constant mod 1, abw . (3.3.23)
p q p

The constant term ultimately vanishes because the integrand (3.3.2) only depends

on differences between holonomies.

We point out that there is a large number of valid 4 — mw configurations other
than the ones that satisfy (3.3.23). We won’t try to account for all possible (u,m)
combinations, especially considering that the number of possible values that the
vector m can take is (ab)/“/N=1 which grows exponentially with NN.

In order to find a (u, m) combination that satisfies (3.3.23) for a given choice of
{p,q,r}, we need to search for integers p, ¢ and 7 that satisfy pq = pq and a new set
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of indices 7=10,...,p—1 andgzo,...,a—l such that

Z+E(abw+z) =%+§(w+§) mod 1, w. (3.3.24)
p q p p q p

Unfortunately this isn’t always possible; to see why, let us set h = ged(g, ab) and
define a new parametrization of the index k in terms of new indices &' = 0,...,q/h—1
and k" =0,...,h—1such that k = k' + (¢/h) k”. The left-hand side of (3.3.24) then
becomes

Pk K K"
J 42 (abw + f) =442 (abw + f) +-— mod L, w. (3.3.25)
P q p P q P hp

If  and h are not coprime then the right hand side of (3.3.25) manifestly repeats
values when k" varies while j and &’ are fixed. This means that unless ged(q, r, ab) = 1
it is not possible to match the right-hand side of (3.3.24), since the latter never repeats
values modulo 1, w as 7 and k vary.

Even if it is not possible to find a (@, m) combination that satisfies (3.3.23) when
g and r are such that ged(q,r,ab) # 1, it is always possible to find @ and m that
approximate the left-hand side of (3.3.23) well enough in the large-N limit; we will
discuss this in more detail in appendix A.2.

Let us consider the case ged(q,r,ab) = 1 and show that it is indeed possi-
ble to obtain (3.3.24) starting from (3.3.25). Since ab/h and ¢/h are coprime
K'(ab/h) mod q/h takes all the values from 0 to g/h — 1 once; therefore if we set
g =q/h and k= k'(ab/h) mod ¢ we can match the w-dependent portion of (3.3.24)
and (3.3.25) as follows:

K 1 b k

—abw = — (k” a_) w==w moduw. (3.3.26)
q q/h \" h q

Since k' also appears in the w-independent term proportional to r, we need to rewrite

this term as well in terms of the new index k; to do so, we will ignore for the moment

the role of integer multiples of 1/hp so that we can write

k'r _ K'(r+nq/h) mod 1 (i k,a_b) 1 (r—l—nq/h) mod i7
P4 Pq hp — \a/h h ) hp \" ab/h hp
(3.3.27)
where n is an arbitrary integer that we have introduced. Once again we make use
of the fact that ab/h and ¢/h are coprime: r + n q/h for n € Z covers all the
residue classes modulo ab/h, which means that we can always choose n such that
7= (r+nq/h)/(ab/h) is an integer. Setting p = hp and noticing that the other term
inside parentheses is equal to k /¢ mod 1, we find that
ve BF 1 k7
TP mod = = 2L 6d 1 (3.3.28)
pq pq p pqg p
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for some k-dependent integer n,. We notice that the way p and ¢ have been defined
is such that p¢q is equal to pg, as it should be. At last we make use of the fact that
we are assuming that ged(g,r,ab) = 1, which is equivalent to the statement that h
and r are coprime, and thus 7 = k"r 4+ hj + n, mod p is a proper definition for an
index that runs from 0 to p— 1 a single time; using (3.3.28) and the definition of the
new index 7 we can match the w-independent portion of (3.3.24) and (3.3.25):

g Kr K'r 7 k7

+ =24+ —
p pg hp p  pq

mod 1. (3.3.29)

This concludes the proof of the existence of integers {p,q, 7} for which the rewrite
(3.3.24) is possible, under the assumption that ged(q, r, ab) = 1.

3.3.3 Evaluation of the index

In this section we will evaluate the contribution to the Bethe Ansatz formula (3.3.1)
coming from distributions of holonomies of the following type:

(u —mw)jy, = ‘Z—? + S (abw + %) + const . (3.3.30)
Asusual p-g= N and 0 <7 < ¢; we have added the hat on 7 in order to avoid
confusion with the index r that appears in definition (3.2.44). For simplicity when
we take the large-N limit we will keep p and 7 fixed and send ¢ — oc.

In section 3.3.2 we have shown that configurations like (3.3.30) are possible only
when ged(ab, ¢,7) = 1. Throughout this section we will assume that ¢ satisfies this
condition; in appendix A.2 we will show how this restriction can be removed.

The quantity that we need to compute is the following:

lim log (n (N Z(uw — mw; A, 7, 0) H’l(u;A,w)>

q— 0

a0 (3.3.31)
The prefactor  is given by (3.1.2); as already mentioned in section 3.1, it is sub-
leading at large-N, specifically logx = O(N). The factor (N!)~I¢ is subleading as
well, it is O(N log N) by Stirling formula. We are left with the Jacobian H, given
by (3.3.7), and the integrand Z, given by (3.3.2).

Let us start from the Jacobian: we can show that generically it gives a subleading
contribution and can be neglected, using an argument similar to the one given in
[43, 45]. The Jacobian H is the determinant of the matrix whose elements are
the partials derivatives of the Bethe Ansatz operators Q¢ defined in (3.3.3); let us
examine these partial derivatives. First, the derivatives of Q)5 with respect to the
Lagrange multipliers are simply

dlog Qf

W = 2m 5aﬁ . (3332)
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We can ignore these terms as they are just O(1). On the other hand, the derivatives
of with respect to the holonomies are given by

dlog Q2 -
D b (5 =) Y z
k=1

J =1

S OF(—ul + AN+ F(ul + A |+

Loy Lya

+Z{F(—u§"jﬁ+AI)—F( +A,]+Z{ (wf + Ap) — (3@+A1)],

IaB I,Ba
(3.3.33)
where F' is the following function:
27 o Oubo(u;w)
Flu)=—u-— —_— . 3.3.34
(u) u—mit o (1 ) ( )

This function becomes singular only at the zeros of the 6y, that is when u € 7Z +w 7.
If the the chemical potentials A are such that the distribution of points u —|— A
doesn’t accumulate around any of these poles in the limit N — oo, then F ( ij +
Aj) ~ O(1) and

dlog Q5

B
ou ;

= Gap (6 — 6iv) - O(N) + O(1). (3.3.35)

In our case uf is given by (3.3.30), and in the ¢ — oo limit the poles of F' are provided

that
ged(ab, T)

Ar g pab

Z + (pabw +T)R. (3.3.36)

As long as this condition is satisfied for all chemical potentials only the diagonal
elements and the : = N, o = (3 elements are of order O(NV), while all the others are
just O(1). In particular this means that the determinant (3.3.7) grows like NUGIN),
and thus log H = O(N log N).

Since the Jacobian is subleading as long as the chemical potentials satisfy (3.3.36),
the large-N leading order of (3.3.31) is determined solely by the integrand Z. The
computation boils down to the evaluation of the following quantity:

P A_p_l qll A Jl—]2 ki — ko ab A' b
par(D) = Z Z ogle + . w-l—p ;aw, bw | .

J1,J2=0 k1#£k2=0 p
(3.3.37)

In terms of this function we can write log Z as’

= |G| Dy r(T+0)+ > Ppur(A) +O(N). (3.3.38)
I

1 g - aA7 ) ‘
og Z(u—mw T,0) 5.0

“If p is fixed as N — oo then the sum of all the terms that have k1 = ko is subleading:
q|G| Z?;;FO log I, (aw + bw + P2 aw, bw) +q30, Z?;;2:0 logTe (A + 18 aw, bw) = O(N)
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A quick comparison with (3.2.63) tells us that in the large-N limit we should expect
®, ,#(A) to be related to the function ¥,,,(A) defined in (3.2.44). More specif-
ically, because of (3.2.65) we expect the leading order of ®,,+(A) to be equal to
—7TiN2 ‘pry?(A).

Using formula (A.1.4) we can take care of the sum over ji, jo:

q—1

ki —
O, r(A)=p Y logl, (pA+
k1#ky=0

ko
(pabw + ?) ;paw,pbw) ) (3.3.39)

In order to compute the ¢ — oo limit of this sum we can take advantage of the
following result found in [43]:

Bs([A — w]!

Z logTe (A + L wiww) = —wiNzM +0o(N?).  (3.3.40)
N 3w?

i£j=1

Here the subleading terms are of order O(N) when A ¢ Z + R - w, and O(N log N)

for the A = 0 case. We can recast (3.3.39) in a form similar to (3.3.40) by making

use of the following identity:

a—1 b—1
logT', (z;paw,pbw) = Z Zlog I, (z +pw(as+br); pabw + T, pabw—i—?) , (3.3.41)
r=0 s=0

which follows from (A.1.3) and the invariance of the elliptic gamma under integer
shifts of any of its arguments. Denoting pabw + 7 as @ for convenience, (3.3.39)
becomes

a—1b-1 g1

Py g pz

r=0 s=0 k;#k2=0

logT, (pA + pw(as + br) + M = ks w;w, @) .
q

(3.3.42)

Applying formula (3.3.40), we get at last the following expression for the large-N
leading order of ®, , +(A):

7TZN2 a—1 b—1

D, ,7(A) = — Sp(pabe 17 2 Z Z Bg( pA + pw(as + br — ab)} b +T) + o(N?) =
r=0 s=0

= —miN? VU, +(A) + o(N?), (3.3.43)

where as usual the function ¥,, ,(A) is defined by (3.2.44).

This result is consistent with the ones we obtained in sections 3.2.3 and 3.2.4
with the elliptic extension approach. In particular, we find that the large-N estimate
for the index (3.2.66) is verified by the Bethe Ansatz formalism as well.

As already mentioned in section 3.2.3, the p = 1, ¥ = 0 case matches the
contribution to the Bethe Ansatz formula computed in [3], which reproduces the
entropy function of AdS; black holes. In the next subsection we will elaborate more
on how result (3.3.43) and the one of [3] compare.
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3.3.4 Relation with previous work and competing exponential terms

Let us discuss the relation between the computation of subsection 3.3.3 and the one
of [3], which also estimated the large-N leading order of the index with 7 # ¢ using
the Bethe Ansatz formula.

In [3] we focused exclusively on a single contribution to the index, the one coming
from the following distribution of holonomies:

(u—mw) = % w + (i mod ab) w + const . (3.3.44)

Up to O(1/N) terms, this configuration matches the right-hand side of (3.3.30) with
p = 1, 7 = 0. For clarity, let us assume that N is a multiple of ab; we can then
reparametrize the index i in terms of new indices ¢/ = 0,...,N/ab — 1 and " =
0,...,ab— 1 such that i = i'ab+ ", and rewrite (3.3.44) as following:

7 . ’i, + z”(N/ab) i” 7 1
_ "7 W= — + — . 3.4
—Nw+(zmodab)w— N abw—i—Nw Nabw O N (33 5)

In the second step we defined a new index 7=10,...,N —1 as 7 = ¢ +i"(N/ab).
As argued in appendix A of [3], these O(1/N) terms can be neglected in the large-N
limit, if we are only interested in the leading order. Accordingly, the contribution to
the index coming from the distribution of holonomies (3.3.44) computed in [3] does
indeed match the result that we have obtained for the p = 1, 7 = 0 case.

Proving that the O(1/N) terms in (3.3.45) do not affect the large- N leading order
is possibly the most laborious step in the large-N computation of [3]. In this section
we have shown that it is possible to avoid this step completely by choosing a different
set up for u — mw, i.e. (3.3.30), at least as long as the assumption ged(ab,q,7) = 1
is valid. Since the superconformal index is a continuous function of 7 = aw and
o = bw, it is natural to expect that the ged(ab,q,7) = 1 condition doesn’t actually
play a role in the large-N behavior of the index; rather, this condition should be
a byproduct of focusing strictly on holonomy distributions that can be written as
(3.3.30).8

We want to stress the fact that the distributions of holonomies (3.3.44) and
(3.3.30) (with p = 1, 7 = 0) are distinct from one another, even if in the large-N
limit they differ just by O(1/N) terms. This raises a problem: the contributions
to the index coming from these two distributions are exponentially growing terms
whose logarithms match at leading N? order, and it is easy to see that there are

8In appendix A.2 we will verify that this intuition is indeed correct: for any possible choice of
integers p, g, 7 there are contributions to the Bethe Anstatz formula that in the large-N limit give
the same result as (3.3.43), even when the condition ged(ab, ¢,7) = 1 is not satisfied; the price to
pay is that we will have to deal with the O(1/N) terms once again.
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many other similar contributions;? all these competing exponential terms must be
summed together since there is no guarantee that one of them clearly dominates over
the others.

Let us first estimate how many competing exponential terms there are. Any
possible choice of u — mw that matches & abw up to O(1/N) terms must have u; =
+ w, since this is the only Hong-Liu solution (3.3.4) whose holonomies are strictly

N
proportional to w. There are then (ab)/¢IV

—1 possible choices for the vector m,
at most. If we were to assume that all the competing exponential terms interfere
constructively, we would get at most a |G|(N — 1)log(ab) correction to our previous
estimate for the large-/N limit, which is subleading and thus negligible. In other
words the leading N? order does not receive corrections from the multiplicity of the
competing exponentials. However it would be possible, albeit very unlikely, for all
these terms to interfere destructively in such a way that they cancel completely. In
order to determine whether this is the case, we would need to calculate the exact
phase of all the competing contributions, which is unfeasible. Given that in the
saddle point analysis of section 3.2 this problem does not occur at all, we are lead
to believe that such a cancellation does not happen and the leading N? order is

unaffected.

3.4 Summary and discussion

In this chapter we have estimated the large-N limit of the superconformal index of
N =1 quiver theories with adjoint and bifundamental matter for general values of
BPS charges, using both the elliptic extension approach of [48-50] and the Bethe
Ansatz formula [46, 47]. We have found a good accord between the two methods,
resulting in the following estimate for the index:

log Z ({Ar};7,0) 2 maXZ[—mN2<|G|\I/mn(T+U +qumn AI)H +0(N?),

m##0

(3.4.1)
where the function V,, ,(A) is defined by

—

b—1

i ([mA + mw(as + br — ab),wpin)
3m(mabw + n)?

a—

U,

(T=aw, 0 = lw)

Il
o

r s=0

(3.4.2)
and the parentheses |- 7. are such that [z +yT |, =2 — |z] + y T for real z, y.

9For example, as already argued in [3] changing the value of a single holonomy does not impact
the large IV leading order, and it is always possible to change the value of a single holonomy by by
changing the value of one of the entries of the vector of integers m. Hence, for any contribution to
the index that we have computed there are always many possible competing exponential terms.
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Our results extend the saddle point analysis of [48, 49] to the case of unequal
angular momenta (7 # o). They also extend the computation of [3] to include multi-
ple competing exponentially-growing contributions to the Bethe Ansatz formula; the
single contribution computed in [3] corresponds to the m = 1, n = 0 term in (3.4.1).

In section 3.3.2 we have shown that the saddles of the elliptic action found in
[48, 49] can always be written in the form

L+ k (T + f) + const. (3.4.3)
p g p

for some integers p, ¢, r, with T" = abw. This is the same form that the standard
Hong-Liu solutions [79] to the Bethe Ansatz equations (BAE) take, with the only
difference being that the latter are defined on a torus with a modulus T'= w. When
a = b = 1 this means that each saddle has a matching BAE solution, and thus
a corresponding term in the Bethe Ansatz equations; however for general a,b the
different values of T' cause a mismatch between saddles and BAE solutions. In this
chapter we have shown how the two different pictures can be reconciled: we have to
consider that each contribution to the Bethe Ansatz formula is labeled not only by
the BAE solution u but also by the choice of value for the auxiliary integer parameters
{m;} that shift the BAE solution as u; — u; — m;w. We have found that for each
saddle of the elliptic action there is a (u, {m;}) combination that matches it, either
exactly or up to O(1/N) corrections that are negligible at large-N.

There are still some open questions concerning the matching between the two
approaches. Most notably, the number of (u,{m;}) combinations that label each
contribution to the Bethe Ansatz formula is exponentially bigger than the number
of known saddles of the elliptic action. In this chapter we have computed only the
contribution of the (u, {m;}) combinations that match a saddle, but there are many
other contributions that are unaccounted for. It is not feasible to try to evaluate
all of them, given their exponentially large number: the integers {m;} can take
(ab)!CIN=1) different values. Furthermore, the formulas that we have used in section
3.3.3 would not apply in general. Nonetheless, trying to understand what role do
all these terms play remains an interesting question. The simplest possible answer
would be that only the (u, {m;}) combinations that match one of the elliptic saddles
up to negligible corrections give a contribution that at large-N dominates in some
region of the space of parameters; further work is however still needed to test the
correctness of such a conjecture.

In our work we have not analyzed which contribution maximizes (3.4.1) in each
region of the parameter space. A detailed study of the phase structure of the index at
large -V for general values of BPS charges is a possible direction for future research.
In our analysis we focus exclusively on the O(N?) leading order; an interesting gen-
eralization would be to compute some lower order corrections.

57



Chapter 4

Equivariant localization and
equivariant volume

In this chapter we review some of the key mathematical aspects that we will need in
chapter 5 to derive extremal functions for supergravity solutions with an holographic
dual. In particular, we will review the Atiyah-Bott-Berline-Vergne equivariant local-
ization formula [51, 52| for orbifolds [82, 83], and how it can be applied to compute
the equivariant volume, which will be the fundamental object for our discussion in
chapter 5.

We will focus on toric orbifolds, and although we will make ample use of the
symplectic and Kéahler structures constructed in [84-87|, we stress the fact that the
quantities that we will compute are topological in nature. In particular our results
apply to geometries that are topologically symplectic and toric, regardless of whether
the particular metric is compatible with a symplectic structure, which is the case for
many of the supergravity solutions that we consider in chapter 5.

This chapter is organized as follows: first, in section 4.1 we briefly review equiv-
ariant localization, then in section 4.2 we review some of the key properties of toric
orbifolds, their classification in terms of polytopes and their symplectic and Kéhler
structures. In section 4.3 we review the equivariant volume of toric orbifolds fol-
lowing the discussion and notations of [28]. At last in section 4.4 we generalize the
equivariant volume with the addition of higher times.

4.1 Equivariant localization

In this section we briefly review the Atiyah-Bott-Berline-Vergne equivariant local-
ization formula [51, 52| for orbifolds [82, 83]. Given a torus action on a compact
orbifold M, the formula allows to compute integrals of equivariant forms on M in
terms of integrals on the fixed point set of the torus action. If the fixed point set
only contains isolated points, then the integrals simply reduce to sums over the fixed
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points. The equivariant localization formula can be applied to non-compact orbifolds
as well, provided that eventual contributions from infinity are accounted for.

Let us consider a torus T™ = R™/27Z™ action on an orbifold M. Let ¢ =
(€1,...,€m) be a vector in the Lie algebra of T™, and let & be the corresponding
vector field in M generated by the action of T™. We can define a differential operator
acting on the space of mixed-degree differential forms as

deav = dov + 2T iex (4.1.1)

Since dg = 0, the equivariant differential d¢ defines a cohomology, the equivariant
cohomology of M. Mixed-degree forms that are closed under d¢ are called equivariant
forms, and can be though as functions of the parameters €4, ..., ¢,, which are called
equivariant parameters. We will denote equivariant forms with as a™, or more
simply with o if there is no confusion about the dimension of the torus.

We can now state the equivariant localization formula. If M is a compact, ori-
entable, connected orbifold with a smooth T™ action, then the integral of an equiv-

ariant form o is given by

/aT:Zi/ﬂ (4.1.2)
w2y FNE) !

where F' are the components of the fixed point set of the T™ action (which always
have even co-dimension), dr is the order of the orbifold singularity of M in F, i%.a®
is the pullback of af under the inclusion map ir : F — M, and e"(N'F) is the
equivariant Euler form of the normal bundle N'F.}

If N'F splits into a sum of invariant orbifold line bundles L;,?

codim(F)/2
NF = L, (4.1.3)
1

j=

then the equivariant Euler form e*(N F) can be defined as the following polynomial
of the Chern forms ¢;(L;)

codim(F)/2

WNF) = I (a(Zy) —w;-e) (4.1.4)

j=1

where w; are the orbifold weights of the T™ action on Lj;.
In the rest of this thesis we will focus on (2m)-dimensional toric orbifolds Myy,.
In this case the fixed point set of the T™ action is comprised of isolated fixed points y,.

1For any point p € F, the fiber of the normal bundle at p is by definition N,F = T,M/T,F.
2This will be true for the cases relevant to us. The following discussion easily generalizes using
the splitting principle.
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Then the above equivariant integration formula simplifies to the fixed point formula

T
T a |ya
= E — Y 4.1.
/I\'ﬂzma @ d B a’ ( 5)

which we will frequently use.

4.2 Toric orbifolds

In this section we review the key properties of toric orbifolds that we will need. In
subsection 4.2.1 and 4.2.2 we review their Kahler metrics and the explicit construction
of the equivariant Chern classes respectively, while in subsection 4.2.3 we review the
details of the construction of toric orbifolds as symplectic quotients.

Given a (2m)-dimensional orbifold My, with a symplectic form w, the action of
a Lie group G on My, is Hamiltonian if there exist a G-equivariant® moment map
te - Moy — g%, where g* is the dual of the Lie algebra g of GG, such that

ew = —d(uc, €) (4.2.1)

where € € g and £ is the corresponding vector field on My, generated by the action
of G. The symplectic orbifold My, is said to be toric if it is equipped with a T™
Hamiltonian action. It is convenient to rewrite (4.2.1) as

m

few=—> ed, (4.2.2)
i=1
where we have split € = (1, ..., €y) and p’ : My, — R are the respective components

of the moment map of T™, each one being the moment map of a S* subgroup of T™.
The moment maps u’ are constant over the orbits of the T™ action.

A classic theorem of Delzant [88], generalized to the case of orbifolds in [89],
states that the image under the moment map of a (2m)-dimensional compact toric
orbifold My, is a m-dimensional Delzant polytope.* A convex polytope P can always

be written as
P={y €eR"|y; 0 > N\sya=1,...,d} (4.2.3)

where 0f is the vectors orthogonal to the facet F, of the polytope and we are using
Einstein notation on the index i. The above polytope is said to be Delzant if each
vertex is the intersection of exactly m facets® (i.e. it is simple) and the corresponding

3If L, is the action of g € G on Moy, then pug o Lg = Ady o pg, for all g € G.

4For non-compact orbifolds we will still use the term polytope to refer to the image of the
moment map, even if in this case it is unbounded.

5Tt is not uncommon to encounter geometries with worse-than-orbifold singularities, such as
the singularity at the center of the cone over a toric Sasaki-Einstein. In this cases the singularity
corresponds to a vertex of the polytope which is the intersection of more than m facets. As we will
discuss later, such singularities can be dealt with by resolving them, which corresponds to cutting
off the singularity at the cost of introducing new facets.

60



m vectors 0 can be chosen to be a Z-basis of the lattice Z™ (i.e. it is rational).
Smooth compact toric manifolds are completely classified by their respective Delzant
polytopes: from the polytope it is always possible to reconstruct the toric manifold,
up to symplectomorphisms. For toric orbifolds additional information is needed: a
generic compact toric orbifold can be reconstructed from its polytope and the labels
dp,, which are the order of the toric singularity of My, at D, = p~'(F,). This
information can be baked inside the definition of the polytope by defining the non-

primitive vectors v{ = dp, - 0¢, which we will exclusively use from now on. The

R
polytope can then be written as®

P={y, e R"|l,(y) >0,a=1,...,d}, la(y) = yivi — A - (4.2.4)

In subsection 4.2.3 we will briefly review how the orbifold My, can be reconstructed
from the above information.

The sets D, = u~(F,) are 2(m — 1)-cycles of My, and are called toric divisors.
They are subject to the homological relations

d
> D, =0, i=1,..m. (4.2.5)
a=1

At each toric divisor a S! subgroup of the T™ degenerates. The intersection of ¢
distinct divisors is thus a toric sub-orbifold of My, of codimension 2¢, if non-empty.
In particular the fixed point of the T™ action correspond to the intersections of m
distinct toric divisors D,, and the moment map provides a one-to-one correspondence
between the fixed points of Mly,, and the vertices of the polytope.

The vectors v{ are the generators of the fan of the orbifold My,. The fan is
a collection of cones spanned by the vectors v and encodes information about the
intersections of the facets F,. More precisely, the cone spanned by (v*,..., v%) is
part of the fan if-and-only-if the intersection F,,N...NF,, is non-empty. In particular
the fixed points correspond to cones in the fan spanned by m vectors (v, ... v*).
The order of the orbifold singularity at the fixed point y,, o = (v*,...,v*), which
is needed for the fixed point formula (4.1.5), is given by

do = |det(v™, ... v*™)]. (4.2.6)
Indeed we have
det(v™, ... v det(v™, ... v
1= [det(oe, .. gomy | = LA vt | fdet(ut, et | g
dp, ---dp,. da

From the fan it is possible to reconstruct the algebraic structure of My, as a toric
variety, but we will not need the details of this construction in the following.

6Als0 Ag = dp, - Aa
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The orbifold My, can be seen as a T™ fibration over the polytope P, provided
that we collapse to a point the appropriate one-cycle of T™ above each facet F,. In
particular there is a convenient densely defined local chart for M, given by the
cartesian coordinates y; taking values in the interior of the polytope and the angular
coordinates ¢; ~ ¢; + 2m that parametrize the torus. This coordinate system is
symplectic, in the sense that the symplectic form w is given by the following simple

expression:

We note that in this coordinate system the moment maps p’ are just the projections
onto the coordinates y;.

4.2.1 Toric-Kahler metrics

In the symplectic (y, ¢) coordinates the most general T™ invariant almost complex
structure on M, compatible with w given is [90]

Gyly) 0

where G (y) is the inverse of Gy;(y). The integrability of the complex structure is
equivalent to the condition on G;;(y) being a Hessian matrix:

_ 9*’G(y)
dy;dy;

Gii(y) (4.2.10)

The function G(y) is called the symplectic potential. The holomorphic coordinates
are then given by

oG
zi(y, ) = a;?-j) +id;, (4.2.11)
J

while the toric-Kaler metric obtained from w and J is
ds* = Gij(y)dy;dy; + G (y)dgidg, . (4.2.12)

In order to behave correctly at the facets of the polytope G(y) must take the form

d

Gly) = % > la(y)logla(y) + h(y) | (4.2.13)

a=1

where h(y) is a smooth function on the whole polytope P (not just on its interior).
In addition it must satisfy

d
det [Gij(p)] - [Jlaly) >0 VyeP (4.2.14)

a=1

62



in order to be positive defined.
If the function h(y) in (4.2.13) is chosen to be h(y) = 0 we obtain the canonical
metric

d

1 can 82C;Can. Yy 1 d (%
Gcan.<y) - 5 Zla(y) log la(y), Gz] = ay—ay() — 5 Z
i0Y;

L (4.2.15)

a=1

The canonical metric is the toric-Kahler metric obtained by constructing My, as
a symplectic quotient C?//G, as we will discuss more in detail in subsection 4.2.3.
Given that the quantities that we want to study are topological and do not depend
on the specific choice of metric, in the following we will use the canonical metric and
we will simply write GG instead of Geay..

4.2.2 Equivariant Chern classes

Every facet F, of the polytope of a toric orbifold My, is associated to a toric divisor
D, by inverse image of the moment map. There extist a holomorphic line bundle
L, over M, which is canonically associated with the divisor D,. The bundle L, is
uniquely defined by requiring that its restriction on D, is the normal bundle N D,,
and that its restriction on My, ~ D, is trivial. The Chern class of the line bundle
L, has been computed in [91, 92]:

c1(Lg) = —% [85 log la(y)} : (4.2.16)

where [ -] denotes the cohomology class. A key property of ¢;(L,) is that it is the
Poincaré dual of the divisor D,, that is

/M cl(La)/\oz:/ a, (4.2.17)

for any (2m — 2)-form « on My,. From the homological relation among the divisors
(4.2.5) we can deduce its cohomological counterpart:

Y vfer(L)=0, i=1..m. (4.2.18)

a=1

We will now introduce equivariant analogue of the Chern forms, following the
discussion in [28]. First, we define the functions 1’ (y) as

1 Gy
A 1,(y)

We can then give the explicit expression for another representative of the Chern

pay) = (4.2.19)

class,
c1(La) = [d(ugd@)} . (4.2.20)
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In the following, with an abuse of notation, we will be indicating this specific rep-
resentative of the Chern class the same way as the Chern class itself, ¢1(L,). From
c1(Lq) = d(pide;) it is easy to verify the relation

i9,,¢1(La) = — dp, . (4.2.21)
We can now define the equivariant Chern forms as
c1(Ly) = c1(La) + 27 e il (4.2.22)
which are easily verified to be closed under the equivariant differential:
de i (Lo) = (d+2mig) (e1(La) + 2me; pf) = 0. (4.2.23)

The equivarant counterpart of the cohomological relation (4.2.18) is

dovfel(Ly)=—e, i=1...,m, (4.2.24)

a=1

where we have used that . A
J

. 5
doviuh =5k, (4.2.25)

a=1
which is a simple consequence of GG, = 0% and (4.2.15).
The cohomology class of the symplectic form w can be expressed in terms of the
Chern classes as [91]

[w] = —27 i Aac1(La) . (4.2.26)

The A, are thus an over-parametrization of the Kahler moduli. The equivariant
analogue of the above formula is

d
(W] = =27 Aacf(La), (4.2.27)
a=1
where this time [ -] denotes the equivariant cohomology class and
W=w42rH(g) =w+2r €6 v - (4.2.28)

This form is equivariantly closed since H (¢;) is the Hamiltonian of the vector £ and
thus by definition
tew = —dH . (4.2.29)

The relations (4.2.26) and (4.2.27) can be derived from the observation that the
moment maps p'(y) = y; can be written as

g g V9 V¢ Yy, g v2(lg + Aa)
L — (YT (. — Y E 23 kIR i E g =

. . (4.2.30)
= —2m Y Al + 52@%?'
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Then we find
1 .
w=dy Adg; = —21 Y A, d(pfde;) +d <§ > Gy d@) , (4.2.31)

which implies (4.2.26), and the other relation easily follows.

4.2.3 Toric orbifolds as symplectic quotients

In this section we review how toric orbifolds can be reconstructed from polytopes (and
labels at the facets, which in our notations are baked inside the vectors that define
the polytope). For compact toric orbifolds this provides a complete classification,
according to the generalization to orbifolds [89] of the classic theorem of Delzant
[88]. This construction will be particularly useful to us when in chapter 6 we will
discuss the Molien-Weyl formula for the equivariant volume.

Our starting point is a generic simple rational convex polytope

P ={yi € R™ |yvi = Ao} (4.2.32)

Let us consider the space C?, where we have a complex coordinate z, for each vector
v® € R™ of the fan. The standard T¢ torus action on this space simply shifts the
phases of each z,. Then we can define the following subgroup of T¢:

G— {(62“91, .., e¥%) ¢ ¢ ‘ Y ot e Zm} . (4.2.33)

The idea is to construct the toric orbifold M, as the zero level set of the moment
map of the action of G, quotiented by G: in short My, = ' (0)/G. In the following
we will review this procedure step by step.

It is always possible to define the “GLSM charges” Q' € Z by requiring that

d
dQrug=0, m=1....d-m. (4.2.34)

a=1

These charges generate the T?™™ continuous component of G. More precisely we
have

G=T @ {(ezm'Q’l”em, .., e2mQEnY ¢ d ’ 01, o € ]R} , (4.2.35)

where for simplicity we are using Einstein notation on the index m =1,...,d — m.
Here T' is a discrete group, which we will call the “torsion group”. Without loss of
generality we will assume that the GLSM charges Q7" are chosen so that the map
T9—™ — T? that they define is injective.
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In order to construct the moment map of GG, we first construct the moment map
of T¢. The standard symplectic form on C? is given by

d
1 _
wo = 5 GEZI dz, N\ dZ, . (4.2.36)

Then the components of the moment map of T? are

a = ‘ZGP
Ho(22) = ==+ Aas (4.2.37)

where for later convenience we have introduced the Kéahler moduli A, since ;1§ is only
defined up to a constant. It is easy to check that the above pf satisfy the defining
property of the moment maps:

ia,,Wo = —dpig , (4.2.38)

where ¢, is the phase of z,.
The moment map of G can be found from the moment map of T¢ by contracting
the components of the latter with the GLSM charges:

d

pE(e7) = S QU= 2) (42:39)

a=1

This trivially follows from the fact that the infinitesimal generators of G are ) | Q7'0,,,,
and thus from (4.2.38) we immediately get

iaza o, W0 = —dpgs (4.2.40)
As already mentioned, the zero level set of the moment map of G
pg(0) = {z e C? ‘ pe(2,2) =0, m=1,...,d— m} (4.2.41)
quotiented by the action of GG reconstructs the toric orbifold M,:
Moy = p'(0) / G (4.2.42)
The symplectic form w on My, is then constructed by imposing that
p'w=1"wp, (4.2.43)

where p : u5'(0) — My, is the projection into the quotient, i : ug' — C? is the
inclusion map, and p*, ¢* are the respective pullbacks. This procedure of constructing
a symplectic orbifold (Myy,,w) from the Hamiltonian action of a group G on a higher
dimensional symplectic space (C? in this case) is called symplectic reduction and is
usually denoted by

My, = C4//G. (4.2.44)
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Let us quickly comment the toricity and the Kahler structure of My, thus con-
structed. The standard T? action on C¢ induces a T¢ action on pg'(0) which reduces
to T™ action on My,. It is then possible to show that this T™ action is Hamiltonian
and the image of its moment map is precisely the polytope (4.2.32) that we started
with. Furthermore, since C¢ is a Kihler manifold and the action of G preserves its
complex structure, it follows that the symplectic quotient My, = C?//G inherits a
complex structure that is compatible with w. Hence My, has a canonical Kahler
structure, and the respective Kéhler metric is precisely the one given by (4.2.15).

The toric divisors of My, are the 2(m — 1) cycles where a U(1) subgroup of T™
acts trivially. In C? the sets in which the U(1) subgroups act trivially are of the form
{(21,...,24) € C?| z, = 0}. Thus the divisors are given by

D = (,@1(0) N {(z1,... 20) € Cl| 20 = 0}) /G (4.2.45)

4.3 Equivariant volume

In this section we review the definition and the basic properties of the equivariant
volume. We will review the fixed point formula, the special case of four-dimensional
orbifolds and the Calabi-Yau case respectively in subsections 4.3.1, 4.3.2 and 4.3.3.
We will mostly follow the discussion and the conventions of [28] throughout the
entirety of this section. In section 4.4 we will generalize the equivariant volume by
including higher times.

Given a toric orbifold My, and a vector £ = ¢; 95, with Hamiltonian H(e;), then
the equivariant volume V is defined as [29]

1 w™
VA, €) = —HZ_ 4.3.1
(Aas €i) (27r)m/M2me - (4.3.1)

In the symplectic coordinates we have w = dy; A d¢; and H (¢;) = €; y;, which we can
use to write the equivariant volume as an integral over the polytope (4.2.4):

V(Aa, &) = / e Y dMy, (4.3.2)
P

where the factors of 27 at the denominator have been canceled by similar factors
coming from the integration over the angles ¢;. The equivariant volume can be
computed using the equivariant localization fixed point formula (4.1.5). Indeed, the
integrand of (4.3.1) can be expressed in terms of the equivariant form w? = w+27rH
as follows:

VA, &) = (—1)" / ez (4.3.3)

Mom

In the case of compact toric orbifolds we can use (4.2.27) to write

V€)= (—1)" / oS o cl(La) (4.3.4)

Mom
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For non-compact orbifolds we cannot ignore the exact form in (4.2.27) because it
plays a key role in ensuring the convergence of the integral (there are also constraints
on the values of the equivariant parameters €; which are needed for convergence, as
evident for formula (4.3.2) ). We will discuss some of the caveats regarding the
non-compact case in subsection 4.3.3 when examining toric Calabi-Yau m-folds.

In the case of compact orbifolds the equivariant volume is the generating func-
tional of equivariant intersection numbers, which are topological quantities that can
be defined as integrals of the equivariant Chern classes:

Doy, = /M (L) M (Lay) - (4.3.5)

Indeed we can expand the equivariant integral as

Vowe) =2 5E S o [ ) ). @)

k=0 a,...,ap=1 Mam

so that i
m 3 V(Aa,EZ‘)

OAay -+ 0N,
The equivariant intersection numbers are zero for £ < m since in that case the

Dal...ak = (_1> (437)

Aa=0

integrand is a mixed degree form with a zero top degree (2m) form. When k > m
the top degree form is homogeneous of degree m — k in ¢;. Hence, the intersection
D, .4, i1s a homogeneus polynomial of degree m — k in ¢;.

When the orbifold is non-compact it is still possible to derive the equivariant in-
tersection numbers of compact intersections of divisors from the equivariant volume.
This has been done in [93] using the Molien-Weyl formula. Regardless of intersection
numbers, we will need the expansion of the equivariant volume in powers of \,, which
we write as

Vg, e) =Y VB, e), (4.3.8)
k=0

where V) is homogeneus of degree k in the \,. In the compact case V¥ is given
by the k-th term in the sum of (4.3.6).

From the equivariant cohomological relations (4.2.24) we find the following for-
mula for the shift of the \,: ”

V(/\a + 61'1]?7 Ei) - e_ﬂiqv(/\m 62’) . (439)

When B;e; = 0 this can be regarded as a “gauge transformation”. The infinitesimal
version of the (4.3.9) is

> A —&V, (4.3.10)

"The transformation A — )\, + B3;v¢ correspond to a translation of the polytope, so this formula
can also be easily derived from (4.3.2).
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and in terms of homogeneous components

d
a
>
a=1

4.3.1 Fixed point formula

AL
oA\

a

= — VD, (4.3.11)

In this subsection we review the fixed point formula for the equivariant volume,
focusing on the case of compact toric orbifolds. We postpone the non-compact case
to subsection 4.3.3.

If we apply the fixed point formula (4.1.5) to the integral (4.3.4) we find

V(Ao &) = (=1)"

, (4.3.12)

where a runs over the fixed points of My,,, which are in a one-to-one correspondence
with the m-dimensional cones of the of the fan, « = (v*,... ,v*), and we have
defined the equivariant form 77 as

d
= Nl (L) (4.3.13)
a=1

The restriction of the equivariant Chern classes ¢} (L,) to the fixed point y,, are

computed by simply evaluating the zero-form component of ¢] (Ly) in ¥, which is
given by (4.2.22), and thus

1 (La) (4.3.14)

o a
= 27 € 4y
Yo

Ya

In order to evaluate the functions ¢ (4.2.19) in y, we need to study the behavior of
GY in the neighborhood of y,. If we specialize (4.2.15) around the fixed point y, we

can write

ak ,,Qk

1 o= vi*v
Gij = 3 Z l . + (terms that are regular at y,) . (4.3.15)
b

The above matrix can
that they satisfy
Ugi Y = da 52’]’ . (4316)

The above relation is equivalent to stating that (u%)7 is d, times the inverse matrix
of the v} square m x m matrix. Therefore we must also have that

«

NE

(ulk)' vt = dy 85 . (4.3.17)

b
Il
—

The vectors u% are the inward normals to the facets of the cone av = (v*, ..., v™)

I

(or, equivalently, the vectors along the edges of the polytope that meet at the vertex
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Yo) and their components (u%)? are integers. We can then use relations (4.3.16) and
(4.3.17) to find the inverse of G;; in the neighborhood of y,:

( di)2 D (u) (u) L, - (4.3.18)

m
k=1

GY ~

a
(2

We can now finally compute the restrictions of the u¢ at the fixed point y,

1 (ud)

— L) e e
] Tw s TUE (4.3.19)
Y 0 if v ¢

1 GY v}

Hli Yo - 47T la

from which we find the restriction of the equivariant Chern forms:

_eug if v €
_ {0 do  DUSQ (4.3.20)

i (La) ifv* ¢ «

=21 €; 1}

Yo Yo

The normal bundle over the fixed point y, is just the tangent space T}, , My, and
it factorizes as the direct sum of the m line bundles L,, associated to the divisors
that intersect into the fixed point. In particular formula (4.1.4) for the equivariant
Euler class e’ at v, is just the product of the restrictions of the equivariant forms
ci(L,,), and thus

m m a
m €Uy
¢l = [l @a)l,, = O [[—= (4.3.21)
i=1 i=1 «

Putting everything together, we find that the fixed point formula for the equiv-
ariant volume can be expressed as

VOee) = Y — (4.3.22)

77777

where

To = — Em: Aa, (6 'duZi) (4.3.23)

is the restriction of the equivariant form (4.3.13) to the fixed point y,.

4.3.2 Four-dimensional compact toric orbifolds

In this section we specialize to the case of four-dimensional compact toric orbifolds,
and review some of their salient features. The formulas of this section will be heavily
used in chapter 5, where we will mostly consider geometries that are fibrations over
four-dimensional compact toric orbifolds My.

The polytope of a four-dimensional compact orbifold is just a convex polygon.
The fan is generated by the two-dimensional integer vectors v*, a = 1,...,d that
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are normal to the sides of the polygon. The fixed points are associated with the
cones (v*,v®), where we take a counter-clockwise order for the vector and identify
cyclically v2T¢ = v Notice that in the compact four-dimensional case the number
of fixed points is equal to the number of vectors in the fan and we can use the index a
to label both. It is convenient to define the quantities

o €-uf o  €-U5
€] = ) €5 = , 4.3.24
! da,aJrl 2 da,a+1 ( )
where u{ and u$ are the inward normals to the cones (v*,v®1). Explicitly
det(vt! e det(v?, e
! = ( ) €y = (v* ¢) (4.3.25)

L7 det (v, vetl)  det(ve, vetl)

where € = (€1, €2). In particular, the equivariant Euler class of the tangent bundle at

a fixed point y, reads

T

e| =¢€le, (4.3.26)

Ya
and the order of the local orbifold singularity is

dyar1 = det(v®, 0"t . (4.3.27)

The restriction to the fixed points of the equivariant Chern classes ¢ (L,) can be
written as

c1(La)|,, = —(Gape] + dapir€s) (4.3.28)

The fixed point formula (4.3.22) for the equivariant volume is thus given by the
expression®

4 o Aa€i—Aat1ed
V(Aa, &) = (4.3.29)

a a
—1 da,a+1 €1€3

From the equivariant volume we can derive the intersections numbers by using
formula (4.3.7). The expression for the intersections D, and Dy will be particularly
useful in chapter 5. Since D,,. 4, is a homogeneous polynomial of degree k£ — 2, the
intersections D, are just numbers. Explicitly they are

(

S ifb=a—1,
a—1,a
L ifb=a+1,
D= [ AL)E@) =Ty (4330
1 R~ ifb=a,
0 otherwise .

\

The expression for D,, is obtained by application of the useful identity

-1
€? € d —1,a+1
e e (4.3.31)
da,a+1€2 da—l,ael da—l,ada,a—l—l

8Notice that there is no summation on a in the exponent.
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where d,_1 441 = det(v!, v2T).

The triple intersections Dy, 4,4, are linear in ¢; and are given by

Dayazas = /M qur(Lal)qur(Laz)cqlr(Las) =
4

( a—1
€2 1 L — L — g
- ifa,=a;=a,+1=a,
€f . o o _
I Rt e ifa,=a;=a,—1=a,

(4.3.32)

dafl,anl»l(2da71,a€(11+da71,a+15(2l)

fag=a=a3=a
dz_l’ada,a+l 1 2 3 ’

\ 0 otherwise .

We note that from the vanishing of D,, ,, for k < 2 it is possible to derive useful
relations:

1
0= / 1= 4.3.33
My ; da7a+1ecll€(2l ( )

1 1
0 :/ ci(Ly) = — — — . (4.3.34)
My

da,a+1€g da—l,a€1

4.3.3 Toric Calabi-Yau m-folds

In this subsection we briefly review the Calabi-Yau case, which will be relevant for
many of the supergravity solutions that we will study in chapter 5. Given that all
toric Calabi-Yau are non-compact we will also discuss some of the subtleties of the
definition and computation of the equivariant volume of non-compact geometries.

Let us consider a toric Calabi-Yau m-fold. The Calabi-Yau condition is equivalent
to the requirement that all the vectors v* that generate the fan lie in the same
hyperplane. Up to an SL(m,Z) transformation® we can choose one component, say
i = 1,'° to be one for all the vectors, that is v¢ = 1 for all @ = 1,...,d. An
immediate consequence is that all toric Calabi-Yau are non-compact. The large y;
approximation of the polytope P is then a cone P’:!

P={yeR"|yv*>0,k=1,....d}. (4.3.35)

As evident from formula (4.3.2) for the equivariant volume as an integral over P, the
equivariant parameters ¢; must lie in th cone P’ for the equivariant volume to be well
defined. The fixed point formula can be applied to Calabi-Yau geometries with only
orbifold singularities, considering that equivariant localization fails for non-compact
orbifolds only if there are contributions from infinity, which there are none.

9Choosing a different set of generators of the torus T™ action corresponds to an SL(m,Z) trans-
formation.

0The Calabi-Yau examples that we will consider in this thesis are all either three-folds or four-
folds, and for reason that will be more apparent later we will choose to set the third component to
one.

HVectors v® associated to compact divisors D, can be ignored in the large y; approximation.
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There many interesting cases where worse-than-orbifold singularities are present.
The prototypical example are toric Calabi-Yau cones over Sasaki-Einstein SEoy 1,
for which all the facets meet in a single vertex, which means that excluding the case
with minimal number of facets the cone is not a simple polytope. In such cases the
extremal functions of the supergravity solutions are found in terms of homogeneous
components of the equivariant volume V*) of degree & < m [28]. The equivariant
volume can then be computed by resolving the singularity first, by adding vectors v*
to the fan in such a way that the polytope stays the same at large y; but there are
no longer any worse-than-orbifold singularities. This can be done without changing
the final result because the components V) of degree k < m do not depend on the
parameters )\, associated to compact divisors.!?

4.4 Equivariant volume with higher times

In this section we discuss a generalization of the equivariant volume, obtained by
introducing higher times. The equivariant volume with higher times has appeared
only recently in the literature [93]'* and is still poorly studied. As we will discuss
in chapter 5, the equivariant volume with higher times contains all the information
needed to fully capture the topological properties and the quantization of fluxes for
a very large class of supergravity solutions.

The equivariant volume with higher times is defined by

V(Do) = (O [ et g
Mam

where \,, 4, are symmetric tensors and a sum over repeated indices a is understood.
K can be any integer greater than one. The above expression has a large gauge
invariance and many parameters are redundant, as we will later discuss.

We can compute the equivariant volume with higher times (4.4.1) with the fixed
point formula (4.1.5):

V(i 6) = (D" )~

aeT|ya

eTT|yo¢

: (4.4.2)

where 7,, do, and e” are defined as in the previous section, whereas 7" is now defined
as
K
T
= Marear€i (Lay) - €1 (Lay) (4.4.3)
k=1

12The components of degree V(*) of degree k < m vanish for compact orbifolds. Any non-compact
polytope can be made into a compact one by adding facets that only intersect the previously non-
compact facets. This operation does not change the contribution of the original compact facets,
which must then be zero for V®) with k < m.

13More precisely, in [93] they introduced a higher times analogue of the Molien-Weyl formula for
the equivariant volume. We will discuss this in more detail in chapter 6.
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Using the identities (4.3.20) and (4.3.21) we find

V({)\alu-ak}i{:l? Ei) = Z Lﬂ (4.4.4)

do [T, <32
a=(ve1 .. wom) a1l li=1 {,

where 7, is the restriction of the equivariant form (4.4.3) to the fixed point y, and
explicitly reads

Ta = _gxai( dtf?y) + zm: May - dza) (€ .(;:gj> o (445)

ij=1

As an example, we give the expression for the equivariant volume with second times
(that is, with K = 2) for a four-dimensional toric orbifold, thus generalizing expres-
sion (4.3.29):

4 o= Aact—Aar168+Aa,a(€))2+200 0160 G+ A0t 1,041 (€5)?

V(Aas Aabr €1) = Y . (4.4.6)

daa+1 €1€5

a=1

We note that among the second times A, only the ones of the form A, , and A\, 411
effectively appear in V. We will use this observation a few times in chapter 5.
The equivariant volume can be expanded in power series of the higher times

oo

V<{)‘a1--~ak}szla 61') = Z V(n) ({)\alu.ak}k[(zl; 6@') y (447)

n=0

where we denote with V(™ the homogeneous component of degree n in the set of
higher times A,, ,, for all £. V™ is a polynomial in ¢, in the compact case, while it
can be a rational function of ¢; when M, is non-compact.

Notice that there is a large redundancy in the description with higher times.
This should be clear if we consider the fact that V is a function of ¢; and 7,, so the
number of independent A parameters is at most equal to the number of fixed points.
The relations between the equivalent values of the A are in general non-linear, but
there is an interesting subset of linear gauge transformations which we will focus on.
Due to the relation (4.2.24), 77 is invariant under the gauge transformations

)\ — Aal..,ak+1 + Bi(almakv?k+l) ) )\al...ak — )\al...ak + 62'50’1‘"0% ) (448)

ay...ak41 %

where G is symmetric in the indices a; ...a,. Notice that the subgroup with
€0 ™ =0 acts only on Ay, a4, ., Without mixing times of different degree and it is
the only transformation allowed for single times. In the Calabi-Yau case, where the
vectors in the fan lie on a plane identified by the direction i = CY, say v, = 1,1

this subgroup can also be written as

>‘a1~~ak - )\al-nak + f)/i(almakilwélk) ) w? = €CY'U? — €, (4'4'9)

1n all the examples that we will discuss ecy will be identified with es.
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generalizing the results in [28]. Many times can be therefore gauge-fixed to zero.
We note that the fact that 77 is invariant under the transformation (4.4.8) does
not always imply that V is also invariant under the same transformation. The issue
is that the single times A\, determine the shape of the polytope: as the A, are varied
the position of the vertices of the poytope shifts, and when multiple vertices converge
the fixed point structure of M, can transition into a different one. Therefore the
the equivariant volume is invariant under (4.4.8) only as long as the shift in the
single times A\, does not cross into region of the moduli space with different fixed

point structure.!®

In the following chapter we will often gauge fix the A, inside
the equivariant form 77 to zero for simplicity. Whenever we do this it should be
understood that we are not actually changing the fixed point structure, even if setting
Aq to zero at the polytope level would correspond to collapsing all the fixed points

into one.

15This was not an issue for equation (4.3.9), since the shift A — X\ + B;v¢ simply corresponds to
a translation of the polytope.
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Chapter 5

Equivariant volume extremization
and holography

In this chapter we propose a general prescription to write extremal functions for
supergravity solutions with a holographic dual, widening the scope of the approach
presented in [28]. In [28] it was suggested that it should be possible to express
the extremal functions in supergravity in terms of the equivariant volume, which
we reviewed in the previous chapter, and their proposal was checked by studying
systems of branes wrapped around either a sphere or a spindle. In this chapter we
will focus primarily on systems of branes wrapped around four-dimensional orbifolds
(or wrapped around two-cycles inside of them). We will argue that in order to
parameterize all the fluxes of Ramond-Ramond forms or M theory forms supported
by a given geometry it is necessary to include in the definition of the equivariant
volume the higher times, which we reviewed in subsection 4.4.

This chapter is organized as follows. In section 5.1 we introduce our prescription
for the extremal functions in supergravity and explain how it relates to previous
works in the literature.

In section 5.2 we analyse M theory solutions with M5 brane flux. In subsec-
tion 5.2.1 we consider solutions associated with M5 branes wrapped over a four-
dimensional orbifold M. We show that the free energy can be obtained by extrem-
izing the appropriate term in the equivariant volume and that the result agrees with
the field theory computation in [28], obtained by integrating the anomaly of the M5
brane theory over My. In subsection 5.2.2 we consider solutions that are potentially
related to M5 branes wrapped on a two-cycle in M. By extremizing the appropriate
term in the equivariant volume, we reproduce known results in the literature and
extend them to predictions for solutions still to be found. In subsection 5.2.3 we
compare our prescription with the recent approach based on Killing spinor bilinears
in M theory [53].

In section 5.3 we consider solutions in type II string theory with geometries
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that are fibrations over a four-dimensional orbifold M. In subsection 5.3.1 we
consider massive type ITA solutions associated with D4 branes wrapped around a
four-dimensional toric orbifold My and derive the free energy proposed in [85]. In
subsection 5.3.2 we consider massive type ITA solutions associated with a system of
D4/D8 branes, with the former wrapped on a two-cycle in M. Extremizing the ap-
propriate term in the equivariant volume we are able to reproduce the gravitational
free energy computed from the explicit solution.

In section 5.3.3 we consider type IIB solutions with D3 flux associated with
S3/7Z, fibrations over My, which could potentially arise as the near-horizon limit of
a system of D3 branes wrapped on a two-cycle of the four-dimensional orbifold M.
This example can be covered by the formalism of GK geometry, that we here extend
to the case of fibrations over orbifolds, using the equivariance with respect to the
full four-torus T*. In this and other previous examples with M5 branes, we observe
that, in order to obtain the correct critical point, one should allow all the equivariant
parameters not fixed by symmetries to vary, thus rectifying some previous results in
the literature.

Lastly, in section 5.4 we summarize our results and discuss open problems and
future perspectives. The appendices B contain technical aspects of some computa-
tions.

5.1 Extremal functions from the equivariant volume

The equivariant volume of toric orbifolds is a basic topological object, sensitive only
to the degenerations of the torus T™ near the fixed points, as can be seen from
its fixed point furmula (4.3.22). In the applications to holography one encounters
metrics that are not Kahler and not even symplectic, but with underlying spaces that
are in fact symplectic toric orbifolds and one can nevertheless define V and use it to
compute topological quantities that ultimately will not depend on the metric. Given
these properties, the equivariant volume is the gravitational analogue of quantum
field theory quantities like 't Hooft anomalies and supersymmetric indices that are
invariant under small deformations of the theory once symmetries and matter content
are fixed. In [28] it was argued therefore that all extremization problems in gravity
can be reformulated in terms of the equivariant volume. It was shown that this is
true for volume minimization [8, 9] (dual to a [4] and F-maximization [6]) and the
formalism of GK geometry [11, 12] (dual to ¢ [5] and Z-extremization [7]). In [28] it
was proposed that this should be true more generally, and as a partial check of their
proposal they showed that all known extremization problems for branes wrapped
over a sphere or a spindle in type II and M theory can indeed be reformulated in
terms of the equivariant volume.

In this chapter we will corroborate and generalize the proposal of [28] by ana-
lyzing systems of branes partially or totally wrapped around four-dimensional toric
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orbifolds. The toric assumption is not essential, but is made for two reasons. Firstly,
if a geometry has a symmetry group that contains T™ = U(1)™, we need to extremize
over the corresponding m — 1 equivariant parameters not fixed by supersymmetry,
otherwise the critical point found would not be a bona fide extremum of the gravi-
tational action. Secondly, in this case the fixed point theorem simplifies to a sum of
contributions at isolated fixed points; more generally, it would be straightforward to
proceed assuming a T* = U(1)* Hamiltonian action, with 1 < k < m. Furthermore,
in many examples when the underlying geometry is not strictly symplectic or toric
but has a T™ isometry we can also define a natural generalization of V by a sort
of analytical continuation, as is the case for geometries where the fan is not strictly
convex or geometries involving S%.

This section is organized as follows. We will begin in subsection 5.1.1 by briefly
reviewing the the extremal functions in supergravity that have been known in the
literature for quite a while [8, 9, 11, 12] and how they relate to the equivariant
volume. Then in subsection 5.1.2 we review the proposal of [28] and explain how we
generalized it.

5.1.1 Sasakian volume, master volume and equivariant volume

In this section we briefly review the Sasakian volume and its generalization, the
master volume, mostly following the discussion of [8] and [12, 25]. We will review
why these quantities are extremal functions and how they relate to the homogeneous
components of the equivariant volume, as observed in [28].

Let Y5,_1 be a toric Sasaki-Einstein of dimension 2m — 1, and let X5, be the
cone over Yon_1, namely Xoy = Rsg X Yo, with metric

dsk, =dr® +r’dsy, . (5.1.1)

Since Yo,_1 is a Sasaki-Einstein, the above metric is Ricci-flat and Kéhler, with
respect to a compatible integrable complex structure J. Then X, is a toric Calabi-
Yau m-fold singularity, whose polytope is the cone

P={yeR"[yv} >0}. (5.1.2)

We impose the Calabi-Yau condition by setting v{ =1 foralla=1,...,d.
The killing vector of interest is the Reeb vector field of Xy, defined as

§=J(ro,) = €dy, , (5.1.3)

where the ¢; play the role of equivariant parameters. The Reeb vector £ has unit
norm on Yoy,_; and defines the foliation

d83/2m—1 = 772 + d83m72 ) (514)
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where 7 is the dual one-form of £ (that is n(¢) = 1) and the transverse metric ds3,,
is conformally Kéahler with Kéhler form wssaiian. We can find the subset of the cone
P that correspond to Yon,_1 = Xon|r-=1 by imposing that the norm of £ is one:

1= EiEjGij = 2EiijykGij = 267; Y (515)

where G;; and GY are the ones defined in section 4.2.1 and we have used that
€; = 2 Gy, which follows from 70, = 2y,0,, and expression (4.2.9) for the complex
structure J. Then the subset of P that correspond to Yon_1 is P N H., where H, is
the hyperplane

He={yeR"|yi=13}. (5.1.6)

The Sasakian volume is defined as the volume of Y5,_; and it can be determined
as following:

wm—l_ (27T)m
Vol(Yam_1)(€;) = N Sasakian _ 2200 \ol(P N H,) . 5.1.7
(o)l = [ i = EEE V(P 17, (51.7)

Let us consider AdS; x Y; solutions of type IIB supergravity, Y5 = SE5. The Einstein-
Hilbert action on the space of Sasakian metrics of Y; is proportional to the Sasakian
volume [8]. Remarkably, the action only depends on the parameters ¢;, with €; fixed
to a constant value. The value of the ¢; at the critical point of the action determines
the Reeb vector ¢ of the Sasaki-Einstein metric. In the dual CFT this procedure
mirrors how the R-symmetry can be determined by maximizing a [4] with respect to
a trial R-symmetry. The value of a for the CFT can also be found in terms of the
minimum of the Sasakian volume by using that [94, 95]

% . VO](S5)
ags  Vol(Ys)

(5.1.8)

With a suitable parametrization of the trial R-charge this identity is not only valid
at the critical point but also for a generic value of ¢; (off-shell) [8, 69].

Similarly, for AdS; x SE; solutions in 11d supergravity the Sasakian volume
minimization is the dual of the maximization of the free energy F' [6], intended as
(minus) the logarithm of the supersymmetric partition function on S3.

In [11, 12] the Sasakian volume has been generalized to the so-called master
volume by allowing the transverse Kéhler class in the foliation (5.1.4) to vary and
no longer be fixed t0 [Wsasakian]-! A generic transverse Kéhler class can be written as

d
wp] = =27 ) " Aaca, (5.1.9)
a=1

1'We stress that the metric of Yo, _1 is no longer Sasakian after varying the transverse Kihler
class. Yo 1 itself is still topologically Sasakian.
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where the ¢, are cohomology classes in the foliation of Y5, 1 that uplift to ¢;(L,) in
Xom. In general the above differs from the Sasakian class, which is given by

T
WSasakian| — — Cq 5.1.10
[Wsasatan] = — ; ( )
and thus corresponds to (5.1.9) with A\, = —%. The master volume is then defined
as . (om)
V(Aa, €) = / nA-—L—— = "2 Vol(P(\y, &) , (5.1.11)
Yom—1 (m_ 1)' ‘€| ( )

where P(A,, €;) generalizes P N H, with the introduction of the A,:

Par€i) ={y € He | (i — 222) v > Ao} (5.1.12)

In order to discuss the connection between master volume and extremal func-
tions, for concreteness let us focus on the case of AdS3 x Y7 solutions of type IIB
supergravity described by GK geometry [96, 97]. These solutions can be taken off-
shell: we can consider supersymmetric geometries that admit the required Killing
spinors but do not solve the five-form equation of motion. Putting these geometries
back on-shell can be shown to be equivalent to solving the equations of motions that
come from varying the following supersymmetric action:

J3 oV
S :/ nApAER2 = : 5.1.13
sy = | =gy (51.13)

where p and Jo,_o are the Ricci form and complex structure of the transverse Kahler
class of the foliation of Y7. Additionally we need to impose the quantization of the
fluxes of the five-form on all independent five-cicles:

dm(2ml)'g, L PV 9Ssusy

a F5 = - )
L im Jp, " = ONON, O\

(5.1.14)

where the M, are integers and since the toric divisors are not independent neither
are the N,: form > v!D, = 0 we find ) v¢N, = 0. There is also a topological
constraint

0:/ nApP:A Jom_s (5.1.15)
Y7
which is equivalent to
d d
Y 0Ssusy
0= =— : 5.1.16
a;1 O ONy p O\ ( )
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When Ssysy (Aas €;) is extremized under the constraints (5.1.14) and (5.1.16) while
keeping €; fixed to a constant value,? the value of the ¢; at the critical point fixes
the Killing vector £ and the extremal value of Sgysy can be used to determine the
central charge ¢ of the dual CFT:

3L8

W SSUSY‘on—shell ’ (5117)

C =

This process is the gravitational dual of c-extremization [5].

In [28] it has been shown that the master volume is proportional to the ho-
mogeneous component of degree m — 1 of the equivariant volume of the toric cone
Xom:

V(g &) = 20" VD, ) . (5.1.18)

Using the property (4.3.11) and the fact that v{ = 1 for a = 1,...,d, the super-
symmetric action (5.1.13) can also be expressed as a homogeneous component of
V:

Ssusy = € 2m)" V2D (), €) . (5.1.19)

Equations (5.1.14) and (5.1.16) will be naturally incorporated in the prescription [28]
that we will generalize in subsection 5.1.2.

We conclude this subsection by commenting that the master volume formalism
of GK geometry can also be applied to AdS solutions whose internal spaces are
fibrations with a Kéhler base manifold and toric topologically-Sasakian fiber [54]. We
will not review the details here since all solutions in GK geometry that can studied
with the master volume can also be studied with the prescription we present in the
following subsection, provided that the geometry is toric.®> A concrete example of this
are the AdS3 x M7 solutions in type IIB that we analyze in subsection 5.3.3, which
generalize to the orbifold case the ones that have been studied in [54] with the master
volume. Lastly, let us mention how AdSs x My solutions in GK geometry relate to Z-
extremization [7, 24, 25]. If My is a fibration of toric Y7 over a Riemann surface, these
solutions can arise as the near-horizon limit of asymptotically AdS, x Y7 black holes.
Then the supersymmetric action Sgygy is proportional to the entropy function of
the black holes and reproduces their Bekenstein-Hawking entropy when extremized.
The field theory quantity dual to the entropy function is the topologically-twisted
index Z [23], closely related to the superconformal index that we reviewed in chapter
2.

5.1.2 A general prescription

It has been shown in [28] that all known extremization problems for branes wrapped
over a sphere or a spindle can be formulated in terms of an extremal function which

2¢, is fixed to a constant by the requirement that the Killing vector ¢ has the appropriate
R-charge.
3As already mentioned, it would be possible to relax toric assumption.
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matches one of the homogeneous components (4.3.8) of the equivariant volume:
F = V94 ¢), (5.1.20)

where V(@ is homogeneous of degree o in A4. The parameters of F are subject
to a set of flux constraints which can also be expressed in terms of a homogeneous

component of V as follows:
av®)

oAq
where My are the integer fluxes of the relevant Ramond-Ramond or M theory anti-
symmetric form, obeying

vMy = — (5.1.21)

A
> Vi'tMy = 0. (5.1.22)
A

v is a normalization constant? that depends on the type of brane and the dimension
of the internal geometry. We also note that from (5.1.21) and (5.1.22) it follows,
using the property (4.3.11) of V, that the constraint

vt =g (5.1.23)

must be satisfied. Although it is not an independent relation, one can regard this as
a topological constraint necessary in order to impose the flux quantization. Formulae
(5.1.21) and (5.1.23) are the analogous of the master volume formulae (5.1.14) and
(5.1.16) respectively. The integers « and 8 depend on the type of brane. By a simple
scaling argument, it was found that

D3 branes in type IIB: a=2, =2
M2 branes in M theory: a=3, =3
M5 branes in M theory: a=3, =2 (5.1.24)
D4 branes in massive type ITA: a=5, =3
D2 branes in massive type ITA: a=5, =4

The extremal function F' can be normalized such that its extremum reproduces the
central charge of the dual field theory in even dimensions and the logarithm of the
sphere partition function in odd dimensions and we will use this convention in the
following.

In this chapter we show that this construction also holds for known extremiza-
tion problems for branes (partially or totally) wrapped over four-dimensional toric

4 A priori there is also an overall normalization constant in the definition of F, again depending
on the type of brane and the dimension of the internal geometry, however this can always be
absorbed in a rescaling of the A4, using the homogeneity of V(¥). For simplicity, in the examples
we will indicate only the type of brane as a subscript in v, omitting the dependence on the dimension
of the internal geometry.
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orbifolds. As we will later argue, for this kind of geometries the equivariant volume
with just single times V(A4 €;) is not sufficient: we need to include higher times.
For all the examples that we will consider in this chapter single and double times (A4
and Asp) will be sufficient. Only in appendix B.2 we will show an example of com-
putation where we intentionally over-parametrize the system by using triple times
Aapc as well. As a general rule, to fully capture the parameters of the supergravity
solution, we need a number of independent parameters at least equal to the number
of fixed points. Indeed from equation (4.4.4) we can see that functionally V is a
function of €; and 7, only. If the number of higher times A4, 4, is too big to be
fixed by flux constraints and gauge transformations, we will argue that the correct
procedure is to extremize with respect to the excess parameters. As we will show in
the rest of this chapter, the equivariant volume with higher times contains all the
information needed to fully capture the topological properties and the quantization
of fluxes for a very large class of supergravity solutions. Depending on the system
the flux constraint (5.1.21) may need to be modified to include a derivative in the
Aap in place of the derivative in A 4. We will discuss this on a case-by-case basis.

The above construction relies on even-dimensional toric orbifolds. For supergrav-
ity backgrounds AdS; x M, with odd-dimensional internal space M) the geometry
to consider is the cone over My, as familiar from holography. This cone is often
a non-compact toric Calabi-Yau, or, in the case of supersymmetry preserved with
anti-twist, a non-convex generalization.” When M, is even-dimensional, we consider
the equivariant volume of the compact M itself. Some M5 brane solutions have a
Zo symmetry that allows to cut into half the number of fixed point and consider an
equivalent problem for a non-compact Calabi-Yau (half of the manifold). This was
done in [28] for M5 branes wrapped on a spindle.

Since all the geometries that we will consider in this chapter are fibrations over
the four-dimensional toric orbifold My, for clarity of notation we will use capital
letters (V1, A, I) for the higher-dimensional geometry and lower-case letters (v, a, )
for My.

Our approach naturally incorporates the GMS construction based on GK ge-
ometry [11, 12] as well as the recent localization technique based on Killing spinor
bilinears in M theory [53]. Indeed, we will show that, for M5 solutions with even-
dimensional Mg or Mg, our approach is effectively equivalent to the one in [53]. In
particular, all the geometrical constraints that must be imposed on a case-by-case
analysis in order to find the free energy in [53] appear naturally in our construc-
tion as an extremization with respect to all the parameters that are not fixed by
the flux quantization conditions. On the one hand, this is a nice confirmation of
our prescription. On the other hand, our approach for the toric case is more gen-

5See for example [98]. Whenever we will encounter polytopes and polyhedral cones that are not
convex, we will obtain results by performing a suitable extrapolation from the convex case.
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eral, it covers in a simple and universal way the even and odd-dimensional cases, it
naturally extends to massive type ITA solutions, which are not yet covered by the
previous techniques, and expresses everything in terms of the extremization of a uni-
versal quantity, the equivariant volume of the associated geometry, without referring
to supergravity quantities. We are confident that when the explicit case-by-case su-
pergravity analysis will be performed for the missing backgrounds it will confirm our
general prescription.

5.2 AdS3 and AdSs solutions in M theory

We start by analysing M theory solutions with M5 brane flux and show that the
free energy can be obtained by extremizing the appropriate term in the equivariant
volume. The case of M5 branes wrapped on a spindle have been already studied in

[28]. Here we focus on geometries that are fibrations over a four-dimensional toric
orbifold My.

5.2.1 AdSj3 X My solutions

In this section we consider AdS; x Mg solutions in M theory, where® Mg is an S4
fibration over the four-dimensional orbifold Mly. Examples of this form have been
found in [84] and further discussed in [85, 86, 99]. They are obtained by uplifting
AdS; x My solutions of D = 7 maximal gauged supergravity to eleven dimensions.
These AdS; x Mg solutions can be interpreted as the near-horizon geometry of a
system of M5 branes wrapped around M.

We need first to identify the topological structure of the underlying geometry.
We will focus on the case of toric M. The eight-dimensional geometry Mg is not
strictly toric, but it admits an action of T* = U(1)*. If d is the dimension of the
fan of My, there are 2d fixed points of the torus action obtained by selecting a fixed
point on My and combining it with the North and South pole of S*. We will assume
that there is a Zs symmetry of the fibration that identifies the North and South pole
contributions to the fixed point formula. In this situation we can consider half of
the geometry, a C? fibration over My with the geometry of a non-compact toric CY,.
One can understand the appearance of the fibre C? from the transverse geometry of
the brane system, which is C?> x R, with S* embedded inside. We then consider a
CY, with fan generated by the vectors

Ve = (v"1,4,), VvV =(0,0,1,0), Va2 =(0,0,1,1), (5.2.1)

where v*, a = 1,...,d, are the vectors of the fan of My and t, are integers specifying
the twisting of C? over M. When supersymmetry is preserved with anti-twist [100],
the toric diagram is not convex and it does not strictly define a toric geometry. We

In general, My is itself an orbifold.
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will nevertheless proceed also in this case, considering it as an extrapolation from
the twist case. The non-convex case is obtained from the formulas in this chapter by
sending v* — o%v®, where 0% = £1.

In addition to the metric, the supergravity solution is specified by the integer
fluxes of the M theory four-form along all the non-trivial four-cycles. The toric four-
cycles of the geometry are My itself, the sphere S* and P! fibrations over the toric
two-cycles ¥, C My. In our half-geometry, the sphere S* and P! C S* are replaced
with copies of C? and C. All together, the toric four-cycles correspond to all the
possible intersections of the toric divisors D4 N Dp and we can therefore introduce a
matrix of fluxes M 4p. As usual, not all toric divisors are inequivalent in co-homology.
The relations Y , VD4 = 0 imply that the matrix of fluxes satisfy

> VAMap =0. (5.2.2)
A

We are now ready to formulate our prescription for the extremal function. For
M5 branes in M theory, as discussed in [28] and in the introduction, we define the
free energy to extremize as

F=V® O\, Mg, €r), (5.2.3)

and impose the flux constraints”

0
Ups (2 —0ap) Map = I

V(Q)()\A,AAB,EI). (524)
AB

Here the index A = 1,...,d + 2 runs over all the vectors of the fan of the CYy,
whereas we reserve the lower-case index a = 1,...,d for the vectors of the fan of
the base M. On the other hand, the index I = 1,2, 3,4 runs over the equivariant
parameters of the CY, and we will use ¢ = 1, 2 for the directions inside M. We have
added a (2 — d4p) factor in the equation for the fluxes for convenience. It is easy to
see using (4.4.4) that this equation can be equivalently rewritten as

82

—— 4GS YID\ 5.2.5
BV ( A AB:Q)? ( )

Uns Map =
and one may wonder if we really need higher times. The answer is yes. As we will
discuss later, with only single times the previous equation cannot be solved.®

In the rest of this section we will show that F' reproduces the expected extremal
function and its factorization in gravitational blocks discussed in [28, 85].

"We put a bar on top of vjss5 to stress that we are using a half-geometry. To have the correct
normalization of the free energy when using half of the geometry, the parameter v,;5 must be
rescaled as in formula (5.2.47), as we will discuss more extensively in section 5.2.2.

80ne would need to restrict the t, in order to find solutions.
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5.2.1.1 The equivariant volume with double times

The T* torus action on the CY, has d fixed points, each one corresponding to a cone
in the fan with generators (V@, Vet Vil yvd+2) q =1 ... d. In particular, there
is a one-to-one correspondence between these fixed points and the ones of the base
orbifold My; for the latter the fixed points correspond to two-dimensional cones of
the form (v®, v®*1) and they can be labelled by the index a. The order of the orbifold
singularities associated with the fixed points of CY, and Ml also match:

da,a+1,d+1,d+2 = |det(va7 Va+17 Vd+17 Vd+2)‘ = ‘det(vav Ua+1)‘ = da,a-i—l . (526)

Therefore, the fixed point formula for the equivariant volume with higher times of
CY, takes the following form:

e’

V(Aa, A = _— 5.2.7
( A AB’EI> a da,a—i—l 6T4’a ( )
Here, 7, is the restriction to the fixed point a of the form (4.4.3)
T, = (Z Aacl (La)+ Y Aapcr (La) c}T“(LB)> , (5.2.8)
A AB a
while at the denominator we have the restriction of the Euler class eT'
T4 T4 T4 T4 T4
™|, = (L) ' (Lar) " (Lasa) € (L) ) | (5:2.9)

The restrictions of the Chern classes can be computed using (4.3.20). The inward
normals to the faces of the cone generated by (Vi, Vai1, Vi1, Vise) are

Ua = (U?,O,O)7
Ut = (u$,0,0),
U = ((ta — Duf + (tays — D)u§ , daas1, —daat) ,

d+2 a a
U - <_tau1 - ta—i—lu2 707 da,a—‘rl) )

(5.2.10)

where u$ and u§ are the two-dimensional normals to the cone (v, v*™!). Using the
notations introduced in (4.3.24) we find

4 € (uf); u
qur (La)|a -~ d j—l = —€,
4 €; ua 7 a
(L], =52~ g,
i (Ly)|, =0, b#aa+1, (5.2.11)

G (La)], =~ = Dt = (tann Ve — e+ ea
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T+ a a
Cq (Ld+2>‘a = taﬁl + ta+162 — €4,

where for simplicity we have used Einstein notation for the sums over the index
i=1,2.

We can write the equivariant volume of the CY, as an integral over the base
orbifold Ml of four-dimensional equivariant forms with €3 and ¢, as parameters. Let
us denote with T the two-dimensional torus associated with ¢; and ey, and let ¢} (L,)
be the equivariant Chern classes associated to the restrictions of the line bundles
L, to the base M;. We can then take advantage of the one-to-one correspondence
between fixed point of the CY, and fixed points of M and, using (4.3.28), we can
rewrite (5.2.7) as

T

VO, Mg €r) = / e (5.2.12)
v, Car1Caga
where
7T = Z)\ACA+Z)\ABCACBa
A AB
Co = c1 (L), a=1,...,d,
(5.2.13)

Cay1 = —€3+eq+ Z(fa — 1)y (La)
Cito = —€4— Ztacjlr(La) :

Notice the relations > v¢ ¢ (L,) = —¢; and > , VA Ca = —¢;, following from (?7?).°
The homogeneous component of degree a of the equivariant volume with higher
times can be expressed as
(TT)a B((la)
V@ (A4, Aup, €1) = / - = Z — (5.2.14)

My O Car1Care “ daar1 €] €5

where we have defined B{*) to be the restriction over the a-th fixed point of Ml of
the following equivariant form:

T\«
g - T (5.2.15)
a! Cd+1 Cd+2

For later reference we derive the relation between B,(la) and B(EB )

B

B
o_ @) (s (72)° “ 5y
B T B Caa)la AL |l Cart Cara)le [(Car1 Casa) L (5.2.16)

9The second relation, which can be checked by direct computation, is obviously the restriction
of 32, VAT (La) = —e; to M.
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- )

When « is even this formula holds in terms of absolute values and the signs must be

B_ B_
(1 —to)el + (1 —tor1)es — €3+ €4)° 1(’%6‘{ + o163 — €4)° !

fixed separately. This will not be the case for the computation of this section, so we
postpone the discussion about the signs to section 5.3.1.

5.2.1.2 Solving the flux constraints
The flux constraints (5.2.4) reads

GV(Z) CA CB TT
Uns (2 —0ag) Map = — =—(2-90 - 5.2.17
Ut ( AB) Mag o ( AB) . Cart Cara ( )
or, equivalently
1.
_ CaCpt" Ba’ - (CaCB)la
Uns Mag = — 5.2.18
Mo AB My Cd+1 Cd+2 Z dq Ja+1 61 62 ( )
Let us focus on the A, B € {1,...,d} sector. Using (4.3.28) we find
(1)
Ba
Ups Magr1 = — )
M5 Maat1 dowis
(1) _a 1) a-1
§M5 Ma,a - - Ba 61 - Bail 62 1> <5219)

da,a—l—l 6(21 da—l,a 6?
Uns My, =0 when b #a,a+1,a—1.
These equations give constraints on the fluxes but they have a very simple solution

B(gl) = _EMSNa

(5.2.20)
Mab - NDab )

where D, is the intersection matrix of divisors (4.3.30) and N is any integer that is
a multiple of all the products d,_1 4 dga+1-
This can be seen as follows. By combining the first two equations we obtain

a a—1
My = Mygir & 4 M,y 2 (5.2.21)
€ €]
and using the relation (4.3.31)
a a—1
€] € da—1,a+1
+ — atl 5.2.22
da,a—l—l E(21 da 1,a 66{ ! da—l,a da,a+1 ( )
we can rewrite this as
€0
Ma,a da,a—i—l + Ma,a—l da—l,a—i—l - e_clz (Ma,a+1 da,a+1 - Ma,a—l da—l,a) . (5223)

2
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Given that the fluxes M4p and the orders of the orbifold singularity d, .41 are just
integers, the only way that this equation can be true for general values of € is for
both sides to vanish. This implies that M, is proportional to the intersections D,
given in (4.3.30). We can then conclude that the only solution to equations (5.2.19)
is (5.2.20). Notice that there is just one independent flux associated with the M,
components of the flux matrix. This was to be expected since this corresponds to
the M theory four-form flux on S*.

The values of the remaining entries of the matrix of fluxes Mg are related to
the fibration parameters. By substituting B{" = —7,/5 N in (5.2.18) we find

(CaCh)la

Map =N y =N | CaCp=N> 4t} D (5.2.24)
a c,d

a,a+1 6(11 6CQL My
In the last step we have used (4.3.30) and for convenience we have defined t§ as
55 Ae{l,...,d}

G=4t,—1 A=d+1 . (5.2.25)
—t, A=d+2

Given that the t, are integers, the fluxes Map in (5.2.24) are all integers.
We note that the expression (5.2.24) for M4p satisfies the relation required to
be considered a matrix of fluxes,

> ViAMap=0. (5.2.26)
A

This can easily be verified by noting that
v I=1=1,2
Vil =<" - ViDeg = 0. 5.2.27
v {0 - > 5221
The simplest solution to the equations

B(l) — Ta(/\A(EI)v)‘AB(EI>7€I) _ _EMSN (5228)

¢ (Cat1Cay2)la

is to set A\gy1,4+2 = —%5M5N while setting all the other A4 and Asp to zero. We

note that in general there exist no solutions to these equations with Aqp = 0 for
all A, B, meaning that the inclusion of the higher times to the equivariant volume
is necessary. This stems from the fact that when Ay = 0 only d — 1 of the 7, are
independent: using the gauge invariance (4.4.9)

4
M= A+ Y eVt —er), (5.2.29)

I=1

three out of the d + 2 Kéhler moduli A4 can be set to zero.
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5.2.1.3 The extremal function and c-extremization

We are now ready to compute the extremal function
Fler) = V®(Naler), Aa(er), er) - (5.2.30)

The dual field theory is supposed to be the two-dimensional SCFT obtained com-
pactifying on My the (2,0) theory living on a stack of N M5 branes. The grav-
itational extremization problem should correspond to c-extremization in the dual
two-dimensional SCFT.

A general comment that applies to all the examples in this chapter is the follow-
ing. The free energy must be extremized with respect to all but one of the parameters
¢; in order to find the critical point. The value of the remaining parameter must
be instead fixed by requiring the correct scaling of the supercharge under the R-
symmetry vector field £. This is familiar from the constructions in [8, 9, 11, 12].
In our case, we extremize with respect to €, €; and e with €3 fixed to a canonical
value.!”

Using relations (5.2.14) and (5.2.16) we find

B
F=S_—_"*
da,av1 €] €5
1
BB = 6(—§M5 N)? ((1 —to)el + (1 —ty11)es —e3 + 64)2(1%6(11 + to1€5 — 64)2 ,

(5.2.31)
which matches the form of the conjectured formula of [85] in terms of gravitational
blocks [27].11

To make contact with the dual field theory, we can also write our result in terms
of an integral of equivariant forms over the base M, as follows:

1_
F:_EV%/H)NS/ C§+1C§+2
My

2 2 (5:232)
=~ Vs N3 8 <e3 —€+ Z(l — ta)clr(La)) <64 + Ztaclr(La)) e

This expression correctly reproduces the M5 brane anomaly polynomial integrated
over the four-dimensional orbifold My as computed in [28].1

ONotice that the free energy is homogeneous of degree two in the parameters €7, so it makes no
sense to extremize with respect to all parameters. The specific numerical value of the equivariant
parameter fixed by supersymmetry depends on the setup considered as well as on conventions. In
this chapter we will not fix the numerical values of this parameter from first principles, but rather
we will show that this can be absorbed by the parameter v.

"The convention for the sign of the free energy in [85] is the opposite of ours.

12 Attention must be paid when performing the comparison since the symbol F refers to the central
charge here, while it refers to the integral of the anomaly polynomial in [28] (see also (5.2.35)).
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Let us briefly review the comparison with field theory, referring to [28] for details.
The anomaly polynomial of the 2d SCFT is obtained by integrating the eight-form
anomaly polynomial of the six-dimensional theory over My, which, at large N, gives

N3
Asa= | Asa = ﬂ/ a(Fy)e(F)?, (5.2.33)
M4 IM[4
where F are the generators of the U(1) x U(1) C SO(5)g Cartan subgroup of the
(2,0) theory R-symmetry. The ¢;(F7) can be decomposed as

e (Fr) = Aper (F2) — pe (cl(La) + 27mfzcl(ji)> , (5.2.34)

where F24, 7;, Jo are line bundles associated with the 2d R-symmetry and the two
global symmetries coming from the isometries of My. They correspond to background
fields for the two-dimensional theory with no legs along M. Substituting (5.2.34) in
(5.2.33) and setting c1(J;) = €;¢1(F3Y), leads to the equivariant integral
Cr aayz _ N 2d\2 a,T 2 a,T 2
A = calFp')” = Sralfr)” [ (A= pie(La)) (A2 = p3ei(La))”. (5.2.35)
My
Preserving supersymmetry with a twist requires ¢ (Fy)+ci (Fy) = 2¢1 (F)—>", c1(La)
which gives [28]

A+ Ay =2+ det(W,e),  pt+ps =1+ det(W,v?), (5.2.36)

where € = (€1,62) and W € R? is a two-dimensional constant vector.'® The two-
dimensional central charge ¢, is extracted from (5.2.35) and should be extremized
with respect to ¢; and A; subject to the previous constraint. We then see that the
extremization of the gravitational free energy is equivalent to c-extremization under
the identifications

A1:€4, A2263—€4, plll:fa, pgzl—ta, W:O, (5237)

where we set e3 = 2 for convenience. The free energy F' is actually homogeneous
of degree two in €;. To match the free energy with the central charge we have to
set €373;; = —6. The case of anti-twist is similar and can be discussed by taking a
non-convex fan for M. The most general supersymmetry condition is now c¢;(F;) +
c1(Fy) = 21 (FAY) — >, 0% (L,) where o, = £1 as discussed in [85] and requires

A+ Ay =2+ det(W,e), Pl +p§ = 0, + det(W, v?). (5.2.38)

This case can be just obtained by formally sending v* — o%v® everywhere, implying
€4 — %4 and €§ — 0TS,

BW can be gauged away, see [28].
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5.2.2 AdSjs X Mg solutions

In this section we consider a generalization of the family of M theory solutions found
in [101] and further studied in [102]. Their geometry is AdS; x Mg where Mj is
a manifold obtained as a P! bundle over a four-dimensional compact manifold By,
that can be either a Kéhler-Einstein manifold (B, = KE4) or the product of two
KE,; (By = ¥ X ¥3). The bundle is the projectivization of the canonical bundle
over By, P(K @ O). Here we consider the case where By is replaced by a generic
four-dimensional toric orbifold M. Notice that generically Mg can be an orbifold,'*
like in the solutions discussed in [103]. In addition to recovering the gravitational
central charges of the existing solutions, we give a prediction for these more general
backgrounds that are still to be found. These solutions are potentially interpreted
as M5 branes wrapped over a two-cycle in My (see for example [104, 105]).

The topological structure of the underlying geometry can be encoded in the fan

Ve=(v*1), VT =(0,0,1), V¥ =(0,0-1), a=1,....d,
(5.2.39)
where v® are the two-dimensional vectors in the fan of M. We will use a capital
index A to run over a = 1,...,d, d+ 1 and d + 2. That this is the right geometry
can be seen looking at the symplectic reduction presentation C**2//G of Mg. Here
G is the subgroup of the torus T¢*? = U(1)%*2 generated by the GLSM charges

d vt =0, k=1,...,d—1. (5.2.40)
A

We can choose the following basis of GLSM charges

(. =Y .0),  (0,...,0,1,1), (5.2.41)

where ¢? are the d — 2 charges for My, > ¢?v? = 0. The first d — 2 vectors define
the canonical bundle K of M, with an extra copy of C. The final charge vector
projectivizes it and gives indeed the geometry we are interested in:

P(K®0). (5.2.42)

We need also to specify the integer fluxes of the M theory four-form along all the
non-trivial four-cycles. There are d + 2 toric four-cycles in the geometry, associated
with the divisors D4. The divisors D, are P! fibrations over the toric two-cycles
Y, C My, while Dy.1 and Dy, o are copies of My sitting at the North and South pole
of P!, respectively. All together, they define a vector of fluxes M4. The relations

14Using our formalism, we could easily study the case that Mg is a generic toric six-dimensional
orbifold. It would be interesting to understand what kinds of orbifold admit an holographic inter-
pretation.
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S 4 ViADa = 0 imply that not all toric divisors are inequivalent and that the vector
of fluxes satisfies

> VAMA=0. (5.2.43)
A

Since we are dealing with M5 branes in M theory, we define the free energy as
in section 5.2.1

F=V®\4, Mg, €r), (5.2.44)
and, since now we have a vector of fluxes, we impose the flux constraints
0
UMs MA = ——V(2)()\A,)\AB,€]). (5245)
OAa

Differently from the case discussed in the previous section, for these geome-
tries there is no general field theory result for the central charge of the dual four-
dimensional SCFTs. Our results here can therefore be seen as a prediction for the
general form of the off-shell central charge, which presumably can be obtained by
integrating the M5 brane anomaly polynomial on a suitable two-cycle inside Mg,
or using the method of [104]. In order to compare with the existing literature, we
will therefore consider in some detail a number of explicit examples of Mly, including
KE, and ¥; x X5, but also other examples for which there is no known supergravity
solution, nor field-theoretic understanding. The equations to be solved in the ex-
tremization problem typically lead to finding the zeroes of simultaneous polynomials
of high degree and are therefore not manageable. For this reason, we will proceed
by making different technical assumptions to simplify the algebra. One such general
assumption is the existence of a Z, symmetry acting on the P! fibre, as we discuss
below. Furthermore, we will occasionally restrict to non-generic fluxes in order to
simplify the otherwise unwieldy expressions.

If we restrict to a class of geometries with a Zs symmetry that exchanges the
North and South poles of P!, we can consider a simplified geometry obtained by
cutting P! into half. We thus obtain a non-compact Calabi-Yau geometry given by
the canonical bundle over M. The corresponding fan is obtained by dropping V+2:

Ve=(v"1), VT =(0,01), a=1,...,d. (5.2.46)

Notice that this is a (partial) resolution of a CY3 cone where V! is associated with
a compact divisor. Supergravity solutions with Z, symmetry have been considered
in [101, 102] where they correspond to set the parameter called ¢ to zero. Effectively,
the Z, symmetry reduces by one the number of independent fluxes we can turn on,
thus simplifying the calculations. Notice that the on-shell equivariant volume V for
the half-geometry is half of the one for the total geometry. The relation between the
parameters to use in the two cases, in order to have the same normalization for the
free energy, is the following

Tas = 2 Buys, (5.2.47)
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where 7,5 is the correct one for half-geometries.

Notice that we introduced single and double times in (5.2.45). We can immedi-
ately understand the need for higher times. In a compact geometry, V) (\,) with
only single times would vanish identically.'> As we will discuss later, the double
times are generically necessary also when imposing the Z, symmetry in order to
have enough parameters to solve the equations.!®

5.2.2.1 Geometries with Z, symmetry

We consider first geometries with Z, symmetry. Cutting Mg into half we consider
the non-compact CY3 specified by the fan (5.2.46). The I = 3 condition in (5.2.43)
gives

My ==Y M,, (5.2.48)

thus fixing the flux along My in terms of the other fluxes. The [ = 1,2 conditions
in (5.2.43) give two linear relations among the M,, leaving a total number d — 2 of
independent fluxes. Notice that geometries without Z, symmetry have one additional
independent flux, as we discuss later.

The fan is the union of d cones (V¢, V¢t V4t and we see that the number of
fixed points is the same of that of the base Mly. It is then easy to write the equivariant
volume with higher times as a sum over the fixed points of My

V=3 e (5.2.49)

a, a a a\’
da,a+1€7€5(€3 — €] — €3)

where
T, = (Z Aaci (La)+ Y Aapci (La) &F(LB)) (5.2.50)
A A,B a
or, more explicitly,
Ta = = Aa€] — Aas1€5 — Aar1(ez — €] —€5) + )‘aa<€(11>2 + 2Xa0+1€1€5 + Aat1a+1 (65)2
+2(Aaar1€] + Aarraries) (€3 — €f = €§) + Aayrai(es — €f —€5)*.
(5.2.51)

Notice that the equations (5.2.45) are not solvable with only single times. My, =
— >, M, # 0 while, for Ayp =0,

B ov® _ Z =€) — Aar1€5 — Aagy1(€3 — €7 — €3)
Oy

a a
da,a+1€7€5

= /M (Z A€t (La) = At <€3 + Z%(L;))) =0,

5For a compact geometry V)(\y) = —3 Y a5 AAAB fMe cl(La)cl(Lp) = 0 since it is the
integral of a four-form at most on a six-dimensional manifold. In the non-compact case, this
condition is evaded and V(2)(\,) is a rational function of ¢;. See [28] for details.

16T the case of compactification on a spindle they are not necessary [28].

(5.2.52)
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being the integral of a two-form at most.
The equations (5.2.45) explicitly read

a—1

_ €1 Ta € Ta—1
I UpsM, = L + :
) e doarr€ies(es — €} — €3)  do1a60 €5 (s — €l —e37h)’
II —-v M, = 5.2.53
1) e M= Y (52.53)

These equations are not independent. In particular, (IT) follows from (I).'" The
equations (I) can be written as

Ta

Bél_)l - B(l) - da,a+1€(21;M5Maa Bg(zl) = -

a

—. (5.2.55)
€3 — €5 — €5

It is then clear that these equations can be solved for 7,, but one “time”, say 1,
remains undetermined. Our prescription is to extremize the free energy with respect
to all parameters that are left undetermined after imposing the flux constraints. In
this case then we extremize

V(3)<Ei,7'1) (5256)
with respect to €1, €5 and 71, with €3 set to some canonical value, fixed by the scaling
of the supercharge under the R-symmetry vector field. In the next subsection we will
parameterize the free energy in a more convenient way.

5.2.2.2 The extremal function for geometries with Z, symmetry

We can write the general form of the extremal function for geometries with Zy sym-
metry. Let us define

Toy, = ZAM (L4) +ZAABC1 (L) ™ (Lp), (5.2.57)

the equivariant form with restriction 7, at the fixed points. By restricting the form
to My and considering €3 as a parameter, we obtain

= MCa+ ) MpCaCs,
A A,B
T
Ca =G (La) ) a = 1""7d7 (5258)
T
Cat1 = — <€3 + Z ¢y (La)> ;
a
"Using > ,v°M, = 0 and the vector identity vle + viT'e§ = ¢, one derives
€D n sy — 0 from (I). Then, summing over a in (I), and using the previous
a,a+1€7 €5 (e3—€f—€g
identity:
_ (e§ + €§)7Ta Ta
M, = — _— 5.2.54
VM5 za: Z da a+16162 €3 — 61 _ 6%) za: da,a+16(11€g ) ( )

valid for ¢; # 0. For ¢; = 0 one should pay more attention and we will see in section 5.3.2 one
instance where a similar subtlety is important. In the present case we will check explicitly that
both (I) and (1) are valid.
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where c](L,) are the restrictions of the line bundles L, to the base My and T is the
two-dimensional torus spanned by €; and ¢;. From now on, unless explicitly said, all
classes will refer to the base My. In terms of 77 the quadratic piece of the equivariant
volume can be written as

V(A _ ! () 2.59
( A, AB7€I> - 9 . ES“‘Z CT(L ) . (5 D )
4 a1 a

The flux constraints (5.2.45) give

ci(Ly) Tt
My €3+, ¢l (La)

(IT) —vME,ZMa:/MfT.

For a generic fan, using the gauge transformations (4.4.8) and (4.4.9) we can set all
Ao = Aaa = Aaar1 = 0.1% We will show more formally in appendix B.1 that V® has

(I) — s M, =

(5.2.60)

a critical point at A\, = A\yo = Agatr1 = 0. Then condition (/) becomes

—VusM, = /M 1 (La) <_>\d+1 -2 Z Noa+161 (Lp) + Ads1,d41 (63 + Z ij@b)))
4 b b

= Dap(—2Xpas1 + Aas1,a41) - (5.2.61)
b

We can similarly compute (/) as an integral

— VM5 Z M, = / TT = Z Dab(_2)\b,d+1 + )\d+1,d+1) , (5.2.62)
a Mg

a,b

and see that it is automatically satisfied if (I) is. Since ), vfM, = 0, the flux
constraints fix the Ay 441 only up to the ambiguities

2
Aa,d+1 = Aadt1 T Z 0 v + 7,

=1

Ad1,d41 = Adg1,d+1 + 29,

(5.2.63)

where §; and v are free parameters. However, these free parameters can be all
reabsorbed in a redefinition of

2
)\d+1 — )\d+1 + 2")/63 + 2 Z 51'61' , (5264)

i=1

I8For special symmetric fans, like P2 and P! x P!, and other simple examples with low d, one of
the single times A\, remains unfixed. However, from the combined conditions (I) + (II) we obtain

T T
>oupNa S, M, % = 0 which implies that the remaining single time must vanish.
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since > vici(L,) = —¢; and they are not really independent.
The free energy is then given by

1 (TT)B
VO = —/ 5.2.65
6 st > (L) (5.2.65)

which explicitly gives

Ve = é /M4 (63 + ; C?(La))z (/_\d+1 + ; 5\b,d+lcq1r(Lb)>3 , (5.2.66)

where we defined

Adt1 = —Adi1 + Adi1,d41€3 Aadr1 = —2Xads1 + Ndi1.d41 5 (5.2.67)

which are subject to the constraints

—UnsMa = Daphpair - (5.2.68)
b

Substituting the solution of the flux constraints, V® becomes a function of ¢;
and the extra parameter Ay ;. Indeed, as we have seen, the ambiguities (5.2.63) can
be reabsorbed in a redefinition of A\gy1. A direct evaluation gives

V(3 d+1 Z Dab + >\d+1 <6€3 Z Dab)\a ,d+1 + 3 Z Dabc)\a d+1>

abc
+ 3Adi1 <€3 Z DapAadiiNoar1 + 2632 Dapeads1 o1 + Z DabeaMadsiM, d+1>
abc abed
+ (63 Z DapeAadii Mo diidedr + 263 Z DapeaMads 1 \b.dt1 Ne.dt1
abc abed
+ Z Dabcdej\a,d—l—l;\b,d—i—l;\c,d—s—l> ) (5269)
abcde

where the generalized intersection numbers are defined by

Dy 0y = /M F(Lar) - (L) (5.2.70)
4

Notice that Dy is e-independent, while D,,...q, is a homogeneous function of degree

3) need to be extremized with respect to €1, €5 and /_\d+1, with

p— 2 in €; and €. v
€3 set to the canonical value.
The critical point is generically at a non-zero value of €; and e5. We can expect a

critical point'? at €; = €, = 0 only if the background and the fluxes have some extra

19Tn the opposite direction, of course one would have as critical point ¢, = e = 0 if the base
B4 has no continuous symmetries. This is the case for examples for del Pezzo surfaces dPj with
k > 3, which we do not treat here. This would lead one to suspect that all KE4 have ¢, = e; =0
as critical point, but this is actually incorrect, as the example of the toric dP3 will show.
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symmetry, as for examples in the cases where all U(1) isometries are enhanced to a
non-abelian group. In these particular cases, we can further simplify the expression

6V = Aot Z Dy + 6€3\7 4 Z Dapdadi1 + 363 Na11 Z DapMadriXarr + O(€)

ab ab ab
Aot Z Dy — 6V Z MyesNoy1 + 33 Md41 Z DapdadsiMoar1 + O(€),
ab ab

(5.2.71)
and extremize it with respect to Ag 1.
As a check of our expression, we can reproduce the central charge of the existing
solutions with Kéhler-Einstein metrics and fluxes all equal [102]. The only toric
four-manifolds that are also KE are P2, P! x P! and dP3, with fans

P2 ol =(1,1),0v* = ( 1,0), v* = (0, 1),
P! x P': o' =(1,0), v* = (0,1), v* = (=1,0), v* = (0, -1),
dP3: v' = (1,0), v* = (1,1), v* = (0,1), v* = (—1,0), v° = (-1, -1), v° = (0, —1),
(5.2.72)
and intersection matrices
P? . Dy =1,
P! xP': Dy =1if|a—b =1(mod2) and zero otherwise, (5.2.73)
dP; : Dy, =—1, Dgei1 =1 and zero otherwise,

where the indices are cyclically identified. To compare with the KE, solutions, we
set all M, = N. We can then choose all ;\a7d+1 equal and we find

Z Dabcj\a,dJrl = Z Dabcj\a,d+15\b,d+1 = Z Dabcj\a,dJrlj\b,dJrl;\c,dnLl = 07 (5274)

abc abc abc

thus ensuring that the linear terms in €; and €y in V® vanish, and that there is
indeed a critical point at €; = €5 = 0. Extremizing (5.2.71) we get

11
9’3’

for P2, P! x P! and dPs3, respectively, which agrees with (2.16) in [102] for €375 = 3.2
For P! x P! we can introduce a second flux. The general solution to Y , VAM, =
0 is indeed

VO = 53, (—5 + 3V3)N3{=, =, 2}, (5.2.75)

MA == (NI; NQ,Nl, NQ, —2N1 - 2N2) . (5276)

The background has an expected SU(2) x SU(2) symmetry that it is realized in
the supergravity solution [102], that now is not in the KE class. Using the gauge

2ONg, in [102] can be identified with My.; = — 3. M,, so that Nypere = —hNoy /M =
h>> M,/M where (h, M) are defined in [102] and they have value (3,9),(4,8) and (2,6) for P?,
P! x P! and dPj3, respectively.
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transformation (4.4.8) we can set j\a+27d+1 = S\a,dﬂ. A simple computation then

shows that the free energy extremized has a critical point in €; = €5 = 0, consistently

with the non-abelian isometry of the solution, with critical value

VO = 65”6?”5 (2(N2 4 N\ N, + N2)*2 — (2N? + 3N2N; + 3N, N7 + 2N3))

(5.2.77)

which should be compared with (2.29) in [102] with Ny = pN and Ny = ¢N. This

looks superficially different, but it can be rewritten in the form above (c¢f. for example

(F.14) in [104]).

5.2.2.3 Examples of geometries with non-zero critical €

So far, in all the explicit examples we have discussed we found that ¢, = e, =0 is a
critical point. However, we have already pointed out that for generic toric My and/or
with generic fluxes this will not be the case. In this subsection we will investigate
situations in which at least one of €y, € is different from zero at the critical point,
by considering geometries with SU(2) x U(1) symmetry, as well as the case of dP3
with generic fluxes. Interestingly, it turns out that for dPj there exist two special
configurations of fluxes (different from the case where they are all equal) where the
critical point is again €; = €3 = 0, but the corresponding supergravity solutions are
not known. For four independent generic fluxes, instead, €; = €5 = 0 is not a critical
point.

dP3 with unequal fluxes

The symmetry of dP3 is just U(1) x U(1) and the existence of the critical point
€1 = €5 = 0 of the extremization problem is not obviously implied by the fact that
there exists a KE metric on dP3. In the basis of the fan as in (5.2.72), the general
assignment of fluxes compatible with Y , V/AM4 = 0 can be parameterized as

M4 = (N1, No, N3, Ny, N5, Ng, —2N; — 3Ny — 2N3 + N5) (5.2.78)

where we choose Ny, Ny, N3, N5 as independent, with Ny = Ny + Ny — N5 and Ng =
Ny + N3 — N5. Upon setting A, = Mg = Agot1 = 0 using the gauge freedom,
as discussed before, the constraint (5.2.68) on de“ can be solved by taking, for

example
- Ny + N. - _ N3+ N
)\1,d+1 = —VM5%, /\27d+1 = —VMs%,
- _ N1+ N, - _ Ny + N
)‘3,d+1 - _VM5%; /\4,d+1 = —1/1\45%7 (5279)
3 N3+ Ny +2(N; — N3) - N+ N,
5d+1 = —VMs 5 : A6,d+1 = —Vas 5

Writing out the free energy (5.2.69), up to linear order in €, €5, we have

V(g) - V(3)|€_:0 + 861V(3) ‘6_:0 E1 _l_ 662V(3)|E.:0 62 + 0(612> (5280)
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where the constant term is not particularly interesting and

Ns— No ~ _
0 V|, _y = maas—— [ﬁxgﬂ —12(Ny + Na)oarseshast
+ (NF = 22 + 3N3 (N + N) + N5 Na) 563

) N Ny[o, o (5.2.81)
O, V| o = UMs 5 [6)\4+1 — 12(Na + Ni)VarsesAat

+ (N2 = 2NZ 4 3Ny (N, + Ns) + N5N2)17]2\45e§] .

We see that for generic values of the fluxes the expressions above cannot be zero
simultaneously, implying that €; = 0 is not a critical point of the extremization. The
complete extremization equations are unwieldy, so in the following we will instead
concentrate on two special configurations of fluxes, with enhanced symmetry, for
which €; = ¢; = 0 turns out to be a critical point.

The first special value of fluxes is clearly obtained for N5 = N,, that leaves
three fluxes Ny, No, N3 free. In this case the parameters (5.2.79) acquire the cyclic
symmetry 5\a7d+1 = Aat3.4+1, analogously to the P! x P! discussed in the previous
section and indeed the linear terms in V® manifestly vanish, so that ¢, = 0 is a
critical point. The fluxes display an enhanced symmetry:

My = (N1, Na, N3, Ny, Na, N3, —2N; — 2N, — 2Nj) . (5.2.82)

Extremizing V® with respect to Ag;; yields

20563

A1 = 3 (N1 + Ny + N3)
G ree (5.2.83)
— DS JA(N? + N3 + N3) + 5(N1Na + NaNy + Noi)
and the corresponding value of the on-shell central charge is
(3) 203565 2 2 2 3/2
VO — [(4(]\71 + N2+ N2) + 5(Ny Ny + NyNs + Ny Ny))
27 (5.2.84)

— (N7 + Ny + N3)(8(N12 + N3 + N3) + T(N1 Ny + Ny N3 + N3N1))}

It can be checked that this expression agrees precisely with the central charge given
in eq. (3.79) of [106] and it correctly reduces to (5.2.75) upon setting Ny = Ny =
N3 = N.

Notice that while the expression of A} +1 depends on the specific gauge chosen
for the parameters Xa7d+1, the critical values €/ = 0 and the central charge (5.2.84)
do not rely on this.

The second special value of fluxes that we found is N; = N3 = N5, which implies
N, = Ng.o, so that the fluxes have again an enhanced symmetry:

My = (N1, No, Ny, Na, Ny, No, —3N; — 3N) . (5.2.85)
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In this case, notice that the two expressions in (5.2.81) coincide, so that it is possible
that both linear terms vanish, for a particular value of Xj,;, despite No # Ns.
However, the parameters in (5.2.79) do not enjoy this new symmetry, so it is better
to look for a different gauge, where the parameters respect the additional symmetry,
namely j\a,dﬂ = j\ﬁg,dﬂ. This can be achieved choosing

N1+2N2 N 2N1+N2

5\1,d+1 = _DMBTa Aoyl = _VMSTv (5.2.86)

and cyclic permutations. In this gauge, we can now check that V® has no linear
terms in €; and e,. Therefore, extremizing V® with respect to Agi1, €1 and €y, we
obtain the critical values €], = 0 and

. 6(Ny + Ny) — /6(5N7 + 8N, Ny + 5N3
Nyt = (N + o) \/(61+ Rtk 2)pM563, (5.2.87)

and the corresponding value of the on-shell central charge is

VO = — 2(Ny + N2) (BN2 + 4N, N + 3N22)] .
(5.2.88)

It can be checked that this expression agrees precisely with the central charge given

in eq. (3.79) of [106] and it correctly reduces to (5.2.75) upon setting Ny = Ny = N.

It would be interesting to construct explicit supergravity solutions corresponding

e [(6(5N12 + 8N, N, +5N2))*?
4 27

to the two special configurations of fluxes we found. If they exist, they should lie
outside the KE class considered in [101].

M4 = SZ X
We now consider the toric orbifold My, = S? x | namely a spindle = WP}

fibred over a two-sphere, which is a case with only an SU(1) x U(1) symmetry. W
take the following fan

o' =(n_,0), vr=(-k1), v*=(-ny0), v*=(0,-1), (5.2.89)

and refer to [85] for more details about this orbifold. The total fan is as in (5.2.46)
and the constraint (5.2.43) is solved by

N Ny — kN
M, = <—1,N2, ¥,NQ> L My =-)> M, (5.2.90)

n_ ny

where N;, Ny parameterize the two independent fluxes, and notice that Ny = N, is
implied by the SU(2) symmetry acting on the base S?. The constraint (5.2.68) on

Aa,d+1 1s solved by taking

B h) - kA -
A3 dy1 = —Tg4 (DM5N2+ 1’d+1) ;o Addyl = — <77M5N1+ 7;7d+1+/\2,d+1) , (5.2.91)

n_
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and we can choose a gauge in which

- 1
Aody1 = ) (5M5N1 +

k 5\1,d+1) (5.2.92)

n_

After using the remaining gauge freedom to fix Aj 441, we are then left to extremize
VG with respect to €y, €9, 5\d+1. One can show that the combination
ove - gve

k -2 = 2.
e, 36 0 (5.2.93)

implies €5 = 0, as expected from the SU(2) symmetry, while generically € # 0. In
particular, €] is determined solving a quartic equation, which takes about half a page
to be written, so we will refrain from reporting this. The on-shell central charge can
then written in terms of the parameters Ny, Ny, k,n,n_ and €]. For simplicity we
shall present the results in three special cases, where the equations are qualitatively
unchanged, but simpler to write.

Firstly, let us set k& = 0. This leads to the direct product My = S? x and in

this case, defining
ny +n_ ny —nN_

= — = , 5.2.94
X=ET ST RE LT ( )
it is convenient to use the remaining gauge freedom to set
5 _ o 2(1 = p)Np — px Ny
A =—U . 5.2.95
1d+1 M5 2(1+ )y ( )
Upon extremizing we find that indeed €5 = 0 and
Nip1 = VZ—;’;?’ [2(x N, + 2N,) + 517, (5.2.96)

where we defined the quantity
s1= NPX®(1x € —2)% = 2Na (x N1+ 2N2) (1 = p)xé; +2) (1 + p)xé} —2) . (5.2.97)
Here, €7 is solution to the quartic equation

B[INP (2 — pxér) + 2No (XNt + 2N0) (20 + (1 — pi?)xér)]s1? = BNPx*(2 — puxér)?
— No(3X*NT + 6XN1Na + 8N5) (1200 + 4(1 — 3p®)xér — 3u(1l — p?)x*€) =0,
(5.2.98)

the critical value of € is given by €] = €je3 and the on-shell central charge reads

173 63 A o
V) — 4%;23 {si’” — (2= mx@) [NPX° (2 = pxé)?

(5.2.99)
+ Na(3XNF + 6X N1 Ny + 8NF) 2+ (1= p)xéy) (2 = (1+ )xéi)] |
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Notice that setting n, = n_ = 1 in the above expressions we get €] = 0 and reproduce
the expression (5.2.77) for the central charge of the P! x P! case.

Following the reasoning in [104], the total space Mg may be also viewed as an
Fy fibred over the spindle and we therefore interpret the corresponding putative
AdS;s x Mg solution as arising from a stack of M5 branes at C?/Z, singularity, further
wrapped on the spindle . It would be very interesting to reproduce the above
central charge from an anomaly computation, or to construct the explicit AdSs x Mg
supergravity solution.

A second sub-case is obtained setting n, =n_ = 1, with k£ > 0, and corresponds
to the Hirzebruch surfaces Fy. Using the remaining gauge freedom now we can set

< 2 —k)N.
A gs1 = —VM5% (5.2.100)
and we find that the remaining two extremization equations are solved by
< Ups€
Njuy = % (2N, + (2 = k)N,) + 857, (5.2.101)

where
so = 4AN]—AN Ny (i +1) (6] —14-k)— N3 (6]+1) (4—2k—k*)&] —4+2k—k*) (5.2.102)
and €7 is the solution to the quartic equation

12N3(261 + k) — 6Ny Ny (3k¢é3 — 2(2 — 2k — k?)éy — k(1 — 2k))
— N3 (3k(2 — 3k — k*)é] — 2(8 — 6k + 3k + 3k”)ér — k(2 — 3k + 3k?))

— 3[2N1(26) + k) + No((4 — 2k — k2)é, — k?)]sy/* = 0. (5.2.103)
The critical value of €; is again given by €] = €jez and the on-shell central charge
reads
(3) _ Vhis€i f 32 5 o e L g
VO = T{SQ —8N3 H 12N2N, (&) + 1)(& — 1 + k) (5.2.104)

— 6N N3 (&1 + 1) (ke? — (2 — k — k*)é; + 2 — 2k — k%)

— NE(E + 1) (k(2 = 3k — K2)é;? — 2(4 — 2k + k)é} + (8 — 6k + 3k2 — k:3))} .
Again, setting & = 0 in the above expressions we get ¢; = 0 and reproduce the
expression (5.2.77) for the central charge of the P! x P! case.

This result is manifestly not in agreement with the central charge given in

eq. (3.79) of [106], where by construction €] = €5 = 0. In fact, we can reproduce this
result if we impose by hand that €] = €5 = 0 so that

_ 2\ _ _
VO (A1) = % [8X2,, — 6(2N; + (2 — k) No)arseshasn + 3Na(2Ny — k Ny)ird 2]
(5.2.105)
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and then extremizing this with respect to the remaining parameter Az, yields

-, 2Ny + (2 — k)Ny — \/AN2 +4(1 — k)Ny Ny + (4 — 2k + k2)NZ _
)‘d+1 = A VMs€s,

(5.2.106)

giving the on-shell central charge
- -3 3
VOO, = A;ZE?’ [(4Nf +4(1 = k)N, Ny + (4 — 2k + k) N2)

— 2Ny + (2= B)Ny) (AN? +2(1 — 2k)Ny Ny + (4 — k + k;2)N22)] ,

3/2

(5.2.107)

coinciding with the expression given in eq. (3.79) of [106]. This, however, does not
correspond to a true extremum of V®and therefore it is unlikely that there exist
corresponding supergravity solutions, nor dual SCFTs.

Finally, let us also present the results for the particular configuration of fluxes
N, = gN, N, = N implying that?!

N N
M, = (BN N CEN Y (5.2.108)
2n_ 2ng

without any assumption on k£ and ny,n_. In order to simplify the expressions, we
make use of the remaining gauge freedom to set

(1= )4+ kpx) = k)N

M1 = —V 5.2.109
P (U ) (d R ( )
The extremization problem is then solved by
Tx Unis€s N 1/2
= 2—X€(2g +s5/%), (5.2.110)

where we defined £ =4 + kuy and
s3.= 4% — 4pux€’& — (82 + kux) (1 — p®) — (1 — g2 + pH B & . (5.2.111)

Here, €] is solution to the quartic equation

262 (kx + 6p8) + 4xE% (4 — 3pE)ér — 3x° (52(1 — u2)£kx T 2) k?’x?’)%

— 3(2u€? + X(8(2 + kpx) (1 — p?) — (1 — pi* + ") K> D)er) sy

0,
(5.2.112)
and the critical value of €; is €] = €jes. The central charge in terms of €] is given by
®3) — ’7?\4563]\73{ 3/2 X3<§2(1 — 11°) (kx + 2u8) _ k’SX3> £x3
24x2¢2 173 2 !
202 2 o\ 2 2 - 3
2% (4 = BuP)E? 4+ 20 €3k + 6u)él - 8¢° )

21'We take k to be even in this case.

(5.2.113)
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5.2.2.4 General geometries

We now discuss the general AdSs; x Mg solution with no Zs symmetry. The fan
(5.2.39) corresponds now to a compact geometry. The fan is the union of 2d cones
(Va, vatl Vdtly and (Ve, Vatl Va+2) corresponding to the fixed points of the torus
action, that are specified by selecting a fixed point on My and simultaneously the
North or South pole of the fibre P!,

The equivariant volume is now given by

v=3-

—Aa€f—Aat1€5—Agr1(e3—€f—ed)+... e*AaE?an+1€g+)\d+2(6376({‘763)+...

a

)

doav1€]€5(e3 — €f — €5) daav1€€5(e3 — €f — €5)

(5.2.114)
where the dots at the exponents contain the higher times.
This expression can also be written as an integral over My
V(A Sl 5.2.115
Ot = [ T S

where we have defined the North pole equivariant form 75 and South pole equivariant
=) MCY+) Aapcicy,
A A,B
=3 MCi+ > AapCich
A A,B
cY =¥ = (L), a=1,...,d, (5.2.116)

Cc]l\{m = Cflgﬂ =0.

The flux equations are the following:

— VM5MA == 8)\AV(2) == /
M

form 73 as

CA 7'N CATS
4 €3+Zacl< a) '

For a generic fan, using the gauge transformations (4.4.8) and (4.4.9) we can set all

(5.2.117)

Ao = Aaa = Aaatr1 = 0. However, as already mentioned, for special fans, including
P? and P! x P!, one of the single times )\, remains unfixed. As a difference with the
the Z, symmetric case, an arbitrary A, solves trivially the flux equations. Therefore
we set Ay = Agqt1 = 0 and keep A, with the understanding that the latter can be
partially or totally gauged fixed to zero. The forms 75 and 72 with all variables can
then be written as

% =2 Ml (La) + (a2 el(La)) (R + Y- R ef (L))
Tg = Z Aa qur(La) - (63 + Z qur(La)> (Xd+2 + Zxa,d—m qur(La)) )

(5.2.118)

105



where we have defined the \ variables as

Ad+1 = €3Ad41,d41 — Adt1 s Adt2 = —€3Ad42.d42 — Ad+2

- - (5.2.119)
Abdt1 = Adg1,d1 — 2A.d+41 Abd+2 = —Ad42,d42 — 2Nbd+2 -
Then equations (5.2.117) become
— vasMy = ZDab (Npat1 + Aodi2) s
—vpsMay1 = _ZDab b d+1 (5.2.120)

—vmsMayo = E Dap Moo -

The expression for V) is

VO = / e+ ch D) [+ (a)]
3 /M (3= C?(LQ)) (s + D0l (La) (M) = (%] (5.2121)
+%/M (zajAacll‘(La))Q[AN +a5],

where we defined

AV =X+ Aaaricl(La), AT =X+ > Aaroci(La) . (5.2.122)

The flux constraints are not enough to fix all the X, so the idea is again to
extremize V©® with respect to the remaining variables. It is convenient to define
Xb,Jr and Xb,_ as

Mot = Apas1 + Apaia (5.2.123)

so that all the ng are fixed (up to gauge transformations) by

— vpsMy =Y Day Mo (5.2.124)
b

whereas the X;L_ are only subject to the following constraint:

vats(Mas1 + Mysa) = Y Day My - (5.2.125)

The extremization conditions then are

Ve \V4E) A4 A4
():a :8_ :8_ :Z 8_ , V p®such that ZDabpbzo.
8)\a 6>\d+1 8/\d+2 a)\a - ab

(5.2.126)
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In general these equations do not look easy, but in the special case My1+ Myio =0
there is a simple solution: we can set A\, = 0, Xd+1 = Xd+2 and Xb,d+1 = Xb7d+2 SO
that the equations with p® are trivially solved. The rest of the computation reduces
to that of section 5.2.2.2 for Z, symmetric geometries. When My, ; + My, o # 0 this
simple solution is not possible because the constraint (5.2.125) would not be satisfied.

5.2.2.5 Examples of general geometries

In this section we consider again the examples based on P2, P! x P! and dP3 and
compare with the supergravity solutions in [102], where the additional parameter
¢ is turned on. Since the solutions in [102] all correspond to a critical point at
€1 = €5 = 0, for simplicity in this section we restrict again to configurations with this
feature, which as we discussed requires a special choice of fluxes for the case of dPs3,
while it is automatic for generic fluxes for P? and P! x P1. The explicit value of the
central charge has been written in [104-106].

The free energy (5.2.121) can be expanded in a sum of integrals of equivariant
Chern classes. Since the multiple intersections (5.2.70) are homogeneous function of

degree p — 2 in ¢ and €q, all the terms involving D,, . with p > 2 in (5.2.121)

P
vanish for €; = €5 = 0, and the free energy simplifies to

d+1 Z Dab + 3/\d+1 Z Dab(2€35\a,d+1 + /\a)
ab

+ 3Ad41 Z D g ( 63)\a d+1+ )\a)<€35\b,d+l + M)

. (5.2.127)
Ao Z Doy + 3Noss Z Dap(2€3Ma,412 — Aa)
ab

+ 32 Z Dap(€3hadr2 — Aa)(€3Mpara — o) -
ab

Using the flux constraints we can also write

V(3) = )\d+1 Z Dab + 3;\521+163VM5Md+1 + 35\(21+1 Z Dab)\;_ + 35\d+1 Z Dab)\(—;)\;_

ab ab ab
Mo Y Dap = 33 aesvrsMasa + 305 > Dapdy +3Xa2 Y Danh; Ay
ab ab ab
(5.2.128)
where
M= edadr + A, A, = €3Xadr2 — Aa s (5.2.129)

are constrained variables.

We consider first the general case (P2, P* x P! and dP3) with all fluxes associated
to the fan of the KE4 set equal to N. The fan and intersection matrix are given in
(5.2.72) and (5.2.73). There are, in principle, d — 2 independent fluxes on M, that
we can turn on but in the supergravity solution with KE metric they are equal
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and we first restrict to this case. The relations Y, V/AM4 = 0 require My =
(N,...,N, Ny, Ng) with dN 4+ Ny — Ng = 0 and we can parameterize Ny = M—gN
and Ng = M + %IN , possibly allowing an half-integer M. Given the symmetry of
the problem, we take all A\, to be equal, and similarly for the Xa,dﬂ and S\MHQ. The
condition )
in V® vanish, guaranteeing a critical point at ¢; = e = 0. The flux conditions are

abe Pave = 0 holds for these models, and therefore all linear terms in €, €

solved by
T/ SR 01+ )

_ 2 _
)\a,dJrl = VM5 ) )\a,d+2 = —Vms
dmy,

where Y, Dy, = dmy, so that my, = 3,2,1 for P2, P! x P! and dPs, respectively.
Extremizing with respect to \, and defining Mgy = vas(H+K) and Mg = vars(H —
K) we find

, (5.2.130)

dmk

KQ
60,2 VS = 2dm, H® — gde§N2

d
— 6desNH? + 3e3H(4K M + 2—63N2) :

mkH mi
(5.2.131)

which after extremization gives®?

2.3 _3nT4
d°vyses N

v® —
12mi(d2N2 + 12M?)

= ((3d°N? — 12M?)*/? — AN (5d°N* — 36M?)) .

(5.2.132)

An analogous formula for non-necessarily toric KE has recently appeared in [106].
In the case P! x P! we can turn on two independent fluxes and have round metrics
on the P's. We take the general assignment of fluxes compatible with > , VAM 4 = 0:

MA:<N17N2aN17N27NN7NS)7 (52133)
where
2N1+2N2+NN—NS:0

and we can parameterize Ny = M — N; — Ny and Ng = M + N; + N,. Using the
gauge transformations (4.4.8) we can also reduce to the case

/\a+2 - /\a ) 5\a+2,d+1 - S\a,d—o—l ) 5\a+2,d+2 - S\a,d+2 . (52134)

Notice that, in this gauge, all the linear terms in €, €, in V® vanishes since, as one
can check,
> D1 = 0 (5.2.135)
abc

provided the vectors 1) satisfy 1) = lﬁfﬁz. We can solve the flux constraints

2A1 041 + 2Aa42 + varsN1 =0, 4 ap1 + a1 + vs(—M + Ny + Np) =0,

2X2.a11 + 2X0442 + varsNa =0, AMpare + 4o dro + vas(M + Ny + Np) =0,
(5.2.136)

22Recall that to compare with section 5.2.2.2 we need to use the rescaling (5.2.47).

108



. - 1

A2 dt1 = —Ady1 T ZVME)(M — Ny — N,),

. . N.

Aldr2 = —Aldr1 — VM572 : (5.2.137)

- - 1
A2,d42 = Ay + ZVMS(_M — Ny + N,).

Extremizing with respect to A; o and 5\17d+1 and defining A\gy1 = vas(H + K) and
Aave = vys(H — K) we find

2

K
60,2 V® = 16H® — 3€§N1NQF — 12e3(Ny + No)H? + 3es H(AK M + €3N N,)

(5.2.138)
which after extremization gives
v _ Vhs NI NG (AN + ANI N + AN7 — 3M2)%2
2\2
6(4N1 Ny + 3M?2) (52.10)

Vs NENZ(N) + Np) (8NF + ANy Ny + 8NZ — 9M?)
6(4Ny Ny + 3M?)? ’

reproducing (5.7) of [105].

Finally, let us mention that in the case of dP3 we can turn on four independent
fluxes along the base plus one additional flux M, and the general extremization
problem is intractable. It is possible to solve it for the two special configurations of
fluxes with enhanced symmetry discussed previously. We leave this as an instructive
exercise for the reader.

The case P! x P! has been interpreted in [104, 105] as a solution for M5 branes
sitting at the orbifold C?/Z, wrapped over one of the P!. The interpretation follows
by deriving the central charge from an anomaly polynomial computation. It would
be very interesting to understand if our general formula (5.2.121) can be written as
the integral of the anomaly polynomial for some M5 brane theory wrapped over a
two-cycle in M and give a field theory interpretation of the solution.

5.2.3 Comparison with other approaches

It is interesting to compare with the recent approach based on Killing spinor bilinears
in M theory [53]. The technique consists in considering a set of equivariantly closed
differential forms which can be constructed from Killing spinor bilinears. Three such
forms have been explicitly constructed for AdS; x Mg in [53] and for AdSs x Mg
in [106, 107]. Our results in sections 5.2.1 and 5.2.2 partially overlap with those in
[106, 107] and it is interesting to compare the two methods. We will show that they
are actually equivalent, when they can be compared, although in a non-trivial way.

For both cases, AdS;;_ x M with k = 6,8, the authors of [106, 107] define an
equivariant k-form ® whose higher-degree component is the warped volume of M,
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and the lowest component the third power of a special locally defined function y. Up
to coefficients, the integral of ® is the free energy, so we have

~YPla
, 5.2.140
Pef o= (5.2.140)

where « are the fixed points of the geometry, and we recognize our expression for

V& for M theory solutions

(Ta)?)

e | o

upon identifying
Ylo = Ta - (5.2.142)
There exists also an equivariant four-form ®f whose higher-degree component is

the M theory four-form and the lowest component the first power of the function .
The flux quantization conditions give then

Map = /M ®Fci(La)ey(Lg) = Z< T (La)ed (L)y)la 7

- dy €T,
(5.2.143)

T3
La)y)|
My= | ®Fei(L :Ej(cl(A o
A /]'\46 Cl( A) a dOt 6T3|Oc ’

for AdS3 x My and AdSs x Mg, respectively and it easy to see that these conditions are

equivalent, up to coefficients, to our (5.2.4) and (5.2.45) with the same identification
Yla = Ta-

Finally there exists another auxiliary form, a four-form ®* in AdS; x My and
a two-form ®Y in AdSs; x M, whose lowest component is the second power of the
function y.

Consider first the AdS; x My solutions with wrapped M5 branes of section 5.2.1.
The vanishing of the ®*¥" flux along S* is used in [106, 107] to enforce a Zy symmetry
N|o = —9%|a, thus effectively cutting by half the
number of fixed points. With the identification y|, = 7,, our construction in section

of the solution by identifying y

5.2.1 is then equivalent to the one in [106].

Consider next the AdSs x Mg solutions of section 5.2.2. The approaches are
complementary. While we consider toric orbifolds and the action of the full torus
T3 = U(1)3, the authors of [107] consider P! bundles over a smooth four-manifold B,
and assume that the R-symmetry vector has no legs along B4. Let us observe that
this assumption can fail in general. For a generic B4 with abelian isometries there is
no reason to expect that the R-symmetry does not mix with the isometries of B, and a

2We are omitting a (—1)*/2 sign in the expression for V(). In this discussion we are ignoring
all such overall numerical factors.
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full-fledged computation considering the torus action on By is necessary. Also for the
toric By = dP3 with a generic choice of fluxes we expect a mixing with the isometries
of By, as discussed in section 5.2.2.2. Under this condition, the central charge given
in [107] is not necessarily the extremum of the free energy. Obviously, whenever the
two approaches can be compared and the assumption in [107] is satisfied, we find
agreement.

From a technical point of view, this might be surprising. Recall indeed that
the flux constraints do not completely fix the values of the times 7, = y|,. In our
construction, we just extremize the free energy F with respect to the remaining
parameters. In [106, 107] instead, in a case-by-case analysis, the auxiliary form &Y
is used to find additional conditions to fix the y|,. The two methods look superficially
different, but we now show that they are effectively equivalent.

The extremization conditions with respect to the Kahler parameters that are not
fixed by the flux constraints are written in (5.2.126). The first three conditions

ov®)
O g

=0, A=a,d+1,d+2, (5.2.144)

can also be rewritten as

ZVB&ABA +oap) =0, =12,  A=ad+ld+2. (52.145)

Indeed

av T3 3 3
S gy ) = =2 [ ) SV
5 BA Mg B
(5.2.146)

3 oV
— 261»/ e (L) = —26,—,
My OAa

and taking the degree two component of this equation we see that all the condi-
tions (5.2.145) collapse to the extremization of the free energy with respect to the

parameter 4.
The conditions (5.2.126) can be then written as

, OV ove ove
0= + Opa) = b = b = @ (5.2.147
% w) =it — =2 mbm ;p o (5:2.147)

a b,d+1 a,—

where p® is such that Y, Da, p* = 0. Now, the equations

®3) 5 5 FNV2 (252
(14 ) G = T () (g =

a a

a a a a)’
aa+1€1€5 (€3 — €] — €5)

8V(3) N)2
= (L) a— 2.
ONp,d+1 Z a (Do)l da,a+1€1€5 (5.2.148)

8V(3) S 2
— Z Lb |a )
ONb,d+2

a
da a+1€1€2
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given the identification y|, = 7, and the fact that ®¥ has lowest component 3?2,
translate into the localization formulas for

/Pl oY — /Mﬁ e (Lo)er (L)Y

be

/N " Z/ c1(Lag1)er (Ly) @, (5.2.149)
D Mg

b

/ 3 = / e1(Lasa)er (L) B
Dy Ms

respectively, where P}, is the fibre taken at the fixed points D. N D, on the base
(b = ¢ £+ 1 necessarily) and the Dév % are the divisor on the base taken at the North
and South pole of the fibre, respectively. The extremization constraints are then
equivalent to the following co-homological relations

O_Z /ICDY Z /Nq>Y Z /DS@Y
:;pa</DéV<I>Y—/D§<I>Y>, V p® such that %Dabpbzo.

The first three conditions are obvious: the cycles 3, v? P}, S, 0! Di° are trivial
in homology. The last equation equates cycles sitting at the North and South pole.

(5.2.150)

The corresponding fluxes of ®¥ do not need to be equal but they must be related.
We know that ¢;(Lgta) = ¢1(Lat1) + Y., ¢1(Lg).** Then

So(f o[ o) =2 (a Ld+1>—c1<Ld+2>)c1<La><bY
:—Zp/ c1(Ly)er (L ochDb—O

The last step follows by expanding ®¥ in a sum of Chern classes, and by writing
fM c1(Ly)er(La)®Y as a sum of triple intersections DS . on Mg. But DY = 0 and
Dt]i\f-lab D%ﬂab = Dgp. >

We see that our construction based on the equivariant volume naturally incor-
porates the localization approach of [53, 106, 107], with the advantage that all the
geometrical constraints that must be imposed case-by-case in order to find the free

(5.2.151)

energy in [53, 106, 107] appear naturally in our construction: they correspond to
the extremization with respect to all parameters that remain after imposing the flux
constraints. This avoids an analysis based on the specific topology of the background.

24The I = 3 condition of Y , V/*e1(La) = 0.
PThe triple intersections on Mg are easily computed as D8 , = 78/\;188‘;\(:8% from (5.2.114).
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5.3 AdS:, AdS3; and AdS, solutions in type Il supergravities

In this section we consider solutions in type II string theory with geometries that
are fibrations over a four-dimensional orbifold M. We consider the case of massive
type ITA solutions with D4 brane flux, corresponding to D4 branes wrapped over My
and the case of type IIB solutions with D3 brane flux. In all cases, we show that the
free energy can be obtained by extremizing the appropriate term in the equivariant
volume.

5.3.1 AdS; X Mg solutions in massive type ITA

In this section we turn our attention to D4 branes wrapped around a generic four-
dimensional toric orbifold My [85, 86, 99]. Specifically the brane system we study
corresponds to AdS, x Mg solutions in massive type ITA, where Mg is an S* fibration
over M. The geometry is similar to the case of M5 branes wrapped around My
considered in section 5.2.1 and we can borrow most of the computations. Here, due
to the orientifold projection,?® the Z, projection used in section 5.2.1 is automatically
implemented and there is only one set of fixed points, at one of the poles of S*. The
geometry to consider is then a CYy, a C? fibration over M, with toric fan generated by
the vectors (5.2.1). As discussed in [28] and in the introduction, the prescription for
D4 in massive type IIA is also similar to (5.2.4), with different degrees of homogeneity:

0
OAaB

vps (2 —0ap) Map = — VO (A4, Aap,€r), F=V® A\, Aap,er). (5.3.1)

The rest of the discussion is very similar to the section 5.2.1. We can write the
flux equations as

CaC (CaC
VD4MAB:_/ AB— Z 7 4Cs)la , (5.3.2)
M

2 2Cat1Caro aat1 €7 €3

where the equivariant forms C4, 7" and the B

are defined respectively by (5.2.13)
and (5.2.15). These equations are identical to the ones of section 5.2.1, with the only
difference being that B takes the place of BY. The solution can be read from

(5.2.20) and (5.2.24):

B((f) =—vps N,
Map = N Y €66 D, (5:33)
c,d

with t§ given by (5.2.25).

26The brane system is actually D4 in the presence of D8, which generate the cosmological constant,
and an orientifold plane O8 that cuts S* into half.
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Following prescription (5.3.1), the solution (5.3.3) must be substituted in the
expression for V® | which depends on the BY as

BY

a .a °
a da7a+1 61 62

VO (A4, Aag, €1) = (5.3.4)

The relation between Bf’) and B(SZ) is given in equation (5.2.16), with the added
complication that the exponents are half-integers and thus we need to be careful

about the signs:
23 5
B9 = 0 2 o N Car o)l

3
2
)

(5.3.5)
Ne = sign ((Cd+1 Cd+2) |a> - sign (Ta) .

We note that the sign of (Cd+1 Cd+2) lo is the same as the sign of BC(LQ), and thus is
fixed:

. L (7a)? e _
sign ((Cd+1 Cd+2) |a> = sign (m = sign ( — Upa N) =o. (5.3.6)

The sign of the 7, however is not fixed by (5.3.3). We can rewrite the equations
B((ZZ) = —vpy N as

Ta = O T)q \/—QVD4 N(CdJrl Cd+2) |a . (537)

It is always possible to find A4 and Asp that solve these equations, whatever the
value of 1, might be.
For the free energy we can write

Nt
N

o 2_(_VD4N)3 Z Na((€3 — €44 (tg — 1)ef + (tay1 — 1)€3) (ea — ta€] — to41€5))

Y
5! dg,q+1 €7 €5

a

(5.3.8)

thus reproducing the extremal function in [85].27
The sign ambiguities remain to be fixed by a more careful analysis. For a convex
fan, supersymmetry is preserved with a topological twist and we expect that all the
N have the same sign [85]. This could follow from a generalization of the following
argument valid for the equivariant volume with single times only. The A4 determine

the polytope

P={y R | y;V/ > A4} (5.3.9)

2TCompare formula (5.7) in [85] and set @1 = €4, 2 = €3 — €4, MaPd = to ,Maps =1—t, , W =0,
and set €3 = 2 for simplicity of comparison. Our result for the free energy then matches theirs (up

. . . . 5 16 . .
to an overall sign due to different conventions) upon choosing e3(—vp4)2z = \/ﬁ. Notice that in

[85] the vectors v® are taken to be primitive, contrary to the conventions that we are using. Our
v® are their 0%
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Naturally P must be non-empty, so let us take y; € P. If we contract the inequalities
yr VA > Ay with I (L4)]. we get

—yre; > 1, Yae{l,....d}. (5.3.10)

Given that P is a resolved cone and that the equivariant volume is given by an
integral over P (4.3.2)

V()\A,el):/d4y e VI (5.3.11)
P

then the exponent —y;e; > 7, must be negative for convergence. This implies 7, < 0,
and thus 1, = —o. By choosing 0 = 1 we would find the result of [85].

The case of anti-twist requires taking a non-convex fan for My. This can be
obtained by formally sending v* — o%v® everywhere, implying €} — % and € —
o%T1es. Tt was proposed in [85] that the correct assignment of signs is 1, = —o% %",

and it would be interesting to understand this by a geometrical argument.

5.3.2 AdS,; X Mg solutions in massive type ITA

In this section we consider AdS; x Mg solutions of massive type ITA supergravity,
which correspond to a system of D4 branes wrapped around a two-cycle inside a
four-dimensional toric My, in the presence of D8 branes and an orientifold plane
08. Explicit solutions of this type have been found in [55], with Mg being a P*
fibration over a four-dimensional manifold that is either Kahler-Einstein or a product
of Riemann surfaces, cut in half by the O8 plane. The only toric manifolds that admit
such metrics are P2, P! x P! and dPs: these are the cases we will be focussing on.

More precisely, we consider a half-geometry modelled on a non-compact CY3
corresponding to the canonical bundle over My, with fan given by

Ve = (v 1), Ve =(0,0,1) , a=1,....d, (5.3.12)

where v® are the vectors of the fan of M,. This fan has the same structure as the ones
in sections 5.2.2.1 to 5.2.2.3, and for this reason the discussion in this section will
share some similarities with the former. This half-geometry can accurately describe
the solutions of [55] when the parameters ¢ and o are set to zero. We explain this
point in more detail in appendix B.3, where we also compute the free energy of the
solutions of [55] to be compared with the results of our approach.

Our prescription is the following:

vps My = —iw’)(m, Magier),  F=VOO4 aper), D VAMy=0.
O "
(5.3.13)
The higher times are needed in order to find solutions to the flux constraints. Simi-
larly to the discussion of section 5.2.2, we will need to extremize the free energy with

respect to any parameter that is not fixed by the flux constraints.
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Given the high-degree of symmetry of P2, P! x P! and dP3 we expect a critical
point at ¢ = €3 = 0. Indeed, it can be verified with a similar logic as equation
(5.2.74) that the linear terms in ¢; in the expression of the free energy vanish and
thus €; = €5 = 0 is a critical point.

The flux equations are

VA O (D N G
(1) pilMa = =3 /M4 es+ >y cr(Ly)’ (5.3.14)

1
(1) vpisMa1 = 5 / (r")?,
My

where 77 is defined as in (5.2.58). For generic values of ¢; these equations are not
independent: since Y, v¢M, =0 and >, vici(L,) = —¢;, from (I) we obtain

ei/ () —0. (5.3.15)

My €3 T Zb C?(Lb)

When €; and ey are not both zero this is a non-trivial relation that we can use to

write

1 Y.L (77 1 e
VD4§a:Ma_ I S i —§/M4(T )", (5.3.16)
which is equation (/). Crucially, this argument fails when ¢; = e5 = 0, which is
the case we will be focussing on. As we will see in this case equation (I1) becomes
independent of (I) and provides an additional constraint.

As already discussed in section 5.2.2.2, we have enough gauge freedom to set
Aaa = Aaat1 = 0. For generic fans, it is also usually possible to gauge away the A,
but this is not the case for the highly symmetric fans that we consider in this section.
For the Z, symmetric solutions studied in section 5.2.2.2 it was always possible to
find a critical point with A\, = 0 regardless, as argued in appendix B.1. However the
argument of appendix B.1 cannot be repurposed for the type IIA solutions of this

T

section and we are thus forced to keep the A,. The equivariant form 7" can then be

parameterized as
=3 Nl (La) + (63 +3 clf(La)) (Xd+1 + ZX,,@HC}T(Lb)) . (5.3.17)
a a b

where

Ads1 = —Adr1 + Mds1.d1€3 Aadi1 = —2Xa.d+1 + Ndg1,d+1 - (5.3.18)

Then for ¢ = €5 = 0 the flux equations become

(I) VD4Ma = _/\d+1 (Xd—&-l Z Dab + 2 Z DabAb) )
b b

’ (5.3.19)

Z (1) + (I1) 0= Z DA Ay + 2€3Xd+1 Z Dabxa,d+1 )
ab ab

a
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where
Aa = /\a + €3Xa,d+1 . (5320)

Notice that the second equation is not a consequence of the first, as we already
anticipated. The free energy restricted to e; = €5 =0 is

~5 —4
A A
F=V0 =& ij Doy + d“ Z Das(38a + X))+~ D" Doy ).

(5.3.21)
We can eliminate Xa,dﬂ from the above expression by using the second flux constraint
n (5.3.19) and find

_ §<)‘d+1 ZD i d+1 ZDabA + d“ZDabAaAb),

)\ _
vpsMy = — d2+1 (/\d+1 Z Dy + 2 Z DabAb) .
b b

(5.3.22)

The flux constraints are not sufficient to fix all parameters: one parameter, say Ag;1,
remains undetermined. Our prescription is to extremize the free energy with respect
to this leftover parameter.

Let us consider first the case of Kahler-Einstein base manifold, with all fluxes
relative to two-cycles in the base equal, that is M, = N. The three cases of interest
are then P?, P! x P! and dP;. We define the integers M, = > up Dap and my, =
>~y Dap, which take values My = (9,8,6) and my, = (3,2,1) for P2, P! x P! and dP;
respectively. Since the fluxes M, are all equal we can solve the flux equation by also
setting all A, equal to each other, giving us

2N
A, = —2VvDat Wy (5.3.23)
2M i1

The free energy as a function of Az, is then

320 16m, 16m2

and extremizing it we find four solutions:

1 N\?
21—10(3\/_—4)%(”[’4 ) My,
(5.3.25)

1 N 5/2
:im(3ﬁ+4)e§(VD4 ) M, .
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The first solution, with a plus sign, reproduces the free energy of the massive type
ITA supergravity solutions of [55] upon setting®® €2 1/%4 = \%10. The details about the
computation of the free energy of the supergravity solutions are in appendix B.3.
Let us now consider the case of P! x P! with independent fluxes. In this case the
metric on each P! factor is round, but the two radii are different. If we impose the

condition Y, V/*M4 = 0 then the fluxes can be parameterized as follows:
M, = (N1, Nay, Ny, Ny) , My = —2(N1 + Ny). (5.3.26)
The flux constraints can then be solved by setting

A =A3 = o , A=Ay =— Do, (5.3.27)
The free energy takes the form
F= Egi‘éﬂ (Nt — 5upa( Ny + No) gyt + 52, Ni Ny ) (5.3.28)
and extremizing it with respect to Agy1 yields four solutions:
F= i%(\/m —(2+2%)V/3 — V8+22 (vpaN)*/2, .
F:i;—%(m+(2+22))\/3+\/m(umN)w, B
where for convenience we have introduced the parameterization
Ny =(1+2z)N, Ny = (1—2)N, lz| < 1. (5.3.30)

Once again the first solution, with a plus sign, reproduces the free energy of the
5

supergravity solutions of [55] upon setting €23, = 2Z (see appendix B.3 for details).

N
5.3.3 AdS;3 X My solutions in type 1IB

In this section we consider AdSs x My solutions in type IIB, where My is an S®/ Ly,
fibration over By, which could potentially arise as the near-horizon limit of a system
of D3 branes wrapped on a two-cycle in By. Explicit solutions of this type have been
found in [108, 109] for Ké&hler-Einstein B, or products of Kéhler-Einstein spaces.
The case of smooth Kéhler By has been studied in [54] using the formalism of GK
geometry and the GMS construction [12]. The orbifold case has not been considered
in the literature as of yet, so in this section we take B, to be a generic toric orbifold
By = M, and we also allow a general dependence on all the equivariant parameters,

28Notice that the numerical values of vp4 and €3 here are different from those of the corresponding
quantities in the previous section.
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including those on the base M. As we already discussed, this is important to obtain
the correct critical point for generic My without particular symmetries, even in the
smooth case. We also hope that our general formulas in terms of four-dimensional
integrals will be useful to find a field theory interpretation of these solutions.

With odd-dimensional M; we need to add one real dimension, the radial one,
as familiar in holography. The relevant CY, geometry is given by the fibration
with My as the base and the Kéahler cone over the Lens space as the fibre, that is
c?/ Ly — CY4 — M. This CYy is toric and its fan is generated by the vectors

Ve = (v 1,4,), Vel =(0,0,1,0), Va2 =(0,0,1,p), (5.3.31)

where as usual the vectors v® generate the fan of My, a =1,...,d.
Our prescription here reduces to the GMS construction [54], namely

d
F=VPW\4,e), VYON4e)=0, vpsMy= —WV(Q)(AA, er), (5.3.32)
A

where

> VAMA=0. (5.3.33)
A

Here V) matches the “supersymmetric action” introduced in [12] and we know
from [12] that there is no need to use higher times for these solutions. Notice that
the second equation in (5.3.32), which is consequence of the third and (5.3.33), is the
“topological constraint” in [12].

When p = 1 the CY, matches exactly the one of sections 5.2.1 and 5.3.1. The
equivariant volume is computed in the same manner, with only minor corrections.
The one-to-one correspondence between the fixed points of CY, and M, given by
(Va, Vel ydrl ydt2) ¢ (y@ po+1) still holds, but the orders of the orbifold singu-
larities now differ by a factor of p:

doa+1,d+1,d+2 = P daat1 - (5.3.34)

The inward normals to the faces of the cone generated by (V¢ Vet Varl 1/d+2) are

now given by
Ua = (pu(f70’ 0)7
Ua+1 - (p ug? 07 0) Y

U = ((ta — p)us + (tar1 — P)US , pdaart, —daart) »
Uit? = (—teuf — ta+1UE ,0,da,at1) -

(5.3.35)
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From these we can derive the restriction of the equivariant Chern forms of CY, to
the fixed points

C’F(Lb)la = —(ef 5a,b + € 5a+1,b) )

—(ta —p)el — (tax1 —p)e§ —pes + ¢
T (L) = —H2 =P = *; JGmpeta (5.3.36)
(Ld+2)’ tEl +ta+1€2 — €4
p Y

and the respective restrictions to the base My
Co = c1(Ly), a=1,...,d,

—pes+es+ )y (ta— p)ct (La)
Cor1 = . = (5.3.37)

—e1 = 32 taCi (La)

p

Cd+2 =

It is easy to verify that these forms satisfy Y. v?cl(L,) = —€; and Y, VA Ca = —e;.
The second degree homogeneous component of the equivariant volume can be
written as an integral on the base My as follows:

T\2
VOO, e :/ G M« S 5.3.38
P e) My 2P Cay1 Caro EA: A ( )
The flux constraints then read
Cat" Bi" - (Ca)la

—vp3 My =0y, VP (A4, e :/ A=y T (5.3.39
oM = OV ) = G s 2 s )

where B is the restriction to the a-th fixed point of the form

T

BW=_T 5.3.40
P Cay1Cayo ( )

The solution to equations (5.3.39) takes the following form:
v5s B Zmbcl (L)l , (5.3.41)

where the my, are such that M, = ", Dy, m,. Indeed, if we substitute this expression
into the right-hand side of (5.3.39) for A=0b € {1,...,d} we obtain

SO e [ (o) - i) = o X D 5.2

a,a+1 61 62
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thus recovering the left-hand side of (5.3.39). When A = d + 1,d + 2 from a similar
computation we find that

t, —p)M, t.M,
Mgy = Z %, Mgy = — Z p (5.3.43)

a a

which are precisely the values of My, and My,o necessary to satisfy the relation
expected from the fluxes, Y, V/AMa = 0.

So far we have not specified the value of b(e;) in (5.3.41). Using the gauge
invariance (4.4.9) we can fix three parameters A4. Therefore only d — 1 of the
restrictions of 77 to the fixed points are independent, which translates into a relation
among the BY that we use to fix the value of b(er). This can be seen by observing
that 77 is an equivariant two-form and thus its integral over M, vanishes, giving us

0:/ TT:/ p Cay1 CaraBY (5.3.44)
My My

The value of b(e;) that satisfies this relation can then be written as

Jin, Cas1 Cava D= ma € (La)

b p—
<€I> fM4 Cd+1 Cd+2

(5.3.45)

We observe that the reason why we had to turn on the higher times in the
cases studied in the previous sections was related to the fact that d — 1 independent
parameters were not enough to solve the flux constraints. In the case considered in
this section however the d—1 independent restrictions of 77 = Y 4 Aa Cy are sufficient
and there is no necessity to include higher times. Nonetheless, it is interesting to
repeat the same computation of this section with the addition of higher times, which
we report in appendix B.2.

The free energy is given by the second degree homogeneous component of the
equivariant volume, which we write as

T\2 B(SQ)
F=V®O,, ¢) :/ () _ _ (5.3.46)

My 2P Cay1 Cayo ~ da,at1 €] €

where the B{? are the restrictions of the integrand to each fixed point. The value
of the Kahler moduli, and consequently of the B((lz), is fixed by the flux constraints.
We can easily do this by employing the same strategy as formula (5.2.16) to relate
the B to the BLY:

()
2pCay1Cara

(b(el) + mqel + ma+1e§)2(p63 —es+ (ta —p)ef + (tag1 — p)eg) (64 — t.€6] — ta+1e§).

B®

a

= § (B)" (Cat1 Casa)la (5.3.47)

a

A
[\
S \g“ Il
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We can also write the free energy as an integral over M, as follows:
2
F= g 2, / (b(q) -3 m, c}T(La)) Carr Cass (5.3.48)
My a

Notice that the equation that fixes b(e;) can be written as

/ ( Zmacl )Cd+1cd+2—0 (5.3.49)

and can be used to further rewrite the free energy as

= —— st / Z mg Cl < Z mg Cl ) Cd+1 Cd+2 (5350)

It would be very interesting to understand if our formulas can be written as the
integral of the anomaly polynomial for some D3 brane theory wrapped over a two-
cycle in M and thus providing a field theory interpretation of the solution.

5.3.3.1 Examples: Kahler-Einstein and Hirzebruch surfaces

We can check that our general formalism reproduces the know expressions for the
toric cases P2, P! x P! and dP; with equal fluxes. The fan and intersection matrix
are given in (5.2.72) and (5.2.73). We take all the M, = M, t, = t and m, = m
equal. We find ), Doy = dmy, and M = mmy, with my, = 3,2, 1 for P2 P! x P! and
dPj3, respectively. Since )

abe Pabe = 0, there is no linear term in €5 in V® which

is extremized at €, 2 = 0. By expanding (5.3.49) in integrals of Chern classes we find

- m[(pes — e4)t + ea(p — t)]
tp— 1)

(5.3.51)

and

v = _yp Wlescp(p = 39+ 7 + (" — 3pt+ 36)]
2pmy(p — )t

(5.3.52)

which reproduces formula (5.6) in [54] with €4 = €3b2/2.%° This still needs to be
extremized with respect to bs.

As we already discussed in section 5.2.2, the critical point is generically at a
non-zero value of €; and €;, unless there is some extra symmetry in the background
and the fluxes. As an example where the critical point is not at ¢ = e = 0 we
consider the case of the Hirzebruch surface M, = I, with fan

= (1,0), v? = (—k,1), v* = (—1,0), vt =(0,-1). (5.3.53)

29Tn [54] N is the flux of the five-cycle fibred over ¢1 /my, in My. To compare the formulas we need
to identify M = m"N and t = 22, which follows from (5.5). The formulas match for e3vps = 21/6.
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The constraint Y, VM4 = 0 leaves two independent fluxes on the base My and
two fluxes associated with the fibre

Mz =M, —kM,,  My=DM,,

Ml(tl + t3 — 2}?) + MQ(]?]{? — 2]) + tg -+ t4 — k'tg)

Mi(t +t3) + Mo(to + t4 — kt3)
p .

Mg = —

The vectors of the fan and the fluxes have a symmetry between the second and fourth
entry, and therefore we expect that one of ¢; will be zero at the critical point. Notice
also that the physical fluxes depends only on two linear combinations of the t,. These
are the combinations invariant under

2
to = ta+ > Bt (5.3.55)
=1

In the free energy (5.3.50) this transformation can be reabsorbed in a redefinition of €4
using > vici(L,)" = —¢; and therefore the central charge depends only on the phys-
ical fluxes. We also solve M, = ", Doyymy, for example, by m, = (0,0, My, M;).*
The constraint (5.3.49) and the free energy (5.3.50) can be expanded in a series of
integral of Chern classes and expressed in terms of the intersections D,,. ,,, which
are homogeneous of order k in ¢;. We see then that b and the free energy are homo-
geneous of degree one and two in all the ¢;, respectively. One can check explicitly
that F' is extremized at e = 0. The expressions are too lengthy to be reported so,
for simplicity, we restrict to the case My = M;. We also fix t, = (41, t2, t1, t2) using
(5.3.55) for convenience. The free energy restricted to e; = 0 reads

2 a2
vhHs M7 A

F=-— :
8p(p(t1 + tg) — 2f1t2)

(5.3.56)

where

A = Ep*[(k — 2)t1 — 2] + 2eze4p((k — 2)%(p — 261)ty +4(p + (k — 2)t1)tp — 83
+ €3[(k — 4)%*p? — 4(k — 3)(k — 2)pty + 4(k — 2)%€ + 4(k — 6)pty — 8(k — 2)t1ts + 1643
+ derklespti ((k — Dpts — (k — 2)t — pto) + ea(=3(k — 2)pt§ + 2(k — 2)t] + p*((k — 3)t1 + t2))]
+4S (K2 + k= 3)G + (k — )ity — 8) + pty (—(2k% + k — 2)8 + (10 — 3k)tytp + 483)]
+ EG[2E + (2k — 4) ity — 483,

(5.3.57)
which should be still extremized with respect to €; and €;. One easily sees that the
critical point is at a non-zero value of ¢;. This rectifies a result given in [54] where

30Any other choice would be equivalent. The equation M, = > p Dapmy is invariant under
Mg — Mg + Zle ~;vf. This ambiguity can be reabsorbed in a shift of b in (5.3.48).
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it was assumed that the R-symmetry does not mix with the isometries of Fy. The
expression (5.3.56) for k& = 0 is extremized at ¢; = 0 and it correctly reduces to the
P! x P! result (5.3.52) setting ¢; = 0 and t; = t,.

5.4 Summary and discussion

In this chapter we have refined the proposal of [28], that the geometry of an exten-
sive class of supersymmetric solutions is captured by a universal quantity, depending
only on the topology of the internal space and equivariant parameters associated
with the expected symmetries of the solutions. This quantity is an extension of the
equivariant volume, familiar from symplectic geometry, where we have introduced
additional moduli dubbed higher times, which are necessary to parameterize all the
fluxes supported by a given topology. Although we have assumed from the outset
that the spaces of interest are toric, we have indicated that this assumption may
be relaxed by considering for example “non-convex” geometries as well as configura-
tions including a four-sphere, that are not toric geometries in the strict mathematical
sense. It is also possible to extend our construction to geometries with a number of
expected abelian symmetries which is strictly less than half of the real dimension®!
of the manifold/orbifold (or cone over it). It is well known that in many situations
the metric on the internal space (or the cone over it, in the odd-dimensional case)
solving the supersymmetry equations may not be compatible with a Kahler or even
symplectic structure. Nevertheless, the equivariant volume is a robust topological
quantity, insensitive to the details of the metrics. Indeed, it may be regarded as a
gravitational analogue of anomalies in quantum field theory. In all cases that we have
analysed, we extract an extremal function from the equivariant volume and our pre-
scription for fixing the parameters on which it depends consists of extremizing over
all the parameters that are left undetermined by the flux quantization conditions.
This is consistent with the logic in the case of GK geometry [11] and indeed it is
analogous to the paradigm of a-maximization in field theory [4]. Geometrically, the
existence of critical points to the various extremal functions that we proposed may be
interpreted as providing necessary conditions to the existence of the corresponding
supergravity solutions and indeed it would be very interesting to study when such
conditions are also sufficient. In any case, if we assume that a solution exists, then
our method calculates the relevant observables, yielding non-trivial predictions for
the holographically dual field theories. It is worth emphasizing that in the procedure
of extremization one should allow all the equivariant parameters not fixed by sym-
metries to vary, otherwise it is not guaranteed that the critical point found will be
a true extremum of the gravitational action. We have demonstrated this point in a
number of explicit examples discussed in section 5.2.2.3 as well as section 5.3.3.1.

31The main difference is that in these cases the localization formula involves fixed point sets that
are not isolated points.
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In this chapter we have focussed on setups involving internal geometries that
are fibrations over four-dimensional orbifolds My, that may be interpreted as arising
from branes wrapping completely or partially M. For example, the case of M5H
branes completely wrapped on My yields a proof of the gravitational block form of
the trial central charge, conjectured in [85] (and derived in the field theory side in
[28]). The case of M5 branes partially wrapped on a two-cycle inside My is still
poorly understood from the field theory side, the best understood setup being the
case of My = X, x S?, where X, is Riemann surface of genus ¢ [104]. The full internal
space Mg may then be viewed also as the fibration of the second Hirzebruch surface
Fy ~ S? x S? over the Riemann surface 3, and interpreted as the backreaction of a
stack of M5 branes at a (resolved) C?/Z, singularity, further wrapped on %, yielding
insights about the dual four-dimensional field theories. In section 5.2.2.3 we have
discussed the example of My = X S?, corresponding to M5 branes probing a C?/Z,
singularity, further wrapped on a spindle and it would be interesting to confirm
our predictions with a field-theoretic computation. It would also be nice to extend
the methods of [104] for computing anomalies to setups where the M5 branes wrap
a two-cycle with non-trivial normal bundle in an My.

In the context of type IIA supergravity, we have analysed the case of D4 branes
completely wrapped on a general toric four-orbifold My, proving the gravitational
block form of the entropy function conjectured in [85]. It would be very interest-
ing to reproduce this from a field theory calculation of the partition function of
five-dimensional SCFTs on S! x My, employing the method of [110] for perform-
ing localization on orbifolds. We have also analysed the case of D4 branes partially
wrapped on a two-cycle inside My, providing a dual field theoretic proposal for a
class of solutions to massive type ITA supergravity, constructed in [55]. Finally, we
have also discussed the case of D3 branes partially wrapped on a two-cycle inside
My, corresponding to type IIB geometries of the form AdS3; x M7, making contact
with the framework of fibred GK geometries studied in [54]. In particular, we have
improved some of the results previously obtained in [54], by revisiting some of the ex-
amples discussed there. In this chapter we have not discussed geometries associated
to M2 and D2 branes (already briefly mentioned in [28]), which are not naturally re-
lated to four-dimensional orbifolds My, but we expect that for these our method will
generalize straightforwardly. It would be very interesting to incorporate new classes
of supersymmetric geometries in our framework, such as for example AdSy x Mg in
type IIB in order to study entropy functions of AdSs black holes. It is tantalizing to
speculate that our approach may be eventually extended to include geometries that
do not necessarily contain AdS factors.
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Chapter 6

Equivariant volume and the
Molien-Weyl formula

In this chapter we discuss the Molien-Weyl formulation of the equivariant volume.
The Molien-Weyl formula is closely related to the construction of toric orbifolds
as symplectic quotients, which we reviewed in subsection 4.2.3. A notable feature
is how it depends on the independent Kahler moduli of the orbifold, instead of
an over-parametrization thereof. The price to pay is that it requires instead an
over-parametrization of the equivariant parameters. Because of these differences,
it is interesting to see how the prescription that we presented in chapter 5 can be
reformulated in terms of the Molien-Weyl formula: we will do so by focusing on the
case of AdS; x Mg solutions. Furthermore, another reason to study the Molien-Weyl
formula is the fact that it could help better understand the “quantum” analogue of
the equivariant volume [28, 93, 111], the orbifold index, which is expected to be a
building block for partition functions on orbifolds [110].

This chapter is organized as follows. First, in section 6.1 we review definition
of the Molien-Weyl formula and provide proofs of its relation to the “standard” for-
mulation of the equivariant volume, including a discussion about the correspondence
between residues and fixed points. Then in section 6.2 we revisit the AdSs x Mg
solutions in M theory of subsection 5.2.1, reformulating the prescription of chapter 5
in terms of the Molien-Weyl formula. At last we conclude in section 6.3 with a brief
discussion of interesting possible directions of future research.

6.1 The Molien-Weyl formula

In this section we review the key properties of the Molien-Weyl formulation of the
equivariant volume, including its version with higher times [93, 111]. In subsection
6.1.1 we review how the Molien-Weyl formula can be derived from the construction
of toric orbifolds as symplectic quotients that we reviewed in subsection 4.2.3. The
in subsection 6.1.2 we provide a new derivation starting from the formula of the
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equivariant volume as an integral over the polytope. Then in subsection 6.1.3 we
prove the relation between the two formulations of the equivariant index with higher
times. At last in subsection 6.1.4 we discuss the correspondence between fixed points
and residues of the Molien-Weyl formula [111].

For simplicity throughout this whole chapter we will imply Einstein notation for
any repeated index, and we will use the following conventions for the indices of a
(2m)-dimensional toric orbifold My, with fan generated by the vectors {v®}¢_;:

e The indices a, b, ... run from 1 to d.
e The indices i, j, ... run from 1 to m.

e The indices m,n, ... run from 1 to r = d — m.

Let Q7" be the GLSM charges (4.2.34), which by definition are integers that
satisfy Q7" v = 0. The Molien-Weyl formula re-expresses the equivariant volume in
terms of new variables " and €, as [93]

dom el ém
Varw (17, €) = / : (6.1.1)
’F| (iR)" H 2m a (Ea + legbm)

where |I'| is the order of the torsion group, defined by (4.2.35). The relation between

the Molien-Weyl formulation and the “standard” presentation of the equivariant
volume is condensed in the formula [28]

V(Aa, €66 = 00) = 2% Vi (1™ = —Q™ Ny, @) - (6.1.2)

The variables t™ = —Q'\, parametrize the Kahler moduli of My,. Indeed from
relations (4.2.26) and (4.2.18),

w] = =27Xsc1(Ly), vfci(Ly) =0, (6.1.3)

we see that a shift of the form A\, — A\, + v{f, does not change the cohomology
class [w], which makes the A\, an over-parametrization of the K&hler moduli. The t™
are unchanged by such shifts, and are thus a proper parametrization of the moduli.
The trade-off of the Molien-Weyl formulation is that the equivariant parameters are
now over-parametrized. As we will explain in more detail in subsection 6.1.1, the €,
parametrize the Lie algebra of the torus T¢ in the construction of My, as a symplectic
quotient. Since the €, are over-parametrized, it is natural to expect V1 to obey
a simple formula for shifts in €, that don’t affect ¢; = v{'¢,, in analogy with (4.3.9).
Indeed, we have that

VMw(tm,Ea + QZZ) = €_tmam VMw(tm7Ea) , (614)

as can be easily seen from either (6.1.1) or (6.1.2).
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The Molien-Weyl integral can be computed by means of the residue theorem,
provided that we close the contour of integration first. The contour should depend
of the value of the Kahler moduli ¢, which determine the behavior at infinity of the
integrand. In [93] it was proposed that the criterion to determine which poles of the
integrand should be inside the contour and which ones outside should be based on
the Jeffery-Kirwan prescription [112]. When the contour is closed this way we write

it as
ot ém

Ao,
v ,€a) 6.1.5
aw (17 %) = 1y /JK H 2mi T (20 + Q) (615)

The Jeffery-Kirwan prescription states that the poles inside the contour are those for

which the corresponding set of indices (ay, ..., a,) of terms in the denominator that
diverge satisfies the property

{01 Qu, + ...+, Qa, €R" |y, >0} C C(t™). (6.1.6)
Here €(t™) denotes the chamber of regular values of the function C? — R", (z,)4_,
Q7| z4|?, such that ¢™ € €(t™).!
The Molien-Weyl formula can be generalized to include higher times as follows
[93]:
ek T R by Py

Varw ({t™-m 3 2.) \F’ /JKH oni (oot Qi) (6.1.7)

Notice that we are keeping the contour closed to the Jeffrey-Kirwan contour. The

criterion to determine which poles are inside the contour and which are outside is

the still the same, and is unaffected by the value of the higher times ¢ ™ with

k > 2. This choice of contour ensures that the Molien-Weyl formula with higher times

can formally be derived from the one with just single times by solving a system of

differential equations, just like in standard formulation of V. As an example, the

following system can be used to define the Molien-Weyl formula with second times:
Opmn Vi (F7™, 8™ €0) = (2 — O ) Opm Opn V oy (87, £ €, )

(6.1.8)
Vo (87, 7" = 0,€,) = Vyw (t™,€,) .

In subsection 6.1.3 we will derive the relation between (6.1.7) and the standard
formulation of the equivariant volume with higher times:

V({)\a1-..ak}£(:1> € = Uzqga) = Gzi{:l(_l)k/\al"'akgal"'Eak :

K
Vg ({1 = Z(—US(S ’ k) T Qg Ea e b )

N (6.1.9)

!The moment map p (4.2.39) can be written in terms of t™ as (2, 2) = $QT|Z,|* —t™. The
orbifold May, can be constructed as Moy = pg'(0)/G. Zero is a regular value of u¢ if and only if
t™ is a regular value of the function (z,)?_; — 3 Q|2 |2
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which is valid as long as the above value of ™ is in the same chamber of regular
values as ' = —Q'\,.
The formula (6.1.4) for shifts in €, generalizes to

K
mi..myg _ E ' § mi...ms Ko m —
VMw<{t (S _ k)t Ckkarl Ce Oéms}kZI, €q T+ Qa Oém> (6110)

= o D T R e Y ({6

where now ¢~ also gets shifted, with the exception of the highest component,
k = K. The above formula is only valid as long as the ™ do not get shifted outside
their chamber of regular values.

6.1.1 Derivation by means of symplectic reduction

In this subsection we review the derivation of the Molien-Weyl formula from the
symplectic quotient construction of a toric orbifold, which we reviewed in subsection
4.2.3. This will provide a first proof of equation (6.1.2) and a geometrical interpre-
tation of the Molien-Weyl formula (6.1.1). In the next subsection we will provide
a much more direct proof of (6.1.2). In this subsection we follow the discussion of
[93], re-adapted to our notations and expanded to make contact with the standard
formulation of the equivariant volume.
Our starting point is the representation of the toric orbifold My, as the quotient
(4.2.42) :
Moy = pg'(0) / G (6.1.11)

We remind that G is a subgroup of the torus T¢ that can be factorized (4.2.35) as
the direct sum of a finite group I' and a continuos component:

G=T & {(e%iQTf’m, . €20 ¢ T ‘ b1, By € R}, (6.1.12)

whereas 5" (0) is a subset of C¢ (4.2.41) that can be expressed in terms of the Kihler
moduli " = —Q' )\, as
1
uat(0) = {z e ¢! ‘ 5 Qi |zl = 1 m = 1,...,d—m}, (6.1.13)
The Hamiltonian function in C* of the vector €,0,, (¢, is the phase of z,) is
expressed in terms of the moment maps (4.2.37) as follows:

1
H(e,) =€, us(2,2) = 5 |2a)? + E)a - (6.1.14)

The above Hamiltonian on C? defines an Hamiltonian H (€;) on My, which is asso-

2

ciated to the vector €;04, with ¢; = v{'¢,. With a little abuse of language we can

2Indeed the vectors associated to the Lie algebra of G are of the form a,,, Q™ 0,,, and are projected
to the null vector in May,. Since v Q7' = 0, we can see that this projection is done by v{.
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write H(¢,) = H(e; = vf€,). Since Hamiltonians are defined up to a constant, we
can remove the dependence of (6.1.14) from A, by defining

1
5 a2l (6.1.15)

H (€) =
If we use H instead of H in the definition (4.3.1) of the equivariant volume we obtain
a function of t™ and €,:

Varw (7. 2) = — / -G @7 (6.1.16)
€,) = e ) Z_ 1.
MW ) (27T)m “51(0)/G m!

In the following we will show that the above quantity is exactly equal to the Molien-
Weyl integral (6.1.1). Equation (6.1.2) should now be clear: the factor exp(—A.€,)
that appears when we relate V and V; simply comes from the constant term by
which the two Hamiltonians differ: H(e; = v%,) = H(€,) + €M

We can rewrite (6.1.16) as an integral over C%:

1 N 1
Vanw (7, 8) = v [ dzdze 6 Ta( 5 Qi fzof — o) 6.1.17
MW( ) € ) (27T)d|P| o4 zdze J;[l 2Qa |Z | ) ( )
where the delta functions restrict us to ug'(0) and the extra factors of 27 and |T|
at the denominator compensate the fact that Moy, is pg'(0) quotiented by G. Using
the integral representation of the delta function

1 [T - 1
6(x) = — dp e ™% = dg e~ 6.1.18
@ =5 e —on [ doe (6:1.18)
we obtain the desired equivalence between (6.1.16) and (6.1.1) :
V (tm —) 1 d d—/ : d¢m (tm¢ |Z¢1|2(— +Qm¢ ))
€) = = zdz — ex m — € om) ) =
MWAE 2m)AT] Joa T 2
dom, tm%
/ H ¢ (6.1.19)
|F| (iR)" 2mi a (Ea + Qm¢m)

6.1.2 Direct derivation

In this subsection we give a direct proof of equation (6.1.2), which relates the standard
formulation of the equivariant volume and its Molien-Weyl formula counterpart in
the absence of higher times.

Our starting point is the formula (4.3.2) for the equivariant volume as an integral
over the polytope, which we write explicitly using Heaviside theta functions:

d
V(Aa,€) = / dMy e Vi = / d™y e Vi< H O(viy; — Aa) - (6.1.20)
P m

a=1
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Now we can use the integral representation of the theta function

) 1 +o0o eiCIZ’T
O(z) = lim — dr , (6.1.21)
n—=0+ 21 J_ oo T —1m
to write the equivariant volume as
Z(U Yi— Aa)Ta Yi€q
V(A €) = d™y ) (6.1.22)
77a*>0+ ]Rd m a 1 Ta ’L'T]a)

Let us introduce the new variables €,, which are related to the ¢; by €¢; = v{,.
The €, are not uniquely defined, since shifting them by €, — €, + Q' does
not affect the relation ¢; = v'e,. It is always possible to take €, > 0 without loss
of generality.®> We can then shift 7, — 7, — i€, without making the integration
contour cross any poles. We find

Aa€a 7/1) Yi— )\a)Ta
VAo, € = vi%e,) = /dd / d™y — (6.1.23)
R4 m

(Ta —1€)

where we have taken the n, — 0 limit since the 7, are no longer needed for the
convergence of the integral. Now the integral over y; simply yields a product of delta
functions, leaving us with

e Aa€a e iXaTa m
V(Aa, € = vj€,) = —/ dr o(vit,) . 6.1.24
( ) (27T)T Rd HZ:1(Ea + iTa) H ( ) ( )

In order to integrate out the delta functions it is convenient to change variables:
To = =1 QT ¢ + Pl7i | (6.1.25)

where the matrix P} is chosen so that P,v} = d;. We note that such a matrix is
not uniquely defined: we could send P! — P!+ «,,Q™ and the contraction with v§
would still yield 0%. The delta functions in (6.1.24) are now simply 6(vi7,) = (),

so we are left with an integral in just the ¢,, variables:

r d¢m e~ AaQy bm

V(a6 = vf,) = | det(Q, P) [ - e7* / . .
‘ | GR)r ooy 2T szl(% Q)

where (Q, P) is the square matrix obtained by concatenating Q™ and P!. This

, (6.1.26)

expression almost completely reproduces (6.1.2); the only piece that we are missing

is to show that 1

ik (6.1.27)

| det(Q, P) | =

3The set C = {v?%,|€, > 0} is the convex polyhedral cone spanned by the vectors v®. For
non-compact toric orbifolds the integral (6.1.20) is convergent if and only if the €; take values in C.
For compact toric orbifolds C = R™.
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First, let us notice that det(Q, P) does not depend on the specific choice of
the matrix P.. Indeed, if we shift P! — P!+ «,Q™ the determinant does not
change, and all possible choices of P! differ by such a shift. We will now describe a
particularly convenient way to choose P!. Let y, be any fixed point of My, and let
Ve be the square matrix whose columns are the generators (v, ... v*) of the cone
associated to y,. Then the following is a valid choice of P!:

Pi — a

a

(v;1)! if v® is one of the generators of the cone associated to p
“ . (6.1.28)

0 otherwise

Indeed, it is easy to verify that P,v} = ¢%. Using the above expression for P}, it
immediately follows that

[4et(@. )| = et Qq |- |det v | = - [ detQa | (6.1.29)

where (@), is the square matrix obtained from @I by removing all the values of the
index a such that v® is a generator of the cone associated to the fixed point y,. In
the second step we have used (4.2.6).

By definition the integer d,, is the order of the orbifold singularity at the fixed
point y,. If we express the orbifold as the symplectic quotient (4.2.42) My, =
115 (0)/G, then the order of the orbifold singularity is equal to the order of the
isotropy group of the action of G on each point in the orbit associated to y,. By the
same logic as (4.2.45), the orbit of G associated to the fixed point g, is the set

1t (0) N (21, .., 24) €ECH 2y = ... = 24, =0} . (6.1.30)

It is easy to verify that the subgroup of G that leaves each point in the above set
fixed is I' times a subgroup of order { det ), } This means that

do = || - | det Qu |, (6.1.31)

which together with (6.1.29) implies relation (6.1.27). This concludes the proof of
(6.1.2).

6.1.3 Derivation of the formula with higher times

We will now briefly discuss the derivation of the generalization of the Molien-Weyl
formula to the equivariant volume with higher times, reproducing formulas (6.1.7)
and (6.1.9). For simplicity we will focus on the case with just single and double times
as an example; the procedure easily generalizes to the inclusion of any higher times.
The equivariant volume with the addition of double times can formally be de-
termined from the equivariant volume without higher times by solving the following
system of differential equations:
8>\abV(>\a, )\ab, Ei) = (2 — 5ab)a)\aa)\bV()\a, )\ab, Ei) s
(6.1.32)
V(Ao Aab = 0,€6;) = V(g ).
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It is then immediate to find the analogue of 4

Aa€a e_AaQ:zn(bm

V( Ao, €, = 0i€,) = / (6.1.33)
|F| TK 5 H 27” I 1(% + QT dm)

with the inclusion of second times:
. f)\aea%»)\abeaeb
V<>\aa )\abu € =1, 6a) — / H 271'2
(6.1.34)

Where the contour C is the same as the contour of the integral in (6.1.33). If t™ =
(2Aap€p — Aa)QY and t' = —A,Q7 are in the same chamber of regular values, then

e(2Aaper—Aa) Q7' dm+Q5' Qy Aabdmdn

HZ:l (Ea + legbm)

C matches the Jefferey-Kirwan contour and we get the desired expression:

V<>\a7 )\aba € = Uézga) - 6_)\{l€{1—~_)\aljg(]‘gljX/MW(tm - (2/\abgb_)\a> '(rln’ t"" = Q?Qg)\amga)-

(6.1.35)
It is easy to show that by iterating this argument we would reproduce (6.1.7) and
(6.1.9).

6.1.4 Mapping residues to fixed points

In this subsection we discuss the relation between fixed points and residues of the
Molien-Weyl formula [111], providing evidence of a one-to-one correspondence. For
simplicity we only keep single and double times.

Our starting point will be formula (6.1.7) with K = 2:

el em+t" " dm by

Varw (8™, 67 E,) = / . 6.1.36
MW( |1’*‘ JK H 271.2 a (EG+QT¢m) ( )

Each pole p inside the Jeffrey-Kirwan contour (we write p € JK) is uniquely de-

termined by the r different values aq,...,a, of the index a that correspond to the
terms in the denominator of (6.1.36) that diverge at the pole; we can thus identify
p = (ay,...,a,). We can now apply the residue theorem to (6.1.36) and obtain

I 1 et™ ém (P)+t™" dm (p)én(p)
U R PIRe7ony e R
where we have defined the following:
(@) = @y,

Om (p)

() (6.1.38)

n=1

€(p) = €+ Q' dm(p) -

4Notice that we are using the version of the Molien-Weyl formula with the closed Jeffrey-Kirwan
contour, in order to avoid trouble at infinity.
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We will now introduce variables \,, Ay so that Ay, is symmetric and
"= QN Qy Aab "= QT (2 b6 — Aa) - (6.1.39)
Then the exponent in (6.1.37) can be rewritten as
"G (D) + ™" G (p) dn(p) = =X €u(p) + AP E(p) &(p) + A€ — A €0, (6.1.40)

and thus

i _ e~ A" Ea(P)+A"" € (p) & (p)
VMw(tm,tmn,Ea) — 6)\“ €a—\1E, 5 )
i ZK [4et Q] T,y ealp)

In light of the relation (6.1.9) between Vju and V we can see that each term in

(6.1.41)

the above residue formula matches a corresponding term in the fixed point formula,
provided that the following identifications hold:

e To each pole p = (a4, ..., a,) in the Jeffrey-Kirwan contour we can associate the
fixed point y,, where « is the cone in the fan generated by the vectors {v}q¢p,
and vice-versa.

e The quantity €,(p) matches, up to a minus sign, the restriction of the equivari-

ant Chern class c] (L,) at the fixed point associated to the pole p, that is

€&(p) = —5§(€i =} Eb) ;
() e, (6.1.42)
eh(e) = CTlr(La>|p: - il -,
P

where the inward normals to the cone uj are defined as in (4.3.16), and we are
using the pedices a and p interchangeably.

Note that because of (6.1.31) we would have |I'|-|Q,| = d,. We will not give a direct
proof of the first point above, rather in the rest of this section we will prove the
second point, and the computation of this subsection can then be seen as as evidence
for the correspondence of fixed points and poles.

We can rewrite the relation (4.3.16) as

Va,b¢p o= —0"-uj (6.1.43)

and use it as follows:
Vagp QU =) Qw = o e =——ZQ’”U”"- ut. (6.1.44)
bép a bép
In the last step we used that v Q" = 0. Acting with Q;l on both sides gives us

1

Va & p ZQT (le)”m =-7 P g (6.1.45)

P
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Using (6.1.43) again we can also write

1
Vagép €, = ZEbéab = d—ug'ngvb. (6146)

btp P bitp

Putting everything together we find the following expression for €,(p) when a ¢ p:

- — — m —1\n 1 -
Vadp  Elp) =€ — Z e, Q' (Q,n = T ul - Z &’ (6.1.47)
m,n p b

On the other hand when a € p the quantity €,(p) vanishes:

Vacp  Elp) = @—Y G Qr(Qy ) =F— > &, 0 =0. (6.148)

n

Hence, if we define

Yaep u;, =0 (6.1.49)

a
p
we can conclude that

1
Va €(p) = T ul - Z &’ (6.1.50)
P b

which is exactly relation (6.1.42).

6.2 AdS3 X Mg solutions in M theory revisited

In this section we revisit the AdSs x Mg solutions in M theory of subsection 5.2.1
through the lenses of the Molien-Weyl formalism. In subsection 6.2.1 we explain
how the procedure of chapter 5 can be reformulated, and in subsection 6.2.2 we
will provide a concrete example by taking the four-dimensional orbifold Ml to be a
wighted projective space.

We remind that the internal geometry of the AdS3 x Mg solutions that we are
interested in is associated to fan (5.2.1):

Ve = (v 1,4,), VvV =(0,0,1,0), V2 =(0,0,1,1), (6.2.1)

where as usual the v are the vectors of the base orbifold My. Let us denote with ¢
the GLSM charges of M. Then the GLSM charges of the fibration are

Q;n = q;n ) Q:;ln+1 = Z(ta - 1)an ) Q(TH = - Zta q;n . (622)

a

The fixed points of the fibration are associated to cones in the fan of the type
(Va,veatl yd+l yd+2) In light of the discussion of subsection 6.1.4, the integrand
of the Molien-Weyl formula should have d poles {p,}?_, inside the Jeffrey-Kirwan
contour, such that all the terms (€4 + Q') ¢,,) vanish at the pole p, except for the
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ones with A = a,a+ 1,d+ 1, d+ 2. The Molien-Weyl equivariant volume with
higher times can then by computed as in (6.1.37) :

d etm¢m (pa)+tmn¢m (pa)d)n (pa)

Vo (£, 17" €4) = , (6.2.3)

a—1 da,a—l—l Ea (pa) Ea—l—l (pa) Ed—‘,—l (pa) Ed—|-2 (pa)
where ¢,,,(p,) and €,.1(p,) are defined in (6.1.38).

6.2.1 The extremal function with the Molien-Weyl formula

In this subsection we formulate a procedure that allows to derive the gravitational
blocks formula (5.2.31) from the Molien-Weyl formula.

First, let us remind that the free energy (5.2.31) was obtained in subsection 5.2.1
from the following setup:

F=V® 4, A, €r), s VA (Na, Aaps€r) = =5 (2 — 0ap) Mup . (6.2.4)

We claim that the Molien-Weyl analogue of the above prescription is to set the
free-energy as
F=V9 (" " e, (6.2.5)

and to impose the following flux equations:

(9tmnVS\2/[)W (tm, tmnygA) = —Vwms (2 - 6771”) an )
athg\%[)W (tm’ tmn,EA) =0 ’ (626)
V& (tm, tmmes) = 0,

where M,,, is related to Mg by Map = Q™Q%M,,,.° Notably when the flux
constraints (6.2.6) are imposed the free energy (6.2.5) becomes a function of the
variables ¢; = V¢4 exclusively, as expected.

Before deriving (6.2.5) and (6.2.6) we would like to observe that the bottom two
equations in (6.2.6) have a nice interpretation. We remind that the Molien-Weyl
formula satisfies the shift formula (6.1.10), which for our particular case takes the
form

Varw (87 4 26 0, 1™ 4+ Q) = e Om T emOn g (74 8 4) L (6.2.7)

when t"a,, + t""a,,, = 0 this can be seen as a gauge transformation of V.
The first equation in (6.2.6) by itself would not be a gauge invariant equation, given
that the term atman\?W under a gauge transformation would acquire corrections
proportional to 8th§\2/[)W and Vg&}w. It should then be clear what role the other two

5Tt is always possible to write Mg = QU Q'L My, since the fluxes must satisfy VIAMAB =0.
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equations in (6.2.6) are playing: they ensure that the system of equations (6.2.6) as
a whole is gauge invariant.

Let us derive (6.2.5) and (6.2.6). First, we notice that the flux constraints in
(6.2.4),

a)\ABV(Q)()\A,)\AB,GI) = —Upms (2_5AB) Map , (628)
together with V/AM4p = 0 imply that

a}\AV(Q) ()\Aa)\ABaEI) - 05

(6.2.9)
V(l)()\A,/\AB,€[> =0.

This can be seen by writing 9y ,, V) = (2 — ap) Oy 0, V) and contracting with
VA using (4.3.11).

We will make use of formula (6.1.9), which relates the standard formulation of
the equivariant volume and the Molien-Weyl one. In this case we can write it as

V(Aa, Aap, er = Vi'es) = (6.2.10)

= T MM Wy (17 = (2AapEs — A)QUL ™ = QEQpAB Ea)
Given a fixed value for the equivariant parameters €y, there is some ambiguity in the
choice of €4. If A4 and Asp are fixed to the value that solves the flux constraints

(6.2.8), we can always choose €4 so that —As€4+ Aap€a€p = 0. With this convenient
choice equations (6.2.9) and (6.2.8) can expressed as

0=V =V,

0= a)\AV = _EAV mw — Q4 athMW —Q% atmvﬁ)w ’ (6.2.11)
Das Map = — 2232 9, VO = _e,e, V1 — (€4Q% 4+ €5Q7)0m Vi —
— QRQp g atm”VMW Q5 Qg atm"VMW

For simplicity we have suppressed the arguments, they should be set up in the same
way as (6.2.10). In particular we have obtained the system of equations (6.2.6).

Viceversa, if we were to start from (t™, ™" €,4) that solve the Molien-Weyl flux
constraints (6.2.6), we could always choose a value for Ag, Aap such that " =
(2)\,4363 — )\A)Qm tmn = Qf@%/\AB, and —Ag€4 + Aap€q€p = 0. Then if we were
to trace the same steps as (6.2.11) backwards, we would find that (6.2.8) is satisfied.
We would also have

F=V8, @™ ™ e)) = VO (4, Aap, e = Viea) (6.2.12)

concluding the derivation.
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6.2.2 My = WP?

In this subsection we focus on a particular example of four-dimensional toric orbifold,
the weighted projective spaces, and we apply the procedure explained in the previous
subsection.

The wighted projective space WIP? can be seen as an orbifold generalization of
P2: the fan of WP? matches the one of P? up to a rescaling of the vectors:

v' = (ng,n3), v? = (—ny,0), v® = (0, —ng) . (6.2.13)

The orders of the orbifold singularities are given by dy, = |det(v®, v°)| = ng_1mp_1 .

For C? fibered over WIP? the indices m,n, ... can only take one possible value,

so we will suppress them; in order to distinguish between t™ and t"" we will use the
following convention:

t"m — tay, Mt — L) - (6.2.14)

There is only one vector of GLSM charges and its components along the base orbifold
are given by
Qo = (n1ng, nong, nany) a=123. (6.2.15)

The charges alongside the fiber can be found using (6.2.2) :

3

3
Q1= (ta— Dnantas1, Qs =— Y taNalay - (6.2.16)
a=1

a=1
The Molien-Weyl equivariant volume can then be expressed as

ety ®(Pa)+t(2)p(pa)?

Varw (ty, ta), €4) = S B : 6.2.17
w(tytene) = X o e e R (6217
where _
€a
D(pa) = —Car Qi1 = —ﬁ :
a0 (6.2.18)
EA(pa)—EA— .
Ng—1MNgq

We can now impose the flux constraints (6.2.6), which means solving the follow-
ing system of equations:

Ouioy Vit (L, t2) Ea) = —PaisM
Oreay Vit () t2) €a) = 0, (6.2.19)

Vi (t, @) €a) = 0.
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Two of the above equations fix the values for the Kaler moduli ¢(;y and £(3), and the
third will give us a constraint on the €4. We find a total of two distinct solution:

€4 = 0 €5 = 0
tay = —3omsN Ques . (tay = —3ousN Qsen (6.2.20)
te) = —37usN QuQs to) = —57usN QuQs

where N = (ningn3z)>M. ¢ If we were to plug the above solutions inside the free-
energy F' = VE\?/’[)W (t(l), t(g),EA) we would get two different results. The key is that
these result only match after we translate into the ¢; variables. In order to do so we
need to solve the linear systems

=0 & =0
e , € . (6.2.21)
‘/IAEA = €5 ‘/IAEA = €5

If we substitute (6.2.20) in VE\?W and perform the respective change of variables in
accordance with (6.2.21), we find that the free energy is given by

€ €2—¢€ 2 € €2—¢ 2
po L pany| T+ ()90 —ata) (Wi + 50 —a)”
6 e(€e2 — €1)
€ € 2 € € 2
+(— I-t)E - (1-t)2 —ate) (bt -2 —«) .
€1 €2
€1 —€ € 2 €1 —€ € 2
n (T—t) 92+ (1 —t) 2 —e3+ea) (92 + 6 ey)
61(61 — 62) ’
(6.2.22)

which is the same as (5.2.31), as expected.

Let us conclude by noticing that from the solution (6.2.20) it is evident that in
general the second time £(y) is necessary for the prescription to work, except for the
particular case when either ()4, = 0 or )5 = 0. These condition on the charges restrict
the topology of the fibration, and it would be interesting to try to understand why
the geometry of these special cases does not require higher times. It would also be
interesting to find a geometrical interpretation to the two distinct solutions (6.2.20),
and why the free energy F' found from each of them only matches when we convert
back to the e; variables.

6.3 Summary and discussion

In this chapter we have discussed the Molien-Weyl formula and provided a direct
derivation of its relation with the standard formulation of the equivariant volume.

SIndeed N was defined in (5.2.20) so that My, = N Dg,. We can find the relation between N

and M by writing Dy, = Q4 Qp 8§<1)V$)W|t(2):0 and by computing 3,52(1)W%21)W|t(2):0 = (ningnsz) 2.
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We have revisited the AdS; x Mg solutions, obtaining once again the gravitational
blocks formula conjectured in [85], this time by means of the Molien-Weyl formula.
Given that the Molien-Weyl formula depends on the independent Kahler moduli
of the geometry rather than an over-parametrization thereof, the computation is
remarkably simple for orbifolds with a small number of Ké&hler moduli. This is
the case for the example that we have focused on in subsection 6.2.2, in which we
took the four-dimensional base orbifold to be a weighted projective space. More
in general, the Molien-Weyl formula provides an interesting alternative prospective,
especially considering the important role played by the “gauge transformations” of
the parameters of the equivariant volume, which are remarkably different in the two
formulations.

We want to conclude by briefly mentioning an interesting possible direction of
future research, for which the Molien-Weyl formulation could play a role. As observed
in [28, 110], the “quantum analogue” of the equivariant volume, the orbifold indices
[28, 93, 111], are expected to be a fundamental building block for partition functions
on orbifolds. They can be defined as characters of line bundles over the orbifold,
and they reduce to the respective formulas for the equivariant volume in a “classical
limit”:

™ - Z(Ay = =X /By qi = ") =V (A, &) + O(R)

e (6.3.1)
™ - ZMw(Tm = tm/h, gy = € ea) = VMw(tm,Ea) + O(h) .

It would be interesting to extend the computation of [110] for more generic orbifolds
other than the spindle.
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Chapter 7

Conclusions

We will now briefly summarize our main results. For a much lengthier discussion we
refer to the “Summary and discussion” sections 3.4, 5.4 and 6.3. The following will
just be a short summary of the points we have brought up in these sections.

In chapter 3, based on [1], we have improved the estimate of the superconformal
index at large-NN for general values for the BPS charges, focusing especially on the
little studied J; # Jo, building upon our results in [3]. We have made use of both
the elliptic extension approach of [48-50], which we have extended to the J; # J,
case, and the Bethe Ansatz formula [46, 47], finding a good accord between the two
methods. The number of competing exponential terms that contribute to the Bethe
Ansatz formula is much bigger than the number of saddles of the elliptic action,
and it is not feasible to compute all of them. Nonetheless for each saddle of the
elliptic action we find a term in the Bethe Ansatz formula that matches it. The
discrepancy between the number of contributions between the two approaches can
be rationalized by noting that that the Bethe Ansatz formula is exact also at finite
N. We thus expect that the only contributions of the Bethe Ansatz formula that
dominate in some region of the parameter space should be the ones that match a
saddle.

In chapter 5, based on [2], we have extracted extremal functions for various
supergravity solutions that arise from the near-horizon limit of systems of branes
wrapped around four-dimensional orbifolds, either partially or totally. Our prescrip-
tion is based on the equivariant volume with higher times and it reproduces the
gravitational central charges/free energies after we extremize over all the parameters
that are not fixed by the quantization of the fluxes or supersymmetry. Our method
can be applied also when the supergravity solutions is not known, and we speculate
that the existence of a critical point for the extremal functions that we find might
be a necessary condition for the existence of solutions with a given topology.

In the case of systems of M5 branes we have considered both totally wrapped
branes and partially wrapped ones. In the former case we derive gravitational blocks
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formula conjectured in [85] and reproduced in the field theory in [28]. Partially
wrapped branes on the other hand are still poorly understood on the field theory
side. Nonetheless in the specific case when the base orbifold is S? x S? we reproduce
the result of the brane setup of [104]. We also reproduce the gravitational central
charges of the known supergravity solutions [101, 102] and provide predictions for
more general backgrounds. We compare our method with the one of [53], finding
that they are equivalent. In particular we show that various non trivial cohomological
relations that need to be imposed in the approach of [53] can be seen as consequences
of the extremization with respect to the unfixed Kéhler moduli.

In the case of systems of D4 branes in massive type ITA we also have considered
both totally wrapped branes and partially wrapped ones. In the former case we derive
gravitational blocks formula conjectured in [85]. In the latter case we compare the
results produced by our prescription with the gravitational free energy of the solutions
[55], which we have computed.

In the case of systems of D3 branes in type IIB partially wrapped around a
two-cycle we have extended the results obtained in [54] with the formalism of GK
geometry to the orbifold case.

In chapter 6 we have discussed the relation between the standard formulation
of the equivariant volume and the Molien-Weyl formula, and in particular we have
shown how the prescription that we presented in [2] can be reformulated in terms
of the latter by focusing on the case of AdS; x Mjy solutions, providing a different
prospective. While this chapter is not based on any published works, it might provide
an interesting starting point for future research. For example, the equivariant volume
has a “quantum analogue”, the orbifold index, which is expected to be a fundamental
building blocks for supersymmetric partition functions on orbifolds [110], and the
Molien-Weyl formulation could play an interesting role.
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Appendix A

Appendix for the superconformal
index

A.1 The elliptic gamma and related functions

The elliptic gamma function

The elliptic gamma function [75] is defined by the following infinite product:

FE(Z;T,O'> = ﬁ L=

5,k=0 1-—

e27ri ((j+1)7+(k+1)0'72)

(A.L1)

e27ri (j7'+k0'+z)

which is convergent as long as Im7 > 0 and Imo > 0. It is meromorphic in z, with
polesin 2 € Z + 7 Z<y + 0 Z<y and zeros in z € Z + 7 Z>1 + 0 Z>,. 1t is manifestly
invariant under integer shifts in z, 7,0 and symmetric under the exchange of 7 and
0.

The elliptic gamma satisfies the following inversion relation:

-1
Fe(z;7,0>:FE<T+U—Z;T,J> , (A.1.2)

and the following product formulas:

;i:[(tfe(z—l—%T;T,a) :Fe<z;z,0), (A.1.3)

n
m—1 .
er(z—l—in’,a) :Fe<mz;m7,m0) . (A.14)
m
=0

Relations (A.1.2) and (A.1.3) follow directly from definition (A.1.1); as for relation
(A.1.4), it is a consequence of the following polynomial identity:

—_

m—

(1 - e%i(f‘/m)z) —1-2m, (A.1.5)

j=0
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The 0, function

The g-theta function 6, is defined as follows:

e}

90(2 : 7_) _ H (1 - 627ri(z+k7')) (1 o eZTri(fz+(k+1)7')) . (A16)

k=0

It is analytic in 2z and its zeros are in z € Z+ 7 Z. 1t is related to the elliptic gamma
function by the following shift identity:

Lo(z4+7;7,0)=00(2;0)Te(z;7,0) . (A.1.7)
On the other hand the shift identity for the 6, itself is the following:
Oo(z +7;0) = —e ™% 0y(z;0) . (A.1.8)

Bernoulli polynomials

The Bernoulli polynomials are defined by the following generating function:

tel't 0 tn
= > Bu(x) = . (A.1.9)
=0

et — n!
They satisfy the following relations:

Bn(z +1) =B, (x) +na™ ", (A.1.10)
B,(1 —z)=(—1)"B,(x). (A.1.11)
As a consequence of (A.1.11) the Bernoulli polynomials are either even or odd when

expressed in the variable 2z —1; in particular the first few polynomials can be written
as

By(x) = % (22 — 1)
B (z) :i(zx—1)2—% (A.1.12)
Bs(x) :é(Qx—l)S—é(%c—l).

Some useful identities include the translation property,

B,(z+y) = Z (Z) Bi(z)y™ ™", (A.1.13)

k=0

and the multiplication formula,

—_

m—

> B, <z + %) — m!™ B, <mz> . (A.1.14)

J]=
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The multiplication formula can also be written as follows:

m—1

= o (Z " {x * %}) =m" B, (mZ + {m$}> : (A.1.15)

J

where the brackets {-} denote the fractional part, which is defined by z = |z] + {z}.
Relation (A.1.15) follows directly from (A.1.14) if we consider that

m - min {a:+%} = {mz} . (A.1.16)

The P, @ functions

Given z, 7 € C, Im7 > 0, throughout the rest of this appendix we will denote with
z1 and zo the real numbers such that z = 2y + 7 25.
The function P is defined by [76]

P(Z : 7_) — 2miap(z) mitB2(22) 90(2 : 7—) , (All?)

where ap can be any real-valued function that satisfies the following two constraints:
ap should vanish on the real axis, and it must be chosen so that P(z;7) is invariant
under translations by the lattice Z + 7Z in z. The second requirement can always
be fulfilled because |P| is manifestly invariant under integer shifts, and it is also
invariant under shifts in 7, once (A.1.8) is taken into consideration. This can also be
seen from the second Kronecker limit formula [76]:

) (III]T)S 627ri(nZQ—mz1)
log |P(z;7)| = —1 - A.1.18
0g |P(z7)| 1 on ;Z |mT + n|?s ( )
(m,n)#(0,0)
Similarly, the function @ is defined by [77, 78]
, (1 1 P(z;7)>
. _ 2miag(z) 271'1(333(22) 2ZQB2(22)) ) A.1.19
Qlzim) =e ¢ Le(z4+757,7)° (A-1.19)

where ag is a real-valued function chosen according to the same criteria as ap. Hence
@ is a doubly periodic function in z as well, with periods 1 and 7. Its double Fourier
expansion is given by [48]

1 eQﬂ'i(nzz—mzl) QT »
logQ(z;7) = e Z o + 3 Bs({22}) + mig(2), (A.1.20)
m,nel
m##0

where ¢ is a real-valued doubly periodic function related to ay.
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Let m,n be integers such that ged(m,n) = 1 and m # 0; from (A.1.18) and
(A.1.20) it is possible to derive the following integral formulas [48, 49]:

1
. By({md — nc}) ,
dzlog P d;7)=-—
/0 zlog <x(m7’—|—n)+c7’+ ,T) i m(mr 1) + miop(m,n),

mi By({md — nc})
3 m(mt +n)?

1
/ dxlogQ(m(mT+n)+CT+d;T>: + mipg(m,n) .
’ (A.1.21)
Here ¢p and ¢¢ are real functions whose precise value depends on the particular
choice of the phases ap and ag. We point out that B,({-}) is a continuous function
on the real axis because identity (A.1.10) implies that B, (0) = B,(1).

From (A.1.21) and definition (3.1.6) we can find a similar formula for the Q.4
function (3.1.6); making use of the identity (A.1.13) for the Bernoulli polynomials

we can write it as
1
/ dxlog Qc.q (x(mT +n)+z; 7') =
0

i mi Bs({m(d + z1) — n(c+ 22)} + c(m7 + n))

S T - (A.1.22)
_ 7TEi02191({m(cl+ z1) —nc+z)}) — % ¢* —mi(¢g(m,n) — cpp(m,n)) .

All the terms in the last line of this equation are purely imaginary.

A.2 Subleading terms in the Bethe Ansatz formula

In section 3.3.3 we assumed for simplicity that the integers ¢ and 7 satisfy ged(ab, ¢, 7)
1; we will now show how the large-/N computation of the superconformal index with
the Bethe Ansatz formula can be done without this assumption.

When ged(ab, g, 7) # 1 the problem is that it is not possible to find a BAE
solution v and a valid choice for the vector of integers m such that u — mw satisfies
(3.3.30). The workaround is to search for u and m that approximate the right-hand
side of (3.3.30) instead; to be precise we want to find a choice of integers {p,q, 7},
indices 7=0,...,p — 1 and k= 0,...,qg— 1, and vector of integers msy, such that
p-q= N and

%—i—é(w—f—g)—m%w:‘Z+E(abw—l—f)+(’)(—> mod 1. (A.2.1)
P q P J P q P q

Then, we will show that these extra O(1/q) terms can be neglected without affecting
the leading order of the integrand Z:

NS R
1= J2 1= h2
E E logI', (A + 5 + 7 (w + 5) — (mﬁ;é1 — mmé) W aw, bw)

.71 772 =0 %1 #EQ =0
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ik ~
Z Z log I, (A + J2 BT (abw + i) ;aw,bw) +o(q?) .
J1,52=0 ki#ke= q p

(A.2.2)

The quantity in the second line of (A.2.2) is the same as (3.3.37). Hence, the rest of
the computation is identical to the one in section 3.3.3.

Let us set h = ged(ab, g, T) ; if we reparametrize the index k in terms of new
indices ' = 0,...,q/h—1 and k" = 0,...,h — 1 such that k = k' + (q/ h) k", we
can write the following:

Z—Fé(abw%—i):Z—FiA(awa—i-r/—h):
P q p) P q/h\h P
. / ~/7 BN
_J . kA(“wa+T/h>+k(r/h) mod 1, w  (A.2.3)
P q/h\h p p
-/ / =7
:‘7_4_ kA(aTbaH_r/_h) mod 1, w.
P q/h\h P

In the last step we defined a new index 7' as 7' = j + k:”(?/ﬁ) mod p. The
dependence on the index £” has dropped completely modulo 1, w; considering that
BAE solutions cannot repeat values modulo 1, w, we will have to reintroduce the
dependence on k" as a part of the O(l/q) term.

As a consequence of the definition of h, we have that ged(ab/ h, ¢/ h, 7/ h) = 1.
Therefore 1f we set h = gcd(q/Ah ,ab), p = hp and ¢ = N/p, we can find indices

7=0,....,.p—1, k—O ..,q/h—1 and an integer 7 such that
K 7/ h ik 7
p q/h p P q/h P

This relation can be obtained by following the same steps used to prove (3.3.24),
with ab/ /f\z, q/ h and r/ h taking the place of ab, ¢ and r respectively.

We can now chose the value for the vector of integers m so that the following
identity holds:

(o3 = 50 2
+-labw+-) = =4+ — |(w+
q p P G/h

Lastly, we define the index k= 0,...,q—1 as k=K' + ElAz, which gives us

7k F k AN ¥
i+:(w+§) = +~—A(w+2)+~<w+§>. (A.2.6)
P q p q/h p q p

) +mypw mod 1. (A.2.5)

T =,
e

NI
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Considering that £”/q = O(1/q), if we combine relations (A.2.5) and (A.2.6) to-
gether we finally obtain (A.2.1). The only thing left to do is to verify that the
simplification (A.2.2) works at leading order.

Let us set Z = A+ (71 — J2)/ p. We need to verify that the following is true:

G/ h—1 ~ 0~ - ~
ki —k T k! — Kl r
Z logT'. <Z+ qu//}; (w + :) 4+ 12 (w + :> — (mj@ — mj%) w ;aw,bw> =

q p

an B—k 7
= Z log T’ (Z—l— L= <w+],—5> — (mﬁEl —m72z2)w;aw,bw> +0(q2).

(A.2.7)

We are ignoring the sums over 71,70 =0,...,p—1 and £k}, kJ =0, ... ,/f;— 1 because
P ho~ O(1); if (A.2.7) holds, then (A.2.2) would immediately follow.

A relation similar to (A.2.7), albeit simpler, has already been proven in [3], and
we can use it as a staring point. Let us define the following function:

N
v—=9
flz; 1) = logl'e( 24+ —=—7;n7,n7), (A.2.8)
7#25;1 ( N )

where n is any positive integer. As long as z 4+ ¢ 7 does not cross a zero or a pole of
I, for any t € (—1,0) U (0, 1), this function has been shown to satisfy the following
bound:

‘f(Z—FCT/N;T)—f(Z;T)‘ §O(ﬁlogﬁ), (A.2.9)

for any C' € (—1,1). There are a few details about the proof of (A.2.9) that will be
useful; let us review them briefly. The first step in the proof is to use the mean value
theorem to write

il

‘f(ZJrCT/N;T) —f(z;T)‘ <= (

azf<2+517'/j\7;7')‘ +

d.f(z+ EQT/N ;7) D
(A.2.10)

for some ¢, ¢, € R, with |¢; 5] < |C|.! Then the authors of [3] have shown that for
any ¢ € (—1,1) the following bound holds:

1 NT 1 N azre (Z + %—"—ET;TLT7 nr) N N
N N,y;,g(g:l FE('Z—{_W—TQ—FCT;TLT,TM‘)
(A.2.11)

Relation (A.2.9) then follows from (A.2.10) and (A.2.11).

!The mean value theorem is applied to the real and imaginary part separately, which is the
reason for the need of two constants, ¢; and ¢s.
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We can’t use formula (A.2.9) to prove (A.2.7) directly; we need to generalize
(A.2.9) a bit first. Given any two subsets S, S’ of the set {1,..., N}, we consider the
following function:

N

-9
fesi(z;7m) = Z logI', <z + 7 —— T ;NT, m’) ) (A.2.12)
~ES, §€8 N
b

Then a similar relation to (A.2.9) holds for fg¢ as well:
‘fs)s/ (= + OT/N;T) — fs,sz(z;r)’ < O(]Vlog ]V) : (A.2.13)

Indeed, the following trivial inequality:

N 0,1, ( + 1= g m’)

_ st
= N 10,T. <z + “’ch T NT, m‘)

< (A.2.14)

y=8+E . y—6+¢
~eS, 5es Fe<Z+TT,nT,nT> v#s=1| Le (z—i— ~ TiNT, nT)

Y#6

together with (A.2.11) and an analogue of (A.2.10) imply (A.2.13).
We can use relation (A.2.13) to show that

N
Z logf‘e< —(m5—m7)W+CT/N;nT,nT> =
7 (A.2.15)

Z logI', (z—l—

y#6=1

57— (ms —m,)w;nr, m’) +O(NlogN),

where {mg}f;v:l is a vector of integers between 1 and ab (with ab ~ O(N°)), w € C
and z is such that z — (ms —m,) w4+t 7 does not cross a zero or a pole of I, for any
t € (—1,0)U(0,1) and any possible value of (ms; —m.,). Indeed, we can write

Z log I, (z+ 57—(m5—m7)w nr, nT> Z fs(i).862) (2= (i1 —i2) w3 T)

y#£6=1 i1,i2=1

(A.2.16)

where S(i) = {6 | ms = i}. Then (A.2.15) follows directly from (A.2.13).
At last, let us show the validity of simplification (A.2.7). In order to apply
(A.2.15) we need to first change the moduli of the T, from (aw,bw) to (n(w +
7/p), n(w + 7 /Dp)), where n is some positive integer. We can use the following

identity:
bp—1 ap—1
logI', (u s aw, bw) = Z Z log I, (u + (010 + lob)w ; pabw + abr, pabw + abr) ,
£1=0 ¢2=0

(A.2.17)
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which follows from (A.1.3) and the invariance of I', under integers shifts. Then, for
any given value of {1, {5 we can use (A.2.15) with 2 = Z+ (La+leb)w, T =w+7/p
and n = pab. It is easy to verify that z satisfies the required condition necessary for
avoiding zeros and poles, considering that the possible values for A are A =7+ ¢
and A = Ay, with A; satisfying condition (3.3.36). This concludes the proof of
(A.2.7).
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Appendix B

Appendix for equivariant volumes
and holography

B.1 Fixing the Kahler moduli of AdS5 X Mg solutions with
Zo symmetry

In this appendix we verify that for the Calabi-Yau geometry considered in section
5.2.2.2 there is a critical point of V& (A4, Aap,€;) with A\, = A\ = 0. Even if
the group of gauge transformations (4.4.8) has a sufficient number of parameters to
potentially gauge away all A\, and A, in orbifolds M with a small number of vectors
in the fan there are often obstructions that make this impossible.
In the following we will verify that the values of the Kahler moduli A4, Asp given
by
Aa = Aap =0,
Xa,d-i—l such that Zb Dabxb7d+1 = —VUwrs Maa (Bll)
Adi1 such that 8Xd+1V(3) =0,
are an extremum of V®  under the constraints imposed by the flux equations

8>\AV(2)(>\A, )\ABNEI) = —TUmus My . (B.l.?)

In practice, we will show that there exists a value for the Lagrange parameters p4
such that the function

&= V(s) + ZPA<8)\AV(2) + Uwps MA) (B13)
A

has null derivatives with respect to A4, Aag. The equations that we will solve are
then
0 0

%6<)\A7>\A37617PA):07 a)\AB

where the A are given by (B.1.1) while €;, €5 can take general values. We will study

E (A, Aap.€r,pa) =0, (B.1.4)

the case € = €5 = 0 separately.
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Case (€1,€2) # (0,0). We claim that values of ps that solve (B.1.4) exist and
they are the solutions of the following linear system:

ZpA(CA)‘b:hba b:]-a"'7da
A

=y (e + Z L)) (Aun + Z Soinrch (L) |
Indeed, when the above equations are satisfied we have
ZA paCaCp _
wy €3+ 22, 1 (La)
= —% /M4 Cp <€3 + ; C?@a)) (Xd—kl + ; Ab,d+1011T(Lb)>2 = =), V¥,

(B.1.6)
where we have used A\, = A\ = 0. This gives us 0,,€ = 0. The 0, ,,€ = 0 equations

(B.1.5)

X .

a/\BZpA O VP +Ty5 My) =

can also be derived from (B.1.5) in a similar manner.

Let us now discuss the existence of solutions to the equations (B.1.5). The
restrictions of ), paCa to the fixed points are not independent, they satisfy the
following linear relation:

0_/ ZpAC ZZA’)A (Ca) ’b. (B.1.7)

db b1 61 62

However, the h; also satisfy the same linear relation, given that the value of \gyq is
set by the condition 95, 'V = 0, which reads

0= %/ (€3 + Z ¢ (La))?(Aas1 + Z Aaar16i (La))? = — Z Lbb . (B.1.8)
My a a b

dpp+1 €] €5

We can thus always eliminate one of the equations (B.1.5). Considering that shifting
pa — pa+ >, VA with 3, ale; = 0 leaves the left-hand side of (B.1.5) invariant,
we can always gauge away pqy1' and one of the p,. We are left with a system of d — 1
equations in d — 1 variables that generally is not singular and thus has a solution.

There is an edge case in which the system of equations must be further reduced:
when there is @ € {1,...,d} such that €] = 0 (and consequently ei~1 = 0). Since
(€1,€62) # (0,0) and M4 is compact we must have €7 # 0, ¢5 ' #0. Theb=a— 1
and b = @ equations are (pg+1 has been gauged away)

- paﬁg_l = h§,1 y —paﬁ? = h/a . (Blg)

In principle depending on the value of h; | and hg the above equations might not

have a solution. However if we consider that hz_; and hg can only depend on €5 *

We note that the (e1,€2) # (0,0) hypothesis is needed to set pgy1 = 0.
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and €7 respectively,? and that in general dg_14€] ' = —dag1 €3, then the only way

for the right-hand side of (B.1.8) to be finite is for

ha— ha
= (B.1.10)
€ €1

which means that equations (B.1.5) are solvable without issue.

Case (€1,€2) = (0,0). It is not immediately clear whether the solutions to equa-
tions (B.1.5) are well-behaving in the limit €;,e5 — 0. However when €; and €, are
zero the equations (B.1.4) are quite simple and we can solve them directly.

For ¢; = €, = 0 we have c] (L,) = ¢1(L,) and thus

Da a k=2
/M 1 (Lay) -1 (Lay) = { " . (B.1.11)
4

0 otherwise

From this relation it easily follows that

[ ) la) () Doy k=2 —
w61 25,1 (Le) 0 k> 2
Using the above relations the extremization equations (B.1.4) become
( : 2 ~ T _
8,\a equatlon: % Zb Dab()‘d—i-l + 2 €3 )\d—i-l)\b,d—i-l) + (63) 1 Zb Dabpb =0
. 2
0, equation: % €3 Agp1Dab — par1Dap = 0 )
O equation: =37 Dap(€§ a1 dvast + €3 Agp1) = 224 Dan(py — pas1) = 0
~ T T 0~ 2
5 . 2> s Dav(€3 Xaar1 Mvas1 + 6 €3 Ags1Xoas1 + 3e3 Agpy)
Nir1.a41 €QUALION: ’
\ + > ap Dav(pp — pas1) =0
(B.1.13)

The 0y,,, equation was omitted because it is trivial: dy,,, > 4 pa (8>\AV(2)+EM5MA) =
0 and 8y,,, V® = -85 V& =0 because of (B.1.1).
The solution to (B.1.13) is?

1 1

- = —2 —2
Pa = —€5 Ady1 Mbds1 — F6 A, P = 5N (B.1.14)

and thus (B.1.1) is the proper extremum of V) under the flux constraints.

2By definition hgz_; and hg are the restrictions of an equivariant form on the fixed points @ — 1
and @.

¥When we plug this solution into the left-hand side of the dy,,, ,,, equation we do not get zero
straight away, but rather we get the same expression as 8xd+1W(3), which is zero by (B.1.1).
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B.2 AdS; X My solutions with the addition of higher times

In this appendix we revisit the computation of section 5.3.3, now with the inclusion
of second and triple times in the equivariant volume. For the AdS3 x M7 solutions we
considered in section 5.3.3 there was no need to add any higher times. We will now
show that it is still possible to perform the computation even when the equivariant
volume is over-parameterized. The extremization procedure for the parameters in
excess plays a crucial role this time: relations that where automatically verified when
V® only included single times are now derived as extremization conditions. This
provides further evidence that extremization is the correct way to deal with any
parameter A that is not fixed by the flux constraints.

The second degree homogeneous component of the equivariant volume with triple
times is given by

(2) (TT)Q
V' (X4, Aap, Aapc,€r) = —
My 2pCa11Cayo (B 9 1)
TT = Z)\ACA+Z)\ABCACB+ Z )\ABCCACBCC-
A A,B A,B,C
We need to impose the following flux constraints:
(2) CA TT
—VD3MA:@)\AV ()\A,)\AB,/\Agc,EI):/ —_— . (B22)
vy PCat1Caso

Proceeding in a similar way as we did in section 5.3.3, we will set all the A to zero
except for A\g1, a2 and Agy1,4+2 4. This assumption is justified by the fact that in
principle the group of gauge transformation for the single, double and triple times
has enough parameters to gauge away all the A except A\ji11 g+2 and g1 4o, A4 At
the end of this appendix we will quickly check that V(® does indeed have a critical
point for Aoy = Aapdat1 = Aapdr2 = Aape = 0, thus verifying the correctness of this
choice of A\. The flux constraints (B.2.2) now read

1 _
—vp3 M, = ) / ¢ (La) <)\d+1,d+2 + Z Ad+1,d+2, A CA) = Z DapXy, (B.2.3)
My A b

where
— A a— A ta (A - A
N, = Merer dHldlde2 (Adt1,d+1,d+2 : dt1,d+2,d+2) ‘ (B.2.4)
p p
Up to gauge transformations, the ), are then fixed to be A\, = —vps m,, where the

m, are such that >, Dyymy = M,.

4Note that Aa,bs Aab,d+1, Aab,d+2 and Agp do not appear inside V@ unless a,b,c € {a,a+ 1}
for some @ € {1,...,d}.
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We notice that the flux constraints did not fix all the A, but rather there is one
such parameter left:

1 2
V@ = % Cat1 Cato (Ad+1,d+2 + Z Ad+1,d+2, A CA)
M4 A
) (B.2.5)
Y / Cor Cave (K= S ma (L))
2 M, -

where

N — >\d+1,d+2 — €3 )\d+1,d+1,d+2 1 €4 (>\d+1,d+1,d+2 - >\d+1,d+z,d+2) . (B.2.6)

PVpD3 p2 VD3

Our procedure prescribes to fix the value of A by extremizing V® with respect to
it. If we call b(e;) the extremal value of ), we find that

0

0:—_V
oA

(2) = pl/%g/ Cd—i—l Cd+2 <b(€[) — Z mg Crl]r(La)> . (B27)
My a

Notably, the equation we obtain is the exact same as (5.3.49). In the context of
the computation without higher times, equation (5.3.49) was a trivial relation, a
predictable consequence of the fact that there are only d — 1 single times, but d fixed
points. In the computation of this appendix the same relation is now derived as an
extremization condition.

If we substitute (B.2.7) into V) we get

VAR —g V%3 /M Cav1Cara <b(61) - Zma C?@a)) Zma c1(La) , (B.2.8)

which is the same as the main result of section 5.3.3.

We can quickly verify that the values of A that we have fixed are an extremum
of V@ by employing the same strategy as appendix B.1. We can find the values of
the Lagrange parameters p4 such that the function

Ea, Mg s Aapc e pa) =V 4 Z pA (aAAV(2) + vpg M) (B.2.9)
A

has null derivatives with respect to As, Aap, Aapc by solving the following linear
system:

S pa(Ca)|, = —prms [cd+1 Caro (b(q) -3 m, CQT(L@))} ‘b . (B.2.10)

Using the same line of reasoning as in appendix B.1, solutions to this system exist and
thus (B.2.8) is the proper extremal value of V() (with respect to the extremization

in \).
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B.3 AdS; X Mg gravity solutions

In this appendix we study the family of AdS; x My solutions to massive type ITA
supergravity constructed in [55]. The internal space is a P! bundle over a four-
dimensional compact manifold, P! < My — By, where the base space can be either
a Kéhler-Einstein manifold (By = KE4) or the product of two Riemann surfaces
(By = ¥; X ¥3). In the general class of solutions in [55], the P! bundle is the
projectivization of the canonical bundle over By, P(K & O). In what follows, we
will focus on spaces with positive curvature and set to zero the constant parameter
¢ appearing in [55]. This last choice is motivated by our interest for systems with
only D4 and D8 branes, therefore all fluxes, except for F{g) and Fiy), must vanish. In

both configurations, the metric in the string frame is®

ds?; =™ (dshas, + ds?wﬁ) , (B.3.1)

where ds?yg, is the metric on AdS, with unit radius. The details of the internal
space, along with the expressions for the dilaton and the form fluxes, will be given
case by case. The solutions in [55] corresponding to the geometries discussed in
section 5.3.2 are cut into half along the equator of the P! fibre due to the presence
of an O8 plane.

B.3.1 Kahler-Einstein base space

We begin considering By = KEy4, in which case the metric on Mj is given by (setting
Kk =+11in [55])

/ /

q 2 q 2 q 2
ds?, = — de* — ——— D ——d B.3.2
Mg 4xq . xq — 4q v 3¢ — xq" “KFs - ( )
where ]
o
q(z) = 2% + §m4 + 42° — 3 (B.3.3)

with o a real parameter. Here, we introduced D1 = di + p, where the one-form p
is defined on KE, and is such that dyp = —R, with R the Ricci form of KE4. The
line element dsfy, is normalized such that its scalar curvature is Rxg = 4. The
background under exam corresponds to ¢ > —9, in which case the metric is smooth
and well-defined given that v is 27-periodic and x € [0, z, ], with x the only positive
root of ¢(x). In z = 0 the S! fibre parameterized by v does not shrink and here is
located an O8-plane [55]. The warp factor of the ten-dimensional metric is

x2q — 4dxq
q/

et =172 , (B.3.4)

®Notice the different normalization of ds3, with respect to [55].
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with L a real constant. The dilaton reads
20 _ T2LA xq' 22q — 4zq 3/2
f02 (3(], _ xq//)Q q/ )

where we find convenient to introduce the constant fy in order to parameterize the

(B.3.5)

Romans mass

Jo
and the four-form flux is given by
L fo [3x(25 — 52% — ox — 5) 925 + box® + 4522 + o
Fuyy=— D .
(4) 1 (=) de ANDY AR+ 6(1 — 2) RAR
(B.3.7)

All the other fields, namely the two-forms B,y and F{s), vanish.
The first step we take in the analysis is the quantization of the fluxes, which
imposes

1
(27T€S)F(0) =Ng € Z, W/; F(4) = NE4 e Z (B38)
S 4

for any four-cycle ¥4 on Mg. Letting X, be a basis of two-cycles for Hy(KEy,Z), we
take as a basis for Hy (Mg, Z) the set {C,, C4 }, where C,, are the four-cycles obtained
by considering the fibration P! — C, — X, and C, is a copy of the KE base space
at x = x,. Performing the integrals, we obtain the fluxes

L fo 23 (323 + 2024 + 15)

Na == )
o) 1-ap " (5.9
No— L fo 925 +boad + 4523 + o M, o
* 18(2mt,)3 1—a% ’
where we defined the integers
1
Ya) = — R = - My = — RAR. B.3.10
n(Xq) o /za my N BT . ( )

my, is the Fano index of the KE, and is the largest positive integer such that all of
the n, are integers. These integers take the values my = (3,2,1) and My = (9,8, 6)
for P2, P! x P! and dPj, respectively.

For the rest of this subsection we will restrict to the case ¢ = 0. In order
to understand this assumption, we first need to make contact with the equivariant
volume extremization procedure. The toric manifold KE, is completely described by
its fan v*, which defines the toric divisors ¥, and their associated line bundles L,.
The set of divisors D, C Mg is naturally induced as the P! fibrations over ¥, to
which we must add Dy, a copy of KEy4 at the pole of the half P!. The corresponding
integer fluxes are defined as

1
My =-—— F B.3.11
el /D w (B340
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and, for a = 1,...,d, they read

L 3 2 15
Lo 23(30% + 20, +15) / R. (B.3.12)
12(27l,)3 1—a3 .
Recalling that ) ¢1(L,) = c&i(TKEy) = R/(2m), we obtain
1
R = RAc — RAR, B.3.13
Z/ Z KE4 1(La) = 21 JxE, ( )
which allows us to compute the sum
’L 1(32% +2 15
S o b AGR LD
6(27ls)3 1—a3
Identifying My, with N, we have
2L
ZMA_ZM LN, = Lo (B.3.15)

18(27,)3

and consistency with the I = 3 component of the third condition in (5.3.13), which
reads ), M4 =0, imposes o = 0.
When o vanishes, the zeros of (B.3.3) can be computed analytically,

3 3—2\/§>1/3

=24+ = — Ty = ( (B.3.16)

V2

and the fluxes simplify to

L fy (3+2\/§

V2

27, 34+ 22\ 3
) mg Ngy N+:— " fO ( + \/_) Mk

T 2(2n0,)3 V2 2(27l,)3 NG
(B.3.17)
In order for N, and N, to be integers, as imposed by (B.3.8), we require
2Lfy (3+2v2\"" N
mLfy (34202 N (B.3.18)
2(27l,)3 V2 h

where N is an arbitrary integer and h = hef(Mjy, my). Specifically, h = (3,2, 1) for
P2 P! x P! and dP3, respectively. On the other hand, the first condition of (B.3.8)
yields

Jo o

— = . B.3.1

L3 2ml (B.3.19)

Combining (B.3.18) and (B.3.19) we obtain the following quantization conditions on

the parameters L and f

L* = (2rl,)* 21/3(3 — 2v/2)'/* <ﬂ>
o h) (B.3.20)
f3 = (@2rnty)t 4(3 — 2v/2)1/2ny? (5)3/2
0 B 3 h '
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The free energy of our AdS; x Mg background with KE base space can be read
off from the four-dimensional effective Newton constant G4y as [113]

T 1673

= E /eSA_2<I> vol(Ms) , (B.3.21)

F pum—
20(4) (27T€s

which gives the general result

1 8 6L4 2
F = AL ”135f 0 22 (923 + 5owy +45) M. (B.3.22)

In this computation we used the fact that, in our conventions, the Kéhler form is
Jxe = R, therefore the total volume of the KE, can be determined from

1
Vol(KE,) = = RAR = 21*M,. (B.3.23)
KE4

Setting o = 0 and substituting the expressions of x, L and fj into (B.3.22), the free
energy then reads

F

_ 32v2(3 - 2v2)r (N)5/2Mk , (B.3.24)

5né/ 2 h
which agrees with the the first equation in (5.3.25) with a plus sign, taking into
account that, for our examples, h = my.

B.3.2 S? x S? base space

We now move to the second case, By = S? x S3, whose six-dimensional metric is
(setting kK1 = kg = +1 in [55])

/ /

2 _ 4 2 q 2 q 4 52
(315]\/[6 = _4Iq dz* — vq — 4q D?/J + Ty dSS% + o dssg , (B325)
where
g(z) = 2° + Za* +2(1 + 1)2® — !
2 2’ (B.3.26)
up(z) = 122(1 — 2°) , ug(z) = 122(t — 2%),

with o and ¢ real constants. D¢ = di) + p, where p is a one-form on S? x S3 such
that dyp = —(Ry + R2), with R; Ricci form of S?, while each ds?gi2 is the metric on
a two-sphere with unit radius. The configuration of interest is realized when ¢t > 0
and 0 > —9-47Y/3(1+1)?/3, and in this region the metric is smooth and well-defined
given that v is 2m-periodic and = € [0,z ], with =, the only positive root of ¢(x).
Also in this case, we have an O8-plane in x = 0. The warp factor has the same

expression as in the previous case, namely

x2q' — 4xq
q/

A =2 : (B.3.27)
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whereas the dilaton is now given by

72L4 ! 2.0 4 3/2
S S i S (B.3.28)
fo zuiug q
The remaining non-vanishing fields are the Romans mass
Floy = %, (B.3.29)
with fo € R, and the four-form flux
L fo [3x(2® — (t + 4)2® — oz — (2t + 3))
Fuyy=-— dz ADYy AR
W= (1— a9 ZA DY AR
3z (2% — (4t + 1)2® — otz — (3t + 2))
dz ADYp AR B.3.30
 92% + 502 +18(t + 1)a° — 20(t + 1)a® — 9(t* + 3t + 1)a* — ot RiAR.

3(1—a3)(t — a?)

In order to quantize the fluxes as in (B.3.8), we take as a basis for Hy(M;g,Z) the
set {C1,Cs, Cy }, where C; are the fibrations P! — C; — S? (at a fixed point on the
other sphere) and C, is a copy of S7 x S5 at * = ;. The expressions of the three

fluxes are
N, = Lfo z (323 + 20, + 3(2t + 3))
3(2mls)3 1— a3
7L fo x% (323 + 202, +3(3t 4 2))
Ny = R B.3.31
27 3(2nl,) ) ! (B.3.31)
_ 4L fo 928 + boal +18(¢t + 1)z’ — 20(t + 1)ad — 9(t* + 3t + 1)zt — ot
7 9(2nt,)3 (1—af)(t —a3) ’
where we made use of the relation
1
— [ Ri=x(8*)=2. B.3.32
5 | Re= (s (B.3.32)

As before, we will restrict to configurations with ¢ = 0, in which case the equation
q(z) = 0 can be solved analytically, giving

xgz_(tﬂ)i\/(wz)éztﬂ) . $+:(\/(t+2)22t+1)_(t+1))1/3'

(B.3.33)
When o vanishes Ny = —2(N;+ N,), therefore we will focus exclusively on the quan-
tization of the fluxes N; and Ns, since the quantization of N, follows immediately.
Setting o = 0, the fluxes simplify to

L fo @7 (x% + 2t 4 3) L fo 2% (2% + 3t + 2)
Nl = ) N2 =

(2ml,)3 1—a3 (2ml,)? t— a3 ’

(B.3.34)
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and taking their ratio we can immediately determine ¢

[/ONZ + 14N, Ny + 9NZ + 3(N; — N,)]
32N, Ny ’

t= (B.3.35)

Since t needs to be positive, N; and N, must have the same sign, i.e. Ny Ny > 0; for
the sake of simplicity, we will take both of them positive. Taking the product of the
fluxes (B.3.34) and making use of (B.3.19) we obtain

L* = (2ml,)* L (2) v (\/(t +2)2t+1) (t+ 1)>1/3(N1N2)1/2,

m2ng \ t 2
(B.3.36)
nl/? 3/4 1/2
f(? _ (27T£s)4 % (%) (\/(t + 2);2t + 1) B (t + 1>> (N1N2)3/4_

The free energy of the AdS, solution under exam can be computed performing
the integral (B.3.21) and takes the general expression
1 3278142

F= (271'65)8 135 333_(18:1)3_ + 1OU'T+ + 45(t + 1)) ) (B.3.37)

which, once all the ingredients are substituted, becomes

B 4\/§7r

5n(1]/ 2

F (Vi + No)JONZ + 14N, Ny + ONF — (3NF + 2NV, + 3N3))

(B.3.38)

x \/3(1\11 +Np) — /ONZ + 14NN, + 9N

Parameterizing the fluxes as Ny = (1+2z)N, Ny = (1 —z)N, with |z| < 1, we obtain

32
F=""0(V8+22—(2+29)\/3-VEB+ 2N, (B.3.39)
ony

which agrees with the the first equation in (5.3.29) with a plus sign. Setting z = 0
we consistently retrieve the result (B.3.24) specified to the case P! x P!
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